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Abstract

This paper is concerned with the applicability of the finite sections method to opera-
tors belonging to the closed subalgebra of L(LP(R)), 1 < p < oo, generated by operators
of multiplication by piecewise continuous functions in R and operators of convolution
by piecewise continuous Fourier multipliers. For this, we introduce a larger algebra of
sequences, which contains the special sequences we are interested and the usual operator
algebra generated by the operators of multiplication and convolution. There is a direct
relationship between the applicability of the finite section method for a given operator
and invertibility of the corresponding sequence in this algebra. Exploring this relationship
and using local principles, we construct locally equivalent representations that allow to
derive invertibility criteria.

1 Introduction

From a formal point of view, to solve an operator equation Au = v numerically by a direct
method, one specifies a sequence of (in a certain sense) simple operators A, which converge
strongly to A, and replaces the equation Au = v by the sequence of the (simpler) equations
A-u; = v. The crucial question is if this method applies, i.e. if the equations A,u,; = v
possess unique solutions for every right-hand side v and for every sufficiently large 7, say
for 7 > 79, and if the sequence (u;);>7, converges to the solution u of the original equation
Au = v. The applicability of the method is equivalent to the stability of the sequence (A,),
i.e. to the invertibility of the operators A, for 7 being large enough and to the uniform
boundedness of the norms of their inverses.

In the present paper, we are interested in operators which are constituted by operators of
multiplication by piecewise continuous functions and operators of convolution by piecewise
continuous Fourier multipliers. These operators are considered on LP-spaces over the real line
R, and simpler means in that context that we replace the operator A by its compressions to
the compact intervals [—7, 7] with 7 € (0,00). These compressions are also called the finite
sections of A, whence the name finite sections method for this kind of approximate solution.

The stability of a sequence of operators is equivalent to an invertibility problem in the
algebra of all bounded sequences of operators, factored by the ideal of all sequences converging
to zero in the norm, as observed by Kozak [6] in 1973. Kozak’s observation led to a whole
new field of research, by inserting algebraic methods into numerical analysis. But there was
still an obstacle: usually, the algebraic tools one wants to employ require to work in a much
smaller algebra than the algebra of all bounded sequences factored by zero sequences. This
problem was solved by one of the authors of the present paper in [11] where he examined
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the applicability of the finite sections method to one-dimensional Toeplitz operators with
piecewise continuous coefficients by employing a local principle. It was a crucial step in [11]
to introduce an algebra of sequences (smaller than the algebra of all bounded sequences) and
an ideal of that algebra (larger than the ideal of all zero sequences) such that the resulting
quotient algebra is, on the one hand, small enough to apply algebraic tools (such as local
principles) and, on the other hand, large enough to contain all (cosets of) sequences one is
actually interested in. This approach has proved extremely useful since.

As we have tried to indicate, the algebraic approach to study stability typically involves
algebras of extremely different sizes: a very large algebra (where invertibility in that algebra
is equivalent to stability) and a relatively small one (where the algebraic tools work). The
passage from the large algebra to the small one rises the so-called inverse closedness problem:
Does the invertibility of a sequence in the large algebra (i.e. stability) imply its invertibility
in the small one (which hopefully can be studied by algebraic tools)? Note that this passage is
not a problem if one only deals with operators on Hilbert spaces and C*-algebras of sequences:
C*-subalgebras of C*-algebras are always inverse closed.

In case p = 2, the results of the present paper extend the results from [7, 8] only slightly:
the sequence algebra considered here is somewhat larger, since we include here all constant
sequences of operators and the sequence (P;) of finite sections projections separately. But
in case p # 2, a serious inverse closedness problems arises. This situation was not fully
recognized until recently, and it is a main goal of the paper to offer a way to deal with the
inverse closedness problem by constructing suitable intermediate algebras.

The paper is organized as follows. In Section 2 we present technical background material.
In particular we introduce some families of strong limits which are later used to identify local
algebras, and which also appear in the formulation of our main (stability) result. In Section
3 we recall some basic facts from [9] where Allan’s local principle is applied to study the
Fredholm property in the algebra generated by operators of multiplication and convolution
by piecewise continuous functions. This repetition is for three reasons: first, the operator
algebra examined in [9] is a subalgebra of our sequence algebra, and the approach from
[9] strongly motivates and supports the approach of the present paper, second, we were
able to simplify some proofs, and third, we are aware of the fact that the booklet [9] not
well accessible. The main part of the present paper is Section 4, where the criteria for the
applicability of the finite section method are derived. The concluding section is devoted to
some examples.

2 Notation and basic results

Throughout this paper, 1 < p < co. We will exclusively work on the Lebesgue space LP(R).
Given a subinterval I' of the real axis, we consider LP(I") as a closed subspace of LP(R) in the
natural way. In particular, we identify the identity operator on LP(I") with the operator x ./
of multiplication by the characteristic function x. of the interval I', acting on LP(R). More
general, each bounded linear operator A on LP(I") is identified with the operator . Ax.I
acting on LP(R). These identifications will be used without further comment.

We write the Fourier transform F on the Schwartz space of rapidly decreasing infinite
differentiable functions as

+00 .
(Fu)(y) = / e 2™y (7) du, y € R. (1)

—00



Then its inverse is given by

+00
(F~l)(z) = / >y (y) dy, z e R. (2)

—00

It is well known that the operators F' and F~! can be extended continuously to bounded and
unitary operators on the Hilbert space L?(R) and that F extends continuously to a bounded
operator from LP(R) to LY(R) where ¢ := p/(p — 1) if 1 < p < 2 (see, for instance, [12,
Theorem 74]).

Let M,, denote the set of all Fourier multipliers, i.e., the set of all functions a € L*°(R)
with the following property: if v € L?(R) N LP(R), then F~laFu € LP(R), and there is a
constant ¢, independent of u such that |[F~taFul|, < ¢y||ull,- If @ € M, then the operator
F~1laF : (L?>(R) N LP(R)) — LP(R) extends continuously to a bounded operator on LP(R).
This extension is called a (Fourier) convolution operator , and we denote it by W9(a). The
function a is also called the generating function (or the symbol or presymbol) of W(a). In
particular, the convolution operator W9(sgn) can be identified the singular integral operator
of Cauchy type, )

1 u(s
(Sru)(t) = p /R " ds, teR.
We denote the associated projections by Pg := (I + Sgr)/2 and Qr := I — Pr. We denote
the characteristic functions of the positive and negative half axis by x, and x_, respectively.
Given a € My, the restriction of the operator x, W°(a)x, I onto LP(R") is a Wiener-Hopf
operator and will be denoted by W (a).

The set M,, of all Fourier multipliers forms a Banach algebra when equipped with the

operations inherited from L°°(R) and the norm

lallvg, = W ()l zzr))- (3)

We call a function a € L*(R) piecewise constant (resp. piecewise linear) if there is a
partition —oo =ty < t; < ... < t, = 400 of the real line such that a is constant (resp.
linear) on each interval [tg, tx+1]. Stetchkin’s inequality (see for instance [2]) entails that the
multiplier algebra M, contains the (non-closed) algebras Cp of all continuous and piecewise
linear functions on R and PCj of all piecewise constant functions on R. Let Cp and PC),
denote the closures of Cp and PCy in M, respectively.

In the remainder of this section, we are going to define several types of “shift” operators
and to introduce several strong limits associated to these shifts. These strong limits will be
our main tool to identify local algebras in the following sections.

For s, t € R and 7 € (0,00), consider the operators

Us: LP(R) — LP(R), (Ugu)(z) = e~ 2%y (z), (4)
Vi LP(R) — LP(R), (Vu)(z) =u(x —t), (5)
Z. : IP(R) — LP(R), (Z:u)(z) =7 "Pu(z/7). (6)

Clearly, U7 = U_g, Vfl = V_4, and ZT_1 = Z_.-1, and these operators have norm 1. The
following lemma is easy to check.

Lemma 2.1. If a € M, and s € R, then U_;W°(a)Us = WO(VsaV_y) and V;WO(a)V_s =
WO%(a). Moreover, if p=2 then

UF'=F1'V.,, FU=V_F, V,F'=F'U, FVu=UF.



Lemma 2.2. (a) The operators Vi converge weakly to zero as t — +o0.
(b) The operators ZX' converge weakly to zero as T — o0o.

Proof. We will prove assertion (b) only. Let u := Xa0] and v = X(e.al be characteristic
functions of intervals in R. Then

d
0 2Z) = [ T @) de < T ) 0

as 7 — oo. This implies that (0, Z,4) — 0 for arbitrary piecewise constant functions @ €
LP(R) and v € LY(R) = (LP(R))* with ¢ = (p — 1)/p. As these functions are dense in LP(R)
and L4(R), the assertion for Z, follows. For Z-! and characteristic functions v and v as
above one has

d
b
0.2 0) = [ Ty, (@) de < -2 o,
c TT T T
and one can argue as before. [ |
Let A € L(LP(R)). If the strong limit
s-lim Z,V_ AV, Z! (7)
T—+00 T

exists for some s € R, we denote it by Hs o (A). Analogously, if the strong limit

s-lim Z7'U_4 AU, Z, (8)

i
T—~+00

exists for some ¢t € R, we denote it by Hoo ((A). It is easy to see the set of all operators for
which the strong limit Hg oo (A) (resp. Hoot(A)) exists forms a Banach algebra, that

[Hs,00 (Al £zrm)) < 1Al £(Lrm®)) 9)

resp.
[Hoot (Al (ze®)) < I1All 2L m)) (10)

for all operators in this algebra and that, hence, the operators H, o, and Hy ; act as bounded
algebra homomorphisms.

For z € R, let b(z*) denote the right/left one-sided limit of the piecewise continuous
function b at . The following results appeared for the first time in [9] (Propositions 13.1 and
13.2).

Proposition 2.3. Lett € R, and let a € PC(R), b € PC,, and K a compact operator. Then
(i) Hoor(al) = a(—o0)x_ + a(+00)x,,
(ii) Hoot(WO(b)) = b(t™)Qr + b(t") P,
(ili) Hoot(K) = 0.
Proof. (i) Since U_;aU; = al, it is sufficient to check the assertion for ¢ = 0. Taking into
account that (Z-'aZ,u)(x) = a(rz)u(z), we have

+o0o
I(a(+o0)x, — Z7 aZ)ull” = /0 |(a(+00) — a(7z))u(z)[” dz.
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Given € > 0, choose z. € R such that |a(+00) —a(z)[P|lu||P < & for x > z.. For some 7 > 1,
we write the above integral as the sum

Le +oo

|7 Gatroc) —atra)l @) do+ [ (lat+o0) - alro)| [u(@)])” da

0 Ze
T

which is not greater than

= eP
- Pdr+ <.
s Jalo0) —a(o)] [ 7 u@)pdr+

For sufficiently large 7, the first term of this sum becomes as small as desired. Thus,
Hoo0(a) = a(o0)x, -

(ii) Since U_sWO(b)Us = WO(V,;bV_s) and the shifted function V;bV_g belongs to PC,, it
is again sufficient to prove the assertion for s = 0. Write b as b(07)x_ + b(¢t7)x, + by where
the function by € PC), is continuous at 0 and takes the value 0 there. Since

WO (507 )x_ +b(t")x,) = b(07)Qr + b(0T) Pr

and the operators Pg and Qg commute with Z., it remains to show that Z-1W?0(by)Z, — 0
strongly as 7 — oo. Since PC), is continuously embedded into L* and thus into PC, we
can approximate the function by in the multiplier norm as closely as desired by a piecewise
constant function bgy which is zero in an open neighborhood U of 0. It is thus sufficient to
show that Z-1W%(by)Z. — 0 strongly as 7 — 0o. Since the operators on the left hand side
are uniformly bounded with respect to 7, it is finally sufficient to show that

ZWO0(boo) Zru — 0

for all functions u in a certain dense subset of LP(R). For consider the set of all functions u
in the Schwartz space S of the rapidly decreasing infinitely differentiable function the Fourier
transform Fu of which has a compact support. This space is indeed dense in LP(RR) since the
space D of the compactly supported infinitely differentiable functions is dense in S, since F
is a continuous bijection on &, and since S is dense in LP(R) (see [10], Theorem 7.10). If u
is a function with these properties, then

ZWO(boo) Zru = F~1 Z, boo Z7 L Fu. (11)

If 7 is sufficiently large, then the support of F'u is contained in U; hence, the function on the
right hand side of (11) is the zero function.

(iii) If K is compact, then U_,KU, is compact, and the assertion follows immediately
from the weak convergence of Z, to zero. [ |

Let Q; denote the characteristic function of the interval R \ [, t]. We let M, refer to
the set of all multipliers a € M, for which there are numbers a(—o0) and a(+o00) such that

Jim [[Qu(a = a(=o0)x_ = a(+20)x, ), = 0. (12)

Notice that this definition makes sense since, by the Stetchkin inequality, the characteristic
functions Qy, x, and x_ of R\ [, t|, RT and R™, respectively, belong to M. Also notice
that the numbers a(—o00) and a(+00) are uniquely determined by a. Further, let M, denote



the class of all multipliers a € M, such that a(—oc) = a(+00). Via [9, Proposition 12.2] one
easily gets that
PC, C J\_/[p and C, C M,,.

The assertions of the following lemma are either taken directly from the preceding proposition
or they follow by repeating some arguments of its proof.

Lemma 2.4. (i) Ifa € PC, then V_raV; — a(£o0)] as 7 — £oo.
(ii) If b € My, then U_,WO(b)U, — b(+oo) as T — =+oo.

The following is the analogue of Propositon 2.3 for the other family of strong limits.
Its proof follows along the same lines, taking into account that (V_saVs)(t) = a(t + s) and
V_sWO(b)Vy = WO(b).

Proposition 2.5. Let s € R, and let a € PC, b € Mp, and K a compact operator. Then
(i) Hsoolal) = a(s™)x_ +a(s™)x,,
(i) Hsoo(WO(b)) = b(—00)Qr + b(+00) P,
(iii) Hsoo(K) = 0.
Finally, for A € L(LP(R)), we consider the strong limits

HE¥%(A) := s-lim slim U_V_,AV,U;. (13)

t—too s—+oo

Here, by convention, the first superscript in H¥* refers to the strong limit with respect to
s — 400 and the second one to t — Fo00. It is again easy to see that the mappings H¥* act
as bounded algebra homomorphisms on the Banach algebra of all operators A for which the
strong limits (13) exist.

Proposition 2.6. Let a € PC, b € Mp, and K a compact operator. Then
(i) H®(al) = a(+o0)I,  H *(al) = a(—0)I,
(it) HEF(WO(b)) = b(—00)I,  HF¥=(WO(b)) = b(+00)I,

(iii) H¥(K) = 0.

3 The Fredholm property

In this section we recall some results on the Fredholm property of operators in the smallest
closed subalgebra A(PC(R), PC,) of L(LP(R)) which contains all operators al of multipli-
cation by a function a € PC and all operators of convolution W°(b) where b € PC,,. These
results appeared for the first time in their present form in [9]. We write AX(PC(R), PC,)
for the image of the algebra A(PC’ (R), PCp) in the Calkin algebra and ® for the canonical
homomorphism

A(PC(R), PC,) — AX(PC(R), PC,).

Analogously, we define the algebras A(C (R), Cp) and AX(C (R), Cp). The following is proved
in [9, Proposition 12.6].



Lemma 3.1. The algebra A*(C(R R), C, ) lies in the center of the algebra AX(PC(R), PC,),
and its mazimal ideal space is homeomorphic to the subset (R x {oo}) U ({0} x R) of the

torus R x R, with the point (s, t) € (R x {oo}) ({oo} x R) corresponding to the mazimal
zdeal{@(fWo( )): feCR), geCpand f(s) (t)=0}.

This lemma offers the way to employ Allan’s local principle (see for instance [5, The-
orem 4.8]) to localize the algebra AY(PC(R), PC},) with respect to its central subalgebra
AR (C(R), Cp).

Given (s,t) € (R x {o0}) U ({00} x R), let Z,; denote the smallest closed ideal of the
Banach algebra AX(PC(R), PC)p) which contains the point (s, ), and let <I>§t refer to the
canonical homomorphism from A(PC (R), PC’p) to the local quotient algebra

Al = A(PC(R), PCy) /Ty
Theorem 3.2 ([9], Theorem 15.1). Let A € A(PC(R), PC).

(i) The coset A+K(LP(R)) is invertible in A* (PC(R), PCy) if and only if the coset X, (A)
is invertible in A, for each (s,t) € (R x {oo}) U ({o0} x R).

(ii) For s € R, the local algebra A’Sfoo 1s isometrically isomorphic to the closed subalgebra
alg{l,x,,Sr} of L(LP(R)), and the isomorphism is given by

e (A4) = Hioo(A) (14)
for each operator A € A(PC(R), PCp).

(iii) Fort € R, the local algebra A’oco’t s 1sometrically isomorphic to the closed subalgebra
alg{I,x,,Sr} of LILP(R)), and the isomorphism is given by

% 4(4) = Hoor(4) (15)
for each operator A € A(PC(R), PCp).

(iv) The local algebra AE s generated by the four idempotent elements

00,00

P oo (W XXy Phoe (WX )X )y B oW X)XL)s oo (W (4 )4),
and the coset <I)’§o7oo(A) is invertible if and only if the four operators
HEE (),
which are complex multiples of the identity operator, are invertible.

For the proof of (ii), given in [9], one shows that the operators Hs o (A) depend on the
coset ®F_(A) only and that the kernel of the homomorphism (14) is just the local ideal
T, Assertions (iii) and (iv) follow similarly, and (i) is then a consequence of (ii) — (iv) and
Allan’s local principle.

Corollary 3.3. The algebra A* (PC’(]R),PCP) is inverse-closed in the Calkin algebra of
LP(R).



Proof. Consider the smallest non-closed subalgebra Ag of A(PC(R), PC)), which contains
all operators of multiplication and convolution by piecewise constant functions. Applying
Theorem 3.2 to an operator A € Ay, we find that the spectrum of the coset A + IC(LP(R))
in A (PC(]R), PC'p,) is a thin subset (i.e., a set with empty interior) of the complex plane.
Since Ay is dense in A(PC(R), PCy, ), the assertion follows via [3, Remark 2]. ]

Corollary 3.4. An operator A € .A(PC’(]R),PCP) is Fredholm if and only if the operators
Hs oo(A), Heot(A) and HEE(A) are invertible for all s,t € R.

To illustrate the previous results, we consider paired convolution operators. These are
operators of the form
A=ayW°(by) + aaWP(bs) (16)

with ay,a2 € PC (R) and b1, by € PC,. The following result is an immediate consequence of
Corollary 3.4.

Theorem 3.5. The operator A in (16) is Fredholm on LP(R) if and only if
(i) the operator c4 Pr + c_Qpr with
ci(s) = (a1(s7)bi(F00) + as(s™)ba(£00)) x_
T (7)1 (£50) + an(s™)ba (£9)) .,
is invertible on LP(R) for each s € R,
(ii) the operator dyPr + d_Qr with
de(t) = (a1(—00)bi(t") + az(—00)ba(t™)) x_
+ (ar(+00)b1 (£7) + an(+00)b2(t7)) x..
is invertible on LP(R) for each t € R,
(iii) none of the numbers
a1(+00)b1 (F00) + as(+00)ba(£00), a1(—00)b1(£00) + az(—00)be(£00)
18 zero.
Of particular interest are paired operators of the form
A=a;Wx,) +aaW’(x_ ) = a1 Pr + a2Qr (17)

with a1,a9 € PC (R), which can also be written as the singular integral operator

a1+ az ayp — az
I
2 + 2

For these operators, Corollary 3.4 implies the following.

SR.

Corollary 3.6. Let aj,as € PC(R). The singular integral operator a1 Pr +asQr is Fredholm
on LP(R) if and only if

(i) the operator (ai1(s™)x_ + a1(sT)x,)Pr + (a2(s™)x_ + a2(sT)x, )Qr is invertible on
LP(R) for each s € R and

(ii) the operator (ai1(—o0)x_ + a1(4+00)x, )Pr + (az(—00)x_ + az(+00)x, )Qr is invertible
on LP(R).



4 Stability of the finite sections method

We consider finite sections Pr AP, of operators A € L(LP(R)) with respect to the projections
P-, 7 > 0, given by

u(t) if [t <7

P, I[P(R LP(R P = -

@ - ), (e ={ O ST
It will prove to be convenient to consider the extended finite sections P,AP, + Q. with
Qr := I — P; instead of the usual P, AP.. The passage from finite sections to extended finite
sections does not involve any complications since, of course, both sequences (Pr APy +Q7)r>0
and (PrAP;);~¢ are simultaneously stable or not. One technical advantage of using extended
finite sections is that the operator A and its extended finite sections act on the same space.
Our approach to analyze the stability of the finite sections method will follow a general

scheme to treat approximation problems, which can be summarized as follows. Suppose we
are interested in the stability of sequences in a set A.

1. Algebraization: Find a unital Banach algebra £ which contains A and a closed ideal
G C & such that the original stability problem becomes equivalent to an invertibility
problem in the quotient algebra £/G.

2. Essentialization: Find a unital subalgebra F of £ which contains A and a closed ideal
J of F which contains G, such that J can be lifted. The latter means that one has full
control about the difference between the invertibility of a coset of a sequence (A,) € F
in the algebra £/G and the invertibility of the coset of the same sequence in F/J. This
control is usually guaranteed by a lifting theorem; see below.

3. Localization: Find a unital subalgebra Fy of F which contains 4 and J such that
Fo/F is inverse closed in F/J and such that the quotient algebra Fy/J has a large
center. Use a local principle to translate the invertibility problem in the algebra Fy/J
to a family of simpler invertibility problems in local algebras.

4. Identification: Find necessary and sufficient conditions for the invertibility of the
cosets of sequences in A in the local algebras.

The first (algebraization) step is simple. We let £ stand for the Banach algebra of all
bounded sequences (A;);so of operators A; € L(LP(R)) and write G for the closed ideal
of £ which consists of all sequences tending to zero in the norm. A standard Neumann
series argument shows that then a sequence in £ is stable if and only if its coset modulo
G is invertible in the quotient algebra £/G. The sequences we are interested in belong to
the smallest closed subalgebra A = A(PC’(R), PC,, (P;)) of € which contains all constant
sequences (al) of operators of multiplication by a function a € PC (R), all constant sequences
(WO(b)) of operators of convolution by a multiplier b € PC), the sequence (Pr);=o, and the
ideal G. This algebra can be seen as an extension of the algebra A(PC’(R), PC'p), studied in
the previous section, with the addition of the non-constant sequence (P;).

4.1 Essentialization

Let F denote the set of all sequences A := (A,) € £ which have the following properties (all
limits are considered with respect to the strong convergence as 7 — 00):



there is an operator Wy(A) such that A, — Wy(A) and A — Wo(A)*;

there are operators W41 (A) such that
Vo A V; - Wi(A) and (Vo A V;)" — W;i(A)*

and
VAV, - W_1(A) and (VA V_;)* - W_i;(A)"

for each y € R, there is an operator Hu, (A) such that
ZUGAU_yZr — Hooy(A)  and  (Z7'UyA;U_yZ7)* — Hooy(A)*;

for each « € R, there is an operator H; o (A) such that

ZV s AV ZTb — Hy o(A) and  (Z, Vo, A Ve Z ) — Hyoo(A)*

Proposition 4.1. (i) The set F is a unital closed subalgebra of £. The mappings W; with
i€{-1,0,1}, Huoy with y € R, and H; o with x € R act as bounded homomorphisms on F,
and the ideal G of F lies in the kernel of each these homomorphisms.

(73) The algebra F is inverse-closed in £, and the algebra F /G is inverse-closed in £/G.

Proof. (i) The only assertion which is not completely trivial is the closedness of F in €. To
prove it, let (Ag)ken with Ay := (A(Tk))7>0 be a sequence in F which converges to a sequence
A = (A;)r>0 in €. Since (Ag)ken is a Cauchy sequence and |[Wo(B)|| < ||B| for every
sequence B € F, we conclude that (Wo(Ay))ren is a Cauchy sequence in £ (LP(R)). Let A°
denote its limit. We show that A is the strong limit of the sequence A. For let u € LP(R).

For every € > 0, there exist a 79 > 0 and a kg € N such that, for 7 > 7,

1(4° = Arjull - < [I(A° = AT )] + | AT — Ac|flu]
< (A% = APl + A = Aglllull < e,

—

K

—

3

which establishes the existence of the strong limit Wy(A). In a similar way, the existence
of the strong limits W41(A), Hyoo(A) and He y(A) follows. Thus, A € F, whence the
closedness of F.

For assertion (ii), let A := (A;) € F, and suppose that A +G € F/G is invertible in £/G.
Then there exist a sequence B := (B;) € £ and a sequence (G) € G such that B; A, = I+G-
for every 7 > 0. Let u € LP(R). Then

[ull = [(BrAr — Gr)ul| < cl|Arul + [|Grull
with a constant ¢ := ||B|| > 0. Taking the limit as 7 — oo we obtain
[[ull < ¢l|Wo(A)ull,

which implies that the kernel of Wy(A) is {0} and the range of Wy(A) is closed. Applying
the same argument to the adjoint sequence we find that the kernel of Wy(A*) = Wp(A)* is
{0}, too. Hence, Wy(A) is invertible. Further, for u € LP(R), we have
1Bru — Wo(A) ™ ul
= ||Bru— (B;A; — G + Q-)Wo(A) u
< IBr|lllu — ArWo(A) ™ ul| + [|(=G7 + Qr)Wo(A) ™ ul|
= || B-[l[Wo(A)v — Arv] + [|(=Gr + Qr)Wo(A) " ul|

10



with v = W(A) tu. Since the right-hand side of this estimate tends 0 zero as 7 — oo, the
inverse sequence B is strongly convergent, too. Similarly, one shows the strong convergence
of the adjoint sequence B*. Further, from

VB ViV, AV =V BrA Ve =V IV, + V.GV = [+ G

with (G]) € G one concludes that the sequence (V_.A,V;) is invertible in £/G. As above,
one shows that the strong limit W;(A) is invertible and that the sequences (V_.B;V;) and
(V_;B;V;)* are strongly convergent. A similar reasoning yields the strong convergence of
the sequences (V;B.V_.), (Z;lUyBTU_yZT), (Z,V_yB;V,Z-1) and of their adjoints. Thus,
the sequence B belongs to F, whence the inverse-closedness of F/G. The inverse-closedness
of F in &£ is an obvious consequence of the previous result. [

The W-homomorphisms and the H-homomorphisms will play different roles in what fol-
lows. Whereas the W-homomorphisms are needed to define an ideal of F which is subject
to the lifting theorem and for which the quotient algebra has a center which is useful for
applying Allan’s local principle, the family of the H-homomorphisms will be used to identify
the corresponding local algebras (of a suitable subalgebra of F).

Let us turn to the lifting theorem. Let I denote the ideal of the compact operators on
LP(R), and set

J = {<V7-K1V_T) + (K()) + (V_TK_1VT) + (Gq—) K 1,Kg, K1 €K, (Gq—) S g}
Proposition 4.2. J is a closed ideal of F.

Proof. We will only prove that J is a subset of 7. Once this is clear, the remainder of the
proof will run completely parallel to the proof of Proposition 1.7 in [5].

In order to show that J C F, we have to show that all strong limits required in the
definition of F exist for the sequences (Kj), (V_-K_1V;) and (V;K;V_;) with compact
operators K;. This is evident for the W-homomorphisms: One clearly has

W (Vo K1 V) =K 1, Wy(Ko) =Ko, Wi(V:K1V_;) = Ki, (18)

whereas all other W-homomorphisms give 0 when applied to these sequences since the se-
quences (V_.) and (V;) are uniformly bounded and tend weakly to zero as 7 tends to +oo.

We claim that the H-homomorphisms applied to a sequence in J also give zero. This will
follow once we have checked that the sequences

(U_yZr), VeU_yZr), (VorU_yZ;) and (VoZ;Y), (V;VeZ: 1), (Vo VpZ: 1)

are uniformly bounded and converge weakly to zero as 7 — +oo for every choice of z,y € R.
Since the operators U_, and V, are independent of 7 and since V,, commutes with V;, it is
sufficient to check these assertions for the sequences

(ZT)7 (V;'U—yZT)v (V—TU—yZT) and (Z;l), (VTZ;l), (V_TZ;l).

For the sequences (ZX!), this is the assertion of Lemma 2.2. For the other sequences, the
uniform boundedness is evident, and for their weak convergence to zero we can argue similarly
as in the proof of that lemma. For let B; denote any of the operators V.U_, and V_,U_,
with y € R. Then

|(BTX[T(L,Tb])(:L‘)| <1 and |(B7>‘:X[c,d])(x)‘ <1
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for every possible choice of a, b, ¢, d, 7, s and . Hence,

1

‘<X[c,d] ) BTZTX[a,b] >‘ <X[c,d]7 BTX[TaJ—b]>

7'1/1?

1| 1
= i (BrX(ra,m) () dz| < m(d—c) — 0

and
|<X[C’d]7BTZT71X[a,b]>| = |Tl/p<BiX[c,d]7X[Q7g]>|
b

— || T (p* dxl| < #1/p b _a
=T . (BTX[c,d])(:E) T =T (; - ;) — 0.

The claimed weak convergence follows since the linear combinations of functions of the form
X(o.qy lie dense in LP(R) and in its dual space. [ ]

Now one can apply the Lifting Theorem [5, Theorem 1.8] to obtain the following. Note
that the stability of a sequence (A,) in F is equivalent to the invertibility of the coset (A;)+§G
in the quotient algebra F/G due to the inverse-closedness of /G in £/G by Proposition 4.1.

Theorem 4.3. Let A := (A;) € F. The sequence A is stable if and only if the operators
W_1(A), Wo(A) and W1 (A) are invertible in L(LP(R)) and if the coset A + J is invertible
in the quotient algebra F/J .

In that sense, the operators W_1(A), Wy(A) and W1 (A) control the difference between
the invertibility in £/G and F/J.

The goal of the following lemmas is to show that all strong limits required in the definition
of the algebra F exist for the generating sequences of the algebra A = A(PC’ (R), PC), (PT))7
which implies that A is a closed subalgebra of F.

Lemma 4.4. Let a € PC(R) and b € PC,. Then the strong limit, Wo(A;), ' W_1(A,) and
W1 (A;) ezist for the following sequences in A:

(i) Wo(P) =1, Wo(al) =al, Wo(W°b))=W°0b);
(i) Woi(Pr) = x, I, W_y(al) = a(—o0)I, W_y(WO(b)) = WO(b);
(iii) Wi(Pr) = x_I, Wi(al) = a(+o0)I, Wi(WO(b)) = WO(b).

For the constant sequences (al), these assertions are shown in Lemma 2.4, and the re-
maining assertions are evident. For the H-homomorphisms one has the following.

Lemma 4.5. Let y € R. The strong limit Hy y(A;) exists for the following sequences in A:
(i) HOO,y(PT) = Py;
(i) Heoy(al) = a(—o00)x_I + a(4+o00)x, I forac PC(R);

(iii) Hooy(WO(b)) = by~ )WO(x_) + b(yT)WO(x, ) for b € PC,,.

'We write Wo(A,) and not Wy((A,)) to make the notation less heavy, but remember that all homomor-
phisms act on sequences, and not on particular operators.

12



Lemma 4.6. Let x € R. The strong limit Hy oo (A;) exists for the following sequences in A:
(i) Haoo(Pr) =1;

(il) Hyoo(al) = a(z™)x_I +a(z)x, I for a € PC(R);

(1)) Hoy oo (WO(B)) = b(—00)WO(x_) + b(+00)WO(x, ) for b€ PC,.

Indeed, these assertions are easy to check for the sequence (P;), and they were shown in
Propositions 2.3 and 2.5 for the other sequences.

Corollary 4.7. A(PC’(]R), PC), (P;)) is a closed subalgebra of the algebra F.

Let us emphasize that for a pure finite sections sequence (A;) = (P;AP; + Q,) with (A)
a constant sequence in F, the strong limits are given by

Wi (Ar) = X, Waa(A)x T+ x I, Wo(Ar) = A, Wi(Ar) = x Wa(A)x T+ x, 1

and
Hoo,y(AT) =P Hoo,y(A)Pl + Qla Ha:,oo(AT) = Hx,oo(A)
for all z,y € R.
In the following sections, it will be convenient to be able to take the strong limits W4
and Hp  subsequently. For that reason we consider

F={AeF: (Wi (A)) e F}.

It is not difficult to see that F’ is a closed and inverse-closed subalgebra of F which contains
the ideal J (compare the proof of Proposition 4.2), that /G is an inverse-closed subalgebra
of F/G (see below), and that F’ contains the algebra .A(PC’(R), PC), (P;)) (see the lemmas
before Corollary 4.7). So, F' is the real outcome of the essentialization step.

We would like to add a general argument which yields the inverse-closedness of F'/G
in /G as a special case. Note that it is in general not true that if B is an inverse-closed
subalgebra of an algebra C and if Z C B is an ideal of B and C, then B/Z is inverse-closed in
C/T.

Proposition 4.8. Let B be a closed and inverse closed subalgebra of F which contains the
ideal G of the zero sequences. Then B/G is inverse closed in F/G.

Proof. Let (A,) be a sequence in B for which (A,) + G is invertible in F/G. Thus, there
are sequences (B,) and (Cy) in F and (G,) and (Hy,) in G such that B,A, = I — G,, and
A,C,, =1 — H, for all n > 1. Choose ng such that ||G,|| < 1/2 and ||H,| < 1/2 for all
n > ng. Set Al := A, if n > ng and A}, := I if n < ng, and define B], and C] in the same
way. Further, set G/, = G, if n > ng and G, := 0 if n < ng, and define H], analogously.
Then
BlAl =1—-G), and A,C, =1-H] foralln>1,

with ||(G])|| < 1/2 and ||(H])|| < 1/2. By a Neumann series argument, we conclude that the
sequences (I — G!) and (I — H)) are invertible in F and that their inverses are of the form
(I — GY) and (I — H])) with sequences (GIr) and (H]!) in G, respectively. Hence,

(I-GB,A, =1 and A,C/(I-H))=1

for all n > 1. This shows that the sequence (A}) is invertible in F. But the sequence
(A]) differs from the sequence (A,) only by a sequence in G. Thus, (A4}) is in B, and the
inverse-closedness of B in F entails that (A})) is invertible in B. Hence, the coset (A])+ G is
invertible in B/G, which implies the assertion, since (A]) +G = (A,) + G. |

13



4.2 Localization

Since the algebra F'/J has a trivial center, Allan’s local principle is not helpful at this
point. So next we are going to look for a subalgebra Fy of F’ for which F(/G is still inverse-
closed in F'/G, which contains the ideal 7, and which owns the property that the center of
Fo/J includes all cosets (fI) + J and (W°(g)) + J with f € C(R) and g € C,. Note that
the inverse-closedness of Fy/G in F'/G and, thus, in £/G is needed to guarantee that the
invertibility in Fy/G is still equivalent to the stability.

The following construction will provide us with an algebra with the desired properties.
Let Fy denote the set of all sequences in F’' which commute with all constant sequences (f1)
and (W0(g)) where f € C(R) and g € C, modulo sequences in the ideal 7. The proof of the
following proposition is straightforward. Note that, for each subset B of a unital algebra C,
the commutator {c € C : bc = ¢b for each b € B} is an inverse-closed subalgebra of C.

Proposition 4.9. (i) The set Fy is a closed subalgebra of F' and contains the ideal J .

(i1) The mappings W; with i € {—1,0,1}, Hyoy with y € R, and Hy o with x € R act as
bounded homomorphisms on Fo. The ideal G of F lies in the kernel of each these homomor-
phisms, and the ideal J lies in the kernel of each of the H-homomorphisms.

(17i) The algebra Fy is inverse-closed in €, and the algebra Fo/G is inverse-closed in £/G.
By assertion (i), the lifting theorem applies to study invertibility in Fy/G.

Theorem 4.10. Let A = (A;) € Fy. The sequence A is stable if and only if the operators
W_1(A), Wo(A) and W1(A) are invertible in L(LP(R)) and if the coset A + J is invertible
in the quotient algebra fg =Fo/J.

The algebra Fy is still large enough to contain all sequences that interest us.
Proposition 4.11. .A(PC(]R), PCy, (Pr)) is a closed subalgebra of Fo.

Proof. We have to show that the generators (al) with a € PC(R), (W°(b)) with b € PC,,
and (Pr) of.A(PC(R), PC,, (P;)) commute with the constant sequences (fI) where f € C(R)
and (W%g)) where g € C,, modulo sequences in J. For the generators which are constant
sequences this follows immediately from Lemma 3.1. For instance, one has

(FDWO(b)) — (WO(B))(£1) = (fW(b) = WO(b) fI),

which is a constant sequence with a compact entry by the lemma. Hence, this sequence is in
J. It is further evident that (Pr) commutes with (cI), and so it remains to verify that the
commutator

(Pr)(W°(g)) — (W°(9))(Pr)

belongs to J for every multiplier g € C),. Write

(PW0(g) —WO(g)Pr) = (PW°(9)Qr — Q-W(9)P;)
= (Prx W%9)x,Qr — Qrx, W°(9)x, Pr)
+ (Prx, Wo9)x_Qr — Qrx. WO(9)x_Pr)
+ (Prx_W9)x, Qr — Qrx_W(g)x, Pr)
+ (Prx_W°(9)x_Qr — Qrx_WO(g)x_Pr).
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The sequences in the second and third line of the right-hand side of this equation belong to
the ideal G since the operators x WO(g) X+ 1 are compact by Proposition [9, Proposition 12.6
(ii)] and since the @, converge strongly to zero. The sequence in last line can be treated in
a similar way as the sequence in the first line. So we are left on verifying that

(Prx  W2(9)x, Qr — Qrx, W (g)x, Pr) € J.

Write this sequence as

Koy W2 (DX T = Xy WO (@)X 0.0 D)
= (Ve (Ver X o W2 DX o T = Xy WX o DV Vor)
= (Ve (X o W (DX 0.0 T = X0y WP @)Xy g D Vr)
= (VX o XWX T = X WO (9)X_ X, DVor).

Since the operators XiWO(g)XqEI are compact and x,_, I — x_I strongly as 7 — oo, we
conclude that the sequence in the last line of this equality is of the form (V;KV_.) + (G,)
with K compact and (G;) € G. Hence, this sequence is in J. ]

We proceed with localization. One can easily check that the commutative algebra gen-
erated by the cosets of constant sequences (fI) + J and (WO(g)) + J with f € C(R) and
g € Cp is isomorphic to the subalgebra of the Calkin algebra which is generated by fI 4+ K
and W9(g) + K. By Lemma 3.1, the maximal ideal space of the latter algebra (and, thus, of
our present central subalgebra) is homeomorphic to the subset (R x {c0}) U ({co} x R) of the
torus R x R.

Given (s,t) € (R x {o0}) U ({0} x R), let Z; denote the smallest closed two-sided
ideal of the quotient algebra Fy/J which contains the maximal ideal corresponding to the
point (s, t) and let @g , refer to the canonical homomorphism from Fy/J onto the quotient
algebra .7-' = (F0/T)/Zs+. In order not to burden the notation, we write @gt(AT) instead
of CI)SVt((AT) + J) for every sequence (A;) € Fy.

Let (s,t) € (R x {oo}) U ({co} x R). One cannot expect that the local algebra F?, '+ can
be identified completely. But we will be able to identify the smallest closed subalgebra -As,t
of fgt which contains all cosets (Py) + Zs, (al) + Zs; with a € PC(R) and (WO(b)) + Zs4
with b € PC), and this identification will be sufficient for our purposes. We will identify
the algebras Agt by means of the family of the H-homomorphisms. Note that, by assertion
(i1) of Proposition 4.9, the operators Hoo y(A) and H; (A ) depend only on the coset of the
sequence A modulo J. Thus, the quotient homomorphisms

A+TJ—Hgy(A) and A+J— Hyo(A)

are well defined. We denote them again by Hu, 4 and H; o, respectively.

4.3 Identification of the local algebras
We start with describing the local algebras Ag oo

Theorem 4.12. Let s € R. The algebra Agoo 18 isometrically isomorphic to the subalgebra
alg{I,x, I,W°(x,)} of L(LP(R)), and the isomorphism is given by

7 L (A) = Hsoo(A). (19)
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Proof. By definition, Z; o is the smallest two-sided ideal of .7-'(‘)7 which contains the cosets
(fWO9g)) +J with f(s) =0 and g(cc) = 0. From Lemma 4.6 we infer that Hs oo (Zs,00) = 0.
Thus, the homomorphism Hj « is well defined on the quotient algebra Ag ~- The same lemma
also implies that Hg o maps A§7,oo to alg{l, x, 1, WO(X+)}.

We claim that the homomorphism Hj o : Agoo — alg{l,x, I, WO(X+)} is an isometry.
This will follow once we have shown that the identity

(I)goo(A) = q>:97,oo(VsHs,oo(A)st) (20)

holds for all generators of the algebra A(PC (R), PC,, (P;)) in place of the sequence A. Note
that the right-hand side of (20) makes sense since the constant sequence (ViHgoo(A)V_;)
belongs to the algebra Fy by Proposition 4.11.

For the generators (al) and (W°(b)) with a € PC(R) and b € PC, of the algebra
A(PC(]R),PCP, (P;)), the identity (20) was already established in the proof of Theorem
14.2 in [9]. For the generating sequence (Pr) in place of A, the right-hand side of (20) is
the identity element. So we have to show that ®J_ (P;) is the identity element of the local
algebra.

Choose y € R greater than |s|, and let f; be a continuous function supported on the
interval (—y,y) such that fs(s) = 1. Since @goo(fsl) is the identity in the local algebra, we
have

But fsQr = 0 for 7 sufficiently large. Thus, the sequence (fs@Q;)r>0 belongs to the ideal G,
whence ®7 (Q7) = 0. Hence, ®J_(P;) = ®/ (I — Q) is the identity element. |

The previous theorem implies that, for sequences A € .A(PC (R),PCP, (PT)), the coset
<I>;Z o (A) is invertible in the local algebra Ag  if and only if the operator Hy oo (A) is invertible
in alg{I, x, I, WO(x +)}. Of course, one would prefer to check the invertiblity of the operator
Hs.0o(A) in L£(LP(R)), not in alg{l,x,I,W°x,)}. In the present setting, this causes no
problem since the algebra alg{I,x,I,W°(x,)} is known to be inverse-closed in L£(LF(R)).
The following proposition and its proof show how the desired invertibility condition can be
derived without any a priori information on the inverse-closedness of the local algebras.

Proposition 4.13. Let A € .A(PC(R), PC,, (P;)). Then the coset ®J  (A) is invertible in
the local algebra FJ, if and only if the operator Hy oo(A) is invertible in L(LP(R)).

Proof. For s € R, let D; o, denote the set of all operators A € L(LP(R)) with the property
that the constant sequence (VzAV_;) belongs to the algebra Fy. One easily checks that D o
is a closed subalgebra of L(LP(R)). Moreover, D; o is inverse-closed in £(LP(R)), which can
be seen as follows.

Let A € D, o be invertible in L(LP(R)). The constant sequence (VzAV_y) is invertible
in the algebra & of all bounded sequences, and its inverse is the sequence (V;A~'V_,). Since
(VsAV_s) € Fy by hypothesis, and since Fy is inverse-closed in € by Proposition 4.9 (iii), we
conclude that (V;A™1V_g) € Fy. Hence, A~! € D .

Let now A € A(PC(R),PC,, (P;)). If the coset o7 (A) is invertible in Fy, then
Hs oo (A) is invertible in £(LP(R)), since Hy o acts as a homomorphism on that local algebra.
Conversely, let Hg oo(A) be invertible in £(LP(R)). We know already that Hs . (A) belongs

to the algebra alg{I,x I, WO(x .)}, and one easily checks that this algebra is contained in
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Ds . By the inverse-closedness of Dy o, the operator Hg oo (A) possesses an inverse in Dg .
Let B denote this inverse. From BH, o (A) = I we get

(VSBV—S)(VSHS,OO(A)V—S) - (I) (21)

Note that the sequences in (21) are constant. Since the operators B and H; o (A) belong to
Ds o, it is also clear that the sequences in (21) belong to Fy. Hence, one can apply the local
homomorphism <I>g « to both sides of (21), which gives

CI)goo(‘@BV,S)@gOO(V;HS,OO(A)V,S) = ‘1’;7,00(1)~
From (20) we conclude that ®7_(A) is invertible in F_. [

The following is an immediate consequence of Theorem 4.12, Proposition 4.13 and the
well known inverse-closedness of the algebra alg{I, x, I, W%(x,)} in £L(LP(R)).

Corollary 4.14. The local algebra A‘Z’oo 1s tnverse-closed in ‘7:5,700-
Next we are going to examine the local algebras AOJOJ.

Theorem 4.15. Lett € R. The algebra Aojoyt is isometrically isomorphic to the subalgebra
alg{I,x, I, P, W%x,)} of L(LP(R)), and the isomorphism is given by

@7 (A) = Hoot(A). (22)

Proof. It follows from Lemma 4.5, that the operator Ho¢(A) belongs to the algebra
alg{I,x,I,P1,W°(x,)} and that this operator depends on the coset CIJ‘;J(A) of the sequence
A only. Thus, there is a well defined homomorphism

Ago,y - alg{], X+I’ Py, WO(X+)}7 (I)ojo,t(A) = Hoo,t(A)

which we denote by Hy , again. It will follow that this homomorphism is an isometry once
we have verified the identity

7 (A) = &L (U1 Z-Hoot(A) Z; U_y) (23)

for all sequences A in A(PC (R), PC,, (P-)). This is again done in the proof of Theorem

14.2 in [9] for the constant generating sequences of A(PC (R), PC,, (P;)), and it is evident
for the sequence (P;). |

The previous theorem can be completed as follows.

Proposition 4.16. Let A € A(PC(R),PCP, (P:)). Then the coset CI)‘go’t(A) is invertible in
the local algebra fo‘Z’t if and only if the operator Hoo ¢ (A) is invertible in L(LP(R)).

Proof. The proof proceeds as that of Proposition 4.13. For ¢t € R, introduce the algebra
Dot of all operators A € L(LP(R)) with the property that the sequence (UyZ; AZ-1U_4)r>0
belongs to the algebra Fj. Again one checks easily checks that Do ¢ is an inverse-closed
subalgebra of £(LP(R)) and that the algebra alg{l,x, I, P, W%(x,)} is contained in D .
|
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Corollary 4.17. The local algebra Aojo’t is 1nverse-closed in ‘Fo%,t if and only if the algebra
alg{I,x, I,P1,W%x,)} is inverse-closed in L(LP(R)).

Our final goal is the local algebra Agopo. It is easy to see that this algebra is gener-
ated by the identity element and by the three projections ®7 . (x, 1), ®L (W (x,)), and

00,00
@, (Pr). The following proposition shows that this algebra has a non-trivial center.

Proposition 4.18. The projection ®Z . (x,I) belongs to the center of Ago’oo.

00,00

Proof. One only has to check the relation

o (WO x )x.I) =L O, WO(x,)). (24)

Choose a continuous and monotonically increasing function X:r which takes the values 0 at
—oo and 1 at +00. Then, clearly,

o (1) =®L (1) and L (WOx,)) =L (W)

Since the commutator WO(x', )x’. I — x, W°(x',) is compact by [9, Proposition 12.6 (ii)], the
equality (24) follows. [ ]

Proposition 4.18 implies that the local algebra Agovoo splits into the direct sum
AT oo = Ao + A0

where AL =0 (x. )AL ®L . (x.1). The algebras A . are unital, and the cosets

<I>O‘707OO (x.I) can be considered as their identity elements. It is evident that the invertibility

of the coset <I>o‘707oo (A) in A‘gopo for A = (A;) € Ais equivalent to the invertibility of the two
+

0,00; Tespectively. Note that one obtains the same

cosets @7, . (x. Arx, 1) in the algebras A

result by localizing the algebra .,4;,70700 over its central subalgebra described in Proposition
4.18.

Consider the algebra Aj{oyoo. It is another consequence of Proposition 4.18 that this algebra
is generated by the two idempotent elements p := ®7,  (Prx_, 1) and r := <I>~0707OO(W0 (X )x. 1)
and by the identity element e := @570700 (x,1). Thus, the local algebra AL  is subject to the
two projections theorem (see, for instance [3]). To apply this theorem, we have to determine
the spectrum of the element

X :=prp+(e—p)e—r)(e—p) = DL  (P-W(x, ) Prx, I + Q- W(x_)Qrx 1)

in the local algebra A%, . We will first determine the spectrum of X in F oo The following
simple lemma will be useful. Let H denote the smallest closed subalgebra of £ which contains
the sequence (P;) and all constant sequences of homogeneous operators in £(L,(R)).

Lemma 4.19. Let (B;) € H. Then (B;) is invertible in € if and only if By is invertible in
L(Lp(R))-

Indeed, one has Z;IBTZT = B for every 7 > 0.
Let I be the closed interval between p and p/(p — 1). For a € I, set
Co = {(1 + coth((z + ia)7))/2: z € R} U {0, 1}

and Q) 1= UqaerCq.
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Figure 1: The lense Q, for p = 3 (or p = 3/2). If p = 2 it would be just the straight line
between the points 0 and 1.

Proposition 4.20. The spectrum of the element X in FJ

So.00 18 p.

Proof. It is elementary to check that o(X) = Q, if and only if o(prp) = ©,. By Lemma
4.19, the spectrum of the coset

(Prx, WO, )x, Pr) +G (25)

in £/G is equal to the spectrum of the operator

P, WO )X, P = xp,qW ()X = XM (e)xpo,]

on LP ([0,1]), where M(c) stands for the operator of Mellin convolution by the function
c(y) := coth ((y 4 i/p)7). The spectrum of the operator x[o 1 M°(c)x[o,1)! coincides with the
spectrum of the Wiener-Hopf operator W (c), and the latter can be shown to be the lentiform
domain Q,, (see [1], Prop. 9.15).

Since Fy/G is inverse-closed in £/G by Proposition 4.9 (iii), the spectrum of (25) is also
€2, which implies that the spectrum of prp (and, hence, that of X) in ]-"O*Z)’OO is contained in
Q,.

To get the reverse inclusion €, C o(prp), let A ¢ o(prp). Then prp — AL (1) is
invertible in ,7-"0%700 and there are sequences B € Fp and J € Joo 00 := J + Zoo,00 Such that

(P, WO )x. Pr = A)B=1-1,

with I referring to the identity sequence. Without loss of generality, one can assume that J
belongs to a dense subset of Jso,00, say that there are sequences C;, D;, E; and F; in Fy and
functions f; € C(R) and g; € C), with f;(c0) = 0 and g;(c0) = 0 such that

M N
(Prx WO )X, Pr = M) B=1-> C;fD; - Y E;Wg,F; -7,
i=1 j=1

with J € J. Applying the homomorphism W; to both sides of this equality we obtain the
operator equality

N
(WO )X T = A)Wi(B) =T = Wy (E)W(g;)Wi (F;) — K
j=1

(recall Lemma 4.4), where K is a compact operator. Applying then the homomorphism
Ho,o to both sides of this equality (which we can consider as an equality between constant
sequences; note that this is the place where the passage to the algebra F’ becomes important),
we find

(x_W°(x,)x_I = AI) Ho,oo (W1 (B)) = 1.

19



Thus, the operator x_W9(x,)x_I — A is invertible from the right-hand side. Analo-
gously, the invertibility of this operator from the left-hand side follows. Thus, the operator
x_ WO, )x_I—Ax_I is invertible as an operator on LP(R™). Let J : LP(R) — LP(R) be
the flip operator defined by (Jf)(x) := f(—=x). Then, as one easily checks,

T(x-WO0c)x I =M 1) J = x, WO )x, I = Ax,,

which implies that A is not in the spectrum of the Wiener-Hopf operator W (x_) on LP(R™).
Since the spectrum of this operator is the lense €2, (see again [1], Prop. 9.15), we conclude
that X ¢ Q,. Hence, Q, C o(prp). ]

Note that the lense 2, is simply connected in C. Hence, the spectrum of X in .7-"0%700
coincides with the spectrum of X in Ago,oo and also with its spectrum in Ajoyoo.

The following proposition summarizes the results obtained for the case (s,t) = (00, 0).
Note that the occurring 4 x 4 matrices have a 2 x 2-block diagonal structure, which reflects the
decomposing property of the local algebra at (co,00). Define functions ﬁ, 7, — CP4
by

1 0 00 1 0 00
Bris 01 0O 5o 00 0 O
0 0 0 0}’ 00 10
0 0 0O 00 0 O
and
T z(1—x) 0 0
P z(l—x) 11—z 0 0
’ 0 0 x (1 — o)
0 0 Va(l —x) 1—x

Here y/x(1 — ) stands for any complex number ¢ with ¢? = z(1 — z).
Proposition 4.21. (i) The mapping ¥ which sends the cosets ®J, . (x, 1), ®L (P;) and

00,00
@5707OO(W0(X+)) to the functions P, p and T extends to a homomorphism from the algebra
AL oo

(i1) Let A € A(PC(R),PCP, (Pr)). Then the coset @7, (A) is invertible in F ., if and

only if the associated function ‘Il(q)goo) 1s invertible.

into the algebra of all bounded 4 x 4-matrix valued functions on Q.

Note that the intersection of each of the intervals (—oo,0) and (1, 00) with the lense €,
is empty. Hence, the values of the function z — z(1 — z) on Q, do not meet the negative
real axis (—00,0). One can therefore choose the square roots y/z(1 — z) in such a way that
7 becomes a continuous function on €2, and ¥ becomes a homomorphism into C(£2,, C**4).

4.4 The main result

Having identified all local algebras, we can now state our main result. Write Hoo oo (A) for the
function ¥(®Y ). Recall also the definition of the algebra A := A(PC(R), PC,, (P;)) as the
smallest closed subalgebra of £ which contains the constant sequences (al) with a € PC(R)
and (WO(b)) with b € PC,, and the sequence (P).

Theorem 4.22. A sequence A € A is stable if and only if the operators W_1(A), Wo(A)
and W1(A) and the operators Hg oo (A) and Hoo 1 (A) with s,t € R are invertible in L(LP(R))
and if the matriz function Ho oo (A) is invertible.
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Specifying Theorem 4.22 to the case when (A;) is a sequence of finite sections yields the
following.

Theorem 4.23. Let A be an operator in the smallest subalgebra of L(LP(R)) which contains
the operators al with a € PC(R) and WO(b) with b € PC,. Then the finite sections method

(PrAP; + Qr)ur = f (26)
applies to the operator A if and only if the operators
X Wor(A)x I +x_ I, A and x Wi(A)x_I+x,1
and the operators
Hsoo(A) and PiHot(A)P1+ Q1 withs,teR
are invertible on LP(R), and if the function Hoo oo (PrAP: + Q) is tnvertible.

Formally, we proved Theorem 4.22 for the scalar case. For matrix-valued functions
a € [PC(R)]™™ and b € [PCp)"*™, the proof remains essentially the same. This covers,
for example, systems of singular integral equations and systems of Wiener-Hopf operators.
Obviously, the operators resulting from the homomorphisms then will have matrix coeffi-
cients, and it can prove difficult to study the invertibility of these operators. Note that a
non-scalar version of the two-projections theorem was proved in [3].

5 Some examples

Finally, we are going to examine two simple settings where Theorem 4.23 works. Consider
the singular integral operator

A=W (x,) +dWo(x_ ) = cPr +dQr (27)

with coefficients ¢, d € PC(R). A criterion for the Fredholmness of this operator is stated in
Corollary 3.6.

Theorem 5.1. The finite sections method (26) applies to the singular integral operator A in
(27) if and only if the operator A is invertible on LP(R) and the operator

Py ((e(=00)x_ + e(+00)x )W (x,) + (d(—00)x_ + d(+00)x )W (x_)) P
is invertible on LP([—1, 1]).

Proof. Let A := (P;AP: 4+ (I — P;));>0. By Theorem 4.23, the sequence A is stable
and, hence, the finite sections method applies to A, if and only if the following operators are
invertible:

(i) Wo(A) =cWO(x,) +dW°(x_);
(i) W-1(A) = x, (e(=00)W(x,) +d(—00)WO(x_)) x, I +x_1I;

(iii) W1(A) = x_ (e(+00)WO(x,) + d(+oo) WO (x_)) x_I + x, I;
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(iv) Hsoo(A) = (e(s)x_ +e(sT)x )W (x,) + (d(s7)x_ +d(sT)x )W (x_)
for s € R;
(V) Hoop(A) = Q1+
Py ((e(—o00)x_ + e(+00)x, )W (x,) + (d(—00)x_ + d(+00)x, )W (x_)) Pr;
(vi) Hoot(A) = Pi(c(—00)x_ + c¢(+00)x, ) P1 + Q1 for t > 0;
Hoo.t(A) = Pi(d(—00)x_ + d(-+00)x, )Pi + Q1 for ¢ < 0;
c(+00)z +d(4+00)(1 —2) 0

(vi1) (Hooso(A))(2) = !

_ o O O

0
0 0
0 0 ¢(—00)z+d(—o0)(1 - 2)
0 0 0
for z € €2,

Thus, the conditions stated in the theorem are necessary: the operators quoted there are
Wo(A) and Hyoo(A), respectively. To prove the sufficiency, we have to show that the in-
vertibility of Wp(A) and Heoo(A) implies the invertibility of all other operators in (i) —
(vii).

Let s € R. Since Hg oo(A) = Hs o0(A) by Lemma 4.6, the invertibility of A implies that
of Hs oo (A). Further, if Hy o(A) is invertible then the sequence

B = (Pr((c(—00)x_ + c(+00)x )WO(x,)
+ (d(—00)x_ + d(+00)x . )W (X)) Pr + Q-)

is stable by Lemma 4.19. Since W_;(A) = W_;(B) and W;(A) = W;(B) by Lemma 4.4, the
operators W_;(A) and W;(A) are then invertible.

Similarly, if t € R\ {0}, then Hot(A) = He(B) by Lemma 4.5, which verifies the
invertibility of the operators Hy ¢(A). Finally, condition (vii) is satisfied if and only if the
point 0 does not belong to the lentiform domains

1t (ggg - 1) 0, and 1+ (;ﬁ:g - 1> 0,

That the invertibility of Wp(A) and H o(A) also implies this condition follows again by
employing the invertibility criterion for singular integral operators in [4]. [ |

To compare the spectrum of the initial operator A with that of the finite section method
(26) let d = 1. We consider two cases. The first case is when c¢ is continuous at co. In this
case the spectrum of the method is the spectrum of the operator plus a lens connecting the
point ¢(oo) with the point 1 (see Figure 5 - note that the point 1 also belongs to the spectrum
of A, but it is not shown in the first image).

The case when c is discontinuous at oo involves the spectrum of the operator and the
convex hull of three lenses, connecting the points 1, ¢(—o00), ¢(4+00). These lenses colapse
to straight lines when p = 2. In that case, it is possible to reformulate Theorem 5.1 in the
following geometric terms.

Corollary 5.2. Let p = 2. The finite sections method (26) applies to the singular integral

operator A in (27) if and only if the operator A is invertible on L*(R) and if the point 0 is

not contained in the convex hull of the points 1, 2%:22; and 28:3
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() (o)

(a) The spectrum of an operator A (b) the spectrum of the corresponding fsm

For a second illustration of Theorem 4.23, let a,b € PC), and consider the paired operator
A=W %a)x, I+ WO (b)x I (28)

Theorem 5.3. The finite sections method (26) applies to the paired operator A in (28) if
and only if the the operator A is invertible on LP(R), the Wiener-Hopf operators W (b) and
W (a) are invertible on LP(R™), the operator

Py ((a(t)WO(x2) +atT)WOx )x, L+ ()W () + bt )W x,))x_I) Py

is invertible on LP([—1,1]) for every t € R, and the point 0 does not belong to the lentiform
domains

a(—o0) + (a(+00) —a(—00))Q, and b(+00) + (b(—00) — b(+00))82y,.

Proof. Let again A := (P,AP;+ (I — P;))r>0. Theorem 4.23 implies that the finite sections
method for the operator A is stable if and only if the following operators are invertible:

(i) Wo(A) = 4;

(i) W_1(A) = x, WOb)x, I+ x_1;
) Wi(A) =x_Wo%a)x_I+x,1I;
)

HOOO( )

(iii

(a(—o00)WO(x_) + a(+00)WO(x,)) x, I
+ (b(=00)WO(x_) + b(+00)W(x,)) x_1;

(iv

(V) Hsoo(A) = a(—00)WO(x_) + a(+00)W°(x,)  ifs>0;
Hyoo(A) = b(—00)WO(x_) +b(+00)WO(x,)  if s <O0;
(V) Hoot(A) = Q1+ Pr((a(t)WO(x_) + a(t")WO(x.)x.1
HOE )W) +bt)WOx, ))x )Py for t € R;

a(—o00)(1 — z) + a(+o00)z 0 0 0
0 1 0 0

(vii) (Hoo,00(A))(2) = 0 0 b(—o0)z+b(+o0)(1—2) 0 |’
0 0 0 1
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The invertibility of the operators W_;(A) and W;(A) is equivalent to the invertibility
of the Wiener-Hopf operators W (b) and W(a), respectively. Thus, the conditions of the
theorem are necessary. We show that, conversely, the invertibility of the operator A implies
the invertibility of the operators in (iv) and (v). This fact follows immediately from Lemma
4.6, where it is shown that Hs oo (A) = Hs o (A) for every s € R. ]

Corollary 5.4. Let p = 2. The finite sections method (26) applies to the paired operator A
in (28) if and only if the operator A is invertible on L*(R), the Wiener-Hopf operators W (b)
and W (a) are invertible on L*>(R1) and if, for every t € R, the point 0 is not contained in

the convex hull of the points 1, ZE?; and ZE?%
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