Essential spectra and exponential estimates of eigenfunctions of lattice operators of quantum mechanics

Vladimir Rabinovich (Instituto Politecnico Nacional, Mexico) Steffen Roch (Technical University of Darmstadt, Germany)

Abstract This paper is devoted to estimates of the exponential decay of eigenfunctions of difference operators on the lattice Z^n which are discrete analogs of the Schrödinger, Dirac and square-root Klein-Gordon operators. Our investigation of the essential spectra and the exponential decay of eigenfunctions of the discrete spectra is based on the calculus of the so-called pseudodifference operators (i.e., pseudodifferential operators on the group Z^n with analytic symbols, as developed in the paper [29]), and the limit operators method (see [34] and the references cited there). We obtain a description of the location of the essential spectra and estimates of the eigenfunctions of the discrete spectra of the main lattice operators of quantum mechanics, namely: matrix Schrödinger operators on Z^n, Dirac operators on Z^3, and square root Klein-Gordon operators on Z^n.

Key words: lattice Schrödinger, Dirac and Klein-Gordon operators, essential spectra, exponential estimates of eigenfunctions AMS classification: 81Q10, 39A470, 47B39

1 Introduction

The main goal of this paper is estimates of the exponential decay of eigenfunctions of difference operators on the lattice Z^n. Particular attention is paid to the discrete analogs of the Schrödinger, Dirac and square-root Klein-Gordon operators. Schrödinger operators on the lattice Z^n appear at several places, so in the tight binding model in solid state physics, in the propagation of spin waves and waves in quasi-crystals, and in mathematical models of nano-structure, to mention only a few (see, [21, 22, 35, 44]). There is an extensive bibliography devoted to different aspects of the spectral theory of discrete Schrödinger operators. Let us only mention the papers [3, 4, 13, 14, 39, 44, 45], and see also the references cited there. In our recent papers [30, 31], we study the essential spectra of discrete Schrödinger operators with variable magnetic and electric potentials on the lattice Z^n and on periodic combinatorial graphs by means of the limit operators method (for the latter see also [34]).

In the last time, also discrete relativistic operators attracted many attention. They were used, e.g., in comparative studies of relativistic and nonrelativistic electronlocalization phenomena [5], in relativistic investigations of electrical conduction in disordered systems [38], in the construction of supertransparent models with supersymmetric structures [41], and in relativistic tunnelling problems [37].

The problem of exponential estimates of solutions of the elliptic partial differential equations with applications to the Schrödinger operator is a classical one. There are an extensive bibliography devoted to this problem (see for instance [1, 2, 7, 9, 10, 11]). Exponential estimates of solutions of pseudodifferential equations are considered in [15, 19, 20, 23, 26, 27]. Note also the our recent papers [32, 33] where we proposed a new approach to exponential estimates for partial differential and pseudodifferential operators, based on the limit operators method (see [34]).

Our approach to study essential spectra and the exponential decay of eigenfunctions is based on the calculus of pseudodifference operators (i.e., pseudodifferential operators on the group Z^n) with analytic symbols as developed in [29], and on the limit operators method (see [34] and the references cited there).

The paper is organized as follows. In Section 2 we recall some auxiliary facts on the pseudodifference operators with analytic symbols on Z^n, limit operators, essential spectra and the behavior of solutions of pseudodifference equations at infinity.

In Section 3 we consider the discrete Schrödinger operators on l^2(Z^n, C^N ) of the form

(Hu)(x) = n∑ k=1 ( V_{ek} − e^{iak (x)} ) ( V_{−ek} − e^{−iak (x)} ) u(x) + Φ(x)u(x)

where V_{ek} is the operator of shift by e_k, the a_k are real-valued bounded slowly oscillating functions on Z^n, and Φ is a Hermitian slowly oscillating and bounded matrix function on Z^n. We show that the essential spectrum sp_{ess} H of H is the interval

sp_{ess} H = n⋃ j=1 [λ^{inf}_j , λ^{sup}_j + 4n]

where λ^{inf}_j := lim inf_{x→∞} λ_j (Φ(x)), λ^{sup}_j := lim sup_{x→∞} λ_j (Φ(x))

and where the λ_j (Φ(x)) are the increasingly ordered eigenvalues of the matrix Φ(x), i.e.

λ_1(Φ(x)) < λ_2(Φ(x)) < . . . < λ_N (Φ(x))

for x ∈ Z^n large enough. Note that sp_{ess} H does not depend on the exponents a_k, and that there is a gap (λ^{sup}_j + 4n, λ^{inf}_{j+1}) in the essential spectrum of H if λ^{sup}_j + 4n < λ^{inf}_{j+1}.

We also obtain the following estimates of eigenfunctions belonging to points in the discrete spectrum of H. In each of the cases

• λ ∈ (λ^{sup}_j + 4n, λ^{inf}_{j+1}) is an eigenvalue of H and

0 < r < cosh^{−1} ( min{λ − λ^{sup}_j − 2n, λ^{inf}_{j+1} − λ + 2n} 2n ) ,

• λ > λ^{sup}_N + 4n is an eigenvalue of H and

0 < r < cosh^{−1} ( λ − λ^{sup}_N − 2n 2n ) ,

• λ < λ^{inf}_1 is an eigenvalue of H and

0 < r < cosh^{−1} ( λ^{inf}_1 − λ + 2n 2n ) ,

every λ-eigenfunction u of H has the property that e^{r|x|}u ∈ l^p(Z^n, C^N ) for every 1 < p < ∞.

In Section 4 we introduce self-adjoint Dirac operators on the lattice Z^3 with variable slowly oscillating electric potentials. In accordance with the general properties of Dirac operators on R^3 (see for instance [6, 42]), the corresponding discrete Dirac operator on Z^3 should be a self-adjoint system of the first order difference operators. We thus let

D := D_0 + eΦE_4 (1)

where D_0 := cℏd_kγ^k + c^2m γ^0,

E_N is the N × N unit matrix, the γ^k with k = 0, 1, 2, 3 refer to the 4 × 4 Dirac matrices, the d_k := I − V_{ek} , k = 1, 2, 3

are difference operators of the first order, ℏ is Planck’s constant, c is the speed of light, m and e are the mass and the charge of the electron and, finally, Φ is the real electric potential. The operator D, acting on l^2(Z^3, C^4), can be considered as the direct discrete analog of the Dirac operator on R^3, but note that D is not self-adjoint on l^2(Z^3, C^4). To force the self-adjointness, we consider the ”symmetrization” D := D_0 + eΦI of D with

D_0 := ( 0 D_0 D^∗_0 0 ) , (2)

which acts on l^2(Z^3, C^8). The operator D is self-adjoint, and

D^2_0 = ( (ℏ^2c^2Γ + m^2c^4)E_4 0 0 (ℏ^2c^2Γ + m^2c^4)E_4 ) , where ℏ^2c^2Γ + m^2c^4 is the lattice Klein-Gordon Hamiltonian with Laplacian

Γ := 3∑ k=1 d^∗_kd_k = 3∑ k=1 (2I − V_{ek} − V^∗_{ek} ).

Note that one-dimensional Dirac operators of the form (2) on Z were considered in [24, 25].

We prove that the essential spectrum of D is the union

sp_{ess} D = [eΦ^{inf} − √ 12ℏ^2c^2 + m^2c^4, eΦ^{sup} − mc^2]

∪ [eΦ^{inf} + mc^2, eΦ^{sup} + √ 12ℏ^2c^2 + m^2c^4],

where Φ^{inf} := lim inf_{x→∞} Φ(x), Φ^{sup} := lim sup_{x→∞} Φ(x).

Again we observe that if eΦ^{sup} − eΦ^{inf} < 2mc^2, then the essential spectrum of D has the gap (eΦ^{sup} − mc^2, eΦ^{inf} + mc^2).

We also obtain the following estimates of eigenfunctions of the discrete spectrum. Let λ be a point of the discrete spectrum, and let λ and r > 0 satisfy one of the conditions

• λ ∈ (eΦ^{sup} − mc^2, eΦ^{inf} + mc^2) and

0 < r < cosh^{−1} ( m^2c^4 − max { (eΦ^{inf} − λ)^2, (eΦ^{sup} − λ)^2 } + 6ℏ^2c^2 6ℏ^2c^2 ) ;

• λ > eΦ^{sup} + √ 12ℏ^2c^2 + m^2c^4 and

0 < r < cosh^{−1} ( (eΦ^{sup} − λ)^2 − m^2c^4 − 6ℏ^2c^2 6ℏ^2c^2 ) ;

• λ < eΦ^{inf} − √ 12ℏ^2c^2 + m^2c^4 and

0 < r < cosh^{−1} ( (eΦ^{inf} − λ)^2 − m^2c^4 − 6ℏ^2c^2 6ℏ^2c^2 ) .

Then every λ-eigenfunction u of the operator D satisfies e^{r|x|}u ∈ l^p(Z^3, C^8) for every p ∈ (1, ∞).

In Section 5, we consider the lattice model of the relativistic square root Klein-Gordon operator as the pseudodifference operator of the form

K := √ c^2ℏ^2Γ + m^2c^4 + eΦ

on l^2(Z^n). We determine the essential spectrum of K and obtain exact estimates of the exponential decay at infinity of eigenfunctions of the discrete spectrum.

2 Pseudodifference operators, essential spectra, and exponential estimates

2.1 Some function spaces

For each Banach space X, B(X) refers to the Banach algebra of all bounded linear operators acting on X. For 1 ≤ p ≤ ∞, we let l^p(Z^n, C^N ) denote the Banach space of all functions on Z^n with values in C^N with the norm

‖f‖^p_{lp(Zn, CN )} := ∑ x∈Z^n

‖f(x)‖^p_{CN} < ∞ if p < ∞,

‖f‖_l∞_{(Z}n_{, C}N_) := sup_{x∈Zn} ‖f(x)‖_CN < ∞.

The choice of the norm on C^N is not of importance in general; only for p = 2 we choose the Euclidean norm (such that l^2(Z^n, C^N ) becomes a Hilbert space and B(C^N ) a C^∗-algebra in the usual way). Given a positive function w on Z^n, which we will call a weight, let l^p(Z^n, C^N , w) stand for the Banach space of all functions on Z^n with values in C^N such that

‖u‖_lp_{(Z}n_{, C}N_{, w)} := ‖wu‖_lp_{(Z}n_{, C}N_) < ∞.

Similarly, we write l^∞(Z^n, B(C^N )) for the Banach algebra of all bounded functions on Z^n with values in B(C^N ) and the norm

‖f‖_l∞_{(Z}n_{, B(C}N_{))} := sup_{x∈Zn} ‖f(x)‖_{B(C}N_) < ∞.

Finally, we call a function a ∈ l^∞(Z^n, B(C^N )) slowly oscillating if

lim_{x→∞} ‖a(x + y) − a(x)‖_{B(C}N_) = 0

for every point y ∈ Z^n. We denote the class of all slowly oscillating functions by SO(Z^n, B(C^N )) and write simply SO(Z^n) in case N = 1.

2.2 Pseudodifference operators

Consider the n-dimensional torus T^n as a multiplicative group and let

dμ := ( 1 2πi )_n dt_1 · . . . · dt_n t_1 · . . . · t_n = ( 1 2πi )_n dt t denote the corresponding normalized Haar measure on T^n.

Definition 1 Let S(N) denote the class of all matrix-valued functions a = (a_{ij} )^n_{i,j=1} on Z^n × T^n with

‖a‖_k := sup

(x,t)∈Z^n×T^n, |α|≤k

‖∂^α_t a(x, t)‖_{B(C}N_) < ∞ (3) for every non-negative integer k, provided with the convergence defined by the semi-norms |a|_k. To each function a ∈ S(N), we associate the pseudodifference operator

(Op (a)u)(x) := ∫ T^n

a(x, t)û(t)t^x dμ(t), x ∈ Z^n, (4)

which is defined on vector-valued functions with finite support. Here, û refers to the discrete Fourier transform of u, i.e.,

û(t) := ∑ x∈Z^n

u(x)t^x, t ∈ T^n.

We denote the class of all pseudodifference operators by OP S(N).

Pseudodifference operators on Z^n can be thought of as the discrete analog of pseudodifferential operators on R^n (see for instance [40, 43]); they can be also interpreted as (abstract) pseudodifferential operators with respect to the group Z^n. For another representation of pseudodifference operators, we need the operator V_α of shift by α ∈ Z^n, i.e. the operator V_α on l^p(Z^n, C^N ) which acts via (V_αu)(x) = u(x − α), x ∈ Z^n.

Then the operator Op (a) can be written as

Op (a) = ∑ α∈Z^n

a_αV_α (5)

where a_α(x) := ∫ T^n

a(x, t)t^α dμ(t).

Integrating by parts we obtain

‖a_α‖_l∞_{(Z}n_{,B(C}N_{))} ≤ C|a|_2(1 + |α|)^{−2}, (6)

whence ‖Op (a)‖_{W (Z}n_{,C}N_) := ∑ α∈Z^n

‖a_α‖_l∞_{(Z}n_{,B(C}N_{))} < ∞. (7)

We thus obtain that the pseudodifference operator Op (a) belongs to the Wiener algebra W (Z^n, C^N ) which, by definition, consists of all operators of the form (5) with norm (7). It is an immediate consequence of this fact that all operators Op (a) in OP S(N) are bounded on l^p(Z^n, C^N ) for all p ∈ [1, ∞]. Moreover, since the algebra W (Z^n, C^N ) is inverse closed in B(l^p(Z^n, C^N )), the spectrum of Op (a) ∈ OP S(N) is independent of the underlying space l^p(Z^n, C^N ).

Note that the operator (4) can be also written as

Op (a)u(x) = ∑ y∈Z^n ∫ T^n

a(x, t)t^{x−y}u(y) dμ(t), which leads to the following generalization of pseudodifference operators. Let a be a function on Z^n × Z^n × T^n with values in B(C^N ) which is subject to the estimates

|a|_k =: sup

(x,y,t)∈Z^n×Z^n×T^n, |α|≤k

‖∂^α_t a(x, y, t)‖_{B(C}N_) < ∞ (8)

for every non-negative integer k. Let S_d(N) denote the set of all functions with these properties. To each function a ∈ S_d(N), we associate the pseudodifference operator with double symbol

(Op_d (a)u)(x) := ∑ y∈Z^n ∫ T^n

a(x, y, t)u(y)t^{x−y} dμ(t) (9)

where u : Z^n → C^N is a function with finite support. The right-hand side of (9) has to be understood as in (5.6) in [34], which is in analogy with the definition of an oscillatory integral (see [40] and also Section 4.1.2 in [34]). The class of all operators of this form is denoted by OP S_d(N).

The representation of operators on Z^n as pseudodifference operators is very convenient due to the fact that one has explicit formulas for products and adjoints of such operators. The basic results are as follows.

Proposition 2 (i) Let a, b ∈ S(N). Then the product Op (a)Op (b) is an operator in OP S(N), and Op (a)Op (b) = Op (c) with

c(x, t) = ∑ y∈Z^n ∫ T^n

a(x, tτ)b(x + y, τ)τ^{−y} dμ(τ), (10)

with the right-hand side understood as an oscillatory integral. (ii) Let a ∈ S(N) and consider Op (a) as acting on l^p(Z^n, C^N ) with p ∈ (1, ∞). Then the adjoint operator of Op (a) belongs to OP S(N), too, and it is of the form Op (a)^∗ = Op (b) with

b(x, t) = ∑ y∈Z^n ∫ T^n

a^∗(x + y, tτ)τ^{−y} dμ(τ), (11)

where a^∗(x, t) is the usual adjoint (i.e., transposed and complex conjugated) matrix.

(iii) Let a ∈ S_d(N). Then Op_d (a) ∈ OP S(N), and Op_d (a) = Op (a^#) where

a^#(x, t) = ∑ y∈Z^n ∫ T^n

a(x + y, tτ)τ^{−y} dμ(τ).

2.3 Limit operators and the essential spectrum

Recall that an operator A ∈ B(X) is a Fredholm operator if its kernel ker A = {x ∈ X : Ax = 0} and its cokernel coker A = X/(AX) are finite-dimensional linear spaces. The essential spectrum of A consists of all points λ ∈ C such that the operator A−λI is not a Fredholm operator. We denote the (usual) spectrum and the essential spectrum of A by spec_X A and sp_{ess X} A, respectively.

Our main tool to study the Fredholm property is limit operators. The following definition is crucial in what follows.

Definition 3 Let A ∈ B(l^p(Z^n, C^N )) with p ∈ (1, ∞), and let h : N → Z^n be a sequence which tends to infinity in the sense that |h(n)| → ∞ as n → ∞. An operator A^h ∈ B(l^p(Z^n, C^N )) is called a limit operator of A with respect to the sequence h if

s-lim_{m→∞}V_{−h(m)}AV_{h(m)} = A^h and s-lim_{m→∞}V_{−h(m)}A^∗V_{h(m)} = (A^h)^∗,

where s-lim refers to the strong limit. Clearly, every operator has at most one limit operator with respect to a given sequence. We denote the set of all limit operators of A by op(A).

Let aI be the operator of multiplication by the function a ∈ l^∞(Z^n, B(C^N )). A standard Cantor diagonal argument shows that every sequence h tending to infinity possesses a subsequence g such that, for every x ∈ Z^n, the limit lim m→∞ a(x + g(m)) =: a^g(x)

exists. Clearly, a^g is again in l^∞(Z^n, B(C^N )). Hence, all limit operators of aI are of the form a^g I. In particular, if a ∈ SO(Z^n, B(C^N )), then it follows easily from the definition of a slowly oscillating function that all limit operators of aI are of the form a^g I where now a^g ∈ B(C^N ) is a constant function.

Let Op (a) ∈ OP S(N), and let h : N → Z^n be a sequence tending to infinity. Then V_{−h(m)}AV_{h(m)} = Op (a_m) with a_m(x) := a(x+h(m), t). It follows as above that the sequence h has a subsequence g such that a(x + g(m), t) converges to a limit a^g(x, t) for every x ∈ Z^n uniformly with respect to t ∈ T^n. One can prove that the so-defined function a^g belongs to S(N) and the associated operator Op (a^g ) is the limit operator of Op (a) with respect to g.

The following theorem gives a complete description of the essential spectrum of pseudodifference operators in terms of their limit operators.

Theorem 4 Let a ∈ S(N). Then, for every p ∈ (1, ∞),

sp_{ess l}p Op (a) = ⋃ Op (a^g )∈op(A)

spec_lr Op (a^g) (12)

where r ∈ [1, ∞] is arbitrary.

Since spec_lr Op (a^g ) does not depend on the underlying space, the essential spectrum sp_{ess l}p Op (a) is independent of p ∈ (1, ∞). Hence, in what follows we will omit the explicit notation of the underlying space in the spectrum and the essential spectrum.

2.4 Pseudodifference operators with analytic symbols and exponential estimates of eigenfunctions

For r > 1 let K_r be the annulus {t ∈ C : r^{−1} < |t| < r}, and let K^n_r be the product K_r × . . . × K_r of n factors.

Definition 5 Let S(N, K^n_r ) denote the set of all functions

a : Z^n × K^n_r → B(C^N )

which are analytic with respect to t in the domain K^n_r and satisfy the estimates

|a|_k := ∑ |α|≤k sup x∈Z^n, t∈K^n_r

‖∂^α_t a(x, t)‖_{B(C}N_) < ∞

for every non-negative integer k. With every function a ∈ S(N, K^n_r ), we associate a pseudodifference operator defined on vector-valued functions with finite support via (4), and we denote the corresponding class of pseudodifference operators by OP S(N, K^n_r ).

Definition 6 For r > 1, let W(K^n_r ) denote the class of all exponential weights w = exp v, where v is the restriction onto Z^n of a function ṽ ∈ C^{(1)}(R^n) with the property that, for every point x ∈ R^n and every j = 1, ..., n,

− log r <

∂ṽ(x) ∂x_j

< log r. (13)

In what follows we will denote both the function ṽ on R^n and its restriction onto Z^n by v. Note that it is an immediate consequence of Definition 6 that if w ∈ W(K^n_r ), then w^μ ∈ W(K^n_r ) for every μ ∈ [−1, 1].

Proposition 7 Let A := Op (a) ∈ OP S(N, K^n_r ) and w ∈ W(K^n_r ). Then the operator A_w := wAw^{−1}, defined on vector-valued functions with finite support, belongs to the class OP S_d(N), and A_w = Op_d (b) with

b(x, y, t) = a(x, e^{−θw (x,y)} · t)

where

e^{−θw(x,y)} · t := ( e^{−θw,1(x,y)}t_1, e^{−θw,2(x,y)}t_2, . . . , e^{−θw,n(x,y)}t_n )

and θ_{w,j} (x, y) :=

∫_1 0 ∂v((1 − γ)x + γy) ∂x_j dγ. Proposition 2 and estimate (15) imply the following theorem.

Theorem 8 Let a ∈ S(N, K^n_r ) and w ∈ W(K^n_r ). Then Op (a) is a bounded operator on each of the spaces l^p(Z^n, C^N , w) with 1 ≤ p ≤ ∞.

Next we consider essential spectra of pseudodifference operators on weighted spaces. Let a, A and A_w be as in Proposition 7. One can easily check that for h ∈ Z^n

V_{−h}A_wV_h = Op_d (b_h) with b_h(x, y, t) = a(x + h, e^{−θw(x+h,y+h)} · t)).

Let now h : N → Z^n be a sequence tending to infinity. Then there exists a subsequence g of h such that the limit operator of A_w with respect to g exists and A^g_w = Op_d (b^g ) with b^g(x, y, t) = a^g (x, e^{θgw (x,y)} · t) (14)

where a^g(x, t) := lim_{m→∞} a(x + g(m), t) (15) and θ^g_w(x, y) := lim_{m→∞}

∫_1 0 ∇v((1 − γ)x + γy + g(m)) dγ. (16)

The limits in (15) and (16) are understood as pointwise with respect to x, y ∈ Z^n and uniform with respect to t ∈ T^n.

Theorem 9 Let a ∈ S(N, K^n_r ) and w ∈ W(K^n_r ), set A := Op (a) and A_w := wAw^{−1}, and consider A as operating from l^p(Z^n, C^N , w) to l^p(Z^n, C^N , w) where p ∈ (1, ∞). Then

sp_{ess} Op (a) = ⋃ Op_d (b^g )∈op(A_w )

spec Op_d (b^g)

with b^g as in (14).

Remark 10 Note that the essential spectrum of an operator in OP S(N, K^n_r ), considered as acting on l^p(Z^n, C^N , w), is independent of p ∈ (1, ∞), but it can depend on the weight in general. But if the weight w = e^v has the property that

lim_{x→∞} ∇v(x) = 0, (17)

then the symbol a^g_w does not depend on the weight and, hence, the essential spectrum of Op (a) ∈ B(l^p(Z^n, C^N , w)) with a ∈ S(N, K^n_r ) is independent both on p ∈ (1, ∞) and on the weight w. Important examples of weights satisfying (17) are the power weights w(x) = (1 + |x|^2)^{s/2} = e^{s2 log(1+|x|2 )} with s > 0 and the subexponential weights w(x) = e^{α|x|β} where α > 0 and β ∈ (0, 1).

The next theorem provides exponential estimates of solutions of pseudodifference equations.

Theorem 11 Let A = Op(a) ∈ OP S(N, K^n_r ) and w ∈ W(K^n_r ). Suppose that lim_{x→∞} w(x) = +∞ and that 0 is not in the essential spectrum of A_wμ : l^p(Z^n, C^N ) → l^p(Z^n, C^N ) for some p ∈ (1, ∞) and every μ ∈ [−1, 1]. If u ∈ l^p(Z^n, C^N , w^{−1}) is a solution of the equation Au = f with f ∈ l^p(Z^n, C^N , w), then u ∈ l^p(Z^n, C^N , w).

Theorem 11 has some important corollaries.

Theorem 12 Let a, A and w be as in the previous theorem, and let λ be an eigenvalue of A which is not in the essential spectrum of A_wμ : l^p(Z^n, C^N ) → l^p(Z^n, C^N ) for some p ∈ (1, ∞) and every μ ∈ [0, 1]. Then every λ-eigenfunction belongs to l^p(Z^n, C^N , w) for every p ∈ (1, ∞).

Corollary 13 Let A = Op(a) ∈ OP S(N, K^n_r ) and let λ be an eigenvalue of A which is not in the essential spectrum of A. Then every λ-eigenfunction u = (u_1, ..., u_N ) satisfies the sub-exponential estimate

sup |u_i(x)| ≤ C_ie^{−α|x|β} , x ∈ Z^n, i = 1, ..., N (18)

for arbitrary α > 0 and 0 < β < 1.

Proof. Let w(x) = e^{v(x)} where v(x) = α|x|^β with α > 0 and 0 < β < 1. Then lim_{x→∞} ∇v(x) = 0, whence A^g_wμ = A^g for every limit operator A^g . Let λ be an eigenvalue of A which is not in the essential spectrum of A. Then λ is not in the essential spectrum of A_wμ for every μ ∈ [0, 1]. Hence, by Theorem 12, every λ-eigenfunction belongs to each of the spaces l^p(Z^n, C^N , w) with p ∈ (1, ∞). Applying the Hölder inequality we obtain estimate (18).

We are now going to specialize these results to the context of slowly oscillating symbols and slowly oscillating weights.

Definition 14 The symbol a ∈ S(N, K^n_r ) is said to be slowly oscillating if

lim_{x→∞} sup_{t∈Tn} ‖a(x + y, t) − a(x, t)‖_{B(C}N_) = 0

for every y ∈ Z^n. We write S^{sl}(N, K^n_r ) for the class of all slowly oscillating symbols and OP S^{sl}(N, K^n_r ) for the corresponding class of pseudodifference operators.

Definition 15 The weight w = e^v ∈ W(K_r) is slowly oscillating if the partial derivatives^{∂v}_{∂xj} are slowly oscillating for j = 1, . . . , n. We denote the class of all slowly oscillating weights by W^{sl}(K_r).

Example 16 If v(x) = γ|x|, then^{∂v(x)}_{∂xj} = γ^{xj}_{|x|} for j = 1, . . . , n. Thus, w := e^v is in W^{sl}(K_r) if γ < r.

The next theorem describes the structure of the limit operators of the operator A_w = wAw^{−1} if A ∈ OP S^{sl}(N, K^n_r ) and w ∈ W^{sl}(K_r).

Theorem 17 Let A = Op (a) ∈ OP S^{sl}(N, K^n_r ) and w ∈ W^{sl}(K_r). Then the limit operator A^g_w of A_w with respect to the sequence g tending to infinity exists if the limits

a_g (t) = lim_{m→∞} a(g(m), t), θ^g_w = lim_{m→∞}(∇v)(g(m)) (19)

exist. In this case, it is of the form

A^g_w = Op (c_g ) with c_g(x, t) = a_g(θ^g_w · t). (20)

Consequently, if A and w are as in this theorem, then the limit operators A^g_wμ are invariant with respect to shifts. This fact implies the following explicit description of their essential spectra. Let {λ_j (A^g_wμ )(t)}^n_{j=1} denote the eigenvalues of the matrix a_g (θ^g_wμ · t). Then

spec_lp_{(Z}n_{,C}N_)A^g_wμ = N⋃ j=1 {λ_j (A^g_wμ )(t) : t ∈ T^n and j = 1, . . . , n},

whence

sp_{ess l}p_{(Z}n_{,C}N_)A_wμ = ⋃ A^g_{wμ} ∈op(A_wμ ) N⋃ j=1 {λ_j (A^g_wμ )(t) : t ∈ T^n and j = 1, . . . , n}.

3 Matrix Schrödinger operators

3.1 Essential spectrum

In this section we consider the essential spectrum and the behavior at infinity of eigenfunctions of general discrete Schrödinger operators acting on u ∈ l^2(Z^n, C^N ) by

(Hu)(x) = n∑ k=1 (V_{ek} − e^{iak (x)}) (V_{−ek} − e^{−iak (x)})u(x) + Φ(x) (21)

where e_k = (0, . . . , 0, 1, 0, . . . , 0) with the 1 standing at the kth place, the a_k ∈ SO(Z^n) are real-valued, and Φ ∈ SO(Z^n, B(C^N )) is Hermitian. The vector a := (a_1, . . . , a_n) is the discrete analog of the magnetic potential, whereas Φ can be viewed of as a discrete analog of the electric potential. Since the essential spectrum of H is independent of p ∈ (1, ∞), we consider the case p = 2 only. Note that our assumptions guarantee that H is a self-adjoint operator on l^2(Z^n, C^N ).

The limit operators H_g of H are of form

H_g = n∑ k=1 (V_{ek} − e^{iagk} I) (V_{−ek} − e^{−iagk} I) + Φ^g I

= n∑ k=1 (2I − e^{−iagk} V_{−ek} − e^{iagk} V_{ek} ) + Φ^g I

with the constant functions

a^g_k = lim_{m→∞} a_k(x + g(m)) and Φ^g = lim_{m→∞} Φ(x + g(m)).

Let U : l^2(Z^n, C^N ) → l^2(Z^n, C^N ) be the unitary operator

(Uu)(x) = e^{−i⟨ag ,x⟩}u(x), a^g = (a^g_1, . . . , a^g_n).

Then U^∗H_gU = n∑ k=1 (2I − V_{−ek} − V_{ek} ) + Φ^g .

Further, the operator H^′_g := U^∗H_gU is unitarily equivalent to the operator of multiplication by the function H̃_g(ψ_1, . . . , ψ_n) := 4^n ∑ k=1 sin^2 ψ_k 2 + Φ^g, ψ_k ∈ [0, 2π],

acting on L^2([0, 2π]^n, C^N ). Hence,

spec H_g = spec H^′_g = N⋃ j=1 [λ_j (Φ^g ), λ_j (Φ^g ) + 4n],

where the λ_j (Φ^g ) refer to the eigenvalues of the matrix Φ^g. Applying formula (12) we obtain sp_{ess} H = ⋃ g N⋃ j=1 [λ_j (Φ^g ), λ_j (Φ^g ) + 4n] (22)

where the first union is taken over all sequences g for which the limit operator of H exists. Let λ_j (Φ(x)), j = 1, . . . , N, denote the eigenvalues of the matrix Φ(x). We suppose that these eigenvalues are simple for x large enough and that they are increasingly ordered, λ_1(Φ(x)) < λ_2(Φ(x)) < . . . < λ_N (Φ(x)).

Then one can show that the functions x → λ_j (Φ(x)) belong to SO(Z^n). Let λ^{inf}_j := lim inf_{x→∞} λ_j (Φ(x)), λ^{sup}_j := lim sup_{x→∞} λ_j (Φ(x)).

Since the set of the partial limits of a slowly oscillating function on Z^n is connected for n > 1 (see [34], Theorem 2.4.7), we conclude from (22) that

sp_{ess} H = N⋃ j=1 [λ^{inf}_j , λ^{sup}_j + 4n] (23)

for n > 1. Note that if λ^{sup}_j + 4n < λ^{inf}_{j+1}, then there is the gap (λ^{sup}_j + 4n, λ^{inf}_{j+1}) in the essential spectrum of H.

In case n = 1, the set of the partial limits of a slowly oscillating function on Z consists of two connected components, which collect the partial limits as x → −∞ and x → +∞, respectively. Accordingly, in this case we set λ^{inf,±}_j := lim inf

x→±∞

λ_j (Φ(x)), λ^{sup,±}_j := lim sup_{x→±∞} λ_j (Φ(x)). and obtain

sp_{ess} H = N⋃ j=1 ( [λ^{inf,−}_j , λ^{sup,−}_j + 4] ∪ [λ^{inf,+}_j , λ^{sup,+}_j + 4] ) .

3.2 Exponential estimates of eigenfunctions

Our next goal is to apply Theorem 11 to eigenfunctions of (discrete) eigenvalues of the operator H with slowly oscillating potentials. We will formulate the results for n > 1 only; for n = 1 the non-connectedness of the set of the partial limits requires some evident modifications. According to (23), the discrete spectrum of H is located outside the set sp_{ess} H =

⋃_N j=1[λ^{inf}_j , λ^{sup}_j +4n] if n > 1.

Let cosh^{−1} : [1, +∞) → [0, +∞) refer to the function inverse to cosh : [0, +∞) → [1, +∞), i.e.,

cosh^{−1} μ = log(μ + √ μ^2 − 1).

Further let R^{sl} := ⋃ r>1 W(K^n_r ).

Theorem 18 Let w = e^v be a weight in R^{sl} with lim_{x→∞} v(x) = ∞. Further let λ be an eigenvalue of H such that λ /∈ sp_{ess} H and assume that one of the following conditions is satisfied:

(i) there is a j ∈ {1, . . . , N} such that λ ∈ (λ^{sup}_j + 4n, λ^{inf}_{j+1}) and

lim sup x→∞ | | | | ∂v(x) ∂x_k | | | | < cosh^{−1} ( min{λ − λ^{sup}_j − 2n, λ^{inf}_{j+1} − λ + 2n} 2n ) (24)

for every k = 1, . . . , n; (ii) λ > λ^{sup}_N + 4n and

lim sup x→∞ | | | | ∂v(x) ∂x_k | | | | < cosh^{−1} ( λ − λ^{sup}_N − 2n 2n )

for every k = 1, . . . , n; (iii) λ < λ^{inf}_1 and

lim sup x→∞ | | | | ∂v(x) ∂x_k | | | | < cosh^{−1} ( λ^{inf}_1 − λ + 2n 2n )

for every k = 1, . . . , n.

Then every λ-eigenfunction of H belongs to each of the spaces l^p(Z^n, C^N , w) with p ∈ (1, ∞).

Proof. For μ ∈ [0, 1], let H^′_wμ := w^μH^′w^{−μ}. The limit operators H^{′g}_wμ − λE are unitarily equivalent to the operator of multiplication by the matrix-function

H^g_wμ (ψ) = −2 n∑ j=1 cos(ψ_j + iμθ^g_j ) + 2n − λ

E + Φ^g

where

ψ = (ψ_1, . . . , ψ_n) ∈ [0, 2π]^n and θ^g_j := lim_{m→∞}

∂v(g(m)) ∂x_j .

Note that

R(H^g_wμ (ψ)) = −2 n∑ j=1 cos ψ_j cosh μθ^g_{w,j} + 2n − λ

E + Φ^g ,

where θ^g_{w,j} :=

(_{∂v}

∂x_j

)_g . It is easy to check that condition (24) implies that λ /∈ spec H^g_wμ for every limit operator H^g_wμ of H_wμ and every μ ∈ [0, 1]. Hence, by Theorem 12, every λ-eigenfunction belongs to l^p(Z^n, C^N , w) for every 1 < p < ∞.

Corollary 19 In each of the following cases (i) λ ∈ (λ^{sup}_j + 4n, λ^{inf}_{j+1}) for some j ∈ {1, . . . , N} and

0 < r < cosh^{−1} ( min{λ − λ^{sup}_j − 2n, λ^{inf}_{j+1} − λ + 2n} 2n ) ,

(ii) λ > λ^{sup}_N + 4n and 0 < r < cosh^{−1}

(_{λ−λsupN −2n} 2n ) , (iii) λ < λ^{inf}_1 and 0 < r < cosh^{−1}

(_{λinf1 −λ+2n} 2n ) , every λ-eigenfunction of H belongs to l^p(Z^n, C^N , e^{r|x|)}) for each p ∈ (1, ∞).

Remark 20 In the case of the scalar Schrödinger operator (21) with Φ ∈ SO(Z^n), we have sp_{ess} H = [Φ^{inf} , Φ^{sup} + 4n] with Φ^{inf} = lim inf_{x→∞} Φ(x) and Φ^{sup} = lim sup_{x→∞} Φ(x). If one of the following conditions holds for an eigenvalue λ of H: (i) λ > Φ^{sup} + 4n and 0 < r < cosh^{−1}

(_{λ−Φsup −2n} 2n ) , or (ii) λ < Φ^{inf} and 0 < r < cosh^{−1}

(_{Φinf +2n−λ} 2n ) , then every λ-eigenfunction of H belongs to l^p(Z^n, C^N , e^{r|x|}) for each p ∈ (1, ∞).

4 The discrete Dirac operator

4.1 The essential spectrum

On l^2(Z^3, C^4), we consider the Dirac operators

D := D_0 + eΦI and D_0 := cℏd_kγ^k + c^2mγ^0 (25)

where the γ^k, k = 0, 1, 2, 3, refer to the 4 × 4 Dirac matrices, i.e., they satisfy

γ^j γ^k + γ^kγ^j = 2δ_{jk}E_4 (26) for all choices of j, k = 0, 1, 2, 3 where E_4 stands for the 4 × 4 identity matrix. Further, d_k := I − V_{ek} , k = 1, 2, 3 are difference operators of the first order, ℏ is Planck’s constant, c the light speed, m and e are the mass and the charge of the electron, and Φ is the electric potential. We suppose that the function Φ is real-valued and belongs to the space SO(Z^3).

It turns out that the operator D is not self-adjoint on l^2(Z^3, C^4). Therefore we introduce self-adjoint Dirac operators as the matrix operators

D := D_0 + eΦI with D_0 := ( 0 D_0 D^∗_0 0 ) , acting on the space l^2(Z^3, C^8) (i.e. I refers now to the identity operator on that space). First we are going to determine the spectrum of D_0. It is

(D_0 − λI)(D_0 + λI) = ( L(λ) 0 0 L(λ) ) (27)

where L(λ) = ℏ^2c^2Γ + (m^2c^4 − λ^2)I, and

Γ := 3∑ k=1 d^∗_kd_k = 3∑ k=1 (2I − V_{ek} − V^∗_{ek} )

is the discrete Laplacian with symbol

Γ̂(φ) = Γ̂(φ_1, φ_2, φ_3) =^3 ∑ k=1 (2 − 2 cos φ_k), φ_k ∈ [0, 2π].

Similarly, we denote by D̂_0(φ) and L̂(λ, φ) the symbols of the operators D_0 and L(λ), respectively. Then

(D̂_0(φ) − λE_8)(D̂_0(φ) + λE_8) = L̂(λ, φ)E_8 (28)

with the scalar-valued function

L̂(λ, φ) = ℏ^2c^{2 3} ∑ k=1 (2 − 2 cos φ_k ) + m^2c^4 − λ^2.

We claim that λ ∈ spec D_0 if and only if there exists a φ_0 ∈ [0, 2π]^3 such that L̂(λ, φ_0) = 0. Indeed, let λ ∈ spec D_0. Then there exists a φ_0 ∈ [0, 2π]^3 such that det(D̂_0(φ_0) − λE_8) = 0. Hence by (28) L̂(λ, φ_0) = 0. Conversely, if L̂(λ, φ_0) = 0, then it follows from (28) that

(D̂_0(φ_0) − λE_8)(D̂_0(φ_0) + λE_8) = 0.

Hence, det(D̂_0(φ_0) − λE_8) = 0, whence λ ∈ spec D_0.

Since the equation L̂(λ, φ) = 0 has two branches of solutions (spectral curves), namely

λ_±(φ) = ± √ ℏ^2c^2Γ̂(φ) + m^2c^4, φ ∈ [0, 2π]^3,

the spectrum of D_0 is the union

spec D_0 = [− √ 12ℏ^2c^2 + m^2c^4, −mc^2] ∪ [mc^2, √ 12ℏ^2c^2 + m^2c^4].

Our next goal is to determine the essential spectrum of D = D_0 + eΦI. All limit operators of D are of the form D^g = D_0 + eΦ^gI where Φ^g = lim_{j→∞} Φ(g(j)) is the partial limit of Φ corresponding to the sequence g : N → Z^3 tending to infinity. By what we have just seen, this gives

spec D^g = [eΦ^g − √ 12ℏ^2c^2 + m^2c^4, eΦ^g − mc^2]

∪ [eΦ^g + mc^2, eΦ^g + √ 12ℏ^2c^2 + m^2c^4].

Since sp_{ess} D = ∪_g spec D^g we obtain

sp_{ess} D = [eΦ^{inf} − √ 12ℏ^2c^2 + m^2c^4, eΦ^{sup} − mc^2]

∪ [eΦ^{inf} + mc^2, eΦ^{sup} + √ 12ℏ^2c^2 + m^2c^4],

where Φ^{inf} := lim inf_{x→∞} Φ(x) and Φ^{sup} := lim sup_{x→∞} Φ(x).

In particular, if e(Φ^{sup} − Φ^{inf} ) < 2mc^2, then the interval (eΦ^{sup} − mc^2, eΦ^{inf} + mc^2) is a gap in the essential spectrum of D.

4.2 Exponential estimates of eigenfunctions

The following is the analog of Theorem 18.

Theorem 21 Let λ /∈ sp_{ess} D be an eigenvalue of D : l^p(Z^3, C^8) → l^p(Z^3, C^8) with p ∈ (1, ∞). Assume further that the weight w = e^v is in R^{sl} and that lim_{x→∞} v(x) = ∞. If one of the conditions (i) λ ∈ (eΦ^{sup} − mc^2, eΦ^{inf} + mc^2) and, for every j = 1, 2, 3,

lim sup x→∞ | | | ∂v(x) ∂x_j | | | < cosh^{−1} ( m^2c^4 − max { (eΦ^{inf} − λ)^2, (eΦ^{sup} − λ)^2 } + 6ℏ^2c^2 6ℏ^2c^2 ) , (29)

(ii) λ > eΦ^{sup} + √ 12ℏ^2c^2 + m^2c^4 and, for every j = 1, 2, 3,

lim sup x→∞ | | | ∂v(x) ∂x_j | | | < cosh^{−1} ( (eΦ^{sup} − λ)^2 − m^2c^4 − 6ℏ^2c^2 6ℏ^2c^2 ) , (30)

(iii) λ < eΦ^{inf} − √ 12ℏ^2c^2 + m^2c^4 and, for every j = 1, 2, 3,

lim sup x→∞ | | | | ∂v(x) ∂x_j | | | | < cosh^{−1} ( (eΦ^{inf} − λ)^2 − m^2c^4 − 6ℏ^2c^2 6ℏ^2c^2 ) , (31)

is satisfied, then every λ-eigenfunction of the operator D belongs to the space l^p(Z^3, C^8, w) for each p ∈ (1, ∞).

Proof. We will prove the assertion in case condition (i) is satisfied. The other cases follow similarly. Further, since the essential spectrum of D and the spectra of the associated limit operators do not depend on p, we can assume that p = 2 in this proof.

Let condition (29) hold, and let λ be an eigenvalue in the gap (eΦ^{sup} − mc^2, eΦ^{inf} + mc^2) of the essential spectrum. In order to apply Theorem 11 to determine the decaying behavior of the associated eigenfunction u_λ, we need estimates of the spectrum of the limit operators (D_wμ )^g of D_wμ := w^μDw^{−μ} for μ ∈ [0, 1]. The limit operator (w^μV_{ek} w^{−μ})^g of w^μV_{ek} w^{−μ} is of the form

(w^μV_{ek} w^{−μ})^g = e^{−μ}

“_{∂v} ∂xk ”_g

V_{ek} .

Hence,

(D_wμ )^g = 3∑ k=1 cγ^k(I − e^{−μ}

“_{∂v} ∂xk ”_g

V_{ek} ) + mc^2γ^0 + eΦ^g E_4 (32)

where

(_{∂v}

∂x_k

)_g

= lim_{m→∞}^{∂v(g(m))}_{∂xk} .

Let D^′ = D_0 − eΦI. The identity (32) implies that (D^{′g}_wμ − λI)(D^{′g}_wμ + λI) is the diagonal matrix diag (F, F ) with

F := ℏ^2c^2Γ^g_wμ + (m^2c^4 − (eΦ^g − λ)^2)I and Γ^g_wμ = 3∑ k=1 ( 2I − e^−

“_{∂v} ∂xk ”_g

V_{ek} − e

“_{∂v} ∂xk ”_g

V^∗_{ek} ) . The operator Γ^g_wμ is unitarily equivalent to the operator of multiplication by the function

Γ̂^g_{wμ} (φ) = Γ̂^g_{wμ} (φ_1, φ_2, φ_3) =^3 ∑ k=1 ( 2 − 2 cos ( φ_k + i ( ∂v ∂x_k )_g ))

acting on the space L^2([0, 2π]^3). Note that

R(Γ̂^g_wμ (φ)) = 6 − 2 3∑ j=1 cos φ_k cosh ( ∂v ∂x_k

)_g . Hence, and by condition (29),

R(ℏ^2c^2Γ̂^g_wμ (φ) + m^2c^4 − (eΦ^g − λ)^2) ≠ 0 (33) for every sequence g defining a limit operator and for every μ ∈ [0, 1]. The property (33) implies that λ /∈ spec D^g_wμ for every limit operator D^g_wμ and every μ ∈ [0, 1]. By Theorem 11, every λ-eigenfunction belongs to l^p(Z^3, C^8, w) for every p ∈ (1, ∞).

For the important case of the symmetric weight w(x) = e^{r|x|}, we obtain the following corollary of Theorem 21.

Corollary 22 Let λ be an eigenvalue of D : l^p(Z^3, C^8) → l^p(Z^3, C^8). If one of the conditions (i) λ ∈ (eΦ^{sup} − mc^2, eΦ^{inf} + mc^2) and

0 < r < cosh^{−1} ( m^2c^4 + 6ℏ^2c^2 − max { (eΦ^{inf} − λ)^2, (eΦ^{sup} − λ)^2 } 6ℏ^2c^2 ) ,

(ii) λ > eΦ^{sup} + √ 12ℏ^2c^2 + m^2c^4 and

0 < r < cosh^{−1} ( (eΦ^{sup} − λ)^2 − m^2c^4 − 6ℏ^2c^2 6ℏ^2c^2 ) , (iii) λ < eΦ^{inf} − √ 12ℏ^2c^2 + m^2c^4 and

0 < r < cosh^{−1} ( (eΦ^{inf} − λ)^2 − m^2c^4 − 6ℏ^2c^2 6ℏ^2c^2 ) , is satisfied, then every λ-eigenfunction of the operator D belongs to the space l^p(Z^3, C^8, e^{r|x|}) for every p ∈ (1, ∞).

5 The square-root Klein-Gordon operator

5.1 The essential spectrum

Here we consider the square-root Klein-Gordon operator on l^2(Z^n), that is the operator K = √ c^2ℏ^2Γ + m^2c^4 + eΦ

where m > 0 is the mass of the particle, ℏ > 0 is Planck’s constant, c > 0 the light speed, Φ ∈ SO(Z^n) a scalar potential, and Γ = n∑ j=1 (2I − V_{ej} − V^∗_{ej} )

is the discrete Laplacian on Z^n. The operator K_0 := √ c^2ℏ^2Γ + m^2c^4 is understood as the pseudodifference operator with symbol

k(τ) = √ c^2ℏ^2Γ̂(τ) + m^2c^4 ∈ S, where Γ̂(τ) =

∑_n

j=1(2 − τ_j − τ^{−1}_j ) at τ = (τ_1, . . . , τ_n). Let

Γ̃(φ) := Γ̂(e^{iφ}) =^n ∑ j=1 (2 − 2 cos φ_j ), φ = (φ_1, . . . , φ_n) ∈ [0, 2π]^n.

Every limit operator of K is unitarily equivalent to an operator of multiplication by a function of the form

K̃^g(φ) = √ c^2ℏ^2Γ̃(φ) + m^2c^4 + eΦ^g with Φ^g ∈ R

acting on L^2([0, 2π]^n). Thus,

spec K^g = ⋃ g [mc^2 + eΦ^g, √ 4nc^2ℏ^2 + m^2c^4 + eΦ^g],

where the union is taken with respect to all sequences g tending to infinity such that the partial limit Φ^g := lim_{m→∞} Φ(g(m)) exists. Consequently,

sp_{ess} K = [mc^2 + eΦ^{inf} , √ 4nc^2ℏ^2 + m^2c^4 + eΦ^{sup}]).

5.2 Exponential estimates of eigenfunctions

Theorem 23 Let λ be an eigenvalue of the square-root Klein-Gordon operator K such that λ /∈ sp_{ess} K, and let w = e^v be a weight in R^{sl} with lim_{x→∞} v(x) = ∞. If one of the conditions (i) λ > eΦ^{sup} + √ 4nℏ^2c^2 + m^2c^4 and

lim sup x→∞ | | | ∂v(x) ∂x_j | | | < cosh^{−1} ( m^2c^4 − (eΦ^{sup} − λ)^2 + 2nℏ^2c^2 2nℏ^2c^2 ) , (34)

(ii) λ < eΦ^{inf} − √ 4nℏ^2c^2 + m^2c^4 and

lim sup x→∞ | | | ∂v(x) ∂x_j | | | < cosh^{−1} ( m^2c^4 − (eΦ^{inf} − λ)^2 + 2nℏ^2c^2

2nℏ^2c^2 ) , (35)

is satisfied, then every λ-eigenfunction of K belongs to l^p(Z^n, w) for every p ∈ (1, ∞).

Proof. The proof proceeds similarly to the proof of Theorem 21. It is based on the following construction. Let w = e^v ∈ R^{sl}. Then the limit operator K^g_wμ is unitarily equivalent to the operator of multiplication by the function

K̃^g_{wμ} (φ) = √ c^2ℏ^2Γ̃(φ + i(∇v))^g + m^2c^4 + eΦ^g

acting on L^2([0, 2π]^n. Hence,

L^g_wμ (φ, λ) := (K̃^g_wμ (φ) − λ) (√ c^2ℏ^2Γ̃(φ + i(∇v))^g + m^2c^4 − (eΦ^g − λ) )

= c^2ℏ^2Γ̃(φ + i(∇v))^g + m^2c^4 − (eΦ^g − λ)^2, and R(L^g_wμ (φ, λ)) = c^2ℏ^2 n∑ j=1 ( 2 − cos φ_j cosh( ∂v ∂x_j

)^g ) + m^2c^4 − (eΦ^g − λ)^2.

Note that R(L^g_wμ (φ, λ)) ≠ 0 for every λ satisfying condition (i) or (ii). Hence, λ /∈ sp_{ess} K_wμ for every μ ∈ [0, 1]. Thus, by Theorem 11, every λ-eigenfunction belongs to the space l^p(Z^n, w) for all p ∈ (1, ∞).

Specifying the weight in the previous theorem as w(x) = e^{r|x|}, we obtain the following.

Theorem 24 Let λ be an eigenvalue of K such that λ /∈ sp_{ess} K. If one of the conditions (i) λ > eΦ^{sup} + √ 4nℏ^2c^2 + m^2c^4] and

0 < r < cosh^{−1} ( m^2c^4 − (eΦ^{sup} − λ)^2 + 2nℏ^2c^2 2nℏ^2c^2 ) , (ii) λ < eΦ^{inf} − √ 4nℏ^2c^2 + m^2c^4 and

0 < r < cosh^{−1} ( m^2c^4 − (eΦ^{inf} − λ)^2 + 2nℏ^2c^2 2nℏ^2c^2 )

is satisfied, then every λ-eigenfunction of K belongs to the space l^p(Z^n, e^{r|x|}) for every p ∈ (1, ∞).

References

[1] S. Agmon, Spectral properties of Schrödinger operators and scattering theory. Ann. Scuola Norm. Sup. Pisa, Cl. Sci. 4(1975), 151 – 218.

[2] S. Agmon, Lectures on Exponential Decay of Solutions of Second Order Elliptic Equations. Princeton University Press, Princeton, 1982.

[3] S. Albeverio, S. N. Lakaev, J. I. Abdullaev, On the finiteness of the discrete spectrum of four-particle lattice Schrödinger operators. Reports Math. Physics 51(2003), 1, 43 – 70.

[4] S. Albeverio, S. N. Lakaev, Z. I. Muminov, The structure of the essential spectrum of the three-particle Schrödinger operators on a lattice. Arxiv preprint math-ph/0312050, 2003 - arxiv.org

[5] C. Basu, C. L. Roy, E. Macía, F. Domínguez-Adame, A. Sánchez, Localization of relativistic electrons in a one-dimensional disordered system. J. Phys. A 27 1994, 3285 – 3291.

[6] S. D. Bjorken, J. D. Drell, Relativistic Quantum Mechanics. McGraw-Hill, New York 1965.

[7] E. Buzano, Super-exponential decay of solutions to differential equations in R^d. Operator Theory: Adv. Appl. 172, Birkhäuser Verlag, Basel 2006, 117 – 133.

[8] P. Deift, Orthogonal Polynomials and Random Matrices: A Riemann- Hilbert Approach, Courant Lectures Notes Math. 3, Amer. Math. Soc., Providence, R.I., 2000.

[9] R. Froese, I. Herbst, Exponential bound and absence of positive eigenvalue for N-body Schrödinger operators. Comm. Math. Phys. 87(1982), 429 – 447.

[10] R. Froese, I. Herbst, M. Hoffman-Ostenhof, T. Hoffman-Ostenhof, L^2- exponential lower bound of the solutions of the Schrödinger equation. Comm. Math. Phys. 87(1982), 265 – 286.

[11] P. D. Hislop, I. M. Sigal, Introduction to Spectral Theory with Applications to Schrödinger Operators, Springer-Verlag, New York 1996.

[12] P. Kuchment, On some spectral problems of mathematical physics. In: Partial Differential Equations and Inverse Problems, C. Conca, R. Manasevich, G. Uhlmann, M. S. Vogelius (Editors), Contemp. Math. 362.

[13] S. N. Lakaev, Z. I. Muminov, The asymptotics of the number of eigenvalues of a three-particle lattice Schrödinger operator. Functional Analysis and Its Applications 37(2003), 3, 228 – 231.

[14] Y. Last, B. Simon, The essential spectrum of Schrödinger, Jacobi, and CMV operators. J. D’Analysis Math. 98(2006), 183 – 220.

[15] Ya. A. Luckiy, V. S. Rabinovich, Pseudodifferential operators on spaces of functions of exponential behavior at infinity. Funct. Anal. Prilozh. 4(1977), 79 – 80.

[16] M. Măntoiu, Weighted estimations from a conjugate operator. Letters Math. Physics 51(2000), 17 – 35.

[17] M. Măntoiu, C^∗-algebras, dynamical systems at infinity and the essential spectrum of generalized Schrödinger operators. J. Reine Angew. Math. 550(2002), 211 – 229.

[18] M. Măntoiu, R. Purice, A-priori decay for eigenfunctions of perturbed Periodic Schrödinger operators. Ann. Henri Poincare 2(2001), 3, 525 – 551.

[19] A. Martinez, Microlocal exponential estimates and application to tunneling.

In: Microlocal Analysis and Spectral Theory, L. Rodino (Editor), NATO ASI Series, Series C: Mathematical and Physical Sciences 490, 1996, 349 – 376.

[20] A. Martinez, An Introduction to Semiclassical and Microlocal Analysis.

Springer, New York 2002.

[21] D. C. Mattis, The few-body problem on a lattice, Rev. Modern Phys.

58(1986), 361 – 379.

[22] A. Mogilner, Hamiltonians in solid state physics as multiparticle discrete Schrödinger operators: Problems and results. Adv. Soviet Math. 5, Amer. Math. Soc., Providence, R. I., 1991, 139 – 182.

[23] S. Nakamura, Agmon-type exponential decay estimates for pseudodifferential operators. J. Math. Sci. Univ. Tokyo 5(1998), 693 – 712.

[24] C. R. de Oliveira, R. A. Prado, Dynamical delocalization for the 1D Bernoulli discrete Dirac operator. J. Phys. A: Math. Gen. 38(2005), L115 – L119.

[25] C. R. de Oliveira, R. A. Prado, Spectral and localization properties for the one-dimensional Bernoulli discrete Dirac operator. J. Math. Phys. 46(2005), 072105, 17 pp.

[26] V. S. Rabinovich, Pseudodifferential operators with analytic symbols and some of its applications. Linear Topological Spaces and Complex Analysis 2, Metu-Tübitak, Ankara 1995, 79 – 98.

[27] V. Rabinovich, Pseudodifferential operators with analytic symbols and estimates for eigenfunctions of Schrödinger operators. Z. Anal. Anwend. (J. Anal. Appl.) 21(2002), 2, 351 – 370.

[28] V. S. Rabinovich, On the essential spectrum of electromagnetic Schrödinger operators. Contemp. Math. 382, Amer. Math. Soc., Providence, R.I., 2005, 331 – 342.

[29] V. S. Rabinovich, S. Roch, Pseudodifference operators on weighted spaces and applications to discrete Schrödinger operators, Acta Applicandae Math. 84(2004), 55 – 96.

[30] V. S. Rabinovich, S. Roch, The essential spectrum of Schrödinger operators on lattices. J. Phys. A: Math. Gen. 39(2006), 8377 – 8394.

[31] V. S. Rabinovich, S. Roch, Essential spectra of difference operators on Z^nperiodic graphs. J. Phys. A: Math. Theor. 40(2007), 10109 – 10128.

[32] V. S. Rabinovich, S. Roch, Essential spectrum and exponential decay estimates of solutions of elliptic systems of partial differential equations. Georgian Math. J. 15(2008), 2, 333 – 351.

[33] V. S. Rabinovich, S. Roch, Essential spectra of pseudodifferential operators and exponential decay of their solutions. Applications to Schrödinger operators. Operator Theory: Adv. Appl. 181, Birkhäuser, Basel 2008, 355 – 384.

[34] V. S. Rabinovich, S. Roch, B. Silbermann, Limit Operators and their Applications in Operator Theory. Operator Theory: Adv. Appl. 150, Birkhäuser, Basel 2004.

[35] M. Reed, B. Simon, Methods of Modern Mathematical Physics III: Scattering Theory, Academic Press, 1979.

[36] M. Reed, B. Simon, Methods of Modern Mathematical Physics IV: Analysis of Operators, Academic Press, New York, San Francisco, London 1978.

[37] C. L. Roy, Some special features of relativistic tunnelling through multibarrier Systems with -function barriers. Phys. Lett. A 189(1994), 345 – 350.

[38] C. L. Roy, C. Basu, Relativistic study of electrical conduction in disordered systems, Phys. Rev. B 45(1992), 14293 – 14301.

[39] M. A. Shubin, Discrete magnetic Laplacian, Comm. Math. Phys.

164(1994), 2, 259 – 275.

[40] M. A. Shubin, Pseudodifferential Operators and Spectral Theory. Springer, 2001 (second edition).

[41] A. A. Stahlhofen, Supertransparent potentials for the Dirac equation. J.

Phys. A 27(1994), 8279 – 8290.

[42] B. Thaller, The Dirac equation. Springer-Verlag, Berlin 1991.

[43] M. E. Taylor, Pseudodifferential Operators. Princeton University Press, Princeton, New Jersey, 1981.

[44] G. Teschl, Jacobi Operators and Completely Integrable Nonlinear Lattices.

Math. Surveys Monographs 72, Amer. Math. Soc., Providence, R.I., 1999.

[45] D. R. Yafaev, Scattering Theory: Some Old and New Problems, Lecture Notes in Mathematics 1735, Springer-Verlag, Berlin 2000.