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Abstract

We show that the Reissner-Mindlin membrane-bending plate model can be exactly
obtained as the rigorous I'-limit for zero thickness of a linear isotropic Cosserat bulk model
with symmetric curvature. For this result we use the natural nonlinear scaling for the
displacements v and the linear scaling for the infinitesimal microrotations A € so(3). We
also provide formal calculations for other combinations of scalings whereby be retrieve
other plate models previously proposed in the literature by formal asymptotic methods as
corresponding I'-limits. No boundary conditions on the microrotations are prescribed.
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1 Introduction

The relation between three-dimensional elasticity and theories for lower-dimensional objects
such as rods, beams, membranes, plates and shells has been an outstanding question since the
very beginning of the research in elasticity. Recently there has been substantial progress in the
rigorous understanding of this relation through the use of variational methods, in particular
I'-convergence. This notion of convergence assures, roughly speaking, that absolute minimizers
of the three-dimensional theory (subject to suitable boundary conditions and applied loads)
converge to absolute minimizers of the limiting two-dimensional theory.

Variational convergence is not the only way to proceed to obtain lower dimensional mod-
els. Since the dimensional reduction of a given continuum-mechanical model is already an old
subject it has seen many other ”solutions”. Another way to proceed is the so called derivation
approach, i.e., reducing a given three-dimensional model via physically reasonable constitutive
assumptions on the kinematics to a two-dimensional model. This is opposed to either the in-
trinsic approach which views the plate/shell from the onset as a two-dimensional surface and
invokes concepts from differential geometry or the asymptotic methods which try to establish
two-dimensional equations by formal expansion of the three-dimensional solution in power se-
ries in terms of a small non-dimensional thickness parameter, the aspect ratio h > 0. The
intrinsic approach is closely related to the direct approach which takes the shell to be a two-
dimensional medium with additional extrinsic directors in the sense of a restricted Cosserat
surface [10]. For further information together with more references let us refer to the introduc-
tion in [24, 26, 25, 27, 29].

It is well known, that I'-convergence also needs assumptions which concern the scaling
of fields and energies. A first major breakthrough in finite elasticity was the justification
of a nonlinear membrane model in [12]. Later, a hierarchy of limiting theories based on T'-
convergence, distinguished by different scaling-exponents of the energy as a function of the
aspect ratio h is developed in [18, 17, 16, 19]. There the different scaling exponents can be
put into effect by corresponding scaling assumptions on the applied forces. A typical feature of
I'-limit models based on classical elasticity is their decoupling into either membrane or bending
problems, depending on the regime for the energy. For example, the Kirchhoff-Love plate
bending problem appears as I'-limit but is restricted to inextensible deformations. Similarly,
one may obtain a membrane energy with no bending term, having no resistance in compression
[12]. But in a given three-dimensional problem the different regimes are hardly separated and
one wishes to have a model comprising of membrane and bending contributions simultaneously.

Let us restrict ourselves to linear elasticity in the following. In that case, using I'-convergence
in the weak topology in H'(£2;), together with a certain linear scaling, Ciarlet [5] arrives at
justifying the membrane plate. This result can be, without problems, extended to the strong
L? — T-limit, see the appendix. Remarkable is that the limit problem is not completely two-
dimensional since the admissible set is the space Vi, see Definition 7.2.

In [4] basically the nonlinear scaling of the displacement is considered. Compactness can
only be assured by assuming that h—lzl 2 (u*) is bounded independent of the thickness . In that
case, it is easy to see that the limit is purely two-dimensional and the energy coincides with
the one previously given. Using the linear scaling in a finite strain setting is known to lead to
inconsistencies [15]. A formal deduction of plate models by scaling can be found in [23].

A very prominent model for combined membrane and bending behavior of plates is the
Reissner-Mindlin model, see (7.1). But in [3, p.17] we read: ”For plate bending, the asymptotic
approach leads to the Kirchhoff-Love or biharmonic plate equation, rather than to the Reissner-
Mindlin model. .... To the best of our knowledge there is no way to obtain Reissner-Mindlin



type models of plate bending from the asymptotic approach.” Similarly, Ciarlet writes [8, p.27]:
”Open problems: finding a rigorous justification of the Reissner-Mindlin equations.” With this
contribution we want to fill this gap.® Our main idea in this respect is to use extended continuum
models, more specifically the linear Cosserat model as a starting point for the application of
I'-convergence methods. The use of Cosserat elasticity as a ”parent” model is quite recent, it
initiated presumably with [28] immediately for the finite strain case using the nonlinear scaling
for deformations and exact rotations (¢, R) € R® x SO(3). The result is a kind of Reissner-
Mindlin model, but not exactly. In [2, 1] a linear Cosserat model is taken as a starting point
and the asymptotic development (not the I'-limit) is given based on the nonlinear scaling for
displacement and infinitesimal microrotation (u, A) € R3 x s0(3). The result is comparable to
the previous one in [28]. A precursor to that is [13] where the author used also the asymptotic
expansion method but with linear scaling for both (u, A) € R3 x s0(3). His result is comparable
to a formal deduction given much earlier in [14]. Neither of these methods, however, reproduced
the Reissner-Mindlin model exactly.

While our method is methodologically rather standard, we want to exhibit the different limit
functionals depending on the assumed choice of scaling for the displacement and the infinites-
imal microrotation. The major difference is in the coupling term after dimensional reduction.
On specific choice of scaling recovers exactly the Reissner-Mindlin membrane bending model,
another choice recovers the Tambaca/Neff model and still another choice decouples the prob-
lems. It is interesting to note that for the scaling we have in mind, only the symmetric curvature
case leads to a local formula for the I'-limit: the Reissner-Mindlin model. Central to our devel-
opment is therefore the notion of I'-convergence, a powerful theory originally initiated by De
Giorgi [20] and especially suited for a variational framework on which in turn the numerical
treatment with finite elements is based.

Outline of this contribution: We introduce first the underlying ”parent” three-dimensional linear
isotropic Cosserat model with rotational substructure embodied by the infinitesimal Cosserat
rotations A € s0(3). Next we specialize the model to a thin domain in Section 3. The two
basically different scalings: linear and nonlinear, are introduced in Section 4. Then we perform
the transformation of the bulk model in physical space to a non-dimensional thin domain and
introduce the further scaling to a fixed reference domain ; with constant thickness on which
the I'-convergence procedure is finally based. In Section 5 the I'-limit model is presented and
Section 6 furnishes the proofs. The notation is found at the end of the paper. In the appendix
we recall the Reissner-Mindlin model, the Koiter-model and two other proposals based on
different scalings. Korn’s inequality for different scalings together with a recall on the I'-limit
for classical linear elasticity finishes this work.

2 The linear elastic Cosserat model in variational form

This section does not contain any new results, rather it serves to accommodate the widespread
notations used in Cosserat elasticity and to introduce the problem. It is assumed that the mi-
crorotation field is kinematically independent from the material rotation (continuum rotation).
In the micropolar continuum theory not only forces but also moments can be transmitted across
the surface of a material element. The very concept of a micropolar theory involves, in a certain
way, the substructure response into the continuum media.

For the displacement u : Q C R? — R? and the skew-symmetric infinitesimal micro-
rotation A : Q C R3 — 50(3) we consider the two-field minimization problem

I(u, A) = /Qme(?) + Weure (Vaxl A) — (f,u)dx +— min. w.r.t. (u, 4), (2.1)

1When finishing this paper we have learned that a related justification of the Reissner-Mindlin model based
on I'-convergence has been already given in [30, 31]. Since the authors considered a second-gradient ”parent”
linear elasticity model instead of our first order Cosserat ”parent” model we still believe in the interest of our
approach.



under the following constitutive requirements and boundary conditions

g=Vu—A, first Cosserat stretch tensor

U, =uq, essential displacement boundary conditions
A
Winp(8) = || syme||* + pu. || skew 2||* + B tr [symz]? strain energy
2 Tz . K 2
= p || devsym Vu||* + p. || skew(Vu — A)||* + 5 b [sym Vu]

0:=axlAcR® R=V0, |curld|3s = 4| axiskew VO|3Zs = 2| skew V|2 x5

Weurv (V) = 7 —; p | sym V6|2 + 7 ; b || skew VO||* + %tr (V6] curvature energy
= #n devsym V|| + %n skew V0| + %tr [Vo]*.

Here, f are given volume forces while uq are Dirichlet boundary conditions for the displacement
at ' C 09. Surface tractions, volume couples and surface couples can be included in the
standard way. The strain energy Wy,, and the curvature energy Wc,u., are the most general
isotropic quadratic forms in the infinitesimal non-symmetric first Cosserat strain tensor
z = Vu—A and the micropolar curvature tensor & = V axl A = V@ (curvature-twist tensor).
The parameters p, A\[MPa| are the classical Lamé moduli and «, 3,y are additional micropolar
moduli with dimension [Pa-m?] = [N] of a force. Here, the bulk modulus and curvature bulk
modulus are defined by

_ 2u+ 3\ . (B+7)+30a

K :
3 3

(2.2)
The additional parameter u. > 0[MPa] in the strain energy is the Cosserat couple modulus.
For p. = 0 the two fields of displacement and microrotations decouple and one is left formally
with classical linear elasticity for the displacement u. The reader should note that even for very
weak curvature requirements (v + 5 > 0,7 — 8 > 0, k. > 0) the model is well-posed. This is a
new result, proved in [21] making use of a new coercive inequality for formally positive quadratic
forms. For our dimension reduction procedure we focuss on the symmetric-curvature case
with 0 =~ and k. > 0.

3 The Cosserat bulk problem on a thin flat domain

The basic task of any shell theory is a consistent reduction of some presumably ”exact” 3D-
theory to 2D. The three-dimensional problem (2.1) defined on the physical space E? including
units of measurement will now be adapted to a plate-like theory. Let us therefore assume that
the problem is already transformed in non-dimensional form. This means we are given a
three-dimensional (non-dimensional) thin domain ; C R3

h 2
Qh =w X [7575]7 UJCR 5 (31)
with transverse boundary 9Q'*" = w x {—%7 %} and lateral boundary Q) = Jw x

[—%, %], where w is a bounded open domain? in R? with smooth boundary dw and h > 0 is
the non-dimensional relative characteristic thickness (aspect ratio), h < 1. Moreover,
assume we are given a deformation u and microrotation A,

u: Q CRI—RY, A: Q,CR}—s0(3), (3.2)

2For definiteness, one can think of w = [0, 1]] x [0, 1]] C R? without units of length.



solving the minimization problem on the thin domain 2j,:

I(u, A) = /me(g) + Weure (Vaxl A) — (f,u) dV — /(N, u)dS — min. w.r.t. (u,A4),

b, Pl Uy, x - 4, 51)
_ — h
&‘:VU,—A, u|Fh :ud(xayvz)v Fg:’yox [_575]7 70C8w7 ’Ysﬁ’YOZ(D,
0

_ h
: free on Ow x [—=, =], eumann-type boundary condition, .
A f 0 55 N bound diti 3.3

_ _ _ AL
Winp(B) = 1| syme||? + pe || skew [|? + 5 tr [5}2,

~

2

Lz — _
Weurv (R) = ,uj (m || sym V ax1 4|2 + o || skew V ax] A||* + %tr v axlﬂQ) ,

Here, ay, a, a3 > 0 are non-dimensional parameters. Moreover, the parameter L. has the form

~ LRVE
L, = =¢—, where LEVE

T is a characteristic size of the microstructure and L is a characteristic
value of the in-plane elongation of the original, relatively thin domain Qe!thin: = [0, L[m]] x
[0, L[m]] x [-2 L[m], 2 L[m]] C E3.3 The "real” thickness of the plate is accordingly d = h L[m].

Since for some constant C7 > 0

C,-LEVE =d=hL, (3.4)

»

which says that the "real” thickness of the plate is C x "real” dimensions of the microstructure

LEVE we obtain the important relation
R LRVE
C’l-LC:Cl-CT:h. (3.5)

We want to find a reasonable approximation (uj, Ay) of (u, A) involving only two-dimensional
quantities. Considering in the following & — 0 we see that this weakens the curvature contribu-
tion and corresponds formally to L — 0. However, L — 0 and natural boundary conditions
for the infinitesimal microrotations approach in the hmlt classical linear elasticity. So we might
already expect a limit model which is closely related to classical plate models.

4 Scaling of fields

Scaling of independent and/or dependent variables is the usual first step when performing a
dimensional reduction asymptotic analysis for a relatively thin domain. The employed scaling
is decisive for the application of the I'-convergence framework. The major justification of the
employed scalings comes with the final convergence result.

There are basically two scalings at hand, one which we call the nonlinear or natural
scaling and one which we refer to as the linear elasticity scaling. See [15] for an in-depth
discussion of the differences generated by these scalings in classical linear /nonlinear elasticity.
The nonlinear or natural scaling for a vectorfield z : €, C R? — R? is just that one, which
defines 2% : n € Q1 — R3 as the "same” field on the domain Q; = w x [~1/2,1/2] (see (4.4)),
only the independent variables are scaled as

S=m, S&=mn, &=hns,

1 . .
zﬁ(fl,ﬁg, E&g) = 2(£1,&2,&3), nonlinear scaling

1
Ve (61,62, 80) = (00,5 0100, . ) .00 0 . 0)
(n) 302 () .
() Lo,Z0) | = Vi), (4.1)
O #5(n)  Opuzh(n)  30m,25(m)

In linear elasticity, in contrast, it is customary [8, 13] to use a simultaneous scaling of indepen-
dent and dependent variables for the vectorfield z : Q C R3 — R? by defining 2° : n € Q; — R?

3This is an immediate consequence of the non-dimensionalization procedure.



in the form

Si=m, S=mn, &=hns,

#(&,&, £ &) 21(€1,&2,€3)
256,80, &) | = | =2(&,8,8) |, linear scaling. (4.2)
25(&1, &2, 1E3) hz3(&1,62,83)

Here, the in-plane components z1, zo of the vectorfield are treated differently from the out of
plane (transverse) component z3.* The corresponding relation between the gradient is expressed
as

6711 Z? (77) 87]2 Z? (77) 87]3 Zl (77) -
Vez(61,62,83) = 5m 23(0)  On,23(n) %zg(n) =: V2’ (). (4.3)
3(77) %87]225 (77) h2 677323(77>

The scaling of the dependent variable corresponds to an additional ad-hoc assumption on the
assumed response. In our case, we deal with the displacement field u : 2, — R? and the micro-
rotation field A : Qj +— s0(3). For the displacement field we propose not to take any scaling of
the dependent variables into account. Thus we do not restrict the modeling to vertical deflec-
tions in the order of the plate thickness.> Rather we expect large bending terms. In the axial
representation § = axl A € R3 of the infinitesimal microrotation the component 6;,i = 1,2,3
corresponds to the infinitesimal rotation with axis e;. Thus the in-plane rotation contribution
is mapped by 63. Since the plate is getting very thin, we expect 05 to be much smaller than
61, 62, which themselves correspond to the bending rotations (out of plane rotations) with axis
e1,es. In order to reflect this behavior, the linear scaling suggests itself for the microrotations,

Le., h03(£1,82,83) = 05(&1, &2, +63).
4.1 Transformation on a fixed domain with unit thickness

In order to apply standard techniques of I'-convergence, we transform the problem onto a fixed
domain 21, independent of the aspect ratio h > 0. Define therefore

11
lewx[—i,i]CRg, wC RZ. (4.4)
The scaling transformation
4177691 CRSHR?’) <(77177727n3) = (771»772ah‘773)7 (45)

(e CRP =R, (TN, &, 8) = (61,62, 83/R),

maps € into Qp and (1) = Q. We consider the correspondingly scaled function (subse-
quently, nonlinearly scaled functions defined on 2; will be indicated with a superscript § while
linearly scaled fields will get a superscript b) uf : Q1 — R?, defined by

U(£1,§2,§3) = uﬁ(<_1(§1a§27§3)) vg S Qh7 U’u(n) = U’(C(n)) V77 € Ql ) (46)
Veu(€r,82,83) = <8ﬁ1uﬁ(n177]2a773)|a772uﬁ(7717n25773)fllaﬂzsuﬁ(nhn%?h))

8171“ (n) 8772“ (n) %3173“5(77)
(n) Lonub(n) | = Viui(n). (4.7)
(n) Omyub(n)  L0n,ub(n)

—b
We define a (linearly) scaled infinitesimal microrotation rotation A" : Q; C R® — so(3) by
considering the corresponding axial vector (¢) := axl A(¢) € R3 and its linearly scaled corre-

4Since we assume that the un-scaled component z3 is bounded, the linear scaling implies that the scaled
vertical component zg should be of the order of h, i.e., the vertical deflection should be in the order of the
thickness of the plate (instead of large vertical deflections...)

5In Ciarlet [8, p.73]: ”Thus, counter to appearance, the linear Kirchhoff-Love theory is strictly a ’small
displacement’ theory: In order that it be valid, the transverse displacement should remain of the order of the
thickness of the plate.” And in Fonseca et al. [15, p.552]: ” ....the limit kinematics that are imposed by the
scaling are too stringent: they force the transverse limit displacement to be 0.”



spondence #°(n) through

0(61,62,6) = 0" (¢ (61,62,&)) VEEQ; 6 (n)=0(C(n) Yne,
0,03 (n) 3n29b( ) 005 (n) R
Veb(&1,62,83) = | 0,,605(n) 05(n) 1877392(77) =: VZG"(U). (4.8)

%am‘g:bs(n) 7877293() h28n393(77)

This allows us to define scaled nonsymmetric stretches ?i € gl(3) and the scaled second order
curvature tensor £ : Qp +— gl(3)

_ 4 b o
g o=Vt A, VI (n) = K (n), (4.9)
where
T R LA A A R I
Vyut = A= Oy us(n)  Opuz(n)  50pus(n) | — 59% Ob —67 (4.10)
Onub(n)  Opyus(n) 1Onu(n)/  \~03 6 0

for 6° := axl Zb. Moreover, we define nonlinearly scaled functions by setting
)= FCm),  uh) =uaCn),  N¥n):=N(n). (4.11)
In terms of the introduced nonlinearly scaled displacement and the linearly scaled infinitesimal
microrotations uf : Oy C R3 +— R?, x Q1 C R? — s50(3), the scaled problem solves the

following two-field minimization problem on the fixed domain 2;:
1 it X Tyt 1) = [ [ B0+ W (80 = (17,08 e[ av
neily

- / (N*, Py || Cof V(n)-e3] dS,

O U{vs %[~ 3,3}

=h / me(gz) + WcurV(ﬁll)z) - <fu»uﬁ> dvy,
neQ

— / (N* uf) 1 ds, — / (NF ) hdS, — min. w.r.t. (uﬁ,zb). (4.12)

oy 7= 4.4]

4.2 The rescaled variational Cosserat bulk problem

Since the energy 3 L 18> would not be finite for h — 0 if tractions N* on the transverse boundary
were present, the investigations are in principle restricted to the case of N¥ = 0 on 9Qfans 6
For conciseness we investigate the following simplified and rescaled (N¥, f# = 0, uq (&1, &2, &3) ==
ua(&1,&2)) two-field minimization problem on Qy with respect to I'-convergence (without the
factor h > 0 now), i.e. we are interested in the limiting behavior of the scaled energy per unit
aspect ratio h:

b

)

i —b
g = Vit = A, b (n) = uf(n) = ua(C(m) = ualm,me,h-m3) = ua(m,me,0), (4.13)
0

b — = —b — . —
Ifl (uu,VZuﬁ,A ,VZ axlA") = /neQ me(ai) + Weury (8,) dV,, — min. w.r.t. (u*, 4
1

11 oy
T3 =70 x (=5 5h 70 Cow, &, =ViaxlA (n),
11

—b
A . free on Qw X [—5, 5],

Neumann-type boundary condition .

Here we assume for simplicity that the bulk boundary condition ug4 is already independent
of the transverse variable and we restrict attention to the weakest response, the Neumann

epe . —b
boundary conditions on the Cosserat rotations A .

6The thin plate limit h — 0 obviously cannot support non-vanishing transverse surface loads.



4.3 Recall on I'-convergence

Let us briefly recapitulate the notions involved by using I'-convergence. For a detailed treatment
we refer to [22, 6]. The notion of I'-convergence depends strongly on the topology of the space X,
which in our discussion is assumed to be metrizable. In the following, therefore, X will always
denote a metric space such that sequential compactness and compactness coincide. Moreover,
we set R := RU {4o00}. We consider a sequence of energy functionals In, : X — R,hj — 0.

Definition 4.1 (I'-convergence) -
Let X be a metric space. We say that a sequence of functionals I, : X — R I'-converges in

X to the limit functional Iy : X — R, if for all z € X we have

VeeX: Vay, —x: Iy(z) < lihm i%f I, (xn,), (lim inf - inequality)
VeeX: 3y, —a:  Ip(x) > limsup Iy, (zn,), (recovery sequence) . [ ]
h; —0

I'-convergence corresponds to convergence of the energy along minimizing sequences for a family
of functionals and all continuous perturbations.

5 The ”two-field” Cosserat ['-limit

5.1 The spaces and admissible sets

We proceed to the investigation of the I'-limit for the rescaled problem (4.13). We do not use
I g,b directly in our investigation of I'-convergence, since this would imply working with the weak
topology of H12(Q1,R3) x H2(1,50(3)), which does not give rise to a metric space. Instead,
we define suitable "bulk” spaces X, X’ and suitable ”two-dimensional” spaces X, X/. Now
define the spaces

X :={(u,A) € L*(21,R?) x L*(Q4,50(3))},
X" = {(u,A) € H"?(Q,R?) x H"?(Qy,50(3))}, (5.1)
X, = {(u,A) € L*(w,R3) x L*(w,s0(3))},
X! = {(u,A) € H"*(w,R3) x H"*(w,s0(3))},
and the admissible sets
A= {(u,A) € H2(Q,R?) x H"?(Q1,50(3)), Uy (1) = ufi(n) }, (5.2)

A= {(w,A) € HY (0, R%) x H'2(w,50(3)), (1, 12) = uh(m,m2,0) .

We note the compact embedding X’ C X and the natural inclusions X, C X and X/, C X’.
Now we extend the rescaled energies to the space X through redefining

Iﬁ’b(uﬁ, vf;uﬁ,Z", @Z axlzb) if (uﬂ,zb) e A

(5.3)
400 else in X,

I,g’b(uﬂ, V]nluﬁ,zb, @Z aleb) = {

by abuse of notation. This is a classical trick used in applications of I'-convergence. It has
the virtue of incorporating the boundary conditions already in the energy functional. In the
following, I'-convergence results will be shown with respect to the encompassing metric space
X.

5.2 The I'-limit variational problem

Our main result is the I'-limit for symmetric curvature ay = 0 and strictly positive curvature
bulk modulus k. > 0.

Theorem 5.1 (I'-limit for k. > 0 and as = 0)
For strictly positive curvature bulk modulus k. > 0 and symmetric curvature cs = 0 the I'-limit
for problem (4.13) in the setting of (5.3) is given by the limit energy functional Ig’b : X — R,

hom A hom A A !
Ig’b(v,Z) — {fw me (Vu,axlA) + Wcurv (VaxlA) <f7@> dw (UaA) € Aw (54)

400 else in X ,



with Whom and W™ defined below.

curv

The proof of this statement will be given in Section 6. The limit functions are independent of the
transverse variable n3. This I'-limit determines in fact a purely two-dimensional minimization
problem for the deflection of the midsurface v : w C R? — R? and the infinitesimal microrotation
of the plate (shell) A : w C R? — 50(3) on w under the boundary conditions of place for the
midsurface deflection v on the Dirichlet part of the lateral boundary vy C Ow,

v, = ua(z,y,0), simply supported (fixed, welded) . (5.5)

The boundary conditions for the microrotations A are automatically determined in the varia-
tional process. The dimensionally homogenized local density is

hom e _92
W (T0.0) = [ Vo (on o)l 20 9, = () 1

homogenized shear-stretch energy
homogenized transverse shear energy

A
LK
204+ A

tr [anﬂh ('Ulv UQ)}Q

homogenized elongational stretch energy

The homogenized curvature density is given by

T2

om Lc a1 2
WE(T0) i 5 (s Vs 60,00+ 5222 (9,01, )

It is clear that the limit functional Ig’b is weakly lower semicontinuous in the topology of
X' = HY2(Q,R3) x H2(Q2,50(3)) by simple convexity arguments. Note the appearance of the
harmonic mean H,

1 Ay A

0[37
2)*

Nc ]- a1 (g
Hp, pe) = 24 SH(a,

’ ’ 56
20+ A W+ fhe 2 (5.6)

201 + a3 '

5.3 Descaled I'-limit - Reissner-Mindlin membrane-bending model

After descaling the I'-limit minimization problem turns into

[ n (slsm Vs + 242 oy 3—< o) 1P+ zlfj Atr[wvl,vz)f) 6.1
+ Lz, | sym V (61, 02)]|2 + —222 1 [V(6y,0) v) dw +— min. w.r.t. (v,0)
2 9 Q|| Sy 1,02 2a1+a 15 2 w w. v,0),

v, = ul(z,y,0).

Taking into account that Cy L. = h (3.5) and abbreviating x = ;ﬂ‘f;
Reissner-Mindlin model (7.1) with appropriate re-definitions of constants.

6 Proof for positive curvature bulk modulus k. > 0

We continue by proving Theorem 5.1, i.e., the claim on the form of the I'-limit for strictly
positive curvature bulk modulus by considering micropolar curvature energies having the form

T2

_ L — .
Weurv(Vaxl A) = ?C (|| devsym V axl A||* + %tr v axlm2> (6.1)

for k. > 0. Note, however, that the Cosserat bulk problem is well-posed for k. = 0, see [21].
The proof of I'-convergence is subsequently split into several steps.



6.1 Compactness

Theorem 6.1 (Compactness of Iﬁ b)

Consider a sequence (uh ,Ah ) € A’ C X such that ||Ah 201 5003)) < K1 and Iﬁ (uh ,Ah ) <
K,, with constants Kl,Kz mdependent of hj > 0. Then for positive curvature i)ulk modulus

k. > 0 it holds

—b
||u91j||H1=2(91,R3) < K, [ A, |20y s0(3)) < K, (6.2)

. . —b .
with constants Ks, K4 independent of h; > 0. The sequence (uiJ,Ah],) € A’ admits weakly

convergent subsequences (not relabeled) (ui} 7Z?LJ_) . (ug,zg) € X. In addition, the weak limit
(ub, Ap) € AL (6.3)
is independent of the transverse variable nz and (axl 22)3 =0 (no in-plane drill rotation).
Proof. Along the sequence (uﬁj,Zij) € A" ¢ X we have
00 > Ky > I,Ef(u,{j,ZZj) = /Q Wanp (&) + Weury (87,,) AV, > /Q Wanp () AV,
1 1
> [ min(ue, %) |90k, — A 24V, (64

931

But with (4.10) we obtain

1 pgb b
e f’mug(n) 3772“21(77) %%ug(n) O TRl G
vngth_Ahj: amug(n) 3n2u§(?7) %%ug(ﬂ) - Fjghj,3 0 _ahj,l )
O uz(n)  Onyuz(n) %‘%3“3(7]) _9I;Lj72 asz 0

. —b ui(n) O u§ MY 2 2
HV“J,—A.W—ﬂwm<”11 1Y 2y Ly )
" h] ks 771 2 (77) a772 ug h] ? e

Ayl () Dyl (1) 0 =50 5
+ skew( m Y1 n2 1 _ j 'R 2
I ub(n) o)\, 0 )]
Op (77) _a}bla 2 10 Uﬁ(’?) 9%2 2
w0 (G800 - () e (39300 - (%en Ve o)
On, 3(77) e?zj,l %%ug(n) _9%,1

Combining (6.4) with (6.6) and using the assumption that 62 = axl Ah is bounded in L?(2;,R?)
independent of h; we obtain easily an hj-independent bound for
T
D OO oL o
h;

8171“1( ) )
0o > Ky > Ql|| sym ( wi(n) amug(m

9 u(@) , <lafu%m> )
+ %3 + h N3 ™1 dV
”(@me" R A
Ot (n) Opui(m)) 2, 1 )
= [ Jsym (Omeitn) Onua(n)y g2 Lyg )
/Ql Oy ub(n)  Dyyud(n) h2
0 u”(n) 2 1 7 u”(n) 2
+n(m3 12+ L (O 2 ay
8772@6?3(77) hj2 8772“%(”)
Ok () Dyl (1) )
Z Sym<7711 m2 %1 +83’U,
o by ) P+ i
61Mm>2 ame)z
+ m U3 + ns 1 dv 6.7
nﬁ%ﬁm)n (Gt ieav, (6.7)
Ol (n) Onyul(n) dyul(n) i
> 1./2 lsym (O ub(n) Opub(n) Oyrid(n) | 2V,
' O ts(n)  Opaul(n)  Bpyub(n)



(for h; > 0 small enough). Korn’s first inequality and the Dirichlet-boundary condition on

u%j show the hj-independent H'-bound on uil Thus we may extract a weakly convergent

subsequence (not relabeled) u%j — ug and the weak limit must be independent of 3 on account
of (6.7),.

Next, combine (6.4) and (6.6) and the boundedness of the in-plane skew-symmetric deflection
to see that the boundedness of

Oy ul(n) 0 u%)) 0 —50 4
skew [ M1 21 - i N 2av 6.8
/m | (amuéw omii) 2o, o)AV (6.8)

implies the boundedness of
N (W B IPav, (6.9)
971 hj h;,3

showing that ||0}b17_73||L2(Q17]R) — 0 for h; — 0. For the (similar) treatment of the curvature
energy we note that

—b .
0o > Ky > I (il A ) = / Winp(Eh,) + Weure (87,) AV, > / Weurv(85,) AV,
Ql Q1
L2 . 3k o
z/ﬂ u7m1n(1,7)Hsymv’;e;j(n)H?dvn. (6.10)
1

Now use Theorem 7.1 to get the h;-independent H'-bound on 9',’” together with the existence
of a weakly convergent subsequence HZ], — 6% and the claim that the weak limit is independent

of the transverse variable 13 and 9373 =0. [ |

Remark 6.2
In linear Cosserat models Korn’s first inequality is usually not needed in showing coercivity.

6.2 Lower bound - the liminf-condition

If Ig’b is the I'-limit of the sequence of energy functionals I gjb then we must have (liminf-
inequality) that

1§ (uf, Ag) < lim inf I (uf, , 7, ), (6.11)

whenever

dh - i IA(Q,RY), A, — Ay in L3(Q,50(3)), (6.12)

. —b . . —b
for arbitrary (ug7 Apy) € X. Observe that we can restrict attention to sequences (u&l] Ap) €X
—b . . . .
such that I ﬁ’jb(u,ﬁlj,Ahj) < oo since otherwise the statement is true anyway. Sequences with
—b . . . .. .
I g’jb(uij,Ahj) < oo are uniformly bounded in the space X', as seen previously. This implies
weak convergence of a subsequence in X’. But we know already that the original sequences
—b
converge strongly in X to the limit (ug, Ap) € X. Hence we must have as well weak convergence
—
to uh € H2(w,R3) and A, € H“2(w,s0(3)), independent of the transverse variable 7s.
. . —b
In a first step we consider now the local energy contribution: along sequences (ufbj , Ahj) €

X with finite energy I 2’;’, the third column of sz uglj remains bounded but otherwise indeter-
mined. Therefore, a really trivial lower bound is obtained by minimizing the effect of the
derivative in this direction in the local energy Wy,,. To continue our development, we need

some calculations: for smooth v : w C R? — R3 A : w C R? — s50(3) define the vector

11



(b*,p}) € R* formally through

0 -pi b
WhO™(V0,0) = Wi | (Vo) = | 57 0 —6;
—0y 6, 0
0 —-p1 02
= beRl-’ilzgl R me (V’U|b) - _]752 901 —091 . (613)

The vector (b*, p}), which realizes this infimum, can be explicitly determined. The calculation
is lengthy but otherwise straight forward. We obtain

He— 1 2pe

b [TEaTS Oy v3 + e 02

* Le—H _ e

2| | wtnue Ona v3 it pe 2! (6.14)
vy | | 52 (0 v1 + Op,v2) | '

3 2p+a \¥m Ul N2 Y2
ﬁ*{ 87,11)278,,21;1

p)

Reinserting the result in the energy yields finally for err‘l%m(Vv, ax] A)

om 0 —0 e —0
Wr?lp (Vv,0) :==p | sym (vm,nz (v1,v2) — (03 03)) % 4 2 ot I Viimav3 — ( 012) 2

U 0o -6 2
Y tr [sym <Vm7,72 (v1,v2) — <93 03)>} .

Note that 03 cancels (left for clarity to show the coupling). Consider next

+

1 pb b
b (Owei) Oned(n) g Oui(n) O TRl G
vnjuhj_Ahj: 5mu§(ﬂ) 3n2u§(?7) %%ug(n) - Fjghj,3 0 _ehj,l )
Onyuz(n)  Onyuz(n) }%‘%3“3(77) _9I;Lj72 0%].,1 0

—b —b .
where 927_ :=axl A} . Along the sequence (u,ﬁlj , Ap,,) we have by construction,

Wanp (VI — A ) > Whom (Vi axI A ). (6.15)

Hence, integrating and taking the lim inf also

lim inf /Q Wanp (Vi uf, —Zij)dv,, > lim inf /Q Wj;;m(vuﬁj,axlzij )dv,, . (6.16)

Now we use weak convergence (lf (uij,Z;j) - (ug,ﬂg), together with the convexity w.r.t.
(Vv,ax1 A) of [, Whom(Vy, axl A) dV,, to get lower semi-continuity of the right hand side in
(6.16) and to obtain altogether

lim inf / Wi (Viul — A )V, > / Whom (Vb axI A7) V. (6.17)
; o j J Q

Consider next the curvature energy along the sequence 927 (n) = axlzzj (n) with
hob 77) 877291 77) %877395 (77)
Wcurv(vne (77)) = Wcurv 1877 ) | A ) ?87730%(7])
wOnb3(n)  70m05(n)  7204,05(n)

This motivates to get a trivial lower bound by defining

8771 91 8772 91 ﬁZ
nguc;"I\I/l (ve) = lnf Wcurv 87]1 92 87]2 02 ﬁ3 . (6 19)
D6 Ps D4

(6.18)

The infimizing values are obtained as

~x ~% ~% ¢ ~% ~
p>=0,p3=0, p3= _m@mel +8772‘92), p5s =0, ps=0, (6-20)

12



such that the homogenized reduced curvature density is given by

-~

2

L aro
hom c 1643 2
WE(T0) i g (v Vs 60,0+ 522 09, 61,02 )
By construction we have along the sequence 927
Weure (V361,) 2 Weiti (V65,)) (6.21)

Integrating the last inequality, taking the liminf on both sides and using that W ™ is convex

(quadratic) in its argument, together with weak convergence of the two in-plane components of
the curvature tensor, i.e.

b
v7717172 (921717 923‘,2) - VU17U2 (95,17 6?),2) = Vm,nz axl AO € LQ(Qla g[(?’)) ) (6'22)
(see the appendix Theorem 7.1) we obtain
lim inf / Weur (V1 axm;j)d\a7 = lim inf / Weure (VA0 ) dV,, (6.23)
j Q1 3 Q1
> lim inf / WA (Y6}, ) AV, > / Whom (g axl ZZ) av,,.
o

h K curv curv
J 1951

Then, because Weyry, Winp > 0,

liH,ll inf me(VZugL, - Zi) + Weury (62 axl Z; ) dv,
p o j ] j

>hm1nf/ Winp( Vh uh —Ah )dv, —|—11m1nf/ Weury ( V axlAh) dv, (6.24)
0 0

> /Q Wr];‘l‘;m(VuO,aleO)an+ / Whom (v ax1 4) dV,

curv
Q1

where we used (6.17) and (6.23). Now we use that ug, ZE are both independent of the transverse
variable 73 to obtain altogether the desired lim inf-inequality

1§ (uf, Ag) < Nimyinf 137 (s, , A, ) (6.25)

for

1

—b
Ig’b(UOaAo) = /

_ / Whom (Vaig, A)) + WIS (7 ax] Ay) dw =

/ WM (G, axl Ag) + WhE™(V axl Ag) dV,

1
2

6.3 Global/local minimization

Because of the coupling of the fields together with the scaling of the third component of the
microrotation we have to compute a more complicated minimization problem. Looking simul-
taneously at scaled stretch and scaled curvature we are led to

0 —-p1 b6 Ot 0,01 p2
inf me (Vv|b) — P1 0 —0 + Weurv 8,71 02 8772 02 ps3
beR? peRe -0y 01 0 Opp1 Opyp1 P4

= Who™(Vo,0) + WhR(V6) . (6.26)

curv

The minimization problem is in principle a global PDE-problem, since V,, ,,p1 appears in the
curvature energy. However, (6.26) is the correct result in precisely the case where the curvature
energy depends only on the symmetric part.

13



Let us use the precise form of the energy to see what is going on. We write

0 —-p1 b Op, 01 Ony01 D2
me (vvlb) - P1 0 —6; + Weurv 87;1 0y 8772 02 D3
-0 0 0 Opp1 Opup1 pa
0 -p1 6 A\ ,
= il sym(VolB)|? + e skew(Volb) — [ o 0 1 | [P+ 3 ur(Vlt)
-6y 0 0
Opy 01 Opy01 o Opib1 Opy01 po as
+o ” Sym 87]192 a17292 b3 HQ + o ” skew 877192 a77292 D3 H2 + ) (8771(91 + 877262 +p4)2
3n1p1 3n2p1 D4 a»711??1 5’n2p1 yZ
(97,1 (%1 87721}1 bl 0 —P1 92
= pllsym | Opve Bpva by | 17+ pe || skew(Volb) — | p1 0 =61 | |
8771 VU3 8,72 VU3 b3 —92 91 O
A
+ B} (Op,v1 + Opyv2 + b3)2
Opth Op,0h 0O a
+an|[sym (9,02 9p,02 O | [+ 5 [(p2 + 0y, 21)* + (3 + Oyop1)?]
0 0 D4
O b Op,01 p2 as
+ || skew | Oy, 02 Dp,ba p3 | [I° + ~ (09,01 + 0,02 +pa)?
87;1171 angpl P4
Opv1 Op,v1 0O u
= pl[sym | Opv2 Opv2 0 H2 + 9 [(bl + amvS)Q + (b2 + an293)2]
0 0 b3
0 0 by 0 0 6
+ pe || skew (g’ilzl gmzl) - (O _gl> 12 4 e || skew [ 0 0 b|l-[0 0 -6
m o2 2 -2 P 8771 V3 8772’03 0 —92 91 0
A
+ B} (Onv1 + Oy v2 + b3)2
Opbh Op,0h 0O a
+ar|sym | 9,00 9,02 0|7+ 5 [(p2 + 0y, 21)* + (3 + Oyop1)?]
0 0 pa
Op, 01 0,,01 2 Q2 2 2
k 1 2 hated _ (9 _ 8
+ az || skew <877192 677292) 1° + B [(pZ mpl) + (p3 ngpl) }
+ % (D, 01 + Oy + pa)2. (6.27)

Grouping the different expressions together we see that for the symmetric case as = 0 the
vector (b*,p*) € R7, which realizes the infimum, can be explicitly determined. The calculation
is lengthy but otherwise straight forward. We obtain

b1 Ziji Oy v + u?;ic 02

b3 Zﬂ; Oy v3 — i Oh

b; PTTESY (6771 v1 + 6772”2)

pT = 8711”2;8712”1 . (628)
pé 787711’)1(

pi’ - ngpf

P - 204?13043 (677191 + 877292)

Reinserting the result in the energy yields the claim in (6.26). The importance of this calculation
(while not changing the lower bound trivial limit energy), rests with the determination of the
minimizing values (6.28) which are needed in the following reconstruction procedure.”

7If the curvature energy depends also on the non-symmetric part of the curvature tensor, i.e., if ap > 0,
then the minimization step is truly global and no simple solution can be provided. Moreover, the resulting limit
energy would depend on imposed boundary conditions for 6. But any useful effective two-dimensional model
should be boundary condition independent! Thus we get a strong motivation to use only curvature energies
depending only on the symmetric part of the curvature tensor in the Cosserat bulk model.

14



6.4 Upper bound - the recovery sequence

Now we show that the lower bound will actually be reached. A sufficient requirement for the
recovery sequence is that

¥ (uo, Ay) € X = L2(Q4, R?) x L*(01,50(3))
Eluij — gy in L*(Qq,R?), sz —>ZE in L?(Qy,50(3)) :

lim sup Ig;b(uflj722j) < Ig’b(umZZ). (6.29)

Observe that this is now only a condition if Ig’b(uo, Ap) < oo. In this case the uniform coercivity
—b . . . .
of Ig’jb(uij , Ap,) over X' = H12(0Q1,R3) x HY2(Q4,50(3)) implies that we can restrict attention

to sequences (u%j,Z;j) converging weakly to some (uO,ZE) € HY?(w,R3) x H?(w,50(3)) =
X/, defined over the two-dimensional domain w only. Note, however, that finally it is strong
convergence in X which matters.

Since

uh, (1,m2,18) = ufy (11,2,0) + Dy, (11,m2,0)m3 + .. (6.30)

and b*(n1,7m2) replaces the term h%_&Bung (n1,7m2,m3) the natural candidate for the recovery
sequence for the bulk displacement is given by the ”reconstruction”

uh, (01,2, 1) = wo (01, m2) + Py Mg b™ (1, 12) = wo (n1, 1) + Py Mg b (11, 712) (6.31)

(te—p) 8771 uo,3+2/tc 95,2
Pt tte
= U0(771>772) + hj 73 (e —p) Onyuo,3—24c 98,1
—A (O, 7/”L0—f_1¢8712 u,2)
20+

where we have used the definition of b* given in (6.28). Observe that b* € L*(w,R?). Conver-
gence of uﬁj in L?(£4,R?) to the limit uy as h; — 0 is obvious.

The reconstruction for the infinitesimal rotation A, is only slightly more complicated. In terms
of the axial representation we write

b 051 (n1,m2) hns P (n1,m2) 051 (n1,m2) —h13 Oy P (M, 712)
O, (m,m2,m3) = | 052(n,m2) | + h277319§(771,772) = | %20m,m2) | + *h;73 O, 01 (15 m2)
hopi (1, m2) b= n3 p3 (11, m2) hopi (1, m2) h*m3 pi(m,m2)
Oy Ug.2—O0,
93,1(7717772) —hns amam#éfuo’l
— | Oolnm) |+ | —hnsdy,cnta et | (6.32)
p dm ko —Onpto1 Ry % (3"12?51’1263"205'2)

where we have used (6.28). Again it is clear that QZ], — 0 € L*(Q1,R3) as h; — 0. Both
reconstructions are completely given in terms of the two-dimensional functions (ug, 98). Since
neither b* nor p* need be differentiable, we have to consider slightly modified recovery sequences,
however. With fixed € > 0 choose b. € H"?(w,R?) such that ||b. —b*|| 12, r2) < € and similarly
for p* choose pi € H*?(w,R*) such that ||[pf —p*||L2(w,ra) < . This allows us to present finally
our recovery sequence

uh, (2, ) = o (i, m2) + By 1 b1, ma) (6.33)
, 9‘6,1(7717 n2) —hns ampia(m, n2)
O, (2, mz) == | G o(m,m2) | + | —hns i o(m,m2)
hj pi (1, 72) h2 3 ph (M, 12)

15



and thus

—b

hj,E N

—b,b

hj,E T

b,b

.

)

—bb

Ag

b

+

+

i

0
hj i (1, m2)
*93,2(771, n2)
0

0

Pic(m,m2)
—05.5(n1,m2)

0
hjns i (1, m2)
hj 130, P - (11, 712)

0
P -(m,m2)
—05,9(m,72)
0
pi(n1,m2)
—05.5(m,72)
0
0

—95,2(771, n2)

The definition (6.33) implies

Vuij,e(m, n2,73) =

Ve}sz,g(nh n2, 773) =

adio
Ehj =

E =

377193,1 (11, m2)
8771 9%,2 (7717 772)
hjaﬁlpia (771, 772)

—hjpi (1, 7m2)

0
9%,1 (n1,m2)

9% 2(7717 T]2)

—04.1(n1,m2)
0

—h3 3P (1, 72)

h3 13 P4 (11, 12)
hj 130, P - (11, 712)

0

—hjm30y, p1 - (11,7m2)

_hj 7738772 pT,a(nlv 772)
h] 7738’171 p)lk,s(/r]lv 772) 5

— 7 (M, 7m2)
0

08 1 (111, m2)

_h] n3 pz’e (7717 772)

D1, (11,m2)
0

051 (n1,m2)

-pi (771 s 772)
0

051 (m,72)
0
0

051 (n1,m2)

93 2(771,772)

—04.1(n1,m2)

0

0

—hjm30y, p7 - (11,7m2)

9% 2(7]1,772)

—90,1 (n1,m2)

0

95 2(771,772)

—90,1 (71,m2)
0

95,2(771, n2)

—93,1 (n1,m2)

0

)

)

= anti(6?) .

_h7738771 anlpf,s(nla 772)
+ _h773a?71 8n2p1<,5(n1a 772)
h? 13 Oy 04 (M, 12)

Note that by appropriately choosing hj,e > 0 we can arrange that strong convergence of (6.35)
to the correct limit still obtains. Now abbreviate further

= (Vuo(n1,m2)[be (11, 7m2)) —
(Vuo(n1,m2)[0" (11, m2)) —

6711 a(b),l (771 ) 112
O, 0(b),2 (1715 M2

On, 1 (11, m2)

(
—hn30n,0n, P7 - (M1, 72)
7h 7738771 67]2pi5 (7717 772)

hjns c%lpii,s(m, n2)

517190 1015 m2)

3711 ‘90 2(771, 2
771pl (1,1

a77190 1(n1,m2
ameo 2 (1M1, 72
anlpl (7717 772)

6171 90 1(7717 772)

377190 2(77

0,0
Dy, 0

1(m1,m2)

b
(bJ,
0,2 2(11,m2)

s

Onap7 e (N1,7m2)

90 1(m,m2)
8172 90 2(m1,7m2)
nzpl (m,m2)
877290,1(7717 12)
877295,2 (7717 772)
1 (1, m2)

877290 1(7717 n2)
anz 90 2 (77 2)

16

[(Vuo(n1,m2)[be (11, 7m2)) + hj 773 (Vb (11,72)|0)]
O 5 € g[( )
AO € g (3) ]

0
0
0

—h 300,00, 07 (11, 7m2)
7h 773an267]2p1 5(7717 772)
hjns 0, 2p4,s(771, 72)

—6771])1(75 (771, 7]2)
=01 (M1, 72)

P4 (11,m2)

—87711?1k (n1,m2)
=0, 01 (11, M2)

Pi(n1,m2)

e}

0| =V6egl(d).

(=]

)

(Vuo(ni,m2)|hj be(n1,m2)) + hjn3 (Vbe(n1,12)]0) ,

87729%’1(771, 772) 0

87729%,2(7717 n2) 0
hjOn,p1 c(m,m2) 0
_hWBanganlpT,s(nla 772)
_hn3anzan2p1<,a(n1; n2)

h3 13 On, i - (M1, 1m2)

3

0

—b,b
- Ahj,t’;‘ e g[(g) i

—hj 130, PT (N1,7M2)
hjn30n, p1c(m,m2) |
0

(6.34)

(6.35)

—h 0y, P < (1,m2)
_hanzpf,e(nh 72)

h3 i (s m2)

(6.36)

_anlpitf ("71’ 772)
—=On,pi () |
pz,s (7717 772)



We note that
||ﬁi;zj,s - ﬁ%,s”m(ﬂthw) —0 if h; —0,
180, — Rl 20y mexsy = 0 if € —0, (6.37)
1B, — Bollzo, asesy = 0 if hy =0,
1By — Bl g2y aoxsy — 0 if € —0.

The abbreviations in (6.36) imply
i3 b( 57Ah <) / Winp( Eh + Weure(R7,, ) AV, (6.38)
Q

where we used that h; b6 in the definition of the recovery deformation gradient (6.35); is
cancelled by the factor ;- in the definition of I, 2 , similarly for the other components. Whence,

adding and subtracting me( )

7b 7b = fadto) [y ~
Ilgj (uij,sv Ap,e) = o Winp (E) + Winp () = Winp(E) + WcurV(RiI’zj,e) av
1

iy iy =€ [y iy
= / Winp (E) + Winp (£ + Ehj = E) = Winp(E) + Weurv(Rn,) dVy
Q1
since Wy,p and Wey are both positive, we get from the triangle inequality
< [ Won(B)+ WanB + By, = B) = Wanl(B)] + Weurn (5, ) 2V,
Q

expanding the quadratic energy Wy, we obtain

-/ Wonp(B) 4 W (B) + (DWory (). B, ~ )
+ D*Wp(B)-(By, = B, By, — B) = Wap(B) + Weurs (R, ) AV, (6:39)

</ Waug (B) 4 | DWa BB, ~ BN+ C B, ~ B+ W (8,0 4V,
for ||§; fiH < 1 we have

< [ WanlE) 4 (04 1DWonp (B) 1B, ~ B+ Woane (8, )V,
since ||Dme( )| < Cy ||§|| we obtain

/Q Wa(E (C+CaIEN) 1B, — Bl + Weurn(&,, ) 4V,
and by Holder’s 1nequality we get

< /Q me(E) =+ WcurV(-ézj,a) an + (C + HEHLQ(Ql)) ”Ehj - E||L2(Q1) .
1

~ o)
Continuing the estimate with regard to Wcurv(ﬁzﬁg) and adding and subtracting E, we may
obtain

b —b = ~ ~
T T, ) S [ W (B) o Woar (R5)+ Won (R, )
1
— Wewy (R2) AV,
+(C+ C2 Bz ) IEn, — Bo + By = Blliaay)

< | Wap(E) + Weure (R)) dV,
(951

+ HVVCHrV(ﬁb ) - WcurV(-é%,e)HLl(Ql) (6~40)
+ HWcurV(ﬁo s) - WcurV(Rl()))HLl(Ql)
~ € =€ et =
+(C+CalBlian) (1B, — Bollian) + 1Bo = Bllzz)) -
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Now take h; — 0 to obtain by the continuity of Wqy, (the argument is similar to (6.42)) and
(6.37)4

hmsup]ﬁ b(uh 572'}71» .) < me( )+ Wcurv(ﬁo)
h;—0 ’ ” o

+ HWcurV(ﬁ(b),J - WcurV(ﬁ'(y))HLl(m) (6-41)
= adt > =
+ (C+Ca|Blliaan) B = Elliaan) -
Because the curvature energy depends only on the symmetric part, we observe also
Weury (ﬁ%,e) — Weurv (“@)) = [lpi. — Pall*- (6.42)
Since

= = y —bb
o Bt = 1ol m)lb) — (T, mlb) + (A = Ag" )1
<2 (b = V12 + A5 = A1) =2 (b = V17 + 2t —p1I2) . (643)

we get, by letting e — 0 and using (6.42), the bound

. b —b = ~
lim sup I,ﬁlj (uij,a, Ap, ) < /Q Wnp(E) + Weury (R2) AV,
1

hj—

curv

m -’ om
= /Q WEO™ (Vug, Ay) + Whm (&) dV (6.44)

. —b . . . . .
Since ug, A, are two-dimensional (independent of the transverse variable), we may write as well

hmsuplﬁb(uh E,Ah 6)§/Q erfl‘;)m(Vuo,A) + Whem g2y v,

curv
h;—0

curv

—b —b
_ / WO (Vug, A) + WO (R) dw = 1% (up, A), (6.45)

which shows the desired upper bound. This finishes the proof of Theorem 5.1. |

Acknowledgements

Kwon-Il Hong is grateful for a three-month grant from DAAD making possible his stay at the
Fachbereich Mathematik, Technische Universitat Darmstadt.

References

(1] I. Aganovic, J. Tambaca, and Z. Tutek. Derivation and justification of the model of micropolar elastic
shells from three-dimensional linearized micropolar elasticity. Asympt. Anal., 51:335—-361, 2007.

[2] 1. Aganovic, J. Tambaca, and Z. Tutek. Derivation and justification of the models of rods and plates from
linearized three-dimensional micropolar elasticity. J. Elasticity, 84:131-152, 2007.

[3] S.M. Alessandrini, D.N. Arnold, R.S. Falk, and A.L. Madureira. Derivation and justification of plate models
by variational models. In M. Fortin, editor, Plates and Shells, volume 21 of CRM Proceedings and Lecture
Notes, pages 1-20. American Mathematical Society, 1999.

[4] G. Anzellotti, S. Baldo, and D. Percivale. Dimension reduction in variational problems, asymptotic devel-
opment in I'-convergence and thin structures in elasticity. Asymptotic Anal., 9:61-100, 1994.

[5] F. Bourquin, P.G. Ciarlet, G. Geymonat, and A. Raoult. I'-convergence et analyse asymptotique des
plaques minces. C.R.Acad.Sci. Paris,Ser.I, 315:1017-1024, 1992.

(6] A. Braides. I'-convergence for Beginners. Oxford University Press, Oxford, 2002.

[7] D. Chapelle and K.J. Bathe. The Finite Element Analysis of Shells - Fundamentals. Computational Fluid
and Solid Mechanics. Springer, Berlin, 2003.

[8] P.G. Ciarlet. Mathematical Elasticity, Vol II: Theory of Plates. North-Holland, Amsterdam, first edition,
1997.

[9] P.G. Ciarlet, V. Lods, and B. Miara. Asymptotic analysis of linearly elastic shells. II. Justification of
flexural shell equations. Arch. Rat. Mech. Anal., 136:163-1190, 1996.

18



[10] E. Cosserat and F. Cosserat. Théorie des corps déformables. Librairie Scientifique A. Hermann et Fils
(Translation: Theory of deformable bodies, NASA TT F-11 561, 1968), Paris, 1909.

[11] P. Destuynder and M. Salaun. Mathematical Analysis of Thin Plate Models. Springer, Berlin, 1996.

[12] H. Le Dret and A. Raoult. The membrane shell model in nonlinear elasticity: a variational asymptotic
derivation. J. Nonlinear Science, 6:59-84, 1996.

[13] H.A. Erbay. An asymptotic theory of thin micropolar plates. Int. J. Engng. Science, 38:1497-1516, 2000.
[14] A.C. Eringen. Theory of micropolar plates. Z. Angew. Math. Phys., 18:12-30, 1967.

[15] I. Fonseca and G. Francfort. On the inadequacy of the scaling of linear elasticity for 3d-2d asymptotics in
a nonlinear setting. J. Math. Pures Appl., 80(5):547-562, 2001.

[16] G. Friesecke, R.D. James, M.G. Mora, and S. Miiller. Derivation of nonlinear bending theory for shells
from three-dimensional nonlinear elasticity by I'-convergence. C. R. Math. Acad. Sci. Paris, 336(8):697—
702, 2003.

[17] G. Friesecke, R.D. James, and S. Miiller. The Foppl-von Kdrmén plate theory as a low energy I'- limit of
nonlinear elasticity. C. R. Math. Acad. Sci. Paris, 335(2):201-206, 2002.

[18] G. Friesecke, R.D. James, and S. Miiller. A theorem on geometric rigidity and the derivation of nonlinear
plate theory from three-dimensional elasticity. Comm. Pure Appl. Math., 55(11):1461-1506, 2002.

[19] G. Friesecke, R.D. James, and S. Miller. A hierarchy of plate models derived from nonlinear elasticity by
Gamma-convergence. Arch. Rat. Mech. Anal., 180:183-236, 2006.

[20] E. De Giorgi. I'-convergenza e G-convergenza. Boll. Un. Mat. Ital., 5:213-220, 1977.

[21] J. Jeong and P. Neff. Existence, uniqueness and stability in linear Cosserat elasticity for
weakest curvature conditions. Preprint 2588,  http://wwwbib.mathematik.tu-darmstadt.de/Math-
Net/Preprints/Listen/pp08.html, to appear in Math. Mech. Solids, 2008.

[22] G. Dal Maso. Introduction to I'-Convergence. Birkh&user, Boston, 1992.

[23] B. Miara and P. Podio-Guidigli. Deduction by scaling: A unified approach to classic plate and rod theories.
Asymptotic Analysis, 51:113-131, 2007.

[24] P. Neff. A geometrically exact Cosserat-shell model including size effects, avoiding degeneracy in the thin
shell limit. Part I: Formal dimensional reduction for elastic plates and existence of minimizers for positive
Cosserat couple modulus. Cont. Mech. Thermodynamics, 16(6 (DOI 10.1007/s00161-004-0182-4)):577-628,
2004.

[25] P. Neff. A geometrically exact viscoplastic membrane-shell with viscoelastic transverse shear
resistance avoiding degeneracy in the thin-shell limit. Part I: The viscoelastic membrane-
plate. Preprint 2337, hitp://wwwbib.mathematik.tu-darmstadt.de/Math-Net/Preprints/Listen/pp04.html,
Zeitschrift Angewandte Mathematik Physik (ZAMP), DOI 10.1007/s00033-004-4065-0, 56(1):148-182,
2005.

[26] P. Neff. The I'-limit of a finite strain Cosserat model for asymptotically thin domains versus a formal
dimensional reduction. In W. Pietraszkiewiecz and C. Szymczak, editors, Shell-Structures: Theory and
Applications., pages 149-152. Taylor and Francis Group, London, 2006.

[27] P. Neff. A geometrically exact planar Cosserat shell-model with microstructure. Existence of minimiz-
ers for zero Cosserat couple modulus. Preprint 2357, hitp://wwwbib.mathematik.tu-darmstadt.de/Math-
Net/Preprints/Listen/pp03.html, Math. Mod. Meth. Appl. Sci.(M38AS), 17(3):363-392, 2007.

[28] P. Neff and K. Chelminski. A geometrically exact Cosserat shell-model including size effects, avoiding
degeneracy in the thin shell limit. Rigourous justification via I'-convergence for the elastic plate. Preprint
2365, hitp://wwwbib.mathematik.tu-darmstadt.de/Math-Net/Preprints/Listen/pp04.html, 10/2004.

[29] P. Neff and K. Chelmiriski. A geometrically exact Cosserat shell-model for defective elastic crystals. Justi-
fication via I'-convergence. Interfaces and Free Boundaries, 9:455-492, 2007.

[30] R. Paroni, P. Podio-Guidugli, and G. Tomassetti. The Reissner-Mindlin plate theory via I'-convergence.
C. R. Acad. Sci. Paris, Ser. I, 343:437-440, 2006.

[31] R. Paroni, P. Podio-Guidugli, and G. Tomassetti. A justification of the Reissner-Mindlin plate theory
through variational convergence. Anal. Appl., Singap., 5:165-182, 2007.

Notation

Let © C R3 be a bounded domain with Lipschitz boundary 9 and let T’ be a smooth subset of Q with non-
vanishing 2-dimensional Hausdorff measure. For a,b € R? we let (a, b)gs denote the scalar product on R3 with
associated vector norm Ha||]12%3 = (a,a)gs. We denote by M3*3 the set of real 3 x 3 second order tensors, written
with capital letters and Sym denotes symmetric second orders tensors. The standard Euclidean scalar product
on M3*3 is given by (X,Y)ysxs = tr [XYT], and thus the Frobenius tensor norm is || X||? = (X, X)ysxa.
In the following we omit the index R3,M3%3. The identity tensor on M3*3 will be denoted by 1, so that
tr[X] = (X, ). We set sym(X) = 2(X7 + X) and skew(X) = 2(X — XT) such that X = sym(X) + skew(X).

)
For X € M3*3 we set for the deviatoric part dev X = X — é tr[X] 1 € sl(3) where sl(3) is the Lie-algebra of
traceless matrices. The set Sym(n) denotes all symmetric n X n-matrices. The Lie-algebra of so0(3) := {X €

GL(3) |XTX = 1, det[X] = 1} is given by the set s0(3) := {X € M3*3 | XT = —X} of all skew symmetric
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tensors. The canonical identification of so(3) and R3 is denoted by axlA € R3 for A € s0(3). Note that
(ax1 A) x & = A.£ for all £ € R3, such that

0 a p —y B 3 .
axl|—a 0 ~|:=| B , Ay = Z —€45k - axl Ay,
-8 —y O —« k=1
[Allfsxs = 2lax1AllZs, (A, B)ysxs = 2(ax1 A, axl B)gs ,

where €;;, is the totally antisymmetric permutation tensor. Here, A.£ denotes the application of the matrix A
to the vector & and a X b is the usual cross-product. Moreover, the inverse of axl is denoted by anti and defined
by

0 a —y

—a 0 ~vy):=anti| B |, axl(skew(a®b))= _L axb,
-8 -y 0 —a 2
and
2skew(b ® a) = anti(a x b) = anti(anti(a).b) .
Moreover,

curlu = 2 axl(skew Vu) .

Notation for plates and shells

Let w C R? always be a bounded open domain with Lipschitz boundary dw and let 79 be a smooth subset of
Ow with non-vanishing 1-dimensional Hausdorff measure. The aspect ratio of the plate is h > 0. We denote
by M™X™ the set of matrices mapping R + R™. For H € M3*2 and ¢ € R3 we write (H|¢) € M3*3 for
the matrix composed of H and the column £. Likewise (v|€|n) is the matrix composed of the columns v, &, n.
This allows us to write for u € C1(R3,R3) : Vu = (ugluy|u:) = (Oru|0yu|d:u). The identity tensor on
M?%2 is 1l5. The mapping m : w C R? — R3 is the deformation of the midsurface, Vm is the corresponding
deformation gradient and i, is the outer unit normal on m. A matrix X € M3*3 can now be written as
X = (X.e2|X.e2|X.e3) = (X1|X2|X3). We write v : R? +— R3 for the deflection of the midsurface, such that
m(z,y) = (z,4,0)T +v(z,y). The standard volume element is dxdydz = dV = dw dz.

7 Appendix

7.1 The infinitesimal Reissner-Mindlin membrane/bending model

Abbreviating now 8 = (61,62,0)T = —Aj3, we are left with the following set of equations for the deflection of
the midsurface of the plate v : w C R? — R3 and the infinitesimal increment of the ’director’, 8 : w — R3

LA

A tr [sym V(v1, v2)]?

K
[0 nlsmeuem P+ ZEve -0+
w

—_——

transverse shear energy

h3 A
+ D (u || sym V|2 + 2/::_ X tr [sym V@P) —{f,v)dw — min. w.r.t. (v,0),
U, = ud (z,v,0), simply supported (7.1)
,GHO = (ucli,z, u‘iz, O)T, rigid director prescription .

Here 0 < k < 1 is the so called shear correction factor. The model is very popular and can be found, e.g.,
in [7, p.90].8

7.2 The classical infinitesimal-displacement Kirchhoff-Love plate (Koi-
ter model)

For the convenience of the reader we also supply the similar system of equations for the classical infinitesimal-
displacement Kirchhoff-Love plate (also the Koiter model). In terms of the midsurface deflection v : w C R? +» R3
we have to find a solution of the minimization problem

A
[ (wllsym V) P+ 22y Vo))
w 2+ A

+ ﬁ (,u | D%vs||? + Ltr [D2v3}2) — (f,v) dw — min. w.r.t. v,
12 2+ A
Uy = ud(z,y,0), simply supported (7.2)
—Vug, = (u?’z,ugyz, 0)T,  typical rigid prescription of the infinitesimal normal .

This energy can also be obtained formally from (7.1) by constraining the linearized director to the linearized
normal of the plate, i.e., setting = Vus.

8Hence the shear correction factor & is directly determined by the Cosserat couple modulus j.. For rather
thick plates, it is known that the shear energy in RMj;, is overestimated, therefore, one is led to reduce the
shear energy contribution a posteriori by taking x < 1.
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7.3 Aganovic’s and Neff’s model based on simultaneous nonlinear
. —t
scaling uf, A"

In [2] a shell model is proposed based on asymptotic analysis of the linear isotropic micropolar model, the

assumption of nonlinear scaling for displacements u! and infinitesimal microrotations A and uniform
positivity assumption for the curvature together with homogeneous Dirichlet conditions on the microrotations.
We specialize this model from shell to plate, rewrite its weak form into a minimization problem and adapt it
to our notation. Then the problem reads: find the deflection of the midsurface v : w C R2 — R3 and the
microrotation vector 6 : w C R? = R3 such that

[P (4, ) = / W2SYmP (V, 0) + W2STP (V) — (f,v) dw — min. w.rt. (v,6), (7.3)

and the boundary conditions of place for the midsurface deflection v on the Dirichlet part of the lateral boundary
Yo C aw’

v, = Ud (z,y,0) simply supported
and the homogeneous boundary condition for the microrotation
05, =0, completely clamped .

The asymptotically reduced local density is

m 0o -0 0 -0
Ware(vos) = lvm (Vo (ono0) = (g 0%)) 124 Iskew (Vo ono0) = (g %) ) 12

shear-stretch energy in-plane drill energy
(7.4)
2
fe —021 2 HA 0 —63
+2u —— ||V v3 — + tr [sym | V v1,v2) — .
b 19 = () 1255 e [ (Voo = ()
asymptotic transverse shear energy asymptotic elongational stretch energy
The asymptotically correct curvature density is given by
EQ 2 2
WP (VO) := =5 | a1 [[sym Vi, my (61, 02)I1° +az || skew Vi, 1y (61, 62)] (7.5)
I-energy II-energy
a9 a1ag
201 ——— [V o031 + 5 2 [Vipy 1 (61, 62))?
a1 + a2 2000 + 03 ~—m—m—
ITI-energy [V-energy
While a2 = 0 would give formally the Reissner-Mindlin model, the proof of asymptotic convergence in [2]

needs decisively the uniform positive curvature assumption k. > 0,as > 0. The limit model is well-posed for
kc > 07 a2 = 0.

The conformal curvature case is retrieved for a1 = 1,2 = 0, % = —% in which case the reduced curvature
turns into
EQ
Wi ot (v6) = uf || devz sym Vi, 1, (61,62)]% . (7.6)

This case is not 2D-well-posed! It is straightforward to show that this asymptotic limit model coincides with the
I-limit for simultaneous nonlinear scaling uf, Zu in the strong topology of L? for both fields under the conditions
ke > 0, a2 > 0. This asymptotic limit model coincides with the linearization of the I'-limit for nonlinear Cosserat
plates in [28, 29] which was also based on the simultaneous nonlinear scaling of deformations and rotations (note
that in the nonlinear regime, dealing with exact rotations, it is difficult to scale the rotations with a linear
scaling). Also here, as > 0 is implicitly assumed. Thus, the presence of the in-plane drill component 63 cannot
be avoided and therefore, this is not the Reissner-Mindlin model, for no choice of (derivation-) admissible
Cosserat parameters.

7.4 A model based on linear scaling of u and nonlinear scaling of A,
. —t
ie., v, A"

The I'-limit can be established along the presented lines provided that as >= Note that the local minimization

step for linear and nonlinear scaling with respect to the displacement u yields the same homogenized energy®
since

6711 U1 87]2 V1 p1 A
inf W((Volp)) = inf W | [8pv2 Onpva  p2 for W(X) = pllsym X2 + Ztr [X]2. (7.7)
bER? pER? p1 P2 Dp3 2

The model is: find the deflection of the midsurface v : w C R? — R3 and the microrotation vector 6 : w C R? —
R3 such that

Ig’u(v, 0) :/ Wiy P (Vv,0) + WP (V) — (f,v) dw +— min. w.rt. (v,0), (7.8)
w

9Not true for the curvature energy depending also on anti-symmetric terms for as > 0.
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and the boundary conditions of place for the midsurface deflection v on the Dirichlet part of the lateral boundary
Yo C Ow,

v, = ud (z,9,0) = uq(zx,y,0), simply supported (fixed, welded) .
and the homogeneous boundary condition for the microrotation
9‘70 =0, partially clamped.

The asymptotically reduced local density is

< 0o -6
WEP(T0,) sl sy Vo p 01, 02)? s skew (o) = () %) )P (79

in-plane drill energy
U

+2u+)\

tr [V ms (v1, ”2)]2
The asymptotically correct curvature density is given by

L2
WamP (V) := p—7 | on || sym Vi, oy (61, 02) |1 +az || skew Vi, o, (61,62)]% (7.10)
I-energy II-energy
a9 a1a3
201 ——— [V o 031" + 5 2 [Vipy 5 (61, 62)]?
a1 + as 200 + 03 ~—_——
IE-energy
III-energy

The limit model already decouples the bending rotations 61,02 from the in-plane deflections vi,v2. For the
nonlinear scaling of the microrotations it is necessary to have ag > 0 for the I'-limit result.

7.5 A model based on linear scaling of v and linear scaling of A, i.e.,
—b
w, A
The problem is: find the deflection of the midsurface v : w C R? — R3 and the microrotation vector 6 : w C
R? — R3 such that

12" (v,6) :/W;ngp(w,e) + W2SmP (V) — (f,0) dw — min. w.r.t. (v,0), (7.11)
w

and the boundary conditions of place for the midsurface deflection v on the Dirichlet part of the lateral boundary
Yo C aw’

v, = uq(z,y,0) = uq(z,y,0), simply supported (fixed, welded) .
and the homogeneous boundary condition for the microrotation

QHO =0, partially clamped .

The asymptotically reduced local density is

A
WS (V0,0) = pu| sym Vg ms (01, 02) |2 + 1o tr [sym Vi, s (01, 02)]2
2p+ A
The asymptotically correct curvature density is given by
L
WamnP(VO) := =5 | a1 [[sym Vi, s (61, 02)|1” +az ||skew Vi, 5z (01, 602)]% (7.12)
I-energy II-energy

a9 a1ag3
+2a1 ||V771777293”2 + tr [V ,me (91»92)}2
a1 + as 200 + 03 ~e—_——

IV-energy

III-energy

If we identify (61, 02) = Vu3 we recover the linear Koiter model (7.2). Erbay writes [13, p.1513]: ” An examination
of these equations shows that, as in the classical plate theory, the equations governing the flexural (bending)
and the extensional (stretching) motions of the plate are independent of each other. ” The presented I'-limit
reproduces this decoupling.

7.6 Korn’s inequality and the linear scaling for A

The major merit of the linear scaling (4.2) is that it respects the infinitesimal strain structure and allows one to
derive estimates independent of the scaling parameter h > 0 in the case where one controls only symmetrized
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. . . . —b .
gradients in the curvature energy. To see this, abbreviate §” := ax] A’ and consider

- ) Ay 03 (n) £[0n265 (n) + 9y, 05(n))] ﬁ (0505 (1) + Oy 65(n)]
symVp6’(n) = | 5[0 05,(n) + O, 03 (n)] ) D205 (n) 57 [Ons ?g () + Oy 05(m)] |
57 00305 (n) + Oy 05(m)] 55 (03 05(n) + Oy 05(m))] 720505 (n)

O, 9? (n) 87729? (n) %8713 0? () )
[l sym 13771 05(n) 1'977295 ) FOs05(m) | |l
FO0n 05(n)  +0n,05(n)  530ns65(n)

| sym V16” (n)]|?

0 0 Ons 0% (1)
b b m3 Y17
— sy (Gt OB g s |0 0 Oty | I?
m1 V2" m2Va 7 8n19g(71) 8n295(n) 0
1 1
o Oy 05 = 5 [[sym Vo )2 > [l sym V6” ()] (7.13)

With this preparation we show

Theorem 7.1 (Scaled Korn’s inequality for the micro-rotation vector)
For hj — 0 as j — oo consider the linearly scaled sequence GZY : Q1 — R3 and assume that is satisfies either
J

LYhi>0: 10 |20, k) < K1y 10}, 5lc2,m — 0 as hj —0

2.0, =o0.

I
o

Assume in addition the boundedness of scaled strains along h;
| Ism 96, @l av, < 5
1
where the constants K1, Ko are independent of hj. Then

b
105, 120, g3y < K3,

with a constant K3 independent of h; and there exists a weakly convergent subsequence in H* (2, R3) (without
re-labeling), such that

b b 1 3 .

th 0, € H (Q,R%), h; —0,
b b 2 3
thHGOEL(Ql,R), hj~>0.

In the first case we obtain moreover that 05(771, n2,m3) = Gg (n1,m2), independent of the transverse variable and
for the limit of the third component Gg 3 =0.

In the second case (Dirichlet-boundary case) we obtain for the weak limit (only) 63 (n1,n2,13) € Vicr,(Q1).

Proof. In the first case, we may use the estimate (7.13) and Korn’s second inequality without boundary condi-
tions. In the second case for Dirichlet-boundary conditions, we may use Korn’s first inequality with boundary
conditions. Then the existence of a weakly convergent subsequence is clear from boundedness in H!(Q,R3).
Rellich’s compact embedding provides us with strong convergence in LQ(Q,R3). In the second case, the weak
limit satisfies the boundary condition Gg‘rl = 0. Boundedness of scaled strains and weak convergence of VWGZ],

0
implies as well (compare with Ciarlet [8, p.37])
/ lfsym Vo6, Jesl® < Kh2 =0 = [sym Vb, J.es = [sym V,03].e3 = 0. (7.14)
1

Thus the weak limit 05 of the scaled micro-rotation vector is found in the space VK L. In the first case we know
more, namely that (6%, e3) = 0 in L2(2;, R) which gives the result. |

Definition 7.2 (Space of scaled Kirchhoff-Love displacements Vi)
Following Ciarlet, we define the space

Vir(Q1) := {0 € HY2(Q1,R3) : O)p, =0, [sym Vy0(n)].es = 0 forn € }. (7.15)
This space is equivalently characterized by ([8, p. 41] or [15, p.561] or [11, p.12])
Vo () ={0 € H"*(Q1,R%): 6, , =0,
0
01(m1,m2,m3) = wi(n1,m2) — 13 Oy, 03(N1,m2)
02(n1,m2,m3) = w2(n1,m2) — N3 Ony03(N1,m2) 5

03(n1,m2,m3) = w3(n1,n2),
wi, w2 € H (w,R), w3 € H?(w,R), wi, w2, w3 = 0, auwgho =0}. (7.16)

We first remark that the in-plane components 61,602 are not necessarily two-dimensional, although they are
determined by two-dimensional functions.
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7.7 The I'-limit for linear elasticity and linear scaling u%j

To put our result into further perspective let us relate it to classical linear elasticity. Using Theorem 7.1 for the
scaled displacement u?l ~ with Dirichlet boundary conditions allows to establish the suitable bounds. The I'-limit
J

of I,blj (u',’lj) in the strong topology of L2(91,R3) is given by the limit energy functional Ig 1 L2(Q1,R3) — R,

whom (7)) — (f,v) dV V(22
Ig(’l)) — fﬂl ( ’U) <f U> n VE KL( 1) (717)
400 else in H12(Q1,R3),
with
hom 2 /’L)‘ 2
WEOR(Vo) i=p || sym Vi, g, (01, v2) |7 + tr [V iy (v1,02)]7
2u 4+ A

This result is a slight variation of the statements in [8, p.95] and [5]. One might be tempted to think that this
defines a membrane model. However, the limit is not truly two-dimensional but in the space V. It is therefore
possible to insert the limit into the integral and to perform the integration over the thickness analytically. The
result is, after descaling, surprisingly, the Kirchhoff-Love membrane-bending plate (7.2) written in the deflection
7 :w C R? — R3 and setting 5(n1,72) := Av.v for v € Vi (Q1). Note again that the vertical deflection should
be of the order of the thickness of the plate for this result to make sense.

7.8 An inequality for linear elasticity with nonlinear scaling uij

Assuming linear elastic behavior and simply considering the nonlinear scaling, the following inequality can be
established:

Theorem 7.3 (hj-dependent Korn’s first inequality and nonlinear scaling)
For h;j — 0 consider a sequence uEL € A’. Then there exists a constant C independent of hj > 0 such that
J

22 o sym o I dVy 2 luf, 1.2, ps)
J 1

Proof. Can be found in [4, Th.A.1], see also [9, p.176]. |

Remark 7.4

With this (essentially sharp) inequality, it is difficult to continue the I'-limit development in classical linear
elasticity based on the nonlinear scaling without further assumptions on the scaling of energies. This is one
of the reasons, why Cliarlet uses the linear scaling in the case of plates (the inequality can be improved to be
independent of h; in case of a shell with elliptic surface).

Assume, however, that the scaled energy satisfies (this is a strong assumption on the data in disguise)

1
w3 Iﬁ(u;‘”) <cC. (7.18)
J

Then Theorem 7.3 allows to establish weak compactness of “Ez in HH2(Q1,R3). The I'-limit of h% It in the
J i
strong topology of L?(21,R3) is given by the limit energy functional Ig 1 L2(Q1,R3%) — R,

hom (7)) — vydw v 1,2(, R3
fg(v);{fuw (Vo) = (f,v)dw v e HM?(w,R3)

7.19
+o0 else in L2(Q,R3). ( )

For this result compare to [4, Th.4.2]. For sequences bounded in H! it is easy to see that the weak limit is
actually independent of 73 and thus the limit problem is a membrane-plate.

Remark 7.5
In the finite strain setting the assumption # It (goi ) < C leads to the classical plate-bending problem [18].
J

J

24



