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Abstract

We consider a body, B, that rotates, without translating, in a Navier-
Stokes liquid that fills the whole space exterior to B. We analyze asymp-
totic properties of steady-state motions, that is, time-independent solu-
tions to the equation of motion written in a frame attached to the body.
We prove that “weak” steady-state solutions in the sense of J. Leray that
satisfy the energy inequality are Physically Reasonable in the sense of
R. Finn, provided the “size” of the data is suitably restricted

1 Introduction

Consider a rigid body, 9B, whose particles move with prescribed (Eulerian)
velocity w x z in a Navier-Stokes liquid. Here, w € R?, w # 0, and z is the
spatial variable. It is well known that a prescribed velocity field of this form
corresponds to a uniform rotation of B with angular velocity w.

We assume the liquid fills the whole exterior of 8. More precisely, we assume
that, at each time ¢, B occupies a compact set of R? with a connected boundary,
so that, at each time ¢, the liquid fills an exterior domain, ® = D(t), of R?. As
customary in this problem, it is convenient to refer the motion of the liquid to a
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supported by NSF Grant DMS-0707281. Last but not least, both authors would like to thank
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frame, &, attached to 9. In this way, the region occupied by the liquid becomes
a time-independent domain, €2, of R3. We shall suppose that, with respect to
G, the motion of the liquid is steady and that it reduces to rest at large spatial
distances. Thus, the equations governing the motion of the liquid in & can be
written in the following non-dimensional form (see, e.g. [8])

Av—Vp—Rev-Vv+Ta(eg xz-Vv—e; xv) =f inQ,
(1.1) dive=0 in £,

v =10, on I,
with

(1.2) lim v =0.

|z]— o0

Here, v and p are velocity and pressure fields of the liquid in &, while f and v,
are prescribed functions of . The Reynolds number Re and Taylor number Ta
are dimensionless constants with Re, Ta > 0.

Mostly over the past decade, the study of the properties of solutions to (1.1),
(1.2) has attracted the attention of many mathematicians, who have investigated
basic issues like existence, uniqueness and asymptotic (in space) behavior; see,
e.g. [2,4,3,9,10, 11, 12, 13, 14] and the literature cited therein.

We wish to recall and to emphasize that the characteristic difficulty related
to the investigation of (1.1), (1.2) is the presence of the term w x x - Vv, whose
coefficient becomes unbounded as |z| — oo. For this reason, the above problem
can not be treated as a “perturbation” to the analogous one with w = 0, even
for “small” |w|.

Concerning the ezxistence of solutions, there are, basically, two types of re-
sults.

On one hand, one can show that, for any f and v, in a suitable (and quite
large) class with | 50 Vs - = 0, there corresponds a pair (v, p), such that

(1.3) ve L5(Q), VweL*Q),

and p € L2 () satisfying (1.1) in the sense of distribution, and (1.2) in an
appropriate generalized sense; see [1]. In addition, v and p obey the energy

iequality:

2 [ ID@)dz < — [ f-vdz+ (T(v,p) - n) - v, dS
(1.4) /Q éé /69

T
—a/ lve|? e xz-ndS,
a0

- — |v*\zv*-nd5+
20 2

2

where T(v, p) and D(v) are the Cauchy stress and stretching tensor, respectively;
see (2.1). Finally, if Q and the data are sufficiently smooth, then v and p are
likewise smooth and satisfy both (1.1) and (1.2) in the ordinary sense; see [8].
This type of solution is usually called Leray solution, in that they were first



found by J. Leray in the case w = 0; see [15]. It must be emphasized that a
Leray solution carries very little information about the behavior of v as |z| — oo,
namely, (1.3), while no information at all is available for the pressure field p. It
is just for this reason that in (1.4) there appears an inequality sign (instead of
an equality sign) that may cast shadows about the physical meaning of Leray
solution.

On the other hand, if f is sufficiently smooth and decays sufficiently fast as
|x| — oo, and provided the size of the data is suitably restricted, one can show
the existence of a solution (v,p) with a suitable asymptotic behavior that, in
fact, verifies the energy equality

2 [ IDW)|dz=— [ f-vdz+ (T(v,p) - n) -v.dS
(1.5) /9 éé /a”

T
- — |v*\2v*~nd5+j/ l0.|* e xz-ndS,
2 Joo 2 Joq

see [10, 3]. In particular, in [10] it is shown the existence of a solution that
(besides satisfying (1.5)) decays like the Stokes fundamental solution as |z| —
00, namely,

v(@)=O0(lz|"), Vu(z) =0(jz|7?),
plx) = 0(jz| %), Vp(x) = O(lz|?).

Keeping the nomenclature introduced by R. Finn [5] for the case w = 0, solutions
possessing this type of properties are called Physically Reasonable.

Now, while it is quite obvious that a Physically Reasonable solution is also
a Leray solution, the converse is by no means obvious, even in the case of small
data.

Objective of this paper is to prove that every Leray solution corresponding
to data of restricted size, with f decaying sufficiently fast at large distances, is
Physically Reasonable; see Theorem 4.1. The proof of this theorem exploits the
method introduced in [6] for the case w = 0, and it is based on a uniqueness
argument. Precisely, we shall show that a Physically Reasonable solution is
unique (for small data) in the class of Leray solutions (see Lemma 3.3), so that
the desired result follows from the existence result proved in [10]. However, for
this argument to work, it is crucial to show that the pressure, p, associated to
a Leray solution possesses the summability property p € L3(£2). Now, while in
the case w = 0 the proof of this property is quite straightforward [6], in the case
at hand the proof is far from being obvious, due to the presence of the term
w X x - Vu. Actually, it requires a detailed analysis that we develop through
Lemma 3.1 and 3.2.

The plan of the paper is the following. After recalling some standard notation
in Section 2, in Section 3 we begin to establish appropriate global summability
property for the pressure of a Leray solution. Successively, using also this prop-
erty, we show the uniqueness of a Physically Reasonable solution corresponding
to “small” data in the class of Leray solutions. Finally, in Section 4, as a corol-
lary to this latter result and with the help of the existence theorem established

(1.6)



in [10], we prove that every Leray solution corresponding to “small” data is, in
fact, Physically Reasonable.

2 Notation

We let L9(Q) and W™4(Q) denote Lebesgue and Sobolev spaces, respec-
tively, and [|||g, [|"[lm,q the associated norms. We write D"™4(Q2) and [-[,, . to
denote homogeneous Sobolev spaces and their (semi-)norms, respectively. We
will initially explicitly indicate when a function space consists of vector- or
tensor-valued functions, for example L4(£2)3, but may omit the indication when
no confusion can arise.

We will make use of the weighted norms

[f]a.a = ess sup [(L+ ) ]f ()]

re

for A a domain of R?, and f : A — R? measurable and o € N. If no confusion
arises, we will omit the subscript “A”.
We denote by

(2.1) T(v,p) :=2D(v) — pI, D(v):= %(Vu + Vo)

the usual Cauchy stress and stretching tensors, respectively, of a Navier-Stokes
liquid corresponding to the non-dimensional form of the equations (1.1).

In what follows,  C R? will denote an exterior domain of class C?. Without
loss of generality, we assume 0 € R*\ Q. For p > 0, we put B, := {z € R? | |z| <
p}, B := {z € R® | [z| > p}, and set Q, := QNB, and O := QNB”. Moreover,
we put sz,m = BPQ \Bpl'

As noted in the introduction, Re and Ta are positive real constants.

We use small letters for constants (c1,ca,...) that appear only in a single
proof, and capital letters (Cy,Cs,...) for global constants.

3 Preliminaries

In this section, we will establish, in a series of preliminary lemmas, some
properties of weak solutions to (1.1).
We start by recalling the well-known inequality

3.1) [olls < Chfoly ,

which holds for all v € DY2(Q) N L5(Q2) (see [7, Theorem I1.5.1]). We shall
frequently use (3.1) without reference.

In the first lemma, we establish (global) higher order regularity of a weak
solution.

Lemma 3.1. Let f € L2(Q)?, v, € W22(00)3, and (v,p) € D2(Q)* N
L5(Q)2 x LZ (Q) be a solution to (1.1). Then v € D*%(Q).

loc



Proof. By standard regularity theory for elliptic systems, v € T/VIQOC2 (Q) and
p e W22(Q). We therefore only need to show v € D22(?) for some p > 0.

loc
Choose r > 0 so that R®\ © C B,. Moreover, choose for any R > 2r a
function g € C®°(R3;R) with 0 < ¢ < 1, g = 0 in B,, g = 1 in Bga,,

Yr =0 in B*%, and |D*yp| < — with ¢; independent of R.

BN
We shall test (1.1); with —V x (¥%4V x v). Note that —V x (¢3V x v) €
L?(R3), has bounded support,

(3.2) div [ = V x (yjV x v)] =0,
and
(3.3) —V x ($&V x v) = pRAv + (V x v) x V[ih%].

Thus, we compute
(3.4)
| [ (e1xv) - (= V x @3V x v)) dz
Q

= |/Q1/’}2:a(el xv) - (V % (V x v)) + (e xv) - (V x v) x V[¢F]) da]

- |/Q —(V x ¢F(e1 xv)) - (V x v) + V[7] - ((e1 xv) x (V x v)) dz|

1
<cz</ |Vv|2da:+/ —|U||va\dx+/
Q Baor.r R B2

< ( JRE ||v6||wn2) < ealof2,.
Q

Furthermore, we have

1
|v||Vvdx>
r

T

/Q(elxx-Vv)~(—V><(w%VXv))dx
:/1/112:{(61 ><x~Vv)-Avdx+/(e1 xz - Vv) - ((V xv) x V[i7]) de
Q Q
:—/V[l/}?%]éé(el xx-Vv):Vvd:v—/z/J?%V(el xz - Vv): Vodz
Q )

+/(e1 xz - Vo) - ((V x v) x V[$3]) d.
Q
Since

/ Y% V(ey xx - Vo) : Vode
Q
= / w% 8j8kvi (61 X.’l?)k iji dz + / ’(/J]ZQ akvi 8]‘ [el Xl‘] 8j1}i dx
Q Q

1
= —5 / 8}€ [w% (el Xl‘)k] (8jvi)2 dx + / ’(/J123 8kvi 8j [el Xl‘] (9j1}i d.%‘,
Q Q



and observing that |0;1r (e1 xx);| < ¢5 for any 4,5 = 1,2, 3, we may conclude
(3.5) |/Q(el xz-Vv) - (= V x (YEV xv)) dz| < cg \v|i2.
Next, we estimate

|/ v- Vo) - (pEAv) dz| §/ [YrVvl|v| [YrAv| dz
Q

(3.6) < [YrVoll3 [v]6 [[vrAV|2
= |[V[Yrv] — v @ Viog||3 [|v]le [[rAV[2
< (IV[¥rv]lls + v @ Virls) vlls [vrAV]:.

By the Nirenberg inequality, we have

1

IV [rollls s < o7 VIRV gs [V [0r0)l2 o
< s [[V[YRrV][|3 gs ||A[1/)RU]H§R3

< s [[V[¥rvlll3 s (II0rAV]2 + 2V - Vig]l2 + [Avrll2) *.

-

-

Since

IVI¥r]ll2 < [lv @ Vrllz + 1¥rVY]l2

o A
< g / dx —|—/ dx + [[Voll2
R? r2
Bar,r Ba

T

< ciollvlle + [[Voll2 < cin [vly o,
and similarly
[AYRvfl2 < c12|v]) 4,

we see that

IV[Yrv]

1 1
(lWlF2 R[S + v, 5)-
Also,

3 3 i
v v 3
[v® Viprlls < c1a (/ |R|3 dx +/ % dl”) < s [vlls < cig vl 5-
Bar,r B r

27,7

Thus, from (3.6) we conclude that

| / (v Vo) - (2A0) dz| < err(jolEs [9RAIE + o], ) (o1 » lrAw],
7

(30 sc (| |122 MJRAUHz + |U|1 2 lvrAV2 )

< o) (|07 5 + [v]15) + € [¥rAv|3



for any € > 0. In a similar manner, we estimate
|/Q(u Vo) - ((V x v) x V[yF]) dz|

< ¢90 /Q [v[|Vv| [VYr|[YrV | dz
< ca1 |vlle [IVVll2 [[¥R VY3

< en o2 5 [0rVoll} IV [0RVo)[3
< exsloldy (lwrAv]lz + [v], )
< eas ([0l [0rA0]F + 0l 5)

10
< ca(e)|vly + ¢ [VrAv|3 + caslul; ,

(3.8)

for any € > 0. We also have

| / Av- ((V x v) x V[$3]) dz] < / oA (Vo] [Vibr]) do
Q Q

2
< e |lYrAvI3 4 cas(e)|vl

(3.9)

for any € > 0. Finally, we can estimate
|/f —V x (Y}V x v)) dz|
(3.10) < [1f-vhaoldo+ [ 179 x0) x Vi) do

< c26() | 113 + € llorAV[[3 + carfv], o [ fl2

for any € > 0. Combining now (3.4), (3.5), (3.7), (3.8), (3.9), (3.10) and recalling
(3.2) and (3.3), we conclude that multiplication of (1.1); by —V x (¢}V x v)
and subsequent integration over 2 yields

(3.11) / U} A0 do < eas(e) (0]T 5 + IS 5 + I1£113) + e llvrAv]3

for any € > 0. Hence, by choosing 0 < ¢ < 1 and letting R — oo in (3.11), we
infer that Av € L2(Q"). It follows that v € D*2(Q°) for p > r. In fact, by an
easy calculation that takes into account the properties of the “cut-off” ¢ g, we
obtain

Z [r D*[3 or < c20 ||| |2||2Q || 2] ||2 ot Z ID*(4r v)|13,0-

le]=2 lee|=2

However, since 9 grv is of compact support, we have

DD (Wrv) I3 Rs < caoll AR V)3 ps,

lee|=2



with c3p independent of R, and so, the previous inequality implies

v Vv
>~ R Dol o < en <||2||3,m +lgglBer + |wR<Av>||%,m> .
lal=2 ]

where c3; is independent of R. If we use the assumption v € D2(Q) N L5(Q) in

this relation, along with a Hardy-type inequality (see for example [7, Theorem
I1.5.1]) and the fact that Av € L?(Q"), we deduce

(3.12) > IR D3 0- < cs,

Ja|=2

where c3, is independent of R. The desired property for D?v then follows by
letting R — oo in (3.12). O

In the next lemma, we establish L3()-summability of the pressure. More
precisely, we have:

Lemma 3.2. Let f € L2(Q)3 N L3(Q)3, v. € W22(30)3, and let (v,p) €
DY2(Q)3NL%(Q)3 x L2 .(Q) be a corresponding solution to (1.1). Then p+c €

L3(Q) for some constant ¢ € R.

Proof. Standard regularity theory for elliptic systems again yields p € W1’2(Q).

— loc
Consequently, by Sobolev embedding, we have p € L?OC(Q). We therefore only
need to show p + ¢ € L3(Q?) for some p > 0 and ¢ € R.
Let p > diam(Q) and ¢ € C*°(R3;R) be a “cut-off” function with ¢ = 0 on

B, and ¢ = 1 on R? \ By,. Moreover, let

(3.13) o(z) = (ABva-ndx)VL’E, ¢(z) = —

" drfz|

Since

V- (v+o0)de 2/ div [¢(v + 0)] dx

B2,

:/ v-ndx—i—/ o-ndx =0,
ang 3B2p

there exists (see [7, Theorem II1.3.2]) a field
(3.14) HeW*?(R3), suppH C By, divH =V¢-(v+o0).
Put

sz

w=yv+o—H, m=~1p.
Using the fact that e; xx - Vo — e; xo = 0, we find that

(3.15)
{Aw—Vw—i—Ta(el xz-Vw —e; xw) = f+G+Repv- Vv in R3,

divw =0 in R3,



where G € L*(R?) with supp(G) C Bs,. Taking divergence on both sides in
(3.15) yields

(3.16) — A =div [¢f] + divG + Re div [pv- Vo] inR?

in the sense of distributions. We now observe that we can write f as follows
(again in the sense of distributions)

(3.17) f=divF, FeclL*Q).

In fact, it is enough to choose Fj, = V&« fi, where {fi}72; C C5°(£2) converges
to f in L3(£), and then pass to the limit & — oo, in the sense of distributions.
We can express, again in the sense of distributions,

O f =1 divF = div[pF] — F - V.
Thus, introducing
G:=G—-F-V¢, F:=¢F, and f:=divF,
from (3.16) we have
(3.18) —Am =div f +divG + Re div [y v- Vo] in R?,

where f = div F € L*(R%), F € L3(R?), and G € L*(R?) with supp(G) C By,.
Consider now the three separate equations

(3.19) —Am =divf inR3
(3.20) — Amy =divG  in R?,
(3.21) — Amz =Re div [pv-Vv] inR?

with respect to unknowns 71,7m2,m3. Using the Riesz transformations,

%(u)>,

R, LYR?) — LIR?), Vg > 1, R;(u) = 31(|§|

where § denotes the Fourier transformation, we find that

(3:22) m:=F" (Z;Jz (fj)) = 31(?3(%)) = —R; 0 Ry (Fj)

is a solution to (3.19) with 7, € L3(R3). Moreover, since clearly G € L3 (R?),
we can use the Riesz potential

5 - L%(R?’) — L3(R3), J(u):=F* (;3(11))
to obtain a solution

(3.23) Ty 1= 51<|Z§|J2 (Gy)) = iR, 03(G))



to (3.20) with m € L3*(R3). Similarly, putting h := Ret v - Vv, we have
h € L2(R3) and obtain by

(3.24) m3i=F ! (fé’g%%)) = iR; 0 J(hy)

a solution to (3.21) with m3 € L3(R?). We furthermore conclude that
62 am =5 (SEE5(0) = - ool € IR,
(3.26) Opre =T <‘é’“§j5(éj)) = —R; oMy (G;) € L3 (R?),
(3.27) Opms =F <é’i§j g(@)) = —R; oRy(h;) € L7 (R?),

for k =1,2,3. We therefore deduce that
(3.28) 7(z) == m(z) + m2(z) + m3(x)

is a solution to (3.18) with 7 € L3(R3) and V& € L2 (R3). Since also 7 satisfies
the same equation, it follows that Z := V(7 — 7) is harmonic in R?, so that, by
the mean-value theorem, we have for each fixed z € R3,

1

C
(3.29) Z(v) = 5 - V(7 —m)dy = F;(Il(R) + Ix(R)).
r(x
By the Holder inequality we find
(3.30) IL(R)| < |[V7ll3 [Brl® < R.

Moreover, from Lemma 3.1, we have v € D*2(Q). Thus, Aw € L*(R3), and
from (3.15); we infer

Vr

— € L*(R®).
(1+ =)
Therefore, by Schwarz inequality,
1
(3.31) |L(R)| < e R|[Va/(L+[yl)l2|Br|* < ciRE.

Combining (3.29)—(3.31) and letting R — oo, we find Z(z) = 0 for all x €
R3. Hence, @ = 7 + ¢, for some constant ¢, which concludes the proof of the
lemma. O

In next lemma, we show that a weak solution satisfying the energy inequal-

ity and a solution decaying like |71‘ must coincide under a suitable smallness

condition. The proof follows essentially that of the main theorem in [6].

10



Lemma 3.3. Let f € L2(Q)*> N L3(Q)3, and v, € W2:2(dQ)3. Moreover, let
(v,p) € DV2(Q)3NLO(Q)3x LE (Q) be a solution to (1.1) that satisfies the energy
inequality (1.4). If (w,7) € DY2(Q)3 N L5(Q)3 x L%(Q) is another solution to
(1.1) and [w]y < gxz. then (w,m) = (v,p). In this case, (v,p) satisfies the

energy equality (1.5).

Proof. By standard regularity theory for elliptic systems, we have (v, p), (w, T) €
W22(Q) x W,22(Q). We can thus multiply (1.1), with w and integrate over Qg
(R > diam ). By partial integration, we then obtain

- VU:dex—l—/ (Vo-n) -wdS — p(w-n)dS
(3.32) —Re/ (v-Vv)~wdx+Ta/ (e1 Xz - Vo —e1 xv) - wdz
Qr Qn

:_/ ((Vv—pI)-n)-wdS—i— frwde.
o0

Analogously, by switching the roles of v and w, we get

- Vv:dea:+/ (Vw-n)-vdS — 7 (v-n)dS
QR 8BR aBR
(3.33) —Re/ (w-Vw)~vdx+Ta/ (e1 Xz - Vw — ey xw) - vda
Qr Qr

=—/ (Vw —pI)-n) -vdS+/ f-vdx.
o0 Qg

We shall now examine the integrals over 9Bpr in (3.32) and (3.33) in the
limit as R — oo. For this purpose, we utilize Lemma 3.2 and obtain p € L3(Q°)
for some p > 0. Consequently, we can find a sequence {R,,}52; C [p, o0] so that
lim,, .o R, = oo and

— 00

(3.34)  lim [Rn/ |p3+|vv|2+|u|6+|w|2+|vw2+w|6dx} =0.
n 9Bg,,

We conclude that

| (Vo-n) -wdS| < ¢ [[w]]l/ [Vel ds
BBRn aBRn RTL
(3.35) 1
Scz[[w]h(/ |Vv|2d5> —0 asn— o0
9 Bg,,
and
Ipl
| p(w-n)dS| < cz[w) ds
6BRn 8BRn Rn
(3.36)

1
3
< ey [[w]]l(Rn / |p3dS) — 0 asn— oo.
OBRr,,

11



Furthermore,

(3.37)

% % 2
\/ (Vw-n)-vd5|§65(/ Vw|2dS> (/ |v6dS> R}
9BRr,, 9Br,, 9BRr,,
= cs (Rn/ w;%zs) (Rn/ v|6dS>
OBr,, OBr,,

—0 asn— oo

and

) < 2 :
(3.38) /@BR" 7 (v-n)dS| < cg (/8% |7 ds) (/BBR

— 0 asn — oo.

|v|6d5) RS

n

We now turn our attention to the limits as R, — oo of the integrals over
Qp, in (3.32) and (3.33). We begin to observe that, by using a Hardy-type
inequality (see for example [7, Theorem II.5.1]), we find

(3.39) /Q|(U-Vv)'wdx<[[w]]1(/ﬂ|Vv|2dx>% </Q(14|:)chl)2dw>é<oo'

Consequently,

(3.40) lim (v-Vv) -wde = / (v-Vv) - wdz.

n—o00 Qr,, Q

Similarly, we have

_/Q|(w'vw)'v|dx<[[w]]1(/QIVw|2dx>é(Aﬂlz}ijwdx>%<m

and thus

(3.41) lim (w-Vw) - -vde = / (w-Vw)-vde.

n—o0o Qr,, Q

Concerning the integrals involving the data f, we observe that they are both
well defined, in the sense of Lebesgue, because f € L3 () and w,v € L(1).
We thus find

(3.42) lim frode= [ f-vdex.
"= JQr, Q

and

(3.43) lim frwdr = / frwda.
n— oo Qr,, Q

12



Now put u := v —w. Then

/ (e1 xx-Vu—ep ><u)~udw:/ (e1 ><:E~Vu)-udx
(3.44) Omn 1QR"

:7/ \u|2(el xx) -ndS =0,
2 JoBn,

where the last equality holds since n = ﬁ on 0Bpg,. By the same argument,
we also have

1
(3.45) / (e1 xz - Vv — ey xv) -vdz = f/ v |? (e1 xz) - ndS
Qr,, 2 o0
and
1
(3.46) / (e1 xz - Vw — e; xw) -wdx:f/ lve|? (1 xx) - ndS
Qr, 2 Joa

It follows from (3.44), (3.45), and (3.46) that

/ (elxa:-Vv—elxv)-wdx—i—/ (elxx-Vw—elxw)-vdx
(3.47) 70Rn Orn

:/ [vs|? (e1 x2) - ndS.
19)

Adding together (3.32) and (3.33), utilizing (3.47), and finally letting n —
00, we find that

—Q/QVU:dex:
Re</Q(U-Vv)~wd:1:+/ﬂ(w-Vw)'vd:c>
(3.48) —l—/(zf-vda:—/aQ (Vv —pI)-n)-v.dS

+/ f-wdx—/ (Vw=nI)-n)-v.dS
Q Iy

—Ta / v, |? (e1 xz) - ndS.

o0
We can now write
(3.49) / Vu)® de = / |Vo|? da +/ |Vw|? dz — 2/ Vo : Vwdz.
Q Q Q Q

By assumption, (v, p) satisfies the energy inequality

/Q|VU|2dx§—/Qf-vdx—&-/BQ((Vv—p[).n).v*dS

_Re
2

(3.50)
T
v |* v, - ndS + —a/ lva|* e1 xa - ndS.
20 2 Jog
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From the decay properties of (w, ), it is easy to verify that (w, ) satisfies the
energy equality

2 = — . —_ . .
/Q|Vw| dz = /Qf wdx+/ém((Vw wl)-n) v, dS

(3.51)
T:
—R—e/ \v*|2v*-nd5+—a/ [u.]? €1 xz - ndS.
G19) o0

2 2
Combining now (3.48), (3.49), (3.50), and (3.51), we obtain

/QVuzdxSRe(/ﬂ(v-Vu)-wdx+/g(w~Vw)~vdz>

—Re/ v, |* v, - ndS.
a0

Next, we observe that

/Q(“'V“)‘wclf—/(w-vu)-udx:

Q

/(U~Vv)-wdx+/(w-Vw)~vdx—/ v, | v, - ndS.
Q Q a0

By an argument similar to (3.39) and (3.40), all integrals above are well-defined
and finite. We can now conclude that

/QVu|2dxSRe(/Q(u-Vu)~wdx—/Q(w~Vu)-udx>

and thus estimate, using again the Hardy-type inequality, this time in form
[ul*
dr <4 / |Vu|® dz,
o |af”

valid for all fields vanishing at the boundary 02,

/Q|Vu|2dx§2Re [[w]]l(/glfl |Vu|da:>
([ ) ([)

<8Re] /|Vu| dz.

We finally conclude that v = 0 when 8Re [w]; < 1. O

4 Main Theorem

Our main theorem follows as a consequence of Lemma 3.3 and the fact that
a solution (w, ) with the in Lemma 3.3 required properties exists, provided the
data are suitably restricted [10].
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Theorem 4.1. Let Q C R3 be an exterior domain of class C? and Re,Ta €
(0, B], for some B > 0. Suppose v, € W%’2(89)3and f=divF, with

(4.1) F := ([F]2 + [f]5 + [divdiv F]4) < oc.
Then, there is a constant My = M1(Q, B) > 0 such that if

(4.2) Re (F—l—Hv*HW%‘Q(am) < M,
then a weak solution (v,p) € DV2(Q)3NLS(Q)3 x L? (Q) to (1.1) that satisfies
the energy inequality (1.4), that is, a Leray solution, also satisfies, for some
constant ¢ € R,

43) [l + [l + [Volz + [P+ )2 + [VPlson < Co (F 4 [[vall 5. ),
where Cy = C3(Q, B, R). Moreover, (v,p) satisfies the energy equality (1.5).
Finally, (v,p) is unique (up to addition of a constant to p) in the class of weak
solutions satisfying (1.4).

Proof. The existence of a solution (w,r) satisfying the properties stated for
(v,p) has been established in [10, Theorem 2.1 and Remark 2.1] in the case
vx = 0. Moreover, in [9] the methods from [10] have been further developed to
also consider this more general case. Now, from (4.3) — written with w and 7
in place of v and p — and from (4.2), it follows that, if M; is taken “sufficiently
small”, we find, in particular, [w]; < ﬁ. Therefore, the stated properties for
(v,p) at once follow from the uniqueness Lemma 3.3. O

Remark 4.2. The properties satisfied by the Leray solution (v,p) in Theorem
4.1 imply that (v, p) is, in fact, physically reasonable in the sense of Finn [5].

References

[1] Wolfgang Borchers. Zur Stabilitdt und Faktorisierungsmethode fiir die Na-
vier-Stokes Gleichungen inkompressibler viskoser Fliissigkeiten. Habilita-
tionsschrift, Universitat Paderborn., 1992. 2

[2] Reinhard Farwig. An L9-analysis of viscous fluid flow past a rotating ob-
stacle. Tohoku Math. J. (2), 58(1):129-147, 2006. 2

[3] Reinhard Farwig and Toshiaki Hishida. Stationary Navier-Stokes flow
around a rotating obstacle. Funkc. Fkvacioj, Ser. Int., 50(3):371-403, 2007.
2,3

[4] Reinhard Farwig, Toshiaki Hishida, and Detlef Muller. L9-theory of a
singular winding integral operator arising from fluid dynamics. Pac. J.
Math., 215(2):297-312, 2004. 2

15



[5]

[10]

[11]

[12]

R. Finn. On the exterior stationary problem for the Navier-Stokes equa-
tions, and associated perturbation problems. Arch. Ration. Mech. Anal.,
19:363-406, 1965. 3, 15

Giovanni P. Galdi. On the asymptotic properties of Leray’s solutions to
the exterior steady three-dimensional Navier-Stokes equations with zero
velocity at infinity. Ni, Wei-Ming (ed.) et al., Degenerate diffusions. Pro-
ceedings of the IMA workshop, held at the University of Minnesota, MN,
USA, from May 13 to May 18, 1991. New York: Springer-Verlag. IMA Vol.
Math. Appl. 47, 95-103 (1993)., 1993. 3, 10

Giovanni P. Galdi. An introduction to the mathematical theory of the
Navier-Stokes equations. Vol. I: Linearized steady problems. Springer
Tracts in Natural Philosophy. 38. New York, NY: Springer-Verlag., 1994.
4, 8,12

Giovanni P. Galdi. On the motion of a rigid body in a viscous liquid:
A mathematical analysis with applications. Friedlander, S. (ed.) et al.,
Handbook of mathematical fluid dynamics. Vol. 1. Amsterdam: Elsevier.
653-791 (2002)., 2002. 2

Giovanni P. Galdi and Ana L. Silvestre. The steady motion of a Navier-
Stokes liquid around a rigid body. Arch. Ration. Mech. Anal., 184(3):371—
400, 2007. 2, 15

G.P. Galdi. Steady Flow of a Navier-Stokes Fluid around a Rotating Ob-
stacle. Journal of FElasticity, 71:1-31, 2003. 2, 3, 4, 14, 15

Toshiaki Hishida. An existence theorem for the Navier-Stokes flow in the
exterior of a rotating obstacle. Arch. Ration. Mech. Anal., 150(4):307-348,
1999. 2

Toshiaki Hishida and Yoshihiro Shibata. Decay estimates of the Stokes
flow around a rotating obstacle. In Kyoto Conference on the Navier-Stokes
Equations and their Applications, RIMS Kokyuroku Bessatsu, B1, pages
167-186. Res. Inst. Math. Sci. (RIMS), Kyoto, 2007. 2

Toshiaki Hishida and Yoshihiro Shibata. L, — L, estimate of the Stokes
operator and Navier-Stokes flows in the exterior of a rotating obstacle.
Arch. Ration. Mech. Anal., 193(2):339-421, 2009. 2

Stanislav Kra¢mar, Sérka Necasové, and Patrick Penel. Li-approach to
weak solutions of the Oseen flow around a rotating body. Renclawowicz,
Joanna (ed.) et al., Parabolic and Navier-Stokes equations. Part 1. Pro-
ceedings of the confererence, Bedlewo, Poland, September 10-17, 2006.
Warsaw: Polish Academy of Sciences, Institute of Mathematics. Banach
Center Publications 81, Pt. 1, 259-276 (2008)., 2008. 2

16



[15] Jean Leray. Etude de diverses équations intégrales non linéaires et de
quelques probléemes que pose 'hydrodynamique. J. Math. Pures Appl.,
12:1-82, 1933. 3

17



	1 Introduction
	2 Notation
	3 Preliminaries
	4 Main Theorem

