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Introduction

For infinite-dimensional Lie groups it seems quite hopeless to develop a
general theory of unitary representations. This is mainly due to two ob-
stacles which are non-existent for finite-dimensional Lie groups. The first
one is that there is no group algebra such as L1(G) or C∗(G), whose rep-
resentations are in one-to-one correspondence with the continuous unitary
representations of G. The second one is that there is no general structure
theory for infinite-dimensional Lie groups, such as the Levi decomposition
and the fine structure theory of semisimple Lie groups.

However, there are many interesting classes of infinite-dimensional Lie
groups which possess a rich unitary representation theory. Many of these
representations show up naturally in various contexts of mathematical
physics (Mick87,Mick89,PS86,Go04,SeG81,Se58,Se78), where the Lie alge-
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bra g = L(G) of the group under consideration often contains an element
h, corresponding to the Hamiltonian of the underlying physical system, for
which the spectrum of the operator i · dπ(h) in the “physically relevant”
representations (π,H) is bounded from below. This suggests to study repre-
sentations of infinite-dimensional Lie groups in terms of semi-boundedness
properties of spectra.

Let G be a Lie group in the category of smooth manifolds modelled on
locally convex spaces for which a smooth exponential function expG : g → G

exists a (cf. Mil84,Ne06,GN08). For a unitary representation (π,H) of G we
write πv(g) := π(g)v for its orbits maps and call the representation (π,H)
smooth if the space

H∞ := {v ∈ H : πv ∈ C∞(G,H)}

of smooth vectors is dense in H. Then all operators i · dπ(x), x ∈ g, are
essentially selfadjoint [Ne08, Lemma 3.6] and crucial information on their
spectrum is contained in the momentum set Iπ of the representation, a
subset of the topological dual g′ of the Lie algebra g of G. It is defined as
the weak-∗-closed convex hull of the image of the momentum map on the
projective space of H∞

Φπ : P(H∞) → g′ with Φπ([v])(x) =
1
i

〈dπ(x).v, v〉
〈v, v〉

for [v] = Cv.

As a weak-∗-closed convex subset, the momentum set is completely deter-
mined by its support functional

sπ : g → R ∪ {∞}, sπ(x) = − inf〈Iπ, x〉 = sup(Spec(i · dπ(x))) (1)

(cf. [Ne08, Lemma 3.7]).
It is now natural to study those representations for which sπ, resp., the

set Iπ, contains the most significant information. A natural regularity con-
dition is that the function sπ is bounded on some non-empty open subset
of g. We call such representations semi-bounded. Then the domain s−1

π (R)
of sπ is a convex cone with non-empty interior and sπ is continuous on this
open cone (cf. [Ne08, Prop. 4.8]). Since the momentum set Iπ is invariant
under the coadjoint action, the function sπ and its domain are invariant un-
der the adjoint action. In Ne08 we described a framework which permits us
to find C∗-algebras whose representations are in one-to-one correspondence
with certain classes of semi-bounded representations of G.

aWe shall keep this assumption throughout this paper.
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In the present note we discuss several issues concerning semibounded
representations. In Section 1 we briefly discuss the functional analytic back-
ground for semi-bounded representations. In particular we introduce the
concept of a semi-equicontinuous set of linear functionals in such a way
that semi-bounded representations are those whose momentum set is semi-
equicontinuous. In many concrete situations, it is desirable to calculate
momentum sets of representations by restricting the momentum map to
quite small invariant submanifolds of projective space. The main result of
Section 2 is a theorem which describes criteria under which the momentum
set of a representation on a reproducing kernel Hilbert space of holomor-
phic functions can be determined directly from the reproducing kernel. Sec-
tion 3 is devoted to a characterization of bounded representations as those
for which the corresponding homomorphism π : G → U(H) is a smooth
homomorphism of Lie groups, where the unitary group U(H) carries its
natural Banach–Lie group structure. This result is a quite straight forward
consequence of the definitions if G is locally exponential, but for a general
Lie group we have to use some more sophisticated arguments. Finally we
explain in Section 4 that for the case where G = (E,+) is the additive
group of a locally convex space, semi-bounded representations are precisely
those obtained by functional calculus from spectral measures supported by
semi-equicontinuous subsets of the dual space.

For the future, the most important issue concerning semi-bounded rep-
resentations is to understand the structural implications of the existence
of semi-bounded representations, to determine which invariant semi-equi-
continuous subsets of g′ actually arise as momentum sets of unitary rep-
resentations and to understand their convexity properties and the related
symplectic geometry.

1. Semi-equicontinuous convex sets

Let E be a real locally convex space and E′ its topological dual, i.e., the
space of continuous linear functionals on E. We write 〈α, v〉 = α(v) for the
natural pairing E′ × E → R and endow E′ with the weak-∗-topology, i.e.,
the coarsest topology for which all linear maps

ηv : E′ → R, ηv(α) := α(v)

are continuous. For a subset X ⊆ E′, the set

B(X) := {v ∈ E : inf〈X, v〉 > −∞}
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is a convex cone which coincides with the domain of the support function

sX : E → R ∪ {∞}, sX(v) := − inf〈X, v〉 = sup〈X,−v〉

of X in the sense that B(X) = s−1
X (R). As a sup of a family of continuous

linear functionals, the function sX is convex, lower semicontinuous and
positively homogeneous.

Remark 1.1. (a) The set X is weak-∗-bounded if and only if all functions
ηv are bounded on X, i.e., B(X) = E. It is equicontinuous if and only if the
function sX is bounded on some 0-neighborhood in E. Each equicontinuous
subset is in particular weak-∗-bounded, but the converse only holds if E

is a barrelled space (Uniform Boundedness Principle) [Bou07, Ch. III, §4,
no. 2, th.]. Recall that all Fréchet spaces are barrelled, but that also locally
convex direct limits of barrelled spaces are barrelled.

(b) If Y := conv(X) denotes the weak-∗-closed convex hull of X, then
B(X) = B(Y ), sX = sY , and, using the Hahn–Banach Separation Theo-
rem, Y can be reconstructed from sY by

Y = {α ∈ E′ : (∀v ∈ B(Y ))α(v) ≥ inf〈Y, v〉 = −sY (v)}.

Definition 1.2. We call X semi-equicontinuous if sX is bounded on some
non-empty open subset of E.

If X is semi-equicontinuous, then B(X) clearly has interior points. We
also have a partial converse:

Proposition 1.3. [Ne08, Thm. 4.10] If E is barrelled, then a subset X ⊆
E′ is semi-equicontinuous if and only if B(X) has interior points.

Proposition 1.4. [Ne08, Props. 4.13, 4.4] If X is a semi-equicontinuous
weak-∗-closed convex subset, then the following assertions hold:

(a) For each v ∈ B(X)0, ηv : X → R is a proper function. In particular,
X is locally compact in the weak-∗-topology.

(b) X = {α ∈ E′ : (∀v ∈ B(X)0) α(v) ≥ inf〈X, v〉}.

Example 1.5. (a) If W ⊆ E is an open convex cone and

W ? := {α ∈ E′ : α(W ) ⊆ R+}

its dual cone, then B(W ?) = W and sW ? = 0 on W . Therefore W ? is
semi-equicontinuous.
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(b) Let Y be a topological space and ω : Y →]0,∞[ a non-zero continu-
ous function. Then

Cω(Y, R) :=
{

f ∈ C(Y, R) : sup
|f |
ω

< ∞
}

is a Banach space with respect to the norm ‖f‖ := sup |f |
ω . Each element

y ∈ Y defines a continuous linear functional on this space by δy(f) := f(y),
and the set

X := {δy : y ∈ Y } ⊆ Cω(Y, R)′

is semi-equicontinuous. In fact, ω is positive on Y , and the open unit ball
B1(ω) around ω consists of non-negative functions. Therefore X is con-
tained in the dual of an open cone, hence semi-equicontinuous.

Remark 1.6. (a) If ϕ : E → F is a continuous linear map between locally
convex spaces and X ⊆ F ′ is semi-equicontinuous, then the adjoint map
ϕ′ : F ′ → E′, α 7→ α◦ϕ, maps X into a semi-equicontinuous subset because
sϕ′(X) = sX ◦ ϕ is bounded on some non-empty open subset of E.

(b) If X ⊆ E′ is semi-equicontinuous and v ∈ B(X)0, then ηv is bounded
from below, so that for some c > 0, the function ω := ηv+c is positive on X.
For any other w ∈ E there exists an ε > 0 with v±εw ⊆ B(X), so that there
exists a d > c with ηv±εw(X) ≥ −d. This implies that |ηw| ≤ ε−1(ηv + d)
on X, which in turn implies that ηw ∈ Cω(X, R). We thus obtain a map

η : E → Cω(X, R), w 7→ ηw|X

which is easily seen to be continuous with η′(δα) = α for each α ∈ X.
This observation shows that any semi-equicontinuous set is contained

in the image of {δx : x ∈ X} under the adjoint of some continuous linear
map ϕ : E → Cω(X, R), and, in view of (a) and Example 1.5, we know that,
conversely, all such sets are semi-equicontinuous.

2. Momentum sets of smooth unitary representations

Let G be a Lie group with a smooth exponential function expG : g → G,
i.e., all the curves γx(t) := expG(tx), x ∈ g, are one-parameter groups with
γ′x(0) = x.

Now let (π,H) be a smooth unitary representation of G. We then obtain
for each x ∈ g a unitary one-parameter group πx(t) := π(expG(tx)) and
for each v ∈ H∞ the derivative dπ(x)v := d

dt t=0
π(expG(tx))v exists and

defines an unbounded operator dπ(x) : H∞ → H∞ ⊆ H. Since the map
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H∞ → C∞(G,H), v 7→ πv is equivariant with respect to the representation
of G on C∞(G,H) by (g.f)(x) := f(xg), it easily follows that

dπ : g → End(H∞)

defines a representation of g, called the derived representation.
We also have a natural action of G on the projective space P(H∞)

by g.[v] := [π(g)v] and the coadjoint action of G on g′ by Ad∗(g).α :=
α ◦Ad(g)−1. An easy calculation now shows that the momentum map

Φπ : P(H∞) → g′, Φπ([v])(x) =
〈dπ(x)v, v〉

i〈v, v〉
is G-equivariant. In particular, its image is G-invariant, and therefore Iπ is
invariant under the coadjoint action.

Proposition 2.1. [Ne08, Lemma 3.7] For each x ∈ g, the closure of the
operator dπ(x) on H∞ is the infinitesimal generator of the unitary one-
parameter group πx(t) := π(expG(tx)) and satisfies

sup(Spec(i · dπ(x))) = sIπ (x) = − inf〈Iπ, x〉.

In terms of the momentum set, defined in the introduction, we now
define:

Definition 2.2. A smooth representation (π,H) is called bounded, resp.,
semi-bounded if its momentum set Iπ ⊆ g′ is equicontinuous, resp., semi-
equicontinuous.

Remark 2.3. (a) In view of Proposition 2.1, the convex cone B(Iπ) is the
set of all elements of x for which the selfadjoint operator idπ(x) is bounded
above, which in turn is equivalent to the existence of an extension to a
semigroup homomorphism

π̂x : C+ := R + iR+ → B(H), π̂x(z) := ezdπ(x)

(where the exponential is to be understood in terms of the functional cal-
culus with respect to a spectral measure) which is strongly continuous and
holomorphic on the open upper half plane (cf. Ne00).

(b) If (π,H) is a bounded representation for which ker(dπ) = I⊥π = {0},
then ‖dπ(x)‖ defines a G-invariant norm on g. If G is finite-dimensional,
then the existence of an invariant norm implies that the Lie algebra g is
compact.

(c) If g is infinite-dimensional, then the existence of an invariant norm
does not imply that the Lie bracket extends to the corresponding Ba-
nach completion. A simple example is the Lie algebra (C∞(T2, R), {·, ·})
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of smooth functions on the 2-torus, endowed with the Poisson bracket with
respect to the canonical symplectic form ω = dx ∧ dy. Then the L2-inner
product

(f, g) :=
∫

T2
fg · ω

is invariant under the adjoint action of the corresponding Lie group
Ham(T2, ω) (which is simply given by translation), but the Poisson–Lie
bracket

{f, g} =
∂f

∂x

∂g

∂y
− ∂f

∂y

∂g

∂x

is not continuous with respect to the L2-inner product.

Remark 2.4. Semi-bounded unitary representations of finite-dimensional
Lie groups have been studied in some detail in Ne00, where it is shown that
all these representations are direct integrals of irreducible semi-bounded
representations [Ne00, Sect. XI.6]. and that, on the Lie algebra level, the ir-
reducible representations are highest weight representations (πλ,Hλ) [Ne00,
Thms. X.3.9, XI.4.5]. If [vλ] ∈ P(H∞) is a highest weight vector, then the
corresponding G-orbit G.[vλ] has the remarkable property that

Φ(G.[vλ]) = Ext(Iπλ
) = Ad∗(G)Φ([vλ]) and Iπλ

= conv(Φ(G.[vλ]))

[Ne00, Thm. X.4.1]. Moreover, two irreducible semi-bounded representa-
tions are equivalent if and only the corresponding momentum sets, resp.,
the coadjoint orbits of extreme points coincide [Ne00, Thm. X.4.2].

One major feature of unitary highest weight representations is that the
image of the highest weight orbit already determines the momentum set as
the closed convex hull of its image. It is therefore desirable to understand
in which situations smaller subsets of P(H∞) already determine the mo-
mentum set. As we shall see below, this situation frequently occurs when
H consists of holomorphic functions on some complex manifold.

Definition 2.5. Let M be a complex manifold (modelled on a locally con-
vex space) and O(M) the space of holomorphic complex-valued functions
on M . We write M for the conjugate complex manifold. A holomorphic
function

K : M ×M → C
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is said to be a reproducing kernel of a Hilbert subspace H ⊆ O(M) if for
each w ∈ M the function Kw(z) := K(z, w) is contained in H and satisfies

〈f,Kz〉 = f(z) for z ∈ M,f ∈ H.

Then H is called the a reproducing kernel Hilbert space and since it is
determined uniquely by the kernel K, it is denotedHK (cf. [Ne00, Sect. I.1]).

Now let G be a real Lie group and σ : M × G → M, (m, g) 7→ m.g be
a smooth right action of G on M by holomorphic maps. Then (g.f)(m) :=
f(m.g) defines a unitary representation of G on a reproducing kernel Hilbert
space HK ⊆ O(M) if and only if the kernel K is invariant:

K(z.g, w.g) = K(z, w) for z, w ∈ M, g ∈ G.

In this case we call HK a G-invariant reproducing kernel Hilbert space and
write (πK(g)f)(z) := f(z.g) for the corresponding unitary representation
of G on HK .

Lemma 2.6. Let G be a Fréchet–Lie group, (πK ,HK) a unitary repre-
sentation on a G-invariant reproducing kernel Hilbert space in O(M) and
Ω := {[Km] : m ∈ M,K(m,m) > 0}. Then the following assertions hold:

(a) Kz ∈ H∞ for each z ∈ M and the representation of G on HK is
smooth.

(b) If x ∈ g is such that the smooth action M × R → M,

(m, t) 7→ m. expG(tx) extends to a holomorphic action of the upper
half plane, then

inf〈Iπ, x〉 = inf〈ΦπK
(Ω), x〉.

Proof. (a) For each f ∈ H and z ∈ M we have

〈f, g.Kz〉 = 〈g−1.f, Kz〉 = (g−1.f)(z) = f(z.g−1),

which is a smooth function G → C. Hence the map αz : G → H, g 7→ g.Kz,
is weakly smooth. This implies that for each smooth map h : Rn → G

the composition αz ◦ h is weakly smooth, hence smooth by Grothendieck’s
Theorem (cf. [Sch54, p.146]). Now we apply [BGN04, Rem. 12.5] to see that
αz is smooth. This means that each Kz is a smooth vector, and since these
elements span a dense subspace of H, (a) follows.

(b) Let (m, s) 7→ m.s denote the holomorphic action of C+ on M ex-
tending the given action of R. For s ∈ C+ we put s∗ := −s, which turns
C+ into an involutive semigroup. For z, w ∈ M , the functions

f1(s) := K(z.s, w) and f2(s) := K(z, w.s∗).
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Both are holomorphic on C0
+, continuous on C+ and coincide on R, so that

they are equal [Ne00, Lemma A.3.6]. On the dense subspace

H0
K := span{Kz : z ∈ M}

of HK we now obtain a representation of C+ by (π̂x(s).f)(m) := f(m.s)
(cf. [Ne00, Prop. II.4.3]). Next we observe that

1
2

d

dt t=0
K(m.it, m.it) =

1
2

d

dt t=0
K(m.2it,m)

= i
d

dt t=0
K(m.t,m) = i

d

dt t=0
Km(m.t) = i

d

dt t=0
(expG(tx).Km)(m)

= i
d

dt t=0
〈πK(expG(tx)).Km,Km〉 = i〈dπK(x)Km,Km〉.

Therefore [Ne00b, Prop. IV.1] implies that

‖π̂x(a + ib)‖ = eb sup〈ΦπK
(Ω),−x〉. (2)

Clearly, sup〈IπK
,−x〉 ≥ sup〈ΦπK

(Ω),−x〉 and if the right hand side is
infinite, then both are equal. Suppose that this is not the case, so that π̂x

actually defines a representation of C+ by bounded operators on HK .
For each f ∈ HK and z, w ∈ M we then have π̂x(s).Km = Km.s∗ [Ne00,

Prop. II.4.3], so that 〈π̂x(s).Km, f〉 = 〈Km.s∗ , f〉 = f(m.s∗) is holomorphic
on C0

+ and continuous on C+. Since the representation π̂x on C+ is locally
bounded, [Ne00, Lemma IV.2.2] implies that π̂x : C+ → B(HK) is strongly
continuous and holomorphic on C0

+. Now [Ne00, Lemma VI.5.2] shows that
π̂x(s) = esdπ(x) for each s ∈ C+, so that idπ(x) is bounded above with

‖π̂x(i)‖ = esup Spec(idπ(x)) = esup〈IπK
,−x〉.

Comparing with (2) now completes the proof.

Theorem 2.7. Let G be a Fréchet–Lie group acting smoothly by holo-
morphic maps on the complex manifold M and HK ⊆ O(M) be a G-
invariant reproducing kernel Hilbert space. If, for each x ∈ B(IπK

)0, the
action (m, t) 7→ m. expG(tx) of R on M extends to a holomorphic action of
the upper half plane C+, then

IπK
= conv(Φ({[Km] : K(m,m) = ‖Km‖2 > 0})).

Proof. From the previous lemma, we obtain for each x ∈ B(I0
πK

) the
relation inf〈Iπ, x〉 = inf〈ΦπK

(Ω), x〉, so that the theorem follows from the
reconstruction formula Proposition 1.4(b).
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Remark 2.8. Since a holomorphic section of a vector bundle V → M can
always be identified with a holomorphic function on the total space of the
dual bundle V′ → M , any reproducing kernel Hilbert space of holomorphic
sections can be realized as a reproducing kernel Hilbert space of holomor-
phic functions. Therefore the preceding theorem also applies to this more
general situation.

3. Bounded representations

The main goal of this section is to prove the following theorem character-
izing bounded representations. The main difficulty of the proof is to bridge
the gap between the smoothness of a unitary representation as defined
above and the smoothness of an action of G on the whole Hilbert space H.

Theorem 3.1. If (π,H) is a smooth representation of the Lie group G with
exponential function, then Iπ is equicontinuous, i.e., π is bounded, if and
only if π : G → U(H) is a morphism of Lie groups, where U(H) carries its
natural Banach–Lie group structure.

Remark 3.2. For x ∈ g, the condition that Iπ(x) is a bounded subset of R
means that the unitary one-parameter group πx(t) := π(expG tx) = etdπ(x)

is norm-continuous (cf. [Ne08, Lemma 3.7]). This is the special case G = R
of Theorem 3.1.

In the following we write x.g ∈ Tg(G) for the g-right translate of x ∈
g ∼= T1(G).

Lemma 3.3. Let σ : G×M → M, (g,m) 7→ g.m, be a smooth action of the
connected Lie group G on the smooth manifold M and

σ̇ : g → V(M), σ̇(x)(m) := T(1,m)(σ)(−x, 0)

the corresponding derived homomorphism of Lie algebras. If f : G → M is
a smooth map with

f(1) = m and Tg(f)(x.g) = −σ̇(x)(f(g)) for g ∈ G, x ∈ g,

then f(g) = g.m for each g ∈ G, i.e., f is the orbit map of m.

Proof. We consider the smooth map h : G → M,h(g) := g−1.f(g) =
σg−1(f(g)) and calculate for x ∈ g:

Tg(h)(xg) = Tf(g)(σ−1
g )Tg(f)(x.g) + Tf(g)(σ−1

g )σ̇(x)(f(g))

= −Tf(g)(σ−1
g )σ̇(x)(f(g)) + Tf(g)(σ−1

g )σ̇(x)(f(g)) = 0.



August 14, 2008 16:53 WSPC - Proceedings Trim Size: 9in x 6in tokio-ws

11

Since G is connected, this implies that h is constant h(1) = m, which
implies the lemma.

Proposition 3.4. Let πi : G → GL(E), i = 1, 2, be two representations of
the connected Lie group G on the locally convex space E. We assume that
π1 is smooth and that for π2 all orbit maps of element in the dense subspace
E∞ ⊆ E are smooth, so that we obtain a homomorphism of Lie algebras

dπ2 : g → End(E∞), dπ2(x)(v) := T1(πv
2)(x) for πv

2(g) := π2(g)v.

If these two representations are compatible in the sense that

L(π1)(x)v = dπ2(x)v for v ∈ E∞,

then π1 = π2.

Proof. We consider π1 as a smooth action σ(g)(v) := π1(g)v of G on E.
Then the corresponding homomorphism σ̇ : g → V(V ) is given by

σ̇(x)(v) = −L(π1)(x)(v).

Next, let v ∈ E∞. For the smooth map f : G → E, f(g) := π2(g)v, we
then have

Tg(f)(x.g) = dπ2(x)π2(g)v = L(π1)(x)(π2(g)v),

so that Lemma 3.3 implies that π2(g)v = f(g) = π1(g)v for each v ∈ E∞.
Since π1(g) and π2(g) are continuous operators on E and E∞ is dense, it
follows that π1(g) = π2(g) for each g ∈ G.

Proof of Theorem 3.1. Suppose first that π is a morphism of Lie groups.
Then H∞ = H and L(π) = dπ : g → u(H) = L(U(H)) is a continuous linear
map. Hence x 7→ ‖dπ(x)‖ defines a continuous seminorm on g. For each
v ∈ H we now have |〈dπ(x)v, v〉| ≤ ‖dπ(x)‖·‖v‖2, hence |〈Iπ, x〉| ≤ ‖dπ(x)‖.
Therefore Iπ is equicontinuous.

Suppose, conversely, that Iπ is equicontinuous. Then [Ne08, Lemma 3.7]
implies that the essentially skew-adjoint operator dπ(x) on H∞ extends
to a bounded operator, also denoted by dπ(x), on H. Since the map
dπ : g → End(H∞) is a representation of g, the density of H∞ in H and
the estimate

‖dπ(x)v‖ ≤ (sup |〈Iπ, x〉|) · ‖v‖

imply that the map dπ : g → B(H) also is linear, continuous and a homo-
morphism of Lie algebras.
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Since homomorphisms of Lie groups are smooth if and only if they
are smooth in an identity neighborhood, we may w.l.o.g. assume that G

is connected. Let qG : G̃ → G be the simply connected covering group of
G. Since the Banach–Lie group U(H) is regular, the morphism dπ of Lie
algebras integrates to a smooth group homomorphism

π̃ : G̃ → U(H) with L(π̃) = dπ

(Mil84). From Proposition 3.4 we now derive that π̃ = π ◦ qG, and this
implies that π is smooth.

If a unitary representation π : G → U(H) is a morphism of Lie groups,
then it is in particular norm continuous, i.e., a morphism of topological
groups. One may now ask under which circumstances, the norm continuity
implies that π is smooth.

Proposition 3.5. Let (π,H) be a smooth unitary representation of the Lie
group G which is norm continuous. Then π is a morphism of Lie groups if
G is locally exponential or g is barrelled.

Proof. (a) If G is locally exponential, then G and U(H) are locally expo-
nential Lie groups, and the smoothness of any continuous homomorphism
follows from the Automatic Smoothness Theorem [Ne06, Thm. IV.1.18].

(b) Suppose that g is barrelled. For each x ∈ g, the unitary represen-
tation πx(t) := π(expG(tx)) is norm continuous, hence Iπ(x) is bounded.
This implies that Iπ ⊆ g′ is weak-∗-bounded, and since g is barrelled, it is
equicontinuous (Remark 1.1). Now Theorem 3.1 shows that π is a morphism
of Lie groups.

4. The abelian case

Let G := (E,+) be a locally convex space, considered as a Lie group.
We fix a weak-∗-closed convex semi-equicontinuous subset X ⊆ E′ = g′

and recall from Proposition 1.4 that X is locally compact w.r.t. the weak-
∗-topology. The following theorem characterizes the semibounded smooth
unitary representations of G with Iπ ⊆ X:

Theorem 4.1. For a smooth representation (π,H) of (E,+), the following
are equivalent:

(a) Iπ ⊆ X.
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(b) There exists a holomorphic non-degenerate representation

π̂ : S := E + iB(X)0 → B(H)

of involutive semigroups (with respect to (x + iy)∗ := −x + iy),
satisfying π(v)π̂(s) = π̂(v + s) for v ∈ E, s ∈ S and

‖π̂(x + iy)‖ ≤ e− inf〈X,y〉.

(c) There exists a Borel spectral measure P on the locally compact space
X with P (X) = 1 and P (eiηv ) = π(v) for each v ∈ E.

Proof. (a) ⇒ (b): For each z = x + iy ∈ S we define

π̂(x + iy) := π(x)eidπ(y) ∈ B(H).

Since the spectral measures of the unitary one-parameter groups of the
form t 7→ π(tv) commute pairwise, it follows that π̂ is a homomorphism of
semigroups compatible with the involution. From

‖π̂(x + iy)‖ = esup Spec(idπ(y)) = e− inf〈Iπ,y〉

it follows that π̂ is locally bounded. For each finite-dimensional subspace
F ⊆ E intersecting B(X)0 non-trivially, we apply [Ne00, Section VI.5] to
see that π̂ is holomorphic on F + i(F ∩B(X)0), hence holomorphic since it
is locally bounded (He89).

(b) ⇒ (c) In view of [Ne08, Thm. 5.1], the representation of S comes
from a representation of the C∗-algebra C0(X) with respect to the homo-
morphism γ : S → C0(X), γ(s)(α) := eiα(s). Since the representations of
C0(X) are in one-to-one correspondence with spectral measures on X and
π is uniquely determined by its compatibility with π̂, (c) follows.

(c) ⇒ (a): Since ηv is bounded from below on X by −sX(v), we de-
rive from (c) that sup(Spec(idπ(v))) ≤ sX(v), which implies (a) (Proposi-
tion 1.4(b)).
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