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Abstract

We compare two phase field models for interfaces in elastic solids carrying low sur-
face energy. One model has hybrid properties of a Hamilton-Jacobi and a parabolic
equation, the other is the Allen-Cahn model. For vanishing width of the interface
we construct asymptotic solutions of second order for the hybrid model and of first
order for the Allen-Cahn model. They show that to follow the interface precisely the
width of the interface can be chosen much larger for the hybrid model than for the
Allen-Cahn model and that the hybrid model can describe interfaces with nonlinear
kinetic relation. This explains why numerical simulations based on the hybrid model
are considerably more effective. These simulations are discussed in the last section.

1 Introduction and statement of results

In this article we consider two different phase field models for the evolution of a phase
interface in an elastically deformable solid. We compare the properties of these models
by constructing asymptotic solutions of these models with respect to a small parameter
v, which determines the width of the diffusive phase interface. We call the first model
hybrid model; the explanation for this name is given later in this introduction. The
second model is the Allen-Cahn model. In numerical experiments we observed that
simulations of the movement of phase interfaces carrying low surface energy based on the
hybrid model run faster than corresponding simulations based on the Allen-Cahn model
by a large factor. At the end of this article we present the results of these experiments
in two space dimensions, where this factor has the value of 50 or larger. Our theoretical
investigations explain this observation.

It is a fundamental result of the theory of phase field models that the propagation
speed of the diffusive interface is up to an error term equal to the propagation speed
of an interface from a sharp interface model and that this sharp interface model can be
determined by constructing an asymptotic solution to the phase field model. Since this
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error term tends to zero for v — 0, the sharp interface model is the limit model for the
phase field model. It turns out that the difference of the two phase field models can be
understood if the two limit models are known and if in addition the error term for the
hybrid model is known with second order accuracy. This term can be determined with
high accuracy by constructing asymptotic solutions of higher order. For the hybrid model
we therefore construct such an asymptotic solutions of second order; for the Allen-Cahn
model, on the other hand, we only need to construct an asymptotic solution of first order.

To formulate both models let 2 be an open subset in R3. It represents the material
points of a solid body. The material structure of this body can be in two different phase
states. The phase state of the material is characterized by the values of a smooth order
parameter S(¢,x) € R. The material is in phase 1 or 2 at the material point z € Q at
time ¢ if the value S(¢,x) is close to 0 or 1. The other unknowns are the displacement
u(t, z) € R3 of the point z at time ¢ and the Cauchy stress tensor T'(¢, z) € S, where S3
denotes the set of symmetric 3 X 3-matrices. In the domain [0, 00) x € these unknowns
must satisfy the equations of the hybrid model

—div, T = b,
T = D(e(Vyu)—2S),
®S = —f(vs(e(Vau),S) — vALS)| VS,

or, alternatively, of the Allen-Cahn model

—div, T = b,
T = D(e(Vyu)—2S),
S = —f(v¥s(e(Vgu),S) — plA,S).

(1.1), (1.2) or (1.4), (1.5), respectively, are the equations of linear elasticity, which are cou-
pled to the evolution equations (1.3) or (1.6) for the order parameter. In these equations
V.u denotes the 3 x 3—matrix of first order derivatives of u, the deformation gradient,
and

(Vo) = %(qu (Vo)) € 8%

is the strain tensor, where (V,u)T denotes the transposed matrix. z € S? is a given ma-
trix, the transformation strain. The elasticity tensor D : S3 — S2 is a linear, symmetric,
positive definite mapping, v > 0 and p > 0 are small parameters, and b : [0, 00) x Q — R3?
is the given volume force. g = %w is the partial derivative of the function

(e, §) = %(D(e—éS)) (e —S) + D(S), (1.7)

with a double well potential 1& : R — R. Here the scalar product of two matrices is
denoted by A : B =) a;;b;;. We thus have

Vs(e,8) = =T : 2 +9'(S5). (1.8)

1 is a part of the free energy. The total free energies corresponding to the model (1.1) —
(1.3) and to the model (1.4) — (1.6) are given by the sums

V(e S)+ SIVaSE (e, S) + SIVLS, (1.9)



respectively. The function f : R — Rin (1.3) and (1.6) is a linear or nonlinear constitutive
function. We require that it satisfies

r-f(r)>0 (1.10)

for all » € R. This condition guaranties that for the free energies (1.9) the Clausius-
Duhem inequality is satisfied by the models, cf. [3].

The systems (1.1) — (1.3) and (1.4) — (1.6) of partial differential equations must be
supplemented by initial and boundary conditions. To see what conditions are required
note that if the function x — S(¢, ) is known for a fixed time ¢, then = — (u(t, z), T(t,x))
must be determined by solving the elliptic systems (1.1), (1.2) or (1.4), (1.5). To this end
we need boundary conditions for (u,T'). For example, we can prescribe standard Dirich-
let or Neumann boundary conditions for these elliptic systems. To solve the evolution
equations (1.3) or (1.6) we need initial and boundary conditions for S. Since we only
consider situations where the material is in phase 1 at the boundary, we always choose
the homogeneous boundary condition S(¢,z) =0, z € 9N.

The evolution equation (1.3) differs from the corresponding equation (1.6) only by
the gradient term |V, S|. If one sets v = 0, then (1.3) becomes a Hamilton-Jacobi
transport equation. The equations (1.1), (1.2) coupled to this Hamilton-Jacobi equation
can in principle be used as a phase field model. Yet, if one starts with smooth initial
data S(0,z), then for growing ¢ the transition of S from 0 to 1 becomes steeper until
after a finite time the gradient becomes infinite. This behavior can be read off from
the classical solution formulas for partial differential equations of first order. Since in a
phase field model one wants that the transition of the order parameter is smooth for all
times, the parameter v must be chosen positive. In this case (1.3) becomes a degenerate
parabolic evolution equation and the gradient |V ;S| stays bounded for all times. Still,
also for positive v the equation (1.3) has some properties which one would expect from a
hyperbolic Hamilton-Jacobi equation. This is why we call (1.1) — (1.3) a hybrid model.

The Hamilton-Jacobi equation was obtained in [1] by a mathematical procedure start-
ing from a sharp interface problem, which will be shown in Section 2 to be the limit
problem of the model (1.1) — (1.3) for » — 0. In this procedure the notion of a classical
solution of the sharp interface problem was generalized by defining measure valued so-
lutions. This wider class of solutions in turn allowed solutions, which are smooth in the
whole domain, and for which it could be shown that they satisfy the system (1.1) — (1.3)
with v = 0. In [2, 3] the hybrid model was obtained by adding the term vA,S to the
Hamilton-Jacobi equation to avoid that the gradient of S can become infinite.

The questions arise, in what way the solutions of the models (1.1) — (1.3) and (1.4)
— (1.6) differ and which one of the two models should be prefered to simulate a given
physical situation. As already mentioned, to answer these questions we construct in the
theoretical part of this paper asymptotic solutions both of first and second order to the
hybrid model for ¥ — 0 and an asymptotic solution of first order to the rescaled Allen-
Cahn model for © — 0. The construction of the asymptotic solutions for the hybrid
model is contained in Section 2, the proofs of the theorems and lemmas stated there are
given in Section 3. The asymptotic solution for the Allen-Cahn model is constructed in
Section 4, the proofs are contained in Section 5. Numerical experiments are discussed in
Section 6.

In the remainder of this introduction we explain the motivation of our investigations.
In particular, we discuss why it is not sufficient to know the corresponding limit models



for the two phase field models and why we need an asymptotic solution of second order
for the hybrid model to explain the higher numerical efficiency of this model when the
interface carries low surface energy. To this end we need to state next the sharp interface
limit models, which are determined in Sections 3 and 5.

Let 0 <t < ta < oo be given fixed times and let I' be a sufficiently smooth three-
dimensional manifold embedded in Q = [t1,2] x Q C R* such that for all ¢ € [t, o] the
sharp interface between the two material phases of €2 is given by the two-dimensional
manifold

I't)y={z Q| (t,x) e} (1.11)

embedded in €. The two different phases are characterized by the values of the order
parameter S , which in the sharp interface models is piecewise constant and only takes
the values 0 or 1 with a jump along T'. For = € T'(¢) let n(t,z) € R? be the unit normal
vector pointing into the region where S = 1. This defines a vector field

n:T — RS (1.12)

If V is a neighborhood of I'(¢) and if w is a function defined on V' \ I'(¢), which has limit
values on both sides of I'(¢), we set for n € I'(¢)

w® () = %g% wln+&n(t,n),  [wl(n) =wP(n) —w(n). (1.13)
£>0

In the sharp interface models we denoEe the unknown displacement by 4(t, z) € R? and
the unknown Cauchy stress tensor by 7'(¢,z) € S3. The limit model to the hybrid model
(1.1) — (1.3) consists of the equations

—div,T = b, (1.14)
T = D(e(Vai) —2S5), (1.15)

s = f(n-[Cn), (1.16)

[@] = o, (1.17)
[Tln = (1.18)

(1.14) and (1.15) must hold on @ \ I" whereas (1.16) — (1.18) are posed on I'. Here
C(V,ii, S) = (e(Vatr), S)I — (Vo) TT (1.19)

denotes the Eshelby tensor, where I is the 3 X 3—unit matrix and where (Vzﬂ)TT denotes
the matrix product. 1 is defined in (1.7), and D, €, b are defined as in (1.1) — (1.3). The
equation (1.16), the kinetic relation, determines the normal speed s of the interface I'(¢).
The normal speed is measured positive in direction of n. We note that the constitutive
function f, which can be nonlinear, is the same in the kinetic relation (1.16) of the limit
model and in the evolution equation (1.3) of the phase field model. Note also that the
system (1.14) — (1.18) is the limit model of the phase field model (1.1) — (1.3) without
rescaling.

It is well known on the other hand, that in limit model to the Allen-Cahn model (1.4)
— (1.6) the sharp interface has positive propagation speed only when the model equations



are suitably rescaled. The rescaled model equations are

—div,T = b, (1.20)
T = D(e(Vyu)—2S), (1.21)
88 = —W f(WS(e(qu),S)Jr/;ﬂ@i’(S)—ul/QAAmS), (1.22)
where 1
Wi(e,S) = Q(D(s —29)) : (e —&9) (1.23)

is the elastic energy, where
Ws(e,S) = 0sW (e, S) =T : ¢, (1.24)

and where A\, u > 0 are constants. We remark that differently from (1.9), the free energy
corresponding to this rescaled model is equal to the sum

1 L/Z)
W(e.S) + —0(S) + 55

V.S
7 V25|

In Section 4 we show that the constitutive function in the kinetic relation of the sharp
interface limit model can be obtained by application of a relatively complicated integral
operator to the function f in (1.22). This integral operator simplifies when f is linear.
For our purposes here it suffices to consider this simpler case. We thus assume that the
function f in (1.22) is of the form

f(r)=cr, (1.25)

with a positive constant ¢ > 0. It is shown in [29] that in this case the sharp interface
limit model to (1.20) — (1.22) consists of the equations (1.14), (1.15), (1.17), (1.18) and
of the kinetic relation c

s = a(n [Cln + )\1/201/@), (1.26)

which replaces (1.16). Here the constant ¢ is given by

o1 = /01 \/24(¢) d¢ > 0. (1.27)

and kr(t, ) denotes twice the mean curvature of the surface I'(t) at the point z € I'(¢)
with the convention, that the sign of kp(¢,x) is positive if the center of curvature lies in
the direction of n(t,x).

Thus, if we choose f of the form (1.25) also in (1.3), then the limit models of the
phase field models differ essentially only in the curvature term eA\'/2kp, which appears in
(1.26) but is not present in (1.16). Since A in (1.22) must be chosen positive, it follows
that the coefficient in front of the curvature is positive and that this curvature term is
always part of the driving force in the kinetic relation (1.26).

Therefore in the limit model for the Allen-Cahn phase field model the contribution of
the curvature to the driving force of the interface cannot be avoided, whereas the kinetic
relation to the limit model for the hybrid phase field model does not contain a curvature
term.



This suggests that it is advantageous to use the model (1.1) — (1.3) when the interface
carries low or no surface energy, since in this case the curvature is not part of the driving
force. This is the case for example in martensitic phase transitions. Yet, it is not
immediately clear what the advantage actually is. Namely, the true propagation speed
of the diffusive interface described by an exact solution of the phase field model (1.1) —
(1.3) differs from the propagation speed of the sharp interface determined by the model
(1.14) — (1.18) by an error E"(v), which is the sum of two terms E%h)(u) and Eéh)(l/).
This can be seen from the asymptotic solution of second order constructed in Section 2.
The term E%h)(y) is simply the difference of the propagation speeds of the diffusive
interfaces modelled by the exact solution and the second order asymptotic solution of
(1.1) — (1.3), the second term originates from an aditional curvature term of the order
O(v'/?), by which the driving force of the diffusive interface modelled by the second order

asymptotic solution differs from the driving force n - [C]n in (1.16). This additional term

generates the second error term Eéh)(l/) = O(v'/?), which is curvature dependent. Since
the error, up to which the second order asymptotic solution satisfies (1.1) — (1.3), is of
order O(v), as will be seen, one expects that the error term Egh)(y) tends to zero for
v— 0.

Thus, fixing v > 0 in the evolution equation (1.3) determines the amount, by which
the curvature contributes to the driving force of the diffusive interface modelled by (1.1)
— (1.3) and determines at the same time the accuracy, with which the propagation speed
of this diffusive interface approximates the propagation speed of the sharp interface mod-
elled by (1.14) — (1.18).

On the other hand, we can make the coefficient multiplying the mean curvature in
the kinetic relation (1.26) small by choosing the parameter A in the rescaled Allen-Cahn
equation (1.22) small. Thus, to given v > 0 in (1.3) choose A > 0 in (1.22) small enough
such that the term A2 kp in the kinetic relation (1.26) has the same size as the curvature
term of order O(v'/?) contributing to the driving force of the diffusive interface modelled
by (1.1) — (1.3). This amounts to choosing A ~ v. Subsequently choose p > 0 in (1.22)
small enough such that the difference E(4C) (1) of the propagation speeds of the diffusive
interface modelled by (1.20) — (1.22) and the sharp interface modelled by (1.14), (1.15),
(1.26), (1.17), (1.18) is of the same size as the error term E()(v). With this choice we
have

EA) () ~ EM (1) = Eih)(u) + Eéh)(u) — 0, forv —0,

so also p must tend to zero, hence p = o(1) for v — 0.

With the parameters chosen in this way the diffusive interfaces of both models (1.1)
— (1.3) and (1.20) — (1.22) approximate the evolution of the sharp interface determined
by the model (1.14) — (1.18) with the same accuracy, whence we can model the evolution
of a martensitic phase interface with both phase field models with the same precision.
However, the asymptotic solutions show that the width of the diffusive interface in the
hybrid model (1.1) — (1.3) is proportional to v'/2, whereas the width of the interface in
the Allen-Cahn model (1.20) — (1.22) is proportional to (uA)'/2. Thus, by our choice of
the parameters A, u, for v — 0 the diffusive interface has the width of the order O(yl/ 2)
in the hybrid model and of the order O((o(1)r)*/?) in the Allen-Cahn model.

The width of the interface in the Allen-Cahn model is therefore smaller by a factor of
the order o(1)'/2 than in the hybrid model. In a numerical simulation the discretization
must be chosen fine enough such that the transition of the order parameter from 0 to 1



in the diffusive interface can be resolved. Consequently, if we base the simulation on the
Allen-Cahn model we must choose the discretization finer by the factor o(1)*/? than if
we base it on the hybrid model. Since in these nonlinear problems also the time steps
must be chosen smaller if the space discretization is refined to get a convergent iteration
scheme, a simulation based on the hybrid model will therefore be more effective and take
only 0(1)¥/2~times the computing time of a simulation based on the Allen-Cahn model,
where k > 1 depends on the space dimension and on the numerical scheme, but in three
space dimensions will be larger than 4.

The actual gain in the efficiency depends on the form of the o(1) term and on the value
of v. If the usual asymptotics is valid for the error, by which the asymptotic solutions
approximate the exact solutions of the phase field models, we have that

E(AC)(N) _ O(M1/2) and E(h)(u) _ E{h)(V) + Eéh)(l/) =0(v) + O(l/l/z) _ O(V1/2).

This implies that we must choose p ~ v, hence o(1) = O(v), which means that the
computing time for the hybrid model is 0(1)¥/2 = O(v*/2) times the computing time for
the Allen-Cahn model.

When we want to simulate an interface with a negligible surface energy, v must be
chosen small enough that the O(Vl/ 2)—curvature term contributing to the driving force
of the diffusive interface is negligible. The numerical example presented in Section 6
shows that the value of v = 0.00125 is still considerably too large for this in the situation
considered there. Of course, the actual value of v depends on the parameters of the
problem, but we believe that the picture emerging from this example is qualitatively
correct. A reduction of the computing time by the factor W is therefore a big gain.

For a phase field model consisting of the Allen-Cahn equation coupled to the heat
equation it has been shown in [35, 5, 20, 31] that by choosing the parameters of the
model suitably it can be achieved that the difference of the propagation speeds of the
diffusive interface and the sharp interface is of the order O(x). We do not know whether
such a result can also be achieved for the model (1.20) — (1.22). If it is possible, we
would have E(A®)(1) = O(p). By the reasoning above this would lead to the choice
1~ v'/2, hence o(1) = O(v/?). In this case the computing time for the hybrid model
would be o(1)¥/2 = O(v*/*) times the computing time for the Allen-Cahn model, still a
big advantage.

For a rigorous proof of the above statements it would be necessary to derive esti-
mates for the difference of the propagation speeds of the diffusive interfaces modelled
by the exact solution and by the asymptotic solution. At present, such estimates are
not available for the hybrid model. Proving such estimates would also mean to prove
existence of solutions. For the hybrid model there is up to now only the existence proof
in [2] available, which is valid in one space dimension. To prove existence of solutions
in higher space dimesnsions and to derive such estimates is an open problem. Therefore
it only remains to test the validity of the statements by numerical computations. The
test computations in two space dimensions presented in Section 6 clearly confirm the
statements about the numerical effectivity of the two phase field models.

Besides the higher numerical efficiency of the hybrid model in the simulation of in-
terfaces carrying low surface energy, another advantage is that the constitutive function
f in the kinetic relation (1.16) is the same as the function f in the evolution equation
(1.3), even if f is nonlinear. As we already mentioned, this is different for the Allen-Cahn



model, where the constitutive function in the kinetic relation of the sharp interface model
is obtained by application of a nonlinear integral operator to the function f in (1.22).
This integral operator, which will be determined in Section 4, has smoothing properties
and is therefore not surjective. Consequently, not every nonlinear kinetic relation in a
sharp interface model can be approximated by the Allen-Cahn phase field model.

We end this introduction by a short discussion of the literature. Related to the hybrid
model is [33], where a phase field model was introduced and studied numerically, which
essentially consists of the equations (1.1), (1.2) and of the Hamilton-Jacobi equation ob-
tained by setting v = 0 in (1.3), supplemented by a numerical reinitialisation procedure.
This reinitialisation procedure is necessary to avoid the steepening or flattening of the
slope of the order parameter and the possible blow up of the gradient during the time
evolution.

Much more references exist, which are related to the Allen-Cahn model, and we can
only mention some of them. In [34, 25, 32] and other articles the convergence of planar
solutions of the Allen-Cahn equation to traveling wave solutions for ¢ — oo has been
studied. In the non-planar case asymptotic solutions to this equation are constructed in
[10, 42] and in other references. The asymptotic solutions indicate that the propagation
speed of the diffusive interface from an exact solutions converges to the propagation speed
of the sharp interface moving by mean curvature when the width of the diffusive interface
tends to zero. That this is indeed the case when the limit problem has a solution with
a smooth interface is shown in [40]; that this holds in general without assuming classical
solvability of the limit problem is proved in [24] using the level set approach and viscosity
solutions.

On another line of development, phase field models for solidification, which consist
of the Allen-Cahn equation coupled to the heat equation, were introduced in [27, 9, 21,
11, 13]. Using asymptotic solutions it is shown there that the limit model is the Mullins-
Sekerka problem with kinetic undercooling. Under the assumption that there exists a
smooth sharp interface solving the Mullins-Sekerka problem it was proved in [12] that
the propagation speed of the diffusive interface from an exact solution of this phase field
model indeed converges to the propagation speed of the sharp interface; in [43] this result
is shown to hold without the assumption on classical solvability of the limit problem.

For these phase field models it has been observed in [35] that if one introduces a
u—dependent kinetic coefficient and chooses the double well potential and coupling terms
suitably, then one can achieve that the propagation speed of the diffusive interface con-
verges to the propagation speed of the sharp interface of second order. By the notations
used in (1.22) this is convergence of order p. The proof is based on the construction of
an asymptotic solution of second order and needs additional special assumptions. These
special assumptions have been removed and the result has been generalized in [5, 31, 20].
A similar idea is also present in [26].

Related to these solidification models is the Cahn-Hilliard equation. By formal asymp-
totics it was shown in [41] that the propagation speed of the diffusive interface from a
solution to this equation tends to the propagation speed of the sharp interface in the
Stefan problem when the width od the diffusive interface tends to zero. This was proved
rigourously in [6] under the assumption that there is a smooth sharp interface solving
the Stefan problem. As in the convergence proofs given in [40, 12], the proof is based on
the construction of an asymptotic solution and on a spectral estimate, which is needed to
estimate the difference of the exact solution and the asymptotic solution. This spectral



estimate is derived in [17]. Using energy methods and without the assumption on the
solvability of the Stefan problem, the convergence result was proved in [44] for the radial
symmetric case and in [18] for the general case.

In [29] the model (1.4) — (1.6) is derived based on considerations from thermodynam-
ics. This model describes the time evolution of phases in a solid, whose volume is not
conserved. When the volume is conserved one uses instead the model, which consists of
the elasticity equations coupled to the Cahn-Hilliard equation. This alternative model is
used in [28] to study the evolution of the phases in Nickel-based superalloys. The sharp
interface limit problem for this phase field model is determined in [37] by constructing
asymptotic solutions, existence of solutions is obtained in [16, 8, 30].

From many other applications of phase field models we only mention here [38], where
a model for a binary mixture of fluids is formulated, which consists of the coupled Euler
and Cahn-Hilliard equations.

Existence, uniqueness and regularity of classical solutions of the Stefan problem was
obtained in [22, 23], global existence of weak solutions of the Stefan problem with Gibbs-
Thomson condition was obtained in [39]. Local existence of solutions of the Mullins-
Sekerka problem with kinetic undercooling is proved in [19], global existence of solutions
follows from the convergence result in [43].

2 Asymptotic solutions for the hybrid model

In this section we construct asymptotic solutions to the model (1.1) — (1.3) for v — 0 of
first and second order. That is, we construct two family of functions {(u™), T®) S®))},, |
which satisfy the equations (1.1) — (1.3) up to an error, which tends to zero for v — 0.
For the family of solutions of second order the L'-norm of the residue, with which these
equations are satisfied, can be estimated by Cv, for the family of solutions of first order
by Cv'/2,

In Section 2.1 we construct the asymptotic family of second order. Our main result
for it is the estimate of the residue, which is stated in Theorem 2.7 at the end of this
section. The proofs of Theorem 2.7 and of some preparatory results are postponed to
Section 3. In Section 2.2 we construct the asymptotic family of first order and state the
residue estimate for it in Theorem 2.9. We believe that this first order asymptotic family
is of interest, since it can be constructed under weaker assumptions than the second
order family. The proof of Theorem 2.9 is however omitted, since it is obtained by a
considerable simplification of the proof of Theorem 2.7.

To construct the family of asymptotic solutions we need an inner expansion, but no
outer expansion. This is different from the Allen-Cahn model, for which also an outer
expansion is needed. Though the proof of the residue estimate is technical and though
in this paper we do not use this estimate of the residue to estimate the difference of
the exact and asymptotic soutions of the model (1.1) — (1.3), we consider it important
to give a complete proof and not only a formal asymptotic expansion, since besides the
inner expansion other inequalities are necessary to prove the residue estimate. The proof
of these inequalities is by no means obvious. Without such a complete proof one could
therefore not be sure that our construction really yields a family of asymptotic solutions.



2.1 Asymptotic solution of second order
2.1.1 Preparatory results

To construct the asymptotic solution (u(”),T ¥), s )) we start with some assumptions,
definitions and other preparations. In the following we always assume that the parameter
v varies in an interval (0, 9] with a fixed number vy > 0, which we choose sufficiently
small, according to our needs. The unit sphere in R3 is denoted by

S? = {e € R3 | |e| = 1}

With the notations introduced previously let (, 1,8, I') be a solution of the sharp inter-
face model

—div,T = b, (2.1)
T = D(e(V,i) —ES), (2.2)

s = f(n-[C’]n+u1/2(w1(n)np—f—B(n)Vpn)), (2.3)

A[a] = 0, (2.4)
[Tn = (2.5)

The equations (2.1), (2.2) must hold on the set @ \ I and (2.3) — (2.5) are posed on the
three-dimensional manifold I'. For (t,x) € T' we denote by Vrn(t,z) € R3*3 the surface
gradient of the normal vector field n at x € I'(¢). The surface gradient is defined below.
wi(n(t,r)) > 0 is a positive scalar and B(n(t,z)) : R3*3 — R is a linear mapping. The
functions

wy : S = (0,00), e B(e) : S* — L(R*3 R)

appearing here are defined in Lemma 2.6 after the construction of the asymptotic solution.
The differentiability properties of these functions depend on the differentiability of the
potential 7,/3 in (1.7), and we can achieve that both w; and B are m—times continuously
differentiable for any integer m by choosing 1[1 with order of differentiability high enough.

The equations (2.1) — (2.5) differ from (1.14) — (1.18) only by the term v//2 (w1 (n)kr+
B(n)Vrn) in the kinetic relation (2.3). Clearly, because of this term the manifold I' and
the function (4, T, S’) depend on v, hence

(a,7,8,T) = (@¥), 7™, §@) 1),

We denote by v*) the set of all (t,z) € Q \ I'™) with S®)(¢,z) = 0 and by ~®)" the set
of all (t,z) € Q \T'® with SV (¢, z) = 1, hence v*) Uy =@\ T™.

The family {(a*), 7™, 8" T*))}oop<y, is the basis for our construction of the
asymptotic solution. We require that this family satisfies the following

Assumption A. For every v let '™ be a three-dimensional C*-manifold embedded
in Q, such that the set I'™) is a compact subset of Q, such that the two-dimensional
manifold T™)(t) does not have a boundary for all ¢ € [t1, 5], and such that all deriva-
tives of a parametrization of I'®) up to order four are bounded uniformly with respect
to v € (0,1p]. We assume that the family {(a®),T7®))}o<,<,, belongs to the space
Co(y™) U ’y(”)/) x C4(¥ U 7(”)/) and that this family is bounded in the norm of this
space. Moreover, we assume that all derivatives of &) up to order five and all derivatives
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of T™) up to order four have continuous extensions from 7 to 4 UT® and from )/
to 7(”)/ UT®). Furthermore, we assume that the right hand side b : Q — R3 of (2.1) is
continuous.

From now on we always drop the index v in (ﬂ”),T(”),S’(”),F(”)) and in v®), fy(”),
to simplify the notation. Thus, in this section (4,7, 5,T') always denotes the solu-
tion of (2.1) — (2.5) to the value of the parameter v just considered and we write

y={(t,x) €Q|S(t,x) =0}, v/ = {(t,z) € Q| S(t,z) = 1}.

By these assumptions we can choose § > 0 sufficiently small such that the set
U= {(tﬂ? + n(tv 77)5) ’ (t777) er, ‘£| < 5} - [tlth] x R

is contained in Q. The set U(t) = {x € Q| (t,x) € U} C Q is a neighborhood of I'(¢) for
every t € [t1,t2], with I'(¢) defined in (1.11). By choosing ¢ smaller if necessary, we can
guarantee that

(t,n,8) = (&, 2(t,n,€)) = (t,n +n(t,n)€) : T x (=6,6) = U (2.6)

is an invertible C3-mapping, where n denotes the normal vector field defined in (1.12).
This implies that for £ satisfying —0 < & < §
Te ={(t,n+n(t,n)¢) | (t,n) €T}
is a C3-parallel manifold of I' embedded in ¢/, and
Le(t) ={z € Q[ (t,x) €T}

is a C3-parallel manifold of I'(t) embedded in #(t). Though (t,7) is a point on the
manifold I', we say that the mapping (2.6) defines new coordinates (¢,7,&) in U.

Let 71, T2 € R® be two orthogonal unit vectors tangent to I'¢(t) at @ € I'¢(t). For
functions w : T¢(t) — R, W : T¢(t) — R? and W Ie(t) — R332 we define the surface
gradients and the surface divergences

Vrgw = (ale)Tl + (87271))7'2, (2.7)

VF§W = (87-1W) X711+ (OTQW) & To, (2.8)
2

diVQW = 71" 87—1W + Ty - (97—2W = ZTi . (VQW)TZ‘, (2.9)
i=1

dive, W = (9, W)71 + (0, W), (2.10)

where for vectors ¢,d € R? we define a 3 x 3-matrix by
c®d=(cid;)ij=123-

For brevity we write Vi = Vp, and divp = divp,. Clearly, we have Vrgw :le = R3,

VW Te = RS, divp W : T = R, divp, W : T¢ > R3. With these definitions we
have the splittings

VoW(t,z) = 9W(t,n,&) @n(t,n) + Vr,W(tn,E), (2.11)

div, W (t, z) (0eW (t,m,)n(t,n) + dive W (t,7, ), (2.12)
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where, as usual, W (t,n,&) = W(t,n+ n(t,n)§). Let J C R be an interval. To define
V,W for a mapping W : I x J — R3, consider the function 1 — Wi¢(n) = W(t,n,§),
which is defined on I'(¢). To this function (2.8) can be applied. We set

VoW (t,0,8) = VyWie(n) = ViWe(n) € RPS. (2.13)

With (2.7), (2.9), (2.10) we define in the same way

Vow(t,n, &) = Vrwe(n) € R3, (2.14)
2

divy W (t,n,&) = diveWie(n) =Y 7+ (VoW (t,n,8))7 €R, (2.15)
i=1

div, W (t,n,€) = divrWie(n) € R®. (2.16)

The connection between the gradients V,W and VW is given by the chain rule, which
yields
VoW (t,n,€) = (Ve W (0 +n(t,n)€)) (I + & Vayn(t,n)). (2.17)

In particular, we have V,W(t,n,0) = VrW(t,n). Similar formulas and relations hold
for V,w, div,W, divnW. If W :U — R3 is constant on all the lines normal to I'(t), for
all ¢, we have W(t,n,&) = W(t,n). For such functions we sometimes interchangeably use
the notations V, W and VrW. Similarly, we interchangeably use the notations V,w and
Vrw, div, W and divp W, divnW and dinW if w and W are independent of &.

To construct the asymptotic solution we need information about the jump behavior of @
and T at I'. This information, which is used throughout our investigations, is collected
in the next two lemmas.

Lemma 2.1 Letn € R3? be a unit vector. Then the linear mapping L, : R> — R3 defined
by
Lyz — (De(z@n))n: R* - R?

1s invertible.

Proof: For 2 € R3 and o € 8% we have 2 - (an) = (2®n) : a. This yields for z € R3
with z # 0 that z - (De(z @ n))n = (z®@n) : De(z®n) = e(z®n) : De(z@n) > 0,
since by assumption the mapping D : S — S? is positive definite. We also used that
e(z ®n) # 0. For, otherwise we would have z ® n + n ® z = 0. This would imply
22 =(z®n): (z®@n) =—-(n®2): (2@n) = —(n-2)%, which can not hold for z # 0.

Therefore the linear mapping z — (Ds(z ® n))n is injective, hence it is invertible. ]
Choose ¢ € C*°(Q) such that ¢ = 0 outside the set & and ¢ = 1 in a neighborhood of T".
We set
+ ga 5207 =+ o 17 5207
§ _{0, £<0. 1(’£>_{0, £<0. (2.18)
Lemma 2.2 (i) For (t,n) € T set
u*(t,n) = [9¢al(t,n,0), (2.19)
a*(tJ]) = {852@](@77,0)7 (220)
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and define v : Q — R? by the equation

i(t,2) = (' (6, mE" + 50" (M (E)?) B8, 2) + (t, ), (2:21)

where (t,m,&) are the new coordinates of (t,x) € U. Then fori+j <3 andi+j+1<5
the derivatives an%Eﬁév exist in YU~ and are continuous. Fori+j <3 andl < 2 these
derivatives exist in Q and are continuous.

(i) The jumps of V4 and T across the interface T' satisfy

(V)] =e(w* @n),  [I]=D(e(u* ®@n)—z). (2.22)

(iii) Let n : T — R3 be the unit normal vector field from (1.12). Then the functions
w :T' = R3 and a* : T — R? are the unique solutions of the equations

(De(u* @n))n = (De)n, (2.23)
(De(a* @n))n = —(De(Vru*))n — divp De(u* @ n). (2.24)

(iv) Define a scalar product o :p B on S by a:p B = - (DB), for a, B € 83. For a unit
vector n € R3 let a linear subspace of S® be given by

52:{%(w®n+n®w) ‘WERS}, (2.25)

let P, : S — 82 be the projectior onto S3, which is orthogonal with respect to the scalar

product o :p B and let Q,, = I — P,. Then, with the unit normal vector field n : T — R3,

[e(Vaa)] = PpE, [T] =-D(I — P,)z. (2.26)
(v) Let the infinitely differentiable function p : S> — R be defined by
p(n)=—¢:D(I — P,)E. (2.27)

Then we have for all (t,n) € T that

A~

& : [T](t,n) = p(n(t,n)), (2.28)

where n = n(t,n) is the unit normal vector to T at (t,n). This implies

A~

0>z:[T](t,n) > —€: DE, for all (t,n) €T. (2.29)

(iv) Let (T) = %(T(H +T)). The jump of the Eshelby tensor C defined in (1.19)
satisfies

~ ~ A~

n-[Cln =[] — 2 : (T). (2.30)

Proof: By Assumption A the function @ is five times continuously differentiable in yUT
and in 7/ UT. Therefore (2.19) and (2.20) imply that u* is four times continuously
differentiable and a* is three-times continuously differentiable. From the right hand side
of the equation

o(t,2) = it,7) — (w () + 5o (L) (€9)?) o(t, )
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we consequently see that for ¢+ +j < 3 and 7+ j + ! < 5 the derivatives 8§V%§ 821; exist

in the domain v U+’ and are continuous. By construction, for i +j < 3 and | < 2
these derivatives can be joined continuously across I'. From this we see by well known
considerations from calculus that these derivatives exist in all points of I' and that they
are continuous in y U~/ UT = Q. This proves (i).

We use (2.11) to compute from (2.21) that in a neighborhood of T" where ¢ =1

Vel = 9 ®n+ Vra

1
= (Wen)1T+ (a*®@n+ Vpu*)et + 5(vpga*)(ﬁ)? + Voo, (2.31)

with 17 defined in (2.18). Since V, v is continuous, we have [V v] = 0, which together
with (2.31) yields [(Vz10)] = e(u* @ n). This is the first equality in (2.22). Insertion of
(2.31) into (2.2) yields

A

T=D(s(u"®@n)—g)1" + DE((a* ®n+ Vrgu*)f'F + %(Vpga*)(£+)2 + va). (2.32)

Using again that [V,v] = 0, we conclude from this equation that the second equality in
(2.22) holds. To prove (iii), we multiply (2.32) from the right with n and infer from the
resulting equation and from (2.5) that

(D(e(u* ®@n) —&))n = 0. (2.33)

This shows that u* solves (2.23). To verify (2.24), we insert (2.32) into (2.1). Noting the
splitting (2.12) of the divergence operator, we calculate that

0 = div,7+b
= O¢(D(e(u* ®n) —&)17)n+ 8¢ (De(a* ® n+ Vr,u*)E )n

+ ag(éDe(vpéa*)(ﬁﬁ)n
+ divFED(s(u* ®n)—g)1" + divFED(E(a* ®Xn+ Vpgu*)er + %(Vpga*)(§+)2>
+ div, De(Vyv) + b. (2.34)
By (2.21) and (2.1), (2.2) we have in the domain 7 that
div, De(V,v) + b = div,T + b = 0.

I" is a part of the boundary of v. Consequently, since by Assumption A the function b
and by (i) the function Vv are both continuous at I', we obtain from this equation with
the notation introduced in (1.13) that

(div,De(V,v) 4+ b)) = (div,De(V,v) + b)) =0, onT. (2.35)
This relation and (2.34), (2.33) imply

0= lim (div,T +b) = (De(a* @ n+ Vru*))n + divpDe(u* @ n).
E—0+

Therefore a* solves (2.24). It follows from Lemma 2.1 that the solutions u* and a* are
unique. This proves (ii).
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Statement (iv) is proved in [4, Lemma |. Clearly, the second equation in (2.26) follows
from the first equation and from (2.22). To prove statement (v), note that (2.26) and
(2.27) yield

€ [T] (ta 77) = —¢€: D(I - Pn(t,n))g = p(’l’L(t, 77))
Since I — P, is a projector orthogonal with respect to the scalar product « :p (5, this
implies
g:[T)=-8:DI—-P)e=-2:p(I—-P,)e=—(I—-P,)z:p (I -P,),

The inequalities in (2.29) are obvious consequences of this equation.

The equation (2.30) is verified in [3, equation (2.4)] and in [4, Section 3]. We omit
the proof here. [
2.1.2 Construction of the asymptotic solution

Now we can state the ansatz for the asymptotic solution (u(*), T"), §()). To this end
we note that (2.21) can be written in the form

- 1o £ ep Lo & 2
a(t,z) = (t, z) <V2u (t,n)(m)Jr—i—ya (t, ”>§((m)+) >+v(t,x). (2.36)
This suggests to choose an ansatz of the form
L ¢
ul(t, ) = ¢(t, x) Z; v E (0, ) + ot @), (2.37)

where the functions u*¢T and a*3(¢T)? in (2.36) are replaced by suitable functions
up(t,m,¢) and uy(t,n,¢), which both take values in R3. For the other two components in
the asymptotic solution we make the ansatz

1 .

St g) = <Z>(t,x)zy%$i(t,n,%)—i—(l—(b(t,x))g(t,x), (2.38)
=0

T0)(t,z) = D(e(Vmu(”)(t,x))—ES(”)(t,x)>, (2.39)

where the functions So and S; are real valued. We want that S is a transition profile
connecting the state S®*) = 0 to the state ) = 1. Therefore we require that there exist
functions a : I' — (—00,0) and b : I" — (0, 00) such that

T I// a
¢ ¢ ):{ 0. (hatm€) €U €<V altin),

1
Soltsn ) ¥V TR =\ | nten ) ety €3 0200 m)

Here and everywhere in the paper we only consider values of the parameter v > 0, which
are sufficiently small such that —3 < v'/2a(t,n) < v'/2b(t,n) < 6. If such functions a
and b exist, then

Tl) = {(t,2(t,n.€)) | (t,n) €T, v 2a(t,n) < & < v?b(t,n)} CU (2.41)
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is the transitional region, where the order parameter S) changes from 0 to 1. The
thickness of the transitional region decreases like v/2 for v — 0. For fixed v the thick-
ness is not constant but depends on the point (t,7) € I'. Because of the coordinate
transformation (2.6) we always identify I'[v] with the set

{(t.n,€) | (t,n) €T, v'2a(t,m) < € < v 20(t,n)} CT x (=6,0).
The equations (2.38) and (2.40) imply that
St x) = S(t,x), for (t,z) € Q\T[v]. (2.42)

To determine the functions wug, wuy, So and S7 we insert the asymptotic solution
(u®), 7™ 5™ into the equations (1.1) — (1.3) and collect terms with the same power
of v. This yields a recursively solvable system of four ordinary differential equations of
second order, which must be satisfied by the function ¢ — (ug, u1, So, S1)(t,, ) for every
value of the parameter (¢,7) € I'. Since in the asymptotic solution the value &/v'/? is
inserted for ¢ in the third argument of in the functions ug, u1, Sg, S1, and since £ varies
in the interval [1'/2a(t,n), vY/?b(t,n)], it follows that the differential equations must be
satisfied for every value of ¢ from the interval [a(t,n), b(t,)]. The solution (ug, u1, So, S1)
depends on the parameter (¢,17) € I', since the coefficients in the system of differential
equations depend on this parameter. To state the system of differential equations we
sometimes drop the arguments ¢ and 7 for simplicity in notation, but all functions de-
pend on these arguments. For functions w depending on (t,n,() we write w’ = Ocw,
w’ = agw. Here and later we also use the notations

To(t,n.¢) = D(=(up(t;m,¢) @ n(tm) ~So(t,n,€) ) (2.43)
Tl (t7777 C) = D(E(ull (t7777 C) ® ”(tﬂ?) + VUUO(ta n, g)) - 551(@"77 C))? (244)
¢
SV, 0) :/ Si(t,n,9)dd,  i=0,1, (2.45)
¢
St n,¢) = / SS (t,m, 9)dv, (2.46)
~ ~ N ~ 1 ~

Pt,n,8) = $(S) —¥(0)(1=5) —¢(1)S + & : [T](t,n)S(1 - 9)

~ ~

= (S) = (0)(1 — 8) —(1)S + o p(n(t,m)SA=5),  (247)

=N

with the infinitely differentiable function p defined in (2.27) and with s = g1, as
usual. We call ¢ the effective double well potential. With these notations the differential
equations are

Ty()n = 0, (2.48)
~ Ti(On = ~divyTo(0) (2.9
¥s(S0(¢)) —S5(¢) = 0, (2.50)
bss(S0(0))S1(¢) = ST(©Q) = q1(t.,n.¢) +wl(t,n), (2.51)

where
9161, Q) = —rrSH(Q) + Beor(0)C + 0a(¢) — —220) o) (259)

f'(n-€1n)S5(C)
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with the constitutive function f from (1.3), where

o1(§) = oi(t,n,§) =¢: Ds(va(t,x)), x =n+n(t,n), (2.53)
oa(t,n,¢) = :De(((a* ® n)S(()_l) + Vyuo + Ocury @ n), (2.54)
duni(tm, Q) = ~L;((De(w @ 9,8 ))n + (D(e(u* @ n) —2) V85 ), (255)
and where
b(t.m) )
stton) == [ gr(tn,0)85(t.n.0) do. (2.56)
a(t,n)

In (2.52) [C] is the jump of the Eshelby tensor defined in (1.19), hence n - [C]n is a
function of (¢,7) alone. Finally, to define the function ¢, we need to introduce the core
region I'y ,[a,b] and the boundary region I'y ,[a,b] of I'[a,b] to a given constant k > 0:
We set

Thola,b] = {(t.0.) | (t,m) €T, a(t,n) +v'2k < <b(tn) — vk}, (257)
and T, [a,b] = T[a, ] \ Txla,b]. Now let ¢, € C5°(T'[a,b]) be a function satisfying

0<w, <1, @,=1onTy,[ab], |D, pu|< v 192K for all a € Ng, | < 2.
(2.58)
For the functions Sy and S; conditions at the boundary of the interval [a(t,n),b(t,n)]
are obtained from the condition (2.40). Since this condition must be satisfied for all
sufficiently small v > 0, it follows that

SO(t7777a(ta 77)) =0, SO(tanvb(tan)) =1, (2'59)
51(7%7%@(15»77)) = Sl(tvnvb(t>77)) = 0. (2'60)

The differential equations (2.50), (2.51) together with these boundary conditions deter-
mine Sy and S7 on the set

[la, b] = {(t,n,¢) [ (t;n) €T, alt,n) < ¢ <b(t,n)}, (2.61)

which we do not identify with a subset of (1, t2) x , differently from I'[v]. In accordance
with (2.40) we extend Sp, S1 from I'[a, b] to the set I' x R by

Y

SO(ta n, C) - { (1)’ g i Z((f:l:;: 51(757777 C) =0, (€ R\ [a<t777)7 b(ta 77)] (2'62)

We also need to define the functions ug and u; outside of the set I'[a, b]. As will be seen,
we need that there is a function ¢, : I' — R? such that for all (t,7,&) € U \ T'[v]

1

Ly £
z‘:oy =g (1, 1/1/2)
1 ES k 1 O? S t? 9y
= (G e s D)+ o, Esen €9
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This equation holds for all sufficiently small v > 0 if and only if for all (¢,77) € I' and all
¢ e R\ [a(t, n),b(t, 7]

uo(tﬂ?aC) = U*(t>77)g+a (2'64)
Wit Q) = e Ea)C + e (BT, (265)

where 17({) = 1 for ¢ > 0 and 17(¢) = 0 for ¢ < 0. Since we require that uy and
up are at least continuously differentiable, (2.64) prescribes the values of uy(¢) and of
ug(¢) for ¢ = a(t,n) and ¢ = b(t,n). Since (2.48) is a second order equation for ug on
the interval [a(t,n),b(t,n)], we can in general only satisfy two boundary conditions. To
satisfy all four boundary conditions, we need a symmetry condition for the potential
1&, which we state below in the existence theorem for this differential equation. The
equation (2.65) prescribes u)(¢) at the boundary of the interval [a(t,7),b(t,n)] and the
value uj(a(t,n)) = 0. Though the differential equation (2.49) for u; is also of second order,
we show in the existence theorem following below that these three boundary conditions
can be satisfied because of the symmetry condition for 1[1

2.1.3 Main theorems

To complete the construction of the asymptotic solution (u®), T(®) §*)) we must show
that the boundary value problem for (ug,u1,Sp,S1), which consists of the differential
equations (2.48) — (2.51) and the boundary conditions (2.59), (2.60), (2.64), (2.65) can
be solved. The next three theorems show that the solution can indeed be determined
recursively.

From (2.47) we see that 1) depends on (£, 7) only via the dependence of the unit normal
vector field (t,7) — n(t,n) : I — S? on these variables, hence ¥ (t,1,S) = ¥(n(t,n), S),
where the function

(n,8) —=¥(n,8):S?xR—=R

is infinitely differentiable with respect to n and has the same order of differentiability
with respect to S € R as the function ). Now consider the initial value problem

0:S0(n,¢) = \/20(n, So(n, ), So(n,0) = 5. (2.66)

with n € S?. Differentiation of this first order differential equation with respect to ¢
shows that if the solution Sy(n,() is two times differentiable with respect to ¢, then
So(t,m,¢) = So(n(t,n), ) solves the second order differential equation (2.50). To solve
the boundary value problem (2.50), (2.59) it therefore suffices to study the initial value
problem (2.66). The differentiabiltity properties of Sy(t,n, () with respect to (¢t,n) then
follow from the differentiability properties of the solution Sp(n, () of (2.66) with respect
to n and from the differentiabilty properties of the normal vector field (t,n) — n(t,n)
via the chain rule.

To state the properties of Sy(n,() in the next theorem we need the function ¢ :
S? x R — R defined by

4(n,8) = B(O)(1 — §) + H(1)S — Jp(n)S(1 - 5),
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with p given in (2.27). The function ¢ is infinitely differentiable with respect to n. Since
(2.27) - (2.29) imply R

0<—p(n)=—-:[T)<: DE, (2.67)
we see that S +— ¢(n,S) is a concave polynomial of second order whose graph passes

through the points (0,4(0)) and (1,¢(1)). Note that ¢ (n, S) = ¥(S) — ¢(n, S).

Theorem 2.3 Suppose that the function ¥ : R — R has the following properties:
1. there is m > 4 such that ¥ € C™(R,R),

2. p(S) —q(n, S) =(n,S) >0 for all0 < S <1 and all n € S,

3. there is co > 0 such that for all n € S?

¢/(0) = Dsq(n,0) = dsih(n,0) > co,  ¢'(1) = Dsq(n, 1) = dsi'(n,1) < —co.  (2.68)

Then the following assertions hold: .
(i) For alln € S? there exist numbers —oo < a(n) < 0 < b(n) < oo and a unique solution
¢+ So(n, Q) : [a,b] — [0,1] of (2.66), which is strictly increasing and satisfies

So(n,a(n)) =0, So(n,b(n)) =1, 8:So(n,a(n)) = d:So(n,b(n)) = 0.

aéSO belongs to the space C™ 1 (S2[a,b]) fori=0,...,2, where

S*[a,b] = {(n,¢) [ n € %, a(n) < ¢ <b(n)}.
Forn € S we have }
VnSo(n,a(n)) = VuSo(n,b(n)) = 0.

The functions n— a(n) and n — b(n) belong to the space C1(S?).
(i4) The functions a : I' = (—00,0) and b : T' — (0,00) defined by a(t,n) = a(n(t,n)),
b(t,n) = b(n(t,n)) belong to C3(T"). Moreover, the function

(t,n,¢) = So(t,n,¢) = So(n(t,n),¢) : Tla,b] = R

satisfies the differential equation (2.50) on T'la,b] and we have 8250 € C3('[a,b]) for
1=0,...m—1. Also,

S(](t, m, a) = O, S(](t, mn, b) = 17 0{5’0(2&, 7, (1) = aCSU(tv m, b) = Oa (2'69)
where a = a(t,n) and b =b(t,n), and
atSO(ta m, C) = Oa Vn50<t7777C) = Oa fOT’ C = a((tv U)ab(tﬂ?)- (270)

(iii) Assume that ¥ has the properties 1. — 3. and the following additional property:
4. forall S € -4, 4]
DA +8) = - 9). (2.71)
Then Sy is of the form

So(t,n,¢) = Si(t,n,¢) + 3, (2.72)
with Si«(t,n,() = —S«(t,n,—C) and the interval [a(t,n),b(t,n] is symmetric with respect
to 0, hence a(t,n) = —b(t,n).
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Remarks. The symmetry condition (2.71) implies $(0) = (1).

It is not immediately clear how to verify that 1/3 has the properties 2 and 3 stated in
this theorem. Yet, a condition, which guarantees that 1[1 has these properties and which
can be checked easily, is obtained from the estimate (2.67). Namely, from this estimate
we immediately see that 1& has these properties if

B(S) > H0)(1 — §) + H(1)S + %g . DES(1— ), forall0< S <1,
1

(0) > ()~ () + 37 D, §(1) < $(1) ~$(0) - g2 : D

Proof of the theorem: The statement (i) of this theorem is obtained by a slight and
obvious modification of the proof of Theorem 1.1 in [4]. Since Sy(t,n,¢) = So(n(t,n), )
with the unit normal vector field n to the manifold T', statement (ii) is an immediate
consequence of (i) and of the chain rule, noting that by Assumption A we have n € C3(I).
Finally, to prove (iii) note that (2.47) and (2.71) imply

1/;(757777%‘*‘5) :1;(75777:% _S) (273)

Let So(t,n,¢) = So(n(t,n), ) be the solution of (2.66). To simplify the notation we drop
the variables (t,n). Define

5.(0) = 19— 0=C<b(tm),
" _S*(_C)v _b(tvn) < C <0.

Then S,(¢) + £ satisfies the differential equation from the initial value problem (2.66) for
0 < ¢ <b. For —b < ¢ <0 we thus obtain together with (2.73) that

O¢(S+(C) +1/2) = 0¢(S(—¢) +1/2)
_\/qu ) +1/2) = \/21/3(— ) +1/2) = \/21/; ¢) +1/2).

Consequently, Sy —I—% satisfies this differential equation in the whole interval [—b, b]. Since
also S*(O)+% = %, it follows that S, +% is equal to the unique solution Sy of this problem.
|

Theorem 2.4 (i) Let So = So(t,n, () be the function constructed in Theorem 2.3. Then
Sy = 0cSp is an eigenfunction to the eigenvalue zero of the linear boundary value problem

QZ)SS(SO(C))Sl(C) - SY(C) = fl(t’ m, <)’ Sl(tvnva(tvn)) =51 (tvn’ b(tvn)) =0. (2'74)
(i1) Assume that fi € C'(I'[a,b]) satisfies
b(t,n)
[ RS 0dc <o (275)
atm

Then there are solutions Sy : I[a,b] = R of the boundary value problem (2.74).
(iii) Assume that v has the properties 1. — 4. stated in Theorem 2.3, let f € C3(R,R)
satisfy f'(r) > c¢1 >0 for all v € R and let ¢, in (2.52) be chosen such that

901/<t7777<-) - <Pu(t>77a _C) (276)
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Then the function gi defined in (2.52) belongs to the space C*(T'[a,b]), the function w
defined in (2.56) belongs to C*(T") and the function f1 = g1 +w satisfies (2.75). Moreover,
there is a solution S1 of the boundary value problem (2.51), (2.60), which belongs to
C?(T[a,b]) and satisfies

051110511, [V S1| < K1, fori=0,...2, [Vi81| < (|lnv[+1)K,. (2.77)

Proof: Since S{(¢) vanishes for ¢ = a and ¢ = b, by (2.69), statement (i) of this theorem
follows by differentiation of (2.50) with respect to (. Statement (ii) is a well known result
from the spectral theory of selfadjoint differential operators. It remains to verify (iii).
To see that f; = g1 + w satisfies (2.75), note that

b
[ wsbicric = w(so(s) ~ so(a)) =

by (2.69). The statement follows by combination of this equation with (2.56). From (ii)
we obtain now that the boundary value problem (2.51), (2.60) has a solution S;. To show
that there is a solution with the regularity and boundedness properties stated in (iii) is

more involved because of the term ——2:%0(S) appearing in g;. Therefore we postpone

f(n[CIn) S5 ()
this part of the proof to Section 3. [

Theorem 2.5 Let Sy, 51 : I' x R — R be given differentiable functions satisfying the
condition (2.62). Suppose that Sy satisfies the symmetry condition (2.72). Then there
are continuously differentiable functions ug,u1 : I x R — R3, which fulfill the differential

equations (2.48), (2.49) on I' X R and the conditions (2.64) and (2.65). These functions
have the form

wo(t,n,¢) = w*(t,m) S5V (t,m, ), (2.78)
ui(t,n, €)= w(t,n) STV (b, )+ a*(t,m) S, m, Q) + un(t,n, O, (2.79)
win(t,n,¢) = —Lgl((pe(u*@gvnsg”)))m(D(s(u*@@n)—g))vnsg*?)), (2.80)

where L, is the linear mapping from Lemma 2.1. The functions ug and uy are uniquely
determined.

The proof of this theorem is given in Section 3.

These three theorems show that we can first solve (2.50) for Sy, then determine wug
from (2.48), next solve (2.51) for Si, and finally determine u; from (2.49).

Now we are in a position to define the functions w; and B appearing in the kinetic
relation (2.3).

Lemma 2.6 Assume that Sy and ¢, satisfy the symmetry conditions (2.72) and (2.76),
respectively. Then the function w defined in (2.56) satisfies

w(n(t,n)) = wi(n(t,n)) wrt,n) + B(n(t,n))Vrn(t,n), (2.81)

where the function wi : S — (0,00) is given by

w1 (n) = /O "2 910, (2.82)
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and where for every unit vector n € R? the linear mapping B(n) : R3*3 — R is defined
by
b(t,m) )
a(t,n
with oy given in (2.54).

Proof: The function ¢ — S.(¢) in the symmetry condition (2.72) is odd, whence ¢ —
0:S0(¢) = 0,5+(¢) is odd and ¢ — Sy(¢) = S.(¢) is even. Since ¢ — 0¢01(0)¢ is odd,
since by (2.76) the function ¢ — ¢, (¢) is even, since f'(n - [C]n) is independent of ¢ and
since a(t,n) = —b(t,n), it follows that

b
[ v csycric =o. / f,atSO é C()C)Sa(cmczo,

because the integrands are odd. These equations and (2.56), (2.52) together yield

b(t,n)
W(t,ﬁ) = wl(n(t777)) “F(tﬂ?) - /( ) 0-2(75’7]?19)5(/)(75777719)d19' (2'84)
a(t,n

with

= / b56<ﬁ>2dz9: / b V20(50(€)) Sp(¢)d¢ = /0 1 \/20(n, 9)dy. (2.85)

In this computation we used (2.66).

Next we show that the second term on the right hand side of (2.84) is of the form of a
linear mapping applied to the surface gradient Vpn(¢,n). Examination of the definition
of o2 in (2.54), (2.55) and in (2.78) shows that f; 025)dV is a sum, every summand of
which contains one of the terms

/ " 50D (9)85,(9)d0 = B(n) — / "™ 62(n. 90, (2.86)
a(n)
/ v, 5070 (9) S (9)d9 = / ¥, 50(9)So ()6
b(n)
_ _< / . (VSo(n, 9))" So(n, 9)d8) V. (2.87)

In (2.86) we integrated by parts using that S(()_l)(b) = b, which is implied by (2.64) and by
(2.78). In the integration by parts in (2.87) we employed (2.70). To get the last equality
sign in (2.87) we also used that V,,So(n(t,n),9) = (V,So(n(t,n),9))T V,n(t,n) and wrote
Vrn = Vy,n, by our convention. The functions a and b are defined in Theorem 2.3.

The right hand side of (2.86) is a real valued function, which only depends on the
normal vector n, and the right hand side in (2.87) is of the form of a linear mapping
applied to the surface gradient Vrn of the normal vector; the coefficients in the linear
mapping depend only on n, in a nonlinear way.

If we insert these terms into the sum composing ff 025)dY and observe that u* and
the linear mapping L,, both are functions depending on n only, which follows from (2.23)
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and from Lemma 2.1, and that a* is obtained by application of a linear mapping to Vrn,
with coefficients of the linear mapping depending on n only, which is implied by (2.24),
we see by examining (2.54), (2.55) and (2.78) again, that in fact every summand is of
the form of such a linear mapping applied to Vrn. Consequently, f; 025)dV itself is of
this form, hence for every unit vector n € R? there is a linear mapping B(n) : R3*3 = R
satisfying (2.83). We can thus replace the second term on the right hand side of (2.84)
by the left hand side of (2.83). Combination of the resulting equation with (2.85) yields
(2.81). n

The next theorem shows that (u), T") S®)) satisfies the model equations (1.1) — (1.3)
up to an error decreasing to zero with vanishing parameter v, and is therefore indeed
an asymptotic solution. This is the main result of this section. To state the theorem
we need the core region I'y[v] and the boundary region T'y[v] of T'[v] to a given constant
k > 0, which are defined by

L] = {(t,x(t,n,6) | (t,n) €T, v2%a(t,n) + vk <€ <v'?b(t,n) —vk}  (2.88)

and by Ty[v] = T[v] \ Tx[v]. If we identify (¢, ) with (¢,7,£) and set ¢ = me, as usual,
then (¢,7,&) belongs T'x[v] or to Twlv], if and only if (Z,7,() belongs to I'y ,[a,b] or to
Ik [a,b], respectivly. The sets I'y, ,[a,b] and Ty, [a, b] are defined in (2.57).

Theorem 2.7 Assume that zﬂ has the properties 1. — 4. stated in Theorem 2.3, that the
symmetry condition (2.76) for ¢, is fulfilled and that f € C3(R,R) satisfies f'(r) > c¢1 > 0
for all r € R. Let the functions wy in and B in the kinetic relation (2.3) of the sharp
interface model (2.1) — (2.5) be defined by (2.82) and (2.83).

Assume that (ﬂ,T, S,F) 18 a solution of this sharp interface model in the domain Q,
which satisfies Assumption A. For v > 0 let the function (u(”),T("), S(”)) be defined by
(2.37) - (2.39) with ug, u1, So, S1 given in Theorem 2.8 — Theorem 2.5.

Then (u™), T®), SW) belongs to the space C2(Q) x C1(Q) x (CH(Q)NC3(T'[v])) and
satisfies (1.2) identically and (1.1) and (1.3) asymptotically. More precisely, there are
constants k > 0, K1,..., K4 > 0 such that

1/2
‘dIVIT(V) (t, CC) + b(t, .CC)| S KlV 5 (t7 -T) S F[V]v (289)
KQ v, (t,(lf) € Q\P[V]a
and
() @) q)) _ (v) ()
[065®) 4 1 (w5 (o), §¥) — w205 w5
Ksv'/2 forV = T[],
< ¢ Ky, for V =Ty, (2.90)
0, forV.=Q\T[v].

From the definitions (2.41) and (2.88) we see that there are constants K5, Kg > 0 such
that meas(T'y[v]) < meas(I'[v]) < Ksv'/? and meas(I'x[v]) < Kgv. Therefore the follow-
ing result is an immediate consequence of this theorem.
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Corollary 2.8 There are constants K7, Kg such that
HdlvxT(”) + bHLl(Q) < Krv, (291)

H@,S(”) + f(@bs (e(Vzu)), s®)) — yAxS(V)) IV,S®)|

‘Ll(Q) < Ksv. (292

2.2 Asymptotic solution of first order

In this section we construct the family (u(”),T(”), S (”)) of asymptotic solution of first
order to the model (1.1) — (1.3). This first order family can be constructed under weaker
assumptions for the potential @ZA) and the nonlinearity f than the second order family. In
particular, the nonlinearity f needs not to be one-to-one or differentiable.

We use the notations introduced previoulsly, but redefine some of these notations in
this section.

The construction of the asymptotic solution of first order is based on the sharp in-
terface model (1.14) — (1.18). Thus, let (4,7, 9,T) be a given solution of this model.
We denote by v the set of all (t,z) € Q \ T with S(t,z) = 0 and by 4/ the set of all
(t,z) € Q\ T with S(t,z) = 1, hence y U~' = Q \ I. For this solution we make the
following

Assumption B. Let I' be a three dimensional C3-manifold embedded in @, such
that the set I' is a compact subset of ) and the two dimensional manifold T'(¢) does
not have a boundary for all ¢ € [t,t]. Let the function (@, 7) belong to the space
C3(yU~') x C?(yU~'). We assume that the derivatives of @ up to order three and the
derivatives of 7" up to order two have continuous extensions from v to v UT and from ~/
toy UT.

Let ¢ € C*°(Q) be a function, which vanishes outside of the set ¢ and is equal to one in
a neighborhood of I'. With u* defined in (2.19) we decompose the function @ in the form

a(t, ) = u*(t,n)ETP(t, x) +v(t, x), (t,z) e U. (2.93)

This defines the function v : Q@ — R3. As in Lemma 2.2 it follows from Assumption B
that for i4+j <2 and i+j+! < 3 the derivatives 8%V%5 (921) exist in YU~ and are bounded
and continuous. For ¢ + j < 2 and | < 1 these derivatives can be joined continuously
across I', whence these derivatives exist in ) and are continuous. With the functions ¢
and v defined in this way we make for the asymptotic solution the ansatz

u(t,z) = v (t,m, Vf/Q) o(t,x) +v(t,x), (2.94)
SW(tx) = Solt,m, %) o(t,2) + 5(t,2) (1 — B(t,2), (2.95)
TW(t,x) = D(e(Vu(t,z)) —2SW(t,2)), (2.96)

where the functions ug and Sy are defined as in the previous section. That is, for Sy we
require that there exist functions a : I' — (—00,0) and b : I' — (0, 00) such that

1[}.5' (SO(ta n, C)) - S(/)/(tv n, C) - 07 C € [a(tv 77)? b(t7 77)]7 (297)

St O {07 (tn) €T, ¢ <alt,n),

(2.98)
L (t,m) €D, ¢ =b(tn).
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For ug we set .
wo(t,n,¢) = u*(t,n) S5 (t,m, €), (2.99)

with S{Y defined in (2.45). We assume that the potential zﬁ has the properties 1. — 3.
stated in Theorem 2.3. However, in the present case it suffices to require in property 1 that
m > 3. The proof of Theorem 2.3 in [4] shows that also under this weaker assumption
there exist functions a : I' — (—00,0), b : I' — (0,00) and Sy, which satisfy (2.66)
and (2.97), (2.98) and for which statement (i) of Theorem 2.3 remains true without
modification, statement (ii) remains true with the sole modifications that a and b belong
to C%(T') and 825’0 € C?(T'[a,b]) for i = 0,...,2. We do not need to require that ¢ has

property 4 of Theorem 2.3. Therefore potentials with 1(0) # ¢)(1) are allowed.
The asymptotic solution thus constructed has the following convergence properties:

Theorem 2.9 Let the hypotheses 1. — 3. in Theorem 2.3 be satisfied and let f : R — R
be an increasing, Lipschitz continuous function. Assume that (ﬁ,T, S',F) s a solution of
the sharp interface model (1.14) — (1.18) in the domain @Q, which satisfies Assumption B.
For v > 0 let the function (u®),TW) SW) be defined by (2.94) — (2.96) with Sy and ug
satisfying (2.97) — (2.99).

Then (u™), T™) S™)Y belongs to the space C%(Q) x CH(Q) x (CHQ)NC*(T[v))), the
divergence div,T™) exists in Q and is continuous, and (u™),T™) S®)) satisfies (1.2)
exactly and (1.1) and (1.3) asymptotically. Precisely, there are constants K ..., Ks >0
such that

K, (t,x) € T'[v],

. (v)
’leCET (t7$)+b(t,x)‘ S {K2 ]/1/2’ (t,ﬂf) S Q\F[V]7

H@tS(V) + f(TzDS (E(V‘qgu(l’))7 S(V)) _ VAIS(V)) |VmS(V)|

‘LOO(V)

< Ks, forV =T][v],
10,  forV=Q\T[v].

Since meas(I'[v]) < K4v'/2, this theorem has the following corollary:
Corollary 2.10 There are constants K5, K¢ such that
HlezT(V) + bHLl(Q) S K5 1/1/2,

|05 + £ (05 ((Tou®), S©) = v, 50)[7,8¢)] < Kgu'l/2,

‘Ll(@)

The proof of Theorem 2.9 runs along the same lines as the proof of Theorem 2.7, but
is much less technical and is obtained by modifications and simplifications of the latter
proof. Therefore we do not give the proof, but leave the necessary modifications of the
investigations in Section 3 to the reader.

3 Proof of the main theorems from Section 2.1

In Sections 3.1 — 3.3 we prove Theorems 2.4, 2.5 and 2.7. The proof of some technical
estimates, which are needed in Sections 3.1 and 3.3.3, is postponed to Section 3.4. This
latter proof uses solely properties of the function Sy from Theorem 2.3.
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3.1 Proof of Theorem 2.4

Only statement (iii) must be verified. For the proof we use a result from [4]. In the proof
of lemma 4.1 of that article it has been shown that a solution of the boundary value
problem (2.51), (2.60) is given by

b(t,n)
w(t,n,¢) = / G(t,m;¢,9) (91 (¢, m, 9) +wl(t, n))do, (3.1)

a(t,n)

with the Green’s function G defined as follows: For fixed ¥ with a < ¥ < b the function
G is a solution of the differential equation

(55(S0) = ) G(C,9) = Cy, a<(<d ¢#0, (3:2)
with the constant Cy = —S((¢), and of the initial and jump conditions
G(a,v) = 0:G(a,¥) =0, (3.3)
GW+,9) = GWI-,9), .
8gG(19+,19) = 8¢G(19—,q9) — 1. (3.5)

It is also shown in [4] that

G(b,9) = 0. (3.6)

From Theorem 2.3 we have Sy € C3(I'[a, b]). Since by assumption ¢sg € C2(R), we con-
clude that 1,!355(50) € C?(I'[a, b]). From this result, from the definition of v in (2.47) and
from Assumption A we obtain that the coefficient function (¢, 7, () — ss (t, n, So(t,n, C))
in (3.2) belongs to C%(T'[a, b]). Since also a,b € C3(T'), by Theorem 2.3, we conclude from
the standard theory of the linear initial- and transmission problem (3.2) — (3.5) that
(t,n,¢(,9) — G(t,n;¢,9) is two times continuously differentiable with bounded deriva-
tives at all points (¢,7, ¢, ) with ¢ # 9. However, G need not be symmetric with respect
to the ¢ and ¥ variables. Therefore we replace the Green’s function G in (3.1) by the
modified Green’s function

Gl <t7 n; Ca 79) = G(t7 m; Ca 19) _dl (tv m, 19)5(,)(4) _d2(t7 n, C)SE)@?) _56(C>d3(t7 77)56(19)7 (37)

where

dl(ta 77719) // G t > 15 C? )SO(g)dCa
usmﬂm

da(t.m.¢) = l/thcm%<>ﬂ

n&mﬂw

ds(t,n, () = ; / / SO G(t,n; ¢, 19)50( )dddC.
nsmﬂm

For (t,n) € I we define the integral operator Ky, on L?([a(t,n),b(t,n)]) by

b(t,m)
Kialw) = [ Galtons¢.0)0) do.

a(tn)
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Using that the function S{ (¢, 7, -) belongs to the one dimensional kernel of the differential
operator g5 (Sh) — 842, that g1 (¢,7m,) + w(t,n) is orthogonal to S}, by definition of w in
(2.56), and that (3.1) yields a solution of the boundary value problem (2.51), (2.60), we
see immediately from the definition of G in (3.7) that

Sl(tv777 C) = Kt,ﬂ(gl(t7777 ) +W(ta77)) (38)

is another solution of this boundary value problem. To see that the Green’s function Gy
is symmetric with respect to ¢ and ¥, note that Sj belongs to the kernel of K, and that
the orthogonal space of S, is mapped to itself by K¢ ,. Both properties follow from (3.7).
Therefore, since S|, spans the kernel of the operator 12)35(50) — 8? , it follows that K,
maps this kernel to {0} and the orthogonal space of this kernel to itself. Using these
properties and the fact that 1/335(50) — 8? is a symmetric differential operator, we can

show by the usual method that

Gl (tv Uk Cv 19) = Gl (tv 5 ”9’ C)a

hence, from (3.3) and (3.6),

G1(t,m: ¢ alt,n)) = Gi(t,n;a(t,n),¢) =0, (3.9)
G1 (t,U;Cab(tvﬁ)) =Gy (ta UR b(t777)7C) =0. (310)

From the differentiability properties of G stated above, from Sy € C3(I'[a, b]) and from the
definition of G in (3.7) we see that (t,7,(,9) — G1(t,n;(,9) is two times continuously
differentiable with bounded derivatives at all points (¢,7,(,?¥) with ¢ # 9.

Now let

92(t,1,¢) = —krSp(C) + 0e1(0)¢ + 02(C),
_9:50(Qeu(t,n,€)

) = ) shO) e

b

b
awmo:/Gwmamwmmn

(2.52) and (3.8) imply that

4
g1 =92+ 93, 51 :ZFi- (3.13)
=2

By inspection of the definition of o1 and o9 in (2.53) — (2.55), using the differentiability
properties of v stated in Lemma 2.2, we see that the derivatives of go with respect to
(t,n) up to order 2 are continuous in I'[a,b]. This implies that F» € C?(I'[a, b]).

Noting the regularity of I" stated in Assumption A, the definition of o in (2.54), (2.55)
and the differentiability properties of Sy and a, b stated in Theorem 2.3, we conclude from
(2.84), (2.85) that w belongs to C?(T'). This yields that Fy € C%(T'[a, b]).

From (2.30) and from the regularity properties of T required in Assumption A we see
that n - [CJn € C%(T). Since ¢, € C$°(I'[a,b]) and since by assumption f is three times
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continuously differentiable, we conclude from the properties of Sy stated in Theorem 2.3
that g3 € C%(I'[a,b]). This implies that F3 € C?(I'[a, b]).

From these results and from (3.13) we infer that g1, S; € C?(I'[a,b]). To finish the
proof it remains to show that S; satisfies the estimates (2.77). Since Fy and Fj are
bounded in the norm of C?(T'[a,b]), uniformly with respect to v, it is seen from (3.13)
that the inequalities (2.77) are implied by the estimates

0(Fs| < C1 i=0,...,2, (3.14)
|0 3], [V Fs| < O, (3.15)
IV2Fs| < (|Inv|+ 1)Cs. (3.16)

To prove these estimates we use Lemma 3.8 and the estimate
|G1(t,n; ¢, 9)| < Cd, (3.17)

where d denotes the distance of ¥ to the boundary of the interval [a(t,n),b(t,n)], with
the constant C' independent of (¢,7,(,¥). This estimate follows from (3.9), (3.10) and
the uniform boundedness of the derivatives 9yG1(t,n; (,¥) by application of the mean
value theorem.

To verify (3.16) note that (3.12) yields
b
V%Fg(t, 7, C) = / V%Gl (ta m; Ca 19)93(1:7 m, ﬁ)dﬁ
a
b
Lo / VG (.75, 9) @ Vyga(t, n, 0)dv

b
+/ G1(t,m; ¢, 9)Vigs(t,n, 9)dd. (3.18)

Though the limits of integration a and b depend on (t,7), no boundary terms appear in
this formula, because by (3.11) the function g3 vanish in a neighborhood of the boundary
of I'[a, b], since ¢, € C§°(I'[a,b]). We have that |V, G1], |V%G1| < Cp and |g3| < Kp.
The latter estimate follows from (3.75) and from the assumption that f'(r) > ¢; > 0.
From (3.17), (3.18), (3.90) and from the definition of Iy, ,[a,b] in (2.57) we thus obtain

b
V2 Ryt 0)] < / LKy dd

b—kul/2 a+kvl/? b
42 / C’lKld_ldﬁ+2( / n / )ClKlu_l/QahS‘
a+kvl/2 a b—kvl/2

b—kvt/? a+kvt/? b
+ / CdKld*ZdﬁqL( / v / )CdKld’ly’lﬂdq?
a+kyl/? a b—kvl/2

< Ky + K| In(kv'/?)| 4+ K3 + Ky In(kv'/?)| + K.

(3.16) follows from this estimate. The proofs of (3.14) and (3.15) run along the same
lines, but are simpler. We leave these proofs to the reader. [
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3.2 Proof of Theorem 2.5

With the definition of Tj in (2.43) the differential equation (2.48) can be written in the
form

9¢ (D(e(0¢uo ® n) —ESp))n = 0, (3.19)

hence
(D(E(@CUO & ’I’L) - éS’o))n =cy,

where ¢1(t,n) is a constant of integration. By Lemma 2.1, the linear mapping z
Ln(z) = (De(z @ n))n is invertible, whence

dcug = Ly, ((DE)nSp + ¢1),

and so
8(110 = U*S() + c2,

with u*(¢,n) defined in (2.23) and with c2(¢,n) = L, c1(t,n). Consequently ug satisfies
(3.19) and the equivalent equation (2.48) if and only if

uy = u*Sal + ol + c3,

with arbitrary constants ca(t,7n), cs(t,n) of integration. Since by condition (2.64) the

function ug must vanish for ¢ < a(t,n) and since S[()_l)(g) = 0 for such ¢, we conclude
that (2.64) holds for ¢ € (—oo,a(t,n)) if and only if ¢a = c3 = 0, that is, if and only if
up is of the form given in (2.78). It remains to show that this ug satisfies the condition
(2.64) for ¢ > b(t,n). We use (2.62) and (2.72) to compute for ¢ > b(t,n) = —a(t,n) that

¢
0 tn, / So(t,m,¥)d9 = / So(t,n, v d19+/ dv
b(t,m)

b(t,n)
- / (S*<t,n,ﬁ>+§)dz9+<—b<t,n> ¢ (3.20)

—b(tﬂ?)

since S (t,n, ) is an odd function with respect to 9. This equation implies that ug from
(2.78) satisfies (2.64) for ¢ € (b(t,n), 00).
Next, with (2.44) we write (2.49) in the form

dc(D(e(dcur @ n + Vyug) — ES1))n + divy, T = 0. (3.21)
For the solution uy of this equation we make the ansatz (2.79). Using the equations
OcVyug = (Vyu*)So+u* ® V,So,
divyTy = divy(D(e(u* @n) —2)5)
= divy(De(u* ®n))So + (D(e(u* ®n) —€))VySo,

which follow from (2.78) and (2.43), we obtain by insertion of (2.78) and (2.79) into
(3.21) that

O¢ (D(s(u* ®n) — E)nSl> + ((Ds(a* ® n+ Vyu*))n + div, (De(u* ® n)))So

+ (Da(f)gull ®n+u* ® VySy))n+ (D(a(u* ®n) — ?))VnSo = 0.
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(2.23) and (2.24) show that the first and second term on the left hand side vanish. This
implies that u; satisfies (2.49) if and only if u1; satisfies the differential equation

Da(@?un ®n)n = —(De(u* @ V,Sp))n — (D(a(u* ®n) — E))VnSo . (3.22)
We apply the inverse L, ! to this equation and integrate twice to find
up = —L,; ! ((Ds(u* ® VnSé_Q)))n + (D(e(u* ®n) — E))VnSé_2)> +c1( + 2, (3.23)

where ¢1(t,n), c2(t,n) are constants of integration. w; must vanish in the region {(¢,7, {) |
(t,n) €T, ¢ <a(t,n)}, by condition (2.65). By (2.62), the functions Sy and S; vanish in

this region, whence also SZ-(fl), S((fQ and VUS((fQ) vanish there. Consequently, u; defined
by (2.79) vanishes in this region if and only if u1; vanishes there, and this in turn holds
if and only if we choose ¢;(t,n) = c2(t,7) = 0 in (3.23). This yields the form of u;; given
in (2.80). It remains to show that the function u; defined by (2.79), (2.80) fulfills (2.65)
for ¢ > b(t,n) . Using (3.20), we compute for these ¢ that

b(t.n)

_ _ < 1
S (t,m,¢) = / SSD (t,m, 9)do + / D9 = §c2+c?,(t,n), (3.24)
with

b(tn) 1
alton) = [ S e, 0)a0 — Jo(e )
a(t,n)

(3.24) implies
—2
vﬁs(g )(t7777 C) = vnc3(t7n) = 04(t7 77))
for ¢ > b(t,n). Insertion of this equation into (2.80) yields

ull(t7 7, C) = CS(tv n)a for C > b(tv 77)7 (325)
with a suitable function c5. By definition Sy (¢, 7, ¢) vanishes for |¢| > b(t,n), which yields
(-1) ¢ b(t,m)
S0 = [ sittnaao = [ it 0)a0 = colt.n)
—00 a(t,n)

for ¢ > b(t,n). Combination of this result with (2.79), (3.24) and (3.25) yields

1 *
ul(tu 7, C) = 50’ €2 + C+(t777)7 fot g 2 b(ta 77)’

with ¢y = u*cg + a*cs + 5, which proves that (2.65) is satisfied for ¢ > b(t,n). The proof
of Theorem 2.5 is complete. [

3.3 Proof of Theorem 2.7

To prove this theorem we compute asymptotic expansions for the terms div,T") + b and
SW + f(hg — vALSW)|V,SW| in powers of v'/2. The former expansion is computed
in Section 3.3.1, the latter in Section 3.3.2. It will be seen that the leading terms in these
expansions of first and second order vanish if Ty, T7, S and S; satisfy the differential
equations (2.48) — (2.51). To complete the proof we show in Section 3.3.3 how the
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inequalities (2.89) and (2.90) can be obtained by combining these expansions with some
other estimates.

The results in the next two sections are derived in a sequence of lemmas. In the
derivations we need some technical details, which we collect here. As always, we identify
(t,x) € U with (¢t,n,§) € T x (—0,0) via the coordinate transformation (2.6). The
parameter v varies in the interval (0, vp] with >0 chosen small enough small such that
the set I'[1p] is contained in the neighborhood of I where ¢ has the constant value 1. We
set ¢ = &/vY/2. Though we have || < §, the value |¢| can be large for sufficiently small
values of v. However, if (t,z) = (t,n,£) € I'[v], then we have (t,7,() € I'[a, b] with I'[a, ]
defined in (2.61). Such (¢,n,&) and (t,7, () satisfy the estimates

€] < vM2(t,m) < V20, ¢ <b(t,m) < C, (3.26)

with a suitable constant C indf:pendent of t,n,v. Here we used that by the assumptions
of Theorem 2.7 the potential ¢ satsifies (2.71), whence a(t,n) = —b(t,n).
Note that by (2.17) we have for x € T'¢(t) that

VI‘gW(t,l') = (VnW(tan»f))A(ta%f), (3.27)

where A(t,n,£) € R¥*? is the inverse of the linear mapping (I 4+ {Vyn(t,n)) : R® — R3.
From the mean value theorem we obatin the expansion

At,n, &) = T+ ERa(t,n, &) = T+ V' P Ra(t,n, &,¢/v'?), (3.28)
with the remainder term

RA(tv 7, 67 C) = gRA(tv 7, 5))

which is bounded when (¢,7,£) varies in I'[v], with a bound independent of v. Insertion
into (3.27) yields

W(t,x) =V, W(t,n,&) (I +v"2Ra(t,n,¢, Vf/z)). (3.29)
For w : U — R we consider Vpgw and V,w to be column vectors. For such w the
equation corresponding to (3.29) is therefore

Vr,

vfgw(t7 IL’) = AT(t7 777 S)Vnw(t7 777 5) = (I + Vl/ZR;I&(t? 777 §7 Vlg/Q)) Vnw(ta 777 5) (330)

Furthermore, (2.9), (3.29) and (2.15) together yield for W : U — R? that
2
dive, W = > 7 - (VyW)(I + v ?Ra)7i = divy W + v/ 2divp (W, (3.31)
i=1
with the remainder term

2

divp W (t, n,§) = Z Ti - (VrWee)RaTi, (3.32)
inj=1

and this equation implies for W : i — R3*3 with divr,gVV = Zijzl(&j Wtyg) 7i(Tj - RaT;)
that ) R )

dive, W (t,n,€) = div,W + v/ 2divp W (3.33)
The terms divp ¢W and diVngW are bounded when (t,7,£) varies in I'[v] with a bound
independent of v.
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3.3.1 Asymptotic expansion of div,T") + b

Lemma 3.1 Assume that (u®), T®) S®)) is given by (2.37) — (2.39) and that Ty, T are
defined by (2.43), (2.44). Then in the neighborhood of T' where ¢ = 1 we have

TW (t,2) = Ty + /Ty + vDe((Vyuo)Ra + Vr,u1) + De(Vav), (3.34)
div, 7" (t,z) = v 20 To)n + ((8:Th)n + div,Tp)
v!/2(divy ¢ Ty + divr,T1) + v divy De((Vyuo)Ra + V)
+ div, De(V,v), (3.35)

where n(t,z) = n(t,n) is the unit normal vector to I'(t), where R4 is the matriz function
from (3.28), and where divr ¢ is the differential operator from (3.32). The argument of
the functions ug, uy, Ty and Ty is (t,n, ﬁ)

Proof: We insert (2.37) and (2.38) into (2.39) and obtain with the decomposition (2.11)
of the gradient that

TW) = D(e(v2 Vo + v Vo + Vav) = 5(Sp + v1/281) )
( (8Cu0 @n + vt/? Vrug +v 1/2 Ocur @ n + VVFE’Ltl) —&Sp — V1/2551>
+ De(Vyv)
= D(s(agu() ®n) — ESO> + V1/2D<6(8Cu1 ®@n+ Vyue(l + I/l/zRA)) — 551>
+ v De(Vr,u1) + De(Vav).

To get the last equality sign we used (3.29). Combination of this equation with (2.43),
(2.44) yields (3.34).
From (3.34) and (2.12) we obtain

divxT(”) = 1/_1/2(3<T0)n + (0cTh)n + divr, 1o + V1/2diV1"§T1
+ vdiv, De((Vyuo)Ra + Vr,ur) + dive De(Vev).
This equation and (3.33) together imply (3.35). |

From the regularity requirements for 7" in Assumption A and from (2.1) we conclude that
b is continuously differentiable on +" with bounded derivatives. Since by Lemma 2.2 the
function v is continuiously differentiable on @, we thus obtain from (2.35) by the mean
value theorem that

div, De(V,v) + b = ER,(t,1,€), = V2R, (t, 1, €, € /v'/?), (3.36)

where )
Ry(t,1,€,C) = CRu(t, 7, §). (3.37)
The remainder term R, is bounded on the neighborhood U of I’ and vanishes for £ < 0.

Corollary 3.2 If ug,u1,So,S1 are such that the functions Ty and Ty defined by (2.43),
(2.44) satisfy the differential equations (2.48), (2.49), then we have for (t,n,€) € I'[v]

(div,T™ +b)(t,1,€) = "2 Raiy-4u(v, uo, ut, To, Th, t,1, &), (3.38)
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where
Raivib = divp Ty + divy, 71 + v'/2div, De((Vyuo)Ra + Vreur) + Ry (3.39)
with the function R, from (3.37).

Proof: Since I'[v] is contained in the neighborhood of I where ¢ has the constant value
1, we obtain from (3.35) and (2.48), (2.49) for (¢,n,&) € I'[v] that

div,TW) +b = /2 (diVF,gTO +divp, Ty + v"/2div, De((Vyuo) Ra + Vpgul))
+ div, De(V,v) + b.

Insertion of (3.36) into this equation yields (3.38). |

3.3.2 Asymptotic expansion of 3;,5S*) + f(1pg — vA,S*))|V,SW)|

Our next goal is to compute an asymptotic expansion in terms of v1/2 for the term
SW) + f(vs(e(Vou), S — A, S| V,5)] (3.40)

on the left hand side of (2.90). The expansion is valid in the region I'[v]. As will be
seen, the leading terms in this expansion of first and second order vanish if Sy and S
satisfy the differential equations (2.50) and (2.51), provided that the normal speed s of
the sharp interface I' satisfies the kinetic relation (2.3).

In the first lemma we compute the expression obtained by insertion of (2.37) — (2.39)
into the partial derivative g = Jdg1) of the free energy. This expression shows how
this partial derivative is connected to the jump of the Eshelby tensor across the sharp
interface I'.

Lemma 3.3 (i) Let Ty, T1 be defined by (2.43), (2.44). Then the differential equations
(2.48), (2.49) and the conditions (2.64), (2.65) imply
To = D(e(u —€)So, (3.41)
T, = D(e(u ~2)S) + De(a* ®n + Vyu*)SS"
+ Ds(@gun ®n+u*®V,S{ ). (3.42)

(ii) Let SW) and TW) be defined by (2.38), (2.39). Then we have for all (t,z) = (t,n,£)
from the neighborhood of I where ¢ =1 that

£:TW(t,z) =2 : [T)S™ + 01 + v %09 + vo3, (3.43)

where o1(t,n,€) and o2(t,n, Vl%) are defined in (2.53), (2.54) and where

o3(t,n,&,6/v?) =& : De((Vyuo)Ra + Vr,u1). (3.44)

~—

Here R4 is the remainder term from (3.28).
(#1i) With the notation introduced in (1.13) we have

o1(t,n,0) =z : T (t,n). (3.45)



(iv) For the effective potential ¥ defined in (2.47) we have in the neighborhood of I' where
¢ =1 that

s (s(Vzu(")), S(”)) = Pg(t,n, S +n - [Cln — 71 — %09 — vos, (3.46)

with 1 (t,n, &) = o1(t,n, &) — o1(t,n,0).

Proof: (3.41) and (3.42) are obtained by insertion of (2.78), (2.79) into (2.43), (2.44).
To obtain (3.43) we multiply (3.34) by g, insert (3.41), (3.42) into the resulting equation
and note the second equation in (2.22). To verify (3.45) note that by the definition of v
in (2.21) we have T' = De(V,v) on 7. This equation and the definition of oy in (2.53)
together imply (3.45), since v is continuously differentiable on @, by Lemma 2.2.

To prove (3.46) we insert (3.43) into (1.8) to obtain

vs(e(Vout)), s0) = 4/ (s¥) 2. %)
- 1/3/(5('/)) —2: ]S(”) — o1 — 20y — oy

= &S(tv n, S(V)) -

~

g: [T+ [¢] — o1 — v %09 —vos. (3.47)

In the last equality we used (2.47). Now, (3.45) and (2.30) imply
1 A A A A - A
—5E M+ W] -0 =—z: (T — TN 4[] —7y —: TC)

A~ ~ ~

= [’Lﬁ] —€: <T> —01="n" [C]n—?l,
Insertion of this equation into (3.47) yields (3.46). |

We next compute an asymptotic expansion for g — vA, S in terms of v'/2, which is
valid on the domain I'[v]. To simplify the notation we drop the arguments ¢ and 7 in
most of the following equations. As usual, we set ( = VIST

To expand g we use (3.46). Since we have ¢ = 1 in the domain I'[v], Taylor’s formula
and the definition of S®*) in (2.38) yield for the first term on the right hand side of (3.46)
that

Us(S™)) = s (So) + s (So)v' /281 + vR; (v, So, S1). (3.48)

To treat the third term in (3.46) note that & ~ o1(£) € CY([-9,0]) N C?([—6,0)) N
C?((0,6]), by definition of the function oy in (2.53) and by the regularity properties of v
given in Lemma 2.2. Since 71(0) = 0, we thus obtain from Taylor’s formula that

o x(e\e2 o 1/2 & & i
716 = G )€+ 1O =10 0) 5 + B (@ (557) - G.9)

To compute the expansion of vA,;S®) note that we have
Ay5W (z,1) = 0 SY(t,0.€) = w(t,1,€) 9 SV (.1, + Ar SV (E,1.6),  (3.50)

with twice the mean curvature x(t, 7, £) of the surface I'¢(t) and with the surface Laplacian

Aré = divr5 Vpé. The mean value theorem yields

k(t,m, &) = kr + K" ()€ = kr + Vl/Qm*(E)%. (3.51)
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With the notations S = 9,5y and Sf = 8?50 we thus obtain from (3.50), (3.51) and
(2.38) that

a0l & ¢ ¢

vASY) = S§(=) + 012 (ST (5) = ArSh(75) ) + VRAWE, =), (3:52)
where

|Bal = ’ — kSt — (%) *Sp + Ar So + v/ (AF€S1 - (%)/@*Si) < K. (3.53)

K is independent of v € (0,v,] and of (t,n,&) € I'[v]. This follows from (3.26), which
implies |111€T’ < C, from Sy € C3(T'[a,b]) and from the estimates (2.77). In particular,
(2.77) yields

W2Ar 81| < v (|Inv| +1)Cy < Cs.

We insert (3.48) and (3.49) into (3.46) and combine the result with (3.52). This yields
the asymptotic expansion

¥s(e(Vou®), M) —vA,SW)
= (@s(so) — 50 +n- [é]n>
e (zzss(so)s1 — S+ krS) — (901 (0))C — 0-2)
+ v Ryg_yn(vit,n, v 2¢,0), (3.54)

with the remainder
Rys va(v,t,n,v1%¢,¢),= Ry — Ry, (> — 03 — R . (3.55)

Here the argument of the functions (n - [C’ln), kr and O:01(0) is (t,7n), the argument of
So, S1, 02 18 (t,7m,¢) and the argument of ¢ is (¢,7,S0).

Corollary 3.4 If Sy satisfies the differential equation (2.50) and if f belongs to C*(R),
then the asymptotic expansion

£ (05 (e(Vou).80) = va,5¢))

= f(n-[Cn)
+ Y2 f'(n - [Cn) (gz?ss(so)sq — S + kS — (9a1(0))¢ — UQ)
+vRy(v,t,m, v1/2¢, (), (3.56)

is valid in the set T'[v]. The remainder term satisfies the inequality

Ry (v, t,m,v1%¢, Q)| < K, (3.57)
with a constant K, which is independent of (v,t,n,¢) € (0,19] x I'[a, b].
Proof: For brevity we use the notation

()= (@Zss(so)sl — S+ kpS) — (9e01(0))C — 0—2). (3.58)
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If Sy satisfies (2.50), then the right hand side of (3.54) reduces to n - [C]n) +v/2(...) +
v Rys_uan. Whence, Taylor’s theorem applied to the function f yields

7 (s (e(Vou®), $©) = vA,5¢)) = f(n - [Cln)
+ f/(n-[Cln) (W 2(...) + v Ryg—un) + %f”(ﬁ)(um(. )4 v Ry on),

where 9(t,n, ¢) is a suitable number between n-[C]n and n- [Cln+v'/2(... ) +v Ryg_un.
This yields (3.56) with the remainder term

Ry = f/(n . [C]n) Ryg_un + %f”(ﬂ)(( )+ V1/2R¢S,,,A)2.

This equation shows that (3.57) holds if Ry,_,a is bounded on the set (0, 9] x I'[a, b].
By inspection we see that the terms R B Ry,¢% and o3 on the right hand side of (3.55)
are bounded on (0, 1] x I'[a,b]. Consequently, also Ry, is bounded on this set, by
(3.55) and (3.53). n

The leading term f(n-[C]n in the asymptotic expansion (3.56) is independent of £ and is
therefore constant in the region I'[v] on all lines normal to the interface I'. It will be seen
in the following that this property makes it possible that the leading terms of asymptotic
expansions of the two terms 9;S®) and f(1g — vAS®))|V,S®)| in the expression (3.40)
add up to zero if the normal speed of the interface I' is chosen suitably.

Lemma 3.5 With the normal velocity s(t,n) of the phase interface I'(t) at n € T'(t) we
have for x =n+n(t,n)§ that
OSW(t,x) = S (t,0,€) — Ednlt,m) - VS (.1, €) — s(t,7) 9eSW) (t,m,€).  (3.59)
Proof: The chain rule yields
0SM(t,w) = S (t,1.€) + Om(t, ) - VSO (t, €) + (k) BeSW) (£, €).  (3.60)
To determine the coefficients 0y and 0;£ note that
0= 0 =ndh&+£hn + 0. (3.61)

From 0 = 9;1 = d|n|? = 2n - On we see that dyn is tangential to I'(t), whence (3.61)
shows that —n 0;¢ is the component of dyn normal to the surface I'(¢) and —& Oyn is the
component tangential to this surface. Since by (2.14) and (2.7) the gradient V,S™) is a
tangential vector to I'(t), we infer from (3.61) that

om - VS = —¢on - v, 8™ (3.62)
and that
8t§ = —Nn- 8t77.

From this equation, from |z — n| = dist(z,I'(¢)) and from the definition of the normal
speed we obtain

0
s = —sign@% dist(z, I(t)) = —sign(§) 5|« 7]
—n)- )
- u%am — sign(¢) % T om = —oic.

(3.63)
= sign(§)
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The statement of the lemma follows by insertion of this equation and of the equation
(3.62) into (3.60). [

We can now derive the asymptotic expansion for the expression in (3.40), which we write
in a short form dropping the argument (E(un(” )), SW) ) of 1g. Using again the notation
(3.58), we obtain from Corollary 3.4, Lemma 3.5 and from the definition of S®*) in (2.38),
after insertion of £ 9yn - V,,S™) = v1/2¢ 9yn - V,,S™) into (3.59), that

05" + f(ths — vALSM))|[V,8¢)]
= 9SY) 1 f(ihg — vALSW) (agsw + (V8| - a§5<”>))
= —$0:8W — 12 o - v, 80) 4 )
n <f(n- [Cln) + M2 (n - [Cln) (...) + uRf)agsﬁf)
+ f (s — vASM) (V8P| — 9:50))
= (=s+f(n-[Cn)) 05"
+ Sou 4+ V2 (n-[Cln) (...) 8:SW)
+v2(814 — ¢COm - v,8W)

+ VR0 SW) + f(vhs — vALSM) (V8P| — 9:5™))

- <—s+f( [Ch) + 02 (- [Cln >(S°t+<.-->)>ags<”>

f'(n-[Cn) S
S
+ /2 (Sl,t —¢On -V, 8W — So;t S{)
+VRp0:SY) + (s — vALSM) (|VLSW)| - 8:5™)), (3.64)

where we write S;+ = 9:Si(t,n, () and employ the notation S; = 9.5, , as usual.

lc=¢ /172
To get the last equality we used that by (2.38)

9eSW) = 71250 4 5. (3.65)

Corollary 3.6 Assume that f satisfies the conditions of Theorem 2.7, that ug, u1 are
given by (2.78) — (2.80) and that Sp, Si satisfy the differential equations (2.50), (2.51)
with g1 and w given by (2.52) — (2.56). Suppose that the normal velocity s satisfies (2.3)
with wy and B given in (2.82) and (2.83). Then the equation

3SW) + f(1hs — vALSW) VS|
= szRfl(?gS(V)

S
+ V1/2 (Sl,t — C@tn . VnS(”) — ;;t 1>
+ VR3S + (s — vALSW) (|V,8W)| — 9:.5™), (3.66)
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holds on T'y[v], where

1
/2w

Ry(v,t,m) = (f/(n [C’]n) — f'(n- [Cln + 191/1/2w)>,

with a suitable function ¥ : T — (0,1). With the local Lipschitz constant L of " we have
for all v € (0,v9] and all (t,n) € T that

[Ry (v, t,m)] < L. (3.67)

Proof: Since ¢, (t,n,() =1 for (¢t,1,() € I'y[a,b], by (2.58), it follows from the defini-
tion of (...) in (3.58) and from (2.51), (2.52) that for such (¢, 7, ()

(M + (- -)) (t,n,¢) = (Pss(S0)S1 — ST — g1) (t,m,¢) = w(t,m).

Thus, by the mean value theorem the first term on the right hand side of (3.64) is equal
to

<_ s+ f(n- [C]n+yl/2w) + /2y (f’(n- [Cn) — f'(n- [C’]n+19y1/2w)>> 85S(”). (3.68)

Since w satisfies (2.81) and s satisfies (2.3), we obtain —s + f(n - [C]n + v/2w) = 0.
Insertion of this equation into (3.68) shows that (3.64) reduces to (3.66). By assumption,
f belongs to C3(R), hence f’ is locally Lipschitz continuous. The estimate (3.67) is
obvious from this Lipschitz continuity of f’. ]

3.3.3 End of the proof of Theorem 2.7

To prove (2.89), note first that there is a constant K; such that the term Ry, defined
in (3.39) satisfies for all 0 < v < vy and (¢,7,¢) € I'[v]

‘Rdiv+b(V7t7n7£)| S Kl‘ (369)

To see this, we observe that the operators Vrg, din)E and divp ¢ all are bounded functions
of the operator V,, and thus do not contain derivatives with respect to &, which is shown
by the definitions (2.13) — (2.16) and the transformation equations (3.29) — (3.33). Thus,
if we employ the definition of R, in (3.37) and remember that |¢/v1/2| < C, which holds
by (3.26), we find that

‘diVF7§T0 (t, n,f/y1/2) + divp, Th (t, 77,5/1/1/2) + R, (t,n,f,f/y1/2) ‘ <y
and
]v” 2div, (De(vruo(t, 0,6/ ?) Ra(t,n,&,6/v"?) + Ve (¢, 7, g/uW))) \ < Oy,

for all (t,n,§) € I'[v]. Together these two estimates imply (3.69). We use (3.69) to infer
from (3.38) that

|div, T¢)(t,2) + b(t,z)| < K12, (t,x) € T[v]. (3.70)
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Next, from (2.36), (2.37) and (2.63) we obtain

uM(t,z) = at,z), (t,x) € Q\ U,
u(t,z) = a(t,x)+vey(t,n)1T(E) ot ), (t,z) €U\ T

Using (2.42), we thus infer from (2.39) that

T(V)(t,:l:): { (sz)v (t,x)EQ\L[,

(t.2) + vDz (Vo (e (L) 17 (€) 6(t,)) ), (t.2) €UNTIY], (3:71)

N~

Since c4(t,n) 17(€) ¢(¢, z) is independent of v, we have

div, De (vx (c (t,n) 17(€) (. :z))) ] < Ky

with a suitable constant K» independent of v, whence, together with (3.71), (2.1) and
(2.),

0, (t,z) e Q\ U,
vKy, (t,z) eU\T[v].
The inequality (2.89) follows from this estimate and from (3.70).
To prove (2.90) we use the auxilliary estimates proved in Lemma 3.7 following below.

Note first that S) is constant equal to 0 in v\ I'[v] and equal to 1 in 4/ \ I'[], by (2.38)
and (2.40), which implies that

S + f(vs(e(Vou®), S) —vA,SV)|V,8M| =0

|div, TW(t,2) — b(t,z)| < {

in @ \ I'lv]. Hence, (2.90) holds for V = Q \ I'[v].
The asymptotic expansion (3.56) implies that there is a constant Cy > 0, which is
independent of v € (0, 1], such that on I'[v] the inequality

£ (Vs (e(Vou), S¥) —vA, 5| < ¢y (3.72)
holds. This inequality and (3.77) together yield
| 0:S™) + f (s (e(Vaul), SM) —vA, M) [V,8W ||, Eil) S Ki+CKy=Ky,

which shows that the the estimate (2.90) holds for V = I'y[v].

To verify this estimate for V' = T'x[v], we employ the asymptotic expansion (3.66),
which is valid on T'y[v]: By (3.57), the term R¢(v,t,7,&, ﬁ) in (3.66) is bounded on
I'[v], uniformly with respect to v. Therefore we obtain from (3.67) and from the auxilliary
estimate (3.74) that on I'[v]

v ’w2Rf/8§S(V)} +v ‘Rf 8§S(V)| < 021/1/2. (3.73)

Furthermore, combination of (2.77), (3.72) with the auxilliary estimates (3.75), (3.78)
shows that on I'y[v]

So,t
S

‘1/1/2 <S1,t —(Om - VnS(V) _ Si) + f(vs — I/AmS(”)) (|Vx5'(”)| _ 865(11))) < O,

If we use this inequality and (3.73) to estimate the right hand side of (3.66), we see that
(2.90) holds also for V' = I'y[v]. The proof of Theorem 2.7 is complete. |
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3.4 Auxiliary estimates

In the following lemmas we collect estimates needed in Sections 3.1 and 3.3.3.

Lemma 3.7 There are constants k > 0, f(l, e ,K5 > 0 and vg > 0 such that for all v
with 0 < v < vy and for the sets Ty[v], T'k[v] defined in (2.88) we have

0.5V ()] < Kiv V2 (tx) e T, (3.74)
9,5, .
0| < Koo (69,0 €Tlab) (3.75)
0
Vr,S®) X
(W(t,x)( < Ky, (t,x) €W, (3.76)
IVoSW(t,z)], 18,8V (t,z)] < Ki  (t,z) e Ty, (3.77)
|(1VeS®™)| = 0:SW) (t,2)| < K5v'/?, (t,2) € Ty[v). (3.78)

Proof: (3.74) follows immediately from (3.65). To prove the remaining estimates we
define a function x : I'[a,b] — [0, 00), which can be used to bound the derivatives of Sy
below and above. To this end note that by the assumptions 1. — 3. for ¢) in Theorem 2.3
there are constants ¢y, co > 0 such that

_ > /2, for (t,n) €T, 0< S <
o5t 5)q = /% er ) . (3.79)
< —cp/2, for(t,n)el, 1—c <S5<1,
O(t,n,8) > ¢y, for (t,n) €T, e <S<1—¢i. (3.80)

Here ¢y > 0 is the constant from assumption 3 in Theorem 2.3. Let

Vi = Tla,b NS5 ([0,c1)),
Vo = Tla,b]n Sy ([ec1,1—c1l),
Vs = Tla,b) NSy (1 —e,1]),

where S, ' (U) denotes the inverse image of a set U C R. Since S is continuous on I'[a, D],
since Sy vanishes on the surface I, = {(¢,7,{) | ¢ = a(t,n)} and since Sy is equal to 1
on the surface I, = {(¢,n,¢) | ¢ = b(t,n)}, it follows that I, C Vi, [, C V3 and that the
compact set Vo has a positive distance d; from I, Ul,. We now define x by

%)(C - a(tv 77))7 (tﬂ% C) € V17
x(t,1,¢) = ¢ V2e, (t,n.¢) € Va, (3.81)
%O(b(tﬂ?) - C.:)a (t7777C) € Vé

With this function we can bound the derivatives of Sy. Namely, there are constants
Cy,...,C3 such that on I'[a, ]

X < 55 < Cix, (3.82)
\(%So\ S CQX, ’VnSO‘ S ng. (3.83)
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To see this observe that (3.79) and the differential equation (2.50) together imply

> 00/2? (tv 1, C) € Vl
< _00/27 (tﬂ?, C) € ‘/E’)

If we integrate these inequalities, use that S|(¢,n,a(t,n)) = S,(t,n,b(t,n)) = 0, which
holds by (2.69), and note the definition of x in (3.81), we see that S can be bounded
below by x on V; U V3. That Sj can be bounded below by x on V5 follows from (3.80)
and the differential equation (2.66), which together yield

So(t,n,¢) > V2c2 = x(t,n,¢),  for (t,n,¢) € Va.

To prove that S{, can be bounded above by Cx with a sufficiently large constant Cy it
suffices to remark that Sj is continuously differentiable, by Theorem 2.3, which implies
that S( is uniformly Lipschitz continuous, and that S{, vanishes on I, Ul,. This proves
(3.82).

Equation (3.83) follows by the same reasoning as in the proof of the second inequality
in (3.82), since %So and V,Sp are continuously differentiable on the compact set I'[a, b]
and vanish on [, U, by (2.70).

After these preparations we can prove (3.75) — (3.78). The estimate (3.75) follows
immediately from (3.82) and (3.83), which yield

8150
S

So(t,m,¢) {

C A
<LX:K2'
X

To prove (3.76) define ¢4 = supp, 4 [S1]. Then (3.65) and (3.82) imply for all (¢,z) € I'[v]
that
v\ (t,x) — ey < BeSW(t,2) < w20 x(t,x) + e, (3.84)

where x(t,z) = x(t,n, ﬁ), as usual. Moreover, since by (3.30)

vl—‘ 5 )a

S(V) (ta SL’) = AT(tv m, g)vn (SO + Vl/ZSl) (t, m, m

¢
we obtain from (3.83) that
Vr S (t,2)| < Cax(t,z) + csv'/?, (3.85)
2
with suitable constants Cy, c5 > 0. Now choose vy < (ﬁ\/262> and set
k= 4% . (3.86)

The definition of x in (3.81) then yields for 0 < v < 1 and for ¢ satisfying a(t,n)+kv'/? <
¢ < b(t,n) — kv'/? that

1
SX(t,1,¢) cav'?,

which is equivalent to x(t,x) > cq!/? for all (t,x) € Ty[v], by definition of T'y[r] in
(2.88). Combination of this inequality with (3.84) yields

1
1/1/2855’(”) > 5 max (x, 041/1/2), on I'y[v]. (3.87)
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From this estimate and from (3.85) we conclude that

Cyx + csvt/?
max (x, cav'/?)

Vr,S®) R
’ Le < Ky, (3.88)

1/1/2855(”)

on T'i[v]. This is (3.76) with K3 = 2(Cy + £) and k defined in (3.86).
To prove (3.77) note that x defined in (3.81) vanishes on I, U [, and grows linearly
with slope d¢x = £% on the set V3 U V3, which is a neighborhood of I, U, relative to

Ila,b]. Therefore x(t,z) = x(t,n, ﬁ) grows linearly with slope

Dex = +— (3.89)

2 1/2

on the set ¢
U[V} - {(tanag) | (tanv m) € Vl UVES} g F[V]

Since Vi U V3 contains all points (¢,7,¢) with min ({ — a(t,n),b(t,n) — ¢) < di, where
d; is the distance of V3 from [, Ulp, it follows that U[v] contains all points (¢,7,§) with
min (¢ — v2a(t,m), v ?b(t,n) — §) < v1/2d;. Using this relation and the definition of
I'k[v] and T[v] in (2.88), we see that if we choose vy > 0 sufficiently small such that

kvy!? < dy,
then we have T'y[v] C U[v] for all 0 < v < 1. Consequently, (3.89) holds on T'y[v], which

together with (2.88) implies that y < k% v'/2 on T'4[v]. Using this and (3.84), (3.85), we
compute

V25W)] = \/(0e50))2 + | Vi SO)[2 < 5 + [V 5@
< v 2Cix(t, ) + ea+ Cax(t,x) + esv'/? < C1k%0 +c6 = Ky,
which is the first estimate in (3.77). The estimate for 9;,S*) in (3.77) is proved in the

same way using (3.59).
To prove (3.78) we note that on the set T'y[v] we have 9;S™) > 0, by (3.87), whence

ViSO
12— 5,5 Vre
V250 = /(06502 + |Vr SO[2 = 05 1+< 550 )

On the set I'x[v] we thus infer from the mean value theorem and from (3.76) that

2
1 1 Vr,SW
_ v) _ = (v) 3
|V S | aﬁs 2855 \VFES(")| 2 ( 855(V)

1
< 29:SWVK3 < 2L K K32,

[\

where 0 < ¢ < 1 is suitable. To get the last estimate we employed (3.74). This proves
(3.78) with K5 = %KlKg and completes the proof of Lemma 3.7. [ |
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Lemma 3.8 Let f € C3(R,R) satisfy f'(r) > c¢1 > 0 for allr € R and let ¢, € C*(T[v])
satisfy (2.58). For (t,n,() € I'la,b] let d denote the distance of ¢ to the boundary of the
interval [a(t,n),b(t,n)]. Then fori=1,2

; OrSopy K.id™%, on Iy vla, b],
Vil & A1 N o < —(i-1),,~1/2 = (3.90)
f'(n-[CIn)S| Kid v=2 on Ty, la,b],
9 8t50<,01, < sz_l, on Fk7l,[a, b], (3 91)
' f'(n-[Cn)S} = | Ko Y2, on Ty, la,b]. .

Proof: Let 7, 72 be orthogonal unit tangent vectors to I'. Then we have

o (%50 _ 9n0So S0 0r(f'5)
BV /'S So (f1)28
o 5 00 _ Or0n0iSe  0r0:S00r, ('Sy) + Or, (91500 (f'S0))

Tj T f/S(I) flS(/) (f/5’6>2

S Or, (1"5)0r; (£Sp)

S (P

Since Sy, Sy € C3(I'[a,b]), by Theorem 2.3, and since by assumption f’ > ¢; > 0, we

infer from these equations and from (3.75) and (3.82) that on I'y , [a, b] the inequalities

So ISo

—1
8Tif,7516 S Cld ) 87'1'87']'](1/75,6

+3

< ng_2

hold. Using Leibniz’ rule, we obtain (3.90) by combination of these inequalities with the
estimates for the derivatives of ¢, stated in (2.58). The estimate (3.91) is proved in the
same manner. We leave this proof to the reader. [

4 Asymptotic solution for the Allen-Cahn model

In this section we construct a family (u(“) ,TW S (”)) of asymptotic solution of first order
to the rescaled Allen-Cahn model (1.20) — (1.22) for u — 0. Section 4.1 contains the
construction of this family, the main results are stated in Section 4.2. In particular, the
estimate for the residue, with which the asymptotic solutions satisfy the model equations,
is stated in Theorem 4.3. The proofs of the main results are given in Section 5.

Though our construction of the asymptotic solutions follows the well known proce-
dure, we give not only the formal inner and outer asymptotic expansions, but a complete
proof of the residue estimate. We hope that this is justified, since, as discussed in the
introduction, to compare the Allen-Cahn and hybrid model we need to know the behavior
of the asymptotic solution and of the residue not only with respect to the parameter p,
but also with respect to the parameter A\. The behavior of the asymptotic solution with
respect to this second parameter is not usually discussed in investigations of phase field
models containing the Allen-Cahn equation.

Our investigations are general also with respect to the constitituve function f in
(1.22), which can be nonlinear. It will be seen that differently from the hybrid model,
the nonlinearity f in the evolution equation for the order parameter in the Allen-Cahn
model and the nonlinearity ¢ in the sharp interface limit problem are not the same, but
are connected by an integral operator.
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The notations used in this and the following section are similar to the notations in
the previous sections, but do not always coincide.
4.1 Construction of the asymptotic solution of first order

The construction of the asymptotic solution is based on a given solution of the sharp
interface model

—div,T = b, (4.1)

T = D(e(Vya)—zS), (4.2)

s = g(n' [C’]n—k)\l/zcmp), (4.3)

[ =0, (4.4)

[T]n = 0, (4.5)

where kp(t,z) denotes twice the mean curvature of the phase interface I'(¢) at = € T'(¢)

and where the constant ¢; > 0 is given by (1.27). The function g : R — R depends on
the constitutive function f and on the double well potential ¢ in (1.22). It is defined as
follows. We assume that f : R — R is strictly increasing and that 1[1(7“) > 0 for all » € R.
For simplicity assume that f is surjective, hence the inverse f~! is defined on all of R.
Define the inverse g~ : R — R of g by

[ o« (1)

Note that ¢g~! is strictly increasing since f~! is strictly increasing, whence the inverse
g of g7! exists. From (4.6) we see immediately that if f is equal to the linear function
(1.25), then the kinetic relation (4.3) takes the form (1.26).

In the following we assume that (4,7, S,T) is solution of (4.1) — (4.5), which has the
regularity properties stated in the following assumption. As in Section 2.2 we denote by
~ the set of all (t,z) € Q \ T with S(,z) = 0 and by + is the set of all (t,z) € Q\ T
with S(¢,2) = 1. This implies that Q \I' =y U~'.

Assumption C. Let I' be a three-dimensional C*-manifold embedded in @, such that
the set T" is a compact subset of @) and the two—dimensional manifold I'(¢) does not have
a boundary for every ¢ € [t1,?2]. Suppose that the function (u, T ) belongs to the space
CHyU~) x C3(yU~') and that the derivatives of @ up to order four and the derivatives
of T' up to order three have continuous extensions from ~v to yUT and from v to v UT.

Now we can state the ansatz for the asymptotic solution (u(®), W) S®H)) of (1.20) —
(1.22). To this end let the set U C @ and the mapping (¢,7,&) — (t,z) : T' x (=4§,0) = U
be defined by (2.6). With u* given in (2.19) and £ given in (2.18) define the function
v:U — R by

at,x) = u*(t,n)ET +v(t, ), (4.7)
where (t,7,€) are the new coordinates of the point (¢,2) € Y. Then it follows as in
Lemma 2.2 that for i +j < 3 and i + j + [ < 4 the derivatives (%V%g(?év exist in v U~

and are bounded and continuous. For ¢4+ 7 < 3 and [ < 1 these derivatives can be joined
continuously across I', whence these derivatives exist in () and are continuous.
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With ¢ € C°((—2,2))) satisfying
b(r)=1, for|r] <1.

and with a constant a > 0, which will be fixed later, we set

SWt,e) = s, x)qg(aig)+S§“)(t,x)<1—¢3(L)>, (4.8)

[(uA)Y/2 Iy [(uA)/2 Iy
() T 2 ag (1) o ag
Wt r) = Wl x)qﬁ(‘(w)m]w’) +ulf (t,x)(1 ¢(’(MA)1/2IHM|)), (4.9)
TW(t,z) = D(e(VoulM(t,z)) —ESW(t, ), (4.10)
where
SW(t,z) = SO(L) +ut28) (t L) (4.11)
b (uA)1/? U (uA)R Y ‘
St a) = S(t,w)+ p! 28 (t @) + pSalt, @), (4.12)
ugﬂ)(t,x) = (uN) Yt 77’(;1)\6)1/2) +vu(t, ), (4.13)
WWitx) = alt,x) + p 2 (¢, ), (4.14)
with C
w(t.n.¢) =u'(t.) [ Solo)av. (4.15)
We also use the notation
T (t,2) = D(e(Voul) —28™),  fori=1,2. (4.16)
We partition () into the three sets
A)(1/2)]
Al = {ng cu g < WY (4.17)
/2) (1/2)
Laln Al = {(tng) cur| WREEIOOL g o GATEIMGOTY, -y 1
Lolu, A] = Q\ (Tilu, U T [ A])- (4.19)

From (4.8) and (4.9) we see that in the inner region I';[u, ] the ansatz for S® and
(1) (1) ) and u( ). In the

u™ reduces to 5" and uy"’, and in the outer region I's[u, A] to Sé“
matching region I';, [u, A] the expression SYL ) must be matched with Sé " and u(“ ) must

be matched with ug“ ). To find differential equations for the unknown functions Sy and

Sp in (4.11) we insert u(“) Tl(“), S§”) into the equations (1.20) — (1.22), expand both
sides of these equations into a truncated series of powers of © and equate the coefficients.
This calculation is carried out carefully in Section 5.2. If we set ( = %/2 and write w’,

(uA)

w” for dcw, 8?11), we obtain from this calculation the recursively solvable system

¥'(S0(Q) = 85(0) = 0, (4.20)
&II(SO(C))SI(tﬂ%C)_Sil(t7n7<) = Fl(t7n7C)7 (421)
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with the right hand side

Fi(t,n, ) = : [T)(t,m) So(C) + & : Tt m) = X2k (£, m)S0() + £ (s(t,m)Sp(0),
(4.22)
where s(¢,7) denotes the normal speed of I' determined by (4.3). To see for what values

of (t,m,¢) the differential equations (4.20), (4.21) must be satisfied, note that SYL) con-

tributes to S only on the domain I';[u, ] U 'y, [, A]; the point (¢,7, &) belongs to this
lag]
[(uA) /2 1n p

(4.20) and (4.21) hold for (t,n,¢) € T' x [—2|Inpul, 2|Inpu|]. Yet, since we consider the
limit g — 0, the differential equations must hold on the union of these domains, which
isI' x R.

To find equations for the unknown functions S;, So and 4 in (4.12) and (4.14) we
insert u( ) T(”) and S( " into (1.20) — (1.22) and equate the coefficients of powers of
. This computatlon also carried out in Section 5.2, shows that the unknown functions
together with a function T) must satisfy the system

domain if < 2. This would imply that it suffices that the differential equations

—div,T} = 0, (4.23)

Ty = D(e(Vain) —ES), (4.24)

~T:5+4"(9)S; = 0, (4.25)

st B E)% = 0 (1.26)

To see for what (¢, x) these equations must hold, observe that Sé“ ) and ué“ ) contribute

to S and to u(® only on the set @ \ I';[u, ], hence (4.23) — (4.26) must hold on this
set. Yet, since this must be true for all sufficiently small p > 0, these equations must
hold on the union (. (@\Tilp,A]) =y U~

The equations (4.20) — (4.26) must be supplemented by boundary conditions and by
conditions at infinity. These conditions are consequences of the matching conditions. To
see what conditions are necessary, observe that since T is known from the sharp interface
problem and since S is the characteristic function of the set ~/, (4.25) is an algebraic
equation for Sy, which yields

Si(t,z) =

e: Tt
< (4.27)

w"( (t,2))

Therefore Sy is known. Using this, we conclude from the requirement that SYL ) and Sé“ )
match in the domain I'y, [, A] that Sp and S must satisfy

Jim So(¢) =0, lim So(¢) = 1, (4.28)
. ae) _2:70(t,n)
CEIEIOO 51(15,777 C) = Sl (75»77) = w,,(o) ) (429)
. &+ E: T+(t 77)
CETOO S1(t,m,¢) =Sy (tn) = o (4.30)

As we shall show, the functions Sy and S7 can be determined from the differential equa-
tions (4.20), (4.21) and from the conditions (4.28) — (4.30) at infinity.
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Since S; is known, for every t € [t1,ts] the equations (4.23) and (4.24) form an
elliptic system for the unknown functions #; and 7} in the disjoint sets v(t) and in ~/ ().
To determine these functions uniquely we therefore need boundary conditions posed on
0v(t) = T'(t) U9Q and on 94/'(t) = I'(t). On I'(¢) such conditions are yielded by the
requirement that ()\,u)l/zu*S(()_l) + v and @ + p'/?4; must match in T, [p, A]. It will be
seen that the resulting conditions are

W) = AVt ) /OO(SO(C)—1+)dC, (4.31)

@t = o, (4.32)

for n € T'(t). We also require that

i, = 0. (4.33)

(4.31) is the Dirichlet boundary condition for the elliptic system in 7/(¢), whereas (4.32)
and (4.33) together define the Dirichlet boundary condition for the system in the domain
7(t). The standard existence theory for the linear elliptic system (4.23), (4.24) shows
that there is a unique solution (i1, 7)) of this system to the function S; given by (4.27)
and to the boundary conditions (4.31) — (4.33). Therefore @, T} are known by now.
Finally, (4.26) is an algebraic equation for the function Sy and can be solved for this
function, since all other functions in this equation have been determined already.

4.2 Main theorems

The preceding considerations show that all unknown functions in the ansatz (4.8) — (4.15)

can be determined from the differential equations and the matching conditions, if the

boundary value problems for the differential equations (4.20) and (4.21) can be solved.

The next two theorems provide existence results for these boundary value problems.
Consider the initial boundary value problem

- 1
SH(E) = V25560, 50(0) = 5.
By differentiation of the first order differential equation we see immediately that a two
times differentiable solution is also a solution of (4.15). To solve the boundary value

problem (4.20), (4.28) it therefore suffices to study this problem. We have
Theorem 4.1 Assume that i) € C3([0,1],R) satisfies

O(r )>0 for0O<r<1, (4.35)
O(r) =49 (r) =0, forr=0,1, (4.36)

a = min {\/ P"(0),1/ 9" (1 } > 0. (4.37)

Then there is a unique solution Sy € C*(R,(0,1)) of the initial value problem (4.34).
This solution is strictly increasing and satisfies (4.20) and (4.28). Moreover, there are
constants K1, ..., K3 > 0 such that

(4.34)

0< So(¢) < Krem ¢l — o< (<0, (4.38)
1 — Koe ™ < Sp(¢) <1, 0<¢< o0, (4.39)
10°S0(¢)| < Kze™ ¢!, —co< (<00, i=1,...,4. (4.40)
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This theorem follows immediately from the standard theory of ordinary differential equa-
tions, and we omit the proof.

Theorem 4.2 Assume that 1 belongs to C*([0,1],R) and satisfies the assumptions (4.35)
~ (4.37), that f~' exists and belongs to the space C*(R,R), that f(0) = 0 and that g
defined by (4.6) belongs to C*(R,R). Suppose that (4., T,S,T) solves (4.1) — (4.5) and
satisfies Assumption C. Let Sy be the solution of the boundary value problem (4.20),
(4.28). Then for every (t,n) € I' there is a unique solution ¢ — S1(t,n,¢) : R = R of the
boundary value problem (4.21), (4.29), (4.30) with Fy given by (4.22), which is orthogonal
to the function S:

/_ 81t 0, O)SH(C)dC = 0. (4.41)

S1 belongs to the space C*(I' x R). Moreover, with a defined in (4.37) there are constants
Ky ...Ky4 such that

DG noyStllemxry < Ki, ol <2. (4.42)
g7 H)(¢, Y
‘51(75’777 C) - 1/},,((1)?7)} =~ K2€ Ca (t7777 C) € F X [07 00)7 (443)
T (4, _a
‘51(75’777 C) - 1/},,((0)?7)} = K3€ Ca (t>777 C) € ' x (—OO, 0]7 (444)
081 (8,0, Q)| < Kae™ ™l (£,1,¢) €T xR, i=1,2. (4.45)
100 S1(t,m, O V0 Si(t,m,O)l < Kse ! (£,n,() €T x R. (4.46)

Before we prove this theorem in Section 5.1, we state the main results of this section in
the following theorem and corollary:

Theorem 4.3 Let the assumptions for 1[1 and f in Theorem 4.1 and Theorem 4.2 be
satisfied. Assume in addition that f is Lipschitz continuous. Let (1, T, 5', ') be a solution
of (4.1) — (4.5) satisfying Assumption C. Let S, u®) and TW be defined by (4.8) —
(4.15) with the functions Sp, S1 given in Theorems 4.1 and 4.2 and with the constant a
defined by (4.37).

Then the function (u), TW SW) belongs to the space C*(Q) x CH(Q) x C*(Q),
satisfies equation (1.21) identically and (1.20), (1.22) asymptotically for p — 0. More
precisely, let 1 > pg > 0 and Ag > 0 be fixed. Then there are constants K1, ..., K4 such
that for all p € (0, uol, A € (0, Ao]

[divaT™ + bl oo (r, puaor )y < A~ V2K1, (4.47)
[ divaT™ + bl poo(r, ) < K2, (4.48)
() 1 L sy — 2 A g
Hst +(u)\)1/2f<WS+M1/2¢(S ) H =3 )HLOO(Fi[u,A}UFm[u,A])
<|lnp|AV2Ks,  (4.49)
(1) 1 L gy _ 2 g
Hst +(u)\)1/2f<W5+M1/2¢(S ) = AR )HLOO(FO[H,)\])
< pPATPKy, (4.50)

where Wg = Wg(a(u(”)), S(”)).
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The proof of this theorem is given in Section 5.2.

The definitions (4.17) and (4.18) imply that there is a constant K5 such that
meas (T (11, A] U T [, A]) < (uA)Y2] In | K.
This estimate and Theorem 4.3 immediately yield

Corollary 4.4 There are constants Kg, K7 > 0 such that for all y, A >0

[ diva T + bl 11y < |Inp 12K, (4.51)
HS(“) + #fO/VS + L&’(s(u)) _ ul/Q)\AIS(“))’ < |Inpl? (H)1/2K7'
t (M)\)I/Q M1/2 LNQ) ~ A

(4.52)

Remarks. We call (u(“), TW, S (“)) asymptotic solution of first order, since the error, up
to which the equations (1.20) and (1.22) are satisfied, tends to zero in the L'-norm with
the order |In u!zul/ 2 for u — 0. Here we follow the terminology introduced in Section 2.

The right hand sides of the equations (4.47) — (4.52) do not tend to zero for A — 0. We
can understand the dependence of solutions of the Allen-Cahn model on the parameter
A, if with a solution (u,T’,S) of (1.20) — (1.22) we introduce the functions

u

(a,T,9)(t,z) = (m,

T,8) (A2, A 22),  b(t,z) = AY2b(AY24, A/2),

These functions satisfy the Allen-Cahn system

—div,T = b,
T = D(e(Vyu)—z9),
5 1 L L s 120 &
hS = —mf(—E'T‘FWW(S)—M/AxS),

1
N2
system. If we denote the level surface {S = £} by I and if xv is twice the mean curvature

of TV, then IV = )\11/2 I is the level surface {S = 1} with twice the mean curvature rp, =

in the scaled domain Q) = Q). The parameter A\ has been transformed away in this

M/2kps. Therefore the “curvature” of the diffusive interface for the transformed system
tends to zero with the order A/2. From this we can understand why the coefficient of the
curvature term in the kinetic relation (4.3), which by our asymptotic results determines
the speed of the level surface I within the diffusive interface, is proportional to A\!/2.

5 Proof of the main theorems from Section 4

5.1 Proof of Theorem 4.2
Choose ¢ € C*°(R) such that
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and define

e: T () £: 70 (t,n) a

t,n,C) = = + = - . 5.1
o(t,n,¢) ) ©(¢) 710) ©(¢)) (5.1)
For the solution of (4.21), (4.29), (4.30) we make the ansatz

Si(t,n, ¢) = w(t,n, ) + elt,n, C). (5:2)

Insertion of this ansatz into (4.21) shows that w must satisfy the differential equation

" (So(O))w() = Bw(C) = Fa(t,n,) + Fa(t 0, C), (5:3)
for all ¢ € R, where F} is given in (4.22) and where
Fy = —(4"(S0) — %)e. (5.4)

Comparison of (5.1), (5.2) and (4.29), (4.30) show that w must also satisfy

lim w(t,n,¢) =0. (5.5)

(—Foo

We apply the L?-theory of linear selfadjoint differential operators on R to the symmetric
operator 9" (Sy) — 8? to show that a solution w of the boundary value problem (5.3),
(5.5) exists. Sp given by (5.2) will then solve (4.21), (4.29), (4.30). To apply this theory
it must be shown that the right hand side F} + F, belongs to L?(R). Since the operator
V"(So) — 8? has a non-zero kernel, as will be seen, we must also show that F} + Fy is
orthogonal to this kernel.

We first show that the function F} + F belongs to C?(I' x R) and decays exponentially
for ¢ — 00, which of course implies that (( — (Fy + F2)(t,1,¢)) € L*(R). To this end
note that insertion of [7'] = 7H) — T(-) into (4.22) yields

A~

Fi(t,n,¢) = 2:TE(t,n)So(Q) +2: TO(t,n) (1 — So(())
— M2kp(t,m)S5(C) + £ (s(t,m)S6(€))-

Therefore we can decompose F; + F5 in the form

Fi+Fy= ilj, (5.6)

j=1

with

L = fYsSh) —AV2kpS), (5.7)
I = E:T(Jr)(So—%/ﬁ(gO))cp), (5.8)
(e >—1f;,fg°)>< o) (59)

ol
= C&fii))@”_g@%))) ' (10
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We investigate everyone of the terms Iy,..., 14 separately. To study [;, note that by
Assumption C we have that the curvature kr and the normal vector field n are two-times
continuously differentiable on I'. The same is true for [C]. This follows from Assump-
tion C and from the definitions of the Eshelby tensor C in (1.19) and of ¢ in (1.11).
Hence the argument of the function g in (4.3) is two-times continuously differentiable on
I'. Since by assumption g € C%(R), we conclude from (4.3) that s € C?(I',R). Using
that by Theorem 4.1 the function Sy is four times differentiable and that f~! € C%(R),
we therefore obtain from (5.7) that I; € C?(I' x R). If we use that f~1(0) = 0 and apply
the mean value theorem to f~1, we also obtain from (5.7) and (4.40) that

I (t,m, )] < Ke™cl, (5.11)

with a suitable constant K > 0, which can be chosen independent of ¢t and 7. To study
I, remember that by assumption ¢” is infinitely differentiable and has compact support
contained in [—1, 1] and that 7 7(=) € C*(T"). From (5.10) we thus get

I € C*(T xR), It,n,¢)=0 for|¢|>1. (5.12)

Since by assumption 1) € C* we conclude from (5.8) by a similar reasoning that Iy €
C?(T' x R). To study the behavior of Iy for ¢ — 400, note that the mean value theorem
yields R R
4" (S0(¢)) — 4" (1)]
(1)
with a suitable constant K > 0. Since ¢ = 1 on [1,00), we infer from this inequality and
from (4.39) that for ¢ > 1

< K[So(¢) — 1],

A// Sn) — W 1

1+¢(0A)” ¢()) )‘
P(1)

< [E:TH(1S) — 1]+ K[So —1]) < K'Kope ¢l (5.13)

L] = ‘E:T(H (1+(So—1)—(

where the constants K’ and Ky are independent of (¢,7). Since ¢ =0 on (—o0, —1], we
see from (4.38) and (5.8) that the estimate (5.13) holds for all { € R. In the same way
we see that I3 € C?(I' x R) and that

|I3] < Ke~9¢l ¢ eR. (5.14)

Therefore everyone of the terms Iy, .. ., I belongs to C?(T' x R). From (5.6) and (5.11) —
(5.14) we thus conclude that F} + Fy € C?(I' x R) and that Fy + Fy decays exponentially,
as we stated:

(Fy+ Fo)(t,n, Q)| < Ke ¢, for all (t,1,¢) €T x R, (5.15)

where K is independent of (¢,7, (). R
To show that the kernel of the operator " (Sy) — 82 is non-zero it suffices to differ-
entiate (4.20), which yields )
"(S0) Sy — 95y = 0.

Since S| decays to zero exponentially for ¢ — £oo, by (4.40), it follows that Sj, is an
eigenfunction of the boundary value problem (5.3), (5.5) to the eigenvalue 0. From the
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theory of ordinary differential equations we know that the eigenspace is one-dimensional.
Therefore this boundary value problem has a solution w if the right hand side F; + Fb
of (5.3) is orthogonal to the eigenfunction Sj. To verify that F; + F, satisfies this
orthogonality condition note first that since S{ decays exponentially we obtain from
(5.4) by partial integration

| sipdc =~ [ sy@(s0) - jed = [ (@S0 - B)S)edc =0. (5.10)

Furthermore, the definition of F} in (4.22) and the differential equation (4.34) yield

/ SHhEy d¢
= / g [T]90Sh +2: TSl — AN 2kp () + £ (s5h)Sh d¢
- Y O poN ke

+ /Z <—)\1/2/im/21ﬁ(50) + 71 (s\/20(So) )) Spd¢
= %g; (1) +z:7C) —)\1/2/61"/01\/2121(7‘) dr+/01 f‘l(sx/%@(r))dr

= —n-[Cln—AY2¢cikr + g7 (s) = 0. (5.17)

To get the second last equality sign we employed (1.27) and (4.6). We also used (2.30),
which implies

1 A

5é:[T]+§:T(—>:

~ ~ A~

2: (T + 7)) =2 (T) = —n - [C]n.

N

The last equality sign in (5.17) is a consequence of (4.3).

(5.16) and (5.17) imply that the right hand side of (5.3) is orthogonal to S. Hence
there is a solution w(t,n,-) € L?(R) of the boundary value problem (5.3), (5.5). All
solutions are obtained by adding multiples of the eigenfunction Sj) to w. In particular,
we can select a suitable coefficient function a(t,n) such that w(t,n,-) + a(t,1)Sy(-) is
orthogonal to Sj, for all (¢,n7) € I'. We denote this modified solution again by w. This
solution satisfies

0tw(t,n,¢)| < Ke I, forall (t,7,{) eI x Rand i=0,...,2, (5.18)

with K independent of (¢,7,() and with a defined in (4.37). This follows by standard
techniques for linear ordinary differential equations, using that the coefficient function
" (Sp) in the differential equation (5.3) satisfies

lim ¢ (So(¢)) =¢"(1) > a® >0, lim ¢"(S(¢)) = ¥"(0) > a® >0,

({—o0 (——0o0
and that the right hand side of this differential equation satisfies the exponential estimate
(5.15). Moreover, since I} + F» belongs to the space C?(I'xR), we know from the standard

theory of eigenspaces of parameter dependent self adjoint differential operators [36] that
also w € C?(T' x R) and that w is bounded in C?(I" x R). From the definition of p in
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(5.1) and from the properties of w, which we have verified by now, we immediately see
that the function S; defined by (5.2) solves (4.21), (4.29), (4.30), belongs to C?(T' x R)
and satisfies the estimate (4.42). The exponential estimates (4.43) — (4.45) are immediate
consequences of (5.1) and (5.18). To prove (4.46) note that by (5.1) and (5.4) the functions
0:0¢p and 0;0¢F» vanish for |(| > 1. By differentiation of (5.3) we see that d;0;w is a
solution of the linear differential equation

&,(SO(O)ataﬁw(o_agatacw(o = ataCFl (tv 7, C)+8ta{F2(t7 m, C)_")E,”(SO)Séatw' (519)
For the right hand side of this equation we have
100 Py (1,1, C) + 00 Fa(t, 1, €) — " (S0) Sydiw| < Ke L. (5.20)

To show this note that w is bounded in C?(T' x R), hence d,w is bounded. If we differ-
entiate (4.22) and use (4.40) we thus obtain

1010 Fy(t,m, ) — 9" (S0)Shdsw| < Ke™ ¢!,

which implies (5.20), since F» vanishes for |(| > 1. Thus, (5.19) is a differential equation
of the same type as (5.3) with an exponentially decaying right hand side. Therefore
similar arguments as in the proof of (5.18) yield |9;0;w| < Ke~l¢l. This inequality and
(5.2) together imply the estimate for 0,0,51 in (4.46), again using that 0;0;p vanishes
for [(| > 1. The corresponding estimate for V,0;S1 in (4.46) is proved in the same way.

To assure that (4.41) holds, we can add a multiple of S to S;. Since S, satisfies
(4.40), the new function, which we again denote by S, has all the properties, which we
just verified for S;. The proof is complete. [

5.2 Proof of Theorem 4.3

To prove this theorem we compute in Section 5.2.1 an asymptotic expansion for the term
div,T™" + b in powers of ,ul/ 2. In Section 5.2.2 we derive such expansions for the term
St + (;M)_l/zf(Ws + #11/2 W — ul/Q)\AzS). The leading terms in these latter expansions
vanish if (4.20), (4.21) and (4.25), (4.26) hold, for the higher order terms we derive
estimates. In Section 5.2.3 we prove auxiliary estimates, which are needed to verify the
inequalities (4.47) and (4.49) in the matching region I';,[i, A]. Finally, in Section 5.2.4

we put all these results together to finish the proof of the inequalities (4.47) — (4.50).

5.2.1 Asymptotic expansion for div,TW + b

In the following we use the notation

To(t,¢) = D(=(u(tm) @ nt,m) — =) So(C)- (5:21)
From (2.22) we see that To(t,n,¢) = [T](t,7)So(C).

Lemma 5.1 Assume that (ugu),Ti(“), SZ-(“)) is given by (4.11) — (4.16) fori=1,2, let Tj
be defined by (5.21) and set (T = ﬁ, with £ defined in (2.18). Then we have in
Q\T that

T =T+ Ty — uDeSs, (5.22)
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and in U that
T = [T]5+ (u\)/*De(Vru*)Ct + De(V,v), (5.23)

T = Ty +u2D(A\2e(Vrup) —851) + De(Vypv),  (5.24)

WS(E(qug“)), S%”)) = —E: Tl(”)
= —:[T]So — o1 — p'/*8 : D(\Y?e(Vr,uo) —E51), (5.25)
where o1(t,z) = : De(Vyu(t, z)).
Proof: We insert (4.12) and (4.14) into (4.16) to obtain
TQ(“) = D(s(VI(ﬂ + u1/2711)) — (S + u'/?8, + u§2)>
= D(e(Vt) — Eg) + ,ul/QD(s(Vxﬁl) - 55’1) — uDES, .

(5.22) is a consequence of this equation and of (4.2), (4.24). To prove (5.23) we insert
(4.7) into (4.2) and remember (2.11). This yields

T = D(e(Va(u'eh) + V) —E9)
= D(a(u* @noet + (m)l/?vpgu*g*) — ?S‘) + De(V ).

We use that de£+ = 17 = § and employ (2.22) to obtain (5.23). Similarly, insertion of
(4.11) and (4.13) into (4.16) yields

Tl(“) = D(s((uk)lﬂvxuo + Vav) —&(So + ,u1/251))
= D(E(@CUO ®n+ (u)\)l/2vp§uo) — &S5 — u1/2€S1) + De(Vyv).
We use (4.15), which yields dcup = u*Sp, and employ (5.21) to get (5.24). Equation

(5.25) is a direct consequence of (1.24) and (5.24). |
Corollary 5.2 We have
(div, T +b)(t,2) = —pdive(DeSh),  in Q\T, (5.26)
(diveT{" +b)(t.0.8) = Rawan(p,t,n.€),  inld, (5.27)
where

Riv+b = diVFg [T](SO — S) + /L1/2divggl)</\1/2<€(VFE (u() - U*C+)) — ?Sl). (5.28)

Proof: (5.26) is an immediate consequence of (5.22), (4.1) and (4.23). To prove (5.27)
we conclude from (4.1) that

div, T + b = div, (T — 7). (5.29)

Since Ty = [1]So, we obtain from (5.23) and (5.24) for the difference on the right hand
side of this equation that

TW _ 7 = [T](So — S) + Ml/QD()‘l/Qg(vFg (o —w¢™)) — 551)

(5.27) results by insertion of this equation into (5.29) and by noting that (2.12) and (4.5)
together yield

div, ([T](So — S)) = 9¢(So — 9)[Tn + divr [T](So — S) = divr[T](So — S).
This completes the proof of the corollary. [
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5.2.2 Asymptotic expansions and estimates for S; + (u\)~V/2f

To prove the inequalities (4.49) and (4.50) we need estimates for the term S(“ )
(,uA)_l/Qf(WS + %/2772/ — uM2AA S(“)) on the left hand sides of these inequalities with

(u®, W) replaced by the function (ug 2 S%“ )) and by (us (e ), Ss (4 )), respectively, where

(“ ) and S (1) are defined in (4.11) — (4.14). These estimates are derived in this subsection.
The proof of the estimates is based on asymptotic expansions in powers of ul/ 2,
We begin by deriving the estimate for (ugu ), Sf“ )). Note first that

1
(uA)1/2

2| f<f_1(*(“)‘)1/25t5( )) +f(Ws + 1/27@ - MI/QAAISYL))‘
1
+

1 -
5" + F(Ws ! = wAas( )|

1/21;/ —ul/Q)\AxSw _ ffl( _ (,u)\)l/Zc‘)tSiu)) :

5]
(1)
(Mf)fl/z ’Ws (5.30)

where Ly > 0 denotes the Lipschitz constant of f. Here we used that by assumption
f(0) = 0. To estimate the absolute value term on the right hand side of this inequality
we derive an asymptotic expansion for this term and estimate the remainder term. To
this end we first observe that (3.45) is also valid in the present situation. This follows

from the definition of v in (4.7). From this equation and the mean value theorem we
obtain

01(75’7%5) =e: T(_)(t,ﬁ) + (01(7577775) - U(t’ 77’0)) =€: T(_)(t777) + U*(tvnaf)g'

Insertion of this equation into (5.25) yields
Ws (e(qugﬂ)), SYL)) = —: 1Sy —2:T) — 4! ?Ry | (5.31)
with the remainder term

Ry (t,0,€,C) = A2 (1,1, )¢ + 2 : D(A2e(Vrguo(t,m, ©)) = 2811, ).

Here we set ( = as always. Since ¢* is bounded on the neighborhood U of I and

since [(| < W for (t,n,€) € (Di[p, \) U T [u, A]), by (4.17) and (4.18), we see that if
we choose 1, A\g > 0 sufficiently small such that T';[ug, Ag] U Ty o, Ao] € U, then this
remainder term satisfies the estimate

2 1

for all € (0, uo], A € (0, o] and all (¢,71,&) € Ti[u, AU [w, N).
Next we use Taylor’s formula as in (3.48) to compute an expansion for (S§“ )) and

— + K2 , (532)

proceed as in (3.50) — (3.52) to derive an expansion of AISYL). The result is

1 .
LTS~ s

= 7 (¥/(50(0)) = SE(Q)) + (#(S0(0)$1(0) = (O + X 2we55(0))
+ /’Ll/QRd;/_A(M7)‘7t7 7775707 (533)
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with
1Ry Al A, 6,C)| = I”)(S + 9u'/28,) 53

2|1
+ M*@)csa X 2 51— Anr S| < 1, 2

+ Ky, (5.34)

for (M> )‘) € (07 MO] X (07 A0] and (t7777€) € Fz[:u'v A] U Fm[ua )\]
Equation (3.59), which also holds for Sf“ ) instead of S ) yields

(A28, (¢, €)
= (028U (4.0, €) — € Om(t,m) - VS (8.0, ) = s(t.m) ST (1. €) )
= —s(t,)SH(0) + 1 Ro, (1, A, £, €). (5.35)

The estimates (4.42) implies that there is a constant K5 such that for all (u, A) € (0, o] ¥
(0, Xo] and (t,m,€) € T'i[p, A] U Ty, i, A] the remainder term satisfies

|Ro, (11, M t,1,€)| = [ (uA) /2 (St — E0pn - VyS1) — sS7| < K. (5.36)
We apply the mean value theorem to f~! and obtain from (5.35), (5.36) that
F7H= N 0u81Y) = 7 (st mSH(Q) + W PR At €), (5.37)
with
Ry (i At 1, )] = |(f71) (885 — 9p'/* Ra,) Ra, (1, A t,, )| < K - (5.38)
Combination of (5.31), (5.33) and (5.37) results in the asymptotic expansion

Ws(a(VIugu)),S§”)) + 7&/(59)) _ Iul/z/\Axsiu) — Y- (,u)\)l/28t5§”))

= 7 (/50 - )

+ (0 (S0)81 = Y + A2 — 2 : [T — - TO) = £71(s85)))
+ u 2 (= Ry + Ry 5 — Ry). (5.39)

Corollary 5.3 If Sy and S satisfy (4.20), (4.21) with Fy given by (4.22), then

1 1
)@SY‘) + (MA)1/2f<WS(6(VZU§“)), Sy 4 Ww (s — ul/QAAmsf“)) ’
KL |Inp
< )\1/2|( RW+R A_Rf)|§/\1/g(’ | +1), (5.40)

for all p € (0, o], A € (0, 0] and (t,n,§) € Ii[u, \] U T, Al. Here Ly denotes the
Lipschitz constant of f.

Proof: If (4.20) and (4.21) hold, then the right hand side of (5.39) reduces to u'/?(— Ry +
N Ry). Consequently (5.40) follows by insertion of (5.39) into (5.30), noting the
estimates (5.32), (5.34) and (5.38). |
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To derive the estimate for the left hand side of (4.49) and (4.50) with (u(®), S()) replaced
by (uy () Sé”)) note that Ws(s(vmugﬂ)),sy)) = —E: TQ(“), by (1.24). From this equa-
tion and from (4.12), (5.22) we obtain by a straightforward computation using Taylor’s
theorem that in the domain v U~/

1 -
Ws(g(vxué )) S(M)) 1/2¢/(S§'u)) _ Iul/Z)\Axséu)

- bﬂ«& (), + (2 T+ (9)Ss +

+ pRy (1, A, t, ), (5.41)
where
Rl A 1,2) = 07(8) (Bud + 1125 33)
+ éww (S + 0281 + 152)) (St + 11/282)% — AAL(S1 + pt/2S5) + 2 : DS, .
Furthermore, since 9,5(t,z) = 0 for (¢,z) € (yU~'), we have in the domain v U~
8tS§“) = 9,(S + p/%81 + uSsy) = p'?Ry(p, t, ), (5.42)

where Ro(p,t,z) = 8;51 + p'/2S,. With these preparatory results we obtain

Corollary 5.4 Let Ly be the Lipschitz constant of f. If Sy and Sy satisfy (4.25) and
(4.26), then the inequality

1
154" + s (Ws(eVault), 57) + i (587) — s,
L
< 42 (|Ry |+)\1/2 IRi|) < 2»52]{’ (5.43)

holds for all p € (0, upl, A € (0, Xo] and all (t,z) € (vUY).

Proof: Observe that ¢/(S) = 0 in y U~/, since ¢/(0) = ¢/(1) = 0 and since S takes only
the values 0 or 1. Thus, if S; and Sy satisfy the equations (4.25) and (4.26), then the
right hand side of (5.41) reduces to pR;. From (5.41) and (5.42) we thus infer that the
left hand side of (5.43) is equal to |u'/2Ry + Wf(#Rlﬂ- This implies (5.43), since
Ry is bounded on (0, p0] x (0, o] X (yU~'), since Ry is bounded on (0, ug] x (yU~') and
since f(0) = 0. |

5.2.3 Auxiliary estimates

The following estimates are needed to prove (4.47) and (4.49) in the matching region
Lp[p, Al
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Lemma 5.5 The functions S%“), Sé“), ug“) and u deﬁned in (4.11) — (4.14) satisfy

1SM =S¥ oy < Kplnpl (5.44)
o la| 2=la|
IDE(SY) — SN | ooy < KA 2p 2, 1<la|<2, (5.45)
10 (S¥) = SYN) oo gy < EAV2ul? (5.46)
In p|A1/2
o — iy < AT (5.47)
Vo (™ = w8 | ey < K/, (5.48)
ITH =T oy < Kp?, (5.49)
D2V (1l — @)l oo parornpyy < Ko lal =1, (5.50)

for all u € (0, uol, A € (0, \o]. Here a denotes multi-indices.
Proof: To prove (5.44) note that

1S — SP| = 1So 4+ u'/281 — 5 — /28 — S,
150 — S| 4 /281 — S|+ p|Ss]. (5.51)

A

First we estimate the term |So— S|. By definition in (4.18) we have for (¢,1,£) € D[, Al
that | |
npl & | In g

o« =lGoyr'=

Since S(t,z) = S(£) = 11(€), we infer from (4.38), (4.39) and (5.52) that for (£,7,£) €
L[, A]
S

VR

(5.52)

’SO( — S(§)| < K; €7a|§/('u)‘)1/2| < K; ef|1n,u\ = Kj u. (553)
To estimate the term |S7 — S| we first consider (t,7,&) € I'y[u, Al with § > 0. Since by
assumption 7' is continuously differentiable on +/, we can use the mean value theorem
and (4.27), (5.52) to conclude that

€ 6:T(+)(t,n)‘

Ty

_ ‘? Tt 6) —E: T(“(t,n)’
(1)

This inequality, (4.43) and (5.52) together yield for such (¢, 7, &)

|‘S’1(t7777§) - Sl(t 7775)‘

‘gl(ta UR

< Balt, .6 <~ 200 .

T (t Tt
< s~ EE g - ET)
P(1) ¥(1)
< Kge ol&/N?] 4 122( A2 [1n g
Ko, 11/
< Kap+ —=(u) Z|Inpl. (5.54)
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The same estimate is obtained for (¢,7,&) € Iy, [, A] with & < 0 if we use (4.44) instead
of (4.43) in the proof. The inequality (5.44) follows by insertion of (5.53) and (5.54) into
(5.51).

To verify (5.45) observe that for 1 < |a| <2

DS — S| = [D2(So + p/28h) + DS + /28y + puSy)|
< |DSSo| + u'2|Dg S| + | DY () + p/25)]

< |DYSo| + u'?|Dg S| + p' P Ky (5.55)
To estimate the first term on the right hand side remember that Sy = Sp( Gt /2) We
thus infer from (4.40) and (5.52) that
¢ |a|
’DE‘SO(( 1/2 CZ 1/2 \845’0 9]
Ial
K5 2-lo
—|lny| 5
CZ 1,/2 € = Nzt 7o (5.56)

for (t,n,§) € Ty, A]. Moreover, the estimates (4.42), (4.45), (4.46) and (5.52) imply

\Dgsl(t,n,wf)m)\sc 3 W)Z/Q\vwcsl(tnc>|

1<i+j<|af

o]
2—|a

o—a / Kg
<Cl(1+z 1/2 /) 2') < )\|a\/2(1+ﬂ > ).

Combination of this estimate with (5.55) and (5.56) yields (5.45). Inequality (5.46) is
proved in the same way using that 9;S; = S;; + (u\)"Y/2¢ 0.S; and that & = —s, by

(3.63).
Next we prove (5.47). By (4.7) and (4.13) — (4.15) we have with ¢ = W
ug“) _ ugu) _ (/M)l/zu() Fo—a—u?a
(LX) ug 4 v — () Y20 ¢t — v — pt 20
¢
(/M)l/QU*/ (So(¥) — 17(9)) d9 — u"/?ay. (5.57)

Now consider (t,1,£) € Ty,[p, A] with £ < 0. Since 17 (9) = 0 for ¥ < 0, we infer from
(4.38) and (5.52) that

¢ ¢
it [ (So(0) - 17 @)do| < )| | Sola)ao
¢
< yu*(t,n)|/ Kie™ < Kye® < Koe /M1l = Ky, (5.58)
Furthermore, (4.18), (4.32) and the mean value theorem yield

[ (£, €)] = | (t,m,€) — @y ()| < R(t,m, €)[¢] < R(tﬂ%é) (APl (5.59)
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Since 'y, [, \] C U for all p € (0, uo] and X € (0, \o], it follows that R(t,n,§) < K3 for
all such p, A and (¢,1,€) € 'y, [u, A]. Combination of (5.57) — (5.59) yields

2
() = uf)(t,m, ] < 12N 2 Ky + pl I p N2 K (5.60)

for (t,n,£) € Ty, A] with € < 0. To study the case & > 0, we subtract and add the
term (uA)Y2u* [%2(So(9) — 17(¥9)) dd to the right hand side of (5.57). This yields

uf —ug? = —(uA)Pur /C (So(9) = 17(9)dv — '/ (i — a}),

where we also employed (4.31). Using the estimate (4.39) and the mean value theorem
we see that the estimate (5.60) also holds for (¢,7,£) € 'y, A] with € > 0. Inequality
(5.47) is a consequence of (5.60).

To prove (5.48) we infer from (5.57) with the splitting (2.11) of the gradient that

Vo (@l —uly = (u* @ n) (So - 8)

¢
+ (Y2 (V) [ (So(@) = 17(9))dY — 2V . (5.61)
The estimates (4.38), (4.39) imply
¢ o0
| / (So(¥) — 17(9))dv| < max(K7, Ko) / e Plgy < C. (5.62)

We employ this inequality and the inequality (5.53) to estimate the terms on the right
hand side of (5.61) and obtain (5.48). The inequality (5.49) is an immediate consequence
of (4.16), (5.44) and (5.48). Finally, to prove (5.50) observe that (4.7) and (4.13), (4.15)
imply

¢
Vi (uff? — @) = (u\)? V(g — u*¢H) = (u\)/? (Vrou*) / (So(9) — 1(1))do.

—0o0

Differentiation of this equation and application of the estimate (5.62) yields (5.50). We
leave the details to the reader. ]

5.2.4 End of the proof of Theorem 4.3
We start with the proof of (4.47) and (4.48). Equation (4.9) yields
V,u = qug“)qg + qué”)(l — qZA)) + (ugu) — ué“)) ® qug.

We insert this equation into (4.10) and use (4.8) and (4.16) to obtain

T =T+ T (1 - §) + De((ul” — ul”) © V). (5.63)
The argument of ¢ in (4.9) is m Therefore we have
Voo = a B (5.64)

BTV
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with the unit normal vector n to I'(t). From this equation and from (5.63) we compute

div, T + b = (div, 7™ + b)e + (div, T + b)(1 — ¢)

. a )
+ ((Tl(“) — TQ(“))n + d1V$D€((U§M) - u; )) ® n)) m¢l
2
() () "
+ (De((u1 uy ') ® ”))n |(Ap)L/2 lnu\qu : (5.65)

Inequality (4.48) is an immediate consequence of this equation and of (5.26), since ¢ = 0
in I',[\, p]. The proof of the inequality (4.47) is more involved, since we must estimate

every term on the right hand side of (5.65). To estimate div,71} T + b note that (5.50)
yields

| (uX)V2div, De (Vr, (ug—u*¢ )| = |div, De(Vr (ul) — @))]

<0 N Devr (uf) —a)| < K, (5.66)
la|=1
and that
oo § _
,ul/?dlvxDsSl (t,n, (71/2 ‘ — 1/2‘(D5)V S1 (t n, ()\)1/2)‘ < KAY/2, (5.67)

With (5.66), (5.67) we estimate the right hand side Rgiy+p of (5.27) given in (5.28) and
obtain

1diva T + bl oo (rpustoro ey < KATY2, 1€ (0, 10], A € (0, M) (5.68)
Moreover, observe that
|div, De () — u) @ n)| < C(IVa(ul" — ul)| + |ul — u$?)). (5.69)

(4.47) is obtained by estimating the right hand side of (5.65) using (5.68), (5.69), (5.26)
and (5.47) — (5.49).

We next proof (4.49) and (4.50). The inequality (4.50) follows immediately from
(5.43), since S®W = S on T,[u, A], by (4.8) and (4.19), and since Ty, A] € v U~ Tt
remains to verify (4.48). Since Wg(e(Vyu),S) = =T : € by (1.24), it follows from (5.63)
that

(e, 54) = W (Vo). 1) = - 1 =11
—2: (1)~ 1)1~ §) — 21 De((uf) — ul) © V.,9).

The mean value theorem and (4.8) imply

(W) =) = (s oy - 50— ) (85 - 1)1 - 9),
for a suitable 0 < ¥(t,x) < 1,

AIS(#) _ Axsgﬂ) _ Ax(Séu) S(# )1 — )+ 2V, (S( ©) S(M ) z¢

+ (51" - 5¢") s,
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The right hand side of the last three equations vanishes on the set T';[u, A], since dA) =1
on this set. To estimate the right hand sides on the set I'y,[u, A] we use (5.44), (5.45),
(5.47), (5.49), (5.64) and the equation Ay¢ = ———%——@". Together we obtain that

|(A) /2 1In )2
on I';[p, \| UL, [i, A] the inequality

‘(Ws(g(vzu(m) () +T2¢ (SW) — 412)A, S(#))

1 -
—(Ws(a(vxu§“)), S ¢ TQW Sy _ 12\, s§“>)‘

1
< Kp 2 (| p)AY2 1 4 [ Inp| + o |) < Kp'?|In pl (5.70)

holds. Similarly, (4.8) implies
8,51 — 8,5 = 8,(S¥ — S (1 — §) + (S — 580,

The right hand side of this equation vanishes on I'; i1, A]. To estimate the right hand side
on the set I'y,[p, A\] we use the inequalities (5.44), (5.46) and the equation

- a0 ~ as &

R NE T YV
which follows from (3.63). The result is
10,5®) — 9,8 < KATY2uM2 on Ty, AJ U T [, A (5.71)
By combination of (5.40), (5.70) and (5.71) we see that

1
() o = )y g(w) (1) 1/2 (1)
]ats + (Iu/\)l/zf(WS(s(Vzu ), S + 1/2¢ (SW) — J12\A, S )]
(1) 1 )y g(w L gy 172 (1)
< ’ats1 + (M)\)l/Qf(Ws(a(qul ) 817) + g (s —u 2AA,S! )’
+ KXTY20Y2 4 Ly KATY? | Inp
KLy (|Inpl plr? | In | |In |

<37 ( pal )+KW—I—LfK s <K+ L) U
holds on the set I';[p, A] UT',,[p, A], where Ly is the Lipschitz constant of f. This proves
(4.49). The proof of Theorem 4.3 is complete. |

6 Numerical results

In this section we present and compare results of numerical experiments for the Allen-
Cahn model and the hybrid model. These results illustrate the theoretical convergence
results from Theorem 2.7 and Theorem 4.3. We do not study the different behavior
of the models with respect to the nonlinearity of the function f; instead, we assume
that f in (1.3) and (1.22) is linear and concentrate on the comparison of the numerical
efficiency of the models in simulations of physical situations, where the movement of
the phase interface is only or mainly driven by the jump of the Eshelby tensor and
where the influence of the curvature on this movement is small. In such situations the
interface should essentially be stationary on the time scale considered when the jump of
the Eshelby tensor vanishes.
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6.1 Setting of the problem

For both models we compute the evolution in time of the order parameter S in two space
dimensions. However, for simplicity we do not solve the full models (1.1) — (1.3) and
(1.20) — (1.22). Instead, to simplify the computation we solve the evolution equations
(1.3) or (1.22) but avoid to solve the elasticity equations (1.1), (1.2). To achieve this we
determine the stress field T appearing in these evolution equations by an approximation
procedure, which we explain first.

Following the analysis of the stress field () in Sections 2 and 3 we decompose in this
procedure the stress field T into a leading term, which can be determined exactly without
solving the elasticity equations, and into a second term, which mainly, but not completely,
depends on the given volume force b and the given boundary data for the displacement
or the stress field. This second term can be determined largely by prescribing these data
suitably. Therefore we prescribe this term arbitrarily.

To explain the decomposition, note that by (3.34) the leading term of T™) is Tj.
Using (3.41) and (2.22), (2.26) we obtain

Ty = D(a(u* & TL) — ?)So = [T]S@ = D(Pn — I)ES(),

where n denotes the normal vector field of the manifold I'(¢) given by the interface of
the sharp interface problem. A stress field T obtained by determining an exact solution
(u, T, S) of one of the phase field models (1.1) — (1.3) or (1.20) — (1.22) is not related
to such a sharp interface problem. For an analogous decomposition of 1" we therefore
need to define the normal vector field n independently of the sharp interface problem. It
suggests itself to replace I' by the three dimensional manifold IV formed by the level set
{S =1} and to choose for n the unit normal vector to I"(¢). With this vector field we
introduce the decomposition

T = D(P, — I)S + w. (6.1)

w is the solution of a boundary value problem for the elasticity equations. We sketch
the derivation of this boundary value problem. Let F'§ be the three-dimensional manifold
formed by the level set {S = 3 + £}. We define a coordinate system (1, &) in a neigh-
borhood of I'(t) = I'4(¢) such that & is constant on I';(¢) and such that dez(t,n,§) € R3
is the unit normal vector to I';(¢). By definition of P, there is a vector u* such that
P,g = e(u* ® n). Similarly as in (2.94), (2.99), with this new coordinate system we
decompose v in the form

3
u(t, x) :u*(t,n)/o S(t,n,0)dl + v(t,z).

Insertion of this decomposition into the elasticity equations (1.1), (1.2) yields the bound-
ary value problem for w. The computations needed to derive this boundary value problem
are technical because derivatives of u*(¢,7)é" tangential to F’g appear. We do not need
the exact form of the boundary value problem and therefore only state it for the case of
one space dimension, where terms containing such tangential derivatives are not present.
In this case the form of the boundary value problem can be read of from [3, Lemma
3], where an explicit solution is given for the Dirichlet boundary value problem to the
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elasticity system (1.2), (1.3) when all variables only depend on (¢, z;) with x; varying in
the interval [a, 5]. From this formula we see that v and w must solve the equations

—8x1w1 = b,
w = Da(vfﬂl ® (17070))7
v(t, ) = v_(2),

u(t, B) = v ().
where w1 (t,21) denotes the first column of the matrix w(t,z1) and v_, vy are suitable
boundary data, which, in fact, depend on the mean value [ f S(t,x1)dr.

This boundary value problem shows that in one space w can be determined completely
by choosing a suitable volume force and suitable boundary data. Therefore w can be given
arbitrarily if one is only interested in comparing the different properties of the evolution
equations (1.3) and (1.22). Although the situation is slightly less simple in higher space
dimensions, we use the idea also in the two-dimensional computations and prescribe w
in the decomposition (6.1) arbitrarily. More precisely, since not the complete function
w appears in the evolution equations for S but only the scalar component € : w, we
prescribe this scalar function arbitrarily. Of course, our computations do not accurately
reflect the evolution of the phase interface in an elastic solid, but we believe that they
faithfully show the properties of the two different phase field models we compare.

The stress field T enters the evolution equations (1.3) and (1.22) via the derivatives
s and Wg. If we insert (6.1) into (1.8) and (1.24) we obtain

Y = —8:D(P,—1)gS —z:w+'(9), (6.2)
Wsg = —€:D(P,—1)ES—¢:w. (6.3)

The coefficient € : D(P,, —I)€ of S in these equations is a function of the normal vector n
to the phase interface alone. To simplify the computations further we consider a situation
where this coefficient is a constant. This is the case when the transformation strain is a
multiple of the identity matrix and the material is isotropic. We thus assume that

g=dI and Do =0+ vatrace(o)l, forall o € S?, (6.4)

with constants d € R and vy, vy satisfying v1 > 0 and v + 319 > 0. Using the definition
of P, in Lemma 2.2 we obtain under these assumptions by some computations that

3
P = dun®n, (6.5)
vy + 12
_ _ 2 V1 + 3
Ly :=%: D(P, — )z = d*(, + 3m) (7 - 3) <0. (6.6)
e 2]
The last inequality sign in (6.6) follows from the properties of v; and v» and is in accor-
dance with (2.29). Obviously, L1 is constant and we can give it any nonpositive value by
varying the coefficients vy, v, d.
The two evolution equations, which we solve numerically, are obtained by insertion
of (6.2) into (1.3) and by insertion of (6.3) into (1.22). If we also note (6.6), the resulting

equations are
S = —fi( —F:w— LS+ P (S) — vALS) |V, S|, (6.7)
1

1 .
0 = —rayph(—Ew= LS+ Edi(S) —uPANS),  (68)
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with functions fi, fo : R — R, which we both choose to be linear. Precisely, we choose
fi(r) = r and fa(r) = ér with a suitable positive constant ¢. We want that the prop-
agation speeds of the interfaces modelled by the asymptotic solutions constructed in
Sections 2 and 4 coincide. The propagation speeds are determined by the kinetic rela-
tions (2.3) and (4.3). Therefore we must choose the constants ¢ and A such that these
two relations become the same. This is possible because of the following result:

Lemma 6.1 If D and € satisfy (6.4), then the operator B(n) in (2.3) is equal to zero.

Proof: It suffices to show that the function oy in the definition (2.83) of B(n) vanishes.
To this end we prove that the right hand side of (2.54) is equal to zero. Observe first
that the effective potential (n,S) — (n,S) defined in (2.47) is actually a function
((n,S) = 1 (p(n),S) with p defined in (2.27), hence (2.66) implies So(n, ¢) = So(p(n),¢),
whence (2.45) yields Sé_l)(t,n,g) = S(()_l)(p(t,n),o. By (2.27) we have

p(n) =%:[T) =%: D(P, — I)g = Ly = const. (6.9)

Hence, Sé_l) depends on ¢ but is independent (¢,7), which implies that VUS(()_U = 0.
Therefore (2.55) yields Ocuq11 = 0.
Moreover, from (2.78) we infer that

z: De(a*S(()_l) ®@n+ Vyug) =2 : De(a* @n + Vnu*)S(()_l)-

Consequently, the statement of the lemma follows if we show that € : De (a*®n+vnu*) =
0. To this end we determine v* and a*. By (2.22), (2.26) and (6.5) we have e(u* @ n) =
c*n ® n with the constant ¢* = d%, thence u* = ¢*n. With this information we
compute the right hand side of (2.24) to find a*. In these computations we use that the
matrix Vrn is symmetric and that if 71, 7o are orthogonal unit tangential vectors to I
in the principle directions of curvature and if x,,, x;, are the principle curvatures, then

we have

2
Vn =T @ T] + kryTa @ Ta, divprn = g 7i - (Vrn)1; = Ky + Kry = KT,
=1

where in the last equation we used (2.9).
Thus, from (6.4) we infer that

divpDe(u* ®@n) = c*divpD(n®n) = ¢*divr(v1(n @ n) + va trace(n @ n) I)
= 1 ((Vrn)n + n(divpn)) + c*dive(ved)

= vy (divpn)n = v1kpcn, (6.10)
and

De(Vru*)n = ¢*D(Vrn)n =c* (l/l(an)’rL + vy trace(Vrn) In)

= c"krn, (6.11)
(De(a* ®@n))n = %(a* ®n+n®a*)n+ vy trace(a* ®n) In
= %a* + (% + v)(a* - n)n. (6.12)
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Insertion of (6.10) — (6.12) into (2.24) yields

v v
gla* + ((51 +12)(a* - n) + (v1 + v2)c*kr)n = 0.
Scalar multiplication of this equation with n yields a* -n = —c*kp, whence a* = —kpc*n.

With these values of u* and a* we finally compute

€:De(a* ®@n+ Vyu*) =ce: De(—krn @ n + Vrn)
= ' <y1(—mpn ®@n+ Vrn) + VQ( — Kr + trace(Vrn))I>
= c*dul( —kr(n-n)+1:(kpm @7+ KT ® Tg)) + c*vo(—kr + kr)E: I
= c*d(—kr + kr, + krpy) = 0.
This proves the lemma. ]

From this lemma, from the assumptions for f; and fo and from the fact that (4.3) is
equal to (1.26) when fo is linear, we see that the kinetic relations (2.3) and (4.3) take
the form

s = n-[Cln+vY2%wikr, (6.13)
s = c£ (n-[Cln+ Al/Qcmr), (6.14)
1

with wy = fO \/21/11 )df and ¢; = fo \/21#2 )df. The potential 12)1, which we use in the
numerical computations, satisfies 1;(0) = ¢1(1) = 0. By (2.47) and (6.9) we therefore
have

~ - 1
P1(9) =¢1(S)+§L15(1—S). (6.15)
The kinetic relations (6.13) and (6.14) coincide if we choose
- _ (w12
c=cy, A-(Cl) v. (6.16)

We insert these values into (6.7) and (6.8). This yields the initial-boundary value prob-
lems, which we solve numerically. They consist of either one of the two evolution equa-
tions

08 = (2:w+LiS— 4 (S) +vA.S) V.S, (6.17)
- 9 (7. L 1/2

with A given by (6.16), and of the boundary and initial conditions

S(t,z) =

0, forz € 09, (6.19)
S(0,z) = S(x).

(6.20)

We can prescribe the boundary condition (6.19), since we only consider initial data S
vanishing in a neighborhood of the boundary 952, and we stop the computation at a time
before the phase interface reaches the boundary. For the double well potentials we choose

66



0.2 0.2

-0.2 0 0.2 0.4 0.6 0.8 1 1.2 -0.2 0 0.2 0.4 0.6 0.8 1 1.2

Fig. 1: Potential zﬁl, hybrid model Fig. 2: Potential 19, Allen-Cahn model

9 (S) = S5 = 1)(5(2 ]jlj)\f(j; (1= N1>), Ny = —.06, (6.21)

Da(S) = 45%(1—8)2 (6.22)

The graphs of these double well potentials are displayed in Figures 1 and 2. The potential
1o satisfies the conditions (4.35) — (4.37), and by an easy consideration we see that the
hypotheses 1. — 4. of Theorem 2.3 hold for the effective potential ; given in (6.15) if

0> Ly > —2¢}(0) = —0.405.

If we therefore prescribe the constant L1 in this range then the convergence results stated
in Theorems 2.7 and 4.3 are valid. For the potentials 11 and 1, from (6.21), (6.22) the
constants wi and ¢; have the values

0.42147
0.47084

Since we want to test the suitability of the phase field models to simulate material
behavior where the curvature has little influence on the movement of the phase interface,
we must choose the parameter v > 0 in the hybrid model small enough such that the term
v'/201 kr in the kinetic relation (6.13) contributes little to the movement of the interface
I in the range of time considered and such that the sharp interface solution to this kinetic
relation is approximated well enough by the solution of the hybrid model. The choice of
v also fixes the value of A in the Allen-Cahn model. Depending on A, the parameter p
must be chosen small enough such that the Allen-Cahn solution approximates the sharp
interface solution to the kinetc relation (6.14), which coincides with (6.13), well enough.

2
w1 = 0.42147, ¢, = 0.47084, hence \ = ( ) v~ 0.80 v.

6.2 Discussion of the numerical results

We used implicit difference schemes to solve both initial-boundary value problems (6.17),
(6.19), (6.20) and (6.18), (6.19), (6.20). The numerical procedures were not designed
for optimal speed, but to make the results for both problems comparable. We used
octave for the computations. Using Matlab instead yields the same results with very
similar computation times. In all computations we choose the quadratic domain 2 =

[—d, d] x [~d, d] with d = 0.35x.
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Figure 3 is a contour plot of the initial data S used in all computations discussed
here. Inside the region bounded by the innermost contour line the value of S is 1, in the
region between the boundary 92 and the outermost contour line the value is 0. Figures 4
— 8 are contour plots of the solution S computed numerically with different choices of
parameters. These five plots all show the respective solutions xz — S(¢t,z) : Q@ — R at
time ¢ = 0.8. The number tcomp is the time needed to compute the solution. n, x my
gives the numbers of grid lines in the x; and x5 directions used in the computation to
discretize the solution. Of course, ngy and my must be chosen large enough to resolve the
transition of S from zero to one across the interface and the time steps must be chosen
small enough such that the iteration converges.

To compute the solution shown in Figures 4 and 5 we chose Ly = 0 and € : w = 0,
hence € : T'= 0, by (6.1) and (6.6). This corresponds to the choice € = 0, which means
that the material behaves in both phases in the same way, i.e. there is actually only one
material phase present. From (2.30) we obtain n - [C‘]n = 0, which means that in the
sharp interface model (1.14) — (1.18) the interface is stationary. Figure 3 is computed
using the hybrid model setting v = 0.00125, Figure 5 is computed using the Allen-Cahn
model, where for A we chose the corresponding value A = 0.8~ = 0.001. The two solutions
coincide well, though for the Allen-Cahn model the transition of the order parameter at
the phase interface is much steeper, in accordance with the theoretical results stated in
Sections 2 and 4. As a consequence, the computing time for the Allen-Cahn model is
about 100 times as large as for the hybrid model.

Comparing the computed solutions with the star shaped initial data displayed in
Figure 3 we see that the interface is not stationary, but that the wiggling interface
boundary of the initial data has been smoothed out and the variation of the curvature
has been reduced. A closer investigation shows that also the mean diameter of the star
shaped region did shrink. Therefore the values of v and A should be chosen even smaller
to approximate the solution of the sharp interface model (1.14) — (1.18) on the time
interval [0,0.8] for the given initial data, which contain large values of the curvature.
This would however lead to an even larger ratio between the computing times for the
hybrid model and the Allen-Cahn model.

Figures 6 and 7 represent the solution at time ¢ = 0.8, again to the initial data in
Figure 3, but with L; = —0.4 and £ : w = —0.3 + 0.1 sin (7(21 + x2)). Figure 6 is
computed with the hybrid model, Figure 7 with the Allen-Cahn model. The results
agree quite well; this is seen from Figure 9, where the results of both computations are
overlaid. The computation time for the Allen-Cahn model is about 50 times larger than
for the hybrid model. In the Allen-Cahn model we chose i = 0.2 to guarantee that the
solution of this model is close enough to the solution of the sharp interface model (6.14).
For a larger value of p the transition of the order parameter would be less steep and
we could choose a coarser grid, which would reduce the time of computation. However,
from Figure 8, which shows the result of the computation with the Allen-Cahn model for
© = 0.7, we see that the solution obtained differs by a sizeable amount from the solution
to = 0.2 and thus is not close to the solution of the sharp interface model (6.14). This
is clearly shown by Figure 10, where Figures 6, 7 and 8 are overlaid. For an accurate
computation we therefore cannot increase the value of y = 0.2 much.

Figures 11 - 13 are plots of the function z; — S(¢,21,0) : [—a/2,a/2] — R with
t = 0.12. Thus, these plots show cross sections of the solution along the line of symmetry
[—a/2,a/2] x {0} of the domain Q = [—a/2,a/2] X [-a/2,a/2]. In Figure 11 the function
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Fig. 3: Initial data
t=0

Fig. 4: Hybrid model
v = 0.00125,

ng X my = 100 x 100,
time steps = 20,
teomp = 2.29 sec

Fig. 5: Allen-Cahn model
A =0.001, p = 0.2,

ng X mg = 250 x 250,
time steps = 100,

tcomp = 243 sec

Fig. 6: Hybrid model
v = 0.00125,

ng X mg = 100 x 100,
time steps = 20,
tcomp = 6.03 sec

Fig. 7: Allen-Cahn model
A =0.001, p = 0.2,

ng X mg = 260 x 260,
time steps = 100,

tcomp = 310 sec

Fig. 9:

figures 6 and 7 overlaid

Fig. 10:
figures 6, 7 and 8 overlaid
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Fig. 8: Allen-Cahn model
A =0.001, 4 =0.7,

ng X mg = 200 x 200,
time steps = 100,

teomp = 169 sec
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Fig. 11: Cross section, Fig. 12: Cross section, Fig. 13: Cross section,
hybrid model, t = 0.12  Allen-Cahn model, ;x = 0.2, Allen-Cahn model, ;= 0.7,
t=0.12 t=0.12

S is computed with the hybrid model using the data and parameters of the computation
to Figure 6, Figure 12 is computed with the Allen-Cahn model using the data and
parameters of the computation to Figure 7, and Figure 13 is computed with the Allen-
Cahn model using the same data and parameters as in Figure 8. In these figures the
x1-axis is labeled with the number of the grid line. In figure 13 we see that the values
of S in phase 2 differ from 1 by almost 0.1 and that the variation of the function g : w
is strongly visible. This is another hint that the value p = 0.7, which is used in the
computation of this figure, is too large to get a good approximation of the sharp interface
problem.
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