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The 3-dimensional Navier-Stokes equations with a constant Coriolis force in
the whole space are considered at large distances. We investigate the solv-
ability of the corresponding integral equations of these equations in weighted
L*°-spaces. Furthermore, we establish the leading terms of the asymptotic
profile of the solution far from the axis of rotation.
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1. INTRODUCTION

In this paper we study the 3-dimensional rotating Navier-Stokes equations

u—Au+u-Vu+Qesxu+Vp = 0 in R*x(0,7),
(NSC) divu = 0 in R3x(0,7),
uw(0) = wug in R3,

with a given constant Coriolis parameter 2 # 0 and initial data ug. The
unknowns u = (u!(x,t),u?(x,t),u(x,t)) and p = p(z,t) denote the velocity
vector field and the pressure of the fluid at the point (x,t) € R3 x [0,T),
respectively. Here e3 denotes the unit vector (0,0, 1)T and the term Qeg x u
restricted to divergence free vector fields is called Coriolis operator.

One of the most important features that distinguishes most flows in fluid
dynamics from those in ocean and atmospherical dynamics is the rotation of
the earth. The equations (NSC) describe the motion of rotating fluids influ-
enced by the Coriolis force. Almost all of the models of oceanography and
meteorology dealing with large-scale phenomena include a Coriolis force. In
this case of low speed of rotation, i.e. € is sufficiently small, it is reasonable
to neglect the centrifugal force.

The investigation of the spatial behaviour of the velocity field at large
distances and of the leading asymptotic term is an important research topic,
e.g. in the error analysis of numerical approximations. Bae, Brandolese and
Vigneron found out the leading terms in the non-rotating case, see [2], [3].
For the spatial behaviour of the Boussinesq system including heat convection
see [8].

To investigate the spatial behaviour of the solutions of the rotating Navier-
Stokes system it will be helpful to consider the solvability of these equations
in weighted L°°-spaces. In the case of slow decay of ug the solution decreases
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almost in the same way as the initial velocity. But already Brandolese,
Vigneron and Bae, see [2] and [3], proved in the case of the non-rotating
Navier-Stokes equations that in general we cannot expect a faster decay
behaviour than ~ ﬁ or even ~ ﬁ if the flow is influenced by a external
force.

The present Navier-Stokes equations in a rotational frame have been in-
vestigated by several authors, see e.g. [1], [4], [9], [10], [11], [12], [14]. How-
ever, up to now the spatial asymptotics is almost disregarded.

But there is also numerous research in recent years on the Navier-Stokes
flow around a rotating obstacle which leads to an additional linear term not
subordered to the Laplacian. In particular Farwig, Galdi, Hishida and Kyed
considered the asymptotic structure of stationary solutions, see e.g. [7], [6],
[5], [13] and [15].

Let us introduce some elementary concepts. Using the Riesz transforms
R; = @(—A)‘é, 1 < j < n, the Helmholtz projection is given by P =
(04,1 + R;jRn)5 -, - Furthermore, with the matrix

0 -1 0
J=|11 0 0

0 0 O
characterising the linear map J : R3 — R3, Jv = e3 x v and the Coriolis
operator C = PJP are transform the first line of (NSC) into the abstract
equation

u + Aqu + P(u - Vu) =0 in R? x [0,7);

here Aq := —PA + QC denotes the combined operator summarised by the
Stokes operator and the Coriolis operator. We also define the Riesz symbol

3 1 0 _53 52
& & 0
and note R, j(§) = (1 — 5i,j)(—l)ma"{l“_j’j_i}%. The symbol C(&) of C

is nothing but %R(é’ ) and thus

0 Rs —Ra
C=Rs| —Rs O R1
Ro —-Ri O

Note that we used the Fourier transform, e.g. of a Schwartz function ¢ €
S(R3), in the form

F@)&) = | olw)e™m  do.

However, this leads to the integral equation

t
(1.2) u(t) = e~"ug — / e~ =mAap(y . V) (1)dr,
0
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where the semigroup e *42 generated by Agq is given by the symbol

(1.3) eIl <cos(f§m)1 _ sin(E’,Qt)R(&)) ,

see [10]. A solution u of (1.2) is called a mild solution.

2. MAIN RESULTS

In this paper we assume that the initial data ug belongs to weighted L°°-
spaces. The Banach space LZO(R?’), i > 0, is defined as the set of all

measurable functions f on R? such that

[fllzge == esssupega (1 + [z])*]f(2)] < co.

Using Banach’s fixed point theorem we get the following existence theorem
of mild solutions in spaces of weakly-* continuous functions in time with
values in weighted L°°-spaces.

Theorem 2.1: (Existence and Uniqueness of Mild Solutions) Let
e € (0,3). For every initial velocity uy € LZO+5(R3)3 with div ug = 0 and

and arbitrary external force f € L*([0,00); L% (R?)?), p € (0,3], there

exists a constant Ty > 0 and a unique solution

w € t7RL([0,T]; LY (R*)?) N C (16, To); LY (R?)?)
to the integral equation (1.2) for all § € (0,Tp), where k := 2(%252) €(0,1).
In particular, with the bound Cy = Cy(Q2) for the operator norm in Lemma
5.2.2, any Ty > 0 satisfying

pte

1_ 4 :
8Co(TH ™+ 7% S Colluollzs,, + (luollez,. + swp I (B)ez.)*] <1
3 pte 0<t<T pte
is possible.

The space C,, ([O,T];LZO) denotes all Lyf-valued weakly-* continuous
functions v(t) defined in [0,7], i.e., v(t') converges to v(t) in the distri-
butional sense as ¢ — t for all ¢t € [0,7]. The necessity for working in the
space C,, lies in the fact that already e *2 f, with f € L77, does not converge
to fin L7 as ¢ ™, 0, but only weakly-*. But at least, since the Stokes op-
erator —IPA generates a bounded analytic semigroup e~** on L} (R?) for all
p € (1,00) by perturbation theory, see [17, Chapter 3|, we conclude that the
operator Aq generates also an analytic semigroup e42 on L5 (R3), since
the Coriolis operator C = PJP is bounded on L5 (R3).

In view of the result u(t) € L°(R?)? with p € (0,3] for mild solutions in
Theorem 2.1 it is an interesting question whether the upper bound 3 for
is optimal in some sense. Actually, the decay |z|™* is optimal for solutions
to the non-rotating Navier-Stokes equations without external forces; see
Brandolese and Vigneron [3] who proved that the result of Theorem 2.1
cannot be true for u > 4. Can we expect in general that the solution w(t)
belongs to L?(RS)*?’ if > 37
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For our purpose it is usefull to introduce Bessel functions J, which can be
represented as the series

e (_1)” 2\ 2n+v
(2.1) Ju(z) = Z TP <§> for all v € Ny and z € R,
see [18, chapter 3]. Especially, we are interested in the functions Jy and J;.
In our main result these both functions play a crucial role by describing the
asymptotic profile. Moreover, by ' we denote the vector (z1,x2,0).

Theorem 2.2: (Spatial Asymptotics Far from the Axis of Rotation)
Lete >0 andd := l+a For jn > 4 and an initial velocity ug € LOO(R3) with
div ug = 0, let u be the mild solution of Theorem 2.1. Then the following
profile holds for almost all |z| > v/t and |z3|'T < |z]:

u(z,t) = 5 S|2t]3 {JO(Qt)eg X /]R3 uo(y)dy — ;Jl(Qt)/ uo(y)dy

R3
3

3| |2J 0(Qt)z’ x /R3 UO(y)dy] + Q|| min{3+04}y,

We note that due to the restriction |x3|'*¢ < |z| only the first two summands
of our asymptotic profile above are leading terms of first order, i.e.

Ot 1
e [Jo(Qt)eg X /R3 uo(y)dy — §J1(Qt) /R3 uo(y)dy}

decays as |z~ indeed, but we have

3zt _3_3
(0 x [ uo)dy = Ol 4)

Thus this third summand is in some sense a second order leading term.

As long as the inital data uo belongs to L7°, with u > 4, but has non-

zero mean this theorem shows that in general we expect an |z|”3-decay
of the velocity. In particular, this implies no matter how small the Coriolis
parameter € is, it has a significant effect at large distances. Thus the Coriolis
force causes the velocity of the fluid to decrease less fast in the far-field.

3. PRELIMINARIES

In this section we study the convolution kernel (K )3 ; j=1 With the compo-
nents

R

(3.1)

Qt)6; ; — sin(

S O0R,,(6) | de.

Ifl 1l

which corresponds to the operator e *4¢ see (1.3). In [16, Prop. 11.1]
the operator e!“P which deals with the non-rotating Navier-Stokes equa-
tions was treated as a pseudo-differential operator and the derivatives of
the corresponding convolution kernel satisfy some decaying properties. Un-
fortunately, in our case of a rotating frame not even the semigroup et
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does belong to L'(R?), since the symbol (1.3) is not continuous. Already
Giga et al. [10] proved that the convolution kernel corresponding to e tAa
decays like |z|~3 and thus lies in LP(R3), p € (1, o0], since the symbol (1.3)
is integrable. But just as in [16] we need a more precise investigation about
the derivatives of this kernel which yields the next Lemma:

Lemma 3.1: For 1 < h,k <3 andt > 0, the kernel Kj, 1.+ which belongs to
the pseudo-differential operator Ry Re tAe by Rthe_tAﬂf = Khrixf sat-
isfies Kppi(z) = t_%lCth (%,Qt), where the smooth functions KC; (., Qt)
satisfy

-1
(14 Q1) (14 a1l 0o p(, 1) € L¥(R? x Ry

for all o € N%.

Since e7t40 = — Z?Zl R?e_tAQ the above Lemma yields that the derivatives
of the corresponding kernel (K; ;(x, 75))?].:1 = 22:1 Kppit(z) of e7t42 de-

cay similarly like those of K ;. However, this Lemma also leads to

~3-al
O Ko () < 720K (ji m) < (14 [Qfty*He] (\/i + ]a;|)

for allaENg and k > 0.

To construct a unique mild solution of (1.2) for a given initial data ug €
Lff’(R?))‘3 it is useful to study the bilinear integral operator

t
(3.2) B (u1,uz2) = —/ e~ =)APY . (1) @ up) (s) ds.
0

Lemma 3.2: Let T > 0, p € (0,3]. Then the operator
B(.,.): C, ([0,T}; L) — Co, ([0, T]; LyY)
see (3.2), is continuous with operator norm O(VT + T%).

Thanks to the previous result the estimate for B can be proved in the same
way as in [16, Prop. 25.1].

Sketch of the proof of Theorem 2.1: The existence and uniqueness of mild
solutions to (1.2) base on the abstract formulation of a solution u as a fixed
point of the coupled system

u(t) = e~y + B (u,u) (t)

in the Banach space C,, ([0, TY; Llof’) With the help of Lemmata 3.1 and 3.2
the result is easily proved by Banach’s fixed point theorem. U

Similarly to [3], [8] we proceed to get an asymptotic profile of the solu-
tions of the rotating Navier-Stokes equations and have to handle mainly the
terms of the integral equation (1.2). But due the symbol (1.3) of =42 the
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present issue exacerbates this method by dealing with an infinite sum of
Riesz operators applied to the heat kernel

1 B

Gi(x) == We_ﬁ.

The next statements are useful to manage this difficulty. At first we easily
obtain by induction the following Lemma.

Lemma 3.3: Let R := (R1,R2,R3) be the vector of the Riesz operators
and « be any multi index of even order, i.e. |a| = 2n for some n € N. Then
for all z € R® and t > 0 there holds

© (g — n—1
ROGy(z) = /t ((n_t)l)!vags(x)ds

The purpose of the Lemmata below is nothing but to ascertain the lead-

ing terms of e *42. Since the series
747r2t|f|2 = ( ) §3Q 2nI_ - ( )TH_I 539 2n+1R
‘ (ZO ant g™ 2 g 2RO

converges to the symbol of (1.3) in L' the corresponding inverse Fourier
transform of this series converges uniformly to the kernel (K;;)?. =1, See

(3.1). Thanks to Lemma 3.3 we get for all x € R3

7 oon (o) 20 ) () = 3° O

n=0
Qt 2n > n—192n

(3.3) — G Z e / (s — )"102"G, (x)ds
as well as

56 i— ] <€3 ) 47|-2t§|2>

F Ot
< a g (@)
oo Qt 2n+1 o] " _—

(3.4) 2_3 e [ (701G, () ds

The integrals in (3.3) and (3.4) will be computed in the next Lemma. But
for this we need to handle high order derivatives of the heat kernel. Thus it
is reasonable to deal with Hermite polynomials:

2 dn 2

Hn(y) = €y @e_y 5

for all y € R, n € Ng. The Hermite ploynomials can be written explicitly as

5y

(3.5) H,(y) = n! 2 1(n — 20)!

(2y)" %
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by using the floor function |.]. Substituting y = f in the identity 2 d e v =

H,hb(y)e_y2 we can represent each derivative of the heat kernel with respect
to the last component as follows:

n _ 1 3
(3.6) 03G(z) = (4t)%Hn (\/@) Gi(z).

This equation is crucial to obtain the leading terms of the asymptotic profile.
Furthermore, we introduce the functions

s s (DT = 1 3) ()2
Lyp(z) := 72 (2n)! —
sn(®) =7"2(2n) ZZ; 4lu(2n—2l)! |z 7
2n—1-21[
L xﬁ i L(n—1+ ) 3
Liyjn(x) =7n"2(2n— Z 4111 2n— 120! \|z]

(3.7)
for all ¢ + j # 3 and establish the next result as a first step to our purpose.

Lemma 3.4: Letn € N, 4,5 =1,2,3 and |z|?> > t. Then there holds

& _ _ _ _ x
[ = 0BG s = el L) + el i ()
t Vi
with a remainder term W, ;,(z) = O(|z|~2). The function Lijn(z) corre-
sponding to the leading term is defined above.

Unfortunately, due to the complicated structure of the functions L;i;n(x),
see (3.7), on the whole space we have to be content with an asymptotic pro-
file which still hides its shape in some sense. In the following there appears
three distinct series which we have to manage, thus we define

" l
V(l B _722 +lr(l+ ) (Qt)Qn (m>2
n=1i= o4n l JHn = D! =
0o n+1 n+lr\ )(2n+2) 2
@) (g, ) = 73 o
4 T2 r;)lz(:) 4rtl=inl(n + 1 —1)!(20)! (Qt) <|93|>
DM+ 5) z3)”
(3 3 Op)2nt+1 [ 23
|4 = QZZ@ nl(n — 1) (2l+1)!< 2 (\ﬂfl)
n=0 1=0
(3.8)

and analyse each of these series below. We note that the power series 17428
j =1,2,3, is analytic and converges absolutely with respect to ¢, {2 and ﬁ—‘"’l
We can estimate this series easily

‘V(”(az,t)( 1+Qt22n+22n: l+2 4n(n—|—2)!

2 = 4rnl p. (n—1)! (2n + 2)!

(Qt)QnJrl

N|w

< (1+ [Qf)|Qte ",
(3.9)
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7 =1,2,3, and note that they increase at most exponentially in time. Due
to the crucial Lemma 3.4 we obtain the spatial asymptotics of the considered
kernel as follows:

Lemma 3.5: Let i,j = 1,2,3 such that i +j # 3 and |z|*> > t. Then
the convolution kernel K;j, see (3.1), satisfies the equation K;j(x,t) =
K i(x,t) + 2|73, (x,t), where the leading term K ; ;(@,t) is defined as

a0V W (xs,1) + (1 —‘5@j)(—‘1)wa{1+i_jd_”}gﬁﬁéﬁ?gg‘/cn(137t)}-

Otherwise, if i + j = 3 we have

K;jj(x?t) :( )max{l Jl+j— z}‘ g V(2 )<$37 )

In particular the remainder V; ; satisfies W, j(z,t) = Oy(Jx|72).

4. PROOF OF LEMMATA 3.1, 3.4 AND 3.5

First of all let us briefly introduce some notations of the so called Littlewood-
Paley decomposition which are needed in the next proof. Let ¢ € S(R?)
denote a non-negative function which is supported in the annulus {¢ €
R3 | £ <[] <2} such that 3250 ¢(27%¢) =1 for all £ # 0. We define for
all j € Z a function ¢; as follows

;&) = ¢(2_j£) for all £ # 0.

The family of functions {¢;};ez is called the Littlewood-Paley decomposition.
Further we define

do(@) =F [ 1= ¢;(¢) | forall € R,

Proof of Lemma 3.1: We set

3
Kl 00) 1= ~5 1 (a6, e )
ij=1

with the bounded function

9i; (&, Q) = 0; cos( 53

Q) — R, (S)Sln(|5

5 f)

By this definition and (1.3) there obviously holds

X
Knpar(@) =t~ Kns (ﬁ,m) |

In the following we write shortly Kj, ; instead of ICp (., Q1) if we fixed Q.
Because of the rapid decay of the symbol

§h§k

Tep 96 eI
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it is still integrable mutliplied by any polynomial and thus %Ky, € L>(R3)

for all o € N3 and fixed Q. For |x| > 1 we use the Littlewood-Paley
decomposition and write

Kng = Kng = o x Kng + Y o1 % K
<0

with Kp, x — 10 %Ki € S(R?). By substituting & = 2 we have for all | < 0
e Kngl) = F (6279KnA(0) ()
= 27 ($(OKne(2'9) @) € S®P).

Since the functions F~! <¢(€)I€hk(215)) are a bounded set in S(R?) with
respect to [ < N, we get for every N € N and o € N3

N
(14 2'fal) " 27D 10% (91 4 k) (@)] < O (1+ (94DY).
This gives for N :=4 + |a| and |z]| > 1

0% (o * Knw) ()] < C (1 + (1211)")

X[ Z ol(3+lal) 4 Z 2l(3+|a\—N)’l,|—N]
1:2tz|<1 1:2tz|>1

<O (1+(QI)N) fo| >,

Since Cp i — Yo * KCp i, € S(R?) the Lemma is proved. O

Proof of Lemma 3.4: First let ¢ + 7 = 3. Then by (3.6) we have

03G,(x) = —— Hy, (“)  Go(x)

@\ Vs
and thus by (3.5) and the substitution A\ = \l/% we get

(s \Vas
B G Y Al Gl G - R S
=Y i |y (7)o
1 s —~ (-1
= 5™ ' s —
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Therefore, we obtain

/OO(S — )" 193G (x)ds
t

k 2(n—1)
_ Z Z ol+2k—21 T3
I( 2n — 21 St |z?* \ |z

7r2\93|3

=] |
Vit 22
A2+2n+2k 2l€ A dA.

0

X

(4.1)
By the definition of the Gamma function there holds

=]

Vit _9] _12
)\2+2n+2k 2l6 A d\

0
_ %F (3 +2n + 2k — 2l> _ /oo \2H+2nt2k-21 )2 gy

2 Vit
for all k,1 =0,...,n. In (4.1) we fix k = 0 and obtain for each [ =0, ...,n

(=D (2n)12"—* <‘T3>2(n ) /r \2H2n—20,-X2 gy
m20(2n — 20|z \ 2|

__evemt | e 3 (e o (=
CrE(2n — 20)|zf3 [4 R <Ifc!> T ¥n <\/E>

with the exponentially decaying function

2 TL—l o0
g (z) = —2!~2 x3 ( )/ A2H+2n—20, =A% 1y
3,n,l ’x‘ % )

which satisfies the estimate
(1) 1o Lo % oion g 22 3 4n—3l | _la?
(W3, (@) <2777 e s ol A e 2d\ <22 (n—101+1)le
2

(1 )

To establish this estimate of the remainder function \Il
equality

o 7_2 _
(4.2) / rle~Tdr =2 T (d—;—l) ,
0

which holds for all even natural numbers d € N and can easily be proved by
integration of parts. This yields the exponential decay of

M) () .= 20! )
i) Zl'2n—2l (@),

7'[‘2

nl We applied the

since .

4e1 ||
[W§) (2)] < = (n+ 1)(2n)le™ 5.
7I'

In the same way we see that for all k£ # 0 and [ = 0, ..., n the term

=]

(n—1
|32 (553) )/f)\2+2n+2k 2A,-22 g\
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(2)

decays like |z|7372*. Thus we put the left terms in the remainder Wy, as
follows:

n n—1 n—l
g <x> = (2n)! Z (=1) Z < n—1 >21+2k2l(_t)k <x3>2( :
AV 73 S ll@n-20) &\ k 2% \Jz]
el
w [ VA \2+2nt2k—21 ,—N2 gy
0
and since |y| > 1, where y = %, we obtain by (4.2) the estimate:
(2) -3 PR —oysn—z_(2n—1)!
‘\Ijs,n(x)) <7 z(2n)!y| ZZ;Q m
< 2724 exp()m % (2n) Jy| 2,

Finally U3, := ‘liglzl + \Ilg2’2L and (4.1) gives

(s — 0BG, () ds = || L na) + ‘Sifn(x),
/t“ P08 (w)ds = [ol Lo (o) + lal s, (2
with
(4.3) W30 ()] < 427 (20)l]y| 2

for all n € N and |x| > v/t. Now, let i + j # 3. In this case there holds

aﬁ,i,ja??”*lgs(m) = —%6;7;7]'(48)_273_11{27171 <\j4%8> : gS(I)

Repeating the previous procedure we get similarly

() - - B B T
/ (s — )" '06-i—;05" ' Gs(x)ds = |2| Lipjn(®) + |2 > Virjm <> ;
¢ Vit

where the right hand side of (4.3) limits again the remainder

n—1 I+1
_3 Y6—i—j (=1)
Uiin(y) = —2173 (20 — 1)!
+in(y) T (- DI lz:l!(Qn—l—Ql)!
n—1 n—1 y3 2(n—1)—1 % )
- Nkgk—l|, —3—2k [ Y3 2+2n+2k—21 —\
<[ (et ()T e,

m—1-21 oo ,
g <|?J3‘> /l \2+2n—20 ,—X d/\}.
Y Lyl

2
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Proof of Lemma 3.5: Applying Lemma 3.4 to (3.3) or (3.4) leads to

Fi (coS(‘?‘ the _4ﬂ2t|§2> )+ i ”

n:l

b [t Wgn( ]

3 2(n—1)
_ Qt —
=72 [a|” Zz4zn_1!z' 2n—2l)( ) (Ifﬂ\)

n=1 =0

o gl ten ()

= |23V (23, >+|x\ 3\111<x, t)

. 2n z
with U (2, ) := [2[3G(z) + 300, %\h" (W) ot

71 <§6|—€i’—j sin (E’»’ Pe 47r2t§|2>

oo Qt)2n+l

= ||~ SZW [Lzﬂ n+1(2) + Vigjnt1 <j£>] ;

respectively. We have to differ the cases if either i + j = 3 or i +j # 3 to
analyse the second term further. Let ¢ + j = 3 then we obtain

56 i— j 53 —4772t|§2>
F- Q
< g g

00 n+1 1)! 3 2(n+1-1)
JT(n+1—-1+5)(2n+2) 3
_ 32 :2 : 2n+1
= 1™ = Anlll(2n + 2 — 21)! (@) ||

(o9}
(Q)2n+ .
+ || 73 E o Yitjntl
In!
= 0 2n+1) \/7;

= e[V (2g,1) + 2] PO (2, 0),

where we define \IISQJ (x,t) =307 %@Hjmﬂ (%) Now let i 47 #
3. This case implies

§6—i— J g §3 —47r2t|§|2>
F- 0
( g g e

N 3(136 — ]$3 ZZ -1+ )(Qt)QnJrl T3 2(n—1)
N |z|5 4ln'l' 2n +1—21)! ||

oo
Qt)QnJrl "
-3
7\11
+ |z|” Z @n+ Dt i\

_ T6—i—jL3 (3 -3
= WV( )($3a t) + |z~ ‘IJH-J( t).
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However, considering (3.1) yields

KZ‘J((L’,t) — (_1)max{ifj,l+jfi}(1 _ 52,7‘7)%‘/(3)(%3715)
T

+ 1] 736, VO (3, 1) + || 30 (2, )
ifi 47 # 3, and
K (1) = (=130 273V O (24, 1) 4 |2] Wy (a, 1)
if i + 7 = 3. Here the remainder term ¥, ; is defined by
Wij(,0) = 800 (,0) + (~ 1) 021501 = 6, w0 (2, 0).

It remains to verify the decay of this function. Therefore, due to (4.3) we
obtain

Wi, )] < [90 (@, 8)] + 9 (2, )

S12PGe(x) + |22 (1 + |Qt)

o0

42"
Z Qt 4
n— 1

(44) < [ Gola) + Jol 2 (14 900)° [1 4 642“”) } |
O

Note that due to (4.4) the remainder term V¥;; can blow up at most ex-
ponentially in time.

5. PROOF OF THEOREM 2.2

Since a mild solution solves (1.2) we can rewrite each component of the
velocity as

3
= ZK”(t) * g j — / On(6i5 + RiR;) K j(t — s) * (ujup)(s)ds,
=1 jh=1

where Kj; ; denotes the corresponding components of the convolution oper-
ator e7t49 see (3.1). Assuming p > 4 we obtain with Lemma 3.1

/0 006y + RRGK = 5) 5 (un)(5)) (s S (VE+ ) (1 +]a)) ™
for all j,h=1,2,3, i.e.
(5.1) /0 t e~ AP (y . Vu)(r)dr = Oy(|z|74).
Thus it suffices to analyse only the term e *42yy more precisely. But the

profile of e7*4¢ is already investigated in §3.
Let us define the auxiliary function v;, j = 1,2, 3, as follows:

(5.2) uo,; = G1() /RB o, (y)dy + vj(z).
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This leads us to
(K3 (t) * wo 5)(2) = (Kij(t) * G1)(x) /R3 uo,j(y)dy + (Kij(t) * vj)(z)
and the Fourier transform yields
(K3 (0) + G0)) = 5 (7 |eon( s, sin( 00 6)] ).

Due to Lemma 3.4 we get the same leading term L;, ;,, independent on time
for the shifted integral

o0 - . ~ z
/t+1(s—t+1) Y06_i— ;02" 1Gy(x)ds = || 3 I:Li—i—j,n(x) +Vitjn (\/ﬁ)] .

Dealing with K ;(t) * G instead of K j(¢) thus only requires a slight modi-
fication on the remainder terms ¥; ;. To get the following profile it remains
to handle the terms K; ;(t) * v; which reveal a good behaviour.

Lemma 5.1: For yi > 4 and a initial velocity ug € L (R3)? with div ug = 0,
let u be the mild solution of Theorem 2.1. Then the following profile holds
for almost all |z| > V/t:
u(et) = Ja = [VOa.t) [ wolg)dy + Vo t)ea x [ unlu)ay
R3

R3
— WV( )(Z',t).’I}/ X /

uo(y)dy| + Ox(le| ™).
R3

Proof: The preceding definition (5.2) and Lemma 3.5 yield
(Kug(0)  10,)(@) = KEyant) [ wa(0)dy
ol Ty ant) [ o)y + (K0 5 )(o).

Since
~ Qt 2n T
Wi, 1) = biglal*Groa (@ +%Z @n)(n — 1)1 87 (m)
TN s (Qt)2n+1 -
+ (_1)max{l G147 ’}(1 _5Aj)§ :7\1,A+, i
B 11 ttan
o (2n+1)!n! Vi1

decays like || 72, comparing (4.4), it remains to investigate the decay of the
convolution K; j(t) * vj. Since [ps vj(y)dy = 0 the Taylor formula yields

| (K5 (£) * vj) ()| S/ L Nullo()ldy sup |VE ;(x + 2,1)|

<zl |2]< 12l
# K01+ [ Kt .l
Y>35

Let 0 <e < £5= 4 . The definition of v;, see (5.2), implies
\Uj(y)\ < o)+ G1()[uo il < (1 +ly[)™"
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Applying the Lemmata 3.1 for any x > 0 as well as the Holder inequality
yield

(K@) x v))| 5 (14 (%) (Vi lal) " [ ollostldy

|z
MST

F (el (Vit |x]>_3/

|z
ly|>5

14e
K B4 / oy ()] = dy
ly|> 12!

2

|vj(y)ldy

< (U (900° + 15 5 (0e) (min{VE 1) +[af)

Note that due to the choice of € there holds (u — 4)% > 3 which ensures
1+

esdy.

the convergence of the integral [ps(1+ ly|) =4
Finally, we get for ¢ = 1,2 the asymptotic profile

wlent) = el [VOt) [ uoso)dy+ OVE@) [ vy

FEDEEYO @) [ way)dy] + 0ol ),
| R3
ok
u(,t) = [ [V (z,1) / woa(y)dy + VO (@, 1) / w01 (y)dy
R3 || R3

13

2O [ walidy] + O],
|| R3

which is nothing but the componentwise presentation of the assertion. [

The following Lemma will be helpfull to develop an asymptotic profile far
from the rotating axis, i.e. more precisely in an area such that |z3|!*® < |z|
for an arbitrary € > 0. In contrast to the previous result the profile of The-
orem 4.2 have thus a very simple spatial configuration. For this goal let us

denote by Vo(j) (t), 7 = 1,2, the series

W . L > (=" 2n
Vo (1) := 2m £~ 4"nl(n — 1) (),
1 o (-1)"

VO(2)(t) — (-1) ()21,

27 &= 47(n!)2

These series are nothing but the summands of the corresponding series
VU)(t), see (3.8), with respect to I = 0. In the case j = 3 the series

3- VO(Q) (t) even equals the summands of the series V) (¢) with respect to
l=0.
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Lemma 5.2: Let ¢ > 0 and § := f—fg Then there holds for all
ze{y €R? [ Jys|'*e < y[}:

VO (@, )=V )1+ VO (@, )~V ()| +V ) (2, ) -3V, (8)] = Or(|a] ).

Proof: Due to the assumption |x3|'*¢ < |z| we obtain

)"HT(+ 3)(Q)2 [ 3 2
(1) = |2 Tl
Vi (@, t) — ) = ;;éﬂlln—l M(n —1)!(20)! <|x!>
s e} 2n
<riy LD Y iy
=1

< 3@’ [cosh(zmytyxra) - 1} = O,(|z|7),
since 4" > n(n + 1). We applied Taylor’s theorem to get the inequality

- y2” < eXp(yz) 21
—V s Y
n! !

n=lI

and hence the last estimate above. Finally, we obtain the following limiting
behaviour in the same way:

VO (a,t) = Vi) + VO (2, 1) — 3V, (8)]
< (121t + (12 7) ¢ |cosh(2|tle|=5) — 1] = Ou(Jal ™).
O

Eventually we recognise the Bessel functions I,, which we already defined
in (2.1) and easily obtain the equations

V0 =~ pen@)  and V0 = S,

These terms are non-negative spatial constants but analytic functions in
time and can be estimated by

(1) < cos(|Qt — F(2v + 1))
T 2t

for all |Qt| > 1, see [18, chapter 3]. With these series we are able to state the
main result of this work. Combining Lemma 5.1 with Lemma 5.2 we get the
assertion about the spatial asymptotic behaviour of the Navier-Stokes equa-
tions in a rotating frame without external force away from the rotating axis.
This finishes the proof of Theorem 2.2.
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