ON INSTABILITY OF THE EKMAN SPIRAL
ANDRE FISCHER AND JURGEN SAAL

ABSTRACT. The aim of this note is to present an elegant approach to
linear and nonlinear instability of the Ekman spiral, the famous station-
ary geostrophic solution of the 3D Navier-Stokes equations in a rotating
frame. As former approaches to the Ekman boundary layer problem, our
result is based on the numerical existence of an unstable wave pertur-
bation for Reynolds numbers large enough derived by Lilly in [15]. By
the fact that this unstable wave is tangentially nondecaying at infinity,
however, standard approaches (e.g. by cut-off techniques) to instability
in standard function spaces (e.g. L?) remain a technical and intricate
issue. In spite of this fact, we will present a rather short proof of lin-
ear and nonlinear instability of the Ekman spiral in L?. The results
are based on a recently developed general approach to rotating bound-
ary layer problems, which relies on Fourier transformed vector Radon
measures, cf. [11].

1. INTRODUCTION

The rotational Navier Stokes equations in a three-dimensional halfspace
Ri are given by

ou—vAu+Qes xu+ (u-Viu+Vp = 0, zeR¥t>0,

divu = 0, zeR3,t>0,

_ (1.1)
U‘BRi = 0, t > O,
u|t:0 = Ug, T E Rg ,

where u : R3 x (0,00) — R? denotes the velocity field and p : R x (0, 00) —
R the pressure. The constant v > 0 refers to the viscosity of the fluid and Q2
is twice the angular velocity of rotation. For simplicity we assume rotation
is about the x3-axis, i.e. e3 = (0,0,1)7. It is well known that this problem
has a stationary solution, given by

1 — e#3/9 cos(x3/0)
up(r) = Uso e~ 3/% sin(x3/9) ;
0

pE(x) = —Quoca,
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where 1y, > 0. This solution, the Fkman spiral, is named after the Swedish
oceanograph V.W. Ekman, see [6]. He discovered this steady state solution
by observing that icebergs never follow the prevailing wind directly, but al-
ways shifted by a certain angle. It appears in rotating boundary layers in
between a geostrophic flow and a solid wall where the no-slip boundary con-
dition applies. The Ekman layer is considered as the region where friction
dominates the flow field due to the no-slip condition and viscosity. Its thick-
ness is defined by § = /2v/|€}|. For large x5 the Ekman spiral converges to
the geostrophic flow field above the surface, i.e.

up(rs) = (U0, 0,0), as x3 — oo.

Since it usually describes the situation in an ocean or the atmosphere, it
seems natural to consider stability for this solution not in a halfspace, but
in a layer D = R? x (0, d) with § < d < 0o. So we replace the third equation
in (1.1) by

ulop = uE|ap
and consider functions u solving the equation above and satisfying this modi-
fied boundary condition. (Note that u|z,—¢ = 0 still remains valid.) Defining

w=u—1ug, q=PpP—PE

gives the following inital boundary value problem for the perturbed solution
(w, q):

dyw — vAw + Qez x w + (ug - V)w + wzdsup + (w-V)w = —Vg,
divw = 0,
wlpp = 0,
wl=o = wo,
(1.2)

for x € D,t > 0, where wg = ug — ug.
The question for stability and instability is closely related to the value of

the Reynolds number

Re — Yool

v
of the stationary solution ug. Physically, it is natural to expect that there

is a critical value Re. such that for Reynolds numbers Re < Re. the Ekman
spiral is stable whereas it becomes unstable for Re > Re.. In [3] stability of
the Ekman spiral in L?(RY) is obtained, if Re is sufficiently small. This is
improved to asymptotic stability in [14].

Mathematically, instability turns out to be a more intricate problem.
There seems to be no rigorous analytic proof of linear or nonlinear instabil-
ity available in the literature, even for arbitrarily large Reynolds number.
In [15] Lilly derives a sufficient criterion for the existence of wave perturba-
tions causing linear instability, namely the solvability of an ODE eigenvalue
problem under certain constraints. For Reynolds numbers Re > 55, it is
proved numerically that this ODE eigenvalue problem is solvable. Based
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on this numerical existence of an unstable wave, in this note we will prove
results on linear and nonlinear instability in the spacial domain R? x (0, d).

We emphasize that, given the unstable wave modes from [15], one might
still be far from a proof of instability in a standard space like L*(R? x (0, d)).
This relies on the fact that waves do not decay at space infinity in tangen-
tial direction. Consequently, the unstable wave is at most an approximate
eigenfunction in L?(R? x (0,d)). One standard procedure to proof the unsta-
ble wave modes to be an approximate eigenfunction in L?(R? x (0,d)) is to
employ suitable cut-off techniques. In the Stokes and Navier-Stokes context
this, however, always leads to a disturbance of the divergence free condi-
tion and the pressure gradient. This fact can make standard approaches a
somewhat technical issue.

The strategy we pursue here, however, is completely different. The fact
that the unstable wave is nondecaying, suggests the development of a func-
tional analytic frame such that a suitable class of nondecaying functions,
like wave modes, are included. Such an approach recently was developed in
[11]. There the space of Fourier transformed Radon measures FM is intro-
duced which includes the unstable waves as eigenfunctions. So, instability
in the space FM follows more or less at once by the existence of an unstable
wave mode, as it is numerically verified in [15]. Moreover, the space FM dis-
plays a couple of further nice features in the treatment of rotating boundary
layer problems. In fact, in FM one can obtain the same situation as in L?
concerning multipliers. To be precise, merely boundedness of a symbol is
enough to turn it into a multiplier. As is well known, this is usually not true
in standard function classes, except for Hilbert spaces. It is exactly this
fact, which provides an elegant way to come from FM back to L?. Roughly
speaking, we can derive an equality as

1F = mF | cenny = Imlloe = 17 'mF g ere (1.3)

for bounded and continuous symbols m and where F denotes the Fourier
transform. (See Proposition 1 for a precise statement.) From this we im-
mediately obtain instability in L2, once it is proved in FM. Utilizing this
strategy, under the assumption that an unstable wave mode exists, the proof
of linear and nonlinear instability of the Ekman spiral becomes rather short
(it is essentially the three pages of Section 4).

Note that (1.3) can also be used vice versa. That is, in order to prove es-
timates for (linearized) boundary layer problems in the space FM, it suffices
to derive them in L?. This method is utilized in [11] in order to develop
a comprehensive approach to rotating boundary layer problems in classes
containing nondecaying functions such as almost periodic functions. Please
consult [11] for the details. For earlier approaches to rotating Navier-Stokes
equations in FM-spaces see also [8], [9], and [10].

An earlier approach to nonlinear instability for the Ekman problem is
given in [4]. There, based on the numerical results in [15], Desjardins and
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Grenier proved nonlinear instability on the torus T2 x [0, 1] in L? and L*. In
a torus, however, the problem with the nondeaying structure of the unsta-
ble wave mode does, of course, not appear. An advantage of the approach
performed in [4] is certainly given by the fact that it leads to a relatively
precise description of an unstable solution until the instability time. This
results in an exponential divergence rate. On the other hand, the assump-
tions required in [4] are much stronger than ours. In fact, we only need one
single point in the unstable spectrum, which immediately follows from the
numerical results in [15]. In [4] a whole open set in the unstable spectrum
satisfying certain properties is assumed to be given. Additionally, some
technical resolvent estimates need to be verified. So, by the just mentioned
facts and since the methods seem to be completely different, we think that
the two approaches, i.e. the one performed in [4] and the one given here,
are not comparable.

We organized this paper as follows: in Section 2 we fix notation and
explain our term of instability. We also sketch the approach in [15] and
the connection between linear instability of the Ekman spiral and the ODE
eigenvalue problem mentioned above. This enables us to fix the assumptions
we use to state our main results on linear and nonlinear instability in FM and
L?. In Section 3 we briefly recall required results on Fourier transformed
vector Radon measures from [11]. The proof of the instability results is
carried out in Section 4.

2. PRELIMINARIES AND MAIN RESULTS

Let n € N and let G C R"™ be a domain. We write LP(G) and
WFP(Q) for the usual Lebesgue and Sobolev spaces, 1 < p < oo, k € N.
Let C3°(G) be the set of all compactly supported smooth functions in
G. Tts closure in W*2(@) is denoted by WiP(G). The spaces LE(G),
WEP(@Q) = WFP(GQ) N LE(G) and WEP(G) = WEP(G) N LE(G) represent
the corresponding Lebesgue and Sobolev spaces of solenoidal functions for
1 < p < 0o0. The space of bounded and continuous functions and the space
of bounded and uniformly continuous functions are denoted by BC(G) and
BUC(G) respectively. we write S(R™) for the space of rapidly descreasing
smooth functions. Its dual is denoted by S’(R™). The letters E, F, X,Y
usually denote Banach spaces. We write L(FE, F') for the space of bounded
linear operators from F to F. In the case E = F we abbreviate L(E). The
E-valued versions of the LP-spaces are written as LP(G, E) and W*?(G, E)
and so on. If we work with another measure than the Lebesgue measure we
denote the corresponding spaces by LP(G, u, E).

We will write J = (0,d) for d € (0,00). The set Mg(R?, L?(.J)3) denotes
the space of finite Radon measures with values in L?(J)? and zero point
mass at the origin. We set

FMo(R?, L2(J)%) = {Fpu : € Mo(R?, L2(J)?)}
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(for a precise definition, see Section 3), where the Fourier transform F is
defined by

Fu(g) == (27r)_"/2/ u(x)e " dx, £ €R" ueSRM).

n

By Proposition 2(a) below, the Helmholtz projector P is a bounded operator
on FMy(R?, L%(J)3). So, we may define its solenoidal subspace by

FMy ,(R?, L(J)3) := PFMy . (R?, L*(J)3).

The operatorial form of system (1.2), regarded as a nonlinear evolution
equation in the spaces L2(D) or FMy ,(R?, L%(J)?), then reads as

w(t) + Ascpw(t) = —Pw(t) - V)w(t), t>0, 2.1)
w(0) = wo, '
where the Stokes-Coriolis-Ekman operator Agcp is given by
Ascpw := Agw + Acw + Agw
(2.2)

= —vPAw+ QP(e3 x w) + P((ug - V)w + w30sug),

for w € D(Ascg). In order to avoid confusion, occasionally we will write
Agcp,r2 or Ascrp M. The Stokes operator Ag e in an infinite layer with
domain

D(Ag12) = Wy2(D) NW?*2(D) C L2(D)

admits a bounded H*-calculus on L2(D), cf. [1]. By the fact that Ac
and Ap are lower order perturbations, a standard perturbation argument
yields D(Agcp 12) = D(Ag 12) and that also 4+ Agop 2 admits a bounded
H>®-calculus on L2(D) for some p > 0. The domain of Ascerv and its
semigroup properties will be stated in Proposition 2.

Since the definition of instability varies significantly throughout literature
we state precisely what we mean by nonlinear instability. The following
definition is taken (and suitably adapted) from [13].

Definition 2.1 (Nonlinear instability of the Ekman spiral). Let d > 4,
J = (0,d), and D = R? x J. Let X be one of the spaces L2(D) or
FMy ,(R?, L?(J)) and set X7 = D((u + Ascr.x)?), v € (0,1), with norm
-1l == (e + Asce,x)? - || x for some p in the resolvent set of Agcp. The
Ekman spiral is said to be nonlinearly unstable in X7 if there is a constant
€o > 0 which meets the following:

for any 6 > 0 there exists wy € X” with ||wpl|, <  such that there is some
finite time ¢ty > 0 with

[w(to, wo)ll, > o,

where w(-, wg) denotes the solution of (2.1).
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Remark 1. Reformulating this for the solution (u,p) of the original system
(1.1) would mean the following: The Ekman spiral is said to be unstable in
X7, if there exists €y > 0 such that for any § > 0 there exists a solution u
to problem (1.1) with ||u(0) — ug|, < ¢ and a tg > 0 such that

|u(to) — uglly > <o

In [15] the question for linear instability is addressed by the search for
wave solutions to the linear version of (1.2) with growing amplitude. We
briefly recall the derivation of the following ODE eigenvalue problem and
related numerical results and refer to [15] for the details. Physically it
is expected that perturbations that cause instability are two-dimensional.
The domain is transformed suitably such that the perturbation becomes
independent of the new xzi-variable. This allows for the introduction of
a stream function. Then the following ODE of Orr-Sommerfeld type is
obtained by a wave solution ansatz:

P —222¢ + o'y —iaRe[(upy — ) (¢ — a?p) — i yp] + 20 =0,
fi — &®p —iaRe|(up 5 — )+ U 0] =2 =0,
p(z=10)=@(z=0) =pu(z=0) =0,
plz=d)=¢(z=d)=piz=d) =0,
(EVP)
where d' = d/J is the scaled thickness of the layer, Re = uo,0/v is the
Reynolds number, o« € R\{0} the wave number, and ¢ € C the complex
phase velocity. The dots refer to differentiation with respect to z. The func-
tions u’Ez represent the non-dimensionalized and transformed components
of the Ekman spiral, given by

1 ke —ki O
up(z) = o ki ke 0 Jugp(dz), (2.3)
o 0 0 1

where k = (ki1, k2) € R? is the normalized direction of the perturbation axis
in the z1x2-plane.

It is expected that the Ekman spiral becomes unstable for high Reynolds
numbers Re. Having determined non-trivial solutions (i, x) it is possible
to construct wave solutions to the linear problem associated to (1.2) with
exponential growth rate Imac in time. So the link between (EVP) and
linear instability is the question for non-trivial solutions (¢, ) to (EVP)
subject to Imac > 0. In [15] for given Reynolds number Re > 0 sets of
parameters o € R\{0}, k¥ € R? with ||k|2 = 1 are defined to determine
numerically the ”eigenvalues” ¢ = c¢(a, k) € C, such that solutions (i, i)
exist. The least such Reynolds number where positive growth rates are
detected is numerically found to be Re = 55. Although some analytical
works on problem (EVP) exist in the literature (see e.g. [12], [16]), an
analytical proof for the existence of such solutions seems to be missing. The
results mentioned above motivate the following assumption.
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Assumption 1. For d > ¢ and Re > 55 there exist parameters a € R\ {0},
¢ € C such that Im ac > 0, k € R?, and a nontrivial solution

(. 1) € [WH2(0,d) N Wy 2(0,d)] x [W22(0,d') N Wy 2(0,d)]
of (EVP), where d' = d/§.

We are now in position to formulate our main results.

Theorem 2.2 (Linear instability). Letd > 4§, J = (0,d), D = R>x J, Re >
55, X € {L2(D),FMy,(R?, L*(J)%)}, and suppose Assumption 1 to hold
true. Then there exist C,w > 0 such that the semigroup (exp(—tAsck))t>0
generated by the Stokes-Coriolis-Ekman operator Agscp as defined in (2.2)
satisfies

lexp(—tAscr)llcx) > Ce® (t>0).

In particular, the Ekman spiral is linearly unstable in X.

Theorem 2.3 (Nonlinear instability). Let d, J, D, Re, X be given as
in Theorem 2.2 and suppose Assumption 1 to hold true. Then the Ekman
spiral is nonlinearly unstable in X7 = D((u+ Ascr,x)?), fory € [5/8,1) if
X = L2(D) and for v € [1/2,1) if X = FM,(R?, L*(J)3).

3. SPACES OF FOURIER TRANSFORMED VECTOR RADON MEASURES

For the reader’s convenience here we recall basic facts on Fourier trans-
formed vector Radon measures and the main tools which will be applied in
this paper. For basics on vector measures we refer to [5]. For the introduc-
tion of the FM-spaces and related results as well as their proofs, we refer to
[11].

Definition 3.1. Let E be a Banach space, G be a set, A be a o-algebra
over G, and pu: A — E be a set function.

(a) The set function p is called an E-valued measure, if p(0)) = 0 and
for all pairwise disjoint sets A; € A, j € N we have p (U?; Aj> =
5oy 1(A4;).

(b) Let u be an E-valued measure.

(i) The variation |u| of u is defined by

|11/ (0) := sup {Z |(A)||g : © C A finite decomposition of o} , OcA

Aen

(ii) The quantity |x|(G) is called the total variation of p. If |u|(G) <
oo then p is called a finite E-valued measure.

(iii) The E-valued measure f is called an E-valued Radon measure,
if |p| is a Radon measure.
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Let n € Nand F, F be Banach spaces with the Radon-Nikodym property,
see [5] for a definition and classes having this property. We remark that for
our purposes it is sufficient to know that reflexive spaces enjoy the Radon-
Nikodym property. We define the space of finite F-valued Radon measures
with zero point mass at the origin by

Mo(R"™ !, E) := {p : p E-valued Radon measure, |p|(R" ™) < oo, u({0}) = 0}.

Endowed with the norm |- ||y := |- [(R"!) the space Mo(R"™!, E) becomes
a Banach space. The Radon-Nikodym property implies that for every u €
My(R""1, E) there exists a v, € L1(R"™1,|u|, E) such that

wO) = [ vdlul. OeA

For ¢ € BC(R"!\{0}, L(E, F)} we define

ul(0) = /O bvudlul € Mo(R™,F), 0 € A

The norm can be calculated by

IIMWHM:(IuILIWVuIIF)(G)Z/Gllwvullpdlul- (3.1)

It can also be shown that
Mo(R"™ 1, E) — L(SR" ™), E) =S (R}, E).
Hence, the space of Fourier-transformed finite F-valued Radon measures
given as
FMo(R"™ E) = {Fu: pu € Mo(R", E)}

is well-defined. With the induced norm || - |[pm = [|F~! - ||m the space
FMo(R"~!, E) becomes a Banach space. Observe that ||F - ||m = || F 1+ [|um.
Thus in the definition of the FM-spaces we might as well replace F by F~!.
Let E; and E9 be Banach spaces having the Radon-Nikodym property such

that Fq - EF5 — FE. Then this multiplication structure carries over to the
corresponding FM-spaces, i.e., we have

FMo(R"™ ' Ey) - FMo(R™" ™!, Fy) < FMo(R" ™, E). (3.2)
Furthermore, it can be proved that

FL'(R" 1 E) — FMy(R"!, E) — BUC(R" !, E). (3.3)

The following observation is crucial for our approach to instability of the

Ekman problem. It will yield that unstable wave modes belong to a suitable
FM-space.

Remark 2. The first inclusion in (3.3) is a strict one. This is due to the
fact that 6, € Mo(R"~1, E)\L'(R"!, E) for x # 0, where &, denotes the
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Dirac measure at € R"~!. Therefore the space FMy(R""!, E) contains
almost periodic functions of the form

T Z aje)‘j‘”,
JEZ
where (a;)jez C E is an absolutely summable sequence and (\;) jez C C\{0}

is any sequence of complex frequencies.

Another very useful property of the spaces FMy is the following result on
Fourier multipliers.

Proposition 1. [11, Proposition 2.13, Remark 2.14| Let E, F be Ba-
nach spaces having the Radon-Nikoym property and assume that o €
BC(R*1\{0}, L(E, F)). Then Op(c) defined by

Op(o)f := FY(Ff)lo), feFMyR" 1 E),
is bounded from FMo(R" 1 E) to FMy(R*~L, F) with

||Op(0)Hﬁ(FMo(R”—l,E),FMO(R"—l,F)) = ||U||L<>°(Rn—1\{0},£(E,F))~

In the special situation when E, F' are Hilbert spaces, Plancherel’s theorem
implies
10p(0)| £(FMoRr—1,B) FMoRr-1,F)) = 0]l = 10p(0)| (221, B),L2(RP-1,F))-

Next, for k£ € N we set

FMER™ E) := {u € FMy(R" ', E) : 8%u € FMo(R"™L, E), |8| < k}
with norm || - [y = 32 51<k 107 - ||Fy and

FM(R", E) := [ FM§(R" ™, E).
keN

As a consequence of Proposition 1 many known facts in the LP-setting trans-
fer to the FM-setting, whenever operators possess a symbol representation.
In [11] this is utilized in order to prove the following results.

Proposition 2. [11, Lemma 3.1, Theorem 3.4, 3.5] Let 1 < p < oo and

n € N.
(a) The Helmholtz decomposition of FMo(R"~Y LP(J)") exists, i.e., we
have
FMo(R"™, LP(J)") = FMo o (R* ™, LP(J)") & Gpu-
with

FMg, (R*™ 1 LP(J)") =

= [l llen
{u e FMy° (R"—l, ﬂ W’“MJ)") sdivu = 0,v - ulgmn-1x7) = 0}
k=0
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and
Grm = {Vp:p € L (R" x J),Vp e FMo(R"*, LF(J)™)}.
Hence, the  associated — Helmholtz  projection P from
FMo(R™ 1, LP(J)") onto FMg ,(R"1 LP(J)") is bounded. Further-
more there exists a symbol op € BC(R*\{0}, L(LP(J)")) with
Pf = F(FPlow).

(b) The Stokes operator Ag : D(Ag) — FMg,(R*" 1, LP(J)"), Agu =
—PAu with

D(Ag) ={u € FMo,(R"" ', LP(J)") :

0%u € FMo(R"™', LP(J)"), B € Ni, |B| < 2, ulpgn-1x.5) = 0}
generates a bounded holomorphic Co-semigroup on
FMo,(R"™ 1 L2(J)"). In case that p = 2, Ag is the generator
of a semigroup of contractions. (Note that the trace u|gmn—1 ) s
well-defined in view of (3.3).)

(¢c) The Stokes-Coriolis-Ekman operator Ascyp : D(Ascp) —
FMy (R?, LP(J)3), with Ascr as given in (2.2) and
D(Ascr) ={u € FMy,(R? L*(J)?) :
9%u € FMo(R?, L*(J)*), B € Nj, 5] < 2, ulg(ge ) = 0}
generates a holomorphic Cy-semigroup on FMy ,(R?, L2(J)3). More-

over there exists a symbol oscp(t) € BC(R?\{0}, L(L?(J)3)) such
that

e tsor f = FU(Ff)loscp(t)  (f € FMoo(R: L3())%), t > 0),

4. PROOF OF INSTABILITY

We turn to the proofs of Theorems 2.2 and 2.3. From now on let Y =
L%(0,d)3.

4.1. Linear instability (proof of Theorem 2.2). Let d > § and Re >
55. By Assumption 1 there exist parameters a, ¢, k = (k1,k2) such that
Imac > 0 and a nontrivial solution (¢, ) € [W*2(0,d") N Wy2(0,d")] x
[(W22(0,d") N Wol’Q(O, d’)] to problem (EVP). Let 6 and (w, ¢) be defined by

= (0% — & — 20) + use((ufpy — )¢ — g 00) € WH2(0,),
wlgl‘, t; k‘z#(?‘s/?))— k‘l@(?‘a/j))
wa(z,t —k1p(x3/d) — kap(xs/d (16 ,
wi z,t) | T4 " z?aso(xza/;)(p 3 P <5(<k’x )~ Cu%t)) '
q(x,t) O(x3/9)

(4.1)
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Then (w, q) solves

Ow — vAw + Qes X w+ (up - V)w +wsdsug + Vg =0, x € D,t>0,
divw =0, z€ D,t>0,
wlgpp =0, t>0.

(4.2)

This can be seen by a straight forward calculation which we omit here.
Because of Im aee > 0 the magnitude of w grows exponentially in time. This
leads to linear instability in FMg (R%Y) as can be seen as follows.

Lemma 4.1. Let d > 9§, Re > 55, and suppose Assumption 1 to hold true.
Then there exist constants C,w > 0 such that

He_tASCE‘|£(FMO,U(R2,Y)) > Cet (t>0).

Proof. Let o' = (z1,72) and V(2/,t) := (w(a/,-,t),q(z',-,1))T. By employ-
ing Remark 2, we may check that V (-,t) € FMg(R?, L?(0,d)*) for all ¢ > 0.
To this end, we set

iap(-/9)
0(-/9)

We can rewrite V' in the following way:

kap(-/6)—k1¢(-9) ~
a = U <_k1“(’/6)_k2@(’/6)> € L*(0,d)*, g(t) == exp(—iacust/d), k= ak/s.

V(-,t)=gt)era= 2mg()F(6_;)a = 2mg(t)F(6_;|a) € FM(R%Y) (¢ >0).

Since V is a solution to (4.2), w = (Vi, Va, V3)T solves the evolution equation

w(t) + Ascpw(t) =0, t>0, w(0)=ae®.
Thanks to (3.1) the norm of (Vi, V5, V3) can be calculated explicitly as

”(Vh‘/?a V?))(t)”FM = 27[-”5—15 L(al,ag,ag,)HM‘g(t”
= 27||(a1, a2, as)| 2e**  (t > 0),

where w = used 'Imac > 0. Thus, also the magnitude of the vector
(V1,V2,V3) in the FMo(R?,Y)-norm grows exponentially in time, which
yields the result. ([

By utilizing Proposition 1 we obtain the same result in L2 (D).

Lemma 4.2. Let d > 9§, Re > 55, and suppose Assumption 1 to hold true.
Then there exist constants C,w > 0 such that

e~ 45CE | ppa(pyy = Cet (¢ > 0).
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Proof. According to Proposition 2 the Helmholtz projection P and the Cp-
semigroup e *45CE have symbols op and oscr(t) respectively, both belong-
ing to the class BC(R?\{0}, £(Y)). Thanks to Proposition 1 this gives us

tA

le™"5c2.12 | £ 12 pyy = [le” 50822 Pl £ 122y
= lorsor (V) op| Lo m2\{0},cv))
= [le”ASCEM Pl £ ey R2,v))
= [le™ SCEIV | 1o, (R2,v))
> Ce¥t (t>0),
hence the assertion follows. ([l

Lemmas 4.1 and 4.2 now imply Theorem 2.2. We also note the following
consequence: since growth bound of an analytic semigroup and spectral
bound of its generator coincide (see e.g. [7]) we have that

o(—Ascp)NCy # 0 (4.3)
for both, the L?- and the FM-realization of Agcp.

4.2. Nonlinear instability (proof of Theorem 2.3). We now consider
the nonlinear evolution equation

W(t) + Agcpw(t) = —P(w(t) - V)w(t), t> 0,

and apply Henry’s instability theorem [13], which we reformulate suitably
for our purposes.

Proposition 3. [13, Corollary 5.1.6] Let —A be the generator of a holo-
morphic Cy-semigroup in a Banach space X and let f: U — X, where U is
an open neighborhood in X7 for some v € (0,1), be locally Lipschitz. Let
xg € D(A)NU be an equilibrium point of

() + Aw(t) = f(w(t)), (4.4)
i.e. Axg = f(xp). Suppose

f(zo +2) = f(xo) + Bz +g(z), ¢(0)=0,
lg(z) = O(I=[%), asz—0in X7,
for some p > 1, B € L(X",X), and o(—A+ B)NCy # 0. Then xo
1s nonlinearly unstable, i.e., there is a constant €9 > 0 which meets the

following: for any 6 > 0 there exists x € X7 with ||x — x¢]|, < ¢ such that
there is some finite time tqg > 0 with

[w(to, %)l = €0,

where w(-, z) denotes the solution of (4.4) with initial value w(0,x) = x.
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Relation (4.3) implies that in our situation the assumptions of Proposi-
tion 3 for system (2.1) are satisfied for A = Agop, B =0, and p = 2, since
we have a quadratic nonlinearity.

Next, we determine the range for v € (0,1) such that the nonlinearity
estimate is well-defined. First consider the case X = FM,(R? Y). Note
that Sobolev’s embedding theorem implies W12(.J) < L*(.J), hence we
have that W12(J)-Y < Y. In view of (3.2) this yields

1P (w - V)wllemerz,y) < Cllwllem 2y (lwllpg @z vy + lwllemgz,y),
where we abbreviated Y := W12(.J)3. We will show that
D((u+ Ascerm)?) = FMo(R%E YY) NFM(R?Y) (4.5)
for v > 1/2. For this purpose, let 044, denote the operator-valued symbol
of Agc g which is formally obtained by applying tangential Fourier transform
to representation (2.2) of Agcpg, see [11] for the details. Since u + Ascr

admits a bounded H>-calculus on L2(D) for u > 0 sufficiently large, we
have

D((n+ Ascp,r2)’) = [LE(D), D((p+ ASCE,LQ))],Y
— [LX(D), W2X(D)] — W¥'(D) (v € (0,1))
(4.6)

where [-,-], denotes the complex interpolation functor and where we refer
to [2] for the last embedding. Proposition 1 then implies

(1 + ASCE)_1/2||L(FMOJ(RQ,Y),FMO,U(R2,Y1))
= |[(n+ ASCE)71/2P||£(FM0(R2,Y),FM0(]R2,Y1))
= |(+ 0as0n ()T 20P ()l Lo (r2\ (0),£(12 (B2 ¥),L2(R2,y 1))
= l(n+ Asce) 2 Pllere @2y, 22 y1)

= (e + Ascr) Y2
< .

(22 (D), L2®2,v1))

We write V' for the gradient in tangential direction and calculate in the
same fashion

IV (1 + Asce) ™21l ciemto., (2 3y Mo (2 v)) = IV (1 + Ascr) ™ Nl iz (0),02(0))
< 0.

Thus, (4.5) follows for v > 1/2.

Now consider X = L2(D). In this case we aim for an estimate as
1P(w - V)wlla < [[wll2pl| Vewllzg < lwllzpllwllwze < KlJwlfes,

for a certain € > 0 and where 1/p 4+ 1/¢ = 1. To this end, it is necessary
and sufficient to have

Whe2 o L2 w2,
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By Sobolev’s embedding theorem (see e.g. [2]) the continuous inclusions
Wite2 <y 2P and W&? < L% hold true if

6 6
o << —— d 2¢ < .
P=71"5; ¢ 2M=3T750

Plugging in ¢ = (p — 1) /p and solving the resulting inequalities for p yields
i <p< 3
2 7 T 1-2¢’
which implies ¢ > 1/4. Thus, by virtue of (4.6), the map f: X/, —
L:(D),w + —P(w - V)w is well-defined for v > 5/8, which proves the
L?-assertion. The proof of Theorem 2.3 is now complete.
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