Stochastic Taylor Expansions: Weight functions of B-series expressed as multiple integrals

Kristian Debrabant^a, Anne Kværnø^b

aTechnische Universität Darmstadt, Fachbereich Mathematik, Schloßgartenstr.7, D-64289 Darmstadt, Germany,

debrabant@mathematik.tu-darmstadt.de bDepartment of Mathematical Sciences, Norwegian University of Science and Technology,N-7491 Trondheim, Norway,

Anne.Kvarno@math.ntnu.no

Research Group Numerical Analysis and Scientific Computing

Abstract

The exact solution of stochastic differential equations can be expressed as stochastic B-series. In this paper, we present an algorithm using rooted trees for expanding the weight functions occurring in this representation in terms of multiple integrals using multi-indices.

Keywords: Stochastic differential equations, stochastic Taylor expansions, Wagner-Platen series, B-series 2000 MSC: 65C30, 60H10

1 Introduction

Given the stochastic differential equation (SDE)

X (t) = x_0 +

Z_t 0 g_0(X (s))ds + mX l=1 Z_t 0 g_l (X (s)) ⋆ dW_l (s). (1)

Here W_l (s), l = 1, . . . , m, are m independent Wiener processes defined on a probability space (Ω, F, P), and g_l (X ) are assumed to be measurable R^d -valued functions on R^d . The integral w. r. t. the Wiener process can be interpreted e. g. as Itô integral with ⋆dW_l (s) = dW_l (s) or as Stratonovich integral with ⋆dW_l (s) = ∘dW_l (s). The solution X (t) and f (X (t)) can formally be written in terms of stochastic Taylor expansions. These can take two forms: Either as Wagner-Platen series [4, 5] or as B-series [1, 2, 6, 7, 3]. The aim of this paper is to express the weight functions of the B-series in terms of multiple integrals using multi-indices, as this is in practice the more common representation and e. g. especially useful for calculating expectation values in the Itô case. To achieve this, we use a representation of the coefficient functions of the Wagner-Platen series in terms of rooted trees.

To simplify the presentation, we define W_0(s) = s, so that (1) can be written as

X (t) = x_0 + mX l=0 Z_t 0 g_l (X (s)) ⋆ dW_l (s). (2)

The Wagner-Platen series is derived by repeated use of the Itô formula

f (X (t)) = f (x_0) + mX l=0 Z_t 0 L^l f (X (s)) ⋆ dW_l (s), (3)

in which

L^0 f = f^′ g_0 + γ^⋆ mX l=1 f^{′′}(g_l , g_l ), L^l f = f^′ g_l , l = 1, 2, . . ., m

and γ^⋆ = 1/2 in the Itô case and 0 in the Stratonovich case. Our exposition is independent of the choice of γ^⋆. The following fundamental theorem is taken from [5, chap. 5]:

Theorem 1 (Wagner-Platen series). If X (t) is a solution of SDE (1), then f (X (t)) can be written as a formal series of the form

f (X (t)) = X α∈M I^⋆_α(t)f_α(x_0).

Here, the set of multi-indices M is M = ˘ α = (j_1, j_2, . . ., j_r ) : j_i ∈ {0, 1, 2, . . ., m}, i ∈ {1, 2, . . ., r} for r = 1, 2, 3, . . . ¯ ∪ {�}.

The coefficient functions f_α and the multiple stochastic integrals I^⋆_α are given by

f_�(x_0) = f (x_0), f_α(x_0) = ` L^{jr} L^{jr−1} · · · L^{j1} f ´ (x_0),

I^⋆_� (t) = 1, I^⋆_α(t) =

Z_t 0 Z_{ssr} 0 · · ·

Z_{s2} 0 dW_{j1} (s_1) ⋆ · · · ⋆ dW_{jr−1} (s_{r−1}) ⋆ dW_{jr} (s_r ).

The series for the solution X (t) is given by using f (x) = x. While the Wagner-Platen series uses multi-indices, the B-series denotes the terms by trees:

Definition 1 (Trees). The set of m + 1-colored, rooted trees T = {�} ∪ T_0 ∪ T_1 ∪ · · · ∪ T_m is recursively defined as follows:

a) The graph l = [�]_l with only one vertex of color l belongs to T_l .

Let τ = [τ_1, τ_2, . . . , τ_κ]_l be the tree formed by joining the subtrees τ_1, τ_2, . . ., τ_κ each by a single branch to a common root of color l.

b) If τ_1, τ_2, . . ., τ_κ ∈ T, then τ = [τ_1, τ_2, . . ., τ_κ]_l ∈ T_l for κ = 1, 2, . . ..

Thus, T_l is the set of trees with an l-colored root, and T is the union of these sets. We will also need the following set: U_f = ˘ u = [τ_1, τ_2, . . ., τ_κ]_f : τ_j ∈ T, j = 1, 2, . . ., κ, for κ = 1, 2, . . . ¯ . (4) The following theorem has been proved in [3]:

Theorem 2 (B-series). The exact solution X (t) of (1) can be written in terms of formal series as X (t) = X τ∈T α_τ · φ_τ(t) · F_τ(x_0) and f (X (t)) = X u∈U_f

β_u · ψ_u(t) · G_u(x_0). (5)

The elementary differentials F_τ(x_0), the weight function φ_τ(t), and α_τ are given by F_�(x_0) = x_0, F_l (x_0) = g_l (x_0), F_τ(x_0) = g^{(κ)}_l (x_0) ` F_{τ1} (x_0), F_{τ2} (x_0), . . ., F_{τκ} (x_0) ´ , φ_�(t) ≡ 1, φ_l (t) = W_l (t), φ_τ(t) =

Z_t 0 κY j=1 φ_{τ j} (s) ⋆ dW_l (s),

α_� = 1, α_l = 1, α_τ = 1 r_1!r_2! · · · r_q! κY j=1 α_{τ j} ,

where τ = [τ_1, τ_2, . . . , τ_κ]_l ∈ T_l and r_1, r_2, . . ., r_q count equal trees among τ_1, τ_2, . . ., τ_κ. For u ∈ U_f we get

G_�(x_0) = f (x_0), G_τ(x_0) = f^{(κ)}(x_0) ` F_{τ1} (x_0), F_{τ2} (x_0), . . . , F_{τκ} (x_0) ´ , ψ_{[�] f} (t) ≡ 1, ψ_u(t) = κY j=1 φ_{τ j} (t)

for u = [τ_1, τ_2, . . . , τ_κ]_f ∈ U_f . The expression for β_u is the same as for α_τ.

In this paper, we prove that for each α ∈ M and for each u ∈ U_f there exist a corresponding set V(α) ∈ U_f and A(u) ∈ M respectively such that f_α(x_0) = X u∈V (α)

μ^α_u · G_u(x_0), (6)

β_uψ_u(t) = X α∈A(u)

μ^α_u · I^⋆_α(t). (7)

This will be done by the use of monotonically labelled trees. A tree u ∈ U_f of r(u) vertices (the root excluded) is monotonically labelled if each node is assigned a unique integer in the set (1, 2, . . ., r(u)), so that these numbers increase monotonically along each branch. We will use ω(u) for the set of all possible monotonically labellings of a tree u and LU_f for the set of all possible monotonically labellings of all trees in U_f . If ŵ ∈ LU_f , then LW^j(ŵ) ⊂ LU_f is constructed by all possible combinations of

• adding one vertex of color j to a vertex of ŵ (including the root) and label it r(ŵ) + 1,

• and, if j = 0, adding two nodes of the same color l, l = 1, . . ., m, with labels r(ŵ) + 1, r(ŵ) + 2 directly to vertices of ŵ. We will use ŵ− for the tree obtained from ŵ by deleting r(ŵ). A vertex of a monotonically labelled tree is denoted j k where the subscript j denotes the color and k the label. Following [5], if α = (j_1, j_2, . . . , j_r ) ∈ M, then we use α− = (j_1, . . . , j_{r−1}) ∈ M and (α_1, . . ., α_l ) ∘ j = (α_1, . . . , α_l , j) ∈ M. 2 The coefficient functions expressed by elementary differentials

We can now state the following result:

Theorem 3. For an α ∈ M the coefficient function f_α(x_0) can be written as f_α(x_0) = X û∈LV (α)

μ̂^α_û · G_û(x_0) = X u∈V (α)

μ^α_u · G_u(x_0), (8)

where LV(α) and μ̂^α_û are given by the iterative process

• For α = (j) we get LV((0)) = {[ 0_1]_f , [ l_1, l_2]_f , l = 1, . . . , m}, LV((j)) = {[ j_1]_f }, for j = 1, . . . , m,

μ̂^α_û = ( 1 for û = [ j_1]_f , γ^⋆ for û = [ l_1, l_2]_f , .

• For α = (j_1, j_2, . . . , j_r ) we get

LV(α) = [ ŵ∈LV (α−)

LW^{jr} (ŵ),

μ̂^α_û = ν_û · μ̂^α_ŵ , for û ∈ LW^{( jr )}(ŵ), where ν_û = γ^⋆ if r(û) = r(ŵ) + 2, otherwise 1.

The set V(α) contains the trees of LV(α) with the labellings removed, and μ^α_u = P û∈ω(u)

μ̂^α_û .

Proof. We have

f_{( j)}(x_0) = (L^j f )(x_0) = 8 < : (f^′ g_0)(x_0) + γ^⋆

P_m

l=1(f^{′′}(g_l , g_l ))(x_0) = G_{[ 0 1 ] f} (x_0) + γ^⋆

P_m

l=1 G_{[ l 1, l 2]}(x_0) for j = 0, (f^′ g_j )(x_0) = G_{[ j 1] f} (x_0) for j = 1, 2, . . ., m.

proving the theorem for α = (j). For each of those trees, there is only one possible labelling. Now, let α = (j_1, j_2, . . . , j_r ) and assume the theorem to be true for α−. Notice that

L^{jr} G_ŵ = ( (G_ŵ )^′ g_0 + γ^⋆

P_m

l=1(G_ŵ )^{′′}(g_l , g_l ) if j_r = 0, (G_ŵ )^′ g_{jr} if j_r = 1, . . . , m.

Using the definition of the set LW^j (ŵ), the definition of G_û(x_0), and the induction hypothesis, we get

f_α(x_0) = (L^{jr} f_{α−})(x_0) = X ŵ∈LV (α−)

μ̂^α_ŵ · (L^{jr} G_ŵ )(x_0) = X ŵ∈LV (α−)

μ̂^α_ŵ X v̂∈LW^{jr} (ŵ)

ν_{v̂} · G_{v̂} (x_0),

where ν_{v̂} is given as in the theorem. As the sets LW^{jr} (ŵ) for ŵ ∈ LV(α−) are disjoint, this concludes the proof.

Example 1. Consider α = (1, 0) and m = 2 Wiener processes. As LV((1)) = 8 < :_f 11 9 = ; we have LV ((1, 0)) = LW^0 0 B @ f 11 1 C A . We

obtain

f 1 02 f 11 02

f 1 12 13 f 1 13 12 f 1 22 23 f 1 23 22 f 11 12 13

f 11 2 23

f 11 12 13 f 11 22 23

1 1 γ^⋆ γ^⋆ γ^⋆ γ^⋆ γ^⋆ γ^⋆ γ^⋆ γ^⋆

where the elements û ∈ LV((1, 0)) are given in the first line and μ̂^{(1,0)}_û are given in the second line. Therefore finally

f_{(1,0)}(x_0) = Ă f^{′′}(g_1, g_0) + f^′ g^′_1 g_0 + 2γ^⋆ f^{′′}(g^′_1 g_1, g_1) + 2γ^⋆ f^{′′}(g^′_1 g_2, g_2) Ł (x_0) + Ă γ^⋆ f^′ g^{′′}_1 (g_1, g_1) + γ^⋆ f^′ g^{′′}_1 (g_2, g_2) + γ^⋆ f^{′′′}(g_1, g_1, g_1) + γ^⋆ f^{′′′}(g_1, g_2, g_2) Ł (x_0).

3 Weight functions expressed as multiple integrals

We will now prove (7). The set A(u) has to be given by

A(u) = {α ∈ M such that u ∈ V (α)}.

We observe that S u∈U_f A(u) = M, as well as S α∈M V (α) = U_f . From Theorems 1 and 3 we formally get

f (X (t)) = X α∈M 0 @ X u∈V (α)

μ^α_u G_u(x_0) 1 A I^⋆_α(t) = X u∈U_f 0 @ X α∈A(u)

μ^α_u I^⋆_α(t) 1 A G_u(x_0).

Let j_s be the color of vertex s. The set A(u) can be found as follows: For each û ∈ ω(u) we want to find LA(û) = {α ∈ M such that û ∈ LV(α)}. By construction of LV(α), for r(û) = 1 we have LA(û) = {(j_1)} and μ^{( j1)}_û = 1. For r(û) ≥ 2 we distinguish two cases. If j_{r(û)} = j_{r(û)−1} ≠ 0 and vertex r(û) is not above vertex r(û) − 1 on the same branch, then

LA(û) = {α ∘ j_{r(û)} : α ∈ LA(û−)} ∪ {β ∘ 0 : β ∈ LA((û−)−)},

with μ^{α∘ jr(û)}_û = μ^α_û , μ^{β∘0}_û = γ^⋆μ^β_û .

Else, LA(û) = {α ∘ j_{r(û)} : α ∈ LA(û)−}, and μ^{α∘ jr(û)}_û = μ^α_û . Here, LA(�) = �, μ^�_û = 1. Finally,

A(u) = [ ω(u)

LA(û), ν^α_u = X ω(u)

ν^α_û .

By induction on α, we find the intended result of this article. Theorem 4. The sets LA(û) and coefficients μ^α_û can be found as follows: For each û ∈ ω(u)

1. α = (j_1, j_2, . . ., j_{r(u)}) ∈ LA(û) and μ^α_û = 1.

2. If j_s = j_{s−1} ≠ 0 and vertex s is not above vertex s − 1 on the same branch, then (j_1, j_2, . . . , j_{s−2}, 0, j_{s+1}, . . ., j_{r(u)}) ∈ LA(û) and μ^α_û = γ^⋆.

3. If there are k such pairs of indices, then each pair is replaced by 0, and the resulting multi-index is an element of LA(û).

In this case μ^α_û = (γ^⋆)^k.

We conclude this article with an example.

Example 2. For u = [ 1 , 1 , [ 1 ]_1]_f we get

û ∈ ω(u) f 11 12 13 14

f 11 13 12 14

f 12 13 11 14

f 12 14 11 13

f 13 14 11 12

f 11 14 12 13

{(1, 1, 1, 1), {(1, 1, 1, 1) {(1, 1, 1, 1), {(1, 1, 1, 1), {(1, 1, 1, 1), {(1, 1, 1, 1), (0, 1, 1) (0, 1, 1) (0, 1, 1) (0, 1, 1) (1, 0, 1) (0, 1, 1) LA(û) (1, 0, 1)} (1, 0, 1) (1, 0, 1) (1, 0, 1) (1, 1, 0)} (1, 1, 0)} (1, 1, 0) (1, 1, 0) (1, 1, 0) (0, 0)} (0, 0)} (0, 0)} (0, 0)}

.

Taking into account β_u =^1_2 we obtain finally 1 2 ψ_u(t) = 6I_{(1111)} + γ^⋆(5I_{(110)} + 5I_{(101)} + 5I_{(011)}) + 4(γ^⋆)^2 I_{(00)}.

Bibliography

[1] K. Burrage and P. M. Burrage. High strong order explicit Runge-Kutta methods for stochastic ordinary differential equations. Appl. Numer. Math., 22(1-3):81–101, 1996. Special issue celebrating the centenary of Runge-Kutta methods.

[2] K. Burrage and P. M. Burrage. General order conditions for stochastic Runge-Kutta methods for both commuting and non-commuting stochastic ordinary differential equation systems. Appl. Numer. Math., 28(2-4):161–177, 1998. Eighth Conference on the Numerical Treatment of Differential Equations (Alexisbad, 1997).

[3] K. Debrabant and A. Kværnø. B-series analysis of stochastic Runge-Kutta methods that use an iterative scheme to compute their internal stage values. To appear in SIAM J. Numer. Anal.

[4] P. E. Kloeden and E. Platen. Stratonovich and Itô stochastic Taylor expansions. Math. Nachr., 151:33–50, 1991.

[5] P. E. Kloeden and E. Platen. Numerical solution of stochastic differential equations, volume 21 of Applications of Mathematics. Springer-Verlag, Berlin, 2 edition, 1999.

[6] Y. Komori, T. Mitsui, and H. Sugiura. Rooted tree analysis of the order conditions of ROW-type scheme for stochastic differential equations. BIT, 37(1):43–66, 1997.

[7] A. Rößler. Rooted tree analysis for order conditions of stochastic Runge-Kutta methods for the weak approximation of stochastic differential equations. Stoch. Anal. Appl., 24(1):97–134, 2006.