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A viscous incompressible fluid with a large number of small axially symmetric solid
particles is considered. It is assumed that the particles are identically oriented and under
the influence of the fluid they move translationally or rotate around symmetry axis but
the direction of their symmetry axes does not change. The asymptotic behavior of small
oscillations of the system is studied, when the diameters of particles and distances between
the nearest particles are decreased. The equations, describing the homogenized model of
the system, are derived. It is shown that the homogenized equations correspond to a
non-standard hydrodynamics. Namely, the homogenized stress tensor linearly depends

not only on the strain tensor but also on the rotation tensor.
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1 Introduction

Mechanics of suspensions is a part of a general physical-chemical sphere of knowledge about
dispersions. Dispersion is a mixture of 2 phases one of which forms a continuum medium (we
will call it a dispersive phase) and the other one is dispersed and distributed in the form of
separate volume elements inside the first one (we will call it a disperse phase). In this work it

is supposed that the dispersive phase is a viscous incompressible fluid and the disperse phase



consists of a great number of small solid ferromagnetic particles suspended in the fluid. The
sizes of particles are assumed to be of the same order as the distances between the nearest
particles.

When neglecting all physical-chemical processses, the study of the suspension motion can
be considered as a problem of pure classical mechanics. In this case the motion of the dispersive
phase is governed by the Navier-Stockes equations, and the motion of solid particles forming
a dispersed phase is described by the equations of continuum mechanics. However, the study
of the properties of the fluids in the framework of such a model by using both analytical and
numerical methods appears to be an unsurmountable problem because of a great number of
the small particles. Therefore it is necessary to develop adequate macroscopic models that can
help in studying such fluids. It is known that under the absence of external forces the motion
of the compound is governed by the following homogenized equations:

Ju
Por
where p = p(z) is the homogenized specific mass density of the mixture, v(z,t) is the homog-

3
i,7=1

+ (v,V)v —divolv] = pf, divy =0,

enized velocity of the suspension, o[v] = {0;;[v] is the homogenized stress tensor, and f

is the external force acting on the suspension. Moreover, the stress tensor linearly depends on

the strain tensor e[v] = {e;;[v] = %(% gﬁ,ff) IRt
J g >

olv] = Aelv] — Ep,

where A = {anpqr(z,1)}3 . ,—1 is the effective viscousity tensor (it is symmetrical with respect
to permutation of pairs of subscripts and of subscripts in pairs themselves), E = {(Sij}f’,j:l is
the unity matrix, and p(z,t) is the pressure. The result is qualitatively the same in the case of
weak electric or magnetic forces affecting the suspension.

If the suspension is subjected to the influence of very strong electric or magnetic field then
its behavior appears to be different. The study of such a behavior leads to a development of
the so-called asymmetric hydrodynamics in which case the stress tensor appears to be non-
symmetric (see, for example, the pioneer works [1] and [13] where this fact was established

from the physical considerations):

alv] = APefv] + Afwlv] - Ep. (1)

Here AP and AF are the deformative and rotational parts of the effective viscousity tensor, and

. ov;
wlv] = {wi;[v] = %(S—Z - aZZ.) ?,jzl'

In this paper we suggest a mathematical model of a suspension which is a mixture of a

viscous incompressible fluid with a large number of small perfectly rigid inclusions which are
the prolate particles oriented along the fixed direction [. Under the influence of the surrounding
fluid the particles can move translationally or rotate around symmetry axis but the direction

of their symmetry axes does not change. Such a motion of the composite can be realized, for



example, if the particles are strongly magnetizable and subjected to the influence of the strong

magnetic field, so that they are oriented along the field direction B (see Figurel).

B

Figure 1: The suspension with oriented particles

We study the asymptotic behavior of such a mixture when the diameters of inclusions tend
to zero and the inclusions are distributed in the whole volume. As a result, we obtain the

homogenized equations corresponding to asymmetric hydrodynamics.

2 Statement of the problem

Consider a bounded domain  in R?® with smooth boundary 9. Suppose that this domain
is filled with a mixture consisting of a viscous incompressible fluid with a large number N, =
O(g73) of small solids Q¢ bounded by smooth surfaces Q% and suspended in the fluid. Further

we will call them "the particles”.
Let Q. = Q\ U Q' be a domain filled with the fluid, p; and ps be the specific mass density of

the fluid and of sohd particles respectively, p be the dynamic viscousity of the fluid, v, = v_(z,t)

be the velocity of the fluid, p. = pa(x t) be the pressure o[v.] = {0, [v] = 2pen,[v] —p- "P}np .

be the stress tensor in the fluid, z! be the position of the center of mass of Q%, u be the

displacement of the center of mass of @', 0" be the rotation vector of Q¢, m! be the mass of
', I! be the inertia tensor of Q".

Consider the following system of equations:

81}

r o~ HOV = Vot pf, dive. =0, z€Qs (2)



vo=d 40l x (z—2i), 0.=P%, zeaQ (3)

mii; + / olvJvds = / psf_ dx; (4)
i Q:
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P+ P [ a) x olududs = P [(o - o) x puf de )
Q1L QL

where f_= f (z,t) is the external force acting on the mixture, v is the unit inner normal vector

to the surface 9Q!, and P? is a projection operator onto some fixed d-dimensional subspace

Sd C RS

Depending on d, such a system describes non-stationary motions of the mixture under
various regimes of particles rotations. Namely, if d = 3 then the particles can rotate without
any constraints. Such a situation was considered in [9] (for the case of elastic medium filled
with the particles) and in [2],[10],[15],[23] (for the case of a viscous incompressible fluid filled
with the particles). If d = 0 then the particles move translationally without any rotations. In
this paper, we focuss on the non-standard cases where d = 1 or d = 2 (similar problem for the
case of elastic medium was considered in our previous work [7]; see also [8]).

The case d = 1 can be realized, for example, if we consider strongly magnetizable prolate
ellipsoidal particles in the strong magnetic field directed along a constant vector B. Then all
the particles are aligned along B ([17]), and under the influence of elastic forces they can move
translationally or rotate only around their symmetry axis [ = B, but the direction of their
symmetry axis does not change (see Figurel). In this case, subspace S! is a linear subspace
spanned by vector [.

The case d = 2 can be realized, for example, if we consider strongly magnetizable oblate
ellipsoidal particles in the strong magnetic field. Moreover, it is assumed that the particles are
aligned in such a way that their symmetry axes are identically oriented along the direction [
perpendicular to the field direction B and they can rotate both around their symmetry axis
and around the field direction. In this case, subspace S? is a linear subspace spanned by vectors
! and B. The result both in case d = 1 and in case d = 2 is qualitatively the same: the stress
tensor in the homogenized model is expressed via the strain tensor and the rotation tensor in
accordance with (1).

The system of equations (2)-(5) is supplemented by the initial conditions

v(2,0) =vy(z), z€Q; (6)

(voo(z) =v. +w! x (z — ') at € 9Q") and the boundary condition on 9

Le



v(z,t) =0, z €09 (8)
Theorem 1. There exists a unique solution of the problem (2) — (8).

We do not give here the proof of the theorem. The main goal of the paper is to study the
asymptotic behavior of the problem (2) — (8) solution as ¢ — 0.

Before formulating the main result we introduce some definitions and assumptions.

3 Additional assumptions and the main result

Let d’ be the diameter of ellipsoidal particle Q, B(Q!) be a minimal ball containing Q%, and
R! be the distance from the ball B(Q!) to other minimal balls and to the boundary 9. We
suppose that both d’ and R’ satisfy the following inequalities:

015 < dl RZ < 028, (9)

where constants C; and Cy do not depend on ¢ (0 < C; < Cy < 00).

Suppose that rotation of the particle Q¢ is given by the vector Q; such that Q; = Pin, where
P? is the projection operator onto some fixed d-dimensional subspace S¢ C R?. Consider a cube
K} with the side length h (¢ < h < 1) centered at y € 2. We assume that the edges of this

cube are parallel to the coordinate axes. Let Jf [K}] be the following class of vector-functions:

J?[Kg] = {w, € H'(K}); divw, = 0;
w. () = wl + [P0 + (1 = PY)E] x (¢ —al), z € QLN K},

where w' and % are arbitrary vectors, and § is a given vector. Consider a minimization problem

in this class for the following functional (mesocharacteristic):
AZh(ww Y T) = EKy [quwg]+

P‘”W Z Tope™ ( Z )], (10)

where :
Boluev) =20 [ 3 eululenlud) de (11)
a ™=l
P u,(2), 0. (2)] = h™2 / (1.(2), v.(2)) dz, (12)
G



1 Jgr
27 (z) = 5(rne’ + ) — D (13)
n=1

1,0 0
e [Q] (81;14 + avl

is a penalty parameter.

) T = {T, } is an arbitrary symmetric second rank tensor, and 0 < v < 2

This mesocharacteristic plays the crucial role in our consideration. Roughly speaking, it
allows us to compute the energy of the suspension in some mesoscopic cube of size h (¢ < h <
1), which is a so-called representative volume element. In other words, if a suspension can be
described within the effective single medium approach, then the rheological properties of the
suspension can be determined by calculation or measurements in some representative volume
element of an intermediate mesoscale h, which is why we choose cube K.

Next, observe that the first term (11) in (10) represents the energy of the suspension. The
minimizer w, of (10) is "close”, up to an additive constant, to the true global minimizer u_ of
the varlatlonal problem, which corresponds to (2)-(8) if the tensor T is chosen appropmately.
Now one should choose T'. If the single medium homogenized description is possible, then
u_(z) is "close” to some smooth (homogenized) vector-function u(z), which depends only on
macroscopic variable x and does not depend on ¢, so that it does not vary on the microscale €.
We then minimize the energy of the suspension, adding the constraint that the minimizer w, is
"close” to the linear part (differential) of the global minimizer u, so that |w,. —u| = o(h) ~ h'*2
for some v > 0. This condition is imposed by introducing the penalty term (12).

It can be proved that there exists the unique vector-function which minimizes the functional

(10); the minimal value of this functional is given by

3
miAn AZh(waa g7 T) = Z npqr(ya Sd &, h)TnPTqr+

e n,p,q,r=1
3 3 R 3 L
+2 3 S gy, ST Ty + Y (y, S 2, 1), (14)
n,p=1 q=1 qr=1
where aggqr(%sd’g, h), b0y, 54 ¢,h) and . (y, e <. h) are the components of the fourth-,

third- and second-rank tensors respectively, defined as follows

ay (y, 8% e, h) = Exy[w™, w] + Py [w™(z) — 9" (z — y), w” (z) — " (z —y)], (15)

h

O (45 ST 6, h) = Eper[w™, 0] + P;’%"’ [w™(z) — " (z — y),v%(z)], (16)
(Y, 5% e, h) = Exy[v?, 0] + PRy [v%(2), 0" ()] (17)
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Here w"?(z) is the vector-function that minimizes the functional (10) in JK!] as T =T =
—(e"®e’ + e’ ®e"), vi(z) is the vector-function minimizing the functional (10) in JE'[K}] as
T =0, and e" (n = 1,2, 3) form an orthonormal basis in R?.

Starting from the solution {v_(z,t), ui(t), 8'(t) = P’ (t), i = 1, N.} of the problem (2) —

(4) we construct the vector function

Bz, 1) = Xe(2)v.(2, 1) +ZX5 B +0.(t) x (z - 20)), (18)

where x.(z) is the characteristic function of the domain €., filled with the fluid, and x(z) is

the characteristic function of a particle Q°. We also denote by

pe(x) = pxe(z +pste

the density of suspension "the fluid-the particles”.

We assume that the following conditions hold:

3.0) the sequence p.(x) converges weakly™® in L>°(£2) to a function p(z) > 0 and the sequence
f_(z) converges weakly in L2(£2) to a vector-function f(z), as e — 0.

3.1) the sequence of initial vector-functions 0_,(x) converges weakly in La(£2) to a vector-

e

function vy(z), as € — 0.

3.2) for some real number v > 0 the following limits exist heterogeneously at x €

(z,5% ¢, h) (a:SdEh)
. A npq'r ERT . npqr [) d
R oo 857
— b (x,8% ¢, h) b (z,5%¢e, h)
: npq 1 : npq _ d
I i o e
— g, 8%e,h)  cp(x,5%¢h) d
Il i el S,
where {aj,,.(z,S))}, {bnpq(z, 5%)}, {cqr(z,5%)} are continuous tensors (at z € Q).

Note, that the existence of limits 3.2) is a general restriction on the spatial distributions of
the particles. Since we do not require any spatial periodicity, we have to impose some conditions
on these distributions. In section 7, we provide an example where limits 3.2) are calculated
explicitly.

Remark. If the limits in 3.2) exist for some v > 0, then they exist for any v > 0 and the
z, 5} and {c,(z,S?)} are positive

definite tensors (these facts can be proved analogously to [19]).

limiting tensors do not depend on 7; moreover, {a,,.(z

Now we are in a position to formulate the main mathematical result of this paper.
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Theorem 2. Let conditions 3.0)-3.2) hold. Then the sequence of vector-functions v_(z,t),
defined by (18), converges weakly in La (€2 x [0, T]) (for any T > 0) to a vector-function u(z,t),

which 1s a solution of the following homogenized problem:

O > D [aB (e e ] + afhy (. s o] =

pat 8_.1’1, npqr npqr
n,p,q,r=1
=Vp+pf, z€Q,t>0; (19)
dive=0, ze€Q, t>0; (20)
v(z,t) =0, €0, t>0; (21)
u(z,0) =vy(z), z€ (22)
Here

1g 1 g 1o
a'r?pqr = agpqr + 5 Z bquelnpa a’gpqr = Z Z Cim€lnpEmar + 5 Z bnplelqry (23)

=1 I;m=1 =1

1,0v, Ov,

o] = = (La _ Ty, 24
ol = 5 (52 - ) 24

where {€n,} is Levi-Ciwita permutation tensor.
The problem (20) — (22) has the unique solution.

The proof of this theorem is given in sections 4-6. First, in section 4, using Laplace trans-
form, we formulate a stationary version of the problem (2)—(8) with the spectral parameter A
. Then we reduce it to a variational form for A > 0. In section 5, we study the asymptotic
behavior of the solution of the variational problem as ¢ — 0 by using a method close to the
computation of a I'-limit. We find the homogenized variational functional and the system of
Euler equations corresponding to this functional. Finally, in section 6 we study the analytic
properties of the solutions of these equations in the parameter A\, and, applying the inverse

Laplace transform, obtain the homogenized non-stationary problem (20) —(22).

4 Variational formulation of the stationary problem

Use the Laplace transform of the functions to be found: wv.(z,t) — wv.(z,N), ul(t) —
u (), 0(t) — 0°(N), p(z,t) — p.(x,\). Taking into account the properties of the Laplace
transform, we rewrite the problem (2)-(4) in the form

Apjue — pAv. = Vpe + ppf_+ ppog,  dive, =0,z €€, (25)



v, = AMul + 60 x (z—al)], 6.=PU., ze€dqQ, (26)

Nmlul + / oluJvds = miv' + /psf dx, (27)

Q% QL

N PUTig] + P / (2 — 2) % olu v ds

QL

— Pd[_fs@i] + Pd/(g —z') x psia dz, (28)
QL

u(z) =0, z€099, (29)

where ReA > 0. We extend the velocity function v_(z, \) onto the particles Q° according to
(26) and keep the same notations for the extended function.

Fix now A > 0. Then the problem (25)- (29) is equivalent to the variational problem

D (v,) = mln P (vl), (30)
v EJE(Q)

where /. () is the class of divergence free vector-functions from H' (2) which are equal to

al + 0" x (z— ') on the particles Q' (gl and §. = P’ are arbitrary vectors), and

TLp_

:/{W V2 S €]~ 20l + £} (31)
Q

where A > 0.
The main goal is to investigate the asymptotic behavior of the solution v_(z) of minimization
problem (30), as ¢ — 0. To formulate the homogenization result, we consider the minimization

problem

Po(v) = min Py(v'), (32)
vEJ(Q)

where 3 (Q2) is the class of divergence free vector functions from H' () and

3 3

wul0) = [ {ofue) + S @emldenl] =2 33 bn(z)enls [Srote],
Q n,p,q,r=1 n,p=1 g=1
+ Z Cor(z rot v] [;rot o] —2p(f + yo,y>} dz. (33)

q,r=1



The minimizer of this problem is the solution of the following boundary value problem:

3
)
Aw— D o [af?pqr(i)eqr [0] + g (2)gr [UJ]Q” =Vp+pf+pu, z€Q (34
n,p,q,r=1 p
dive =0, z €, (35)
v(z,\) =0, z €. (36)

The asymptotic behavior as e — 0 of the solution of problem (30) is given by the following
theorem.

Theorem 3. Let conditions 3.0)-3.2) hold. Then the solution v_(z,\) of the problem (30) for
any A > 0 converges strongly in La(§2) to the solution v(z, \) of the problem (32), as € — 0:

e—0

v (z,\) — v(z,\) strongly in La(€2).

The proof of this theorem is given in section 5.

5 Proof of Theorem 3

Let v_(z, \) be the solution of the problem (30). Since 0 ejg (), we have:

B.(1.) < B.(0) = 0. (37)

Due to conditions 3.0)-3.1) and the first Korn’s inequality (see [22])

3
2 2/ 38
el o <2 [ 32 enle (38)

n,p=1

(31) and (37) give:

vl () < C- (39)

Therefore the set of vector-functions {v_(x,\), ¢ > 0} is weakly compact in H'(Q2). Due
to the Embedding Theorem, this set is compact in Ly(€2). Hence, there exists a subsequence
{v.,(z,\), e > 0} which converges (weakly in H'(€2) and strongly in Ly(€2)) to some vector-
function v(z, ). As it is shown below, the limiting vector-function v(z, A) is a solution of the

problem (32). It can be proved (see Lemma 2) that

v, Ov
D R n OUq 2
dz >
Q/[anpqr + anqu] oz, Oz, L = ||Q||H1(Q)
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and hence, problem (32) has a unique solution. From this it follows that the sequence

{v.(z, A), € > 0} is also convergent:

v, — vweaklyin H'(Q), v. — vstrongly in Ly (€2). (40)

Clearly, v(x) eJ (Q). Show that for any vector-function w eJ (Q) the following inequality
holds:

Do (u) < Po(w). (41)

1. For any vector-function w cJ (2) N C2(9Q) we construct a special vector-function w_, eJ .
(), such that

lim lim @, (w_,) < ®o(w). (42)

h—0¢e—0
Now we describe this construction. Cover the domain €2 with cubes K ,%0‘ centered at points

x, € Q with the edges of length h, which are parallel to the coordinate axis: Q C |J K;. Let
acA

the centers z,, € Q of these cubes form a cubic lattice of period h—h'*2 (0 < v < 2), so that the
cubes overlap. Due to the overlap of the cubes, we can further select smaller cubes K f,“ (with
the edges of length h' = h — 2h'*3) which are concentric to K. Tt is well known (see [10])
that there exists a set of functions {¢"(z) € C5°(Q)}aea (called a special partition of unity)
such that

l,x € K2 c
Dez)y=<"7" """ | 20<¢M(2) <1, 3)|Vel(z)| < —=,
) ¢ (2) 0.0 & K ) 0 < ¢ (z) ) [V (z)] TS
4) ) ¢l@)=1,2€Q, 5)¢l(z)=CL zeB@Q, (43)
aEN

where C? are the constants (0 < C! < 1), and B(Q") are the balls centered at points z' with
the radii d’ (see (9)), which contain the particles Q.. For the sake of simplicity, we will omit
the superscripts € and h where it will not cause any confusion: ¢ (z) = ¢.(z).

For any divergence free vector-function w(z) € CZ(Q) we construct the vector-function
w,p, () eJ. () possessing the following properties. First, it approximates (in L2(2)) a given
vector-function w(z) cJ ()N CE(Q) for small € and h. Second, it "almost” minimizes the
functional (10).

Note that any vector-function w(z) € C?(K,*) can be written in the form

Hwplw(z)P (2 — 2%) + g, (2), z € K, (44)



where

10w, dw, _ 10w, Ow,
enplioe)) = 5 (G ) + 52 @), wmlii)] = 5 (G ) — 5 e0),
the vector-function " (z) is defined in (13),
1
U () = S (wpe” — ane?), (45)

and D’“ga (z) = O(h*™*), k = 0,2. Define the quasi-minimizer w_, (z) as follows:

wale) = Y {wlen) + 3 enpliola,) i)+

= zap(z) + ¢, (), (46)

np 9(@) are the minimizers of the functional (10) in J2[K}] as

where the vector-functions v, .,

1
T=T"=_-("®e"+e"®e"), vk () are the minimizers of the functional (10) in JE[KY) as

T' =0, and vector function ¢_, () is constructed according to the following Lemma (see [10]).

Lemma 1. For any function F.(z) € Ly(2) which satisfies the conditions
L F.(z)=0, ze|JB@Q),

z/g@@:a

Q
there exists a function ¢ _(z) € H}(Q) such that

div¢ (z) = Fe(z), z €

C(z)=¢. =€B@Q); ¢ llme < ClIF(2)]ruw).

2e

where gz are constant vectors and C' does not depend on €.

Due to (46), the vector function z_,(xz) € H'(2) is equal to zero on the boundary 92, and
hence

/div Zp(z) = 0.
Q

Moreover, it is easy to see that

12



div z,(2) =0, @€ B(QL).

Therefore, applying Lemma 1 to the function F.(z) = —div z_,(x), we construct the divergence
free vector function ¢, (), which is equal to the constant vectors gg on the balls B(Q!) and

zero on 9. Moreover, similarly to [10], we can show that lim lim ||C_ || 1) = 0.
h—0e—0 =¢ch

It is obvious that w_, (z) EJ6 (). Let us calculate the functional (31) on the vector-function

w_,(z). To this end, we distinguish the leading term in ey |w_,]:

3

enlwa@] =Y { D enluwla)lenll @)+

aeN n,p=1
3

=3 [protu(e,)], culull Jool) + dun(a), 1)

m=1
where }Lirr(l)@ |0en || o) = O (for more details see, for example, [5] and [10]). Then, using (43)
—0e—
and (47), similarly to [3], [4], [5], [6] and [10] we can show that

,0 ,0
Z Z enp eqr[w(x )]EKi,“ [QZZ:?}L’QZZEI’L]_

acAN n,p,q,r=1

-2y Z Z% [Grotule ) Ercra Lo U onl +

a€eN n,p=1 g=1

3
1 1
+Z Z [§r0tw(£a>:|q[irOtw(&a)}rEK “‘[ Zzeh? ash] + L(8 h) (48>
acl q,r=1
where lim lim L(e, h) = 0.

h—0e—0

From (48), taking into account (15)-(17), we obtain

wy) <Y { S (a2 B)enphie(e e (e )]

aceAN n,pqr=1

23 Y Wl el orot(z)]

n,p=1 ¢g=1

+ Z (z,,¢,h) 11“01: w(z, )}q[%rotw(ga)}r} +9(1) (e<h<1). (49)

q,r=1
Here we add in the RHS of (48) the positive term

3 3
n n n 1
PR DY (Qai’% — oz — %))enp[w(za)] =Y vialgrotw(z,)],,
a€A n,p=1 n—1

13



3

3
S (0 — (e~ ) e linle,)] — 3 [rot e,

q,r=1 q=1
corresponding to the penalty terms in (15)-(17). Now we make use of inequality (49) to estimate
the functional (31):

5. d%r (z,.,h)

@owa) < YR YT T (e [w(ea))-

a€A npgr=1
2y 3 Bl e ) rotute)
np=1g=1
+§:1 w [%mt wiz,)], [%rot w(z,)], }+
+A° /(Ps Wep, W h>d£—2/P5< Voo + f s Wep) dz +0(1) (e <h < 1). (50)
0 Q

Using (44), (46) and taking into account the fact that the minimizers v, >2(z) and vk (z) are
close, in some sense, to ¢""(z — z,,) and 0 respectively, we can show that (for more details see,
for example, [3] and [5])

lim Tim f|wy, = w]|z,) = 0. (51)

Then, passing to the limit in (50) as ¢ — 0 and h — 0 and taking into consideration 3.0)-3.2)
and the fact that w(z) € C*(Q2), we obtain

lim lim @, (w_,) < ®o(w).

h—0 £—0
Thus, inequality (42) is proved. Next, from (42) and an obvious inequality ®.(v.) < &.(w,;,)
there follows the upper bound:

o

lim @, (v.) < ®o(w), Yw €J (Q). (52)

e—0

2. Prove now the lower bound

Po(v) < lim . (v,), (53)

e—0
where the vector-function v(z) is defined in (40). For the sake of simplicity we first assume
that the limiting vector-function is smooth enough: v(x) cJ Q)N CE(Q).
Consider a partition of the domain by non-intersecting cubes K, aligned along the
coordinate axes and centered at the points x, forming a cubic lattice of period h. In each cube

the vector-function v(z) can be written in the form

14



3

(@) = v(z®) + Y (enplo(@))e™ (@ — 2)+

Hwgplo(a®)[Y"(z — ) + O(h?),  z € Ky~ (54)

Then, in every internal with respect to © cube K, (which does not intersect the boundary

0f2) consider a vector-function

v(z) = v.(z Z Wp[0(z)]Y" (2 — ). (55)
n,p=1
~a 1
It is clear that v®(x) € J(’ (K], where § = —§r0tg(ga), and e,,[v2] = epplv.] in K=
Therefore, from (10) and (14) for T, = epplv(z,)] We obtain
EK%“ [257%]—'—
3 3
PR [02(2) = Y enplulea)l" (@ — £a) 08 (2) = Y enplulza)le (@ — £,)] 2
n,p=1 n,p=1
3
> ) e (Eas e h)enpu(e,)] - eqrlo(za)) -
n,p,q,r=1
1
-2 Z anpq (zy, €, h)enpv(z,,)] [Eroty(ga)}q—i—
n,p=1 qg=1
+ Z (z,,€,h) 11"ot v(z,)] [lrotv(x )] (56)
1 SEE
q,r=

Estimate now the second term in the LHS of inequality (56). Taking into account (12), (40),
(54) and (55), we have

/ [0%(2) = Y emlo(z,)e™ (@ —z,) | " dz = O(RT). (57)

Sum up inequality (56) over all cubes of our partition. Using (56)-(57) we obtain

. a% (z,e.h
@.(v) = Y n{ > Gl 20 e (e
(x,,e,h)
—9 Z Z g € enplu(z,)] [%row(%)}ﬁ

5. ¢ (x e, h
+ Z % [%rot Q(ga)}q[%rotg(ga)]r}-f-

q,r=1
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o [z =2 [ plug+ fon)dz v OUP7) E<hat.  (59)
Q Q
Then, passing to the limit as ¢ — 0 and A — 0 in (58), and taking into account 3.0)-3.2),
the fact that v(z) € C?(Q) and v < 2, we obtain

lim (I)e(yg) >

e—0

> /{ Z anpqr Jenplv(z)]egr[v(z)] — 2 Z Zb"m z)enplv ;mty}q—i_

Q n,p,q,r=1 n,p=1 q=1

3

+ Y cp(z) [%rot v, [%rot o]+ XN pv,v) — 2p(vy + f, Q>} dz = Py (v).

qr=1
Thus, the required inequality (53) is obtained under the assumption that the limiting vector-
function v(z) is smooth. The proof for a non-smooth case v(x) eJ (€2) is more technical, though
its scheme is the same. Namely, it is necessary to construct smooth approximations v_(x) of the
limiting vector-function, then to obtain for these approximations inequality, which is analogous
o0 (53), and to pass to the limit as ¢ — 0. The details of this construction are presented in [6].
The inequality (41) follows from (52) and (53). Theorem 3 is proved. O

6 Proof of Theorem 2

Note, that the convergence in Theorem 3 was proved for A > 0 only. To prove the main
Theorem 2, we need to apply the inverse Laplace transform to get the convergence of v_(z,t)
to v(z,t). To this end, we need to extend these vector-functions analytically into the complex

right half-plane and to establish their behavior as A — oco.

Lemma 2. For any vector-function v Ej (Q) the following inequality holds:

ov,, 0v
[ Lo+ b 52 520 e 2 ol (59
J P
where af) . and aff, = are defined by (23).

Proof. For a given vector-function v €] (€2) we construct a sequence v_j,(x) EJE (Q) in accor-

dance with (46). Using (49) and Korn’s inequality (38), it is easy to see that

ov,, Ov
i T ) < | [0y + L4y < Cllo)in ) (60)

0 e = npgr npqr} a_xp ox,
Q
Taking into account (60) and (51), we conclude that the sequence v_,(x) (up to subsequence)

converges weakly in H'(2) to v(x). Therefore
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Ovy, v
ooy < limlim o) < [ Lo+l 522 52
Q

h—0e—0

Lemma is proved. O

Analogously to [3], [4], [5], [6] and [10], it may be shown that the family of solutions v_(z, \)
of the problem (25)-(29) is analytic in the domain {ReA > 0}. Moreover, in this domain the

following estimate holds:

<

v (2, Ml 2o < =7
() |/\|

(61)

where the constant C' does not depend on &.

Thus, taking into account Theorem 3,the analyticity of v_(x,\) in {ReA > 0} and the
uniform bound (61), with the help of Vitali’s theorem (see [20]) we conclude that v_(z,\)
converges in Ly(2) to some vector-function w(z, A), uniformly with respect to A in any compact
subset of the domain {ReA > 0}. Moreover, this vector-function is a solution of the problem
(34)-(36) for A > 0, analytic in the domain {ReX > 0}, and in this domain

C

Show that problem (34)-(36) has a unique analytic solution for all ReA > 0. This problem

can be written in the following weak form:

Lyu,u] = Fylu],Vu €7 (),

where

_ 1 o 8vn oy,
LA[Q? Q] = >\ / py : gdg + X/ pqr 'n,pq'r ax axr d.’E
Q Q

and

>/IH

/ pf + Apug + pug, @) d.
Q

It is easy to see that

[Inl, u]| < Clluflaellullmre), Flu] < Clluflmq), ReA > 0. (63)
. . . . D D .
Moreover, taking into account (59) and identity a,,,. + anqu = Qgppyp + aqmp, we obtain that
|La[v, u]| > Cllv]|F1 ), Red > 0. (64)

Combining now (63)-(64) and using the Lax-Milgram Theorem, we conclude that there
exists a unique solution v(z, A) of problem (34)-(36) for any ReA > 0. Moreover, this solution
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is analytic in right half-plane {Re\ > 0}, since the form L,[v,u] is analytic (see [16]). From
this it follows that w(xz, \) = v(z, A) in {ReA > 0}.

Due to the estimates (61) and (62), we can apply the inverse Laplace transform (see, for
example, [20] and [12]) and prove, thereby, the statement of Theorem 2 (see details in [3], [4],
[5], [6] and [10]). O

7 Explicit formulas for the effective viscousity tensor in

the case of periodic array of particles

We now show the existence of the limits in condition 3.2) for a particular example of a periodic
cubic lattice. Namely, let the particles Q" be the ellipsoids of revolution with the same semi-
axes a' = b. = ae and d' = de respectively (a < d < é) We suppose that all the particles Q°
are aligned along the direction [ and their centers x form a cubic lattice of period e.

Let K! be a cube of side length ¢ centered at the point 2’ and containing a particle Q.
Then D! = K!\ Q! is a periodicity cell filled with the elastic medium. To obtain the standard

-1

unit cell we rescale D! by the factor ! and shift its center to the origin. Then the domain

D = K\ Q is a unit periodicity cell where K is a cube of side length 1 centered at the origin and

L

@ is an ellipsoid of revolution in K with the semi-axes a = b and d respectively (a < d < S

We prove the following.

Theorem 4. For the cubic lattice described above the limits in condition 3.2) exist, the functions

Uppar(Y)s brpg(y) and cq(y) are constants and are given by the following formulas:

anpqr = npqr + 2,“/ Z ekl ek‘l[ T‘O(g)] d§7

k=1

brpg = 2#/ en [U"0(2)] en [07(2)] dz,

k=1

3
= 2,u/ Z ekz Uq ekl v (Z)] dz,

k=1

where Inpge = 3 (0ngOpr + Onrlpg) — 300p0qr, V"P0(2) and v9(z) are the solutions of the following

problems, respectively:

;

—Av"™0(z) = Vp™(z), dive™(z) =0, z2€ K\Q,
v"P0(z2) = =" (2) + 0L X z, z€Q,
Plfzxay Oy dz =0, (65)
anO — an,O O.[an,O] — O.[an,O}
Ft F- Ft F-

\ 1 1 T 7
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and

—Avi(z) = Vpi(z), dived(z) =0, z€K\Q,

vi(2) = [0+ (1 — Phe’] x z, z€Q,

PL [ zxovlvdz =0, (66)
0Q

vt F+ v fo ol’] o olf] F

\ % % % i
Here P is a projection operator onto I, F;" and F; are opposite faces of the cube K (i = 1,3).
Proof. Let K,% be a cube of side length h (h >> €) centered at the point y € 2. We seek a

1
function v""°(x) minimizing functional (10) in JOK}] as T = T" = §(§” ®@eP +eP ®e") in the

form

0P0(z) = VIO () + ulf (2), (67)

where

’x —
VPO (z) = " (a — y)+ Eﬁnp,o(—TgE). (68)

Here 9"7°(x) is a periodic extension of the function v™°(z) and y = ! is the nearest to y
center of particles Q! (for the sake of simplicity we assume that y = y). Using the properties

of the functions ¢""(z) and v""°(z), we have

VPO (z) = " (xl —y ) + 0" x (z — 2), x € QI (69)
divV™(z) =0, z € K}. (70)

Analogously, we seek a vector-function v?, () minimizing functional (10) in J€'[KY] as T = 0

in the form

vl (z) = Vi(z) + 54, (2), (71)

:Z‘ J—
where VI(z) = e0(— ys), and 0%(z) is a periodic extension of the function v?(z).
Next we obtain variational problems for the correctors u'r(z) and s, (z). Analysis of
those problems and substitution of (67)-(71) into (15)-(17), together with a periodicity of the

structure, give

1 1
h3 npq?"<y’6 h) = h_EKy[Vnpo vqu] +0o(1) (e < h < 1),

1
Fbgm(y,a, h) = 5 BV, V] +0(1) (e < h < 1),
1 Y 1 q T —_
ﬁcqr(yﬂsa h) thKy[Kg7V ] ( )(€<<h<< 1)
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The statement of Theorem 4 follows from the above representation. O

References

1]

2]

[10]

Aero E.L., Bulygin A.N., Kuvshinsky E.V., Asymmetric hydrodynamics, J. Appl. Math.
Mech. (PMM), 29 (1965), 297-308 (in Russian).

Grégory Allaire, Homogenization of the Navier-Stokes FEquations in Open Sets Perforated
with Tiny Holes. I. Abstract Framework, a Volume Distribution of Holes. II. Noncritical
sizes of the holes for a volume distribution and surface distribution of holes., Arch. Rational
Mech. Anal., 113 (1991), 209-259, 261-298.

(MR2206053) M. A.Berezhnyy and L. V.Berlyand, Continuum limit for three-dimensional
mass-spring networks and discrete Korn’s inequality, Journal of the Mechanics and Physics

of Solids, 54 (2006), 635-669.

(MR2338184) M. A. Berezhnyi, The asymptotic bahavior of viscous incompressible fluid
small oscillations with solid interacting particles, Journal of Mathematical Physics, Anal-
ysis, Geometry, bf 3 (2007), 135-156.

(MR2448943) M. Berezhnyi, L. Berlyand and E. Khruslov, The homogenized model of
small oscillations of complex fluids, NHM, Networks and heterogeneous media, 3 (2008),
835-869.

M. Berezhnyi, “Homogenized Models of Complex Fluids,” PhD Thesis, ILTPE, 2009
(in ukrainian), 159 p. URL: http://www.dlib.com.ua/useredneni-modeli-strukturovanykh-
ridyn.html.

M. Berezhnyi and E. Khruslov, Non-standard dynamics of elastic composites, NHM, Net-
works and heterogeneous media, 6 (2011), 89-109.

M. Berezhnyi, Discrete model of the nonsymmetric theory of elasticity, Ukrainian mathe-
matical journal, 63 (2011), 891-913.

(MR0688245) L. V. Berlyand and A. D. Okhotsimskii, Averaged description of an elastic
medium with a large number of small absolutely rigid inclusions, Dokl. Akad. Nauk SSSR,
268 (1983), 317-320 (in Russian).

(MR2068451) L. Berlyand and E. Khruslov, Homogenized non-Newtonian viscoelastic rhe-
ology of a suspension of interacting particles in a viscous Newtonian fluid, STAM, Journal
of Applied Mathematics, 64 (2004), 1002-1034.

20



[11] E. Cosserat et F. Cosserat, “Théorie des Corps Deformables,” Hermann, Paris, 1909.

[12] (MR0196422) V. A. Ditkin and A. P. Prudnikov, “Integral Transforms and Operational
Calculus,” Oxford; New York: Pergamon, 1965, 529 p.

[13] (MR0204005) Eringen A.C., Theory of micropolar fluids, J. Math. Mech., 16.1 (1966),
1-18.

[14] (MRO0115342) G. Grioli, Ellasticd asymmetrica, Annali di matematica pura ed applicata,
4 (1960), 389-418.

[15] U. Hornung, “Homogenization and Porous Media,” Interdisciplinary Applied Mathematics,
Springer, New York, 1996.

[16] (MR1335452) T. Kato, “Perturbation Theory for Linear Operators,” Springer, 1995, 652
p.

[17] (MR0093319) L. D. Landau and E. M. Lifshitz, “Course of Theoretical Physics. Quantum
Mechanics. Non-relativistic Theory,” London: Pergamon, 1958, 515 p.

[18] (MR2428102) A. I. Leonov, Algebraic theory of linear viscoelastic nematodynamics, Math-
ematical Physics, Analysis and Geometry, 11 (2008), 87-116.

[19] (MR2182441) V. Marchenko and E. Khruslov, “Homogenization of Partial Differential
Equations,” Birkhauser, Boston, 2006, 401 p.

[20] (MRO0708893) A. I. Marcushevich, “Theory of Analytic Functions: Brief Course,” Mir,
Moscow, 1983.

[21] (MR0144513) R. D. Mindlin and H. F. Tiersten, Effects of couple-stresses in linear elas-
ticity, Archive for Rational Mechanics and Analysis, 11 (1962), 415-448.

[22] (MR1195131) O. A. Oleinic, A. S. Shamaev and G. A. Iosif’yan, “Mathematical Problems
in Elasticity and Homogenization,” in “Studies in Mathematics and its Applications,” 26,
North-Holland Publishing Co., Amsterdam, 1992, 398 p.

[23] E. Sanchez-Palencia, “Non-homogeneous Media and Vibration Theory,” Springer-Verlag,
New York, 1980.

[24] 1. Y. Smolin, P. V. Makarov, D. V. Shmick and I. V. Savlevich, A micropolar model of
plastic deformation of polycrystals at the mesolevel, Computational Materials Science, 19
(2000), 133-142.

[25] X. Zhang and P. Sharma, Inclusions and inhomogeneities in strain gradient elasticity with
couple stresses and related problems, International Journal of Solids and Structures, 42
(2005), 3833-3851.

21



