STABILITY ESTIMATES FOR THE INVERSE CONDUCTIVITY
PROBLEM FOR LESS REGULAR CONDUCTIVITIES

HORST HECK

ABSTRACT. We prove a log-type stability estimate for the inverse conductivity
problem in space dimension n > 3, if the conductivity has C3/2%¢ regularity.

1. INTRODUCTION

Since Calderén‘s pioneering work [Cal80] the inverse conductivity problem has
been investigated very intensively. The conductivity equation can be formulated as
follows.

Let n > 3 and © C R™ be a bounded domain with smooth boundary. Let
v € L*(f) such that v > 7 > 0 a.e. for some positive constant 7. Then the

equation
div(yVu) = 0 in €,
(1.1) { u = f on 012,

models the electrical potential w in the interior without sinks or sources for given
voltage f.

For f € C*(09) the Dirichlet-to-Neumann map A, associated to this problem
is defined by

(1.2) Ay f =0, uloq,
where u is the weak solution of (1.1) corresponding to the Dirichlet data f. It

is well known that A, can be extended to a bounded operator from H'/2() to
H~'/2(Q). In this case the equality (1.2) has to be exchanged by

(A f,vloa) = / YWVuVedz Vv e HY(Q).
Q

We set || . ||* = || . ||H1/2~>H*1/2'

The inverse conductivity problem can be formulated as follows. What kind of
information on v can we get from the knowledge of A, ?

Calder6on attacked this problem by using harmonic functions in order to get
uniqueness of ~y if it is analytic and close to a constant. In the seminal work of
Sylvester and Uhlmann [SU87] they succeeded in proving uniqueness for v € C%(Q)
by using special solutions of (1.1) instead of harmonic functions — so called complex
geometrical optics solutions. This method has become a great tool for investigating
many kinds of inverse problems. For an overview of this method and its application
see e.g. Uhlmann’s survey paper [Uhl99] and the references therein.
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It is reasonable to ask which regularity condition for ~ is needed such that it is
uniquely identified by A,. Recently, Astala and Péivarinta answered this question
in space dimension n = 2. It turned out to be true for v € L, see [AP06].

For space dimension n > 3 it seems that the lowest regularity condition has
not been found yet. Brown solved the uniqueness question for v € C3/2+¢ (Q) in
[Bro96]. In [PPUO03] Panchenko, Paivarinta and Uhlmann constructed complex
geometrical optics solutions for Lipschitz continuous conductivities. With the help
of these functions they succeeded in proving uniqueness for v € C3/2(Q). Brown
and Torres treated in [BT03] the case of v € W3/22(Q), where p > 2n.

In view of the continuous dependence of A, on 7 Alessandrini proved in [Ale88]
a log-type stability estimate for v € C?(Q) having a uniform bound in the Bessel
potential space H"/?+2(Q). On the other hand, it was shown by Mandache [Man01]
that the log-type estimate is optimal. Recently Wang and the author proved in
[HWO06] a log-log-type stability estimate for the local Dirichlet-to-Neumann map
if v € C%(Q). In this work we aim to get a log-type stability estimate assuming
v € C3/2+£(Q). More precisely, the main result of this work reads as follows.

Theorem 1.1. Let n > 3 and let Q C R™ be a bounded domain with smooth
boundary. Let v1, o € C3/2(Q) with 0 < & < % be such that v; > o > 0 in Q and

(1.3) Vil mrote2 ) + [1Vill gsrove @ < M
Q)
fori=1,2 and some constants o, M > 0. Then
(1.4) I — 2l (@) < CUIAL = Azll/** + [ log Ay — Ag]l|~%)"
for 6, = #ﬂs, 0y = m and some constant C > 0.

Here we used the notation A; := A,,.

Remark 1.2. Note that for n = 3 the H"/?>7%2(Q)-norm can be estimated by the
C3/2+2(Q)-norm such that in this case no apriori information for a higher Sobolev
regularity is needed.

This work was started when the author was visiting the University of Washing-
ton, Seattle. I would like to thank Gunther Uhlmann for his encouragement and
many fruitful discussions. I am also grateful for the hospitality of the Department
of Mathematics at the University of Washington.

2. PRELIMINARIES

In this section we collect the basic statements which we will use in the proof of
the main result. First of all we like to mention an embedding result for the product
of two functions in the Bessel potential spaces H*?(Q2). This result is well known
and can be found e.g. in the monograph of Runst and Sickel [RS96, p. 176 and
p.150]. For the definition of H*?(Q2) and properties of these spaces see also [Tri78].

Proposition 2.1. Let Q C R™ be open and 1 < p,q < oo, s,t € R. Let f € H*P(Q)
and g € H%9(Q2), where the parameters s,t,p,q satisfy % + % <L O0<s<t<y
and s < %.

Then for % == 4 it holds that

— 5
n

1
q

If - gllzer@) < Cllfllase@llgllata@)-

1
p
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In the following we will often use the shortcut H*(Q) = H*?2(Q2). We will also use
appropriate weighted Sobolev spaces. For § € R we define the weighted Lebesgue
space as

L(R") = {f R = fls = [ 1F@PO+ ) o < oo}.
The weighted Sobolev space of order k£ € N is given by
HYR™ :={f € L3R"™) : D*f € LZR") for all « € N", |a| < k}.

For arbitrary s > 0 we define the Sobolev space H§(R™) of fractional order as usual
by using complex interpolation.

In order to get suitable estimates for the complex geometrical optics solutions for
the conductivity equation with conductivity v we first take a smooth approximation
of logy. We denote this function by v#. More precisely let ¢ € C(R") with
supp ¢ € B(0,1), ¢ > 0 and [ ¢ = 1. Then we set ¢.(2) := 77 "¢(£) and define
VF = ¢r * (log).

The next lemma collects a few simple estimates for the approximations v#. The
proof is straight forward and can be found in [Knu06] or [Sal04] for example.

Lemma 2.2. Suppose that v € C'T5(R™) for some 0 < s < 1 such that y(z) = 1
if |z| > R. Then

[AYF (|2 < O

0%(logy — )2 < Crstizlel forlal <1
and . .
[0%(y™% — 7277 )| < CroFIle for Ja| < 1.

Hence, we also get

I(7% = e ¥ | < O
The constant C depends on n, R and the C'T5-norm of ~.

We will also need the stable determination of the conductivity at points on the
boundary of Q. This result has been proven in [SU8S]| as well as [Ale88].

Proposition 2.3. Let v1,72 € C(Q) such that for some o > 0

0<a<y() <al

holds for all x € Q. Then there exists a constant C > 0 such that
71 = Y2l (90) < ClJA1L — Asgl]..

For our proof of the stability estimate we will intensively use complex geometrical
optics solutions as they are constructed in [PPU03] and their properties. In order
to fix notation we initially will describe the form and properties we need.

At first, the existence of complex geometrical optics solutions we are going to
use is ensured by the following proposition.

Proposition 2.4. Let p € C" such that p-p =Y, p? = 0. Let v € WhH>(R")
such that v > « a.e. for some constant o > 0. Additionally assume that v = 1
outside a large ball. Then there exists po > 0 such that for |p| > po the equation

div (vVu) =0 in R"
has a unique solution u = e*P(e~ 27 +w) = * Py Y2(1 + ) with ¢ € L3(R™).
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During the construction of complex geometrical optics solutions in [PPU03] the
operators A, := e PPA(ef”) = A+2p-V and V, = e "V (e’*) = V +p
were used. The next proposition states the mapping properties of these operators
between weighted Sobolev spaces which we will need in the future.

Proposition 2.5. Letn >2, -1 < 3§ <0 and p € C such that p- p = 0.
(a) For s > 0 the operator A, : Hi(R") — Hj ,(R") is invertible and A}

satisfies
_ C(s,0,n)
”AP 1||H§+1"H§ S —
ol
Moreover A" : L3 | (R") — HEF(R™) is bounded for k = 1,2 with

C(k,0,n)

—1
HAp HL§+1—>H§ < |p|1_k

(b) Suppose that g € C*T¢(R™) for some 0 < e < 1 and Vg(z) =0 for |z| > R.
Then there exist constants C1 = C1(d,n, g, R) and Cy = Ca(d,n, g, R) such
that the operator

T,=1+Vg-V,A7": L3 | (R") — L3, (R")
is invertible with || T, || < Cq if |p| > C1.
Proofs of these facts can be found in [PPU03].

Remark 2.6. Exploring the estimates of the approximation of g from Lemma 2.2
it follows that the constants C1 and Cy depend on &, n, R and the C**¢-norm of g.

Proof. The proof given here follows the arguments from [Sal04, Proposition 2.1].

In fact, writing g = g% + ¢°, where g7 := ¢, * g is a smooth approximation of g, we
—A— = e 9727 " 2N = (LAG#F + LI Ve# 12— Vb

get T, = A— B where A :=e Aye A tand B := (3A97 +4|Vg™ | = Vg

V,)A, 1. Note, that (A, + Vg# - Vp)e_g#/2 = e_g#/Q(Ap — $Ag% + 1|Vg*?).

Furthermore, we have A=1 = Ape_g#/QA;leg#/2. Since T, = A(1 + A7'B) it is

enough to investigate | A~"B|| for the existence of T, *.

We start with

AT = (A AT 4 oy (e /) VAT T2 e A A e
=1+ (—%Ag# + £|Vg#|2)e_g#/2A;leg#/2 —(p- Vg#)e_g#/QA;leg#/2
— e_g#/2Vg# . VA;leg#/2.
Therefore it follows that
IATH < O+ 1ol (1A% [loo + V9™ [12%) + Vg7 lloo) < C.
For B we calculate

1 1 . _ .
1Bl < C(lI5 8% + 119" Plloo) 1AM + ClIVG VoA, ] < Clol

using 7 = |p|~! and the approximation estimates from Lemma 2.2. The constant
C depends on n,é and R. This now implies |A™'B|| < 1 for |p| > C1, hence
1757l < Ca. m

Since we are assuming y € C%/2*¢ we are able to use the “c” in order to get a
convenient form of the stability estimate. We believe that stability estimates could
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be derived for v € C*/2 with a uniform modulus of continuity. But the stability
estimate would depend heavily on this modulus. Here we will restrict ourselves
on moduli of continuity of the form |z|¢. In order to use this additional ¢ for the
stability estimate we need the following refinement of Proposition 2.3 from [Sal04].

Proposition 2.7. Suppose v € C3/?1¢(Q), 0 < ¢ < 2 and =1 <6 <0. If |p| > po
then the function w from Proposition 2.4 satisfies

(2.1) lwll gy < Clol= &7 for e [0,2].
Proof. First note that by interpolation we get from Proposition 2.5 that

1A Lz, —ms < Clol* ™

5+1 -

Next we extend v to a function in C®/2*¢(R"), which we also denote by , such
that y(z) = 1 for |x| > R. By the construction of the complex geometrical optics
solutions, the function w in Proposition 2.4 satisfies (A, + V(logvy) - V,)w = f;
where f. is given by
fr = ~(8y + V(log) - Vy)e ¥77
= (8 +V(1}) - V,)e™377 —V(logy — o) Ve 277

(See also [PPU03, Equation (2.11)].) Using Lemma 2.2 and choosing 7 = |p| ™! we
get

I1f~ll

S+1
BRI T,
< CerlTle= (| Ay || 2 + | VAZ |2 + [V (og 7 — v)122 (1Y) | + [0]))
< O(r°7% + |p|rEte)
< Clpl>~*

where C' depends on R,§ and |7 ¢s/2+-. The norm bounds of A7 and T, " from
Proposition 2.5 finally give

[wll g = 1A, T, frll
< ”A;IHLﬁﬂﬂHg’HTp_lHL§+1||fT||L§+1
< Clp| 27t

for |p| > po, where py depends on n, 6, R and the C3/?*¢-norm of 7 (cf. Re-
mark 2.6). O

The next lemma contains the fundamental identity which will be the starting
point of our proof of the stability estimate. A proof of this identity can be found
in [PPUO03, Lemma 3.1].

Lemma 2.8. Let v € Wh>(Q), v strictly positive on Q. We set a := \/y. Let
u € HY(Q) be a solution of div (yVu) =0 in Q. Then

(2.2) /Q(Va - V(uwv) — V(au) - Vv)dz = <2AVU|BQ,'U|E>

for any v € HY(Q).
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3. THE STABILITY ESTIMATE

In this section we give a proof of Theorem 1.1. Let k,¢,m € R™ be mutually
orthogonal with |m|* = |¢]? — %. We choose py 1= £+ i(—% + m) and py :=
—{+ z(—g —m). Note that p; - p; =0, p1 + p2 = —ik and that for fixed k we can
choose |p;| as large as we like. It is clear that such a construction is not possible
for n = 2.

We take the complex geometrical optics solutions uy := e*”? (e_%ﬁ; +wy) =

e*1a; ' (1 + ¢1) and up = emm(e*%'y'ﬁf +wg) = e"P2ay (1 + 1b2) as guaranteed
by Proposition 2.4. Moreover, we extend the functions ~; to all of R™ such that
vi € C3/245(R™) and ; = 1 outside a ball of radius R > 0 with center at the origin.

Since 1; = e~ 3l —a;1—|—wi using (2.1) and Lemma 2.2 it is clear that ¢;, i = 1,2,
satisfies the inequality

il < Clp|=G+9% for n € [0,1].

Next we define v; := €®i(1 + 1);) for ¢ = 1,2 and use (2.2) once for a = ay,
u = uy, v = vo and once for a = as, u = us, v = v1. With this definitions we have
a;u; = v;, for 4 = 1,2. Subtracting the resulting equalities we get

1 1
/ Vai - V(uiv2) — Vag - V(ugvy) = — (<—A1U1,@> - <—A2u2vﬁ>) .
Q ai az

Setting in the form of the geometrical optics solutions we arrive at
VaiV(ay e *) — VaaV(ay e %) da
Q
= — [ Va1V (eiixkale) —VayV (eiixkang) dz
Q

1 1
- <<a—1/\1u1,@> - <G—2A2U2,U_1>>

where we used W := 91 + 13 + 9112 for short.
Since

1 1 1 1
<—A1U17U2> - <—A2U2,U1> = <A1U1, —U2> - <A2U2, —U1>
a1 ag al as

2
1 1\ _ _
= <A1U1, <— - —) U2> + (Arug,ar)
aq as
1 1_
- <A1U27 —U1> + <(A1 — Ao) ug, —U1>
as a2
1 1 1
= <A1U1, (— - —) W> + <(A1 — Ag) ug, —W>
ai a2 ag
1 1
(e (2 1))
aq as
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we next aim to get the following inequalities for the terms containing ; or the
boundary integrals. Note that as in the proof of Proposition 2.7 we necessarily
make the choice 7 = |p| 7.

B | [ e i) (Tagal W da| < CJR{(ol=1/259) + =072
32 || e (T (Var W de| < €l 042
(3.3) /Qe_“”(Vai)aflVW dz| < C|k|Y/?7/2|p|=5/2

1 1 C‘ ‘ 1/6
(3.4) (Arur, (— = —)v2)| < CePlf|Ay — Ag|s

aq a9

1 1 C‘ ‘ 1/6
(35) <A1U2, (— — —)’U1> S Ce P ||A1 — A2||*

ai a2

v

(3.6) (A1 = Az)us, a—:> < Ce Pl Ay — Mgl

The constant C in these inequalities depends on n, 2, M and the constant c
depends on the diameter of 2. The proofs of these inequalities use estimates of
the complex geometrical optics solutions given in the Propositions 2.4 and 2.7 as
well as the stability result on the boundary (Proposition 2.3) and Lemma 2.2. We
further assume that |p| > po wherepg is the constant from Proposition 2.4.

Inequality (3.1) follows from

/ e‘ikm(—ik)aIIVaiW dz| < |k|||e‘”ka;1VaiHLm(Q)HW||L1(Q)
Q

< Clkl(vn 2y + P20z @) + 12l Li@)
< Clk|(lp| 7275 + [pI 71 7%).

The second inequality follows by using similar arguments.

During the proof of inequality (3.3) we will use Proposition 2.1 in order to
estimate the product of two functions. Here we will use the choice of parameters
as follows: p := 12115, q:=r:=2 s:= %, t.= %. Note that for —% <s< %

it holds that (H*(2)) = H*(Q), see e.g. [Tri78, 4.8.2]. Hence using the fact that
Va; has compact support yields

/e_ik””(Vai)aZflVWdz
Q
< Clle™™ (Viog a)|| ga-eys2(ay(IV91 | r-a-e/2(q) + V2l g-0-2/2(0))
[ (T ogai) (1 Vs + 02 ) ds
Q

< C(|k|P=E2|p| =% 4 |le ¥ (Vlog ai) i1 || ra-/2 0y I V2l ir-a-o/2 (0
+ e M (V log ai) | ra-o /2 (o) IV | r-a-o1/2(q))

< ClE| D2 (|p| =2 + [[(V1og ai)l| gra-o/2.0 @y W1 Lo /2 () | Vb2l - -2 (0
+ [|(Vlog ai)”H(l*E)/?vP(Q)||w2||H(1*5>/4(Q)”vwlnH*(l*E)/?(Q))

< CMK|=/2|p| =22,

_|_
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The boundary term (3.4) is estimated by

1 1 1 1
Avu, (&= = y0s ) < Al L1
‘< 11, (al a2)vz> < [[Aq]] ||Ul||H1/2(aQ)||(a1 a2)1)2||H1/2(aQ)
< Cec‘p‘H—a - —||01+1/4 aQ)HUzHHl Q)
1
c|pl s 1/6 1-1/6
< Ce? ||al || (’9Q)|| ||C3/2 (69)

< CePlAs - A2||i/6
using the stability at the boundary and interpolation. Inequality (3.5) follows by
the same arguments.
Finally (3.6) follows from

1. 1
‘<(A1 Az)um ><||A1 A2||*||U2||H1/2(asz)||a—2U1||H1/2(asz)

< ”a_2||cl(§)||u2||H1(Q)||Ul||H1(Q)||A1 = Azl|.

< CelPl|Ay — Ay,

Putting all these results together we have proven that

/ VaiV(ayte *) — VaoV(ag e %) da
Q

/ e (ik + V(log a1 + log as))V(log a; — log az) dx
Q

< Ce Ml (J1Ar = Aalls + A1 — A1)
C (1] + 1)lpl 17270 o k] /2272 p| =212
Next we consider the function v := loga; — logas € H*(Q). This function is a
weak solution of
Av —V(logay + logasz)Vo = F in Q
v|aa = (logay — log az)|an

with F € H=Y(Q).
Since v is also a weak solution of the elliptic equation div (a1a2)Vv = (aiaz) - F
in ), we get the estimate

ol @) < C (IFla-1@) + 10l m1/200))

for some constant C' > 0. Hence using the mean value theorem, Sobolev embedding
and interpolation theory we get

(3.8) 71 = 2llLe @) < Clllogar —logaz| L~ )
< OHUHHl(Q)HU||Hn/2+s(Q)
<COM'"P(|IF | g1 + [0l z1r2(00))°
1-6 1/2 1/2 9
<CM T (|F|[a-10) + ||U||L2(ag)||v||H1(aQ))
< MO (||F || =10y + CMY2|| Ay — Ag[[2/?)?
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where 0 = m For the last inequality we used the stability estimate on the
boundary and the apriori information on ;.
The stability estimate will now follow after treating | F'||z-1(q). In order to

begin with this we write g := V(loga; + logas) and denote by f the extension of
f € L%(Q) by zero to R™. Then for ¢ € H}(Q) we have

(F,p) = /Q —VoVe + (gVv)pde
- / —VoV@ + (gVo)@dz
_ / (0 FTo+ FlgTv)) Fodk.
Hence

69 Eals ([

where F denotes the Fourier transform. For the time being we will assume that
[[A1 — Azll« < 1 and we choose R > 1. Its size will be chosen suitably later. The
integral on the right hand side of (3.9) can be estimated as follows using (3.7) in
order to bound (ik) FVv + F(gVv).

/.

< /kSR (i) F T+ F(g0)

o,
|E|>R

n o~ <~ 1 s
< O( BT + AT 0, + 19T e

(i) FT0 + F(g0)|

1/2
<1+|k|2>1dk) lollan e,

(ik) FVv + ]—'(g%)r (1+|k[>) " dk

f (1+|k2)~" dk

—~ —~ |2
(ik)FVv + F(gVv)| (14 |k*)"'dk

s [ ET |k|2>1/4)
|k|>R

<C (R [EFVo + F(gVo)lli~po.r) + ﬁHUH%p(Rn) + ﬁ”vﬂzuw(n))

< CRnec|p|||Al . A2H1/6 + CRn+1|p|71/2fs + CRn+1/278|p|76/2 + g
VR

Next we like to choose p such that the second and the third summand on the right
hand side of the last inequality decay like R~/2. Hence we set |p| := R™ where
7 := max{32£2, 2("21)_8} = 2("21)_8 in our situation (n > 3, £ < 1). In order
to have the complex geometrical optics solutions available we require |p| > po.
Therefore we choose R > 1 such that R™ > py.

Next we set R in dependence of [[A; — Azl i.e. R = 1[log(||A; — Ao 2121/
It is clear that R satisfies the size condition R™ > pg if ||A1 — Az||« < k with & small
enough. So we first assume the required smallness of ||A; — Ag]l..

This gives now the estimate for F'.

Il -1 < C(IAL = Az[la/*2 + [Tog | Ay — Asll.|~/7))1/2
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Setting in this inequality into (3.8) we end up with

I = Yallpoe(o) < CCIAL = A2l + |Tog | Ay — Azl |~/ 7).

Now let ||A1 — Az|l« > & then

2M 6/24
71 =2l ) < 59/24#/24 <||Aq - A2||*/

hence (1.4) holds in this case, too and the proof is complete. |
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