CONVERGENCE PROPERTIES OF WEAK SOLUTIONS OF
THE BOUSSINESQ EQUATIONS IN DOMAINS WITH
ROUGH BOUNDARIES

CHRISTIAN KOMO

ABSTRACT. We act on the assumption that the boundary of every 'phys-
ical’ domain ) has microscopic asperities which influence the boundary
behaviour of weak solutions of the Boussinesq equations. Let €2, C
R3,n € N, be domains with rough boundaries and let Q, ’converge to’
Q. Consider a sequence (un, 0n)nen of weak solutions of the Boussinesq
equations with u, fulfilling the impermeability condition u, - N = 0 on
99, and 0, fulfilling the Robin boundary condition %LAT; +a(0n—ho) =0
on 0%2,. In this paper the boundary conditions and limit equations of
weak limits of (un, 6,) on  under certain assumptions on the rugosity
of the boundaries will be determined.

1. INTRODUCTION AND MAIN RESULT

We consider the Boussinesq equations

ou 1
E—VAUﬂL(U'VﬁH';VP—ﬁ@—fl,
divu =0,
gf—meJr(u-V)e:fQ, (1.1)
U(.I, 0) = ’U,O($) )
9($70) = QO(x)

for a viscous, incompressible fluid with velocity w = (uy, u2,u3), pressure p,
and temperature € on a domain Q C R3 and a finite time interval [0, 7.
In (1.1) we denote by g = g(z) the gravitational vector force. The positive
constants appearing in (1.1) have the following meaning: p is the density,
v the kinematic viscosity, 0 the coefficient of thermal expansion, and & the
thermal diffusivity. The equations (1.1) constitute a model of motion of a
viscous, incompressible buoyancy-driven fluid flow coupled with heat con-
vection (Boussinesq approximation). For existence and uniqueness of weak
or strong solutions with Dirichlet or mixed Dirichlet/Neumann boundary
conditions we refer to [4, 10, 11, 12]. We suppose that the boundary is
impermeable, i.e.,

u-N=0 on0Q, (1.2)

where N denotes the outer normal unit vector on 0f2.
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The present paper is based on the assumption that a ‘real domain’ €2 is
never perfectly smooth, i.e., it contains microscopic asperities influencing
the effective boundary conditions for u and #. In this paper we want to
determine the effect on boundary rugosity to weak solutions (u,f) of the
Boussinesq equations (1.1).

The influence of boundary rugosity to weak solutions of the Navier-Stokes
equations was observed in several papers. In [5] the authors considered a
sequence of weak solutions wu,,n € N, of the incompressible, instationary
Navier-Stokes equations on variable domains D,, converging to a domain D
with u,, fulfilling the impermeability condition u, - N = 0 on I';, where I';,
is a periodically oscillating part of the boundary of D,,. They proved that
under suitable assumptions on the rugosity of I',, that a weak limit v on D
of u, fulfills the no slip condition w = 0 on I'. Here I' is the part of the
boundary of D to which I'), converges. In [1] Bucur et al. generalized this
criterion by introducing the non-degeneracy condition (see Definition 3.2).
The case when the rugosity is degenerate in one direction is considered in [2]
for the stationary case and in [3] for the instationary case.

Throughout this work we suppose that the domain 2 has the form

Q={(x,23) €R? 23 > Y(x); z € R?} (1.3)

with a Lipschitz continuous function v : R? — R*. As a model for these mi-
croscopic asperities we consider a family of ’"domains with rough boundaries’

Q, = {(z,23) € R3 23 > (z) — ¢n(z); z € R?} (1.4)

with a family of Lipschitz continuous functions ¢, : R? — R satisfying the
following properties:

(1) V compact K C R? it holds ¢, (z) — 0 uniformly in z € K,

(2) |¢n(:|6x) : jr(y” <L Ve,yeR%z+#y VYneN.
It follows by a well known argument that ¢ € Wﬁ)’coo(]R2), ¢ € WH™(R?)
and |[|[Von|leo < L for all n € N. Consider a sequence (uy, 0p)nen of weak
solutions of the Boussinesq equations (1.1) on 2, where u,, satisfies the

impermeability condition

U, - N =0 on 99, (1.5)
and 6, satisfies the Robin boundary condition

00, B
87]\[ + a(@n - ho) =0 on 8Qn (16)

where hg denotes the exterior temperature on 9€,.

Following the approach in [1] we will introduce a Young measure R =
(Rz)zer2 associated to a suitable subsequence of (V¢ )neny which describes
the character of oscillations of (V¢ )nen. This is motivated by the fact that
V¢, describes the deviation of the normal vector vector on €2, to the normal
vector on (2 in the x1, ze-plane. Therefore, in our model the rugosity of the
boundary is characterized by R.

Assume that u,, converges weakly to u on € and that 6,, converges weakly
to 6 on Q. We will show that (u, ) satisfy the Boussinesq equations (1.1)
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on [0,T[x£. Moreover, it is proved that 6 satisfies the Robin boundary
condition

00

87N+CKA(9—h0)—O on 0f2 (17)
with a scalar function A(x),z € 92, which can be explicitly computed using
R, see (1.15). Under a non-degeneracy condition on R we will show that u

satisfies the no slip boundary condition
u=0 on 0. (1.8)

This means that the microscopic asperities prevent the fluid from slipping,
i.e. u adheres completely to the boundary. By multiplying the Boussinesq
system (1.1) with test functions ¢, w and using integration by parts and (1.7)
we obtain the following definition of weak solutions.

Definition 1.1. Let Q C R? be a domain with uniformly Lipschitz bound-
ary, let 0 < T < oo, g € L®(0,T;L>®(Q)), let hg € L*(0,T;L?*(0%)),
A € L0, T; L>(09)), and let v, ar, 3,k > 0 be constants. Further assume
up, 00 € L3(Q) and fi, f> € L2(0, T; L*(Q)).
(1) A pair
we L(0,T5 I2(Q) 1 10, T5 H(©),

0 € L>=(0,T; L*(Q)) N L2(0,T; H(Q)) o)

is called a weak solution of the Boussinesq equations (1.1) with im-
permeability condition (1.2) and Robin boundary condition (1.7) if
it holds

T T T
—/ (u,qst)gdt—/ <u®u,V¢>th+u/ (Vu, Voo di
° ° 0 (1.10)
—5 [ (9. dadt+ [ (fdladt+ (u6(0))a
0 0

for all ¢ € C§°([0,T7; C65,(2)) and
T T T
- / (0, w)q dt — / (u-Vuw,0)qdt+ om/ (A~ (0 — ho),w)pn dt
0 0 0

T T
- _ﬁ/ (V6, V) dt+/ (f2, w)a dt + (00, w(0))o
0 0
(1.11)
for all w € C§°([0, T[x).
(2) A pair
u € L(0,T; L2(2)) N L*(0, T; Hy (%)) ,
_ : i ¢ (1.12)
0 € L0, T;L*(2)) N L*(0,T; H ()

is called a weak solution of the Boussinesq equations (1.1) with no slip
boundary condition (1.8) and Robin boundary condition (1.7) if the
identity (1.10) is satisfied for all ¢ € C§°([0, T[; C§%(€2)) and (1.11)
is satisfied for all w € C§°([0, T[xQ).
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Remark. In the ’usual’ definition of weak solutions to the Boussinesq equa-
tions it is assumed that ug € L2(2). But for the formulation of Theorem 1.2
we only suppose ug € L?(Q) in Definition 1.1. If (u, ) is a weak solution as
in Definition 1.1 then it can be proved that, after a redefinition on a null set,
u : [0, T[— L2(9) is weakly continuous and the initial value is attained in
the sense u(0) = Pug where P is the usual Helmholtz projection on L?(£2).

Using Galerkin approximation and a Fourier-type Aubin-Lions argument
(see [12, 14]) it can be proved that there exists a weak solution (u,) of
the Boussinesq equations (1.1) with boundary conditions as in (2) of Defini-
tion 1.1. Now we are able to formulate our main result. In this theorem a
precise formulation of what we have described in the introduction so far will
be given.

Theorem 1.2. Let 2,9, be as in (1.3), (1.4), let D C R? be open with
Q, C D foralln € N. Let 0 < T < oo,g € L*(0,T;L>®(D)), let hy €
L?(0,T; HY(D)), and let v > 0, > 0,3 > 0,5 > 0 be constants. Further
assume ug, 0y € L*(D) with divug = 0, and f1, fo € L?(0,T; L?(D)).

Consider a sequence of weak solutions (uy, Oy )nen of the Boussinesq equa-
tions (1.1) on [0, T[xQy (with external forces fi, f2ljor(xq, and initial val-
ues uo, Oo|q,, ) with impermeability condition (1.5) and Robin boundary con-
dition (1.6).

Let u,0 € L>(0,T; L2(Q))N L*(0,T; HY(Y)), and let (my)ren be a subse-
quence such that the following two properties are fulfilled.

(1) (wmy)ken and (Om,)ren are both bounded in L°°(0,T; L*(Qyp,)) N
L*(0,T; HY(Qy,,)) and

Uy, = uin L=(0, Ty L*(Q),  um, S un L20,T; H(Q)), (1.13)

Om = 0in LX(O0.T: L), O, — 0in L(0,T;H'()). (1.14)

(ii) Let R = (Raz)zer2 be a Young measure associated to (Vém, )ken. By
Theorem 3.1 choose a compact set Kr C R? with supp(R.) C Kgr
for almost all x € R2.

Then the following statements are satisfied.

(1) (u,0) is a weak solution of the Boussinesq equations (1.1) on [0, T[x 2
(with external forces fi1, faljo,rjxq and initial values ug,tolq) with
impermeability condition (1.2) and Robin boundary condition (1.7)
with the (time independent) "weight function’

1
Az, ¥(z)) =
D= AR i
for almost all x € R2.

(2) Under the additional assumption that R is non-degenerate (see Defi-
nition 3.2) it holds that u satisfies the no-slip boundary condition (1.8).
Therefore (u,0) is a weak solution of the Boussinesq equations (1.1)
with no slip boundary condition (1.8) for u and Robin boundary con-

dition (1.7) with A defined by (1.15).

V14 |[Vip(x) — A2dR.(\)  (1.15)

We remark that this theorem is independent of the concrete boundary
conditions that are fulfilled by u. For the existence and properties of Young
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measures needed for this theorem we refer to Section 3. The proof of this
theorem is the content of Section 4. In Section 2 we will discuss some pre-
liminaries, especially we will decompose the pressure in a harmonic and a
regular part as introduced in [16].

2. PRELIMINARIES

2.1. Notation. Given a Banach space X and an interval [0,7[,0 < T < oo,
we denote by LP(0,7T; X),1 < p < oo the Banach space of equivalence classes
of strongly measurable functions f : [0, 7[— X such that

ey o dt)’l’ < oo

[[flloo == ess suppo r(llf ()] x
if p = co. In the case that X = L9(Q),1 < g < oo, the norm in the space
LP(0,T; L(Q2)) is denoted by | - ||gpa.r- Let d € N, let @ C R? be an open
set, let 1 < p < oo, and k£ € N. We denote by LP(Q),W’“’p(Q),Wé‘:’p(Q)
the usual Lebesgue and Sobolev spaces with norm || - [|zr) = || - ||, and
|- lwrp) = Il - lkp, respectively. We set H*(Q) := Wk2(Q) and HE(Q) =
Wg’Q(Q) . Furthermore define H(Q2) := L?(Q) and H-}(Q) := W&’Q(Q)’.
For s € RT \ N let H*(Q) := W*2(Q) denote the usual Sobolev-Slobodeckij
space, see [15, Definition I1.3.1]. Looking at [15, Satz I1.5.3, Satz I1.5.4

and Satz I1.7.9 | we get that for a bounded Lipschitz domain Q C R3 and
0 < s9 < 81 <1 the embedding

H (Q) — H*(Q) (2.1)

if p < oo and

is compact. For two measurable functions f, g with the property f-g € L*(Q)
where f - g means the usual scalar product of scalar, vector or matrix fields,

we set
. g)a = /Q f(z) - g() da

Note that (in general) the symbol LP(2) etc. will be used for spaces of scalar,
vector or matrix-valued functions. Let C™(2),m = 0,1,...,00, denote
the usual space of functions for which all partial derivatives of finite order
|a] < m exist and are continuous and let C™(Q) := {$|a; ¢ € C™(RY)}. As
usual, Cf*(2) is the set of all functions from C™(£2) with compact support in
Q and let C§°(]0, T[x€2) denote the space of smooth function with compact
support in ]0, T[x€Q . Further we define the following spaces of vector fields

C55(Q) == {p € C ()% divg =01},
2(Q) = Co @) .

Moreover, C5°(]0, T'[; C§.(€2)) is the space of smooth, solenoidal vector fields
with compact support in |0, T[xQ and

C5°([0, T G55 () = {vlorixas v € C5°( — LTLC5() )
C8°([0. T[xT) = {wlprixe: w € CF () — LT[xRY }.
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Let Q € R?,d > 2, be a bounded Lipschitz domain. Let dS denote the
surface measure on 9€2. The space L?(9) should denote the usual Lebesgue
space on J) with scalar product (-,-)gq. For 0 < s < 1 define H*(99) :=
W$2(9Q), see [13, 1.3.6]. It is well known (see [15, Satz 11.8.7]) that for
1

5 < s < 1 there exists a continuous, linear trace operator 7' : H*(Q2) —

Hs_%((‘?Q) with the property T'p = ¢|aq for ¢ € C3(Q).

Next we will discuss some definitions for Section 3. Let M(R?) denote the
Banach space of finite, signed Radon measures on R? with the total variation
norm || - || yqra)- It holds that Co(R?) =2 M(R?) (see [8, Theorem 1.200])
where Cp(RY) := { ¢ € C(R?); limy_.o0 ¢(z) = 0}. A Carathéodory function
is a function G(z, \) : R? x R? — R such that G(z, -) is a continuous function
for all fixed x and G(-, \) is a measurable function for all fixed A\. We call
a function f : Q — M(R?) weakly* measurable if for all ¢ € Co(RY) the
function

o @) uncumn = [ S noldy, e

is measurable. Define the space
L2 (Q; MRY) := { f: @ = M(R?); f weakly* measurable;

z = || f(@)[| p(rey measurable and essentially bounded }.

For two domains Q1, Qs we write Q; CC Qy if Q1 C Qy. Further if (X,)nen
is a sequence of Banach spaces we will write that a sequence v, € X,,,n € N,
is bounded in (X, )nen if there is a constant M > 0 such that ||v,|x, < M
for all n € N.

2.2. Decomposition of the pressure. Let G C R% d > 2, be a bounded
Lipschitz domain. For u € L?*()) we write divu = 0 or Au = 0 if these
identities are satisfied in the sense of distributions on Q. If u € L?(Q) satisfies
Au = 0, then we can apply Weyl’s Lemma to get (after a redefinition on a
null set) that u is smooth, i.e. u € C*°(f2). Define

AWF(G) = { Ap;p e W32 (G) },
B(G) = {pe 1(O): [ pdr =0}

A major point in the proof of the main theorem is to prove identity (4.3)
below. Since the standard Aubin-Lions argument cannot be used in our
situation, we formulate and prove the following variant of Theorem 2.6 in [16].

Theorem 2.1. Let G C R%,d > 2, be a bounded C?-domain, let 1 < r < oo,
0<T < oo, let ug € L3(G) with divug = 0, let Q1 € L"(0,T; LQ(G)dZ), and
let Q2 € L™(0,T; L2(G)%). Consider u € L>(0,T; L*(G)%) with divu(t) = 0
for a.a. t €]0,T[ and

T T T
- / (11, Dyt + / (Qr, Vo di + / (Qo, &) dt — {ug, (0)) g = 0
0 0 0

(2.2)
for all ¢ € C§°([0,T[; C5,(G)). Then there exist unique functions p, €

L7(0,T; L3(Q)), pn € L®(0,T; L3(G)) with p.(t) € AW (G), Appp(t) = 0
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for a.a. t €]0,T[ such that

T T T
- [t Vamasider [ QuVocdt+ [ (Qada
0 0 0
. (2.3)
— (10, 9O+ [ (pr.divoha
0
for all ¢ € C§°([0,T]; C3°(G)). The following estimates are satisfied
1Prll2,mar < c(l@ull2masr + 1Q2ll2mar) (2.4)
P8 ll2.00:000 < e(llullz,ooicir + 1@ |26 + [|Q2ll2mair) (2.5)

with a constant ¢ = ¢(G,r,T) > 0.

Proof. Step 1. Define u(0) := ug. For ¢ € C§%,(G),n € C5°([0,T]) we
have

T
- / (ult), ) (t) dt — {up, $(0))a n(0)
0 (2.6)

T
N /0 —({Q1(1), Vi) + (Qa(t),v)c)n(t) dt.

Identity (2.6) implies that there exists a Lebesgue null set N = N(¢) such
that

(u(t), v)c — (uo,¥)a = —/0 (Q1(1), Vi)g +(Q2(t), ) ) dt  (2.7)

for all t € [0,T[\N. Using a separability argument u can be redefined on
a Lebesgue null set of [0,7] such that (2.7) holds for all ¢ € [0, 7] and all

Y € C5o,(G) since u € L*(0,T; L2(G)Y). For t € [0,T[ define Qq(t) :=
f(f Q1(s) ds and Qvg(t) = f(f Q2(s) ds. We employ Fubini’s Theorem and |13,
Lemma I1.2.2.2] to get for each fixed ¢ € [0, T a unique p(t) € L3(G) such
that

(u(t) = uo, ¥)c + (Q1(t), Vi)g +(Qa(1), ¥)e = (p(t), divi)e  (28)
for all ¢ € Wol’z(G). The estimate |13, (11.2.2.6)] yields

o)z < (G r)([[ult) = uollz + QB2 + Q2(t)]l2) (2.9)

for all ¢ € [0,T]. Using (2.9) we can show that t — p(t),t € [0,T7], is
Bochner measurable (as a function [0, 7[— L?(G)). Furthermore it holds

Ip)l2.00:6:0 < e(G, 7 T)([|ull2, 0065 + Q1|26 + [ Q2ll2,n65r)- (2.10)

Step 2. [16, Corollary 2.5| implies the existence of unique functions p, €
L®(0,T; L3(G)) and p, € L®(0,T; L3(G)) with p,(t) € AW:?(G) and
A;pp(t) =0 for a.a. t € [0,T] such that

p(t) = pr(t) +pu(t),  pr@)ll2 + Pa )2 < cllp(®)]l2 (2.11)
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with a constant ¢ = ¢(G,r,T) for a.a. t € [0,T]. From (2.9), (2.11) it follows
pr(0) = 0. We integrate (2.8) over [0,7 and use the Gauss theorem to get

T T T __
/ (ult) — o, S dt + / (@1(8), Vo) di + / (@a(t), B dt
0 0 0 (2.12)

T T
- / (52(0), dive) dt — / (Vapn(t), ) dt
0 0

for all ¢ € C5°([0, T[xG).
Step 3. Fix ¢ € C§°(G) and consider ¢ := V¢ in (2.8). With divu = 0
and A,pp = 0 it follows

/(p;(wh)—p;(t))mdxz/(@i(wh)—@(t)) V26 dz
¢ ¢ (2.13)

+/ (Qa(t +h) — Qa(t)) - Vo dz
G

for all t €]0,7T] and all 0 < h < T —t. Since p,(t) € AWOQ’Q(G) we obtain
from [16, (2.1),(2.2)] that

2
57 (t+h) = 5r(t)]l2 < ¢ D [1Qi(t + h) — Qi(t)

i=1

for all t €]0,T[ and all 0 < h < T — t with a constant ¢ = ¢(G,r,T). Hence

/T—h‘
0

Br(t+ ) — (1)
h

r 2 -k 0. _ 0. T
sy [ -a),

2

T—h t+h
< [ Q[ el s ar

i=1

2 T T—h
1
B CZ h/o /0 L on) ()1 Qi(s) |5 dt ds
=1

2 T
<ed /O 1Qi(s) 15 ds

(2.14)

for all t €]0,7[ and all 0 < h < T — ¢ with a constant ¢ = ¢(r,G,T) > 0
independent of ¢ and h. Estimate (2.14) yields p, € W17 (0,T; L*(G)) and

10epr|l2,m7 < c(1Q1ll2,7 + [|Q2ll2,r7 )- (2.15)

Step 4. Let p, := dip, € L"(0,T; L*(G)). For arbitrary ¢ € C5°([0, T[xG)
consider 0;¢ instead of ¢ in (2.12) and integrate by parts to get (2.3). In
this argument ¢(7") = 0 and p,(0) = 0 were used.

Proof of uniqueness. Let p? and pfl be an other pair of functions satis-
fying the conclusions of this lemma. By putting p, — p? in (2.4) and pj, — p%
in (2.5) we get pr(t) = p2(t) and py(t) = pi(t) for almost all t €]0,7[. O
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2.3. Preliminary Lemmas.

Lemma 2.2. Let Q,9, be as in (1.8), (1.4), let K C R? be compact.
(1) Let (vn)nen be a bounded sequence in H(S,). Then

lim |vp (2,90 (x) — dp(x)) — vp(z,(x))|dx = 0. (2.16)

n—oo K
(2) If (On)nen is a bounded sequence in L?(0,T; H'(Q,)) then
lim 0, (t, 2, 90(x) — Ppn(x)) — On(t,x,9(2))|d(z,t) = 0. (2.17)

n—o0 JI0,T[x K

Proof. For v € C§°(Qy,) one has

/K|U(ac,1/1( — (@) — v (z |dm—/)/¢(x) v (a7 dr| d.

(2.18)
By a density argument, the identity (2.18) still holds true for v, € H'(€2,).
We deduce with (2.18)

[ Tonlan () = 60(a)) = a0 d
K

1/2 (@) 1/2
< </ Ot (', 7 |2d7> (/ / 1d7- dw) (2.19)
Qn 81’3 x) ¢n

1 2
< Nloallwrz.) VIE] l1¢nll2

By using ¢, (z) — 0 for n — oo unlformly in z € K, we get (2.16). The
proof of (2.17) is based on a 'time dependent’ version of (2.18) and an argu-
mentation similar to (2.19). O

Lemma 2.3. Let Q,Q, be as in (1.3), (1.4).
(1) Let (vp)nen be bounded in L2(Q,), let v € L*(Q) with v, — v for
n — oo in L2(Q). Then v € L2(9).
(2) Let (wy)nen be bounded in L2(0,T; L2(2,)), let w € L?(0,T; L*(Q))
with w, — w for n — oo in L*(0,T; L?(Y)). Then w(t) € L2(Y) for
a.a. t€[0,T].

Proof. We will only prove the second statement. Let ¢ € C§°([0,T[x€)
and let B C R? be a ball with supp(¢(¢,-)) C B for all t € [0,7[. Define
By, = (2, \ 2) N B and consider the identity

T T T
/0 (. $)ar, dt = /0 (wn, B dt + /0 (wn, &) 5, dt. (2.20)
We get
T
/ <wn,¢>3ndt\g sup |6(t, )] / fwn(t, )| d(z, 1
0 (t,2)€[0,T[xQn [0,T[x By (2.21)

< /T |By| lwnllL2(0,75w12(020))

with a constant ¢ > 0 independent of n € N. Since 1o, — 1g in L (R3) for
n — oo, we get |B,| — 0 for n — oo and consequently from (2.20) (2.21),
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and w, — w in L?(0,T; L*(Q2)) it follows

T T
lim (wn, PYq,, dt = / (w, p)q dt (2.22)
for all ¢ € C°([0,T[xQ). We use w, € L?(0,T;L2(Qy)) and (2.22) to get
fOT<w, Vo)adt =0 for all ¢ € C§°([0,T[x). A cut-off procedure gives us
a Lebesgue null set N CJ0, T'[ such that (w(t), Vi))q = 0 for all ¢t €]0, T[\N

and all ¢ € C5°(§2). Therefore, combining [9, Lemma II1.2.1] with [7, Lemma
2.1(i)] we see that w(t) € L2(Q) for all t €]0, T[\N. O

3. YOUNG MEASURES

The formulation of the main theorem is based on the following existence
theorem for Young measures. The main difficulty is that (¢, )nen is defined
on an unbounded set.

Theorem 3.1. Let (¢y,) be as in (1.4). Then there exists a (not necessarily
unique) subsequence (my)ken and a unique Young measure R = (Ry),cr2 €
LSS (R?%; M(IR?)) associated to the subsequence (Vém, )ken with the following
properties.

(1) For a.a. = € R? it holds that R is a (positive) probability measure
on R? and there exists a compact set Kz C R? with supp(R.) € Kr
for a.a. x € R2.

(2) Let G(z,)) : R2 x R? — R be a Carathéodory function and define

G(z) = G(x,\)dR.(\), for a.a. x € R% (3.1)
RQ

If the sequence (G(x,V¢m, (x))ken is weakly convergent in L' (R?)

and G € L*(R?) then it holds

G(z,Vom, (z)) o G(x) in L'(R?). (3.2)

Remark. The subsequence (my)ren to which there exists a Young measure
associated to (Ve )ken is not unique. But for a fixed subsequence (my)ken
there is at most one Young measure associated to (V¢ )ken-

Proof. For each | € N there exists a (not necessarily unique) subsequence
(m})ren and a unique Young measure (v}),epo.) € L33 (B(0,1); M(R?))
associated to (ngméc)keN' We have employed [8, Proposition 8.4 and The-
orem 8.6] which is possible since B(0,1) := {z € R?%|z| < [} is bounded
and the sequence (V¢ )nen is bounded in L>*°(B(0,1)). We remark that
(Z/i)weB(O,l) € L% (B(0,1); M(R?)) is uniquely determined by the conver-
gence property

b(Vop) =7 sz(A) dvy(\) i L®(B(0,1)) (3-3)

k—oo

for all ¢ € Cp(R?). Using induction on [ € N there exists (m} )ren such that

(mfjl)keN is a subsequence of (mgg)keN and (Vi)a:eB(o,l) € L%(B(0,1); M(R?))

is the unique Young measure associated to (V¢, i )xen. Moreover Vi‘H = I/;lv

i
k
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for a.a. x € B(0,1) by (3.3) . Therefore it is possible to obtain a well defined
Young measure (R;)cre € L (R%; M(RR?)) by requiring

(Ra)werzlBor) = Wh)eepoy —for aa. x € B(0,1) (3.4)

for all I € N. Define my, := m¥  k € N (diagonal sequence’). Let G(z, ) :
R? x R? — R be a Carathéodory function as in (2). Since G € L*(R?) and

]-B(O,I)G(‘r? vquk (.T)) kjoo ]-B(O,l) /R2 G(ZL‘, )\) de()\) in Ll(]R2) (35)

for all I € N it follows that (3.2) is true. We choose a compact set Kr C R?
such that Véy,, (r) € Kg for a.a. z € R? and all k € N. By considering
¥ € Cp(R?) with ¥()\) = 0 for all A € K% in (3.3) we finish the proof. [0

For the boundary behaviour of u the following definition is needed.

Definition 3.2. A Young measure R = (R;),cr2 € L (R?; M(RR?)) is non-
degenerate if for a.a. x € R? it holds that supp(R;) contains two linearly
independent vectors in R2.

4. PROOF OF THE MAIN THEOREM

The crucial point for the proof of the first part of the main theorem is
to prove that the Boussinesq system (1.1) has the property that a weak
limit of (up, 0n)nen satisfies the variational identities (1.10), (1.11) with an
"additional weight function’” A on €. The proof of this weak compactness
property is the central topic of the lemmas in Section 5.1. To show the second
part of the main theorem we need additionally the boundary behaviour of
u which will be treated in Theorem 4.4. Without loss of generality we may
assume my = k for all k € N.

4.1. Lemmas needed for the proof of statement (1) of Theorem 1.2.

Lemma 4.1. The weak limit (u,0) in (1.13), (1.14) satisfies (1.10) on §2
for all € C2([0, T C55,(52).

Proof. By interpolation and the continuous imbedding H'(Q) «— L5(2) we
get with (1.13)

T T
4/3 2/3
/0 @ wnllyl5y dt < e /0 lanll S lunlin @y dt < e (1)

with a constant ¢ > 0 independent of n € N. Therefore we find a matrix
field in L*/3(0, T; L*()), denoted by u @ u, such that (along a not relabeled
subsequence)
Up @up, — u®@u in LY3(0,T; L*(Q)). (4.2)
n—oo
The main step in the proof of this lemma is to prove the following assertion.

Assertion. It holds
T

T
lim (Up, @ Up, V) dt = / (u®u, Voyq dt. (4.3)
0

n—oo 0
for all ¢ € C3°([0, T[; %, (Q2)).
Proof of (4.3). Fix ¢ € C5°([0, T[; C§%(2)). We choose smooth, bounded
domains 1, Qs with supp(¢(t,-)) CC Q3 CC Qy CC Q for all ¢ € [0,T7.
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Since (un, ) satisfies (1.10) for all ¢ € C§°([0, T[; C§% (€22)) an application
of Theorem 2.1 yields the existence of unique

Prn € LY3(0,T; L3(92)),  pra(t) € AWS?(G) for a.a. t € [0,T[, (4.4)
Phn € L0, T5 L3(Q2)),  Auzpnn(t) =0 for a.a. t € [0,T] (4.5)

such that
T
_/0 <un + prh,na¢>92n/(t)
T
= /O (<Un @ Un, v¢>§22 — V(Vun, vw>92)77(t) dt (4.6)

T
+ / (BlOng, )20 + (F1 V)20 + (Prms divib), )(t) dit

for all ¥ € C§°(Q2) ,n € C§°(]0,T[). Consider the estimates (2.4) and (2.5)
to see that (ppn)nen is bounded in L>(0,T; L?(Q2)) and that (prn)nen is
bounded in L*/3(0,T; L?(€)). Hence (along a not relabeled subsequence)

Phn nj:o Ph in LOO(O’ T; LZ(QQ)) ) (47)

Prn — pr in LY3(0,T; L2(92)). (4.8)

n

By (4.7) we can conclude that Agpp(t) = 0 for a.a. t € [0,7[. Conse-
quently (4.7) and [6, Theorem 2.2.7] imply that (ppn)nen is bounded in
L>(0,T;C?(Q4)). Therefore

Phn — pp in L*(0,T; H*()). (4.9)

n—oo

Fix n € N. With the imbedding L?(€;) — H~Y(Q),y — (y,-)q,, we can
write equation (4.6) as (it holds ©; C Q9)

d
*(Un + prh,n) = <un & Un, V>Q1

dt (4.10)
- V<vun ) v)Ql + <p7‘,n7 diV'>Q1 + ﬂeng + fl
in L*3(0,T; H(£)). Consider the imbedding scheme
HY Q) — L*Q) < H Y. (4.11)

compact continuous

Looking at (4.10), (4.8), (1.13) (1.14) we see that (%(un + VaPhn))nen is
bounded in L*3(0,T; H*(Q;)). Since by (1.13) and (4.9) the sequence
(tn, + VaDPhn)nen is bounded in L2(0,T; H(Q1)) we get with (4.11) and [14,
Theorem 3.2.2| that a subsequence of (tn+VPp n)nen is strongly convergent
in L2(0,T;L?(4)). Since (un + VapPhn)nen is also weakly convergent in
L%(0,T; L*(1)) to u + Vzpp, we have proven

Up + VaDhn Ut Vepn  strongly in L2(0,T; L?(Q)). (4.12)
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It follows (for this fixed ¢)

T
/ (u®u,Vo)q, dt
0

T
= lim (Up, @ up, Vo)q, dt

n—oo J
T

n—oo J
T
— lim <prh,n & (Un + va:ph,n)a V¢>Q1 dt

n—oo 0

T T
- /0 ((u+ Vopn) ®u, V), — /0 (Vo @ (1 + Vapn), Ve, dt

T
:/ (u®u, Vo)q, dt.
0

In this calculation (1.13), (4.9), (4.12) and the following argument were em-
ployed: For h € L?(0,T; H*(Q4)) with Ah(t) = 0 for a.a. ¢t €)0,7T] it holds
foT<Vxh ® Vzh,Vé)q, dt = 0. From (4.2) and the above computation we
obtain (4.3).

Now we can finish the proof of this lemma. Let ¢ € C§°([0,T'[; C%,(Q)).
Using in the variational identity (1.10) for u,, and 6,, on §2,, with test function
¢ the convergences (1.13), (1.14) and (4.3) we get that (u, ) fulfills (1.10).

(]

Since we want to prove the Robin boundary condition (1.15) it is impor-
tant that in the following lemma the domain ' can share common parts of
the boundary with €.

Lemma 4.2. For all bounded Lipschitz domains Q' with ' C Q and for all
0<s<1tholds

0, — 0 strongly in L*(0,T; H*()). (4.13)

Proof. Assume by contradiction that there is a bounded Lipschitz domain
Q' with @' C Q and a subsequence (6, )ken, an € > 0 and 0 < s < 1 with

”Gmk — GHLQ(O,T;HS(Q/)) >e¢ VkeN. (414)
From (1.11) we get for all ¢ € C§°(€Y') and n € C§°(]0,T)

T
- / 6y ) (1)
0 (4.15)

T
_ /0 (Bt Vi) — (V0 Vi) + (o, W) )m(1) .

In view of the identification L?(Q') — H~1(Q'),y — (v, -)qr, equation (4.15)
means that

d
£9n = <9nun, V)Q/ — /€<V9n, V>Q/ -+ f2 (4.16)

as identity in L%(O,T; H7YQ')) for every fixed n € N. By (1.14) we see
that the sequence (6, )ren is bounded in L2(0,T; HY(Q')). From (4.16)
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with (1.13), (1.14) it follows that (%6, )ken is bounded in L*/3(0, T; H~H(Q')).
Consider the imbedding scheme

HY Q) — H(Q) < H Q). (4.17)

compact continuous

The compactness of the first imbedding follows from (2.1). From (4.17)
and [14, Theorem 3.2.2] we get the existence of a subsequence of (6, )ken
which is strongly convergent in L2(0,7T; H*()')). Looking at (1.14) yields
that this strong limit of a subsequence of (0, )xen has to be 6. This con-
tradicts (4.14). O

Lemma 4.3. (u,0) satisfies (1.11) on Q for all w € C§°([0, T[xQ) with A
defined by (1.15).

Proof. The crucial point of the lemma is to prove that

T T
lim (On, W)Yo, dt = / (A-0,w)pq dt (4.18)
0

n—oo 0

for all w € C§°([0, T[x2) where A is defined by (1.15).
Proof of (4.18). Let K C R? be compact with

supp(w) € { (t,z,¢(x) — én(2)); (¢, 2) € [0, T[x K}
for all n € N. Define
)= V1+[Vi(a) - Von(2)?, zeK,
and @ := [0, T[x K. Then we estimate

T T

‘/0 (Gn,w>agndt/0 (A -0, w) o0 dt

S/ | (Onw)(t, 2, 9(z) — dn(x)) — (Onw)(t, 2,9 (2))] sn(x) d(z, 1)
Q

+ /Q |(Onw)(t, x,(x)) — (Qw)(t, z,¢(x))| sp(z) d(z, 1)

#] [ )2, 0@) () — [ VI AP dRA)) dir 1)
(4.19)

Let ' C Q be a bounded Lipschitz domain such that {(z, ¥ (x));z € K} C
0. Fix any % < s < 1. Using the continuous trace operator H*(Q)) —
L2(08Y') (see section 2.1) it follows from (4.13) that

0, — 0 strongly in L*(0,T; L*(99)). (4.20)

A consequence of (2.17) and (4.20) is that the first two terms on the right
hand side of (4.19) tend to zero for n — oo. In this argument we have
employed the boundedness of Vi),V¢, and the uniform convergence of
w(t,z,Y(x) — ¢p(x)) for (t,z) € [0,T[xK. To show that the third term
in (4.19) converges to zero consider the Carathéodory function

H(z,\) = xx(2)V/1+|V(z) = A2, = €R* XeR% (4.21)
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Using (3.2) it follows (along a not relabeled subsequence)

Xula) T+ V() = Vo, @ = wla) [ VI 196 = AP RN

(4.22)
in L'(R?) and even in L?(R?) due to the term yx. Especially we get for a.a.
tel[0,T]

lim [ (Ow)(t,z, ¢ (x))sy(z) dz

n—oo K

(4.23)
— / (6w)(t, 2, () / VIT V@) — AP dR.(N) de.
K Kr

By (4.23) and the boundedness of (s, )nen on K we conclude with Lebesgue’s
theorem on dominated convergence that the third term on the right hand
side of (4.19) tends to zero for n — oo (along a not relabeled subsequence).
Altogether (4.18) holds.

Let w € C§°([0, T[xQ). We can consider w as an element in C§° ([0, T[xQ,,)
and therefore (u,, 0,) satisfies (1.11) with A replaced by 1 and w as test func-
tion. In this lemma we have to prove that for n tending to infinity (u,®)
satisfies (1.11) on  with A defined by (1.15). The desired convergence
of the boundary term fOT(Gn, w)agq, dt follows from (4.18). With the same
argumentation as in (4.18) (in this case (4.20) is not needed) we show that

T T
lim (ho, w>@Qn dt = / <A - ho, w>8§2 dt.
0

n—oo 0

To pass to the limit in the ’other linear terms’ we make use of (1.13),

(1.14) and (2.22). For the nonlinear term f(;f(un -Vw, 0,)q, we additionally
need (4.13). O

4.2. Proof of statement 1 of Theorem 1.2. Combine Lemma 4.1 and
Lemma 4.3 to get that (u,#) satisfies the identities (1.10) and (1.11) on 2
for all test function ¢ and w as in Definition 1.1. From Lemma 2.3 we obtain

u € L>2(0,T; L2(Q)).

4.3. Proof of statement 2 of Theorem 1.2. Since we have already proven
statement 1 of the main theorem it is enough to prove the boundary be-
haviour of v when the Young measure R is non degenerate. The following
theorem describes the boundary behaviour of v under these conditions. The
idea of the proof is based on [1]; in our situation we consider a more general
(especially unbounded) domain. This theorem is completely independent of
the equations that are fulfilled by (uy, €))nen.

Theorem 4.4. Let Q,Q, be as in (1.3), (1.4). Let (up)nen be bounded in
L2(0,T; HY(2,)), let up, — u for n — oo in L2(0,T; H()) and let u,(t) €
L2(Q) for a.a. t €]0,T| and for all n € N. Assume that R = (Ry)ger2 i a
non-degenerate Young measure associated to (Vép)nen. Then u(t) € HL(Q)
for a.a. t €[0,T].

Proof. Tt suffices to prove the following assertion.
Whenever (vn)nen is a bounded sequence in H'(Qy,) N L2(Qy,) with v, — v
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for n — oo in HY(Q) then v € H}(£2). Assume this statement is true. For
n € Nand § > 0 with 6 < T — § define

W (t) = (T + pa) (1) ;:/a;(t—f)pé(f)dﬂ L[ T -0, (4.24)
R

where (ps)s>0 is a smooth Dirac sequence with suitable compact support and
un(7) := 1o7)(7)un(7). Then the sequence (u (t))nen with t € [5,T — 0]
has the properties of the sequence (v, )nen of the statement. Hence u®(t) €
HY(Q) for all t € [6,T —6]. Since u®(t) — u(t) for § — 0+ strongly in H'(Q)
for a.a. t € [0,T] we get u(t) € H}(2) for a.a. t € [0, T[. It remains to show
that the assertion is true.

Let Kr C R? be compact with supp(R;) € Kg for aa. z € R2
Lemma 2.3 yields v € L2(Q). Fix D € C(R?),G € C§°(R?). Choose
K C R? compact with supp(G) C K. Define s, (z) := (Vi)(z) -V (z), —1)
for x € K. Then

0= lim | G@)D(Véu(@))((vh,v2,05) (2, () — bu(2)) - su(2) da

oo Ji¢
= Jlim [ G@)D(Vén(@)((v', ", v)(w,$()) - sn(e) do
_ /G P v@) - [ DONAR.Y) dr
+ i [ GEDTo) (070 o 6(0) - (V). 1) o
/G P v@) - [ DONAR,)

(4.25)

In the first equality of (4.25) we have made use of v, € L2(£2,) and the
fact that s,(x) is parallel to the normal vector on 0%, for a.a. =z € K.
Let ' C Q be a bounded Lipschitz domain with {(z,¢(z));x € K} C
oY, From v, — v for n — oo in HY() it follows v, — v for n — oo
(strongly) in L2(9€Y'). Further we use (2.16) and an argumentation similar
to (4.19) to get the second equality in (4.25). To get the first integral in
the third equality of (4.25) consider the Carathéodory function H(z,\) :=
G(z)D(\)[v!, v?](z,(x)) - X for 2, A € R? and use (3.2). The argumentation
is similar to that in (4.21), (4.22). Moreover we use v € L2 () to obtain that
the second term in the third equality of (4.25) equals zero for every n € N.

A separability argument shows that there exists a null set M C R? such
that

((01,02)(:[:,1/;(;5))./ D(MAAR(N) =0 (4.26)
Kgr

for all D € C(R?) and all € R?\ M. Consider € R?\ M such that
R, is non-degenerate. Fix (y1,21), (y2,22) € supp(R;) and r > 0 such
that w for all v € B,(y1,2z1) and w € B,(y2,22) the vectors v and w
are linearly independent in R? . For i = 1,2 choose D; € C(R?) with
0< D < 1,D;(yi,zi) = 1 and supp(D;) C B,(yi,2zi). Then the vectors
I} Kn M)A dR (A),i = 1,2 are linearly independent in R?. As consequence

of (4. 26) it follows ((v!,v?)(z,9(x))) =0 for all z € R*\ M. Withv-N =0
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on 9N we get v € H}(Q). This finishes the proof of Theorem 4.4 and conse-

quently the proof of the Main Theorem 1.2. O

Acknowledgment. The author thanks Reinhard Farwig for his kind sup-
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REFERENCES

[1] Bucur, D., Feireisl, E., Necdsova, S., Wolf, J.: On the asymptotic limit of the
Navier-Stokes system on domains with rough boundaries. J. Differential Equations
244 (2008), 2890-2908

[2] Bucur, D., Feireisl, E., Necdsov, S.:On the asymptotic limit of flows past a ribbed
boundary. J. Math. Fluid Mech. 10 (2008), 554-568

[3] Feireisl, E., Nec#sova, S.:The effective boundary conditions for vector fields on do-
mains with rough boundaries: Applications to fluid mechanics. Preprint, Institute of
Mathematics, AS CR, Prague. 2008-1-22

[4] Canon, J., DiBenedetto, E. The initial value problem for the Boussinesq equations
with data in LP. Approximation Methods for Navier-Stokes Problems, ed. by R. Raut-
man, Lecture Notes in Mathematics 771, Springer-Verlag, 1980

[5] Casado-Diaz, J., Fernandez-Cara, E., Simon, J.: Why viscous fluids adhere to rugose
walls: A mathematical explanation. J. Differential Equations 189 (2003), 526-537

[6] Evans, L.: Partial Differential Equations. American Mathematical Society, Provi-
dence, 1998

[7] Farwig, R.: The weak Neumann problem and the Helmholtz decomposition in general
aperture domains. Progress in Partial Differential Equations: the Metz Surveys 2, ed.
by M. Chipot. Pitman Research Notes in Mathematics 296 (1993), 86-96

[8] Fonseca, 1., Leoni, G.: Modern Methods in the Calculus of Variations: LP Spaces.
Springer New York, 2007

[9] Galdi, G. P.: An Introduction to the Mathematical Theory of the Navier Stokes Equa-
tions, Volume I. Springer Verlag, New York, 1998

[10] Hishida, T. Existence and Regularizing Properties of Solutions for the Nonstationary

Convection Problem. Funkc. Ekvac. 34 (1991), 449-474

[11] Kagei, Y.: On weak solutions of nonstationary Boussinesq equations. Differential

Integral Equations 6, oo. 3 (1993), 587-611

[12] Morimoto, H.: Non-stationary Boussinesq equations. J. Fac. Sci. Univ. Tokyo Sect.

IA, Math. 39 (1992), 61-75

[13] Sohr, H.: The Navier-Stokes-Equations: An elementary functional analytic approach.

Birkh&user Verlag, Basel, 2001

[14] Temam, R.: Navier-Stokes Equations. North-Holland, 1977
[15] Wloka, J.: Partielle Differentialgleichungen. B.G. Teubner, Stuttgart, 1982
[16] Wolf, J.: Ezistence of Weak Solutions to the Equations of Non-Stationary Motion of

Non-Newtonian Fluids with Shear Rate Dependent Viscosity. J. Math. Fluid Mech. 9
(2007), 104-138

CHRISTIAN KoMO, DARMSTADT UNIVERSITY OF TECHNOLOGY, DEPARTMENT OF

MATHEMATICS, 64283 DARMSTADT, GERMANY

E-mail address: komo@mathematik.tu-darmstadt.de



