Solutions to the Equation div u = f

in Weighted Sobolev Spaces

Katrin Schumacher

Abstract We consider the problem div u = f in a bounded Lipschitz domain Ω, where f with ∫ Ω f = 0 is given. It is shown that the solution u, that is constructed as in Bogowski’s approach in [1] fulfills estimates in the weighted Sobolev spaces W^{k,q}_w (Ω), where the weight function w is contained in the class of Muckenhoupt weights A_q.

1 Introduction and Main Results

Let Ω be a bounded Lipschitz domain in R^n, n ≥ 2. We consider a given function f with ∫ Ω f = 0 and we are looking for solutions u to the divergence equation

div u = f in Ω and u|_{∂Ω} = 0. (1.1)

It is an immediate consequence of Green’s formula that the condition that f has mean value 0 is necessary for the existence of a solution u to (1.1).

This problem has been studied by Bogowski [1], v. Wahl [12], Galdi [8] and Sohr [10], they prove existence and estimates of a solution u to (1.1) in the framework of classical L^p- and Sobolev spaces.

We investigate this problem in weighted function spaces. More precisely, we consider weighted Lebesgue spaces L^q_w(Ω) and Sobolev spaces W^{k,q}_w (Ω) which means that we integrate with respect to the measure w dx for an appropriate weight function w.

All weight functions, that we use are contained in the Muckenhoupt class A_q. This the class of nonnegative and locally integrable weight functions, for which the expression

A_q(w) := sup_Q ( 1 |Q| ∫ Q w dx ) ( 1 |Q| ∫ Q w^{− 1q−1} dx )_{q−1}

is finite, where the supremum is taken over all cubes in R^n.

As shown in [4] examples of Muckenhoupt weights are w(x) = (1 + |x|)^α, with −n < α < n(q − 1) or dist (x, M)^α, −(n − k) < α < (n − k)(q − 1), where M is a compact k-dimensional Lipschitzian manifold. Thus such weight functions can be used for a better description of the solution close to the boundary, in a neighborhood of a point or for |x| → ∞. One reason why the class of Muckenhoupt weights is appropriate for analysis is that the maximal operator is continuous in weighted L^q-spaces, if and only if the weight function is a Muckenhoupt weight. Thus the powerful tools of harmonic analysis may be applied, cf. García-Cuerva and Rubio de Francia [9] and Stein [11].

In this paper we follow Bogowski’s approach in [1] and [8] using an explicit construction in star shaped domains and a decomposition of Lipschitz domains into starshaped domains. The solution is represented by a non translation-invariant singular integral operator. Before showing its continuity by the help of Theorem 3.1 below, it is necessary to modify the kernel of this operator in a way which does effect the solution depending on the compactly supported right hand side f.

Denoting by W^{k,q}_{w,0}(Ω) the closure of all smooth and compactly supported functions in the norm of the Sobolev space W^{k,q}_w (Ω) our main result reads as follows.

Theorem 1.1. Let Ω ⊂ R^n, n ≥ 2, be a bounded and locally lipschitzian domain. Assume f ∈ W^{k,q}_{w,0}(Ω) such that ∫ f = 0. Then there exists a function u ∈ W^{k+1,q}_{w,0} (Ω) such that div u = f and ‖u‖_{k+1,q,w} ≤ c‖f‖_{k,q,w}, where c = c(Ω, q, w, k) > 0 depends A_q-consistently on w. Moreover, u can be chosen such that it depends linearly on f and such that u ∈ C^∞_0 (Ω) if f ∈ C^∞_0 (Ω).

2 Weighted Function Spaces

In this section we collect the basic definitions of weight functions and function spaces, which are needed in this text. Moreover, we quote the main theorem about the boundedness of maximal operator.

Definition 2.1. Let A_q, 1 < q < ∞, the set of Muckenhoupt weights, be given by all 0 ≤ w ∈ L^1_{loc}(R^n) for which

A_q(w) := sup_Q ( 1 |Q| ∫ Q w dx ) ( 1 |Q| ∫ Q w^{− 1q−1} dx )_{q−1} < ∞. (2.1)

The supremum is taken over all cubes in R^n. To avoid trivial cases, we exclude the case where w vanishes almost everywhere.

A constant C = C(w) is called A_q-consistent if for every c_0 > 0 it can be chosen uniformly for all w ∈ A_q with A_q(w) < c_0.

The A_q-consistence is of great importance since it is needed for the application of the Extrapolation Theorem [9, IV Lemma 5.18]. In particular this is used when showing the continuity of operator-valued Fourier multipliers and the maximal regularity of an operator; see e.g. [7] for details and applications.

We introduce some function spaces. First by C^∞_0 (Ω) we denote the space of smooth functions with compact support in Ω.

For 1 < q < ∞, w ∈ A_q and an open set Ω we define the weighted Lebesgue and Sobolev spaces as follows.

• The weighted Lebesgue spaces L^q_w(Ω) are given by

L^q_w(Ω) := { f ∈ L^1_{loc}(Ω) | ‖f‖_{q,w} := (∫ Ω |f|^qw dx ) 1_q < ∞ } . • Assume in addition k ∈ N_0, the set of nonnegative integers. The weighted Sobolev spaces are defined by

W^{k,q}_w (Ω) = u ∈ L^q_w(Ω) | | ‖u‖_{k,q,w} := ∑ |α|≤k ‖D^αu‖_{q,w} < ∞ .

• Finally, we set W^{k,q}_{w,0}(Ω) = C^∞_0 (Ω)^{‖·‖k,q,w} . By [5], [7] and [3] the spaces L^q_w(Ω), W^{k,q}_w (Ω) and W^{k,q}_{w,0}(Ω) are reflexive Banach spaces in which C^∞_0 (Ω) or C^∞_0 (Ω), respectively, are dense.

For a locally integrable function f we define the maximal operator M by

(Mf)(x) = sup_{r>0} 1 |B_r(0)| ∫ |y|≤r |f(x − y)|dy. One has the following close connection between the Muckenhoupt class A_q and the maximal operator.

Theorem 2.2. Let 1 < q < ∞ and w ∈ A_q. Then the maximal operator M is continuous on L^q_w(R^n). More precisely, there exists an A_q-consistent constant c such that ‖Mf‖_{q,w} ≤ c‖f‖_{q,w} for every f ∈ L^q_w(R^n). Vice versa if μ is a nonnegative Borel measure and M is bounded on L^q(R^n, μ), then μ is absolutely continuous and dμ = w dx for some w ∈ A_q.

Proof. See [9], Theorems 2.1 and 2.9. For the A_q-consistence of the constants one has to re-read the proof of [9], Theorem 2.9. The reverse inclusion can be found in [11, 2.2].

By [6] the following weighted analogue of the Poincaré inequality holds: there exists an A_q-consistent constant c = c(q, w) > 0 such that ‖u‖_{q,w} ≤ c‖∇u‖_{q,w} for every u ∈ W^{1,q}_{w,0}(Ω). (2.2) 3 Proof of Theorem 1.1

Throughout this section let 1 < q < ∞ and w ∈ A_q.

The proof follows the same lines as the unweighted case [1], [8, Chapter III.3]. It uses non-translation-invariant singular integral operators. Thus we apply the following theorem proved in [11, V.6.13] which ensures the continuity of a certain class of such operators.

Theorem 3.1. Let T be a bounded operator from L^2(R^n) into itself that is associated to a kernel K in the sense that

(T f)(x) = ∫ R^n K(x, y)f(y)dy for all compactly supported f ∈ L^2(R^n) and all x outside the support of f. Suppose that for some γ > 0 and some A > 0 the kernel K satisfies the inequalities |K(x, y)| ≤ A|x − y|^{−n} (3.1) and |K(x, y) − K(x^′, y)| ≤ A |x − x^′|^γ |x − y|^{n+γ} if |x − x^′| ≤ 1 2 |x − y| (3.2) as well as the symmetric version of the second inequality in which the roles of x and y are interchanged. Writing

(T_εf)(x) = ∫ |x−y|>ε K(x, y)f(y)dy and (T_∗f)(x) = sup_{ε>0} |(T_εf)(x)|, we have that ∫ [(T_∗f)(x)]^qw(x)dx ≤ c ∫ [(Mf)(x)]^qw(x)dx, (3.3) where f is bounded and has compact support, w ∈ A_q, and 1 < q < ∞. The constant c depends A_q-consistently on w.

Proof. This Theorem is stated in [11, V.6.13]. The A_q-consistence of the constants is not explicitly mentioned there, however, it is established with the same arguments if one rereads the proof of Proposition 6 in [11, V.4.4].

Since the maximal operator M : L^q_w(R^n) → L^q_w(R^n) is bounded, the inequality (3.3) guarantees that the sublinear operator T_∗ can be extended to a continuous sublinear operator T_∗ : L^q_w(Ω) → L^q_w(Ω).

However, to make use of the above theorem we have to modify the singular integral operator which appears in the proof of Lemma 3.2 below outside the bounded set Ω such that it possesses the properties assumed in Theorem 3.1.

In the proof of the following Lemma the occurring integral operators have to be understood in the Cauchy principle value sense lim_{ε→0} T_εf.

Lemma 3.2. Let Ω ⊂ R^n, n ≥ 2, be bounded and star-shaped with respect to every point of some closed ball B with B ⊂ Ω.

Then for every f ∈ W^{k,q}_{w,0}(Ω) with ∫ Ω f = 0 there exists a v ∈ W^{k+1,q}_{w,0} (Ω) with div v = f and ‖v‖_{k+1,q,w} ≤ c‖f‖_{k,q,w}, where c = c(Ω, q, w, k) > 0 depends A_q-consistently on w. The function v depends linearly on f and f ∈ C^∞_0 (Ω) implies v ∈ C^∞_0 (Ω).

Proof. Without loss of generality we may assume, using a coordinate transformation, that B = B_1(0).

First we assume that f ∈ C^∞_0 (Ω). We choose a ∈ C^∞_0 (B_1(0)) such that ∫ a = 1 and define

v(x) := ∫ Ω f(y)(x − y) (∫_∞ 1 a (y + ξ(x − y)) ξ^{n−1}dξ ) dy. (3.4) In the proof of [8, Lemma III.3.1] it is shown that v ∈ C^∞_0 (Ω) and div v = f.

It thus remains to prove the weighted estimates. To do this we use the following representation of ∂_j v also shown in the proof of [8, Lemma III.3.1]:

∂_j v_i(x) = ∫ Ω K_{i,j} (x, x − y)f(y)dy + f(x) ∫ Ω (x_j − y_j)(x_i − y_i) |x − y|^2 a(y)dy =: F_1(x) + F_2(x),

(3.5) where K_{i,j}(x, x − y) = δ_{i,j} |x − y|^n ∫_∞ 0 a ( x + r x − y |x − y| ) (|x − y| + r)^{n−1}dr + x_i − y_i |x − y|^{n+1} ∫_∞ 0 ∂_ja ( x + r x − y |x − y| ) (|x − y| + r)^ndr, (3.6)

for every x, y ∈ R^n. To show the continuity of the integral operator f → F_1 its kernel must be modified. Set

E := { z ∈ Ω | z = λz_1 + (1 − λ)z_2, z_1 ∈ supp f, z_2 ∈ B_1(0), λ ∈ [0, 1] } . Since Ω is star-shaped with respect to B_1(0), E is a compact subset of Ω. For x ∉ E and y ∈ supp f we have x + r x − y |x − y| ∉ B for all r > 0,

which means K_{i,j} (x, x − y) = 0. Thus, if we choose a cut-off function ψ ∈ C^∞_0 (R^n) with ψ(x) = 1 on Ω and supp ψ ⊂ B_R(0) for some R > 0, and set φ(x, y) = ψ(x)ψ(y) we obtain f(y)K_{i,j}(x, x − y) = f(y)φ(x, y)K_{i,j} (x, x − y) =: f(y)K̃_{i,j}(x, x − y), for x, y ∈ R^n, if f is assumed to be extended by 0 to R^n. Moreover, for x ∈ B_R(0) we have r > R + 1 ⇒ | |x + r x − y |x − y| | | ≥ r − |x| > 1 ⇒ a ( x + r x − y |x − y| ) = 0.

Thus for x ∈ Ω one has ∫ R^n f(y)K_{i,j}(x, x − y)dy = ∫ R^n f(y)K̃_{i,j}(x, x − y)dy = ∫ R^n f(y)φ(x, y) [ δ_{i,j} |x − y|^n ∫_{R+1} 0 a ( x + r x − y |x − y| ) (|x − y| + r)^{n−1}dr + x_i − y_i |x − y|^{n+1} ∫_{R+1} 0 ∂_j a ( x + r x − y |x − y| ) (|x − y| + r)^ndr ] dy. Now we have to prove that K̃_{i,j} satisfies the assumptions of Theorem 3.1. By the Calderón-Zygmund Theorem [2] we find that f → ∫ R^n

ψ(x)K_{i,j} (x, x − y)f(y)dy : L^2(R^n) → L^2(R^n)

is continuous. Since the multiplication M_ψ with the C^∞_0 -function ψ is a continuous operator on L^2(R^n) we obtain the continuity of f → ∫ R^n K̃_{i,j}(x, x − y)f(y)dy = ∫ R^n

ψ(x)K_{i,j} (x, x − y)M_ψf(y)dy : L^2(R^n) → L^2(R^n).

It remains to prove the estimates (3.1) and (3.2). For (3.1) we may assume |x|, |y| < R. One has |x − y|^n|K̃_{i,j} (x, x − y)| = | | |φ(x, y)δ_{i,j} ∫_{R+1} 0 a ( x + r x − y |x − y| ) (|x − y| + r)^{n−1}dr + φ(x, y) x_i − y_i |x − y| ∫_{R+1} 0 ∂_ja ( x + r x − y |x − y| ) (|x − y| + r)^ndr | | ≤c (∫_{R+1} 0 (2R + r)^{n−1}dr +

∫_{R+1} 0 (2R + r)^ndr ) = c^′. To prove (3.2) we take x, x^′, y ∈ R^n with |x − x^′| ≤^1_2 |x − y|. If (x, y), (x^′, y) ∉ supp φ nothing is to prove. Thus, without loss of generality we may assume that y ≤ R and x ≤ 3R, since if y ≤ R and x ≥ 3R then |x^′| ≥ |x| − |x − x^′| ≥ |x| − 1 2 (|x| + |y|) ≥ 3 2 R − 1 2 R = R. Then using the triangle inequality together with the fact that a, φ and (|x − y| + r)^n are Lipschitz continuous on compact sets we can estimate | | | x_i − y_i |x − y|^{n+1} φ(x, y) ∫_{R+1} 0 ∂_ja ( x + r x − y |x − y| ) (|x − y| + r)^ndr − x^′_i − y_i |x^′ − y|^{n+1} φ(x^′, y) ∫_{R+1} 0 ∂_j a ( x^′ + r x^′ − y |x^′ − y| ) (|x^′ − y| + r)^ndr | | ≤ | | | ( x_i − y_i |x − y|^{n+1} − x^′_i − y_i |x^′ − y|^{n+1} ) φ(x, y) ∫_{R+1} 0 ∂_ja ( x + r x − y |x − y| ) (|x − y| + r)^ndr | | | + | | | x^{′i} − y^i |x^′ − y|^{n+1} (φ(x, y) − φ(x^′, y) ∫_{R+1} 0 ∂_j a ( x + r x − y |x − y| ) (|x − y| + r)^ndr | | | + |x^′_i − y_i| |x^′ − y|^{n+1} φ(x^′, y) ∫_{R+1} 0 | | |∂^j a ( x + r x − y |x − y| ) − ∂_j a ( x^′ + r x^′ − y |x^′ − y| )| | | (|x − y| + r)^ndr + |x^′_i − y_i| |x^′ − y|^{n+1} φ(x^′, y) ∫_{R+1} 0 | | |∂_j a ( x^′ + r x^′ − y |x^′ − y| )| | |(|x − y| + r)^n − (|x^′ − y| + r)^n|dr = I_1 + I_2 + I_3 + I_4.

Using the Lipschitz continuity of ∂_ia and |x − y| ≤ 4R we obtain

I_3 ≤ c |x − y|^n ∫_{R+1} 0 L ( |x − x^′| + |x − x^′| |x − y| ) (|x − y| + r)^ndr ≤ c |x − x^′| |x − y|^{n+1} .

I_2 and I_4 can be estimated analogously. For I_1 we estimate | | | x_i − y_i |x − y|^{n+1} − x^′_i − y_i |x^′ − y|^{n+1} | | | ≤ |x_i − x^′_i| |x − y|^{n+1} + | | | 1 |x − y|^{n+1} − 1 |x^′ − y|^{n+1} | | | |x^′i − y^i| ≤ |x − x^′| |x − y|^{n+1} + | | | |x^′ − y|^{n+1} − |x − y|^{n+1} |x − y|^{n+1}|x^′ − y|^{n+1} | | | |x^′i − y^i| ≤ |x − x^′| |x − y|^{n+1} + c | |x^′ − y| − |x − y| | · |x − y|^n |x − y|^{2n+2} |x^′_i − y_i| ≤ c |x − x^′| |x − y|^{n+1} , where we used that |x^′ − y| ≥^1_2 |x − y|. The estimate | |x^′ − y|^{n+1} − |x − y|^{n+1} | ≤ c | |x^′ − y| − |x − y| | · |x − y|^n follows from an elementary induction with respect to n.

The first summand in (3.6) can treated in the same way. Moreover, interchanging the roles of x and y the same kind of estimates can be done.

Combining the above and using Theorem 3.1 we obtain ‖F_1‖_{q,w} ≤ ‖T^∗f‖_{q,w} ≤ c‖Mf‖_{q,w} ≤ c‖f‖_{q,w} where T^∗ is the operator given by Theorem 3.1 and associated to the kernel K̃_{i,j}. The function F_2 appearing in (3.5) is easily estimated since ∫ Ω (x_j − y_j)(x_i − y_i) |x − y|^2 a(y)dy is bounded. Thus using the Poincaré inequality (2.2) we obtain ‖v‖_{1,q,w} ≤ c‖f‖_{q,w}.

Now the general case with f ∈ L^q_w(Ω) follows easily, since we can approximate f by C^∞_0 -functions (f_n) with ∫ f_n = 0.

It remains to prove the estimate in the spaces W^{k,q}_w (Ω). Using Leibniz’ formula one can show (see [8, Remark III.3.2]) ∂^αv(x) = ∑ β≤α ( α β ) ∫ Ω N_β(x, y)∂^{α−β} f(y)dy,

where N_β(x, y) = (x − y) ∫_∞ 1 ∂^βa(y + r(x − y))r^{n−1}dr. Clearly ∂^β a ∈ C^∞_0 (B_1(0)). Hence the same proof as above yields ‖∂^αv‖_{1,q,w} ≤ c‖f‖_{k,q,w} for f ∈ C^∞_0 (Ω) and every α with |α| ≤ k. Approximating an arbitrary f ∈ W^{k,q}_{w,0}(Ω) with ∫ f = 0 by C^∞_0 -functions (f_n) with ∫ f_n = 0 finishes the proof.

The following Lemma is the weighted analogue to [8, Lemma III.3.4.]. Its proof works in exactly the same way as in the case of unweighted function spaces.

Lemma 3.3. Let Ω be a bounded and locally lipschitzian domain.

1. There exist open sets Ω_1, ..., Ω_m with Ω = ⋃_m i=1 Ω_i such that each Ω_i is star-shaped with respect to an open ball B_i with B_i ⊂ Ω_i.

2. For every f ∈ C^∞_0 (Ω) with ∫ Ω = 0 there exist f_i ∈ C^∞_0 (Ω_i), i = 1, ..., m, with f = ∑_m i=1 f_i, ∫ f_i = 0 and ‖f_i‖_{k,q,w} ≤ c‖f‖_{k,q,w} for every k ∈ N_0 and q ≥ 1 and an A_q-consistent constant c = c(k, q, w, Ω).

Proof of Theorem 1.1. Let f ∈ C^∞_0 (Ω) with ∫ f = 0 and take Ω_i, f_i, i = 1, ..., m, as in Lemma 3.3. We denote by v_i the solution to div v_i = f_i given by Lemma 3.2. Then we have ‖v_i‖_{k+1,q,w} ≤ c‖f_i‖_{k,q,w} ≤ c‖f‖_{k,q,w}. Then v = ∑_m i=1 v_i solves div v = f with ‖v‖_{k+1,q,w} ≤ c‖f‖_{k,q,w}. For arbitrary f ∈ W^{k,q}_{w,0}(Ω) with ∫ f = 0 use again approximations with C^∞_0 -functions.

Acknowledgements. A part of this paper was developed during the author’s stay at the Tohoku University in Sendai, Japan supported by the DAAD.

References

[1] M. E. Bogowski. Solution of the first boundary value problem for the equation of continuity of an incompressible medium. Soviet Math. Dokl., 20:1094–1098, 1979.

[2] A. P. Calderón, A. Zygmund. On singular integrals. Amer. J. Math., 78:289–309, 1956.

[3] S.-K. Chua. Extension theorems on weighted Sobolev spaces. Indiana Univ. Math.

J., 41:1027–1076, 1992.

[4] R. Farwig, H. Sohr. Weighted L^q-theory for the Stokes resolvent in exterior domains.

J. Math. Soc. Japan, 49:251–288, 1997.

[5] A. Fröhlich. Stokes- und Navier-Stokes-Gleichungen in gewichteten Funktionenräumen. Shaker Verlag, Aachen, 2001.

[6] A. Fröhlich. The Stokes operator in weighted L^q-spaces II: Weighted resolvent estimates and maximal L^p-regularity. Preprint No. 2173, FB Mathematik, TU Darmstadt, 2001, to appear in Math. Ann.

[7] A. Fröhlich. The Stokes operator in weighted L^q-spaces I: Weighted estimates for the Stokes resolvent problem in a half space. J. Math. Fluid Mech., 5:166–199, 2003.

[8] G. P. Galdi. An Introduction to the Mathematical Thoery of the Navier-Stokes Equations, Linearized Steady Problems. Springer Tracts in Natural Philosophy, Volume 38, New York, 1994.

[9] J. García-Cuerva, J. L. Rubio de Francia. Weighted norm inequalities and related topics. North Holland, Amsterdam, 1985.

[10] H. Sohr. The Navier-Stokes Equations. An Elementary Functional Analytic Approach.

Birkhäuser, Basel, 2001.

[11] E. Stein. Harmonic Analysis: Real-Variable Methods, Orthogonality, and Oszillatory Integrals. Princeton Mathematical Series. 43, Princeton University Press, Princeton, N.J, 1993.

[12] W. von Wahl. On necessary and sufficient conditions for the solvability of the equations rot u= γ and div u= ϵ with u vanishing on the boundary. Lecture Notes in Mathematics, 1431:152–157, 1988.

Adress:

Katrin Krohne Department of Mathematics Darmstadt University of Technology Schlossgartenstraße 7 64289 Darmstadt email: krohne@mathematik.tu-darmstadt.de