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Abstract

A diffusive interface model for interface motion by interface diffusion is justified.
The diffusion is driven by bulk terms of the free energy and the volumes of the
material phases are conserved. The model includes an evolution equation similar to
the Cahn-Hilliard equation with an additional gradient term. To justify the model we
show by formal asymptotics that solutions converge to solutions of a sharp interface
model when a regularity parameter tends to zero. The gradient term ensures that
the curvature does not appear in the limit model as driving force. We show how the
sharp interface model is obtained from the second law of thermodynamics.

1 Introduction and statement of results

The goal of this article is to justify a phase field model, or diffusive interface model, for
interface motion by interface diffusion, which was formulated in [3]. This model is valid
for diffusion, which is solely driven by the free energy of the bulk. It consists of a system
of partial differential equations including an evolution equation for an order parameter,
which is similar to the Cahn-Hilliard equation, but contains an additional gradient term.
To justify the model we construct an asymptotic solution of this system, which converges
to a solution of a sharp interface model when a regularity parameter in the evolution
equation tends to zero.

It is essential that because of the gradient term in the evolution equation the curvature
is not part of the driving force for the diffusion in the sharp interface limit. This is
different from other models, where the curvature appears automatically as part of the
driving force. We first explain the model background.

Diffusion of material along a surface of a solid body or along an interface within
a solid body appears in the technological process of sintering, which serves to form
mechanical components out of ceramic powders. The grains in the powder touch at parts
of their boundaries and have free surfaces at voids between the grains. When heated to
a high temperature below the melting point, material at the grain boundaries becomes
mobile and diffuses along the free surfaces bounding the voids and along the adjacent
boundaries of neighboring grains; the latter process is called grain boundary diffusion.
Since the common boundaries of neighboring grains form an interface, we use the term
interface diffusion for this process, to distinguish it from diffusion along free surfaces,
which we term surface diffusion. A similar process is diffusion induced grain boundary
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motion, which appears when polycrystalline films are placed in vapor consisting of another
metal. Atoms from the vapor diffuse into the film along the grain boundaries.

When atoms, which left the crystal lattice and became mobile at one part of the grain
boundary, or which entered the grain boundary from outside, move by diffusion and are
built in again into the crystal lattice at another part of the boundary, the grain boundary
moves in normal direction and the shape of the grain changes.

These example shows that interface and surface diffusion are closely related phenom-
ena. The models we consider describe interface motion by interface diffusion, though
they could be modified to describe surface motion by surface diffusion; this remains to
be done in the future. The two parts of the solid separated by the interface are called
material phases. We assume that the two phases consist of atoms of different types;
atoms, which become mobile on one side of the interface, are therefore deposited on the
same side. The volumes, or better the masses, of both phases are thus conserved in time.
This is different from the ordinary situation in sintering, where the atoms on both sides
of the interface are of the same type and the volumes of the phases are not conserved.

A well known model both for surface and interface motion by diffusion is

s(t,r) = —c App)k(t, x), (1.1)

formulated by Mullins, cf. [21, 11]. It is known that this model satisfies the second law
of thermodynamics for a free energy concentrated on the interface; the diffusion along
the interface is thus driven by the interface energy. Here I'(t) C R3 is a two-dimensional
manifold representing the moving interface at time ¢, s(¢, x) is the normal velocity of this
interface at the point x € I'(t), the constant c is positive, x is twice the mean curvature
of I'(t), and A denotes the surface Laplacian of I'(%).

In general however, the free energy does not only have an interface part, but has
also a bulk part, which is given by the energy stored in the elastic deformations of the
solid caused by stresses. These stresses influence the interface movement when the elastic
properties of the two material phases are different. A more general model for interface
motion by interface diffusion should therefore also account for the bulk part of the free
energy. In Section 7 it is shown how such a general model is obtained from the second
law of thermodynamics. The special form of the model obtained when the free energy
only consists of a bulk term is stated below in (1.3) — (1.7). Just as the model (1.1), the
general model describes the interface as a two-dimensional manifold. It is thus of sharp
interface type.



In many situations it is advantageous to work with a diffusive interface model instead
of a sharp interface model. A diffusive interface model corresponding to the model (1.1)
was formulated in [9]. It consists of the Cahn-Hilliard equation

S = —divy (M(S)Va(vALS —4'(S))) (1.2)

with a degenerate mobility function M (S) = 1—S2. Here S is a smooth order parameter,
which characterizes the two material phases. At the point x at time ¢ the material is in
phase 1 or 2 if the value S(t,x) € R is near to zero or one. 1& is a temperature dependent
potential with two minima and v is a positive parameter. Since M (0) = M (1) = 1, the
mobility differs from zero by a sizeable amount only in a narrow band in the neighborhood
of the interface, where S runs from 0 to 1. To justify (1.2) as a phase field model it was
shown in [9] by formal asymptotics that for » — 0 and under some assumptions for 1& the
solution S approaches the characteristic function of a region bounded by the manifold
I'(t) moving with normal velocity s given by (1.1), where ¢ = 1/7{—2.

The question arises whether a diffusive interface model corresponding to the sharp
interface model (1.3) — (1.7) for diffusion driven solely by bulk terms of the free energy
can be found. Based on investigations in [1, 2], we formulated in [3] a system of partial
differential equations and conjectured, that it forms such a diffusive interface model.
This system, which is stated below in (1.10) — (1.12), contains an evolution equation
similar to (1.2), but with M (S) replaced by |V;S|. The conjecture was based on the
asymptotic behavior of plane traveling wave solutions, which converge to solutions of the
sharp interface model for v — 0. To definitely justify the model it remains to exclude the
possibility, that only plane waves show this behavior. This justification is given here. To
this end we assume that a smooth, but otherwise arbitrary solution of the sharp interface
model exists and use it to construct an asymptotic solution of the diffusive interface
model, which approaches the sharp interface solution when v tends to zero.

In [4] it was shown that solutions of (1.10) — (1.12) exist in “l13-space dimensions”.
A proof for the existence of solutions in higher space dimensions is not available. This is
different for the model (1.2), for which existence of solutions was proved in [12]. Other
investigations related to this and to similar models can be found in [5, 6, 23, 28, 29] and
in the references cited therein. For the sharp interface model (1.1) existence, regularity
and asymptotic behavior of a family of smooth manifolds, whose evolution is governed
by the sharp interface model (1.1) or by an alternative evolution law proposed in [11],
are investigated in [13, 14, 15]. We are not aware of such investigations for the sharp
interface problem (1.3) — (1.7).

Models for interface diffusion problems, where diffusing atoms can be deposited on
both sides of the interface and the volume of the phases is not conserved in time, have
been proposed and investigated in [10, 16, 17, 19, 24, 26, 27].

Following the work in [22], the sharp interface limit has been determined for several
models; we mention the investigations in [7, 9, 16, 18, 20, 28], for example. Whereas these
investigations are based on formal asymptotics, the asymptotic limit has been determined
rigorously in [8, 25].

In the remainder of this introduction we first formulate the sharp and diffusive in-
terface models and explain the construction of the asymptotic solution of the diffusive
interface model. The main convergence result is stated in Theorem 1.3 at the end of
the introduction. The diffusive interface model contains a double well potential. Our
construction of the asymptotic solution yields conditions for the form of this double well



potential, which can be interpreted physically. We study these conditions and give the
interpretation in Section 2. Sections 3 — 6 contain the proof of Theorem 1.3. In the
final Section 7 we show how the sharp interface model is obtained from the second law
of thermodynamics.

Sharp interface model. Let Q be an open subset in R3. It represents the material
points of a solid body. Let 0 < t1 < t5 < 0o be given fixed times and let I" be a sufficiently
smooth three-dimensional manifold embedded in @ = [t1,t2] x Q C R* such that for all
t € [t1,t2] the sharp interface between the two material phases of € is given by the
two-dimensional manifold

T(t) = {z € Q| (t,z) € T}

embedded in . The two different phases are characterized by the values of the order
parameter S, which in this model is piecewise constant and only takes the values 0 or
1 with a jump along the interface I' separating the phases. The sharp interface model
determines the unknown position of the interface, the unknown displacement @ (¢, z) € R?
and the unknown Cauchy stress tensor 7’ (t,z) € S3. Here S? denotes the set of symmetric
3 x 3-matrices. The model consists of the equations

—div,T = b, (1.3)
T = D(e(V,i) —&S), (1.4)

s = —cAr(n-[C]n), (1.5)

[@ = 0, (1.6)
[T]n = 0, (1.7)

and of suitable boundary and initial conditions. (1.3) and (1.4) must hold on @ \ T', the
jump conditions (1.5) — (1.7) are given on I'. Here V,u denotes the 3 x 3-matrix of first
order derivatives of u, the deformation gradient, and

(Vau + (Vou)') € S

N | =

e(Vyu) =

is the strain tensor, where (V,u)? denotes the transposed matrix. & € S? is a given ma-
trix, the transformation strain. The elasticity tensor D : S? — S2 is a linear, symmetric,
positive definite mapping, ¢ > 0 is a given constant and b : [0,00) x Q — R? is the given
volume force.

The unit normal vector n(t,z) € R3 to I'(t) at = € I'(t) points into the region where
S =1, and s(t,x) € R is the normal speed of I'(t) at = € '(t) in direction n(t,z). Also,
Ar = Aryy is the surface Laplacian introduced in (1.1). In the following we use this
simpler notation for the surface Laplacian, since no confusion is possible. [a], [T7],[C]
denote the jumps of 4, T and of the Eshelby tensor

C(Vau, S) = (e(Vytr), S)T — (Vi) 'T (1.8)

across I', where [ is the 3 X 3—unit matrix, where (Vgcﬁ)TT denotes the matrix product,
and where

(D(e —&9)) - (e —&S) + ¥(9), (1.9)

| =

¢(5a5) =



is the free energy. Here the scalar product of two matrices is denoted by A-B = ) a;;b;;,
and w R — [0,00) is a double well potential. Of course, for the sharp interface problem
only the values of w at & = 0 and S = 1 do matter, but the values of w( ) for all
S € [0,1] become important in the diffusive interface problem, where the discontinuous
order parameter S is replaced by a smooth order parameter S.

Precisely, for a function w defined in a neighborhood of I'(t) and for = € T'(t) we
define

0] = lim (w(z + n(t,2)¢) — w(e = n(t,2)9)).

The evolution law (1.5) describes motion of the interface I'(¢) due to diffusion of atoms
along the interface. The flux is given by —cVr (n - [C]n) with the surface gradient
Vr = Vry). It is not difﬁcult to see that because of the presence of the surface Laplacian

in (1.5) the integral fQ (t,x)dz is constant in time, hence the volume of the phases
is preserved in time. The equations (1.3) and (1.4), which differ from the system of
linear elasticity only by the term £3, determine the elastic properties of the two phases
characterized by the values S =0or S=1:In the first phase the material is stress free
at the strain state ¢(V,u) = 0, in the other phase at ¢(V,u) = &. This corresponds to
different crystal structures of the phases. The elasticity tensor D has the same value at

both phases,A but it would be important for applications to study the case where D is a
function of S with D[0] # DI1].

Diffusive interface model. In this model the material at the point x € ( at time ¢ is
in phase 1 or 2 if the value S(t,z) € R of the smooth order parameter S is near to zero
or one. The other unknowns are the displacement u(t,z) € R? and the Cauchy stress
tensor T'(t,x) € S3. The unknowns must satisfy the quasi-static equations

—div, T(t,x) = b(t,x), (1.10)
T(t,z) = D(e(Vau) —&S)(t,z), (1.11)

Si(t,z) = ecdivy (VI(@bs(s(qu),S)—VAIS)|VIS|)(t,x)7 (1.12)

for (t,z) € (0,00) x Q. Here v > 0 is a small parameter of regularization, D, &, ¢ and b
are defined as in (1.3) — (1.5), and ¥g = %1/} is the partial derivative of the free energy
given in (1.9), whence

Vg(e,8) = —T -+ 1/'(9). (1.13)

The double well potential 1/3 must satisfy conditions, which are discussed in Section 2.

(1.12) is the evolution equation for the order parameter S, which is non-uniformly
parabolic because of the regularizing term cv div,(V,(vAS)|V,S]). The system (1.10)
— (1.12) of partial differential equations must be supplemented by boundary and initial
conditions to complete the diffusive interface model. Yet, in our investigation these
conditions do not play a role, since we construct asymptotic solutions of (1.10) — (1.12) in
the interior of (0, 00) x 2. Only for completeness we mention that in [4] existence of weak
solutions was proved for an initial-boundary value problem in “l%fspace dimensions”,
which consists of the equations (1.10) — (1.12), of the boundary conditions

0 0
u(ta l’) = ’Y(t,.l'), %S(tax) =0, %(77/)5(5’ S) - VAQUS) =



which must be satisfied for (¢,z) € [0,00) x 02, and of the initial condition

S(0,x) = So(z), =€

Asymptotic solution. We aim to construct an asymptotic solution
(u,T,S) = (u®,T®), §¥))

of the system (1.10) — (1.12), which converges for v — 0 to solutions of the sharp interface
model (1.3) — (1.7). To construct the asymptotic solution we replace the jump function
S from the sharp interface solution by a smooth transition profile S*). To determine the
transition profile we apply the usual procedure to make an asymptotic ansatz for S*),
insert the ansatz into (1.12) and equate coefficients in the resulting truncated series to
zero. This yields a system of ordinary differential equations for the terms in the ansatz.
However, in (1.12) not only S, but also u appears; we must therefore also determine
an ansatz for the component u) of the asymptotic solution. To obtain this ansatz,
we use the function o from the sharp interface solution. Essential for the ansatz is the
behavior of 4 at the interface I'. This function is continuous at I', but in general the
gradient jumps. The ansatz for u(*) is obtained by modification of @ in a neighborhood
of I' using an asymptotic series, which regularizes the singular behavior of V, 4. To
explain this construction in detail we first introduce some notations and assumptions
used throughout the paper.

We denote by (4, T,T) a given solution of (1.3) — (1.7) in the set Q = [t1,12] X Q.
Precisely, we require that this solution satisfies the following

Assumption A. I is a C% manifold embedded in @, such that the set I' is a compact
subset of () and such that the two-dimensional manifold I'(¢) does not have a boundary
for all ¢ € [t1,ts]. The set of all (t,z) € Q\I' with S(¢,x) = 0 is denoted by v, and ~ is
the set of all (£, ) € Q with S(¢,x) = 1. We assume that the functions @ and T are six
times continuously differentiable on v and on " with six times continuously differentiable
extensions from v to vy UT and from +' to o' UT.

The pairwise disjoint sets I', v and +/ satisfy T U~y U~ = Q. By these assumptions we
can choose d > 0 sufficiently small such that the set

U= {(tvn+n(tvn)f) ’ (tﬂ?) € F: ‘§| < 5} - [t17t2] X Rg

is contained in Q. The set U(t) = {x € Q| (t,x) € U} C Q is a neighborhood of I'(¢) for
every t € [t1,t2]. By choosing d§ smaller if necessary, we can guarantee that

(1, &) = a(t,n, &) = n+n(t,n)E: T(t) x (=0,0) — U(t) (1.14)

defines a new coordinate system in this neighborhood for every ¢ € [¢1,t2]. This implies
that for £ satisfying —§ < £ < §

Te ={n+n(t,n¢ | (tn) €T}
is a C®—parallel manifold of I" embedded in ¢/, and

Te(t) ={z = (,8) € Q| (t,2) € T¢}



is a C°—parallel manifold of I'(t) embedded in U(t). Twice the mean curvature of the
manifold T¢(¢) at the point (n,€) is denoted by r(t,n,€). Let 71, 2 € R? be two
orthogonal unit vectors tangent to I'¢ at (1,§) € I'¢(t). For functions w : T'¢(t) — R
and W : T¢(t) — R3 we define the surface gradients

w = (Onw)r + (Opw)r € R3, (1.15)
@F W = (37—1W) ® 71+ (8T2W) Q19 € RBXS, (1.16)

where the argument of all functions is (1, £), and where for vectors ¢, d € R? we define a
3 x 3—matrix by
c®@d=(cid))ij=123-

For brevity we write Vi = Vr, @r = @po.

Following the ideas explained above we begin the construction of the ansatz for u(®)
by splitting @ into a leading term, whose gradient shows the same jump behavior as V1,
but vanishes outside of U, and into a term, which is continuously differentiable in Q.
Note that since the derivatives of 4 have continuous extensions from + to I' and from ~'
to I', equation (1.16) together with (1.6) implies

[Vrd] = Vrla] = 0 (1.17)
Therefore only the normal derivative jumps at I'. With the notation
a*(t,) = (a1, ). (1.18)
we conclude from the equation V.4 = Vra + (9,4) ® n that
Vi) = u* @ n. (1.19)
Choose ¢ € C*°(Q) such that ¢ = 0 outside the set & and ¢ = 1 in a neighborhood of T

The splitting of % is now given by

£
a(tr) = u(tn) /0 $(t.m + n(t.n)C) d¢ B(t, ) + v(t, )

= u'(t,n) (§) ot x) +v(t, z), (1.20)

where (1, &) are the new coordinates of x € U(t) and where
o fa E Z 07
(&) = { 0, £<0. (1.21)

We have
[Vma] = [vz(U* <£>)]> [VI’U] =0. (1'22)

The means that the first term in (1.20) has the same jump behavior at I" as V4, and
that the remainder term v in (1.20) is continuously differentiable at I'. Hence, v is
continuously differentiable in ). To prove (1.22), note that an obvious computation
yields for the inverse z — (n(t,x),&(t,x)) of (n,&) — =(t,n,§), for g € I'(t) and for a
vector 7 € R? tangent to I'(t) at xq that

8T£(t’ xO) = Oa 87—77(t, ':EO) =T,
& (t, xo) = 1, Onn(t,z9) = 0.



We thus obtain for the directional derivative 0, with respect to a vector z € R? and for
xo € I'(t) that

Jim O.(uw(tm) € 6(t,2) = Jim (@Fu*(t, 1) n(t, 2)€ +u*(t, 1) DE(L, g;))

!

TEYy zey
- 0, if z is tangential to I'(t) at xo,
N u*(t, z0), if 2 =n(t,xg).

This yields [Vp(u*(€)¢)] = 0 and [0, (u*(£)¢)] = u*. Using the equation VW = VW +
(0,W) @ n, applied to W = u*(£)¢, we obtain together with (1.19) that

[Va(u™(§)9)] = u" ©@n = [Vail.

This proves (1.22), since ¢ = 1 in a neighborhood of T".

The ansatz for u(*) sought for is now obtained by replacing the jump function S in (1.20)
with the smooth transition profile S®). We thus want to find an asymptotic solution
(u®), T™) S} of the system (1.10) — (1.12) with order parameter and displacement
field of the form

v 5 1/2 5
S( )(ta 7776) = SO(t77’7 m) +v / Sl (tu 7, m) + VS?(tvna m)) (123)
3
Wty = w'(t) [ SO dota) + ot
= u'(t,n) SYCD (0, €) p(t,x) + v(t, )
() §
= u*(t,n) ;V 2 S, (t,, m) o(t,z) + v(t, x). (1.24)
In the last two lines we used the notations
(1) ¢ .
s = [ sindc.  i=oz (1.25)
0
S (4 = [ s e - § g, & 196
(77775) - 0 (7777<) C - ;V I (7”7@) ( )

More precisely, we want that S) is a transition profile connecting the state S*) = 0
with the state S*) = 1. Therefore we require that there exist functions a : I’ — (—00,0),
d:T — (0,00) such that

£

m) + 1/1/2S1 (t, ,

Soft.n. ) st i) ={ | =Vt 1

V12 12 1, &€=vY2d(t,n).
If such functions a and d exist, then the set
L] = {(t,x(t,n,€)) | (t,n) € T, v a(t,n) <& < v'2d(t,n)}. (1.28)

is the transitional region where the order parameter S*) changes from 0 to 1. The
thickness of the transitional region decreases like '/2 for v — 0. For fixed v the thickness
is not constant but depends on the point (¢,7) € T.



To find equations for the unknown functions Sy, S; and Sa we insert (1.23) and (1.24)
into the evolution equation (1.12), expand both sides of this equation into a truncated
series of powers of v1/2 and equate the coefficients of the powers m = 0, 1,2 to zero. This
straightforward, but technically complicated procedure is carried out in Section 3. It
leads to a recursively solvable system of ordinary differential equations for the functions

¢ Si(t,n,¢) : a(t,n),dt,n)] =R, i=0,1,2.

Here &/ v1/2 has been replaced by ¢. The functions depend on the parameter (t,n) €T,
since the system of differential equations depends on this parameter and must be satisfied
for every value of the parameter. Therefore Sy, S1 and Sy are defined on the set

Lla, b = {(t,n,¢) [ (t,n) € T, alt,n) < ¢ <d(t,n)}, (1.29)

which we do not identify with a subset of (t1,t2) x Q, differently from I'[v]. Boundary
conditions for S; are obtained from (1.27).

To state the resulting system we sometimes drop the arguments ¢ and 7 for simplicity,
but all the functions in the system depend on these arguments. Differentiation with
respect to ¢ is denoted by . The notation S/(¢) thus means 8gSi(t, n,¢). It follows that
S0, 51,52 must satisfy the differential equations

Bs(S0(C) = SE(Q) = 0. (1.30)
Pss(50(€) S1(Q) = S7(Q) = fi(t;n,¢) + Cult,m), (1.31)
Bss(50(C)) S2(Q) = S§(Q) = falt,n, Q) + Calty) (1.32)
for ¢ € [a(t,n),d(t,n)], where
filtn,©) = roS6(0) + ()¢ +2- De(Vr(w S5V (0))) (1.33)
Pt 1,Q) = RoSL(Q) + mCSHC) + 35(0)C

+8 De(Vr(u 877(0) + ¢ Ve (u §7(0) 4r)

1 -
+ArS(C) = 5¥sss(50(¢)) S0(¢)?, (1.34)
and the boundary conditions

So(t,n,a(t,m) =0, So(t,n,d(t,
Sz(t7 7, a(t7 77)) = SZ(t7 7, d(ta

)
) =

The coefficient functions in these equations have the following meaning:

1, (1.35)

"
n i=1,2. (1.36)

D(t, 8) = 9(S) = h(0)(1 = 8) — (1)S + %5- [7](¢,7)S(1 — S) (1.37)

with 1& defined in (1.9) is the effective free energy. Vs, Vss Pssg are the partial deriva-
tives, C1(t,n), Ca(t,n) are functions constant with respect to (. The procedure described
above does not determine these constants, but to guarantee existence of the solutions 51,



S5, they must be chosen in a unique way. The condition for these constants is stated in
Theorem 1.2 below. The stress field De(V,v) generated by the regular part v in (1.20)
influences the transition profile via the component

o =¢2-De(Vyv). (1.38)

As shown by (1.22), € - De(V,v) is continuous across I', but the derivatives 820’(5) =
aga(t,n,f) can have jumps at £ = 0 for i > 1. We thus set

5(8) = Do (£0), (&) = Oio(£0), (1.39)

where we choose the + sign for & > 0 and the — sign for ¢ < 0. With twice the mean
curvature x(t,7,§) of T'¢(t) at (n,&) we define

kit,n) = Ok(t,n,0), i=0,1. (1.40)

To define Ay, let ¢t and £ be fixed and consider the mapping Ty ¢ : I'(t) — T'¢(t) defined
by
Tie(n) = n +n(t, )¢

This mapping has an inverse 7;—51 For every 7 € T'¢(t) there is a linear mapping

RBXS

d?;_gl(ﬁ) € L(R3 R3), which we represent as a matrix in , such that for every

W : T'(t) — R? the equation
Ve (Wo T, ) = (VeW) o 7, )dT, ! (1.41)

holds. The usual matrix product on the right hand side of this equation is written
without a dot. d’];zl is the matrix representation of the differential of 'Z;El Of course,
we have d’Z;’_Ol () = I, where I € R3*3 denotes the identity. Now consider A(t,n,¢) =
d’];? o Ty ¢(n). From (1.41) we have

V(W o T, ) o Tie = (Vi) A. (1.42)

The role of A therefore is to express the gradient tangential to I'¢(¢) as gradient tangential
to T'(t). We set
Ai(t,n) = 0eA(t,n,0) € R, (1.43)

A coincides essentially with the shape-operator (Weingarten-Abbildung) in differential
geometry. This completes the construction of the asymptotic solution.

Main results. Existence of solutions of the coupled boundary value problems (1.30) —
(1.36) is studied in Section 4. To state the existence result for the nonlinear boundary
value problem (1.30), (1.35) proved there, consider the initial value problem

S(/)(t’nag) = \/27;(757 7, SO(t7777C))7 SO(t77770) = % (144)

By differentiation of this first order differential equation with respect to { we see im-
mediately that a two-times differentiable solution is also a solution of the second order
differential equation (1.30). Therefore it suffices to study this initial value problem.
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Theorem 1.1 Suppose that the function v : T x R defined in (1.37) has the following
properties:

1. (S —(t,n,8)) € C"(R,R), s € CO(T x R,R),

2. (t,n,8) >0 for0< S <1, (t,n) €T,

3. there is co > 0 such that for all (t,n) € T

85772)(1‘-7777 0) > Co, 85’(72)5(257773 1) < —Cq. (145)

Then the following assertions hold:
(i) For all (t,n) € I' there exist numbers —oco < a = a(t,n) <0 < d=d(t,n) < oo and a
unique solution ¢ — So(t,n,() : [a,d] — [0,1] of (1.44), which is strictly increasing and
satisfies

So(t,n,a) =0, So(t,n,b) =1, Si(t,n,a)=S,(t,n,d)=0. (1.46)

So has continuous derivatives up to sizth order with respect to all variables on the set
I'la,b] defined in (1.29). Hence, these derivatives are bounded. Moreover, the solution
satisfies (1.30) and

vnSO(thlaC) 0’ vnso(t’n’ C)

g == 0
lc=a(tm) |c=d(t.m)

(i) The functions (t,n) — a(t,n), (t,n) — d(t,n) are five times continuously differen-
tiable. All derivatives are bounded.

Insertion of the function Sy from this theorem into the coefficient functions of the differ-
ential equations (1.31), (1.32) yields two linear boundary value problems for S; and Ss,
which can be solved recursively. In Section 4 we prove the following existence result for
these boundary value problems.

Theorem 1.2 Assume that C1,Cy on the right hand side of (1.31), (1.32) satisfy the
conditions

d(t,n)
Cilt,n) = — /( "R OSEnOde =12 (1.47)
a(t,n

with f; given by (1.33), (1.34). Then there are unique solutions S1,Ss : I'[a,d] — R of the
differential equations (1.31), (1.32) and of the boundary conditions (1.36), which satisfy
the orthogonality relation

d(t,n)
/ Si(t . Q)Sh(t,m, ) dC = 0.

(t.m)

Moreover, we have Sy € C°(T[a,d]) and Sy € C*(Ta,d]). In particular, the derivatives
of S1 up to order 5 and of So up to order four with respect to all variables are bounded.

We denote the scalar product on L?(Q) by
(v,w)g = / v(t, z)w(t, z)d(t, x).
Q

To state the main convergence result we need the space (@) of Radon measures on Q.
Since this space is isomorphic to the space of bounded linear functionals on Cy(Q), the
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weak divergence div,W of a vector field W € L?(Q,R?) is a Radon measure on Q, if
there is C' > 0 such that

(W, Vep)ol < C sup ot z)| = Cllellew),
(t,x)eqQ

for all ¢ € CL(2). The norm of div, W in R(Q) is

[diveWllr = sup [(W,Vap)ql,
weCH(Q)
llellc@)=1

and for the application of the functional div,W to ¢ € Cy(Q) we write

/Q o d(div, V).

We also need the dual space R*(Q) of the space C§(Q) with 1 > a > 0. For the weak
divergence div,W € R*(Q) we have the same relations as above with [|¢[|¢(q) replaced
by
ot ) — o(s,9)|
lellea@@) = llellc@) +  sup

(t,x),(s,y)eQ ’(t7 CC) - (S7y)‘a .
(t,z)#(s,y)

Theorem 1.3 Let the hypotheses for i in Theorem 1.1 be satisfied. Assume that b €
C5(Q) and that the sharp interface problem (1.3) — (1.7) has a solution (4, T,T') in the
domain Q satisfying Assumption A. For v > 0 let S be defined in the transitional
region T'[v] by the equation (1.23) with the functions Sp, Si, So given in Theorems 1.1
and 1.2. In the other parts of Q define S by

v 1, (tx) e\,
St x) { 0, (t.2) el\m

Define u®) by (1.24) and set
TV = D(e(V,u™) —z5™). (1.48)

Then the expressions divyT") + b and St(y) — cdivx((vx@bs — VAIS(”))]VIS(”)D are
Radon measures on Q. Furthermore, the function (u™), T SW)) satisfies (1.10) and
(1.12) asymptotically with a remainder term tending to zero in R and in R, respectively:
There are constants K1, Ko such that for 0 < a <1

|diveT™) + bl

IN

K2, (1.49)

Ko v™in(5:2) (1.50)

IN

|57 = cdiva ((Vals = vAS)Vas@) |

In the space SR the remainder term converges to zero in the weak topology: For all p €

Co(Q)

/ od (s;f” — ediv, (Va(ihs — yAsz)yvms(V)y)) —0, ifv—0. (1.51)
Q
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Two examples of admissible potentials zﬁ

2 Conditions for the double well potential, physical inter-
pretation

The assumptions 1. — 3. in Theorem 1.1 impose conditions on the form of the double well
potential 1[1 In this section we study these conditions and give a physical interpretation.

Note first that ¢ is seven times continuously differentiable with respect to S if the
double well potential satisfies 1) € C7(R). With the second order polynomial

Piiy (S) = $(0)(1 = 8) +4(1)S — %5- [T(t,m)S(1 = S)
assumptions 2. and 3. are equivalent to
»(S) > Py () 0<S <1, (tm) €T, (2.1)
W'(0) > max Py, ) (0), (2.2)
P(1) < D Py (1) (2:3)

The polynomial pjy(, . passes through the points (0,9(t,n,0)) and (1,4(t,n,1)), and it
is concave. This is shown by the following

Lemma 2.1 The jump of the stress tensor T in solutions of the sharp interface problem
(1.3) — (1.7) satisfies

A~

z-[T)(t,n) <0, forall (t,n) €T.

This lemma is proved below.

Inequality (2.1) thus places a lower bound on the “hump” of the double well potential
between the points S = 0 and S = 1. Actually, if the values 12)(0) and 1/3(1) differ strongly,
then there need not be a hump at all, it is only required that the values @(S) lie high
enough above the straight line segment connecting the points (0,4(0)) and (1,4(1)). In
this case 1& does not need to have two “wells”.
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For the construction of the asymptotic solution we only need that 1& is defined for
—6 < S <1+ 6 with small § > 0. If ¢ is defined on all of R and satisfies 1(0) = (1),
then in order to satisfy (2.2) and (2.3) it must have one minima at a point S = mgp < 0
and another minima at S = m; > 1.

A physical interpretation could be as follows: The jump in the stress field at the
interface caused by a misfit strain generates forces on the atoms in the crystal lattice close
to the interface, which tend to reduce the misfit. The double well potential counteracts
these elastic forces. The action of the elastic forces is shown by the presence of the
polynomial Priy( tm)(S ) in the “effective” free energy . This term reduces the potential

barrier. If the hump of the double well potential 1[1 is not large enough, then the elastic
forces win and the misfit vanishes, which means that the crystal structure on both sides
of the interface assumes the same form, one of the material phases vanish and the solid
is built up of one phase only. Mathematically this is shown by the fact, that if zﬂ(t, n,S)
is not positive for 0 < S < 1, then (1.30) does not have a transition profile Sy as solution
connecting the state S = 0 with the state S = 1.

To prove Lemma 2.1 we need several definitions and a second lemma. For a, € S? set
a:pf=a- (D).

This defines a scalar product on 83, since the elasticity tensor D : S? — 83 is symmetric
and positive definite. With the unit normal vector n(t,n) € R? to I'(t) at n € T'(¢) define
the linear subspace Sgn of 83 by

3277 = {%(w@n(t,n) +n(t,n) ®w) ’ we R3}.

Let P - S3 — 83 be the projector to St?’m, which is orthogonal with respect to the scalar
product « :p B. We fix (t,7) and for simplicity write S3 = St?jn, P = P;, and n =n(t,n).

Lemma 2.2 The equations (1.4), (1.6) and (1.7) imply that
[e(Vgza)] = PE. (2.4)
Proof: Observe first that the equation (1.7) holds if and only if

a-[T]=0, foralaecS (2.5)

To see this, let &« = 2 (w ® n +n ® w) with w € R®. The symmetry of the matrix [1]
implies

~

a-[I]=wen)-[1]=w-(T),
from which the equivalence of (1.7) and (2.5) follows. Observe next that the equation
(1.19), which is a consequence of (1.6), yields [e(V,@)] € 83 Hence, Ple(V,)] =
[e(Vg@)]. We combine this with (2.5), which must be satisfied since by assumption (1.7)
holds, and obtain together with (1.4) that
([e(Vat)] — P2) :p ([e(V20)] — P2) = ([e(Va0)] — P2) :p ([e(Vait)] — )
= ([e(Ve@)] = Pe) - D([e(Vai)] — ) = ([e(Vaa)] — P) - [T] = 0.

This equation implies (2.4).
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Proof of Lemma 2.1. Lemma 2.2 yields

A~

-1 = g-D([e(Vy0)] —€) = &-D(Pg—¥¢)
= —g:pI—-PE = —(I—-P)g:p(I-P)E < 0.

We used that (I — P) : S* — 8% is a projector orthogonal with respect to the scalar
product « :p 3, which yields « :p (I — P)3 = (I — P)a :p (I — P)g for all o, 8 € S3.
This proves the lemma.

For completeness we remark that [77] defined by [T] = D(PZz — &) solves (1.7). To see
this, let o € S3. Then

~

a-T=«a-D(PE-€)=—-a:p(I—-P)e=(I—-P)la:pe=0,

since Pao = . By (2.5), this implies (1.7).

3 Derivation of the differential equations for Sy, S; and 5

In this section we start with the proof of Theorem 1.3. To verify (1.50) we first compute
an asymptotic expansion of dst(e(V,u)), S™) — vA,S™ in terms of v, where S®)
and u*) are given by the ansatz (1.23), (1.24). Setting all the terms in this asymptotic
expansion equal to zero yields the equations (1.30), (1.31) and (1.32). Our first goal is
to compute the expansion of the function dg1) (5(u(”)), S (”)), which depends nonlinearly
on S,

Lemma 3.1 Let u*, u") be defined by (1.18) and (1.24), respectively. Then T™) given
in (1.48) satisfies

T = D(e(Vy u)) — ES(”))
= [11S%) ¢+ De(V,v) — Dz (1 - ¢)S®
+ De(Vr (u*S™ D)) ¢ + SWED De(u* @ V), (3.1)

where [T] = [T)(t,n), u* = w*(t,n). All other functions have the argument (t,z) with
@ =1+ n(t, ).

Proof. By (1.24) we have

u (b, @) = (t,m) SV (8, 2) ¢t 7) + 0(t, ).

Veu = Vyu+0(SYgu*) @ n+ Vr, (u'SHED ¢)
= Vev+8We¢w @n)+ SV (9:0) (u* x n)
+¢Vr, (u*SMED) 1 s (v @ Vr:¢)
= Vov+SY¢u @n)+ ¢V (u'SOY) + SUED (0 @ V,.0).

By (1.19) we have u* @ n = [V,). If we note that [T] = D(e([Vi]) —) we obtain (3.1).
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With this lemma we can compute g in a neighborhood of I'(t). Since ¢ = 1 in a
neighborhood of I'(¢), it follows from from (1.13) and (3.1) that

ps(e(®), ) = §/(s¥) —z. ™)
— /(W) 2. [T]S¥) — 5 — & - De(Vr, (u* SV D))

g1+ [¥] — o —&- De(Vr (u*SWED)), (3.2)

~ 1
= wS(ta 7, S(V)) - 5

with the effective free energy i defined in (1.37) and with o defined in (1.38). For
(t,n) € T set A A
TH(tm) = Jim Tt n -+ n(tn)e).

Since S = 0 and u*(€)¢ = 0 in the domain 7, it follows by combination of (1.4) and
(1.20) that in this domain the stress satisfies T' = D(e(V, @) —&S) = De(V,v). We have
xz =n+n(t,n)€ € v for £ < 0. From (1.38) we thus infer that o(¢,1,0) = -7 (¢,7).
Using the notation & (t,n,§) = o(t,n,&) — o(t,n,0) we consequently get

—%é-[T]+[1ﬂ]—a _ —%g.(w—f—)ﬂm—a—gf—
= [{l-z () -7 = -7,

with (1) = %(TJr + T*) and with the jump [C] of the Eshelby tensor C' across I'(t). The
last equality sign is shown to hold in [3, equation (2.4)]. We insert this equation into
(3.2) and obtain

bs(e(™), M) = Pg(t,n,S¥) +n - [Cln — & — & De(Vr, (w'SWED)) . (3.3)

To compute the expansion of g we consider now every term on the right hand side of
this formula separately. To simplify the notation we drop the arguments ¢ and 7 in the
following equations. Taylor’s formula and (1.23) yield for the first term

J5(5)) = ds(So) + Pss(S0) (0251 + v5) + 5 sss(So)wS] + 1 Ry(v, So, 51, 52).
(3.4)
The term n - [C]n does only depend on (t,7). To treat the third term we use Taylor’s
formula and (1.39) to obtain

7(6) = SO+ 56(0)€ +0 (O

e ¢ (€ % £y
_ VI/QO_(W)W_‘_gO-(W) <1/1/2> —|—y3/2RU(£) (]/1/2> . (35)

To deal with the term - De (@p5 (w*SWEDY) in (3.3) we apply (1.42) with n — W (n) =
w(t,n)SWED (¢, €) : T — R3 to write it in the form

N

. De (Vpg (u*(t, 77)5(”)(_1) (t,m, f)))
= & D=(Vr(u (6, SV (0, ) At 0. €) ).
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Since A(t,n,0) = I, we obtain with the definition of A; in (1.43) that

£ §
At,n,§) =T+v'/? it 77)+V( 1/2) Ra(t,n,§).
Together with (1.26) we thus have, again dropping most of the arguments,
g- D&?(@p.E (u*S(”)(*l)))

—yl/%.pe(@p(u*sg1>))+ys.pg( & Ve (usS ) A+ Ve (sl >)>

+72(55) R (16507Y), (36)

with the remainder term Riermq depending linearly on the functions Sé_l), R Sé_l).

We compute next an expansion of A;S®) in terms of v. For z = (n,€&) we have
A SW(t, ) = 075 (£, €) + K(t, 1, £)9:S™) (0, €) + Ar 5™ (8,1, €), (3.7)

with twice the mean curvature x(t, 7, §) of the surface I'¢(t) and with the surface Laplacian
Ar, = Zlg\a|§2 ca(t,n, )0 . Taylor’s formula yields

K(t0,€) = Ko+ mé+ Ry(§)E = HO+V1/2K1V1§/2+VRH(€)(1§/2>27
Bre = 3 (ealtm0) - eRu () = B0 R (003,

1<[o]<2

(3.8)

where we used the notation k;(t,n) = 82/{(75, n,0) for i = 0,1 introduced in (1.40). We
insert these equations and (1.23) into (3.7). With the notation S} = 9,5;, S/ = 825} we
obtain

§

vASY) = SU( —75)

+ V1/2<S”( 15/2) + K05)( 15/2)>
£ S

/2 1/2

§

172

£

)—i—lioS’( iz

)+ R1— SO( ) +AFS()(L)>

172

+ V<S§'(

+ V2 Ra (1€, (3.9)

¢
i)

We insert (3.4) — (3.6) into (3.3) and combine the result with (3.9). If we set & = v/2(,
the resulting equation is

vs(e(u®), S¥) — vA,S)
- (?ZJS(SO) ~ 8+ n-[Cln)
+ 012 (ss(S0) S1 = S = moSh — 6(Q)¢ — 2+ De(Vr(u'si ™)) )
0) 5
- %&(C)C 2 De(¢Vr(wsg ) A+ Vi (uwsiTY)) |
+ 2Ry _ua(v,v'%¢,Q). (3.10)

1-
{ s5(S0) S2 — S5 — kST — Kk1(S) — ArSp + 51/1555(5
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Note that the argument of the functions S; and Si(_l) in equations (3.4), (3.6) and (3.9) is
(t,n,&/v'/?). Therefore the argument of these functions on the right hand side of (3.10)
and of the functions &, & is (¢,7, (). The argument of ko, k1, A4; is (¢,7n), and ¢ depends
on (t,7n,5p). From (3.10) we thus obtain

Corollary 3.2 If the functions Sp, S1,S2 satisfy the differential equations (1.30), (1.31)
and (1.32) with the functions f1, fo defined in (1.33), (1.34), then

vs(e(u®), S¥) —vA, 5V (3.11)
= (n-[CIn)(t,n) + v 2Cu(t,n) + vCa(t,n) + VP *Ryg_ua(v, t,n,6,6/v'?) .

The estimates in Section 5 are based on this equation. At some point in Section 5 we
use (3.11) written in the compact form

vs(e(ut), S)) —vASY) = (n- [Cln)(t,n) + V' Ry ualv, t,n,6,6/v"?),  (3.12)

with
RQpS,VA =Ch+ 1/1/2CQ + I/Rd,s,,jA .

4 The transition profile functions S, S, 59

This section is devoted to the proofs of Theorems 1.1 and 1.2. At the end we derive some
estimates for S(*) needed in the following sections.

Proof of Theorem 1.1. From @(t,n, S) >0 for 0 < S < 1 it follows that the function

(t,n,S) — \/2(t,n, S) is six times continuously differentiable on I' x (0, 1) and Lipschitz
continuous with respect to S on every compact subset of this set. The theorem of Picard-
Lindel6f thus yields that there is a maximal interval (a,d) with —oo < a = a(t,n) < 0
and 0 < d = d(t,n) < oo and a solution ¢ — Sy(t,7n,¢) : (a,d) — (0,1) of (1.44), such
that liminf._,, So(¢,n,¢) = 0 and liminf,_,4 So(t, 7, () = 1. The solution satisfies Sf > 0
for a < ¢ < d. Moreover, it follows in the standard way that the solution Sy is six times
continuously differentiable with respect to all variables on the set

[(a,b) = {(t,;n,¢) [ (t,n) €T alt,n) < <d(t,n)}-

To study the behavior of the solution at the boundary of this set we square both sides
of the differential equation (1.44) and differentiate with respect to ¢ to obtain

15(S0)Sp — So'So = 0,

where we dropped the arguments ¢ and 7 of ¥. Since S, is positive, it follows that Sp
satisfies )
¥s(Sy) — S(,)/ = 0. (4.1)
This is (1.30). Since Sp has values between 0 and 1, this equation shows that Sf is
bounded. This equation and (1.45) also show that there is 6 > 0 such that for all (¢, 7, ()
with So(t,n,{) < 0 the estimate [S{(¢,7,()| > co/2 holds; by some considerations it
follows from this estimate that the limit values a(¢,n) and d(t,n) are finite.
For every (t,n) (4.1) has a solution ¢ — S{(t,7,¢) which exists on an open neighbor-
hood of [a,d] = [a(t,n),d(t,n)] and coincides with Sy on (a,d). In this way we extend
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So from I'(a,b) to a function (¢,7,¢) — S;(t,n,() defined on a set, which for every
T} < t; < to < Ty is an open neighborhood of I'[a, d] N ([t1,t2] X ]R3). As a solution of
(4.1), S§ is six times continuously differentiable on this set with respect to all variables.

The restriction of S§ to the set I'[a, b] is another extension of Sy. For this extension we
again use the notation Sp. From liminfe\ 4 So(t,7,¢) = 0 and liminfe ~4 So(t,n,¢) = 1
we see that So(t,n, a(t,n)) = Sg(t,n,at,n)) =0, So(t,n,d(t,n)) = S5(t,n,d(t,n)) = 1.

By definition, the extended function Sy has one sided derivatives at ( = a and ( = d up
to sixth order with respect to all variables, which coincide with the derivatives of S;. Since
W(t,n,0) = (t,n,1) = 0, it follows from (1.44) that S)(t,n,a(t,n)) = Sh(t,n,d(t,n)) = 0.
By differentiation of the equation Sy(t,n,a(t,n)) = 0 with respect to n;, i = 1,2, we
therefore obtain

0=V,So(t,n,a) + SH(t,n,a)Vya = V,So(t,n,a),

and similarly V,So(t,7,d) = 0. This proves (i).
To prove (ii) we again use (1.45), which together with (4.1) implies

Sy (t,m,a) = s(t,n,0) > o >0, S§"(t,n,d) = vs(t,n,1) < —co < 0.

Thus, since S§'(t,m,a(t,n)) = 0 and since S§’ is five times continuously differentiable,
the implicit function theorem implies that a is five times continuously differentiable with
first derivatives given by

0,8t (t,n, alt, .S (t,m, a(t,
_-n 0~( 77@( 77))’ ata(t,TI):— t 0~( 77@( 77))
Ys(t,n,0) Ys(t,n,0)

The right hand sides are bounded. Similar formulas hold for the higher derivatives, which
show that these derivatives are also bounded. Using the equation Sg'(t,n,d(t,n)) = 0 we
conclude in the same way that the derivatives 8@n)d exist and are bounded for m < 5.
The proof of the lemma is complete.

To prove Theorem 1.2 we study the differential equations (1.31), (1.32). These differential
equations differ only by the right hand sides. Since the coefficient function 1;55(50) and
the right hand side of (1.31) can be computed from the solution Sy of (1.30), and since the
right hand side of (1.32) can be computed from the solutions Sy and S; of (1.30), (1.31),
we can consider (1.31), (1.32) to be a recursively solvable system of linear differential
equations for S7 and S3. Therefore it suffices to study the linear second order differential
equation

ana(tv 77) -

I;SS(tv n, SO(t) n, C)) w(tv n, C) - w,/(t’ UB C) = f(t’ m, C) + C(t’ 77) (4'2)

for w, where Sy is the function given by Theorem 1.1 and where the right hand side is
known. We want to find a solution ¢ — w(t,n,¢) : [a(t,n),d(t,n)] — R satisfying the
boundary conditions

w(tvnva(ta 77)) - w(t7777d(t777>) =0. (4'3)

We first note that 0 is an eigenvalue and Sj) is an eigenfunction of the boundary value
problem (4.2), (4.3). This is seen by differentiation of (4.1) with respect to ¢, which
yields

Yss5(S0) Sh — Si = 0.
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By (1.46) we have Sjj(a) = S{(d) = 0. Thus, the homogeneous differential equation and
the boundary conditions are satisfied. Since 1;55(50) — 8? is a symmetric differential
operator and since for all nondegenerate ordinary differential operators of second order
eigenspaces are necessarily of dimension one, it follows from classical spectral theory for
symmetric operators that the boundary value problem (4.2), (4.3) has solutions if and
only if the right hand side is orthogonal to the eigenfunction S

Lemma 4.1 Assume that f € C™(I'[a,b]) with m =4 or m =5. Let

d(t,m)

C(ta 77) = - /( ) f(tﬂ% C)S[l)(ta n, C) dg (44)
a(t,n

for all (t,n) € T'. Then there is a unique solution ¢ — w(t,n, ) : [a(t,n),d(t,n)] — R of

the boundary value problem (4.2), (4.3), which is orthogonal to S{,. This means that

d(t,n)
/ﬁ wit,n, O)S)(t, m, C)dC = 0.

(tm)

Moreover, w belongs to the space C™(I'[a,d]).

Proof. Equation (4.4) implies that the right hand side of (4.2) is orthogonal to S. To
see this, note that

d(t,m)
/(t ) S(l)(tﬂ?; C)d< = SO(t7777d(t777)) - SO(tvnaa(t777)) = 17 (45)
a ?77

which implies fj(f + C)Shd¢ = fad 1Sy d¢ + C'fj S, d¢ = 0. By the remarks above
it thus follows that there is a solution of the boundary value problem (4.2), (4.3). By
adding a suitable multiple of the eigenfunction S}, we obtain the unique solution w of
this boundary value problem, which is orthogonal to this eigenfunction.

It remains to show that w € C™(T'[a,d]). This follows from the perturbation theory
for eigenspaces of linear operators. For completeness we sketch here an elementary proof.
In this proof we derive a representation formula for the solution, from which the regularity
properties of the solution can be read off. To simplify the notation we drop the arguments
t and n in most of the following formulas.

A solution of (4.2), (4.3) is given by the integral

d(t,n)
@@mOZ/;)G@mQWU@mW+C@mM& (4.6)
a(t,n

with G defined as follows: For fixed a < ¥ < d the function G is a solution of the
differential equation

(Vss(S0) — )G((,0) =Cy, a<(<d, ¢+, (4.7)
with the constant Cy = —S((¢), and of the initial and jump conditions
G(a,¥) = 0:G(a,¥) = 0, (4.8)
GW+,9) = GW-,9), (4.9)
0cG(V+,9) = 0G(¥—,9)—1. (4.10)
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By partial integration we see that G is a solution of
(Ps5(S0) — F)G(-,9) = 69 + Cy , (4.11)

with the Dirac distribution dy supported at ¥. Noting (4.5) and the definition of Cy, we
compute

d
(69 + . Sh)(at) = Sy(0) + Ci / SH(C)dC = () — Sh(D) = 0.

Because S|, is a solution of the homogeneous boundary value problem (4.2), (4.3) we
therefore obtain by another partial integration that

0 = (69+Cy,5)(aa) = ((Vss(So) — 3?)0(',19)756)@@)
= (G('7 ), (QZJSS(SO) - 8?)5(/))((1761)
1 8:G(a,9)S)(a) — Gla, 9)S!(a) — G, 9)SH(d) + G(d, 9)SL(d)
= —G(a,9)8)(a) +G(d,9)S)(d) = G(d,9)S{(d).

Since S{(d) # 0, we conclude that
G(d,9) =0.

This equation and (4.8) show that the function @ defined in (4.6) satisfies the boundary
conditions (4.3). From (4.11) and (4.4), (4.5) we obtain

d
(dss(So) —0B)@ = f+C+ / Cy (f(9) + C) 9

d d
= j+c- [ suwa-c [ swd-s+o

We thus see that w also satisfies the differential equation (4.2). The unique solution w
of (4.2), (4.3), which is orthogonal to Sj, is obtained from w by

~ !

y— D50 o (4.12)
1S312.
To study the regularity of w note that since (¢,7,() — 1;55(15, n, So(t,n,()) is five times
continuously differentiable and since (¢,n) — Cy(t,n) = —=Si(t,n, ), (t,n) — a(t,n),
(t,n) — d(t,n) are five times continuously differentiable, it follows by the standard theory
for initial value problems to ordinary differential equations that the function (¢,7,¢) —
G(t,m; ¢, V) defined by (4.7) — (4.10) is at least five times continuously differentiable with
respect to (t,m,() for ¢ # 9. Using the jump relations (4.9), (4.10) and jump relations
for derivatives of G of higher order, which follow from these lower order jump relations
and from the differential equation (4.7), we obtain with the distributional derivative 0
and the classical derivative 9 that

k—2
01050EG = D[ON0EG + Y O (rijn—e(t,n,0)89), i+ j+k <5, (4.13)
=0
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where the coefficient functions r; ;5 have at least 6 —i — j — min(0,k — 4) derivatives.
For f € C™(I'[a,d]) the function C(t,n) defined in (4.4) belongs to C™(T"), since Sj €
C5(T'[a,d]) and m < 5. Using this and (4.13) we conclude that the integral on the right
hand side of (4.6) is m—times continuously differentiable with respect to all variables,
whence w € C"™(I'[a,d]). From (4.12) we infer that also w € C™(I'[a, b]). This concludes
the proof of the lemma.

Proof of Theorem 1.2. This Theorem follows immediately from Lemma 4.1, since
the differentiability properties of Sy given in Theorem 1.1 imply f; € C°(I'([a,d]) and
f2 € CY(T[a, d)).

We conclude this section by stating and proving several estimates for the derivatives of
the function S™) defined in (1.23) with the functions Sy, S7, S2 now constructed. We
remind the reader that (t,z) € I'[v] is identified with (¢,7,&) via the transformation
(t,z) = (t,n + n(t,n)&) if not otherwise noted.

Lemma 4.2 (i) There is a constant K such that for all 0 < v < 1 the derivatives of S)
satisfy uniformly in T[v] the inequalities

Ve SY| < K, |V VrSY| <K, (4.14)
V.SW| < Kuv7Y/2 (4.15)
‘vpgyvxs('ﬁy < Kv 12, (4.16)
‘agyvzs(wy) < Kvt, (4.17)
Va8 (t,n,€)] = 95V (t,1,€) + Rus(t,n.€), (4.18)

where the remainder term satisfies |Rvs(t,n,&)| < K. The same estimates hold when
Vr, in (4.14), (4.16) is replaced by Vr, possibly with a different constant K.

(ii) There is a constant K such that for all 0 < v <1

<K. (4.19)

Sllp (‘sz(y)‘gil/l/2d(t,7]) + ’sz(V)lézl/l/Qa(t,’)])> =

(tm)er
Proof. Note first that for functions w : I'(t) — R the transformation formula

Vre(wo Ty o Tt = AT(Vrw), (4.20)
holds, where AT is the transpose of the transformation matrix A(¢,n,¢) € R3*3 from
(1.42). Since by definition of the surface gradient VrW in (1.15) we have Viw =
(Dpyw)r1 + (Op,w)re With suitable coefficient functions r;(t,n) € R? and with the deriva-

tives 0y, in directions of coordinates on I', we conclude that

2
> (ATri)d, 5%

i=1

2
S (ATr)8,(So+vES +vSe)| < K, (4.21)
=1

’VQS(V)’ —

where the constant K is independent of v and of (¢,z) € I'[v]. This proves the first
estimate in (4.14). To prove the second we proceed in a similar way to obtain

WFEVFES(”)] = |@F(VFS(V)A)A’ <K;. (4.22)
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We next use that for a, 6 > 0 the estimate
2
0<Val+ P -f=——ot—<a
Vor+ 32+

holds, which together with (4.14) yields

Ryus| = |[V.S®| — 9:5%) =\ /|VE. 8|2 4+ (8:50)2 — 9:.8™) < |V, SV < K.
3 ¢ 3 3 13

This shows that the decomposition (4.18) holds with a uniformly bounded remainder
term. (4.15) is an immediate consequence of (4.18), since

IV SW| = |v=2(S) +v2 S, + vSh) + Rys| < v 2 K. (4.23)

We next use the decomposition V.S (t, 7, ) = n(t, 17)855(”) (t,n, &) +VF§S(”) (t,n,§) to
obtain

[Va5@)] = \/(0e50))?2 + |Vr SO)[2. (4.24)
Hence,
e S®) R AV A
W) %" ) )y VT
Vr§|vx5 | = ‘sz(u)‘vl“fags + (vFEVFES ) |sz(u)|. (4.25)

Again arguing similarly as in (4.21) we obtain

‘vpgagsﬁf) - \ATvpa§5<V> - ‘V*%ATVF(S()W%SHVSQ) <VvTIK,,  (4.26)
v Ve S
with K5 independent of v and of (t,z) € T'[v]. Since I@iss(“))‘l < 1 and % <1,

which follows from (4.24), inequality (4.16) is obtained by combination of (4.25), (4.22)
and (4.26). The inequality (4.17) is obtained by an obvious modification of the proof of
(4.16).

If Vr, in (4.14) and (4.16) is replaced by Vr, then the matrix A(t,n,§) in (4.21),
(4.22), (4.26) must be replaced by the identity matrix. The resulting estimates do not
change by this simplification.

To prove (ii), we note that S{(t,n,a(t,n)) = Sy(t,n,d(t,n)) = 0, by (1.46). By
definition of S®) in (1.23) it therefore follows that at (z,t) = (t,1,v'/2a(t,n)) or (z,t) =
(t,n,v*/2d(t,n)) the inequality (4.23) takes the form

IV.8W)| = [v™2 (b3 8] + vSh) + Rys| < K.

This proves (4.19). The proof of the lemma is complete.

5 Proof of Theorem 1.3, part 1

Theorem 1.3 is proved in this section and in Section 6. In the present section we verify
the convergence relations (1.50) and (1.51) for the evolution equation (1.12). Estimate
(1.49) for the stress field is proved in Section 6. For technical reasons we write in this
section Sy for the derivative of the function t — S®)(t, 7, ) and 9;S") for the derivative
of t = SW(t,z) = SW(t,n(t, ), E(t, n)).
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We must investigate the convergence behavior of the term
v) _ ¥) )
(ats ,SO)Q te (vx(ws vASM|V,SV)|, W)Q (5.1)

for v — 0 and ¢ € C}(Q). In these investigations we denote by K various positive
constants, which are independent of t,x,7,£ and v. Since by definition the function
S™) is constant equal to zero in the domain y\I'[v] and equal to one in v/\I'[v], both
terms in (5.1) vanish in these regions. It therefore suffices to estimate these terms in the
transitional region I'[v]. Without mentioning we thus restrict all the estimates in this
section to (¢,z) € I'[v]. If not mentioned otherwise we identify (¢,7,£) € I' x (—0d,0) with
(t,x) € @ via the coordinate transformation (1.14).

The surface gradient operator Vr, defined in (1.15) satisfies V, = Vr, + n(t,7)0k .
We replace V, everywhere in (5.1) by this decomposition and note the orthogonality
relation n(t,n) - Vr,w(t,n,£) = 0 to obtain

(5.0) e (Valtis — v VS|, Vag)
= o (0cls —vAS)VLS) 0cp)

+c (8t5(v)7 gp)Q + (VFE (g — vALS)|V,SM)|, VF§QO>Q . (5.2)

Our first goal is to show that the first term on the right hand side tends to zero for
v — 0. For this term to become small it is necessary that S*) has the asymptotic
expansion derived in Section 4. Thus, this term determines the shape of the transition
profile. The second and third term do not converge to zero separately, only their sum
tends to zero. For this to happen it is necessary that the transition profile moves with the
normal speed —cAr(n - [C]n) of the sharp interface. Therefore these two terms together
determine the propagation speed of the profile. We start with the estimates for the first
term.

Lemma 5.1 There is a positive number K such that for all ¢ € C3(Q) and all0 < v < 1
1
(2t = vASNIT. 8 00) | < K bllmco)- 5.3

Proof. Equation (3.11) implies

§ §

3 *
85(1/’5 - VAS(V)) = V28§R¢5—VA(V7t7777€7 W) = VR¢S—VA(V7t7n7€7 m)a (54)

with

1 §
VQaﬁRwS—VA(Va ta m, 57 m)‘

. §
‘Rlﬁsqu(Vvtamga m)‘ =

1
— V28€R¢S—VA(V1 ta m, 57 C)|<:£V_1/2 + 8CRwS—VA(V7 ta m, 57 C)|<:€V_1/2 S Kv (55)
and similarly with
. § _1
}afRiﬁS—uA(Vvt?nvgayl/Q) < Kv 2. (56)
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In the following computation we note that V,S®*) vanishes outside the set I'[v], em-
ploy (5.4) and, in order to integrate by parts with respect to &, transform the in-
tegral from (t¢,x)—coordinates to (t,7,&)—coordinates. With the Jacobi determinant

w(t,n, &) = | det(5=2%)| we obtain

(0(s — w2, 5|75 yagcp) = v (Rjy0al V8™, 00) .

v/ 2d(t,m)
= //1/2 waS alVa St |8§g0d£da

=/ 2d(t)
B ()
— / [wR¢ VA‘V S ‘90] g:y1/2a(t,77)do-

1/2dt77
—u// (Oew) R}y Al VaSY)| g dédo
vi/2a(t,m)

— s 7] R A S pd&d
v w Va o
//1/2a(tn E ,w —v | |> 5
= 11+12—|—13. (5.7)

From suppp, |w| < K and from (5.5), (4.19) we conclude that

\fll < vKsup |w| sup\R% VA|( sup |V, St |+ sup |V, St )|) sup ||
F[I/] F[I/ §:V1/2a &' y1/2d F[I/]

vEK|lollLe(q) - (5.8)

IN

The estimates suppy,) [Ogw| < K and meas(I'[v]) < Kv? yield together with (5.5), (4.15)
that

. 1
|I;] = vKv~ 2 meas(T'[v]) il[u])ho\ <vK|pllLeq) - (5.9)

Finally, (5.5), (5.6) and (4.17) together imply
3] < vKv " meas(T[v]) sup |¢| < 12 K]|¢] () - (5.10)
T[]

The statement of the lemma follows by insertion of (5.8) — (5.10) into (5.7).

The coordinate transformation (¢,z) — (¢,n(t,z),£(t,n)) is determined by the following
conditions: n € I'(¢) is the unique point such that

|z — n| = dist(x, T'(2)). (5.11)
If 1 is known, then £ € R is obtained from the equation
x=n+En(t,n). (5.12)
To compute 9;¢(t, x), note first that (5.12) yields

0 = Orx = no& + £ + 0.
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Since 0 = 9;1 = 9;|n|? = 2n-dyn, we obtain by scalar multiplication of this equation with
n that

0§ = —n - 0.
By definition of the normal speed s we obtain from this equation and from (5.11) that
. J ..
s = —&gn(f)adlst(z,f‘(t))
. 9 oy =) - Om _
= 51gn(§)&\x nl= Slgn(f)w =n-0m=—0¢. (5.13)

Lemma 5.2 We have
SV (k. €) = S (6,0, &) + VS (t,0,€) O + eAr (n - [Cln) (t,m) 9eS®) (£, €).

This lemma follows immediately by combination of (5.13) with (1.5).

The surface divergence divr, is defined as follows: Let 71 = 71 (n), 2 = 72(n) € R3 be two
orthogonal unit tangent vectors to I'(t) at n € I'(¢). For vector fields W : I'¢(t) — R3,
which are tangential to I'¢(t), we set

dinW =171 071W+72 . 6T2W.

Because Vr, (s — vA,SM)|V,.S™)| ¢ is a tangential vector field to I'¢, we can apply
Stoke’s theorem on the surfaces I'¢ and obtain with the surface divergence

(Vre(s —vs¥)|Va5Y)| Vrep)

(oo AT ).

- (divrg (vpg(ws — quS(w)\sz(u)\) 7<P>FM

+ / nr, - Vre (s — v SN V.5M|pdo, .
ar[Y]

=~ (Brlws —vASVSVLg)

~ (Tre(s = w280 Vil Vas©l )

+/ nr, - Ve (¥s — vA8M)|V,5M |p do, . (5.14)
or'v]

Here we used that AQ = din£Vp£. The vector nre = nr, (t,n,&) € R? lies in the
tangent plane to I'¢(¢) and is obtained as projection to this tangent plane of a unit vector
i(t,n, &) € R4, which is normal to the boundary oT'[v]. In the (¢,7,£)-coordinate system
the parts of the boundary, where this projection is different from zero, are determined
by the equations & — v'/2a(t,n) = 0 or & — v/2d(t,n) = 0. In the (t,z)coordinates
the first equation takes the form &(t, ) — v'/2a(t, n(t,z)) = 0. A normal vector is thus
given by —(9,£ — 1 2a,(t,m) — v'2V,a(t,n)0m, V& —v'/2V, a(t,n)%) € R*, where

on _ _0(m.n2)

52 = Baraans) 1S the Jacobi matrix.
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Since V¢ is orthogonal to the surface I'¢, it follows that the projection of this vector
to the tangent plane of I'¢ is v1/2V, a(t, n)%. Hence, at the part of the boundary oI'[v]
determined by the equation ¢ — v'/2a(t,n) = 0 we have
vi/2 Vya ?

e = : . 5.15
@ - v a - V12,0 9y, Vi€ — v1/2V a0 91| (5.15)

For the part of the boundary determined by the equation & — v/ 2d(t,n) = 0 we obtain
in the same way
12 v,d 9

e (0 — vV /2dy — v1/2V,d Oy, Vi€ — V12V, d %)] (5.16)

In the next step we replace the term g — vA,S®) in (5.14) by the decomposition
n-[Cln+v/2 Ry _as given in (3.12). We combine the resulting equation with Lemma 5.2
and obtain

Lemma 5.3 (i) Let p € C}(Q). Then
(v) _ ) (v)
(@S ,30>Q +c <VF5 (Vs — vALSY)| VS |»VF§SD)Q
— ¥) )
(St + V8% 0, gp) -

te(Br(n O o) = (Areln (O 950 e),

12 ; w)
v & (AFERIZJSfVA |V$S ’7 g0>1_‘

[v]

V]

—c (Vr5 (n-[Cln) - vré\vxS(”)\, So)r[u]

1/2 > v
— 2 (Vrng,S_VA : VF§|vxS( )|750)FM

+ c/ nr, - Vr, (n [C‘]n + V1/2R¢S,As> \VxS(”)\go doy .
oT'[v]

= Il+[2+[3+[4+[5+[6. (517)

(i) There is a constant K such that for i = 1,2,3,5,6, for all ¢ € Cy(Q) and for all
v>0
11| < v 2Kl L) (5.18)

(iii) There is a constant K such that for all ¢ € Co(Q) and all v > 0
L] < Kl[elle(q) - (5.19)

The convergence of the term I for ¥ — 0 will be studied in the next lemma.

Proof. Equation (5.17) has been derived above. To verify (ii) note that by definition of
I'[v] we have meas(T'[v]) < Kv'/? for all 0 < v < 1. We thus have

|11 = ‘(St(y) +V,8M oy, SD)FM‘ < K?ﬁ) || meas(T'[v]) < V1/2K|]¢\|L00(Q) .
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Using that suppy, |AF5R,¢,S_VA| < K and supry ]Vrgé%_,jA\ < K, we obtain together
with (4.15) and with (4.16) that

13| + 15| =

1/2 A ()
14 C (ArgR’lﬁstA ’vll'S ’7()0)1—‘[11]‘

+

1/2 » v

< VPKv Y sup o meas(Tv]) < v?Kll¢] () -
T[]

To estimate Is we note that suppp, |[Vr,(n - [Cln + Vl/QRwS_AS)] < K. From (5.15),
(5.16) and from (4.19) we thus infer

|Is] =

C/ nre - Vre (n [Cln + V1/2Rws—AS) V.S ¢ do
T[]

IN

V2K sup || meas(r'[V]) < v 2K ||g| 1o (g -
or'v]

To deal with I we use (4.18) and the decomposition of the surface Laplacian Ar, =
Ar + §RAF5 given in (3.8) to conclude that

Arg(n-[Cn) VS| = Ap(n-[Cln) 9:S™ + Ar(n - [C]n) Rys
+& Ra, (600, 0%n)(n - [Cln) [V,

Since the estimates |Rys(t,n,¢)| < K, \RAFE (&,0n,8*n)(n - [Cn)| < K and |¢| < Kv'/?
hold on the set I'[v], we obtain together with (4.15)

o] =

¢ (Ar(n-[CIn)8es™) — Ar (- [CIn) [V 5W], o)

I[v]
¢ (Ar(n - [Cn) Rys + € Rar, (& 0,0%n)(n - [CTn) [VoSY), )

[v] ‘

< Ko || meas(T'[v]) < V' /2K || () -

To prove (5.19) we use (4.16) to conclude

Ll = |e(Vre(n-[Cln) - Vi V.8, )

Iy ’

IN

V*I/ZKSFLF[]) || meas(T'[v]) < KHgoHLoo(Q) .

The proof is complete.

Lemma 5.4 (i) The term I from Lemma 5.3 satisfies for all ¢ € Co(Q)

lim Iy = lim ¢ (Vr(n- [C]n) - Vi [V25®)] ) = 0. (5.20)

(11) There is a constant K such that for all ¢ € C§(Q) with 0 < o < 1

A in(e¢ 1
1] = ‘(vpgw (Cn) - vrgvxswso)c?\ < Ko™ gl o) (5.21)
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Proof. Before (1.42) we remarked that the matrix function A satisfies A(¢,7,0) = I. From
the transformation formula (4.20) and from Taylor’s formula we thus have for functions
w: ' — R that

Vre(wo T, ) (Tie(n) = A(t,n,€)" Vrw(n) = Vrw(n) + € Ry(t,1,€,0y)w(n).

With this decomposition of Vr, and with w(n) = |V.S®)(t,n,€)| we write I; as a sum
of three terms:

Iy = C<VF§(n'[C] ) stw ¢ |(p> NP

= (V- [C)- VrlVas©Lp)
+ ¢ (Vre(n- [Cn) - € Ry (t0.6,0,) V5", )
= ¢(Vr(n-[Cn) - VrIVasWl g )

e (Vrs(n [Cn) - Vr|VLS™M)), ¢ — ‘p\gzo)

N
I[v]

T[]
(Ve [Cln) - € Ro(t,n.€,0,) IV2SWg)
= Ji+ o+ J3. (5.22)
The term J3 can be treated most easily. Since the differential operator Rv(t,n,§,0,)
contains only derivatives with respect to 7, it follows from (4.16) that the estimate

|Rv (t,n,&,0y) V.S¥)| | < Kv~/2 holds. On the other hand, we have |¢] < Kv'/? on
['[v]. If we combine both estimates and use that [Vp,(n - [C]n)| < K, we obtain

| J3] < Ks;[u? ol meas(T[V]) < V2K ||¢| 1o(q) - (5.23)

To estimate .J; we must first study the term Vp|V,S®)| carefully. From (4.24) it follows
that

e S®) . Vr,SW
Vp|VeS™| = 22 9o + Vpvp, S¢ —
|Vp,S)[2
w_ V' @S~ W) o, ¢ () VS
= 0:VpSY — OeVpSY +VrVr, S
[V 502 VS|
L+ o
= 9VrSY + KV (t,n,€) + By (t,n,¢). (5.24)
Vr,SW) -
Since % < 1 and since VrVr, S () only contains derivatives with respect to n and

therefore satisfies ]VFVF SW| < K, cf. (4.14), it follows that

B (tm,€)| < K. (5.25)
To estimate F(V) note that for o > 0 we have Vxl/ﬁ; < \/ﬁ < a, which together with

(4.14) and |9:VrS®)| < v=12K, cf. (4.26), yields that

[P (. €)] < v V2K |98 72, (5.26)
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With the functions a, d introduced in Theorem 1.1 define
ay(t,n) = v'2a(t,n) + V4, dy(t,n) = v 2d(tn) =4 (En) €T
and
F[aV7 ] - {(t 7, 5) ’ (tﬂ?) € F7 aV(tvn) S € S dl/(t)n)}
Note that a,(t,n) < d,(t,n) for all sufficiently small v.

Claim 1. There is a constant M7 > 0 such that for all sufficiently small v > 0 and for
all (t,n,€) € I'lay,d,]

v K
’Fl( )(’ 7£)| < M2

This claim follows immediately if we can show that there is M7 > 0 such that
9eSW(t,n, €) > Myv~1/* (5.27)

holds for all (¢t,n,¢) € T'[ay,d,]. To verify this inequality remember that we showed in
the proof of Theorem 1.1 that there are 6 > 0,c¢g > 0, which can be chosen uniformly
with respect to (¢,7) € T', such that

92S0(t,n,¢) > co,  for a(t,n) < ¢ <alt,n) +4,
92So(t,m,¢) < —co, for d(t,n) — & < ¢ < d(t,n).

From Sy(t,n,a) = 0cSo(t,n,a) = 0 and from Sy(t,n,d) = 1, 0cSo(t,n,d) = 0 we thus
infer

a(SO(tv , C) > CO(C - a(tv 77))7 SO(tv m, C) > (C - a(t’ 77))2’ for |C - a(t’ 77)’ < 67

aCSO(ta m, C) Z Co(d(t, 77) - g)? S(](t,’l’], <) S 1- Cﬁ(d(ta 77) - <)27 for |C - d(tﬂ?)| S 0.

2
Since ¢ — Sp(t,n, () is monotonically increasing, this implies in particular that %052 <
So(t,m,¢) <1 — %62 for a(t,n) + 6 < ¢ < d(t,n) — &. Since by definition Sy satisfies

~ 2
(1.44) and since by assumption we have ¥ (t,n,S) > %1 for %052 <8 <1-—- %‘)52 with a
suitable constant ¢; > 0, we finally conclude that

9¢So(t,n,¢) > co(C —alt,n)), alt,n) < <a(t,n)+0
cSo(t,m,¢) > ¢ c1, a(t,n) +6 < ¢ <d(t,n)
0¢So(t,m, ) = co(d(t,m) — ), d(t,n) —6 < ¢ <d(t,n)

This, in turn, implies for 0 < v < vy = min(6, ¢1/co)* that
0cSo(t,n,¢) = e, alt,m) + v < ¢ < d(t,n) — vV,

whence

DeSo(t,n, —s) > cov™ A, for (t,n,€) € Tlay, d,).

3
2
Since [1/20:5 (¢, n,ﬁ) + v0:Sa(t, 1, Vl%)\ < K for all v, it follows from (1.23) and
from the last estimate that

0:SW(t,m, ) > cov™ V= K > MuM4, for (t,n,€) € Dlay, d,),
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with My = 9 and v < min(vy, (20—]0()4) This shows that (5.27) holds and finishes the
proof of Claim 1.

Claim 2. There is a constant My > 0 such that

sup (\VFS(V)k:dV(M) + ‘VFS(V)Igza,,(t,n)) < Myv'/?,
(t,;n)er

To prove this claim we note that by Theorem 1.1 the function Sy has continuous deriva-
tives up to fourth order up to the boundary of I'[a, d], and that V,,Sy(t, n, C)|C )
=a 777

By the mean value theorem we thus find that there is a constant M, which can be chosen
uniformly with respect to (¢,7) € T', such that

|vn80(t’777<—)| S M |< - a(t’n)|

Since ay,(t,1) — v/2%a(t,n) = 3%, this yields

V., So(t,n, < M v, (5.28)

72 | ema i)

If we now remember the estimate |v1/2V, S (¢, 7, ﬁ) + vV, S(t,n, ,}T” < Kv'/? and
observe that Vr is a linear combination of the derivatives @,, and 9,,, we see that the
estimate for |VpS®™)| ¢—a,(t,y) 0 Claim 2 follows immediately from (1.23) and from (5.28)

with a suitable constant Ms. The estimate for |VFS(V)‘§=dV(t,n) is obtained in the same
way. This proves the claim.

Now we have collected all the necessary information about the term Vp|V,S (”)| and are
in a position to estimate the term J; in (5.22). Let

Glv] = {(t,z(t,n,6)) | (t,n,€) € lay,d,]}

be the image of I'[a,,d,] under the coordinate transformation (¢,7,&) — (¢,x(t,n,£)).
Using (5.24) we write

ho= (Veeln-[Cln) - VF’VIS(V)”‘p'szo)r[ul

= (Ve 1) VrlVes Tl )

+ (Vim0 075,01 )

1O L (W) v)
+(reln- () - (7 + ey )
= Jiu+Jis+ Ji3. (5.29)
Since meas (T'[V]\G[v]) < Kv3/* we obtain from (4.16) that

| Ji1| < Kv™? meas (T[v]\G[V]) o ol <V Kol L) - (5.30)

From (5.25) and Claim 1 we conclude

1
| 13| < K(W + 1) meas(G[v]) sc,}[l% o] < V2K || oo () - (5.31)
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To estimate Jio we transform the integral to (t,n,&)—coordinates and obtain with the
Jacobi determinant w(t,n,§) = |det( )| that

3(tn€

Gv]

du (t,m) R
- / / w(t, 1, €)Vr (1 [Cln) - 918 p(t, 7, 0) d€ do

du(tvn) ~
- / / (w(t.1. Ve (0 [CIn) - VeSWp(t, ,0) de do

oy £:du(t:77)
+ / |:W(t, m, f)vfg (TL : [C}n> : VFS(V)} @(t’ m, 0) do
F SZG’V(tvn)
< K sup |p(t,n,0)| meas(T) sup (dy(t,n) — av(t,n))

(t,;mer (t,;m)er

FK sup [t 0) meas(T) sup (VrSlema, ) + V2SO ez 1
(t,m)er (t,n)er

V2K ||| oo () + VA MoK ||| oo ()

IN

where in the last step we used Claim 2 and noted that d,(t,n) — a,(t,n) < v'/?K.
Combination of (5.29) with the last inequality and with (5.30), (5.31) yields

PARSZ T aE (5.32)

Noting again the estimate Vr,(n - [C]n) < K and employing (4.16) we obtain for the
term Js in (5.22) and for all ¢ € Cy(Q) that

. _ A M -
lim [ o] = lim e (Vrs( [Cln) - Vr|Va S, ¢ ¢|§=0>F[u}‘
< lim (Ky_1/2 meas(I'[v])  sup }‘P(ta 1,€) = ¢(t,n,0)]
v—0 (tm.8)€Er(Y]
< Klim sup |o(t,n,&) —e(t,n,0)] =0,
v—0 (t,m)er
gl<cvt/?

where in the last step we used that ¢ € Cy(Q) is uniformly continuous. This relation
and (5.22), (5.23), (5.32) together show that (5.20) is satisfied.
To prove (5.21) we estimate Jy differently. Namely, since the Holder continuity of

p e CSY(Q) 1mphes for (ta 7775) € F[V] that ’SO(tﬂ?af) - So(ta 7770)‘ < ‘f - 0|a H@HC“(Q) <
cv*/ 2||<,0HCQ(Q), we obtain similarly as above

[l <K sup ot n,€) — ¢(t,n,0)| < Kv*?||¢]ceq)
(tm,§)erv]

This estimate together with (5.22), (5.23), (5.32) yield (5.21). The proof of Lemma 5.4
is complete.

Proof of (1.50) and (1.51) in Theorem 1.3. We combine Lemma 5.1 and Lemma 5.3
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to estimate the right hand side of (5.2). In this estimation we can either use the inequality
(5.19) in Lemma 5.3 or the inequality (5.21) in Lemma 5.4 to bound the term I4 in (5.17).
This yields for every ¢ € C3(Q)

K|l ,
{(ats(u)ﬁp)@*'c(vx(ﬂ)s—VAQUS(V))WIS(V)LVJM)Q‘ < { lellew

(1.50) follows immediately from the second of these inequalities and from the definition
of the norm || - ||s,s,. To prove (1.51) we conclude from the first of these inequalities that

10,5 — cdiv, (Vi (s — vALS)|V,SW))|Im < K, (5.33)

with a constant K independent of v. We next combine (5.2), Lemma 5.1, Lemma 5.3
and the convergence relation (5.20) in Lemma 5.4 to obtain for every ¢ € C}(Q) that

(065", 0) o + e(Valths = vAS) Vo SW|, Vap)  — 0, if v — 0.

Q

This can be written in the form

/ od (8t8(”) — cdivy (Va(thg — z/AxS(”))WxS(”)D) 0. (5.34)
Q

To extend this result to all ¢ € C(Q), we observe that C(Q) is a dense subspace of C(Q)
and that the family {0,S") —cdiv, (V. (s —vA;S¥))|V5S™)|) },50 is uniformly bounded
in MR, by (5.33). Standard arguments then yield that (5.34) holds for all ¢ € C(Q). This
proves (1.51).

6 Proof of Theorem 1.3, part II

To finish the proof of Theorem 1.3 it remains to verify the inequality (1.49). This section
is devoted to this verification. We need the following auxiliary result:

Lemma 6.1 There are constants Ky, ..., Ks such that for all (t,n,§) and all v > 0 the
estimates

‘S(t, n, 6) o S(I/) (t, 777€)| < { K17 Vl/za(tv 77) < g < V1/2d(t7 77)7 (61)
N 0,  otherwise,
(6) = SWEN(t,m, )] < Kor'l?, (6.2)
{VF§(<£> - S(V)(_l)(tv777£))’ < K3V1/27 (63)
}vrga’fb (<£> - S(V)(il) (t7 7, 5)) ’ < K4V1/27 .7 = ]-7 27 (64)
1/2 1/2
V0 ((€) — SWED (@, 0,0)| < { s, v altom) < &< v dltm) (6.5)
0, otherwise,

hold. Here (§) is defined in (1.21).
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Proof: To verify (6.1) we note that by definition the functions S and S®*) both have the
value 0 for & < v'/2a(t,n) and the value 1 for v'/2d(t,n) < €. This property and (1.23)
together imply (6.1). To prove (6.2) — (6.4) we use that (£) = max(0,&), by definition.
From (1.26) we thus conclude for v1/2a(t,n) < ¢ < v/2d(t,n) that

max(0.6) ¢
i ~(—1
(€) = SME(E n,¢) = (T ZV2SZ'( )(tﬂ%m))-
i=0
The inequalities (6.2) — (6.4) follow from this equation for this range of &, since 0 <
max(0,&/v'/?) < d(t,n) < C and since the surface gradient Vr, and the differential
operator Vr,0p, contain only derivatives with respect to 7. To show the inequalities (6.2)

— (6.4) for ¢ satisfying v'/2d(t,n) < & we use that for such & we have S®)(t,n,£) = 1.
Together with (1.26) we therefore compute

(&) — SV, n,€)

13
_ _ (v)
¢ /0 S (t,, C)dC

L24(t,n) 3
_ el / SOt V¢ / SW(t,m, ¢)d¢
0 v1/2d(t,n)

= V2d(t,n) — SYED (9,01 2d(t, 7))
2

= v2(d(t,m) = S viSV (4, dit ) ).

=0
The inequalities (6.2) — (6.4) follow from this equation as above. To prove these inequal-
ities for &€ < vY/2a(t,n) we use that (€) = S®)(t,n,€) = 0 in this range of £ to get in the
same way

(€) = SWED(t,n,¢) = 1/2Zv25 (t,m, a(t,n)),

from which equation the estimates follow. To prove (6.5) we note that
V0 ((€) = SV (t0,6) = ~Vr SV (8,0.). (6.6)
(1.23) yields for v'/2a(t,n) < & < v'/2d(t,n) that

2
Ve S o281, %) < K. (6.7)
=0

‘Vrgs(y)(tﬂ%ﬁ)‘ =

Since S™)(t,n,€) is equal to 0 or 1 for £ outside of the interval (Vl/za(t, n), 1/1/2d(t,7])),
the estimate (6.5) follows by combination of (6.6) and (6.7). This finishes the proof of
the Lemma.

Corollary 6.2 For all v >0 and i = 1,2,3 the function (€) — SWED satisfies

e Ko, v2a(t,n) <& <vMd(tn),

\vz(<£> — 50 1)(t,n7£))\ < { Kol2. otherwise (6.8)
K v%a(t,n) < € < vV2d(t,n)
N(—1 9 ) 9 9

0$1VF5(<£> s )(t,n,f))‘ = { Kouv'/2, otherwise (6.9)
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Proof: Since V, = n(t,n)(n(t,n) - Vu) + Vr, = n(t,n)d + Vr,, and since

00,V = Y @)y + Y (a9 + €10
|| =2 la]=1

with suitable vectors e(ayj)(t,n,g) € R3, the statement follows immediately from the
estimates (6.1), (6.3) — (6.5), if we also note that d¢ ((§) — S(V)(*l)) =5 -850,

Lemma 6.3 Let 0, T, S satisfy (1.4) and let u*, v be defined in (1.18) and in (1.20),
respectively. Then

T = D(e(Vya)—zS)
= [T15¢+ De(V,v) — Dz (1 —¢)S
+ De(Vr (u(€))) ¢ + (§) De(u” ® V), (6.10)

where [T] = [T)(t,n), u* = u*(t,n). All other functions have the argument (t,z) with
@ =1+ n(t,n).

The proof of this lemma is almost the same as the proof of Lemma 3.1.

Lemma 6.4 There is a constant K such that for all v > 0 and all p € C3(Q)

(T™), Vo) — (b, 9)q| < Kv'|¢lle) - (6.11)
Proof. We subtract (3.1) from (6.10) to obtain
T-T® = [1(8 - $W)p— DE(1 — ¢)(S — S¥)
+ De(Vr (" () = SC)) )
+ ((€) = SWED De(u* @ V)
= TS - sV
+ ((€) — SWED) (Dg(@pgu*)qﬁ + De(u* ® quﬁ))
+6De (u* @ Ve ((€) - SVD))
= L+ L+Is (6.12)

To obtain the second equality sign we used that ¢ is equal to one in a neighborhood of
I, from which it follows by (6.1) that for all sufficiently small v > 0 we have S — S®*) =0
in the region where ¢ # 1. We next use that 7" satisfies (T, Vep)g — (b,¢)g = 0 for all
¢ € C(Q,R3). From (6.12) we therefore deduce

(b,p)g — (T, Vap)g = (T-TY,Vep)g = (I + I+ I3, Vup)g
(1, Vap)g - ({iva(la + T5), 9)a. (6.13)
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We estimate both terms on the right hand side separately. Note first that from the
definition of Iy and I3 in (6.12) we obtain by application of the chain rule and by using
the estimates (6.2), (6.3), (6.8) and (6.9) that

K, (z,t) € Ty,

i <
|dive (12 + I3)| < { KvY/2, elsewhere.

This implies
(@iva(L: + ). 9)ol < (KM + Komeas(T[)) elleo) < Kav' el (6:14)

Observe next that S is piecewise constant with the jump [S’] = 1 along I' and that
[T] = [T](t,n) with [T]n = 0. This yields

/Q[ (6 - 5©)Vpd(t,2) // Tl g dorydt

= [ aiva({en) (8 - 8 t.0) (e ) dlt. )
ar

(Ila V:JcSO)Q

S / div, ([2](t.)(S — S©)(t.2)) o(t.2)d(t.2).  (6.15)
I\’

In the last step we used that S—S*) = 0 outside of T'[¢], by (6.1). In the next computation
we employ that V, = n(t,1)0: + Vr,. In this computation we omit the arguments (¢, 7)
and (t,z) for simplicity in notation. We obtain

div, ([1)(5 = $®)) = (div,[T]) (5 = $)) + [T]Va (S — 5©)
= (div,[17) (S — 8¥) — [T]n 0eS™) — 1]V, S™)
= (div,[T]) (S — 8¥) - [1]Vp,S™. (6.16)

Here we used again that [T ]n = 0 and that S is pleceW1se constant. Since Vr, only

contains derivatives with respect to 7, we have [V, S| < K with a constant K inde-
pendent of v. Together with (6.1) it follows that the function on the right hand side of
(6.16) is bounded on I'[v], uniformly with respect to v. From (6.15) we thus conclude
that

(I, Vag)ol < Ky meas(T[)) 6llea) < Ko I¢le

Combination of this estimate with (6.13) and (6.14) yields the statement of the lemma.
The proof is complete.

Proof of (1.49). The inequality (1.49) follows immediately from (6.11) and from the
definition of the norm || - [|s3. This finishes the proof of Theorem 1.3.

7 The sharp interface model for interface diffusion driven
by a free energy with bulk terms.

Here we discuss the formulation of a general model for the evolution of a sharp interface
in a solid body separating material phases, for which the free energy consists of a sum of
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the interface energy and the bulk energy. If the interface energy is neglected, the model
reduces to the sharp interface model (1.3) — (1.7). We use the notations introduced in
Section 1.

The formulation is based on the second law of thermodynamics, which requires that
to the mechanical system formed by the solid body a free energy density ¥* and a flux
g must be associated such that during the evolution of the system the Clausius-Duhem
inequality

%1/)* +divy g <b-uy (7.1)

is satisfied. If the free energy and the flux are found, then as usual this inequality places
a restriction on the form of the constitutive equation, which in our case is the equation
for the normal speed of the interface. To find the free energy we first note the well known
fact that the total free energy associated to the system modeled by (1.1) is the interface
energy

U(t) =y /F(t) do. (7.2)

This means that the solid body is considered to be rigid; the always present elasticity
of the body, which contributes bulk terms to the total free energy, is neglected. If we
add the free energy associated to small elastic deformations we obtain for the total free
energy the expression

U(t) = /Q;(D(s(vzu(t,x))65’(75,:6))) (e(Vault,z)) —ES(t, x))dz+c1 /F(t) do. (7.3)

with a constant ¢; > 0.

To apply (7.1) we need the density (t) of this free energy. Yet, since W(t) contains
the integral over the interface I'(¢), a two-dimensional manifold in the three-dimensional
space of Lebesgue measure zero, W(t) cannot be written as an integral with respect to
the three dimensional Lebesgue measure over a density function. Therefore we must
generalize (7.1) to densities, which are measures. Below we show that this generalization
is naturally possible. For the density of W(¢) we thus take the measure

() = r(t, ) A+ er Hy [ T(2),

where A is the three dimensional Lebesgue measure, the density function ¢ : [0,00) xQ —
[0,00) is given by

P (t,x) = %(D(E(qu(t,x)) - ES(t,x))) (e(Vau(t,z)) —eS(t, 2)),

and Hy | T'(t) denotes the restriction of the two-dimensional Hausdorff measure on R? to
the surface I'(t). By definition we thus have for measurable subsets V' C R? that

(Ha [ T(5)(V) = Ha(D(E) N V) = / do(z).

r)nv

Here and in the following we assume that T'(¢) is sufficiently smooth such that the
Lebesgue surface measure o is defined on I'(¢). Since atoms diffuse along the inter-
face and transport energy, also the flux must have an interface part. For the flux we thus
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take the measure
q(t) = —(Tup) A
+ (015n —c(n-[Cn + 2¢16) Vr(n - [Cln + 2clm)> Ho | T(t), (7.4)
with a non-negative constant ¢ and with the normal velocity s = s(t,z) of I'(t) at € T'(¢)
in direction of the unit normal vector n(t,z). Note that —T'u;, which denotes the matrix
product, is the ordinary flux of the free energy used in elasticity theory.
To extend (7.1) to measures, we use that the measures ¢* and ¢ define distributions
on C§°((0,00) x 2, R) and on C5°((0, 00) x Q, R3), respectively, which we again denote by

¢* and g. The derivatives in (7.1) are then taken in the distributional sense. Precisely,
for ¢ € C§°((0,00) x Q,R) or ¢ € C§°((0,00) x Q,R3) we define

(", ) / / t)dy*(t)dt = / /¢1 (t,x)p(t, v)dx + ¢ /F(t) go(t,x)da(a:))dt,
(¢,0) = / / :/0 <—/Q(Tut)-g0(t)da:dt

/F(t) <c1sn —¢(n- [Cln + 2¢1x) V(n - [Cln + 201/{)) -t x)da(m))dt.

Theorem 7.1 Assume that (u,T,S) is a solution of the sharp interface problem

—div,T = b, (7.5)
T = D(e(Vau)—gs), (7.6)

s = —cAr(n-[Cln+2e1k), (7.7)

[u] = 0, (7.8)

[Tn = 0, (7.9)

where S(t, x) only takes the values 0 and 1 with a jump at T'(t), and the unit normal vector
n(t,r) € R® points into the region where S = 1. Then the Clausius-Duhem inequality
(7.1) holds in the distributional sense. This means that for all ¢ € C§°((0,00) %, [0, 00))
we have

(Vf +diveqg —b-u, ) = = (1, ¢01) — (¢, Vap) — (b-ug, ) <0.

For the proof we need two auxiliary results:

Lemma 7.2 If (u,T,S) satisfies the equations (7.5), (7.6), (7.8), (7.9), then in the sense
of distributions

(001 — diva(Tug) — b g, / / n)spdo(@)dt.  (7.10)

This lemma is proved in [1].

Lemma 7.3 Assume that T is a sufficiently smooth three-dimensional surface in (0,00) X
Q such that the normal velocity s(t,x) is different from zero at every x € I'(t). Then we
have for every ¢ € C§°((0,00) x Q) that

/000 /F(t) @i do(z)dt = /OOO /F(t) s (2Kp — 8871 ©) do(z)dt. (7.11)
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Proof: Let tg be a given time. If I' is sufficiently regular and if s is everywhere different
from zero we can choose § > 0 small enough such that for all times ¢; # ¢y with |t;—tg| < ¢
the subsets I'(1) and T'(t2) of R? are disjoint. This implies that to every x from the set

A:( U F(t)) CR3

|t—t0 ‘ <6

there is a unique ¢(z) such that x € I'(¢(x)). Therefore we can define a vector field
m: A — R3 by
m(x) = s(t(x), z) n(t(z), ).

For zy € T'(ty) let t — x(t,z9) be the integral curve of the vector field m such that
x(to,xo) = xg. then xg — x(t,x0) : T'(tp) — T'(t) is a parametrization of the surface I'(t)
and

x(t,x0) = s(t, z(t, z0)) n(t, z(t, x0)) (7.12)

is a normal vector to I'(t) at z(t,z¢). Moreover, there is a function w such that

/F(t)/ do(z) = /F(to),w(two) do(zo)

for every measurable subset T'(¢g)" of T'(¢g) and for the image I'(¢)" of T'(tp) under the
mapping zg — x(t, o). Since

d d
[ wltadateo) = 4 [ wltandot) = 5 [ doto)
L(to)’ L'(to)’ @)

and since it is well known that

d

A @) = - / 25(t, 2)w(t, 2)do (x)

= = [ sttt (bt o)t mo)da (zo),
L(to)
it follows that w; = —2skw. Now let ¢ € C§°((0,00) x A,R). Then
/ / prdodt = / / or(t, z(t, zp))w(t, zo)do(xg)dt
o Jrw 0 Jrt)
o0 d
= / / (< (. a(t,20)) = Vasp(t a(t,0)) - a2 )w(t, o) do (wo)dt
0 JI'(to)
= / / ( — o(t,x(t, x0))wi(t, z0) + (sn - ngp)w) do(zo)dt
0 JI'(to)
= /OO/ (2sKpw — s 9 pw) do(xo)dt
o Jru) on

oo 0
= 2skp — s — @) do(x)dt.
L, Come s g ot

To obtain the third equality we used (7.12). This proves the statement of the lemma.

39



Proof of Theorem 7.1. For z € I'(t) we have the decomposition
Vao(t,x) =n(t,z) (n(t, z) - Vep(t,z)) + Vi o(t, ).
Since n(t, x) is orthogonal to the vectors Vi and Vi we therefore obtain
(clsn —¢(n - [Cln + 2¢1k) Vr(n - [C]n + 2cm)> -V
=8 ggp —c(n-[Cln + 2¢18) Vr(n - [C]n + 2¢1k) - Vie.
Stokes’ theorem thus yields

/ (clsn —¢(n - [Cln + 2¢1) Vp(n - [Cln + 20m)) -Vypdo(x)
()

= /( ) c18 aango + cdivp ((n [CIn + 2¢18) Vi (n - [Cln + 201f£)>cpda(x).

We note the definition of the distributions ¢* and ¢ and combine the last equation with
(7.10) and (7.11) to obtain for ¢ € C§°((0, ), [0, 0))

— (", 01p) — (¢, V) — (b~ ug, )

. oo 0
= (Btwl —divy(Tug) — b - uy, cp) — / / c1 (8tg0 + s a—gp) do(z)dt
0 JI®) n

— /OO/ cdivr (n . [C’]n + 201/<&) VF(” : [C’]n + 261“))‘pd0($)dt

_ // (Cln + 261#) o do(x)dt

/ / c|vr(n ]n+20m)‘cpda(x)dt
/ / [Cln + 2e16) Ar(n - [Cln + 2¢1x) @ do(x)dt
- / / ‘vp n+201/<;‘<,0d0' 2)dt < 0. (7.13)

To get the last equality sign we inserted s = —cAp(n - [Cln + 2c1k) from (7.7). This
proves Theorem 7.1.

Remarks. Of course, if ¢; = 0 in (7.3), then the sharp interface problem (7.5) — (7.9)
reduces to (1.3) — (1.7). On the other hand, if the solid body is rigid, then no elastic
displacements occur. Hence, the bulk term in (7.3) vanishes and the free energy is reduced
o0 (7.2). The free energy density and the flux take the form

() =ciHa [ T(t), q(t) =cisn —c(2c1k) Vr(2c1k) Ha | T'(t).

The above considerations are still valid for this new free energy and flux with obvious
simplifications. It turns out that the Clausius-Duhem inequality is satisfied if the normal
velocity s satisfies the constitutive equation s = —cci Ark. This is (1.1).
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From (7.13) it seems that the constitutive equation for s must necessarily have the
form (7.7). This is not the case, however, since the flux ¢(¢) can be chosen in various
ways different from (7.4).

In [4] it is shown that also for the diffusive interface model (1.10) — (1.12) the Clausius-
Duhem inequality is satisfied if one chooses for the free energy * and the flux ¢ the
expressions

V(e 5,Va8) = (e, S) + | VaSP,

q(ug, St,€, Ve, S, ..., V35S)
= —Tuy —vSV,S — c(bsg — vALS)V, (s — vALS) |V S|,

with 1 given by (1.9). For more details we refer to [4].
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