The Instationary Stokes Equations in Weighted Bessel-Potential Spaces

Katrin Schumacher^∗

We investigate the solvability of the instationary Stokes equations with fully inhomogeneous data in L^r(0, T ; H^{β,q}_w (Ω)), where H^{β,q}_w (Ω) is a Bessel- Potential space with a Muckenhoupt weight w. Depending on the order of this Bessel-Potential space we are dealing with strong solutions or with very weak solutions. Whereas in the context of lowest regularity one obtains solvability with respect to inhomogeneous data by dualization, this is more delicate in the case of higher regularity, where one has to introduce some additional time regularity. As a preparation, we introduce a generalization of the Stokes operator that is appropriate to the context of very weak solutions in weighted Bessel-Potential spaces.

Key Words and Phrases: Instationary Stokes equations, Muckenhoupt weights, very weak solutions, Bessel Potential spaces, nonhomgeneous data 2000 Mathematics Subject Classification Numbers: Primary: 35Q30; Secondary: 35D05.

1 Introduction

We consider the instationary Stokes equations with fully inhomogeneous data on some time interval [0, T ), 0 < T ≤ ∞, and in a bounded domain Ω ⊂ R^n of class C^{1,1},

∂_tu − Δu + ∇p = F in (0, T ) × Ω, div u = K in (0, T ) × Ω, u = g on (0, T ) × ∂Ω, u(0) = u_0 in Ω.

(1.1)

It is our aim to find a class of solutions to (1.1) in L^r(0, T ; H^{β,q}(Ω)) where H^{β,q}(Ω) is a Bessel-potential space for β ∈ [0, 2]. This means we develop a solution theory that includes strong solutions in the case β = 2 and weak solutions in the case β = 1. However, if β = 0, it is also possible that the solutions are only contained in L^r(0, T ; L^q(Ω)), i.e., they do not possess any weak derivatives. Consequently the notion of weak solutions

∗Department of Mathematics, Technische Universität Darmstadt, Schlossgartenstraße 7, 64289 Darmstadt, Germany, e-mail: schumacher@mathematik.tu-darmstadt.de

is no longer suitable in this context. Thus one introduces the more general notion of very weak solutions. To arrive there one multiplies the first equation in (1.1) with a test function ϕ, solenoidal in space and vanishing on the boundary and at time T , then formal integration by parts yields −⟨u, ∂_tϕ⟩_{Ω,T} − ⟨u, Δϕ⟩_{Ω,T} = ⟨F, ϕ⟩_{Ω,T} − ⟨g, N · ∇ϕ⟩_{∂Ω,T} . (1.2) Applying the same method to the second equation with a sufficiently smooth test function ψ we obtain −⟨u(t), ∇ψ⟩ = ⟨K(t), ψ⟩ − ⟨g(t), N · ψ⟩_{∂Ω} (1.3) for almost every t. The equations (1.2) and (1.3) can be used for the definition of very weak solutions. A similar formulation has been introduced by Amann in [3] in the case of the Navier-Stokes equations. In this article as well as by Farwig, Galdi and Sohr in [8], [9] and by Farwig, Kozono and Sohr [10] solvability with low-regularity data has been shown.

We investigate this problem in function spaces weighted in the space variable. More precisely, we consider Lebesgue-, Sobolev- and Bessel potential spaces with respect to the measure w dx, where w is a weight function contained in the Muckenhoupt class A_q, cf., (2.1) below.

Classical tools for the treatment of partial differential equations extend to function spaces with Muckenhoupt weights. As important examples we mention the continuity of the maximal operator and the multiplier theorems that can be found in the books of García-Cuerva and Rubio de Francia [18] and Stein [25]; extension theorems of functions on a domain to functions on R^n have been shown by Chua [5], extension theorems of functions on the boundary to functions on the domain by Fröhlich [15], see also [20].

These tools were the base to treat the solvability of the Stokes and Navier-Stokes equations in weighted function spaces by Farwig and Sohr in [11] and by Fröhlich in [13], [14], [15]. Using particular weight functions this theory may be used for a better dscription of the solution, e.g. close to the boundary or in the neighborhood of a point. However the mathematical significance of Muckenhoupt weights is given by the Extrapolation Theorem [18, IV Lemma 5.18]. An even more powerful extrapolation theorem by Curbera, García-Cuerva, Martell and Pérez [7] guarantees estimates in very general Banach function spaces provided that the estimates in weighted function spaces are known for all weights from the Muckenhoupt class A_q. Moreover, this property may be used to derive the R-boundedness of families of operators from their uniform boundedness in weighted function spaces. This fact was used by Fröhlich [14] to give a new proof of the maximal regularity of the Stokes operator in L^q; in this paper this is the crucial method in Section 4.3.

The outline of this paper is as follows. In Section 3 we introduce a generalization of the Stokes operator that is appropriate to the context of very weak solutions in weighted Bessel-Potential spaces. As in the classical case this generalized Stokes operator generates an analytic semigroup and has maximal regularity.

The crucial method in Section 4.1 is dualization. Based on the existence and uniqueness of strong solutions in [14] we obtain the solvability in the lowest regularity context treated in the paper where the solutions are merely contained in L^r(0, T ; L^q_w(Ω)). This dualization procedure automatically yields solutions with respect to inhomogeneous boundary values and divergences as shown in Theorem 4.3. The boundary conditions are included implicitly in the inhomogeneous force and divergence, since they may contain a part that is concentrated on the boundary.

In the Sections 4.3 and 4.4 we are looking for solutions with respect to higher regularity. In this case, the inhomogeneous boundary condition and divergence complicates the situation strongly. In particular, one needs some additional time-regularity depending on the order of the Bessel potential space we are working in and a more complex theory is required. The component of the boundary condition that is tangential to the boundary is treated by means of an operator-valued Fourier Multiplier Theorem by Weis [29]. We obtain the solution to an inhomogeneous force by interpolation between the very weak and the strong solution. The initial condition is represented by the semigroup generated by the generalized Stokes operator. The divergence and the normal part of the boundary condition can be realized by a gradient. If we put all these parts together we can prove our main result Theorem 4.17.

2 Preliminaries

2.1 Weighted Function Spaces

Let A_q, 1 < q < ∞, the set of Muckenhoupt weights, be given by all 0 ≤ w ∈ L^1_{loc}(R^n) for which

A_q(w) := sup_Q ( 1 |Q| ∫ Q w dx ) ( 1 |Q| ∫ Q w^{− 1q−1} dx )_{q−1} < ∞. (2.1)

The supremum is taken over all cubes Q in R^n. To avoid trivial cases, we exclude the case where w vanishes almost everywhere.

A constant C = C(w) is called A_q-consistent if for every c_0 > 0 it can be chosen uniformly for all w ∈ A_q with A_q(w) < c_0. The A_q-consistence is of great importance since it is needed for the application of the Extrapolation Theorem [18, IV Lemma 5.18]. In particular this is used when showing the continuity of operator-valued Fourier multipliers and the maximal regularity of an operator; see e.g. [15] for details and applications, in this paper we make use of this method in Section 4.3.

Let k ∈ N_0, q ∈ (1, ∞), w ∈ A_q and let Ω ⊂ R^n be a Lipschitz domain. Then we define the following weighted versions of Lebesgue and Sobolev spaces.

• L^q_w(Ω) := { f ∈ L^1_{loc}(Ω) | ‖f‖_{q,w} := (∫ Ω |f|^qw dx ) 1_q < ∞ } . It is an easy consequence of the corresponding result in the unweighted case that

(L^q_w(Ω))^′ = L^{q′}_w′ (Ω) with 1 q + 1 q^′ = 1 and w^′ = w^{− 1q−1} ∈ A_q′ . (2.2)

• Set W^{k,q}_w (Ω) = { u ∈ L^q_w(Ω) | | ‖u‖_{k,q,w} := ∑_{|α|≤k} ‖D_αu‖_{q,w} < ∞}. • By C^∞_0 (Ω) we denote the set of all smooth and compactly supported functions, the space C^∞_{0,σ}(Ω) consists of all functions that are in addition divergence free.

• Moreover we set W^{k,q}_{w,0}(Ω) = C^∞_0 (Ω)^{‖·‖k,q,w} . The dual space of it is denoted by W^{−k,q}_w (Ω) := (W^{k,q′}_w′_{,0}(Ω))^′. We also consider the divergence-free versions W^{k,q}_{w,0,σ}(Ω) := {ϕ ∈ W^{k,q}_{w,0}(Ω) | div ϕ = 0} and L^q_{w,σ}(Ω) = C^∞_{0,σ}(Ω)^L q w (Ω) . • Using this for k > 0 we set W^{−k,q}_{w,0} (Ω) = C^∞_0 (Ω)^{‖·‖W −k,qw (Rn)} .

• Moreover, we consider the spaces of boundary values T^{k,q}_w (∂Ω) := (W^{k,q}_w (Ω))|_{∂Ω}, equipped with the norm ‖ · ‖_T k,q_w = ‖ · ‖_T k,q_{w (∂Ω)} of the factor space and finally T^{0,q}_w (∂Ω) := (T^{1,q′}_w′ (∂Ω))^′.

By [13], [15] and [5] the spaces L^q_w(Ω), W^{k,q}_w (Ω), W^{k,q}_{w,0}(Ω) and T^{k,q}_w (∂Ω) are reflexive Banach spaces in which C^∞_0 (Ω), (C^∞_0 (Ω), C^∞(Ω)|_{∂Ω}, respectively) are dense. Theorem 2.1. (Hörmander-Michlin Multiplier Theorem with Weights) Let m ∈ C^n(R^n \ {0}) fulfill the property |∂^αm(ξ)| ≤ K|ξ|^{−|α|}, for every ξ ∈ R^n \ {0}, |α| = 0, 1, ..., n, for some constant K > 0. Then T defined by ^T f = mf̂ for f ∈ S(R^n, R)

extends to a continuous operator on L^q_w(Ω) for every q ∈ (1, ∞) and w ∈ A_q.

More precisely there exists an A_q-consistent c such that ‖T f‖_{q,w} ≤ c‖f‖_{q,w} for every f ∈ L^q_w(Ω).

Proof. This is an immediate consequence of [18], Theorem 3.9. The same proof can be used to show the A_q-consistence of the continuity constant.

2.2 Weighted Bessel-Potential Spaces

For ξ ∈ R^n we set ⟨ξ⟩ := (1 + |ξ|^2)^12 . On the space S^′(R^n; R) of temperate distributions we define for all β ∈ R the operator

Λ^βf = F^{−1}⟨ξ⟩^βFf, f ∈ S^′(R^n; R),

where F stands for the Fourier transformation on S^′(R^n; R). Then for 1 < q < ∞, w ∈ A_q and β ∈ R the weighted Bessel potential space is given by

H^{β,q}_w (R^n) = { f ∈ S^′(R^n; R) | ‖f‖_Hβ,q_{w (Rn)} := ‖Λ^βf‖_{q,w,R}n < ∞ } . Theorem 2.2. If 1 < q < ∞, w ∈ A_q, l, k ∈ Z and l < β < k then one has for the complex interpolation spaces [ H^{l,q}_w (R^n), H^{k,q}_w (R^n) ] θ = H^{β,q}_w (R^n),

where θ =^{β−l}_{k−l} . The norms are equivalent with A_q-consistent equivalence constants.

Proof. This can be proven analogously to [26, Proposition 13.6.2]. For the weighted version in the case l = 0 and k ∈ N see also [13, Satz 8.3]. The proof given there can be repeated to obtain the more general assertion of this theorem. It is based on the boundedness of the purely imaginary powers Λ^{iy} in L^q_w(R^n) which is a consequence of the weighted Multiplier Theorem 2.1. Thus rereading the proof one also obtains the A_q-consistence of the constants.

Corollary 2.3. For q ∈ (1, ∞) and w ∈ A_q one has W^{1,q}_w (R^n) = H^{1,q}_w (R^n). If in addition β ∈ [0, 1] then

Λ^β : [L^q_w(R^n), W^{1,q}_w (R^n)]_β → L^q_w(R^n)

is continuous. The equivalence and continuity constants are A_q-consistent.

Proof. W^{1,q}_w (R^n) = H^{1,q}_w (R^n) follows from the Multiplier Theorem 2.1. In praticular the equivalence constants are A_q-consistent. Thus

‖Λ^βu‖_L^q_{w (R}n_) = ‖u‖_Hβ,q_{w (Rn)} ≤ c‖u‖_{[L}q_{w(R}n_{),H}1,q_{w (R}n_{)]β} ≤ c‖u‖_{[L}q_{w(R}n_{),W} 1,q_{w (R}n_{)]β} ,

where c > 0 is A_q-consistent.

We call a domain Ω an extension domain if for every k ∈ N and q ∈ (1, ∞) there exists an extension operator

E : W^{j,q}_w (Ω) → W^{j,q}_w (R^n)

that is continuous for j = 0, ..., k. By [5] in particular bounded Lipschitz domains are extension domains.

For an extension domain Ω we define the weighted Bessel potential space on Ω by

H^{β,q}_w (Ω) = { g|_Ω | g ∈ H^{β,q}_w (R^n) }

equipped with the norm ‖u‖_Hβ,q_{w (Ω)} := inf { ‖U‖_Hβ,q_{w (Rn)} | U ∈ H^{β,q}_w (R^n), U|_Ω = u } . Note that if β < 0 then the restriction g|_Ω has to be understood in the sense of distributions as g|_C∞_{0 (Ω)}.

Moreover, we set H^{β,q}_{w,0}(Ω) = (C^∞_0 (Ω))^H β,q w (R^n)

for β ∈ R, equipped with the norm ‖ · ‖_{β,q,w,0,Ω} := ‖E_0(·)‖_{β,q,w,R}n , where E_0 denotes the extension of a function by 0 to the whole space R^n. The space H^{β,q}_{w,0}(Ω) is a reflexive Banach space and it is easy to verify (see e.g. [23]) that H^{β,q}_w (Ω) = (H^{−β,q′}_w′_{,0} (Ω))^′ for every β ∈ R.

Theorem 2.4. Let Ω be an extension domain, 1 < q < ∞, w ∈ A_q.

1. For k ∈ N_0 one has H^{k,q}_w (Ω) = W^{k,q}_w (Ω) and H^{k,q}_{w,0}(Ω) = W^{k,q}_{w,0}(Ω) with equivalent norms.

2. For k ∈ N, 0 < β < k one has H^{β,q}_w (Ω) = [L^q_w(Ω), W^{k,q}_w (Ω)] β_k .

Proof. [16]

For spaces of boundary values we consider the spaces

T^{β,q}_w (Ω) := { H^{β,q}_w (Ω) for β ∈ [1, 2] [T^{0,q}_w (Ω), T^{1,q}_w (Ω)]_β for β ∈ [0, 1).

As spaces for our solutions we need spaces of functions that vanish on the boundary. Thus for an extension domain Ω ⊂ R^n, 1 < q < ∞, w ∈ A_q we set Y^{2,q}_w (Ω) := {u ∈ W^{2,q}_w (Ω) | u|_{∂Ω} = 0}. For 0 ≤ β ≤ 2 we define the space

Y^{β,q}_w (Ω) :=

Y^{2,q}w (Ω)^H β,q w (R^n)

, if 0 ≤ β ≤ 1 equipped with ‖ · ‖_Hβ,q_{w (Rn)},

Y^{2,q}w (Ω)^H β,q w (Ω)

, if 1 < β ≤ 2 equipped with ‖ · ‖_Hβ,q_{w (Ω)},

where in the case 0 ≤ β ≤ 1 the functions of Y^{2,q}_w (Ω) are assumed to be extended by 0 to functions defined on the whole space R^n. This is possible, since C^∞_0 (Ω) is dense in W^{1,q}_{w,0}(Ω) ⊃ Y^{2,q}_w (Ω) and W^{1,q}_{w,0}(Ω) → W^{1,q}_w (R^n) → H^{β,q}_w (R^n). We also consider the dual spaces Y^{−β,q}_w (Ω) := (Y^{β,q′}_w′ (Ω))^′.

We define the divergence free version of Y^{β,q}_w (Ω) by Y^{β,q}_{w,σ} (Ω) := { u ∈ Y^{β,q}_w (Ω) | ⟨u, ∇ϕ⟩ = 0 for every ϕ ∈ C^∞(Ω) } . By Theorem 2.5 and (3.2) below one has Y^{1,q}_{w,σ}(Ω) = W^{1,q}_{w,0,σ}(Ω) and Y^{0,q}_{w,σ}(Ω) = L^q_{w,σ}(Ω).

We also consider the dual spaces Y^{−β,q}_{w,σ} (Ω) := ( Y^{β,q′}_w′_{,σ} (Ω) )_′ . By the Hahn-Banach theorem the space Y^{−β,q}_{w,σ} (Ω) is the restriction of all elements of Y^{−β,q}_w (Ω) to Y^{β,q′}_w′_{,σ} (Ω).

See [23] for further properties and discussions about these spaces. In particular there have been proved the following interpolation properties.

Theorem 2.5. If Ω is a bounded C^{1,1}-domain then one has [ L^q_w(Ω), Y^{2,q}_w (Ω) ] θ = Y^{β,q}_w (Ω), θ = β 2 , 0 ≤ β ≤ 2 with equivalent norms.

Now we prove two technical Lemmas that are needed in Section 4.3.

Lemma 2.6. Let Ω be a bounded C^{1,1}-domain. Then the norm in W^{1,q}_w (Ω) is equivalent to the one in [L^q_w(Ω), W^{2,q}_w (Ω)] 1_2 with an equivalence constant depending A_q-consistently on w.

Proof. We start defining an extension operator E_Rn_+ by

E_Rn_+ u(x) = { u(x) for x_n > 0 ∑_3

j=1 λ_j u(x^′, −jx_n) for x_n < 0,

where λ_j, j = 1, ..., 3 is chosen such that

∑_3 j=1 λ_j (−j)^l = 1 for l = 0, ..., 3. Then one shows as in the unweighed case [1] that

E_Rn_+ : W^{k,q}_w (R^n_+) → W^{k,q}_{w̃} (R^n), k = 0, 1, 2, is continuous where w̃ is given by

w̃ = { w(x^′, x_n) if x_n > 0 min_{j=1,...,3} w(x^′, −jx_n) if x_n < 0. The continuity constant of E_Rn_+ and A_q(w̃) depend A_q-consistently on w.

Take an open covering (U_j )^m_{j=1} of Ω, a collection of charts (α_j)^m_{j=1}, α_j : V_j → U_j, and a partition of unity (ϕ_j)^m_{j=1} subordinate to the covering (U_j)_j . Assume that each α_j is extended to a C^{1,1}-diffeomorphism on R^n. Moreover, let E_Rn_{+,j} : W^{2,q}_{w∘αj} (R^n_+) → W^{2,q}_~ w∘α_j (R n) be the extension operator defined above. We define the mapping P : m∏ j=1 W^{2,q}_{~w∘αj} (R^n) → W^{2,q}_w (Ω),

(u_1, ..., u_m) → m∑ j=1 ψ_j R_Ω(u_j ∘ α^{−1}_j ),

where ψ_j ∈ C^∞_0 (U_j) with ψ_j ≡ 1 on supp ϕ_j and R_Ω denotes the restriction of functions defined on R^n to Ω. Note that ~ w ∘ α_j ∘ α^{−1}_j = w on U_j ∩ Ω ⊃ supp ψ_j . Set

I : W^{2,q}_w (Ω) → m∏ j=1 W^{2,q}_{~w∘αj} (R^n) u → ( E_Rn_{+,1}((ϕ_1u) ∘ α_1), ..., E_Rn_{+,m}((ϕ_mu) ∘ α_m) ) . Since multiplication and concatenation with sufficiently smooth functions is continuous between weighted Sobolev spaces, P and I are continuous with A_q-consistent continuity constants also if they are considered as operators P : m∏ j=1 L^q_{~w∘αj} (R^n) → L^q_w(Ω) and I : L^q_w(Ω) → m∏ j=1 L^q_{~w∘αj} (R^n). Moreover, for u ∈ L^q_w(Ω) one has P Iu = m∑ j=1 ψ_j R_Ω(E_Rn_{+,j}((ϕ_ju) ∘ α_j) ∘ α^{−1}_j ) = m∑ j=1 ψ_j ϕ_ju = u. Thus, the retraction principle of interpolation [4] together with the assertion for Ω = R^n in Crollary 2.3 yields

[L^q_w(Ω), W^{2,q}_w (Ω)] 1_2 = P [_m ∏ j=1 L^q_{~w∘αj} (R^n), m∏ j=1 W^{2,q}_{~w∘αj} (R^n) ] 1 2 = P (_m ∏ j=1 W^{1,q}_{~w∘αj} (R^n) ) = W^{1,q}_w (Ω).

The constants are A_q consistent since so are the constants of P and I.

Lemma 2.7. Let Ω = R^n or a bounded C^{1,1}-domain and let β ∈ [1, 2]. Then for every u ∈ H^{β,q}_w (Ω) one has the estimate ‖u‖_Hβ,q_{w (Ω)} ≤ c ( ‖u‖_Hβ−1,q_{w (Ω)} + ‖∇u‖_Hβ−1,q_{w (Ω)} ) , where c = c(β, q, w, Ω). Proof. In R^n the inequality follows from the Multiplier Theorem 2.1.

Let E_Rn_+ : W^{k,q}_w (R^n_+) → W^{k,q}_{w̃} (R^n), k = 0, 1, 2 be the operator constructed in the proof of Lemma 2.6. Analogously, one shows for R^n-valued functions that the extension operator

Ẽ_{Rn+} : v(x) = (v^′, v_n)(x^′, x_n) → v(x^′, x_n) on R^n_+ ( E_Rn_+ (v^′)(x^′, x_n) ∑_3 j=1 λ_j (−j)v_n(x^′, −jx_n) ) on R^n_−

is continuous as an operator Ẽ_Rn_+ : W^{k,q}_w (R^n_+) → W^{k,q}_{w̃} (R^n), k = 0, 1. Interpolation shows that Ẽ_{Rn+} : H^{β−1,q}_{w̃} (R^n_+) → H^{β−1,q}_{w̃} (R^n),

and by construction one has ∇E_Rn_+ = Ẽ_Rn_+ ∇.

To prove the result for a bounded domain Ω let (α_j)^m_{j=1} be a collection of charts and (ψ_j )^m_{j=1} a decomposition of unity subordinate to the corresponding covering of Ω. Then we can calculate using the retraction principle of interpolation ‖u‖_{[W} 1,q_{w (Ω),W} 2,q_{w (Ω)]β−1} ≤ c m∑ j=1 ‖ψ_j u‖_Hβ,q_{w (Ω)} ≤ c m∑ j=1 ‖ψ_j u‖_Hβ,q_{w (Hαj )}

≤ c m∑ j=1 ‖(ψ_j u) ∘ α_j‖_Hβ,q_{w∘αj (R}n_{+)} ≤ c m∑ j=1 ‖E_Rn_+ ((ψ_ju) ∘ α_j )‖_Hβ,q_{~w∘αj (Rn)}, where by H_{αj} we denote the bent half spaces with boundary α_j(R^{n−1} × {0}). Using the result in the whole space case and ~ w ∘ α_j = w on supp ψ_j ∩ Ω we obtain ‖u‖_Hβ,q_{w (Ω)} ≤ c‖u‖_{[W} 1,q_{w (Ω),W} 2,q_{w (Ω)]β−1} ≤ c m∑ j=1 ( ‖E_Rn_+ ((ψ_j u) ∘ α_j)‖_Hβ−1,q_{~w∘αj (Rn)} + ‖∇E_Rn_+ ((ψ_ju) ∘ α_j)‖_Hβ−1,q_{~w∘αj (Rn)} )

≤ c m∑ j=1 ( ‖E_Rn_+ ((ψ_j u) ∘ α_j)‖_Hβ−1,q_{~w∘αj (Rn)} + ‖Ẽ_Rn_+ ∇((ψ_ju) ∘ α_j)‖_Hβ−1,q_{~w∘αj (Rn)} )

≤ c(‖u‖_Hβ−1,q_{w (Ω)} + ‖∇u‖_Hβ−1,q_{w (Ω)}). This is the asserted estimate.

Lemma 2.8. Let −1 ≤ β ≤ 1. Let p ∈ (C^∞_0 (Ω))^′ with ∇p ∈ H^{β−1,q}_w (Ω). Then p ∈ H^{β,q}_w (Ω) and there exists a constant c = c(Ω, q, w) such that ‖p‖_Hβ,q_{w /const.} ≤ c‖∇p‖_Hβ−1,q_w . Proof. [23]

2.3 The Stationary Stokes Equations in Bessel-Potential Spaces

Definition 2.9. Let f ∈ Y^{−2,q}_w (Ω) and k ∈ W^{−1,q}_{w,0} (Ω). A function u ∈ L^q_w(Ω) is called a very weak solution to the stationary Stokes problem with respect to the data f and k, if −⟨u, Δϕ⟩ = ⟨f, ϕ⟩, for all ϕ ∈ Y^{2,q′}_w′_{,σ}(Ω) and (2.3) −⟨u, ∇ψ⟩ = ⟨k, ψ⟩, for all ψ ∈ W^{1,q′}_w′ (Ω). (2.4) The existence and uniqueness of very weak solutions in L^q_w(Ω) has been shown in [24]. In general the regularity of very weak solutions is not sufficient to ensure that the restriction u|_{∂Ω} is well defined. However, if we restrict ourselves to a certain class of data then a good definition of boundary values is again possible. More precisely the following theorem has been shown in [24] where one can also find further details and discussions.

Theorem 2.10. Assume that f ∈ Y^{−2,q}_w (Ω) and k ∈ W^{−1,q}_{w,0} (Ω) allow a decomposition into ⟨f, ϕ⟩ = ⟨F, ϕ⟩ − ⟨g, N · ∇ϕ⟩_{∂Ω} for all ϕ ∈ Y^{2,q′}_w′ (Ω), ⟨k, ψ⟩ = ⟨K, ψ⟩ − ⟨g, N · ψ⟩_{∂Ω} for all ψ ∈ W^{1,q′}_w′ (Ω) (2.5)

with g ∈ T^{0,q}_w (∂Ω), F ∈ W^{−1,r}_{w̃} (Ω), K ∈ L^r_{w̃}(Ω), where 1 < r < ∞ and w̃ ∈ A_r are chosen such that W^{1,q′}_w′ (Ω) → L^{r′}_{w̃}′ (Ω) → L^{q′}_w′ (Ω). Let u be a very weak solution to the Stokes problem corresponding to the data f and k. Then u ∈ W̃^{q,r}_{w,w̃} := { u ∈ L^q_w(Ω) | | ∃c > 0, |⟨u, Δϕ⟩| ≤ c‖ϕ‖_{1,r′,w̃′} ∀ϕ ∈ C^∞_{0,σ}(Ω)}. There exists an operator γ : W̃^{q,r}_{w,w̃} → T^{0,q}_w (∂Ω) that coincides with the tangential trace on W^{1,q}_w (Ω). The fact that div u = K ∈ L^r_{w̃}(Ω) permits to define the normal component of the trace N · u|_{∂Ω}. In this sense u|_{∂Ω} is well-defined and u|_{∂Ω} = g.

We now turn to the stationary Stokes equations in weighted Bessel-Potential spaces. As a space for the divergence we define H^{β,q}_{w,∗}(Ω) = { H^{β,q}_{w,0}(Ω) = (H^{−β,q′}_w′ (Ω))^′ if β < 0, H^{β,q}_w (Ω) if β ≥ 0.

(2.6)

By [23] one has the interpolation property [ W^{−1,q}_{w,0} (Ω), W^{1,q}_w (Ω)

]_{1+β} 2 = H^{β,q}_{w,∗}(Ω) for − 1 ≤ β ≤ 1

and the following theorem.

Theorem 2.11. Let 1 < q < ∞, w ∈ A_q and 0 ≤ β ≤ 2. Assume that f ∈ Y^{−2,q}_w (Ω) and k ∈ H^{−1,q}_{w,0} (Ω) allow decompositions into ⟨f, ϕ⟩ = ⟨F, ϕ⟩ − ⟨g, N · ∇ϕ⟩_{∂Ω} for every ϕ ∈ Y^{2,q′}_w′ (Ω) ⟨k, ψ⟩ = ⟨K, ψ⟩ − ⟨g, Nψ⟩_{∂Ω} for every ψ ∈ W^{1,q′}_w′ (Ω) (2.7) with F ∈ Y^{β−2,q}_w (Ω), K ∈ H^{β−1,q}_{w,∗} (Ω) and g ∈ T^{β,q}_w (∂Ω). Assume in addition that K and g fulfill the compatibility condition ⟨K, 1⟩_Ω = ⟨g, N⟩_{∂Ω}.

Then there exists a unique very weak solution u ∈ L^q_w(Ω) with respect to f and k. It is contained in H^{β,q}_w (Ω) and fulfills the estimate ‖u‖_{β,q,w} ≤ c ( ‖F ‖_Y β−2,q_{w (Ω)} + ‖K‖_Hβ−1,q_{w,0 (Ω)} + ‖g‖_T β,q_{w (∂Ω)} ) . (2.8)

3 The Generalized Stokes Operator

For this section we always assume that q ∈ (1, ∞), w ∈ A_q and β ∈ [0, 2].

Proposition 3.1. If Ω ⊂ R^n is a bounded C^{1,1}-domain, then [ L^q_{w,σ}(Ω), Y^{2,q}_{w,σ}(Ω) ] θ = Y^{β,q}_{w,σ} (Ω) and [ L^q_{w,σ}(Ω), Y^{−2,q}_{w,σ} (Ω) ] θ = Y^{−β,q}_{w,σ} (Ω), where θ =^β_2 with equivalent norms.

Proof. From Theorem 2.11 we obtain that the operator S : Y^{β−2,q}_w (Ω) → Y^{β,q}_{w,σ} (Ω), defined by ⟨f, φ⟩ = −⟨Sf, Δφ⟩ for all φ ∈ Y^{2,q′}_w′_{,σ}(Ω) and 0 = −⟨Sf, ∇ψ⟩ for all ψ ∈ W^{1,q}_w′ (Ω), (3.1)

is continuous. In addition, the operator A : Y^{β,q}_w (Ω) → Y^{β−2,q}_w (Ω), u → [ϕ → ⟨u, Δϕ⟩] ∈ Y^{β−2,q}_w (Ω) is continuous. For β = 0 and β = 2 this is obvious, for β ∈ (0, 2) it follows by interpolation from Theorem 2.5.

Moreover x = SA|_Y β,q_{w,σ} x for every x ∈ Y^{β,q}_{w,σ} (Ω) and it follows from the retraction principle for interpolation spaces [4, Theorem 6.4.2] that [ L^q_{w,σ}(Ω), Y^{2,q}_{w,σ}(Ω) ] θ = S ( [Y^{−2,q}_w (Ω), L^q_w(Ω)]_θ ) = S ( Y^{β−2,q} w (Ω) ) = Y^{β,q}_{w,σ} (Ω). The second assertion follows when considering the dual spaces in the first.

As in the classical unweighted case one defines the Stokes operator A = A_{0,q,w} : L^q_{w,σ}(Ω) ⊃ D(A) → L^q_{w,σ}(Ω), u → −P_{q,w}Δ, where P_{q,w} : L^q_w(Ω) → L^q_w(Ω) is the Helmholtz projection that is the projection to the space of divergence free vector fields

L^q_{w,σ}(Ω) = C^∞_{0,σ}(Ω)^L q w (Ω)

= {u ∈ L^q_w(Ω) | ⟨u, ∇ϕ⟩ = 0 for every ϕ ∈ W^{1,q′}_w′ (Ω)}. (3.2)

The kernel of P_{q,w} is equal to the space of gradients {∇p | p ∈ W^{1,q}_w (Ω)}. Moreover (1 − P_{q,w})f = ∇p, where p solves the weak Neumann problem

⟨∇p, ∇ϕ⟩_Ω = ⟨f, ∇ϕ⟩_Ω for every ϕ ∈ W^{1,q′}_w′ (Ω). (3.3)

All these facts about the Helmholtz projection in weighted spaces have been shown by Fröhlich in [12]. The domain of the Stokes operator is D(A) = Y^{2,q}_{w,σ}(Ω). In the weighted context it has been introduced and discussed in [15] and [14].

In the following, we find an analogue to the Stokes operator which is adequate in the context of very weak solutions in the Bessel potential spaces H^{β,q}_w (Ω).

Theorem 3.2. For every 0 ≤ β ≤ 2 the Stokes operator A has an extension to an element of L(Y^{β,q}_{w,σ} (Ω), Y^{β−2,q}_{w,σ} (Ω)) with the following properties.

1. It describes a closed and densely defined linear operator in Y^{β−2,q}_{w,σ} (Ω) again denoted by A. For u ∈ Y^{β,q}_{w,σ} (Ω) one has Au = [Y^{2−β,q′}_w′_{,σ} (Ω) ∋ ϕ → −⟨u, Δϕ⟩_Ω]. 2. The resolvent set ρ(−A) contains a sector Σ_ε ∪ {0} = {λ ∈ C | | arg λ| <^π_2 + ε}, ε ∈ (0,^π_2 ), and for λ ∈ Σ_ε ∪ {0} the operator λ + A is an isomorphism in L(Y^{β,q}_{w,σ} (Ω), Y^{β−2,q}_{w,σ} (Ω)). The norm of the inverse ‖(λ + A)^{−1}‖_{L(Y} β−2,q_{w,σ ,Y} β,q_{w,σ )} is independent of λ ∈ Σ_δ for every 0 < δ < ε.

3. For every 0 < δ < ε there exists a constant M_δ such that

‖λ(A + λ)^{−1}‖_{L(Y} β−2,q_{w,σ (Ω))} ≤ M_δ for all λ ∈ Σ_δ. (3.4)

For −2 ≤ μ ≤ 0 let A_{μ,q,w} be the extension of the Stokes operator whose existence has been stated in Theorem 3.2. Then we call A_{μ,q,w} : D(A_{μ,q,w}) := Y^{μ+2,q}_{w,σ} (Ω) ⊂ Y^{μ,q}_{w,σ} (Ω) → Y^{μ,q}_{w,σ} (Ω) the generalized Stokes operator in Y^{μ,q}_{w,σ} (Ω). If no confusion can occur, we omit the indices and write A instead of A_{μ,q,w}.

Proof. For β = 2 one has Y^{β,q}_{w,σ} (Ω) = Y^{2,q}_{w,σ}(Ω) = D(A), the domain of the classical Stokes operator in L^q_{w,σ}(Ω). Hence, in this case the assertion of this theorem is shown in [14], where the Stokes operator in L^q_{w,σ}(Ω) is introduced.

Our aim is to show the assertion for β = 0 and to apply complex interpolation to obtain the results for arbitrary 0 ≤ β ≤ 2.

Step 1: We consider λ + A_{0,q}′_{,w}′ , where A_{0,q}′_{,w}′ is the Stokes operator in L^{q′}_w′_{,σ}(Ω), as a continuous linear operator λ + A_{0,q}′_{,w}′ : Y^{2,q′}_w′_{,σ}(Ω) → L^{q′}_w′_{,σ}(Ω). Let A_{−2,q,w} := A^∗_{0,q}′_{,w}′ : L^q_{w,σ}(Ω) → Y^{−2,q}_{w,σ} (Ω) be the associated dual operator. Then one has for u ∈ Y^{2,q}_{w,σ}(Ω) and ϕ ∈ Y^{2,q′}_w′_{,σ}(Ω) ⟨(λ + A_{−2,q,w})u, ϕ⟩ = ⟨u, (λ + A_{0,q}′_{,w}′ )ϕ⟩ = ⟨u, λϕ − Δϕ⟩ = ⟨(λ − P_{q,w}Δ)u, ϕ⟩ = ⟨(λ + A_{0,q}′_{,w}′ )u, ϕ⟩. Thus we obtain using the properties of the dual operator, see e.g. [6] • (λ + A_{−2,q,w})|_Y 2,q_{w,σ} = (λ + A_{0,q,w})|_Y 2,q_{w,σ} . • For λ ∈ Σ_ε ∪ {0} one has λ + A_{−2,q,w} = (λ + A_{0,q}′_{,w}′ )^∗, which implies ‖λ + A_{−2,q,w}‖_{L(L}q_{w,σ ,Y} −2,q_{w,σ )} = ‖λ + A_{0,q}′_{,w}′ ‖_{L(Y} 2,q′_{w′,σ,L}q′_{w′,σ)}.

• Σ_ε ∪ {0} is contained in the resolvent set of A_{−2,q,w} and there exists M_δ > 0 such that for all λ ∈ Σ_δ, 0 < δ < ε, ‖(λ + A_{−2,q,w})^{−1}‖_{L(Y} −2,q_{w,σ ,L}q_{w,σ )} = ‖(λ + A_{0,q}′_{,w}′ )^{−1}‖_{L(L}q′_{w′,σ,Y} 2,q′_{w′,σ )} ≤ M_δ. This implies by the definition of the resolvent ‖λ(λ + A_{−2,q,w})^{−1}f‖_Y −2,q_{w,σ} + ‖(λ + A_{−2,q,w})^{−1}f‖_{q,w} ≤ M_δ‖f‖_Y −2,q_{w,σ} . Since the resolvent set is nonempty, we know that the operator A_{−2,q,w} is closed in Y^{−2,q}_{w,σ} (Ω). Using the Hahn-Banach theorem one shows that L^q_{w,σ}(Ω), which is equal to the domain of A_{−2,q,w} in Y^{−2,q}_{w,σ} (Ω), is dense in Y^{−2,q}_{w,σ} (Ω).

Step 2: Combining Proposition 3.1 and the assertions for β = 0 and β = 2 we obtain by complex interpolation that A : Y^{β,q}_{w,σ} (Ω) → Y^{β−2,q}_{w,σ} (Ω) and (λ − A)^{−1} : Y^{β−2,q}_{w,σ} (Ω) → Y^{β,q}_{w,σ} (Ω), λ ∈ Σ_δ ∪ {0} are continuous operators. Moreover, by the same arguments we obtain from (3.4) for β = 0 and β = 2 that ‖(λ + A)^{−1}‖_{L(Y} β−2,q_{w,σ (Ω))} ≤ M_δ |λ|^{−1} for every λ ∈ Σ_δ and M_δ independent of λ. This completes the proof.

For ε ∈ (0,^π_2 ) one defines Δ_ε := {λ ∈ C | λ ≠ 0, | arg λ| < ε} . Corollary 3.3. The negative generalized Stokes operator −A in Y^{β−2,q}_{w,σ} (Ω) is the generator of a bounded analytic semigroup {e^{−tA}}_{t∈Δε} for every ε ∈ (0,^π_2 ). Proof. This follows immediately when combining Theorem 3.2 with [19, Theorem 2.5.2].

4 Instationary Stokes Equations

4.1 Very Weak Solutions

We define some function spaces that are appropriate to the instationary and very weak context. First, for T < ∞ and 1 < r, q < ∞ we set X^{r′,q′}_w′ (0, T ) = { ϕ ∈ L^{r′} (0, T ; Y^{2,q′}_w′ (Ω)) ∩ W^{1,r′} (0, T ; L^{q′}_w′ (Ω)) | ϕ(T ) = 0 }

and for T = ∞ X^{r′,q′}_w′ (0, ∞) = { ϕ ∈ L^{r′} (0, ∞; Y^{2,q′}_w′ (Ω)) ∩ W^{1,r′} (0, ∞; L^{q′}_w′ (Ω)) | | | supp ϕ compact in Ω × [0, ∞) } . Both spaces are equipped with the norm ‖ϕ‖_Xr′,q′_{w′} := ‖ϕ‖_{Lr}′_{(W} 2,q′_{w′ )} + ‖ϕ_t‖_{Lr}′_{(L}q′_{w′ )}. If there is no danger of confusion, we omit the (0, T ) and write X^{r′,q′}_w′ . We choose the data f ∈ ( X^{r′,q′}_w′ (0, T ) )_′ and k ∈ L^r(0, T ; W^{−1,q}_{w,0} (Ω)). (4.1)

As a space of test functions we choose X^{r′,q′}_w′_{,σ} (0, T ) = { ϕ ∈ X^{r′,q′}_w′ (0, T ) | div ϕ = 0 } . Definition 4.1. If f and k are given as in (4.1), then a function u ∈ L^r(0, T ; L^q_w(Ω)) is called a very weak solution to the instationary Stokes equations if −⟨u, ϕ_t⟩_{Ω,T} − ⟨u, Δϕ⟩_{Ω,T} = ⟨f, ϕ⟩_{Ω,T} , for every ϕ ∈ X^{r′,q′}_w′_{,σ} and −⟨u(t), ∇ψ⟩_Ω = ⟨k(t), ψ⟩_Ω, for every ψ ∈ W^{1,q′}_w′ (Ω) and almost every t ∈ (0, T ).

Note that there does not occur any explicit initial condition u(0). It is hidden implicitly in the definition, since the test functions do not vanish at time t = 0. Moreover such explicit initial conditions would not be reasonable, as shown in the following considerations. Let u ∈ L^r(0, T ; L^q_w(Ω)). Then f := [ϕ → ⟨u, −ϕ_t − Δϕ⟩] ∈ { ϕ ∈ W^{1,r′} (0, T ; L^{q′}_w′ (Ω)) | | ϕ(T ) = 0 }_′ + (L^{r′} (0, T ; Y^{2,q′}_w′ (Ω)))^′ = (X^{r′,q′}_w′ )^′,

k(t) := [ψ → ⟨u(t), ∇ψ⟩] ∈ W^{−1,q}_{w,0} (Ω) for almost every t ∈ (0, T ),

and since ‖k(t)‖_{−1,q,w,0} ≤ ‖u(t)‖_{q,w} for almost every t, one has k ∈ L^r(0, T ; W^{−1,q}_{w,0} (Ω)). Thus according to Definition 4.1 every u ∈ L^r(0, T ; L^q_w(Ω)) is a very weak solution to the instationary Stokes problem with respect to appropriate data.

To obtain the solvability of the instationary Stokes equations in the very weak sense in Theorem 4.3 below, we dualize the strong solutions that have been treated in [14]. More precisely one has:

Theorem 4.2. Let 1 < q < ∞, w ∈ A_q and let Ω ⊂ R^n be a bounded C^{1,1}-domain. Moreover, let 0 < T ≤ ∞. Then for every f ∈ L^r(0, T ; L^q_w(Ω)) there exists a unique solution u ∈ L^r(0, T ; D(A_{q,w})) = L^r(0, T ; Y^{2,q}_{w,σ}(Ω)) with u_t ∈ L^r(0, T ; L^q_{w,σ}(Ω)) to the Stokes equations u_t + Au = P_{q,w}f a.e. in (0, T ), u(0) = 0,

where A is the classical Stokes operator in L^q_{w,σ}(Ω). This solution fulfills the estimate ‖u_t‖_Lr_{(L}^q_{w,σ )} + ‖Au‖_Lr_{(L}^q_{w,σ )} ≤ c‖P_{q,w}f‖_Lr_{(L}^q_{w,σ )}, where c is independent of f and T .

Let ϕ ∈ L^r(0, T ; Y^{2,q}_{w,σ}(Ω)) ∩ W^{1,r}(0, T ; L^q_w(Ω)) be a strong solution to the instationary Stokes problem in the sense of Theorem 4.2 with respect to the exterior force v ∈ L^r(0, T ; L^q_w(Ω)). Then, by de Rham’s Theorem [27] there exists a distribution ψ(t) ∈ C^∞_0 (Ω)^′ such that −Δϕ(t) + ∇ψ(t) = v(t) − ϕ_t(t) for almost every t. Then from this equation and from Lemma 2.8 we obtain, if we assume in addition that ∫ Ω ψ(t) = 0 for every t ∈ (0, T ) that ψ ∈ L^r(0, T ; W^{1,q}_w (Ω)) and that ‖ψ‖_Lr_{(W} 1,q_{w )} ≤ c‖∇ψ‖_Lr_{(L}^q_{w )} ≤ c‖v‖_Lr_{(L}^q_{w )}.

Since we use test functions that vanish at time T instead of 0, we set ϕ̃(t) := ϕ(T − t) and ψ̃(t) := −ψ(T − t). Then we obtain −ϕ̃_t − Δϕ̃ − ∇ψ̃ = v(T − ·) with ϕ̃(T ) = 0, and ϕ̃ and ψ̃ fulfill the estimate ‖ϕ̃‖_X^{r,q}_w + ‖ψ̃‖_{Lr (W} 1,q_{w )} ≤ c‖v‖_Lr_{(L}^q_{w )}. (4.2) Theorem 4.3. Let Ω be a bounded C^{1,1}-domain and 0 < T ≤ ∞. Let f and k be given as in (4.1) with ⟨k(t), 1⟩ = 0 for almost every t ∈ (0, T ).

Then there exists a unique very weak solution u ∈ L^r(0, T ; L^q_w(Ω)) to the instationary Stokes problem. This function u satisfies the estimate ‖u‖_Lr_{(L}^q_{w )} ≤ c ( ‖f‖_{(X}r′,q′_{w′ )′} + ‖k‖_{Lr(W} −1,q_{w,0 )} ) (4.3)

with a constant c = c(r, q, w, Ω) > 0.

Proof. First assume that T < ∞.

As explained above for every v ∈ L^{r′} (0, T ; L^{q′}_w′ (Ω)) there exists a unique tuple (ϕ, ψ) ∈ X^{r′,q′}_w′_{,σ} × L^{r′} (0, T ; W^{1,q′}_w′ (Ω)), with −ϕ_t − Δϕ − ∇ψ = v, ∫ Ω ψ(t) dx = 0 for almost every t.

We define a functional u by ⟨u, v⟩_{Ω,T} := ⟨f, ϕ⟩_{Ω,T} + ⟨k, ψ⟩_{Ω,T} for all v ∈ L^{r′} (0, T ; L^{q′}_w′ (Ω)). Then the a priori estimate for the strong solution (4.2) implies |⟨u, v⟩_{Ω,T} | ≤‖f‖_{(X}r′,q′_{w′ )′} ‖ϕ‖_Xr′q′_{w′} + ‖k‖_{Lr (W} −1,q_{w,0 )}‖ψ‖_{Lr}′_{(W} 1,q′_{w′ )} ≤c ( ‖f‖_{(X}r′,q′_{w′ )′} + ‖k‖_{Lr(W} −1,q_{w,0 )} ) ‖v‖_{Lr}′_{(L}q′_{w′ )}. (4.4)

Thus we obtain u ∈ ( L^{r′} (0, T ; L^{q′}_w′ (Ω)) )_′ = L^r(0, T ; L^q_w(Ω)) with ‖u‖_Lr_{(L}^q_{w )} ≤ c ( ‖f‖_{(X}r′,q′_{w′ )′} + ‖k‖_{Lr (W} −1,q_{w,0 )} ) . Moreover, for every (ϕ, ψ) ∈ X^{r′,q′}_w′_{,σ} × L^{r′} (0, T ; W^{1,q′}_w′ (Ω)) we have −⟨u, ϕ_t⟩_{Ω,T} − ⟨u, Δϕ⟩_{Ω,T} − ⟨u, ∇ψ⟩_{Ω,T} = ⟨f, ϕ⟩_{Ω,T} + ⟨k, ψ⟩_{Ω,T} , where we used that the mapping v = −ϕ_t − Δϕ − ∇ψ → (ϕ, ψ) is well-defined. This shows that u is a very weak solution to the instationary Stokes problem according to Definition 4.1 and finishes the proof of existence and of the a priori estimate.

To show the uniqueness let U ∈ L^r(0, T ; L^q_w(Ω)) be another very weak solution with respect to the data f and k. Moreover, let v ∈ L^{r′} (0, T ; L^{q′}_w′ (Ω)) and let ϕ ∈ X^{r′,q′}_w′_{,σ} and ψ ∈ L^{r′} (0, T ; W^{1,q′}_w′ (Ω)) solve v = −ϕ_t − Δϕ − ∇ψ as above. Then one has ⟨U, v⟩ = −⟨U, ϕ_t⟩ − ⟨U, Δϕ⟩ − ⟨U, ∇ψ⟩ = ⟨f, ϕ⟩ + ⟨k, ψ⟩ = ⟨u, v⟩.

Since v was arbitrary, this implies U = u and the proof for T < ∞ is complete.

For T = ∞ we take v ∈ L^{r′} (R_+; L^{q′}_w′ (Ω)), with supp v ⊂ (0, N) × Ω for some N ∈ N and let (ϕ, ψ) ∈ X^{r′,q′}_w′_{,σ} (0, N) × L^{r′} (0, N; W^{1,q′}_w′ (Ω)) with ∫ Ω ψ(t) = 0 for almost every t be the unique solution of −ϕ_t − Δϕ − ∇ψ = v with ϕ(N) = 0. Extending the functions ϕ and ψ by 0 on [N, ∞) × Ω one obtains ϕ ∈ X^{r′,q′}_w′_{,σ} (0, ∞) and ψ ∈ L^{r′} (0, ∞; W^{1,q′}_w′ (Ω)). Thus the mapping

u := [_∞ ⋃ N=1 L^{r′} (0, N, L^{q′}_w′ (Ω)) ∋ v → ⟨f, ϕ⟩_{Ω,∞} + ⟨k, ψ⟩_{Ω,∞} ]

is well-defined, where every v ∈ L^{r′} (0, N, L^{q′}_w′ (Ω)) is assumed to be extended by zero to R_+.

We obtain that u|_{(0,N)} ∈ L^r(0, N, L^q_w(Ω)) for every N ∈ N. Moreover, since the set of functions with compact support in time is dense in L^{r′} (0, ∞, L^{q′}_w′ (Ω)) and the estimates in (4.4) are independent of T , this yields u ∈ L^r(0, ∞; L^q_w(Ω)) and the asserted estimate.

The uniqueness in the case T = ∞ follows from the uniqueness in the case T < ∞.

Using a slightly more restricted space for the data one obtains the following estimate for the time derivative. In particular the corollary below shows that the generalized Stokes operator in Y^{−2,q}_{w,σ} (Ω) has maximal regularity.

Corollary 4.4. Assume f ∈ L^r(0, T ; Y^{−2,q}_w (Ω)) and k ∈ L^r(0, T ; W^{−1,q}_{w,0} (Ω)). One has

L^r(0, T ; Y^{−2,q}_w (Ω)) ⊂ ( X^{r′,q′}_w′ (0, T ) )_′ and the associated very weak solution which exists according to Theorem 4.3 satisfies the stronger estimate ‖ ‖ ‖u_t|_{Y 2,q′w′,σ(Ω)} ‖ ‖ ‖ L^r(Y^{−2,q}_{w,σ} ) + ‖u‖_Lr_{(L}^q_{w )} ≤ c ( ‖f‖_{Lr(Y} −2,q_{w )} + ‖k‖_{Lr(W} −1,q_{w,0 )} ) (4.5)

with c = c(r, q, w, Ω) > 0. If in addition k = 0 then u solves the equation u^′|_Y 2,q′_{w′,σ(Ω)} + Au = f|_Y 2,q′_{w′,σ (Ω)}, where A is the generalized Stokes operator in Y^{−2,q}_{w,σ} (Ω).

Proof. Let ϕ ∈ C^∞_0 (0, T ; Y^{2,q′}_w′_{,σ}(Ω)). Then we can estimate using (4.3) |⟨u_t|_Y 2,q′_{w′,σ(Ω)}, ϕ⟩_{Ω,T} | ≤ |⟨u, Δϕ⟩_{Ω,T} | + |⟨f, ϕ⟩_{Ω,T} | ≤ c ( ‖f‖_Lr_{(Y} −2,q_{w )} + ‖k‖_Lr_{(W} −1,q_{w,0 )} ) ‖ϕ‖_{Lr}′_{(Y} 2,q′_{w′ )}. Together with (4.3), the a priori estimate in Theorem 4.3, this proves the assertion.

The last assertion follows from the characterization of the Stokes operator in Theorem 3.2 and the formulation of very weak solutions.

According to Definition 4.1 every u ∈ L^r(0, T ; L^q_w(Ω)) is a very weak solution with respect to appropriate data. This means that such solutions in general do not possess enough time-regularity to ensure that the initial condition u(0) = u_0 is well-defined.

However, if the data is chosen as in Corollary 4.4, we obtain u ∈ L^r(0, T ; L^q_w(Ω)) and u_t|_Y 2,q′_{w′,σ (Ω)} ∈ L^r(0, T ; Y^{−2,q}_{w,σ} (Ω)). By [2] this implies that u|_Y 2,q′_{w′,σ (Ω)} is uniformly continuous

and hence this regularity suffices to define u(0)|_Y 2,q′_{w′,σ (Ω)} ∈ Y^{−2,q}_{w,σ} (Ω), and one has ⟨u(0), ϕ(0)⟩_Ω = ⟨u, ϕ_t⟩_{Ω,T} + ⟨u_t, ϕ⟩_{Ω,T} for every ϕ ∈ C^1_0 ([0, T ], Y^{2,q′}_w′_{,σ}(Ω)) with ϕ(T ) = 0. Analogously to the case of strong solutions the gradient part of the initial condition cannot be prescribed and is not needed for the uniqueness of the solution.

Lemma 4.5. If u ∈ L^r(0, T ; L^q_w(Ω)) is a very weak solution according to Definition 4.1 with respect to f ∈ L^r(0, T ; Y^{−2,q}_w (Ω)) and k ∈ L^r(0, T ; W^{−1,q}_{w,0} (Ω)) then u(0)|_Y 2,q′_{w′,σ(Ω)} = 0.

Proof. For ϕ ∈ C^1_0 ((0, T ); Y^{2,q′}_w′_{,σ}(Ω)) one has ⟨u_t, ϕ⟩_{Ω,T} = −⟨u, ϕ_t⟩_{Ω,T} = ⟨u, Δϕ⟩_{Ω,T} + ⟨f, ϕ⟩_{Ω,T} (4.6) which implies u_t|_Y 2,q′_{w′,σ(Ω)} ∈ L^r(0, T ; Y^{−2,q}_{w,σ} (Ω)) and (4.6) holds for all ϕ ∈ X^{r′,q′}_w′ because

one can approximate ϕ ∈ X^{r′,q′}_w′ by a sequence in C^1_0 ((0, T ); Y^{2,q′}_w′ (Ω)) that converges in L^{r′} (0, T ; Y^{2,q′}_w′ (Ω)). Thus ⟨u(0), ϕ(0)⟩_Ω = ⟨u_t, ϕ⟩_{Ω,T} + ⟨u, ϕ_t⟩_{Ω,T} = 0 for every ϕ ∈ C^1([0, T ]; Y^{2,q′}_w′_{,σ}(Ω)) with ϕ(T ) = 0. In particular, for a fixed ζ ∈ Y^{2,q′}_w′_{,σ}(Ω) and η ∈ C^∞_0 ([0, T )) with η(0) = 1 one has ⟨u(0), ζ⟩_Ω = ⟨u(0), ζη(0)⟩_Ω = 0. We have proved u(0)|_Y 2,q′_{w′,σ (Ω)} = 0.

4.2 The Spaces H^{β,r}(X)

By S(R; R) we denote the space of rapidly decreasing smooth functions. For a Banach space X we denote the space of X-valued tempered distributions by S^′(R; X) := L(S(R; R), X). Accordingly, for an interval I we denote the set of distributions by D^′(I; X) := L(C^∞_0 (I), X).

For the treatment of solutions to the instationary Stokes Problem in Bessel potential spaces with inhomogeneous divergence and boundary conditions we need a higher time regularity of this part of the data. To measure this time regularity we work in Banach space-valued Bessel potential spaces.

For β ∈ R we set Λ^β_t := F^{−1}⟨τ⟩^βF, where ⟨τ⟩^β = (1 + |τ|^2)^β2 , τ ∈ R^n. Using this, for r > 1 we define the X-valued Bessel-potential space by

H^{β,r}(R; X) := { u ∈ S^′(R; X) | Λ^β_t u ∈ L^r(R; X) } , equipped with the norm ‖u‖_Hβ,r_{(R;X)} := ‖Λ^β_t u‖_Lr_{(R;X)}. Moreover, we define

H^{β,r}(0, T ; X) := { u|_C∞_{0 (0,T ;R)} | u ∈ H^{β,r}(R; X) } with the norm ‖u‖_Hβ,r_{(0,T ;X)} := inf { ‖U‖_Hβ,r_{(R;X)} | U ∈ H^{β,r}(R; X), U|_C∞_{0 (0,T ;R)} = u } . Finally, we set for β ≥ 0

H^{β,r}_0 ((0, T ]; X) := { U|_C∞_{0 (0,T ;R)} | U ∈ H^{β,r}(R; X), supp U ⊂ [0, ∞) } equipped with

‖u‖_Hβ,r_{0 ((0,T ];X)} := inf { ‖U‖_Hβ,r_{(R;X)} | U ∈ H^{β,r}(R; X), supp U ⊂ [0, ∞), U|_C∞_{0 (0,T ;R)} = u }

and H^{β,r}_0 (0, T ; X) := C^∞_0 (0, T ; X)^{Hβ,r(R;X)} with ‖ · ‖_Hβ,r_{0 (0,T ;X)} = ‖ · ‖_Hβ,r_{(R;X)}.

Lemma 4.6. Let X be a reflexive Banach space and β ≥ 0. Then one has

H^{−β,r}(R; X) ∼= (H^{β,r′} (R; X^′))^′ and H^{−β,r}(0, T ; X) ∼= (H^{β,r′}_0 (0, T ; X^′))^′

with equivalent norms. Every u ∈ H^{−β,r}(R; X) is identified with the element of the space (H^{β,r′} (R; X^′))^′ fulfilling ϕx^∗ → ⟨u, ϕx^∗⟩_{X,X}′_{,R} := ⟨ ⟨u(t), ϕ(t)⟩_R, x^∗ ⟩ X,X^′ , (4.7)

where ϕ ∈ S(R; R) and x^∗ ∈ X^′. With this identification one has ⟨u, ψ⟩_{X,X}′_{,R} = ∫ R ⟨ Λ^{−β}_t u(s), Λ^β_t ψ(s) ⟩ X,X^′ ds (4.8)

for every u ∈ H^{−β,r}(R; X) and ψ ∈ H^{β,r′} (R; X^′).

Proof. Let u ∈ H^{−β,r}(R; X). The linear hull of {ϕx^∗ | ϕ ∈ S(R; R), x^∗ ∈ X^′} is dense in H^{β,r′} (R; X^′). Moreover for u ∈ H^{−β,r}(R; X) and ϕ ∈ S(R, R), x^∗ ∈ X^′ one has ⟨u, ϕx^∗⟩_{X,X}′_{,R} = ∫ R ⟨Λ^{−β}_t u(s), Λ^β_t ϕ(s)x^∗⟩_{X,X}′ ds, thus |⟨u, ϕx^∗⟩_{X,X}′_{,R}| ≤ ‖u‖_H−β,r_{(R;X)}‖ϕx^∗‖_Hβ,r′_{(R;X}′_), and we obtain that ⟨u, ·⟩_{X,X}′_{,R} ex- tends in a unique way to a continuous functional on H^{β,r′} (R; X^′). This extension fulfills (4.8).

Vice versa let u ∈ ( H^{β,r′} (R; X^′) )_′ . Then, since X is reflexive, u defines a distribution u ∈ S^′(R; X) by S(R; R) ∋ ϕ → [X^′ ∋ x^∗ → ⟨u, ϕx^∗⟩] ∈ X^{′′} = X. For ϕ ∈ S(R, R), x^∗ ∈ X^′ one has | |⟨⟨Λ^{−β}_t u, ϕ⟩_R, x^∗⟩_{X,X′} | | ≤ ‖u‖_{(H−β,r′ (R;X′))′} ‖Λ^{−β}_t ϕx^∗‖_{Hβ,r′ (R;X′)} = ‖u‖_{(H}−β,r′_{(R;X}′_{))}′ ‖ϕx^∗‖_Lr′_{(R;X}′_). Thus the functional Λ^{−β}_t u can be identified with an element of L^r(R; X), or u with an element of H^{−β,r}(R, X).

The assertion H^{−β,r}(0, T ; X) ∼= (H^{β,r′}_0 (0, T ; X^′))^′ follows from the assertion on R as follows. For u ∈ H^{−β,r}(0, T ; X) there exists U ∈ H^{−β,r}(R; X) = ( H^{β,r′} (R; X^′) )_′ with U|_C∞_{0 (0,T )} = u. Thus it follows for ϕ ∈ C^∞_0 (0, T ) and x^∗ ∈ X^′ ⟨ ⟨u, ϕ⟩_T , x^∗ ⟩ X,X^′ = ⟨U, ϕx ∗⟩_{X,X}′_{,T} . This extends by density and continuity to a functional in (H^{β,r′}_0 (0, T ; X^′))^′.

Vice versa, for u ∈ (H^{β,r′}_0 (0, T ; X^′))^′ there exists by the Hahn-Banach theorem a functional U ∈ (H^{β,r′} (R; X^′))^′ ∼= H^{−β,r}(R; X) such that U|_Hβ,r′_{0 (0,T ;X′)} = u. Since X is reflexive, one has [ S(R; R) ∋ ϕ → [X^′ ∋ x^∗ → ⟨U, ϕx^∗⟩] ] ∈ H^{−β,r}(R; X^{′′}) = H^{−β,r}(R; X) and U|_C∞_{0 (0,T )} ∈ H^{−β,r}(0, T ; X).

A Banach space X is called a UMD-space if the Hilbert transform, Hf(x) = P V − ∫ R 1 t − s f(s)ds, f ∈ S(R; X), extends to a bounded linear operator on L^p(R; X) for every 1 < p < ∞.

Lemma 4.7. Let X be a UMD-space and β ∈ R.

1. The derivative ∂_t is continuous ∂_t : H^{β,r}(R; X) → H^{β−1,r}(R; X), ∂_t : H^{β,r}(0, T ; X) → H^{β−1,r}(0, T ; X), ∂_t : H^{β,r}_0 ((0, T ]; X) → H^{β−1,r}_0 ((0, T ]; X).

2. For k ∈ Z one has H^{k,r}(R; X) ∼= W^{k,r}(R; X) and H^{k,r}(0, T ; X) ∼= W^{k,r}(0, T ; X) with equivalent norms. The isomorphism is given by the identification in (4.7).

3. Let β ∈ [0, 1] and let X_1, X_2 be UMD-spaces with X_1 → X_2. Then there exists a continuous linear extension operator

E : H^{β,r}_0 ((0, T ]; X_2) ∩ L^r(0, T ; X_1) → H^{β,r}(R; X_2) ∩ L^r(R; X_1)

with Eu(t) = 0 for every t < 0.

Proof. The assertions of 1. and 2. for the case H^{k,r}(R; X) follows from a the continuity of scalar-valued Fourier multipliers between UMD-spaces proved by Zimmermann [30] and duality.

For u ∈ W^{k,r}(0, T ; X), k > 0, we construct an extension

Eu(x) = ϕ(−x) ∑_{k+1} j=1 λ_ju(−jx) if −^T_{k+1} < x < 0, u(x) if x ∈ [0, T ], ϕ(x − T ) ∑_{k+1} j=1 λ_ju(T − j · (x − T )) if T < x < T +^T_{k+1} , 0 else,

(4.9) with ∑ j λ_j(−j)^l = 1 for l = 0, ..., k, where ϕ is a smooth cut-off function with ϕ = 0 in a neighborhood of^T_{k+1} .

Thus for u ∈ W^{k,r}(0, T ; X) one has Eu ∈ W^{k,r}(R; X) = H^{k,r}(R; X) which shows that u ∈ H^{k,r}(0, T ; X) with ‖u‖_Hk,r_{(0,T ;X)} ≤ ‖Eu‖_Hk,r_{(R;X)} ≤ c‖Eu‖_W k,r_{(R;X)} ≤ c‖u‖_W k,r_{(0,T ;X)}. Vice versa for u ∈ H^{k,r}(0, T ; X) an appropriate extension exists by definition. Hence an analogous argument completes the proof for k ≥ 0.

For k < 0 the assertion follows by the duality stated in Lemma 4.6. 3. We begin to consider the extension by 0 to the negative half axis

E_0 : H^{β,r}_0 ((0, T ]; X_2) ∩ L^r(0, T ; X_1) → H^{β,r}(−∞, T ; X_2) ∩ L^r(−∞, T ; X_1),

which is continuous by the definition of H^{β,r}_0 ((0, T ]; X_2). Moreover, by E we denote the extension to t > T defined in the same way as in (4.9) with k = 1. By construction

E : L^r(−∞, T ; X_i) → L^r(R; X_i), i = 1, 2 and E : H^{1,r}(−∞, T ; X_2) → H^{1,r}(R; X_2)

is continuous. Since X_2 is a UMD-space one, has [ L^r(−∞; X_2), H^{1,r}(−∞, T ; X_2) ] β = H^{β,r}(−∞, T ; X_2). This is proved in the same way as in the scalar-valued case, cf. [26] 13, Prop. 6.2, replacing the scalar-valued multiplier theorem by the Banach space-valued version in [30]. Thus the assertion follows by interpolation.

4.3 Inhomogeneous Tangential Boundary Conditions

Our next aim is to develop a solution theory of the instationary Stokes equations in weighted Bessel potential spaces. In the context of lowest regularity, in which the class of solutions is contained in L^r(0, T ; L^q_w(Ω)) the data could be chosen fully inhomogeneous. Now, turning to higher regularity, we do not want to loose this possibility. However, this requires a more complex theory and a higher regularity of the data than before.

We start with purely tangential boundary conditions. If g(t) ∈ T^{β,q}_w (Ω) for almost every t, this means

g(t, x) · N = 0 for almost every x ∈ ∂Ω if β ∈ [1, 2] and ⟨g(t), Nh⟩_{∂Ω} = 0 for every scalar-valued h ∈ C^∞(Ω)|_{∂Ω} if β ∈ [0, 1].

The reason why we deal with tangential boundary data is that such data can be represented by f := [ Y^{2,q′}_w′_{,σ}(Ω) ∋ ϕ → ⟨g(t), N · ∇ϕ⟩_{∂Ω} ] ∈ Y^{−2,q}_{w,σ} (Ω). (4.10)

In the latter space we have defined the generalized Stokes operator A, see Section 3. In general very weak solutions are not regular enough to ensure that their restriction to the boundary is well-defined. However, since f|_C∞_{0 (Ω)} = 0 we can give a sense to A^{−1}f|_{∂Ω} and it follows that A^{−1}f|_{∂Ω} = g. This has been shown and discussed in [17] and [24].

Lemma 4.8. H^{β,q}_w (Ω) is a UMD-space for every β ≥ 0 and T^{β,q}_w (∂Ω) is a UMD-space for β ∈ [0, 2].

Proof. By [2, Theorem 4.5.2] spaces isomorphic to L^q_w(Ω), their dual spaces, factor spaces and complex interpolation spaces are UMD-spaces. This proves the assertion.

Definition 4.9. Let X, Y be Banach spaces. A subset T ⊂ L(X, Y ) is called R-bounded if there is a constant C > 0 such that for all T_1, ..., T_n ∈ T , x_1, ..., x_n ∈ X and n ∈ N one has ∫_1 0 ‖ ‖ ‖ ‖ n∑ j=1 r_j (u)T_j(x_j ) ‖ ‖ ‖ ‖_Y du ≤ C ∫_1 0 ‖ ‖ ‖ ‖ n∑ j=1 r_j (u)x_j ‖ ‖ ‖ ‖_X du, where (r_j ) is a sequence of independent, symmetric {1, −1}-valued random variables on [0, 1], e.g. the Rademacher functions.

The following theorem has been shown by Weis in [29, Theorem 3.4].

Theorem 4.10. Let X and Y be UMD-spaces. Let R \ {0} ∋ t → M(t) ∈ L(X, Y ) be a differentiable function such that the sets {M(t) | t ∈ R \ {0}} and {tM^′(t) | t ∈ R \ {0}} are R-bounded. Then Kf = [M(·)f̂(·)]^∨, f ∈ C^∞_0 (R, X), extends to a bounded linear operator K : L^r(R; X) → L^r(R; Y ) for 1 < r < ∞.

By Theorem 2.4 one has H^{β,q}_w (Ω) = [L^q_w(Ω), W^{k,q}_w (Ω)] β_k and by Theorem 2.5 one has [L^q_w(Ω), Y^{2,q}_w (Ω)]_θ = Y^{β,q}_w (Ω). However, we do not know whether the equivalence constants depend A_q-consistently on the weight function. To fix notation and to ensure that interpolation preserves the A_q-consistence of the constants we assume for the rest of this section that the norm on H^{β,q}_w (Ω) is given by the norm in the interpolation space, i.e.

‖ · ‖_Hβ,q_{w (Ω)} = ‖ · ‖_{[W} k,q_{w (Ω),W} k+1,q_{w (Ω)]θ} , where β ∈ [k, k + 1] and θ = β − k.

In particular H^{k,q}_w (Ω) is equipped with the norm in W^{k,q}_w (Ω) for every k ∈ N_0. Accordingly we assume ‖ · ‖_Y β,q_{w (Ω)} = ‖ · ‖_Hβ,q_{w (Ω)} for β ∈ [1, 2] and

‖ · ‖_Y β,q_{w (Ω)} = ‖ · ‖_{[L}q_{w(Ω),W} 1,q_{w,0(Ω)]β} for β ∈ [0, 1).

Theorem 4.11. Let Ω ⊂ R^n be a bounded domain of class C^{1,1} and let I be an interval.

1. For 2 ≥ β ≥ 0 let B(t) : L^q_w(Ω) → H^{β,q}_w (Ω), t ∈ I, be uniformly bounded for every w ∈ A_q with an A_q-consistent bound of the continuity constant. Then B(t), t ∈ I, is R-bounded.

2. The assertion of 1. holds true if one replaces H^{β,q}_w (Ω) by Y^{β,q}_w (Ω).

Proof. 1. We begin with the case 0 ≤ β < 1. Let (ψ_j )^N_{j=1}, ψ_j : R^n_+ ⊃ U_j → V_j ⊂ Ω be a collection of C^{1,1}-charts and assume that each ψ_j is extended to a C^{1,1}-diffeomorphism from R^n to R^n. Let (ϕ_j)_j be a decomposition of unity subordinate to the covering (V_j )_j of Ω.

For v ∈ A_q we set w_j := v ∘ ψ^{−1}_j and by E_e : H^{β,q}_v (R^n_+) → H^{β,q}_v∗ (R^n) we denote the even extension E_eu(x) = { u(x) for x_n ≥ 0 u(x^′, −x_n) for x_n ≤ 0 for u ∈ H^{β,q}_v (R^n_+)

and by E_0 : L^q_w(Ω) → L^q_w(R^n) we denote the extension by 0. We consider the mapping M_j (t) : L^q_v(R^n) → L^q_v(R^n), which is defined by the composition

M_j (t) : L^q_v(R^n) C_{ψ−1j} :h→h∘ψ^{−1}_j −−−−−−−−−→ L^q_{wj} (R^n)^{RΩ}−−−→ L^q_{wj} (Ω)^{B(t)}−−−→ H^{β,q}_{wj} (Ω) M_{ϕj} :h→ϕ_j h −−−−−−−→ H^{β,q}_{wj} (H_{ψj} )^{Cψj :h→h∘ψj} −−−−−−−→ H^{β,q}_v (R^n_+)^{Ee}−−−→ H^{β,q}_v∗ (R^n) Λ^β−−−→ Lq v^∗ (R

n)^{RRn+}−−−→ L^q_v(R^n_+)^{E0}−−−→ L^q_v (R^n),

where H_{ψj} is the bent half space with boundary ψ_j (R^{n−1} ×{0}) and v^∗(x^′, x_n) = v(x^′, x_n) for x_n ≥ 0 and v^∗(x^′, x_n) = v(x^′, −x_n) for x_n < 0. This operator M_j (t) is the composition of B(t) with operators constant in t and with norms depending A_q-consistently on the weight functions v and w. The A_q-consistence of the norms of C_{ψj} , M_{ϕj} , E_0 and E_e is easy to check in the cases β = 0 and β = 1 and it is preserved by interpolation. For Λ^β we refer to Corollary 2.3.

By the assumptions on B(t) we obtain that M_j(t) is uniformly bounded in t with an A_q-consistent bound. Thus by [14, Theorem 4.3] we obtain that M_j (t) is R-bounded.

Next we show that B(t) = n∑ j=1 M~_{ϕj} ∘ C_ψ−1_j ∘ R_Rn_+ ∘ Λ^{−β} ∘ E_e ∘ R_Rn_+ ∘ M_j (t) ∘ C_{ψj} ∘ E_0, (4.11)

where M~_{ϕj} : H^{β,q}_{(w∘ψj )∗∘ψ−1j} (H_{ψj} ) → H^{β,q}_w (Ω) is the multiplication with some cut-off func-

tion ϕ̃_j ∈ C^∞_0 (V_j) with ϕ̃_j ≡ 1 on supp ϕ_j. One has the equations

R_Ω ∘ C_ψ−1_j ∘ C_{ψj} ∘ E_0 = id_L^q_{w (Ω)}, N∑ j=1 M~_{ϕj} ∘ C_ψ−1_j ∘ R_Rn_+ ∘ Λ^{−β} ∘ E_e ∘ R_Rn_+ ∘ E_0 ∘ R_Rn_+ ∘ Λ^β ∘ E_e

=id_{Hβ,qw (Rn+)}, since Λ^β ∘E_e is even ∘C_{ψj} ∘ M_{ϕj} = id_Hβ,q_{w (Ω)}.

We have used that the Fourier transform and the inverse Fourier transform as well as the multiplication with the even function ⟨ξ⟩^β maps even functions to even functions. This shows that the image space of Λ^β ∘E_e consists of even functions. Thus (4.11) holds.

We find that B(t) is R-bounded as a sum and composition of the R-bounded operators M_j (t) with bounded operators which are constant in t.

We turn to the case 1 < β ≤ 2. If B(t) : L^q_w(Ω) → H^{β,q}_w (Ω), t ∈ I, fulfills the assumptions of this theorem, then ∂_iB(t) : L^q_w(Ω) → H^{β−1,q}_w (Ω) is uniformly bounded for i = 1, ..., n as well, by a constant depending A_q-consistently on w. Moreover, by the embedding H^{β,q}_w (Ω) → H^{β−1,q}_w (Ω) the same is true for B(t) : L^q_w(Ω) → H^{β−1,q}_w (Ω).

Since 0 < β − 1 ≤ 1, we are in the case just treated and we find that

∂_iB(t) : L^q_w(Ω) → H^{β−1,q}_w (Ω), i = 1, ..., n, and B(t) : L^q_w(Ω) → H^{β−1,q}_w (Ω)

are R-bounded. Thus using the notation of Definition 4.9 we find by Lemma 2.7 ∫_1 0 ‖ ‖ ‖ ‖ m∑ k=1 r_k(u)B(t_k)h_k ‖ ‖ ‖ ‖_{Hβ,qw (Ω)} du

≤ c n∑ j=1 ∫_1 0 ‖ ‖ ‖ ‖ ∂_j m∑ k=1 r_k(u)B(t_k)h_k ‖ ‖ ‖ ‖_{Hβ−1,qw (Ω)} du + ∫_1 0 ‖ ‖ ‖ ‖ m∑ k=1 r_k(u)B(t_k)h_k ‖ ‖ ‖ ‖_{Hβ−1,qw (Ω)} du

≤ c ∫_1 0 ‖ ‖ ‖ ‖ m∑ k=1 r_k(u)h_k ‖ ‖ ‖ ‖_{Lqw (Ω)} du. Hence B(t) is R-bounded.

2. For 1 ≤ β ≤ 2 one has ‖ · ‖_Y β,q_w = ‖ · ‖_{β,q,w}. Thus, if B(t) : L^q_w(Ω) → Y^{β,q}_w (Ω) ⊂ H^{β,q}_w (Ω) fulfills the assumptions of the theorem, then B(t) : L^q_w(Ω) → H^{β,q}_w (Ω) is Rbounded. Since B(t) takes values in Y^{β,q}_w (Ω), we obtain the asserted R-boundedness of B(t) : L^q_w(Ω) → Y^{β,q}_w (Ω).

Now we assume 0 ≤ β < 1. We choose some ball B_r such that Ω ⊂ B_r. Then the operator E_{0,Br} : Y^{β,q}_w (Ω) → H^{β,q}_w (B_r), E_{0,Br} (u)(x) = { u(x) if x ∈ Ω 0 if x ∈ B_r \ Ω

(4.12)

is continuous with continuity constant 1. This is clear for β = 0 and β = 1, for β ∈ (0, 1) it follows by interpolation.

We set D(t) : L^q_w(B_r) → H^{β,q}_w (B_r), D(t)u = E_{0,Br} ∘ B(t) ∘ R_Ω, where R_Ω is the restriction to Ω. Then D(t) is uniformly bounded by a constant depending A_q-consistently on w. Hence it is R-bounded by 1.

Let u ∈ H^{β,q}_w (B_r) with u|_{Br\Ω} = 0. Then by the Theorems 2.5 and 2.4 the norm in the interpolation space is equivalent to the one defined by restrictions. The constants are maybe no longer A_q-consistent, but in this step of the proof this is no longer needed.

Thus we may estimate, denoting by E_{0,R}n the extension by 0 to the whole space R^n, ‖R_Ωu‖_Y β,q_{w (Ω)} ≤c‖E_{0,R}n R_Ωu‖_Hβ,q_{w (Rn)} =c‖ψU‖_Hβ,q_{w (Rn)} ≤ c‖U‖_Hβ,q_{w (Rn)} ≤ c‖u‖_Hβ,q_{w (Br )}, where ψ is some cut-off function with supp ψ ⊂ B_r and ψ = 1 in Ω and U ∈ H^{β,q}_w (R^n) is some extension of (E_{0,R}n R_Ωu)|_{Br} = u with ‖U‖_Hβ,q_{w (Rn)} ≤ c‖u‖_Hβ,q_{w (Br )}.

Now the R-boundedness of B(t) follows from the R-boundedness of D(t) as before.

Lemma 4.12. Let 0 < δ < ε, ε ∈ (0,^π_2 ) and w ∈ A_q. Then the operator ⟨λ⟩^{1− β2} (λ + A)^{−1} : L^q_{w,σ}(Ω) → Y^{β,q}_w (Ω) is bounded uniformly with respect to λ ∈ Σ_δ ∪ {0}. This uniform bound depends A_qconsistently on w.

Proof. For the cases β = 0 and β = 2 we observe that by [14] the strong solution u of (λ + A)u = f fulfills the estimate |λ|‖u‖_{q,w} + ‖u‖_{2,q,w} ≤ c‖f‖_{q,w} with c depending A_q-consistently on w. This yields ‖u‖_{2,q,w} ≤ c‖f‖_{q,w}, which is the assertion for β = 2 and ⟨λ⟩‖u‖_{q,w} ≤ c(|λ| + 1)‖u‖_{q,w} ≤ c‖f‖_{q,w}, which is the assertion for β = 0. Thus we have shown ‖(λ + A)^{−1}‖_{L(L}q_{w,σ ,H}β,q_{w )} ≤ c⟨λ⟩^{β2 −1} for β = 0, 2. Next we consider the case β = 1. By interpolation we obtain ‖(λ + A)^{−1}‖_{L(L}q_{w,σ ,[L}q_{w,H}2,q_{w ] 12 )} ≤ c^{1− 12} ⟨λ⟩^{−(1− 12 )}c^{12} = c⟨λ⟩^{− 12} , where c is independent of λ and depends A_q-consistently on w. Now Lemma 2.6 yields ‖(λ + A)^{−1}f‖_Y 1,q_w ≤ M‖(λ + A)^{−1}f‖_{[L}q_{w,H}2,q_{w ] 12} ≤ cM⟨λ⟩^{− 12} ‖f‖_{q,w}. This is the assertion for β = 1. For β ∈ (0, 1) and β ∈ (1, 2) we use reiteration.

We obtain the following regularity result in the case of purely tangential boundary conditions.

Lemma 4.13. Let 0 ≤ β ≤ 2 and g ∈ L^r(0, T ; T^{β,q}_w (∂Ω)) ∩ H^{β2 ,r}_0 ((0, T ]; T^{0,q}_w (∂Ω)) be purely tangential. Let u ∈ L^r(0, T ; L^q_w(Ω)) be the unique very weak solution to the instationary Stokes problem with zero initial values, force and divergence and boundary condition g, i.e., −⟨u, ∂_tϕ⟩_{Ω,T} − ⟨u, Δϕ⟩_{Ω,T} = −⟨g, N · ∇ϕ⟩_{∂Ω,T} for all ϕ ∈ X^{r′,q′}_w′_{,σ} ⟨u(t), ψ⟩_Ω = 0 for all ψ ∈ W^{1,q′}_w′ (Ω)

(4.13)

and almost every t. Then u ∈ L^r(0, T ; H^{β,q}_w (Ω)) and it fulfills the estimate ‖u_t|_Y 2,q′_{w′,σ (Ω)}‖_{Lr(Y} β−2,q_{w,σ )} + ‖u‖_{Lr(H}β,q_{w )} ≤ c ( ‖g‖_{Lr(T} β,q_{w )} + ‖g‖_H β_{2 ,r0 ((0,T ];T 0,qw )} ) , with c = c(r, Ω, q, A_q(w)) > 0.

Proof. By the Lemmas 4.7 and 4.8 we may assume that g is extended to an element of L^r(R; T^{β,q}_w (∂Ω)) ∩ H^β2^{,r}(R; T^{0,q}_w (∂Ω)) with g(t) = 0 for t < 0. This is possible without increasing the magnitude of the norm of g. The extension is again denoted by g. Let

B : {g ∈ T^{β,q}_w (∂Ω) | g purely tangential} →Y^{−2,q}_w (Ω), g →[ϕ → −⟨g, N · ∇ϕ⟩]. Let u ∈ L^r(R; L^q_w(Ω)) with u(t) = 0 for t < 0 and such that, for t ≥ 0, it is the very weak solution to the instationary Stokes problem with exterior force Bg, for the extended function g. This solution exists by Theorem 4.3, is uniquely defined by g and solves the Stokes equations in the sense of (4.13) with T replaced by ∞. Moreover, by the uniqueness of very weak solutions, this function u coincides on [0, T ] with the very weak solution with respect to the original g, given in the assumption of this theorem.

We have to show that it satisfies u ∈ L^r(R; H^{β,q}_w (Ω)) and fulfills the estimate. Set u_1(t) := A^{−1}Bg(t), where A is the generalized Stokes operator on Y^{−2,q}_{w,σ} (Ω). Then u_1(t)|_{∂Ω} = g(t) in the sense of Theorem 2.10 for almost every t since g is purely tangential.

Since A^{−1}B : T^{0,q}_w (∂Ω) → L^q_w(Ω) is continuous, one obtains

‖u_1‖_H β_{2 ,r(R;Lqw )} = ‖Λ^{β2}_t A^{−1}Bg‖_Lr_{(R;L}^q_{w )} = ‖A^{−1}BΛ^{β2}_t g‖_Lr_{(R;L}^q_{w )} ≤ c‖g‖_H β_{2 ,r (R;T 0,qw )}.

Moreover, from the pointwise estimate in Theorem 2.11 we obtain u_1 ∈ L^r(R; H^{β,q}_w (Ω)) and the estimate ‖u_1‖_{Lr(R;H}β,q_{w )} ≤ c‖g‖_{Lr(R;T} β,q_{w )}. Now u_2 := u − u_1 solves

∂_tu_2 + Au_2 = −∂_tu_1 in D^′(R, Y^{−2,q}_{w,σ} (Ω)).

An application of the Fourier transformation with respect to the time variable t yields û_2 = −it(it + A)^{−1}û_1.

As a next step we show that M(t) := ⟨t⟩^{− β2} t(it + A)^{−1}P_{q,w} ∈ L(L^q_w(Ω), Y^{β,q}_w (Ω)) is a Fourier multiplier. Since ‖M(t)‖_{L(L}q_{w (Ω),Y} β,q_{w (Ω))} ≤ ‖⟨t⟩^{− β2 +1}(it + A)^{−1}P_{q,w}‖_{L(L}q_{w (Ω),Y} β,q_{w (Ω))} for every t, we find by Lemma 4.12 that M(t) is uniformly bounded by a constant that depends A_q-consistently on w. By Theorem 4.11 this implies that M(t) is R-bounded.

Moreover, tM^′(t) = (t⟨t⟩^{− β2} − β 2 t^3⟨t⟩^{− β2 −2})(it + A)^{−1}P_{q,w} − it^2⟨t⟩^{− β2} (it + A)^{−2}P_{q,w}. Since t(it+A)^{−1} : L^q_w(Ω) → L^q_w(Ω) is uniformly bounded with an A_q-consistent constant and t⟨t⟩^{− β}2 −^β_2 t^3⟨t⟩^{− β}2^{−2} ≤ (1 +^β_2 )⟨t⟩^{1− β}2 , this is R-bounded as before.

Combining the above with Theorem 4.10 and Lemma 4.8 shows that M(t) is a multiplier. Thus ‖u_2‖_{Lr (H}β,q_{w )} ≤ ‖u_2‖_{Lr(Y} β,q_{w )} = ‖F^{−1}iM(t)⟨t⟩^{β2} û_1‖_{Lr(H}β,q_{w )} ≤ c‖F^{−1}⟨t⟩^{β2} û_1‖_Lr_{(L}^q_{w )} = c‖u_1‖_H β_{2 ,r (Lqw )} ≤ c‖g‖_H β_{2 ,r (T 0,qw )}.

Using this we are in the position to estimate the time derivative of u because ‖∂_tu‖_{Lr(Y} β−2,q_{w,σ )} = ‖Au_2‖_{Lr(Y} β−2,q_{w,σ )} ≤ c‖u_2‖_{Lr(Y} β,q_{w,σ )} ≤ c‖g‖_H β_{2 ,r (T 0,qw )}. Combining this with the estimate for u_1 implies ‖u_t‖_{Lr(Y} β−2,q_{w,σ )} + ‖u‖_{Lr(H}β,q_{w )} ≤ c ( ‖g‖_{Lr(T} β,q_{w )} + ‖g‖_H β_{2 ,r (T 0,qw )} ) = c‖g‖_{Lr(T β,qw )∩H} β_{2 ,r (T 0,qw )}.

4.4 Solutions to Fully Inhomogeneous Data

In the following we consider external forces

f ∈ L^r(0, T ; Y^{β−2,q}_w (Ω)) = [ L^r(0, T ; Y^{−2,q}_w (Ω)), L^r(0, T ; L^q_w(Ω)) ]_β 2 for 0 ≤ β ≤ 2, where the equality of the spaces follows from [28, 1.18.4] combined with Theorem 2.5. For such forces one obtains very weak solutions to the instationary Stokes problem by interpolation.

Lemma 4.14. For every f ∈ L^r(0, T ; Y^{β−2,q}_w (Ω)) there exists a unique solution u ∈ L^r(0, T ; Y^{β,q}_{w,σ} (Ω)) to the Stokes equation

u_t + Au = f|_Y 2,q′_{w′,σ (Ω)} in D^′(0, T ; Y^{β−2,q}_{w,σ} (Ω)) with u(0)|_Y 2,q′_{w′,σ (Ω)} = 0. It fulfills the estimate ‖u‖_{Lr(Y} β,q_{w,σ )} ≤ c‖f|_Y 2,q′_{w′,σ(Ω)}‖_{Lr (Y} β−2,q_{w,σ )}. Proof. By Corollary 4.4 and Lemma 4.5 this is true for β = 0. Since for f(t) ∈ L^q_{w,σ}(Ω) one has f|_Y 2,q′_{w′,σ(Ω)} = P_{q,w}f|_Y 2,q′_{w′,σ (Ω)} the solution operator L : L^r(0, T ; L^q_w(Ω)) ∋ f → u ∈ L^r(0, T ; Y^{2,q}_{w,σ}(Ω)), where u is the strong solution to the instationary Stokes equations with force f, is welldefined, continuous by Theorem 4.2 and it coincides with the very weak solution with respect to ϕ → ⟨f, ϕ⟩ by the uniqueness of the very weak solution in Theorem 4.3.

Thus we may apply interpolation to the solution operator L : f → u L : L^r(0, T ; Y^{−2,q}_w (Ω)) → L^r(0, T ; L^q_{w,σ}(Ω)) and L : L^r(0, T ; L^q_w(Ω)) → L^r(0, T ; Y^{2,q}_{w,σ}(Ω)) and we obtain the assertion.

Our space of initial values is I^{β,q,r}_w = I^{β,q,r}_w (Ω) := { u_0 ∈ Y^{β−2,q}_{w,σ} (Ω) | | ∫_∞ 0 ‖e^{−tA}u_0‖^r_{β,q,w}dt < ∞ } , where e^{−tA} is the semigroup that is generated by the generalized Stokes operator A in Y^{β−2,q} w,σ (Ω) with e^{−tA} : Y^{β−2,q}_{w,σ} (Ω) → D(A) = Y^{β,q}_{w,σ} (Ω) ⊂ H^{β,q}_{w,σ}(Ω). It is equipped with the norm ‖u_0‖_Iβ,q,r_w := ‖u_0‖_Y β−2,q_{w,σ} + ‖e^{−tA}u_0‖_{Lr (H}β,q_{w )}.

Lemma 4.15. I^{2,q,r}_w is dense in I^{β,q,r}_w for every β ∈ [0, 2]. Proof. If β = 2 nothing is to show. Thus we assume β ∈ [0, 2).

For u_0 ∈ I^{β,q,r}_w and λ > 0 we set u_λ := λ(λ + A)^{−1}u_0. Recall the inequalities ‖(λ + A)^{−1}x‖_L^q_{w,σ} ≤ c‖x‖_Y −2,q_{w,σ} and ‖(λ + A)^{−1}x‖_Y 2,q_{w,σ} ≤ c‖x‖_L^q_{w,σ} , which are true with c independent of λ by Theorem 3.2. Using this and the definition of the norm in I^{β,q,r}_w one shows that ‖u_λ‖_I2,q,r_w ≤ c(λ)‖u_0‖_I0,q,r_w ≤ c(λ)‖u_0‖_Iβ,q,r_w . This yields u_λ ∈ I^{2,q,r}_w . Moreover, since x(t) := e^{−tA}u_0 ∈ Y^{2,q}_{w,σ}(Ω) we find by Lemma 4.12 ‖λ(λ + A)^{−1}x(t) − x(t)‖_Y β,q_{w,σ} ≤ 1 ⟨λ⟩^{1− β}2 ‖Ax(t)‖_{q,w}^{λ→∞}−−−→ 0. (4.14) Since ‖A(λ+A)^{−1}x(t)‖_Y β,q_{w,σ} ≤ c‖Ax(t)‖_Y β−2,q_{w,σ} ∈ L^r(R_+) with c independent of λ we have by Lebesgue’s Theorem ‖e^{−tA}u_λ − e^{−tA}u_0‖_Y β,q_{w,σ} = ‖λ(λ + A)^{−1}x(t) − x(t)‖_Y β,q_{w,σ} → 0 in L^r(R_+) as λ → ∞. In addition Lemma [19, Lemma I.3.2] implies that u_λ → u_0 in Y^{β−2,q}_{w,σ} (Ω) as λ → ∞ and we obtain convergence in I^{β,q,r}_w .

Lemma 4.16. Let 1 < q < ∞, β ∈ [0, 2] and let w ∈ A_q. Let Ω ⊂ R^n be a bounded C^{2,1}-domain if β > 1 and a bounded C^{1,1}-domain if β ≤ 1.

Then the Helmholtz projection P_{q,w} : H^{β,q}_w (Ω) → H^{β,q}_w (Ω) is continuous. Proof. This follows by interpolation from the corresponding assertions for β = 0, 1, 2. The assertion for β = 0 follows from [12] and the one for β = 1 and β = 2 follows from the regularity of solutions to the weak Neumann problem in weighted spaces that has been proved in [21, A2].

Theorem 4.17. Let 1 < q < ∞, β ∈ [0, 2] and let w ∈ A_q. Let Ω ⊂ R^n be a bounded C^{2,1}-domain if β > 1 and a bounded C^{1,1}-domain if β ≤ 1. Moreover, we take f ∈ L^r(0, T ; Y^{β−2,q}_w (Ω)), k ∈ H^{β2 ,r}_0 ((0, T ]; W^{−1,q}_{w,0} (Ω)) ∩ L^r(0, T ; H^{β−1,q}_{w,∗} (Ω)), g ∈ H^{β2 ,r}_0 ((0, T ]; T^{0,q}_w (∂Ω)) ∩ L^r(0, T ; T^{β,q}_w (∂Ω)), u_0 ∈ I^{β,q,r}_w (Ω), fulfilling the compatibility condition ⟨k(t), 1⟩_Ω = ⟨g(t), N⟩_{∂Ω}, for almost all t ∈ (0, T ).

Then there exists a unique very weak solution u ∈ L^r(0, T ; H^{β,q}_w (Ω)) to the instationary Stokes system, i.e., −⟨u, ϕ_t⟩_{Ω,T} − ⟨u, Δϕ⟩_{Ω,T} = −⟨u_0, ϕ(0)⟩_Ω + ⟨f, ϕ⟩_{Ω,T} − ⟨g, N · ∇ϕ⟩_{∂Ω,T} −⟨u(t), ∇ψ⟩_Ω = ⟨k(t), ψ⟩_Ω − ⟨g(t), Nψ⟩_{∂Ω} for a.e. t ∈ [0, T ] for all ϕ ∈ X^{r′,q′}_w′_{,σ} and ψ ∈ W^{1,q′}_w′ (Ω).

Moreover, there exists a pressure functional p ∈ H^{−1,r}(0, T ; H^{β−1,q}_w (Ω)) that is unique modulo constants, such that

∂_tu − Δu + ∇p = f|_C∞_{0 (Ω)}

is fulfilled in the sense of distributions on (0, T ) × Ω. This solution (u, p) fulfills the estimate ‖u_t|_Y 2,q′_{w′,σ(Ω)}‖_{Lr (0,T ;Y} β−2,q_{w,σ (Ω))} + ‖u‖_{Lr(H}β,q_{w )} + ‖p‖_{H−1,r (H}β−1,q_{w )} ≤c ( ‖f‖_{Lr(H}β−2,q_{w )} + ‖k‖_H β_{2 ,r0 ((0,T ];W −1,qw,0 )∩Lr (Hβ−1,qw,∗ )} + ‖g‖_H β_{2 ,r0 ((0,T ];T 0,qw )∩Lr (T β,qw )} + ‖u_0‖_Iβ,q,r_w ) (4.15)

with c = c(Ω, r, β, q, w) > 0. Remark 4.18. The right hand side in the above theorem is [ϕ → −⟨u_0, ϕ(0)⟩_Ω + ⟨f, ϕ⟩_{Ω,T} − ⟨g, N · ∇ϕ⟩_{∂Ω,T} ] ∈ (X^{r′,q′}_w′ )^′. This means the case of non-zero initial conditions requires no generalization of the definition of the very weak solution given in Definition 4.1.

Proof. Step 1. We start with the divergence and the normal part of the boundary condition.

Let ũ_1(t) ∈ H^{β,q}_w (Ω) be the very weak solution to the stationary Stokes system with external force 0, boundary condition g(t) and divergence k(t). Moreover, set u_1(t) := ũ_1(t) − P_{q,w}ũ_1(t). Then one has by Lemma 4.16

u_1(t) ∈ H^{β,q}_w (Ω), u_1(t) = ∇π(t)

and for almost every t ∈ [0, T ] and every ψ ∈ W^{1,q′}_w′ (Ω) one has by (3.3) ⟨∇π, ∇ψ⟩_Ω = ⟨u_1(t), ∇ψ⟩_Ω = ⟨ũ_1(t), ∇ψ⟩_Ω = −⟨k(t), ψ⟩_Ω + ⟨g(t), Nψ⟩_{∂Ω}. This function π can be chosen such that ∫ Ω π = 0.

The a priori estimate of the solution to the stationary problem combined with the continuity of P_{q,w} on H^{β,q}_w (Ω) shown in Lemma 4.16 implies u_1 ∈ L^r(0, T ; H^{β,q}_w (Ω)). Thus by Lemma 4.7 one has ∂_tu_1 ∈ H^{−1,r}(0, T ; H^{β,q}_w (Ω)) and it cannot be expected to be a function in time. However, since u_1 is a gradient, for ϕ ∈ C^∞_0 (0, T ; Y^{2,q′}_w′_{,σ}(Ω)) one has ⟨∂_tu_1, ϕ⟩_{Ω,T} = −⟨u_1, ∂_tP_q′_{,w}′ ϕ⟩_{Ω,T} = −⟨P_{q,w}u_1, ∂_tϕ⟩_{Ω,T} = 0. Thus the estimate for ∂_tu_1|_Y 2,q′_{w′,σ (Ω)} ∈ L^r(0, T ; Y^{β−2,q}_{w,σ} (Ω)) is obvious.

Next we have to show that the tangential component of the boundary value γ(u_1) of u_1 is well-defined in the sense of Theorem 2.10 and fulfills the estimate ‖γ(u_1)‖_{Lr(T β,qw )∩H} β_{2 ,r0 (T 0,qw )} ≤ c‖u_1‖_{Lr(Hβ,qw )∩H} β_{2 ,r0 (Lqw )} ≤ c ( ‖k‖_{Lr (Hβ−1,qw,∗ )∩H} β_{2 ,r0 (W −1,qw,0 )} + ‖g‖_{Lr(T β,qw )∩H} β_{2 ,r0 (T 0,qw )} ) . (4.16)

We begin proving the following pointwise inequality ‖γ(u_1(t))‖_T β,q_w ≤ c‖u_1(t)‖_Hβ,q_w ≤ c(‖k(t)‖_Hβ−1,q_{w,∗} + ‖g(t)‖_T β,q_w ). (4.17) The second inequality follows from the a priori estimate of the stationary Stokes equation in Theorem 2.11 combined with the continuity of P_{q,w}. Hence it remains to prove the first.

If β ≥ 1 this follows from the continuity of the restriction v → v|_{∂Ω} : H^{β,q}_w (Ω) → T^{β,q}_w (∂Ω). Thus we assume 0 ≤ β < 1. Since Δu_1(t) = ∇Δπ(t) one has Δu_1(t)|_C∞_{0,σ (Ω)} = 0. This means γ(u_1(t)) ∈ T^{0,q}_w (∂Ω) is well-defined by Theorem 2.10. Moreover, if β = 0, this means that the mapping W^{1,q}_w (Ω) ∋ π → γ(∇π) ∈ T^{0,q}_w (∂Ω) is continuous and, by the definition of T^{1,q}_w (Ω), it is also bounded as an operator

γ ∘ ∇ : W^{2,q}_w (Ω) → T^{1,q}_w (∂Ω).

Hence by interpolation we obtain the continuity of γ ∘ ∇ : H^{β+1,q}_w (Ω) → T^{β,q}_w (∂Ω) and this implies the pointwise estimate (4.17) for almost every t, where one uses the Lemmas 2.8 and 2.7 to verify ‖π‖_Hβ+1,q_w ≤ c ( ‖∇π‖_Hβ,q_w + ‖π‖_Hβ,q_w ) ≤ c ( ‖∇π‖_Hβ,q_w + ‖∇π‖_Hβ−1,q_w ) ≤ c‖u_1‖_Hβ,q_w , since π has mean value 0. Thus we obtain ‖γ(u_1)‖_{Lr(T} β,q_{w )} ≤ c‖u_1‖_{Lr(H}β,q_{w )} ≤ c(‖k‖_{Lr(H}β−1,q_{w,∗ )} + ‖g‖_{Lr(T} β,q_{w )}). (4.18) In particular (4.17) holds for β replaced by 0. Assume for a moment that k, g and u_1 are defined on R × Ω with supp k, supp g ⊂ [0, ∞) in time. Obviously the operator Λ_t acting in time commutes with the continuous operator (g(t), k(t)) → u_1(t) acting in space. Combining this with (4.17) implies ‖γ(u_1)‖_H β_{2 ,r(R;T 0,qw )} ≤c‖u_1‖_H β_{2 ,r(R;Lqw )} ≤c ( ‖k‖_H β_{2 ,r(R;H−1,qw,0 )} + ‖g‖_H β_{2 ,r(R;T 0,qw )} ) . (4.19)

For g and k given as in the assumption of this theorem by Lemma 4.7 there exist extensions Eg ∈ H^β2^{,r}(R; T^{0,q}_w (∂Ω)) and Ek ∈ H^β2^{,r}(R; H^{−1,q}_{w,0} (Ω)). The resulting u^E_1 fulfills supp u^E_1 ⊂ supp Eg ∪ supp Ek in time. Thus we obtain ‖γ(u_1)‖_H β_{2 ,r0 ((0,T ];T 0,qw )} ≤ c ( ‖k‖_H β_{2 ,r0 ((0,T ];H−1,qw,0 )} + ‖g‖_H β_{2 ,r0 ((0,T ];T 0,qw )} ) (4.20)

from (4.19). Combining (4.18) and (4.20) implies that the tangential component of the boundary value of u_1 fulfills γ(u_1) ∈ H^{β2 ,r}_0 ((0, T ]; T^{0,q}_w (∂Ω)) ∩ L^r(0, T ; T^{β,q}_w (∂Ω)) and the estimate (4.16).

Step 2. We consider the tangential component of the boundary condition. Let u_2 ∈ L^r(0, T ; H^{β,q}_w (Ω)) be the solution to the instationary Stokes system with vanishing initial condition, exterior force, divergence and the purely tangential boundary condition g_{tan} − γ(u_1) ∈ H^{β2 ,r}_0 ((0, T ]; T^{0,q}_w (∂Ω)) ∩ L^r(0, T ; T^{β,q}_w (∂Ω)), where g_{tan} is the tangential component of g. Such a function u_2 exists by Lemma 4.13 and fulfills the estimate ‖(∂_tu_2)|_Y 2,q′_{w′,σ} ‖_{Lr (Y} β−2,q_{w,σ )} + ‖u_2‖_{Lr (H}β,q_{w )} ≤c ( ‖g_{tan}‖_H β_{2 ,r0 (T 0,qw )∩Lr (T β,qw )} + ‖γ(u_1)‖_H β_{2 ,r0 (T 0,qw )∩Lr (T β,qw )} )

≤c ( ‖k‖_H β_{2 ,r0 (H−1,qw,0 )} + ‖g‖_H β_{2 ,r0 (T 0,qw )} + ‖k‖_{Lr(H}β−1,q_{w,∗ )} + ‖g‖_{Lr(T} β,q_{w )} ) , where in the last inequality we have used (4.16). Step 3. The next step is to consider the initial values.

We set u_3(t) = e^{−tA}u_0, where e^{−tA} is the semigroup generated by the generalized Stokes operator in Y^{β−2,q}_{w,σ} (Ω). Then u_3 is a solution to

∂_tu_3 + Au_3 = 0, u_3|_Y 2,q′_{w′,σ(Ω)}(0) = u_0.

By the definition of the space of initial values I^{β,q,r}_w it fulfills the estimate ‖ ‖ ‖∂^tu^3|Y^{2,q′}_{w′,σ} (Ω) ‖ ‖ ‖_{Lr (Y β−2,qw,σ )} + ‖u^3‖L^r (H^{β,q}w ) ≤ ‖u^0‖I^{β,q,r}w . Step 4. It remains to treat the external force.

By Lemma 4.14 there exists a unique very weak solution u_4 ∈ L^r(0, T ; Y^{β,q}_{w,σ}(Ω)) solving

∂_tu_4 + Au_4 = f|_Y 2,q′_{w′,σ(Ω)}, u_4|_Y 2,q′_{w′,σ (Ω)}(0) = 0.

It fulfills the estimate ‖ ‖ ‖∂^tu^4|Y^{2,q′}_{w′,σ}(Ω) ‖ ‖ ‖_{Lr (Y β−2,qw,σ )} + ‖u^4‖L^r(Y^{β,q}w (Ω)) ≤ c‖f‖L^r(Y^{β−2,q}w ). Step 5. Summarizing the above shows that u := u_1 + u_2 + u_3 + u_4 ∈ L^r(0, T ; H^{β,q}_w (Ω)) is a very weak solution as required. The function u fulfills the estimate ‖ ‖ ‖ ‖∂^tu|Y^{2,q′}_{w′,σ}(Ω) ‖ ‖ ‖ ‖_{Lr(Y β−2,qw,σ )} + ‖u‖L^r(H^{β,q}w ) ≤c ( ‖f‖_{Lr(H}β−2,q_{w )} + ‖k‖_{Lr(Hβ−1,qw,∗ )∩H} β_{2 ,r0 (W −1,qw,0 )} + ‖g‖_{Lr(T β,qw )∩H} β_{2 ,r0 (T 0,qw )} + ‖u_0‖_Iβ,q,r_w ) , since this is true for u_1, u_2, u_3 and u_4.

Step 6. The uniqueness of u follows from the uniqueness of the very weak solution proved in Theorem 4.3.

Step 7. It remains to show existence and estimates for the pressure functional.

We approximate f, k, g, u_0 by functions

f_n ∈ L^r(0, T ; L^q_w(Ω)), k_n ∈ H^{1,r}_0 (0, T ; H^{1,q}_w (Ω)), g_n ∈ H^{1,r}_0 (0, T ; T^{2,q}_w (∂Ω)), u_{0,n} ∈ I^{2,q,r}_w in the norms of the corresponding spaces for the data as in the assumptions of this theorem. Then one obtains as above a strong solution

u_n ∈ L^r(0, T ; H^{2,q}_w (Ω)) with ∂_tu_n ∈ L^r(0, T ; L^q_w(Ω))

to the Stokes problem with respect to the data u_{0,n}, f_n, g_n, k_n. By the uniqueness proved in Step 5 the functions u_n fulfill the a priori estimate (4.15). This implies u_n → u in L^r(0, T ; H^{β,q}_w (Ω)).

By de Rham’s Theorem [27] there exists p_n(t) ∈ (C^∞_0 (Ω))^′ such that

∂_tu_n(t) − Δu_n(t) + ∇p_n(t) = f_n(t) almost everywhere on (0, T ) × Ω.

Since ∇p_n ∈ L^r(0, T ; L^q_w(Ω)) one has by Lemma 2.8 that p(t) ∈ W^{1,q}_w (Ω) for almost every t. We choose p_n(t) such that ∫ p_n(t) dx = 0 for every t.

Every ∇p_n fulfills the estimate ‖∇p_n‖_{H−1,r (H}β−2,q_{w )} ≤c ( ‖k_n‖_{Lr(Hβ−1,qw,∗ )∩H} β_{2 ,r0 (H−1,qw,0 )} + ‖g_n‖_{Lr(T β,qw )∩H} β_{2 ,r0 (T 0,qw )} + ‖f_n‖_{Lr(Y} β−2,q_{w )} + ‖u_{0,n}‖_Iβ,q,r_w ) , where we have used Y^{β−2,q}_w (Ω)|_H2−β,q′_{w′,0} → H^{β−2,q}_w (Ω) and Lemma 4.7 to show ‖∂_tu_n‖_{H−1,r (H}β−2,q_{w )} ≤ c‖u_n‖_{Lr(H}β−2,q_{w )} ≤ c‖u_n‖_{Lr (H}β,q_{w )}. Moreover, by Lemma 4.7 one has H^{−1,r}(0, T ; H^{β−2,q}_w (Ω)) = W^{−1,r}(0, T ; H^{β−2,q}_w (Ω)) and for every ϕ ∈ W^{1,r}_0 (0, T ; H^{1−β,q′}_w′_{,0} (Ω)) with ⟨ϕ(t), 1⟩ = 0 we find ζ ∈ W^{1,r}_0 (0, T ; H^{2−β,q′}_w′_{,0} (Ω)) with −⟨ζ(t), ∇ψ⟩_Ω = ⟨ϕ(t), ψ⟩_Ω for all ψ ∈ W^{1,q′}_w′ (Ω) and ‖ζ‖_W 1,r_{0 (H}2−β,q′_{w′,0 )} ≤ c‖ϕ‖_W 1,r_{0 (H}1−β,q′_{w′ ,0 )}. For β ∈ [0, 1] we may choose ζ(t) to be equal to the very weak solution to the stationary Stokes equation with 0 external force and divergence ϕ(t) that exists by Theorem 2.11. For β ∈ (1, 2] we may apply complex interpolation to the Bogowski operator on L^q_w(Ω) and on W^{1,q}_{w,0}(Ω). The continuity of this operator between weighted spaces has been shown in [22].

For ϕ ∈ C^∞_0 ((0, T ) × Ω) with mean value 0 one has the estimate |⟨p_n, ϕ⟩_{Ω,T} | = |⟨∇p_n, ζ⟩_{Ω,T} | ≤ c‖∇p_n‖_{H−1,r (H}β−2,q_{w )}‖ϕ‖_H1,r_{0 (H}1−β,q′_{w′,0 )}. Combining the above yields the estimate ‖p_n‖_{H−1,r (H}β−1,q_{w )} ≤c ( ‖k_n‖_{Lr (Hβ−1,qw,∗ )∩H} β_{2 ,r (H−1,qw,0 )} + ‖g_n‖_{Lr (T β,qw )∩H} β_{2 ,r0 (T 0,qw )} + ‖f_n‖_{Lr (H}β−2,q_{w )} + ‖u_{0,n}‖_Iβ,q,r_w ) . Replacing p_n by p_n − p_m in the above estimates shows that (p_n) is a Cauchy sequence in H^{−1,r}(0, T ; H^{β−1,q}_w (Ω)) converging to some p ∈ H^{−1,r}(0, T ; H^{β−1,q}_w (Ω)).

The couple (u, p) solves the Stokes equations in the distributional sense and fulfills the a priori estimate.

Note that the solution constructed in Theorem 4.17 does in general not fulfill ∂_tu ∈ L^r(0, T ; Y^{β−2,q}_w (Ω)). Accordingly, the pressure p is contained in H^{−1,r}(0, T ; H^{β−1,q}_w (Ω)). This result could be improved to

p ∈ H^{−1,r}(0, T ; H^{β,q}_w (Ω)) + L^r(0, T ; H^{β−1,q}_w (Ω)),

but p is in general not integrable in time.

Another problem concerns the boundary values. In the above theorem boundary conditions are included even though for 0 ≤ β < 1 the equation u|_{∂Ω} = g in general makes no sense. The reason is that u is in general not smooth enough to make its restriction to the boundary well-defined.

However, if data and solution are regular enough, this can be established a posteriori. More precisely, let μ ∈ (1, ∞) and w̃ ∈ A_μ such that L^μ_{w̃}(Ω) → W^{β−1,q}_{w,0} (Ω) and

assume k ∈ L^r(0, T ; L^μ_{w̃}(Ω)) ∩ H^{β2 ,r}_0 ((0, T ]; H^{−1,q}_{w,0} (Ω)). Then the normal component of the boundary condition can be defined as in the stationary case and one obtains ⟨u(t), Nψ⟩_{∂Ω} = ⟨u(t), ∇ψ⟩_Ω + ⟨div u(t), ψ⟩_Ω = ⟨g(t), Nψ⟩_{∂Ω} for almost every t and every ψ ∈ W^{1,q′}_w′ (Ω). Thus the normal component of u is equal to the one of g.

The tangential component causes more difficulties than in the stationary case. The reason is that f ∈ L^r(0, T ; W^{−1,μ}_{w̃} (Ω)) does in general not imply ∂_tu(t) ∈ W^{−1,μ}_{w̃} (Ω) for almost every t. And this is necessary to ensure u(t) ∈ W̃^{q,μ}_{w,w̃}, the space in which the tangential component of the boundary values is well-defined.

Hence, to ensure that the tangential boundary condition is well-defined we assume

f ∈ L^r(0, T ; W^{−1,μ}_{w̃} (Ω)) and u ∈ L^r(0, T ; H^{β,q}_w (Ω)), u_t(t) ∈ W^{−1,μ}_{w̃} (Ω) (4.21)

for almost every t. Then, using test functions of the form η · ϕ with η ∈ C^∞_0 (0, T ) and ϕ ∈ C^∞_0 (Ω) one shows that for every ϕ ∈ C^∞_{0,σ}(Ω) and almost every t one has ⟨Δu(t), ϕ⟩_Ω = ⟨u(t), Δϕ⟩_Ω = ⟨∂_tu(t), ϕ⟩_Ω − ⟨f(t), ϕ⟩_Ω which implies u(t) ∈ W̃^{q,μ}_{w,w̃} for almost every t by the assumptions on f and u_t. Moreover, ⟨u, N · ∇ϕ⟩_{∂Ω,T} = ⟨u, Δϕ⟩_{Ω,T} − ⟨Δu, ϕ⟩_{Ω,T} = ⟨g, N · ∇ϕ⟩_{∂Ω,T} for every ϕ ∈ W^{1,r}(0, T ; Y^{2,q′}_w′_{,σ}(Ω)) with ϕ(0) = ϕ(T ) = 0. This means that u fulfills the tangential boundary condition almost everywhere.

In particular, (4.21) is fulfilled in the case of weak solutions. Thus one has the following proposition.

Proposition 4.19. Let β ∈ [1, 2] and the data f, k, g and u_0 be chosen according to Theorem 4.17 and let u ∈ L^r(0, T ; H^{β,q}_w (Ω)) be a very weak solution with respect to this data.

Then (u, p) fulfills the Stokes system (1.1) in the sense of distributions. In addition u(t)|_{∂Ω} = g(t) for almost every t.

References

[1] R. A. Adams, J. J. F Fournier. Sobolev Spaces. Academic Press, Amsterdam, 2.

edition, 2003.

[2] H. Amann. Linear and quasilinear parabolic problems. Vol. 1: Abstract linear theory. Monographs in Mathematics. 89, Birkhäuser Verlag, Basel, 1995.

[3] H. Amann. Nonhomogeneous Navier-Stokes equations with integrable lowregularity data. Int. Math. Ser., Kluwer Academic/Plenum Publishing, New York, pages 1–26, 2002.

[4] J. Bergh, J. Löfström. Interpolation Spaces. An Introduction. Springer, Berlin, Heidelberg, New York, 1976.

[5] S.-K. Chua. Extension theorems on weighted Sobolev spaces. Indiana Univ. Math.

J., 41:1027–1076, 1992.

[6] J. Conway. A Course in Functional Analysis. Springer Verlag, New York, 2. edition, 1990.

[7] G. P. Curbera, J. García-Cuerva, J. M. Martell, C. Pérez. Extrapolation with weights, rearrangement-invariant function spaces, modular inequalities and applications to singular integrals. Adv. Math., 203:256–318, 2006.

[8] R. Farwig, G. P. Galdi, H. Sohr. Very weak solutions of stationary and instationary Navier-Stokes equations with nonhomogeneous data. Nonlinear Elliptic and Parabolic Problems, Progr. Nonlinear Differential Equations Appl., Birkhäuser, 64:113–136, 2005.

[9] R. Farwig, G. P. Galdi, H. Sohr. A new class of weak solutions of the Navier-Stokes equations with nonhomogeneous data. J. Math. Fluid Mech., 8:423–444, 2006.

[10] R. Farwig, H. Kozono, H. Sohr. Very weak solutions of the Navier-Stokes equations in exterior domains with nonhomogeneous data. J. Math. Soc. Japan, 59:127–150, 2007.

[11] R. Farwig, H. Sohr. Weighted L^q-theory for the Stokes resolvent in exterior domains. J. Math. Soc. Japan, 49:251–288, 1997.

[12] A. Fröhlich. The Helmholtz decomposition of weighted L^q-spaces for Muckenhoupt weights. Ann. Univ. Ferrara, Nuova Ser., Sez. VII - Sc. Math., XLVI:11–19, 2000.

[13] A. Fröhlich. Stokes- und Navier-Stokes-Gleichungen in gewichteten Funktionenräumen. Shaker Verlag, Aachen, 2001.

[14] A. Fröhlich. The Stokes operator in weighted L^q-spaces II: Weighted resolvent estimates and maximal L^p-regularity. Preprint No. 2173, FB Mathematik, TU Darmstadt, 2001, to appear in Math. Ann.

[15] A. Fröhlich. The Stokes operator in weighted L^q-spaces I: Weighted estimates for the Stokes resolvent problem in a half space. J. Math. Fluid Mech., 5:166–199, 2003.

[16] A. Fröhlich. Solutions of the Navier-Stokes initial value problem in weighted L^qspaces. Math. Nachr., 269-270:150–166, 2004.

[17] G.P. Galdi, C.G. Simader, H. Sohr. A class of solutions to stationary Stokes and Navier-Stokes equations with boundary data in W^{− 1q ,q}. Math. Ann., 331:41–74, 2005.

[18] J. García-Cuerva, J. L. Rubio de Francia. Weighted norm inequalities and related topics. North Holland, Amsterdam, 1985.

[19] A. Pazy. Semigroups of Linear Operators and Applications to Partial Differential Equations. Applied Mathematical Sciences, 44, Springer Verlag, New York, 1983.

[20] K. Schumacher. A chart preserving the normal vector and extensions of normal derivatives in weighted function spaces. Preprint No. 2510, FB Mathematik, TU Darmstadt, 2007.

[21] K. Schumacher. The Navier-Stokes Equations with Low-Regularity Data in Weighted Function Spaces. PhD thesis, TU Darmstadt, FB Mathematik, 2007.

[22] K. Schumacher. Solutions to the equation div u = f in weighted Sobolev spaces.

Preprint No. 2511, FB Mathematik, TU Darmstadt, to appear in Banach Center Publ., 2007.

[23] K. Schumacher. The stationary Navier-Stokes equations in weighted Besselpotential spaces. Preprint, FB Mathematik, TU Darmstadt, 2007.

[24] K. Schumacher. Very weak solutions to the Stokes and Stokes resolvent problem in weighted function spaces. Preprint No. 2523, FB Mathematik, TU Darmstadt, 2007.

[25] E. Stein. Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oscillatory Integrals. Princeton Mathematical Series. 43, Princeton University Press, Princeton, N.J, 1993.

[26] M. E. Taylor. Partial Differential Equations III: Nonlinear Equations. Applied Math. Sciences 117, Springer Verlag, Berlin, 1996.

[27] R. Temam. Navier Stokes Equations: Theory and Numerical Analysis. North- Holland Publ. Co, Amsterdam, New York, 1977.

[28] H. Triebel. Interpolation Theory, Function Spaces, Differential Operators. North- Holland, Amsterdam, 1978.

[29] L. Weis. Operator-valued Fourier multipier theorems and maximal L_p-regularity.

Math. Ann., 319:735–758, 2001.

[30] F. Zimmermann. On vector-valued Fourier multiplier theorems. Studia Mathematica, XCIII:201–222, 1989.