Asymptotics of the solution
to Robin problem.

H.-D. Alber

(Mathematics Department, Darmstadt University of Technology, Germany)
alber@mathematik.tu-darmstadt.de

A. G. Ramm

(Mathematics Department, Kansas State University,

Manhattan, KS66506, USA
and TU Darmstadt, Germany)

ramm@math.ksu.edu

Abstract

Convergence of the solution to the exterior Robin problem to the so-
lution of the Dirichlet problem, as the impedance tends to infinity, is
proved. The rate of convergence is established. A method for deriving
higher order terms of the asymptotics of the solution is given.

MSC: 35J10, 35J15

Keywords: asymptotics, Robin problem, Dirichlet problem, impedance

1 Introduction

Consider the following problem:

Lu:=V?u=fin D', u(co)=0 (1)
uy —Cu=0onS, (2)

where D C R3 is a bounded domain with an infinitely smooth boundary S,
D' := R3* D, N is an outer unit normal to S, f € L3(D’), ¢ is a constant,
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Im(¢ # 0, or Im{ = 0 and then ¢ > 0, see lemma 2 in Appendix. It is known
that problem (1) - (2) has a solution, and the solution is unique under the
above assumptions. For convenience of the reader a short proof is given in
the Appendix. The problems we are studying in this paper are the following.
The smoothness of the boundary can be assumed finite. Then, the number
m in Theorem will not be arbitrary large: it depends on the smoothness of
the boundary.

1. Does u converge in some sense to the solution of the problem
Viv=finD, v=00nS; wv(x)=0, (3)
as |C] — o7
2. At what rate does u converge to v as |(| — co?

We assume throughout that || — oo means that (; := Re{ — 400, and
¢ :=Im( is bounded. It is a common belief that u := u; — v as [(| — oo.
We prove that this is correct and estimate the rate of convergence, namely,
we prove that this rate is O(| C\) We give a method for finding asymptotics
of u¢ as || — oo.

We also prove that these conclusions hold for the problem in which V? is
replaced by a more general elliptic operator of the second order.

Theorem 1. Under the above assumptions one has

=v+ O I¢] — oo, (4)

)

where v solves the Dirichlet problem (3) and O(%) s 47r|’c s where
co

z—s| ’
1U(s, Ol ams) < T for sufficiently large IC|, ¢m = const > 0, and m > 0 is
arbitrary large

Theorem 1 gives an exact description of the sense in which u, converges
to the solution v of the Dirichlet problem (3).

2 Proofs

Let



where g(z,y) = Then v = w + ¢, where

_ 1
drlz—y|

VZp=0in D', ¢(c0) =0, (goN—§g0)|S:—(wN—Cw)‘S. (5)

Let us look for ¢ of the form

o(z) = / g(z, 5)o(s)ds, (6)

where o is to be found from the boundary condition (5), ¢ solves equation
(5), and ¢ vanishes at infinity. The boundary condition (5) yields (see e.g.

3])

Ao —o
S (To=—h, h:=(wy—Cw)|, (7)
where the operators A and T' are defined as follows:
Ao =2 99(s,t) o(t)dt, To:= /g(s, t)o(t)dt. (8)
g ONg S

Let us write equation (7) as:

Ao —o I G =G
, Ti= o=

2 ¢ ¢[?
where (; = Re(, (o = Im(. Let us assume, for example, that (; > 0. If

(1 < 0, the argument is similar. As |(| — oo, |7| — 0 and 74 > 0. Let us
prove that

To=—-w+TwNy +7T =1 +in, (9)

o=-T"'w+0(), 7—0. (10)

The operator T is known to be an isomorphism between H* and H**', where
H' := H*(S) is the Sobolev space, and ¢ is an arbitrary real number if S is an
infinitely smooth manifold (see e.g. [3]). Moreover, T is a positive selfadjoint
compact operator in H® = L?(S). Indeed, the Fourier transform of ﬁ in R3

18 "
16T 4
/ =T
w l] €]

1 1 / e d
— = — e —.
Arlx]  (27)° Jpo €17

so it is positive,



Therefore, if ¢ € L?(S), then

T L e
/S/S:dsdtllﬂs_ﬂ _<87T>3/33@ @(5)’ >0 if p#0,

where the overbar stands for complex conjugate, and

P(6) = /Sgo(s)eig's ds = /RS e 5g(x)p(s)dr.

Here 0g(z) is the delta function supported on the surface S, and ¢(s) is the
density function on S, so the integral on the right is defined as the integral
on the left. In [2] one can find the formula:

L) 1

F(—%) |§|)\+n ’

/ |ZE|>\ ei§~m dr = 2>\+n 71_n/2

where ['(z) is the Gamma-function, and A # 2m, m = 0,1,2,..., A\4+n # —2p,
p=0,1,2,.... If \ = —1 and n = 3, one obtains |71\ = é% , i.e., the formula,
given above.

Let us denote by (p, q)¢ the inner product in H*, and

(p:q) = (P, )0 = (P, Dr2(s)-
Since T = T* > 0, there exists a unique square root 7'/? > 0, and
(To,0) = IT 0| = llo]21)2
since TY? . H' — H*'/2_ Similarly
(p:@)e = (T, T, Yo;  (To,0)e = T~ 205 = |loll7_y)e- (1)
Recall that T is surjective, as was stated below formula (10). Note that

[(p,@)o| < IIpllellall—e, p€ H', g€ H, (12)

so that the form (p,q)o extends to a pairing between H® and H~* for any
¢ € R, provided that S is infinitely smooth, which we assume for simplicity,
although S can be of finite smoothness, and then (12) holds for ¢ correspond-
ing to the smoothness of S. The operator To = |, N ﬂ@fg is an elliptic PDO
(pseudodifferential operator of order —1 in HY = L?(S) (see [5]).
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The Sobolev spaces H*, 0 < s < 1, can be defined as interpolation spaces,
intermediate between H® = L?(S) and H' = H'(S), by the formula H* =
D(T?), where D is the domain of definition of the positive-definite unbounded
selfadjoint operator T, D(T~1) = H(S), D(T~°) = H°(S) = L?*(9), (see,
e.g., [1]).

Recall that A : H® — H*! (see, e.g., [3]). The proof below uses an idea
from [4].

Equation (9) can be considered as a singular perturbation problem, be-
cause the small parameter 7 is in front of the ”senior derivative”. Indeed,
the identity operator is a ”senior derivative” compared with the operators T’
and A, which improve smoothness by one derivative.

Multiply (9) by o in the H® inner product and get:

(T, 0) = —(w, )¢ + T(wn, 0)e + g(Aa, 7)o — g(a, o)e. (13)

The functions w and wy belong to H* for any £ if S is infinitely smooth and
supp f C D'. Take the real part of (13) and use the fact that 7, > 0. Then,
(13) and (11) imply:

il
lolle_y < lwllessllolle—y + 17l lonllersliolle-y + 5 lAllers llolle-s

S0 0 := o, satisfies the inequality:

a
lolle—y < Nwllpy + Irllon g + Aol (14)

We have
lollesy + Irllonlleys <5 1Al < cloley. (15)

where ¢ > 0 stands for various constants independent of 7, |7] € (0,1). It
follows from (15) that

Jorlly <0<l <1, (16)

Let Tv = —w. If w € H™?, then wy € H™, v = ~Ttw € H™!,
and Av € H™2 so wy + % € Hmtt,
We want to prove that the estimate

o, =v+0(r|), 7—0, (17)
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holds in H™, provided that w € H™*"2,
Let 0, — v := 9, and write equation (9) as

T T
Assume that 7 > 0. If w € H™*2, then wy + % € H™ as we have
mentioned above. Applying the operator (7" + %)_1 to the above equation,
using the assumption wy + % € H™*! the boundedness of the norm
(T + %) Al|m < ¢, where the constant ¢ > 0 does not depend on 7, the
boundedness of 1, in H™, and the fact that T : H™ — H™*"! one obtains
estimate (17) for the remainder ||¢;||m = ||or — V||m.

The function ¢, is denoted (s, ¢) in Theorem 1. Since we have assumed
that supp f C D', the function w is infinitely smooth in a neighborhood of
the boundary S, so our data is in H™*! for any m > 0.

If S is assumed to be Lipschitz, rather than C'*°, then m = 0.

Since

U =w+ /Sg(x, s)o.(s)ds, T=— (18)

the relation (17) implies

uela) = w(a) + [ glo,s)w(s)ds +O(r). (19)

s iq

The function
vi=w(x)+ /Sg(:c,s)u(s)ds (20)

solves problem (3).
Indeed,

V2 =V2w=finD, wv(c)=0, (21)
U‘S:w(8)+TV:0. (22)

The last relation holds because Tv = —w. O

3 Generalizations

3.1 Suppose that the Laplace operator V2 in (1) is replaced by a general
selfadjoint second order elliptic differential expression L, and its fundamen-
tal solution G(z,y), LGy = —6(x — y) in R3, defines a positive selfadjoint
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operator Ty, in H® = H*(S),

Tro ::/GL(S,t)U(t)dt,

where Ty, : H® — H! is an isomorphism between H® and H**'. Then
the arguments, given in Section 2, remain valid, and the theorem, similar to
Theorem 1, holds.

If, for example

16 =Y 5t (a0)50) — )G,

where a;;(x) is a smooth, uniformly with respect to z € R? positive-definite
matrix, a;j(x) = a;;(c0) for |x| > R, where R > 0 is an arbitrary large fixed
number, ¢(z) is a smooth function, 0 < b < ¢(z), q(x) = q(o0) for |z| > R,
then |z — y|G(x,y) > 0 as |z —y| — 0, and

//Gst o(s)dsdz > 0

if ¢ # 0. To prove this, one may take a ball B, D D, B, := {x : |z| < a},
and define G, (x,y) as the unique solution to the problem

LG, = —6(x —y) in By, GQ‘@BQ =0
Then, by the maximum principle,
0<Galz,y) <G(z,y), ,y € Ba,
and

= Z ANy () 5 (y),

where \; are eigenvalues and 1; are orthonormal eigenfunctions of the Dirich-
let operator L in L*(B,), A; > 0. Thus

// (5, 8)(t) p(s)dsdt = Z)\ ‘/ oL

> 0.




Indeed, if [¢(t);(t)dt = 0 Vj, then
w(x) = / Gu(z,t)p(t)dt =0on S and Lw=01in D.
S

Since L is a positive-definite operator, it follows that w =0 in D, and w =0
in D'. Then ¢ = 0 by the jump formula for the conormal derivative of the
potential of the single layer.

One can also prove an analog of Theorem 1 for operators L, which is not
necessarily positive-definite. For example, if L = V?4k?, k = const > 0, and
Im ¢ < 0, then, by Lemma 3 in Appendix, problem (1) — (2) with L = V2 +k?
and the condition u(co) = 0 replaced by the radiation condition (A.6) has
at most one solution. This solution converges, as (; = Re( — 400, |(2] < ¢,
(o := Im(, to the solution of the Dirichlet problem in D’ for the operator
L = V? + k2%, satisfying the radiation condition at infinity.

If k2 is not a Dirichlet eigenvalue of the Laplacian in D, then the operator

eik|s—t\
Tro ::/— (t)dt

o
g 4mls —t|

is an isomorphism of H* onto H**!, so that the equation
Trv=—w,

similar to (19), is uniquely solvable in H for any w € H**! and our proof of
Theorem 1 remains valid.

If the diameter of D is sufficiently small, then k2 is not a Dirichlet eigen-
value of the operator L in D. This case is discussed in [4], where the wave
scattering by many small bodies was studied and the impedance boundary
conditions were assumed at the boundaries of the small bodies.

However, the assumption that k? is not a Dirichlet eigenvalue of L in D
is not necessary for the validity of a Theorem similar to Theorem 1. If k?
is a Dirichlet eigenvalue of L in D, then the following change in the proof
is needed: in place of % one uses the kernel g(x,y, k), which solves the
equation (A + k?)g = —d6(x — y) in R3\B,, where p > 0 is a small number,
B, ={x: |z| < p} C D, g satisfies the radiation condition, g‘aB,, =0, and
k? is not a Dirichlet eigenvalue of the operator L = V? + k? in D\B,. Such
a method was used in [3].



Let us explain what change in our proof should be made in the case

6z'l<:|s—t|
Tro = / —— o(t)dt.

S 47T|3 — t|

In this case the operator 77, is non-selfajoint and not positive. The key points
are:

1) The operator T, = T + B, where To := fs 4ir(|i)ijil ,s0 T =1T" is a
positive operator,

and

2) The operator Bo := [ i o(t)dt is a smoothing operator, such
that T~ B is compact in H° = L?(S) and I +7~'B is a boundedly invertible
operator (i.e., its inverse is a bounded operator in H") because this operator
is of Fredholm type and its null-space is trivial.

To prove the last statement assume that (I+T7'B)o = 0. Then Tro = 0.

This implies that s(z) == [ 4ZW . t)dt =0 in D', and s(z) = 0 in D if

w|z— t|

ikls—t| _q

k% is not a Dlrlchlet elgenvalue of the Laplacian in D. Thus, ¢ = 0 by
the jump relation for the normal derivatives of the single-layer potential
s(x). If k? is a Dirichlet eigenvalue of the Laplacian in D, then, as has
been already explained above, we replace - ‘ by Green’s functlon of the
Dirichlet Laplacian in R*\B,, where a ball B, of radius p belongs to D and
k? is not a Dirichlet eigenvalue of the Dirichlet Laplacian in D\B,. Such a
ball alway exists (see [3]).
The equation, analogous to (9), is
Ao o
Tpo=—-—w+TWN+T— —T=
2 27
where Tr, = T+ B, T = T* > 0, B is a smoothing operator, "' B is compact
in H*, and the operator I + T~ !B is boundedly invertible in H° = L?(S).
Using the argument, given in Section 2, one writes

Tyo =TI+ T 'B)o,

denotes
(I+T'B)o:=n,

and get, as in (13) — (16) an estimate, analogous to (16) by taking into
account that
o= I+ K)n,
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where (I + T7'B)™! = I + K, K is a compact smoothing operator in H*.
We also use the following estimate:

T
—=

T T | 7]
—ReZ(a.n)e = —Re 2.~ 2(Knn)e < DKl Il < erlnl

Here we have used the estimate

K172 < clnlle=1y2

which holds because K is a smoothing operator. The rest of the argument is
similar to the one given in the proof of the estimate (16).

3.2 The method of the proof, given in Section 2, allows one to find asymp-
totics of o, as 7 — 0 provided that w and wy are smooth.

4 An alternative approach to the derivation
of the asymptotics

Let us write the boundary condition (2) as

1
u=Tuy, T=-==Tm+1im, 7 >0. (23)

¢
Denote by u, the unique solution to problems (1), (23) and let

o [ (2@ + ) + u()?) dr
Jul = | s ,

b>1, (24)

where 0 stands for all first-order derivatives, so that ||u|| is a weighted
H?(D') Sobolev norm. Let us prove that

limsup |Ju,|| < ¢, ¢=const>0. (25)

T—

If (25) is false, then there is a sequence 7, — 0 such that ||u,, || — oo. Let
wy, := —2- . Then ||w,| = 1. Thus

B [

f

[,

w, — w, |\v2wnqu

H2 (D)
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where w,, — w denotes weak convergence. Therefore,
(D)

Own _ 0w
ON ON

Viw=0inD', w, — w,
H2 (D)

loc

+ lwn — wliz2s) — 0,
£2(8) n—00

where N = Ny is the unit normal to S at the point s € S, pointing into
D', and we have used the embedding theorem for the Sobolev space. This w
solves the problem:

Aw =0 in D', wl, =0, w(oo) = 0. (26)

The last relation in (26) can be proved by passing to the limit in the formula

wy(s) = /|:c|—R [wﬂ(s)% —g(z,s) %j\gj)] ds, (27)

where R > 0 is sufficiently large, so that
supp f C Bg ={z: |z| < R}.

As n — oo in (27), one gets

dg(x, s) / 3
w(x) = /m:R [w(s) N, wy, (s)g(z, s)] ds, x € By = R’\Bg. (28)

From this formula the last relation in (26) follows immediately.
The only solution to (26) is

w = 0. (29)
We now derive a contradiction by showing that
[w]] = 1. (30)

This contradiction will prove (25).
Since ||w,|| =1 and w = 0, equation (30) holds if

lim ||w, —w|| =0, (31)
where the norm is defined in (24).
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From the formulas (27) and (28) it follows that

T [ = w2, 2y =0 (32)

for R sufficiently large, such that supp f C Bg.
In the region Bg\D one has

wy(z) = /SR [g(x, s) 81{;7;\([8) — wy(s) agggf\’fs)}ds
— /s [g(:c, s) 8?}\(78) — wy(s) 898(?’[8)]% (33)

+/ g(x,y) fuly)dy, =€ BR\D, Sr={x: |z|=R}.
Br\D

Since S and Sg are smooth, the surface integrals converge in Hg,,
function

/SR [g(m,s) aguji}s) —w(s) 896(']%\’[8)](18—/& [g(x,s) aguji}s) —w(s) agfgf\}s)]ds.
(34)

This is the function w(z), as follows by Green’s formula. The integral over
Br\D in (33) is a fixed function

(D) to the

/B 9y € B (D)

divided by a number ||w,||, and lim,, . ||w,|| = co. Thus, this integral con-
verges to zero in H?(Bg\D, m) Therefore the relation (32) is verified,
and one gets a contradiction

1= Tim ]| = ] =0, (33)

which proves inequality (25).

If (25) holds, then u, converges weakly in the norm (24) to an element
v, while Au, = f does not depend on 7, ||Au; — f|;2(py = 0. This implies
strong convergence of u, to v in the norm (24). Passing to the limit in (23)
as 7 — 0, one gets for the limit v problem (3). Let us estimate the rate of
convergence.
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Let u, — v := z,. Then
Az, =0in D', z =7(u;ny —vn), 2-(00)=0. (36)

From (36) and either the integral representation for z, or from the a priori
estimate of the solution to (36), one gets the following estimate:

1
i)

This is an estimate of the type (4), but less precise than the one obtained in
Theorem 1.

HZTHL2(D/’(1+\lac|)b) Ser= O( <37>

Appendix
Lemma 1. Problem (1) — (2) has at most one solution if Im ¢ # 0.

Proof. Let w solve the homogeneous problems (1) — (2). We want to prove
that w = 0. Multiply equation (1) (with f = 0) by w, integrate over D' N
Bpr := D%, Bg :={z: |z| < R}, assuming that the origin belongs to D, and
then integrate by parts to get:

0
0:—/ |Vw|2dx—</|w|2d8+/ mwrdS’ W,y :_w (A]_)
DY, S Sk or
Taking the imaginary part and using the relations

1 1
”LU’ = O(m)> |wr‘ = O(W) as ’1“ — 00,

/ lw]*ds = 0.
s

Thus w = 0 on S, and the boundary condition (2) implies wy = 0 on S.
Thus, w = 0 in D’ by the uniqueness of the solution to the Cauchy problem
for the Laplace equation. Lemma 1 is proved. O]

one concludes that

Lemma 2. [fIm( = 0 and ( > 0, then problem (1) — (2) has at most one
solution
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Proof. We argue as before, take the real part of (A.1), and use the relation

lim ww,ds = 0. (A.2)
R—o0 Sp
The result is
0= \Vw]Zd:U—i-C/ lw|* ds. (A.3)
D S

If ¢ =0, then (A.3) and the condition w(cc) = 0 imply that w = 0 in D’. If
¢ >0, then (A.3) implies w = 0 in D’. Lemma 2 is proved. O

Lemma 3. Let

(V24 EHu = f in D', felL3D), k=const >0, (A.4)
uy —Cu =20 on S, (A.5)
ou 1
e iku = 0(;), r— 00. (A.6)

Assume that Im ¢ < 0. Then problem (A.4) — (A.6) has at most one solution.

A proof of Lemma 3 can be found in [3] and in [4].

References

[1] Dautray, R., Lions, J., Mathematical analysis and numerical methods
in science and technology, Vol. 3, Springer Verlag, New York, 1990.

[2] Gel'fand, I., Shilov, G., Generalized functions, Acad. Press, New York,
1964.

[3] A.G. Ramm, Scattering by obstacles, D.Reidel, Dordrecht, 1986.

[4] Ramm, A.G., Many-body wave scattering by small bodies and applica-
tions, J. Math. Phys., 48, 10, (2007), 103511.

[5] Treves, F., Introduction to pseudodifferential and Fourier integral oper-
ators, vol. I, II. Plenum Press, New York, 1980.

14



