Local space-time regularity criteria
for weak solutions
of the Navier-Stokes equations
beyond Serrin’s condition

R. Farwig’ H. Kozono! H. Sohr?

Abstract

Consider a weak solution w of the Navier-Stokes equations for a general
domain ©Q C R? on the time interval [0, 00) and a parabolic cylinder Q, =
Qr(to, z0) C (0,00) x Q with r > 0, ¢ty € (0,00), o € . Then we show
that there exists an absolute constant €, > 0 such that the local condition
ull La(q,) < ex r%Jr%*l, % + % < 1+ g, implies the regularity of u in the
smaller cylinder @),./. The special case % + % = 1 yields the well-known
local Serrin condition [|u||re(,) < €x. Thus our criterion extends Serrin’s
condition admitting smaller exponents ¢ and replacing the barrier 1 by
1+ 1.
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1 Main Result

In our main result, see Theorem 1.1 below, we consider a completely general
domain  C R?, i.e. a connected open subset of R* with boundary 952, and the
Navier-Stokes system on [0,00) x €2 in the usual form

ug—Au+u-Vu+Vp=f, divu=0, (1.1)

=0, u|, = o
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with external force f and initial value uy. We are interested in regularity prop-
erties of a weak solution u in parabolic cylinders @, C (0,00) x Q defined by

Qr = Q.(to, w0) = {(t,x);to — 1° <t < to, |7 — x| <7} = (to — 7%, t0) X Br(m0),

(1.2)
where B,(xg) C € means the open ball with radius » > 0 and center zy € €2, and
to € (0,00). See Section 2 concerning further definitions.

Theorem 1.1 Let Q C R3 be a general domain, let u be a weak solution of the
Navier-Stokes system (1.1) with data f = divF, F € L2(0,oo;L2(Q)), ug €
L2(Q), and let Q, = Q.(to,70) C (0,00) x Q be a parabolic cylinder with ty €
(0,00), zg € Q, 7 > 0.
Then there is an absolute constant €, > 0 with the following property: If
2 2 3 1
lullzoi,y Seers™a™, 1<g<oo, Z+°><1+7, (1.3)
q q 4
and

1 F || L4 (to—r2 t0;L2 (Br (20))) < Exs (1.4)

then w is reqular in Q.2 = Qr/2(to, xo) in the sense that Serrin’s condition

w

2
we Lt (to _ (g)Q,to; Lﬁ(BT/Q(xo))>, Tl (1.5)

is satisfied in Q2.

In (1.3) we wrote % + % instead of g in order to point out the analogy with

the classical Serrin number % + % where s,q € (1,00) denote possibly different
exponents of integration with respect to time and space. For technical reasons
we have to restrict ourselves to the case s = ¢ in this paper.

A result similar to Theorem 1.1 holds when we replace the cylinder Q,.(to, x¢)
by the slightly modified parabolic cylinder of the form

7 1
Q; = Qi(to, 70) = (to — g7 10+ 51*) x By(a) (1.6)
with 7 > 0, ty € (0,00), to — %7"2 > 0, xg € 2. See [2] concerning these cylinders.
If for given (tg, o) € (0,00) x € there is at least one Q% (o, x9) C (0,00) x £,
r > 0, such that u is regular in Q*(tg, o), then (to, zo) is a regular point of u; see
Remark 2.2 below. The next corollary yields a criterion for regular points.

Corollary 1.2 Let Q C R3 be a general domain, let u be a weak solution of
the Navier-Stokes system (1.1) with data f = divF, F € L*(0,00; L*(Q)) N
L? (0, 00; LQ(Q)), ug € L2(Q), let tg € (0,00), zg € Q, and consider the cylinders
Q% (to, xo) contained in (0,00) x Q for r > 0.



Suppose

2 3 1
1im151fr1*5/‘1||u||m(@;) <ew 1<g<oo, —4-<l4o (1.7)
r— qa q

with €, > 0 as in Theorem 1.1. Then (to, x¢) is a reqular point of .

Remark 1.3 Note that % + % <1+ %, 1 < q < o0, is equivalent to 4 < g < o0,
whereas the case 5 < ¢ < oo is well-known by Serrin’s condition % + % < 1. Thus

within the region
41<q<5 (1.8)
we obtain a new local regularity condition beyond Serrin’s condition % + 2 <1,
since 1 < % + g <1+ 7 is equivalent to (1.8) with Serrin’s barrier strictly larger
than 1.
The weakest possible regularity condition in (1.3) is obtained for ¢ = 4 in the
form .
ull s,y < exrt. (1.9)

Further we note that the condition for the regularity of (¢y,zo) in Corollary 1.2
does not depend on the local behavior of the external force f.

It is interesting to compare Theorem 1.1 with a local regularity result in [2],
Proposition 1 and Corollary 1; for simplicity we will perform this comparison
in a slightly different formulation and with f = 0. The authors of [2] need a
special type of weak solutions, the so-called suitable weak solutions, see (2.6),
(2.7) below, and their local regularity condition contains the associated pressure
p. The existence of such a weak solution is non-trivial and was shown in [2] for R?
and for smooth bounded €; see [5] for an existence proof for uniform C?-domains.
On the other hand, the existence of a weak solution « in Theorem 1.1 in the sense
of Definition 2.1 below is well-known for general domains.

Lemma 1.4 ([2]) Let Q C R3 be a general domain, let u be a suitable weak

solution of the Navier-Stokes system (1.1) with data f = 0, ug € L2(Q), associated

pressure term Vp, and let Q, = Q,(to, xo) C (0,00) x Q be a parabolic cylinder.
Then there is an absolute constant €, > 0 with the following property: If

lullzsg,) + lupllzi@y) + 1PllLsi,) < &r?, (1.10)

then u is regular in Q.2 = Qy2(to, To) in the sense that |u(t,z)| < Cyr~! holds
for almost all (t,x) € Q,/2 and some absolute constant Cy > 0.

Note that the regularity condition of Theorem 1.1 for f = 0, ¢ = 4 can be written
with e, as in (1.3) in the form

ullfago,y < (e0)'r (1.11)

which is completely independent of (1.10); the same holds for the corresponding
proofs.



2 Notations and Preliminaries

In the first part of this section, where we look at usual weak solutions, Q C R?
means a general domain as in Theorem 1.1. In the second part we consider
another type of weak solutions, investigated recently in [1], [4], the so-called very
weak solutions with inhomogeneous boundary values, where Q C R? is a smooth
bounded domain in the sense that the boundary 99 is of class C*!.

Definition 2.1 Let Q C R3 be a general domain, and let
f=divF, F=(F;), , ,€L*0,00L*Q)), uo€ L3(). (2.1)
Then a function

u € L®(0,00; L2(2)) N LY ([0, 00); Wy *()), Vu € L*(0,00; L*(R)),  (2.2)

loc

is called a weak solution of the Navier-Stokes system (1.1) if
u : [0,00) — L2(Q) is weakly continuous, (2.3)
and the condition
— (U, W) .00 + (VUu, V) 0o — (U, V) g oo = (ug, w(0))q — (F, V)g e (2.4)
is satisfied for all w € C ([0, 00); CZ ().

Here we use the following standard notations: V = (0,02, 03) where 0; =
0/0xj, j = 1,2,3, divu = Oyuy + Oqug + Osug for a vector field u = (uq, ug, us3)
and div F = (61F1j + 82F2j + 83F3j)j:1,273 for a matrix field F' = (Fij)i,j:1,2,3'
Moreover, uu = (u;u;); j=123 and v - Vu = (u- V)u = div (uu) provided that
divu = 0. B 4 o

By C7(Q), C7(Q), C§(2) and C{(?), j € Nor j = oo, we denote the usual
spaces of smooth functions. In particular, a function v € CZ(f2) vanishes on 99,
but Vu may be different from zero on 0f2. Let

Ci,(9) = {w € C4(Q); divw = 0},

Cg,g(ﬁ) = {w € C}(Q);divw = 0} and LI = L1(Q) = ng,(Q)H.”q. Furthermore,
Cg([O, T); X), j € N, is the space of continuous functions w : [0,7) — X with
compact support suppw C [0,7) such that w; = dw/dt, ..., d’w/dt’ are contin-
uous. The usual Sobolev spaces are denoted by W77 = W4(Q2), j € N, and in
particular W, 2 = W,?(Q) = C(‘)’O(Q)H'”Wm.

For a Banach space X with norm ||-||x we need for 1 < s < oo the usual
Bochner spaces L*(Tp, T1; X), 0 < Ty < T1 < 00, with norm

T 1/s
(/ fulldt) ™, 1< s <00

To

ess sup ||u(t)]| x, s =00.
To<t<Th

1wl s (zo.1:x) =

4



If X =L1L7=19Q), 1< q < oo, is the usual Lebesgue space we set ||-|x =
|-l = Il = "l and |||l £s(zy,mi0a00)) = [|ullg,s if To, 17 are known from the

context. For 1 < ¢, s < oo and 0 < T < oo let (u,v)q = fQu -vdx denote the

usual duality pairing of functions or vector fields u € L?, v € L, where ¢ = q% )

1
Further, for u € L*(0,T; L9), v € L¥(0,T;LY), s’ = -

s—1"

(u,v)or = (u,v)r = /OT(U, Vo dT

means the duality pairing in [0,7) x . In (2.4) weused ¢ =¢ =2, s =5 =2
and T' = oo. Moreover, leoc([O,T); WOM(Q)), 0 < T < o0, is the space of all
Wy ()-valued functions w : t — w(t) such that w € L? (0,77 W012(Q)) for all
T € (0,T).

Note that the existence of a weak solution u as in Definition 2.1 is well-known
for general domains, see, e.g., [10], V.3. Using (2.3) we see that

u(0) = ul,_, = Yo

in (1.1) is well-defined. Because of (2.2) the condition ul,, = 0in (1.1) is well-
defined in the sense that the trace u(iﬁ)‘ag2 = 0 for almost all ¢ € [0,00). Further

we get from (2.2) that the condition divu = 0 is well-defined in the sense of
distributions. Finally, we find a unique distribution of the form Vp, the pressure
term associated with u, such that

u—Au+u-Vu+Vp=f

holds in (0, 00) x €2 in the sense of distributions. Thus the system (1.1) is well-
defined in a certain weak sense for each weak solution w.
Usually the notion of a weak solution u includes the energy inequality

1 t 1 t
Sl + / IVull3 dr < 3 lluoll} - / (F,.Vu)pdr, 0<t<oco. (25)

However, we do not need (2.5) in our method.

The more special notion of a suitable weak solution u plays an important role
in the local regularity theory of weak solutions, see [2]. In this case the existence
of u is non-trivial and has been shown for Q = R3, for bounded domains 2 C R?
with smooth boundary 99, see [2], p. 822, and for exterior domains Q C R3, see
7], [11]; recently, the existence has been proved for general domains Q C R3 with
uniform C?-boundary 992, see [5].

Let 2, f = div F', and ug be as in Definition 2.1, and assume additionally that
f € L?(0,00; L*(2)). Then a weak solution u satisfying (2.2) — (2.4) is called
a suitable weak solution of the system (1.1) with data f, uo, if the associated
pressure term satisfies

loc loc

Vp € LE ((0,00); L (Q)) with ¢ = Z, (2.6)

5



and if the local energy inequality

1 ! 1 ¢
Sleu@I+ [ levultar < S louta)l+ [ ofopubadr (20
0

I L1 ’
- —/ (V]u2, Ve?)a dr +/ G2+ p, - VeP)adr
2 J4 to 2
is satisfied for almost all ¢y € [0, 00), all ¢ € [ty,00), and all p € C5°(R?).
Using a standard mollification, see e.g., [10], II, 1.7, we obtain from (2.7) in
particular the inequality

/ |Vul?¢ dt de < 1/ (|ul*(¢e+Ad) + (Jul*+2p)u-Vo+2(u- f)p)dt d
(0,T)xQ2 2

(0,T)x2
(2.8)
for all ¢ € Cg°((0,T) x Q) with ¢ > 0. This special formulation has been used
in [2], (2.5), in the definition of suitable weak solutions.

Remark 2.2 (i) If a weak solution u satisfies a local Serrin condition as in (1.5)
then we know higher regularity properties in space direction in each subdomain
D c @,/ with D CQ, /2, if f and € as in Theorem 1.1 are smooth in the sense
that f € C5°((0,00) x Q) and that Q has a uniform C?-boundary 9%; see [2],
p. 780, and [13], p. 453, concerning such properties. Indeed, first we obtain
integrability properties of Vp and w,; in some L?-spaces, see [5]; then we use a
standard localization procedure with a cut-off function to prove that each space
derivative of u is essentially bounded in D. This justifies to say that u is regular
in Q, /2 if (1.5) is satisfied.

(ii) If instead of (1.5) the condition

7

T\2
U€L4(t0—§<§) , to +

1, r.2

<(5)% L°(Byjala0))) (2.9)
82

is satisfied, where now @, 2 is replaced by @ /2 then the regularity properties
above hold with (ty,29) € D C Q* Jo- Therefore, (to, zo) is called a regular point
in this case, cf. Corollary 1.2 .

To prove Theorem 1.1 we use the theory of very weak solutions for smooth
bounded domains, which has been introduced in [1] and generalized in [4], see
Definition 2.3 below. For this purpose, we assume in the next part of this section
that Q C R? is a bounded domain with boundary of class C?*.

Let P, : LY — L%, 1 < g < oo, be the Helmholtz projection, and let A, :
D(A,) — L4(Q) with domain D(A,) = W9(Q) N W, 9(Q) N LL(Q) be the Stokes
operator. It is well-known that —A, generates a bounded analytic semigroup
et ¢t >0, on L2, and that the fractional powers Ay, =1 <a <1, of A, are

o)



well-defined, see, e.g., [3], [4], [5], [6], [12]. In particular, we need the following
embedding properties, see [4]:

3 3
ullg < cl|ASull,  for u € D(AT), 1 <v<gq, 2a+ p = ;, (2.10)
||A;“e_tAqqu <ce "t ull, forue L), t>0,0<a<l (2.11)
for some § = §(q,2) > 0 and constants ¢ = ¢(«, ¢, ) > 0 and ¢ = ¢(«, d, ¢, ) >
0, respectively.
Let 0 < T <00,1<¢q,s < oo. Then the maximal regularity estimate

[ (ve, Aqu) LoOT5L9)) (2.12)

Loy < ([ Age” v iz + || f

¢ = c(q,Q) > 0, holds for the unique solution v of the evolution system
u+Ap=f, v0) =1

with data f € L*(0,T; L%) and vy € L2 such that A,e™ 4avy € L5(0,T; LY).

To deal with traces on the boundary 0 let N = N(z) denote the exterior
normal unit vector at x € 09Q. Let L(0N2) be the usual Le-space on 92 with
norm |-l a@e) = [|-flg.00- Then

(gl = [ g-hds. geL(09), he L7 (00)
o0

means the duality pairing on 02 where dS' is the surface element. Analogously,
we define the duality pairing (g, h)oar = fOT (g, h)sq dr for g € L* (O, T; Lq(ﬁﬁ)),
h e LSI(O,T; LY (89)), s' = -*5. Further we need the Sobolev spaces W*4(9Q),
—2 < o < 2, of fractional order o with norm ||-||we.sa0) = ||||ag,00. Here, the
space of negative order is defined as the dual space

W=(9Q) = (W7 (8Q)), 0<a<2, (2.13)

of the space W9 (9Q) of positive order. The corresponding duality pairing is
again denoted by (-, -}aq.
Next we mention the embedding estimate

IN

2
lgllooo < cligllamo0, 1<v<g at-=-0<a<? (2.14)

qa 7

for all g € W*7(092) where ¢ = ¢(a, ¢,092) > 0. By a standard duality argument
we get form (2.14) the embedding estimate

2 2
Hg”—a;q,aﬂ S C||g||%397 1< i S q, & + 5 - ;7 0 S « S 27 (215)
for all g € L7(09) where ¢ = ¢(«, ¢, 02) > 0.

7



The following definition of very weak solutions, see Definition 2.3 below, is for
simplicity a special version of a more general notion introduced in [4]. Here we
are mainly interested in boundary values as weak as possible. Note that a very
weak solution v need not have any differentiability property in space, besides
of dive = 0. However, v satisfies a Serrin condition and is therefore uniquely
determined and regular if the data and 0f) are smooth. On the other hand, the
usual weak solution u of Definition 2.1 has a finite gradient in L2, but we do not
know uniqueness and global regularity properties.

In the following the set

700 = 715() 1= {un € L@ 145 Pavoll + ([ e Pavol; ) < o0}
0

1
where [|vg| 7o = |45 Pavollgn + (fy° le 2 Powgll5dt)*, 1 < q,s < oo, plays
the role as the space of initial values; for simplicity this space is not defined in
the most general form as in [4], (2.18). Note that ||vg||7e = 0 only means that
Pyug = 0, see [4]. Therefore, || - || 7a is the norm of the quotient space of J%*
modulo vy with Pyug = 0, i.e., modulo such gradients.

Definition 2.3 ([4]) Let Q C R? be a bounded domain with boundary of class
C*' and let 0 < T < 00,3 < qg<00,2< s <o0, 1<~ < q, such that
1,1 _1 2,3_

g-i-a—;, g—i-a—l.

Then a function v € L?® (O,T;LQ(Q)) 1s called a very weak solution of the
Navier-Stokes system

v —Av+v-Vo+Vh=f dive =0, (2.16)

=9, = Vg

Y0pe Yo
on [0, T) x Q with data f,g,vy satisfying

f=divF, F=(Fj)ij=123 €L’ <0>T;LW(Q))7

g€ L*(0,T; W 2(09)), (2.17)

N -gdS = (N,g)sa =0,
80

Vo € jq’s(Q),
if the relation

—(v, wt>Q,T — (v, AUJ>Q,T + (g, N - Vw>8Q,T — (v, vw>Q,T

(2.18)
= (vo, w(0))q — (F, Vw)ar
is satisfied for all w € C3([0,T); C3 (), and if the conditions
dive =0, N-v =N-g (2.19)

are satisfied in (0,T) x Q and (0,T) x 0N, respectively.

8



Note that the system (2.16) is well-defined in a weak sense. Using (2.18) with
w € CZ((0,T); C3,,(€2)) we conclude that there is a unique (associated) pressure
term Vh such that (2.16); holds in the sense of distributions in (0,7") x Q2. Further
we conclude from (2.18), (2.19) that the boundary condition V), = 918 well-
defined, and that the initial condition v|,_, = Yo is well-defined up to a gradient,
see [4]. Moreover, v is uniquely determined and arbitrarily smooth in (0,7) x Q
if 0Q) and the data are sufficiently smooth.

The following lemma yields the existence of v under a smallness condition on
the data, see [4], Theorem 1.

Lemma 2.4 ([4]) Let Q C R3 be a bounded domain of class C*', let 0 < T < oo,
and let f, g,vo be as in (2.17) with3 < g < 00,2 < s < 00, 1 <7 < g, %+% = %,
% + 2 = 1. Then there is a constant € = £(£2,q) > 0 with the following property:
If

T T T
A, s 1/s s 1/s s 1/s
([ N Paollzadt) "+ (| IFI5adt)  +( [ llglls,0dt) "~ <e.
0 0 0

(2.20)
then there exists a unique very weak solution v € L?® (O,T; Lq(Q)) of the system
(2.16).

Our method to prove Theorem 1.1 rests on the local identification of the given
weak solution u with a certain very weak solution v, see Section 3.

Omitting the nonlinear term v- Vo in (2.16), we obtain the linear nonstation-
ary Stokes system. The corresponding notion of a very weak solution is obtained
by omitting the term (vv, Vw)q r in (2.18), and the existence of a unique solution
is obtained in this case without any smallness condition, see [4], Theorem 4.

Lemma 2.5 ([4]) Let Q,T be as in Lemma 2.4, assume 1 < v < ¢ < o0,

%#—% == % and 1 < s < oo, and let f,g,vy be as in this lemma, but omit the

condition % + % = 1. Then the linearized system (2.16) has a unique very weak
solution E € L* (O,T; Lq(Q)), i.e., by definition,

—(E,wi)ar — (B, Aw)or + (g9, N - Vw)aor = (vo, w(0))o — (F, Vw)or (2.21)
for all w € CZ([0,T); C3,()), and the conditions
divE =0, N- E‘@Q =N-g, (2.22)
hold. Moreover, E satisfies the estimate

14g " Pyl

Ls(0,T;L9()) T |E Ls(0,T5L9(%))

< C(lvollgoe + |17

with some constant C' = C(82,q,7,s) > 0 independent of T

9



Further we note, see [4], (4.19), that v from Lemma 2.4 and E from Lemma
2.5 satisfy the (well-defined) semigroup relation

t
v(t) — E(t) = —/O Aqe_(t_T)A‘lAgqu div (vv)dr, 0 <t <T. (2.23)

In the following we will also apply Lemma 2.4, Lemma 2.5, and formula
(2.23) with [0, 7") replaced by any other interval [Ty, T7), 0 < Ty < Ty < co. Then
[0,T) x Q is replaced by [Ty, T1) x €, the initial condition vl,_, = Yo is replaced
by v),_y, = Yo, and, instead of (2.23), we get the relation

=To
t
v(t) — E(t) = —/ Aqe_(t_T)Aqu_qu div (vv)dr, Ty <t <T. (2.24)

To

Next assume that vv € L*(Tp, Ty; L*(2)) is satisfied in (2.24). Then (2.24)
is the well-known representation formula, see, e.g., [10], IV, (2.4.4), yielding the
usual weak solution v — E of the linear Stokes system

(v—FE);—A(v—FE)+Vh = —div(vw), div(v—F)=0,

o0 t=To

in [Ty, T7) x 2, and satisfying the usual energy relation

Slo® = EO+ [ 1900 =Bl = [ @090~ Epadr,  (220)

To To
Ty <t <T7. An easy consequence is the energy estimate
||U—E||2LM(TO,T1;L2(Q))+||V(U—E)||%2(TO,T1;L2(Q)) < HUU“%Q(TOIUL?(Q)) < o0, (2.27)
and it follows that
v—FE € L>(Ty, T; L*(Q)), V(v—E) e L*(Tp, T1; L*()), (2.28)
see [10], Theorem IV, 2.3.1.

3 Proof of Theorem 1.1

In the following let Q. (to,xo) C (0,00) X Q, r > 0, ty € (0,00), zo € 2, be a
parabolic cylinder and let u be a weak solution of (1.1) with data f = div F, g
as in Theorem 1.1. Our aim is to prove the following result:

There exists an absolute constant €, > 0 such that if (3.1)

2.3_4 2 3
q+q1

lull Lo,y < exr ' g + 4 <1+ 7 | F || L4 (tg—r2 t0:L2(Br (20))) < € »

then v e L* (to — (g)Q,tO; LG(Br/g(mo)))

10



To this end we need several steps.

a) Reduction to the special case ¢ =4, r =1, 19 =0

Holder’s inequality leads to the estimate

1 1
Jullssan < (377°) " "Ml < 20t ulliniany

Therefore, if we know the result (3.1) with some ¢, for ¢ = 4, then this result
holds for the general case with €, replaced by $=. Thus we may set ¢ = 4 in the
following.

Next we use a well-known scaling procedure, introduced in principle in [2],
in order to reduce the problem (3.1) with ¢ = 4 to the case r = 1. For A > 0
let Q) = {y € R3 \y + z9 € Q}, and let w,p, f, F 10y be defined in the variables
T=A2e0,00),y=A"(r—1x) € Qwhere t € (0,00), z € Q, by setting

ﬂ(T, y) = )‘u(t7 I)? ]5(7—7 y) = >\2p(t,$), f(Ta y) = )‘3f<t7$)7 (32)
F(r,y) = X2F(t,z), do(y) = Mug(z).

Then an elementary calculation shows that @ is a weak solution in [0, 00) x
of the system

G, — ANi+a-Va+Vp = f, diva = 0,
(3.3)

g = 00, = o

with data f = div F, 4y, if and only if u is a weak solution in [0,00) x € of
(1.1) with data f = div F,ug. It holds (¢,x) € Q.(to, xo) if and only if (7,y) €
Q7 (T0, Yo) where 10 = A™*tg, yo = 0. Moreover,

70 1
~ ~ 4
o, = ([ [ lacold) (3.4
T0—(5)? Y lyl<%

to i
_ )\}l</ / lu(t, z)|* do dt) S [ullz @)
to—r? Jz—xo|<r

and, using the notation B, = B,.(0),
I Fllzatro—z)2miz2B, ) = Flato—r2.t0:22(Bo(zo)))» (3.5)
]| La(ro—(g)2,m05L8(B, a)) = Ul Latto—(5)2, 105088, o (w0)))-

Therefore, setting A = r, we see that Q,/\(79,0) = Q1(79,0), and that the
condition (1.3) with ¢ = 4 now has the form [i[[z4(g,) < €4. Hence it suffices to
assume that o = 0 € €2, and to solve the problem (3.1) for given u, f = div F’
and ug on Q1 = Q1(tp,0) C (0,00) x € in the following reduced form.

There exists an absolute constant e, > 0 such that if (3.6)

Nl 241 (t0,0)) < €xr [ F | Lo (to—1,00:22(B1)) < Exs

1 .
then u € L4(t0 — 5, to, Lﬁ(Bl/Q))
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b) Construction of a local very weak solution v

In order to solve the problem (3.6) we first construct a very weak solution
v on a cylinder Q' = [t),ty) x B,» with appropriate values &) € (to — 1,to — 3),
r e (%, 1), and appropriate boundary and initial conditions. Then in part c)
below we will prove that u« = v on Q) leading to the desired regularity of u in
B js.

For this purpose we choose t, and 7’ in such a way that

u(ty) € LY(Br), | € L*(to — 1,t0; L*(0B,)) (3.7)

(to—1,t0)x OB,
are well-defined and satisfy the estimates
lu(@o)ll7o48,) < Cillulto)lzs,) < Collullzaqy (3.8)

and

el 1 ko < Colltlisusrion,y < Callulliy, — (39)

where C; = C;(r') >0, 5=1,...,4.
To find such values t;, 7" we argue as follows. Since we have to find a (suffi-
ciently small) constant ¢, in (3.6) with the desired property, we assume that

||u||L4(Q1) < 00, HF|’L4(to—1,to;L2(Bl)) < 00.

Then u(t6)|B € L*(By) is well-defined for almost all ¢}, € (ty —1,to — 3). If there
1

is no such value ¢, satisfying additionally

lu(to) T4 < 2”u‘|i4(to—1,to—%§L4(Bl)) (3.10)

we conclude that
4 to_% 4 1 4
Hu’|L4(t0—1,t0—%§L4(31)) - [ ) HUHBldt > 9 2Hu”L4(to—1,to—%;L4(B1)) (3.11)
o
which is a contradiction. Using (2.10), (2.11) witha = 4, ¢ =6, = d(¢q, By/) > 0,

we thus obtain for some t{, € (to — 1, %, — 3) and - first of all - for each 7’ € (3,1)
the estimate

Juto)l 7oas,,) (3.12)
00 1/4
_ 1 — -1
o ||142 1P2u(t6)||673ﬂ + (/ ||A2/86 tA2A2 BPQU(I%)H%,BT/ dt)
0
—-1/8 / Ry —4/8)| p—1/8 NI 1/4
< G (145 P Pout)lo.s, + ([ e 5 A Puty) i s, )
0
< Collu(tp)lla,z, < Collu(tp)llap, < Ca2'*[lullaqu),s

12



C; =C;(r") >0, j = 1,2, which yields (3.8). Concerning 7’ we argue in the same
way as for (3.10), and find at least one 7’ € (3, 1) such that

ull 7401 10:04(08,)) < 2||u\|i4(t0—1,t0;L4(31\Bl/2))- (3.13)
Using (2.15) with a = %, q = 6, v = 4, we thus obtain the estimate

HuHL4(t0—1,t0;W*%*6(8Br,)) < Cslul| zag-1,t0:2408,.))
(3.14)

< 0321/4Hu"L4(t0—1,to;L4(Bl\B1/2)) < C321/4HUHL4(Q1)7

C3 = Cs3(r") > 0, which yields (3.9).

Let Q' = [t{,to) X B,. Then we are able to apply Lemma 2.4 with Q = B,,
q=06,s =4, v =2 and with [0,7) replaced by [t{,ty). Thus we obtain a
constant £(r’) > 0 and a unique very weak solution v € L*(t),to; LS(B,/)) in Q'
of the system

v—Av+v-Vv+Vh = f, dive = 0,

- - (3.15)
U|8BT, -9 U|t:t6 -
with data
I e T2 _ _ /
f - leF7 F € L (t07t07L (BT’))a g = u‘(t’O,to)XﬁBT/7 Vo = u(tO)‘BT/7 (316)
if
lullzan) + 1F | ao—1.t0:L2(Br)) < (). (3.17)

Identifying u = v on Q" O @12, see Part c) below, we are led to the desired
property u € L*(tg — 3,to0; L(Bij2(20))). However, in order to prove (3.6) we
need that the constant in (3.17) does not depend on 7’. To obtain an absolute
constant in (3.17) we modify the system (3.15), using again the scaling procedure,
as follows.

With A = 7/ let 7 = A2, 75 = XN 72ty, 10 = A%ty for t € [t),t0), T €
[76,70), and let y = Az € By, « € By, yo = 0. Then @, F, §, 0y are defined by
F(1,y) = XF(t,z), §(r,y) = Ag(t,z) and 5y(y) = Avg(z). Obviously the scaling
argument as in (3.3) shows that 0 € L*(7§, 7o; L°(By)) is a very weak solution in
Q' = [, 7] X By of the system

o, —AO+T-Vo+Vh = f,  dive = 0, 58
3 B 3.18
U‘aBl

with data

f=divF, §=a B0 = (7g)| , - (3.19)

(7‘677'0) x0B1 ’
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if and only if v € L*(t{, to; L(B.)) is a very weak solution in @' of the system
(3.15) with data (3.16). The same calculation as for (3.8), (3.9), see (3.12) -
(3.14), now yields the estimates

(o)l 7oa(mr) < Crlla(mo) sy < Collullpay) (3.20)

and

1l s 250y < Calltllzacgmizt@nn) < Callullau ; (3.21)
here, replacing B, by Bj, the constants C,...,C, depend on B; and therefore
are absolute constants. Hence the smallness condition (3.17) corresponding to the
system (3.18) with data (3.19) is satisfied with some absolute constant e, > 0.
Thus we can return to (3.15) and obtain by virtue of Lemma 2.4 the following
result:

There exists an absolute constant ¢, > 0 such that if (3.22)

lull o) + 1|t to—1.t0:L2(B1)) < €y

then the system (3.15) with data (3.16) has a unique very weak
solution v € L*(t(, to; L°(B.)).

c) Identification u=v on Q'

It remains to prove this identification. Assuming u = v on @' we conclude,
since t( < to — %, % < ', that (3.6) is true, and we complete the proof. To this
end we need several arguments as follows.

First we consider the very weak solution E € L*(t),to; L°(B,)) of the lin-
earized system (3.15), omitting the term v - Vu; see (2.21), (2.22) with s = 4,
q=06,Q =B, [0,T) replaced by [ty,ty). Then formula (2.24) can be written in
the form .

v(t) — E(t) = —/ e~ =742 pdiv (v(r)v(T)) dr. (3.23)
y

0

Using Holder’s inequality in L*(Q') = L*(t{, to; L*(B,/)), we obtain that
[vvll 2@y < CllvllFagy < Cllvllag,) < oo

with an absolute constant C' > 0, and thus that v — E in (3.23) has the properties
(2.25) — (2.28) with [Tp, T1) x Q replaced by [t{,to) X B.

Next we use that uu € L*(t),to; L*(B,)), and we argue for u — E in the
same way as for v — E in (2.25) — (2.28). Indeed, using for u, F' the relations
(2.4), (2.18), we conclude that (2.25) — (2.28) is true if v is replaced by u, and
[Ty, T1) x €2 is replaced by [t, to) X By.
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Further we conclude that u — v is the weak solution of the Stokes system

(u—v) — A(u —v) + Vh = —=div (uu — vv), div(u—v) =0,

u— v =0, U= , =0
0B, t=tg

in [ty, o) X By, and that the corresponding energy properties as in (2.26) — (2.28)
hold for u — wv.

Since u(u —v) € L*(Q') and V(u—v) € L*(Q') we see by Holder’s inequality
that ftzo (u(u —v), V(u —v))p, dr is well-defined, and that

(e — ), V(u—v))p, = %(u, Viu - oP)s, = 0.

Therefore, using (2.26) for u — v as explained above, we obtain that

t

HV(u—v)H%dT:/(uu—vv, V(u—v)p, dr

t

to

sl ~ o0l + [

= /t/ (u(u —v) + (u —v)v, V(u —v))p, dr = /t/ (u—v)v, V(u—))p, dr.

A consequence of this relation as in (2.27) is the energy estimate
[[[w— U|||§6,to = lu— U||%°°(t6,t0;L2(BT/)) + IV (u — U)H%mg,to;m(&,))
= [lu—vl3e + IV(u—0)5, (3.24)
< Cill(u—v)vl3,-
1 1
Next we use the standard Sobolev estimate [[u—v||3 < Co||V(u—0)||3 |lu—v]|3,
see e.g. [10], II, (1.3.2), and Hoélder’s inequality, and obtain that
Itu—v)lls, < Cllvllgallu—vll3,
< Callollga(IV(u = v)[5 + flu = v]3.)

Callvllg.a lllu = vl 4,

In these estimates C4,...,Cy; > 0 are absolute constants. Thus (3.24) leads to
the estimate

= lllgao < Clloliaytornscam N = olll o (3.25)

with some absolute constant C' > 0.

Our purpose is to apply to (3.25) the well-known absorption principle as
follows. Consider a decomposition t[ =1t <ty < ... < tp_1 <ty =ty, m € N,
in such a way that

CHUHL‘*(tjfhtj;LG(BT,)) < (3.26)

N | =
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for j = 2,...,m. The estimate (3.25) also holds with ty replaced by ¢;, and
inserting (3.26) in (3.25) we get that

1
e =l < 5 MMw=vlllgn

which means that u = v in [t[, t1). Repeating this argument with [t{, t;) replaced
by [t1,t2) yields u = v in [t1,5), and so on. In a finite number of such steps we
conclude that v = v in @)'. This completes the proof of Theorem 1.1. [ ]

Proof of Corollary 1.2 The proof of Theorem 1.1 can be carried out in the same
way with Q. (to, o) replaced by Q(ty, zo), which means that (1.5) is replaced by
ue L*(ty— 1 (%)2, to+3 (5)2; L5(B,2(x0)), after the corresponding modifications
in this theorem. This means in particular that (to,zo) is a regular point of w.
If the condition (1.7) is satisfied, we find a sequence Q; (fo,z0) C (0,00) x &,
r; >0, 7 € N, with lim; . r; = 0, in such a way that

lim 777 ||ul|%,o a.
T HUHLq(er) < (ex)
Then there is at least one radius o > 0 among the values ry, 7y, ..., such that

2,3 9

lullzais,) < eerg ",
cf. (1.3), holds in Theorem 1.1 suitably modified. Furthermore, using F €
L*(0,00; L*(2)), we can choose rq sufficiently small in such a way that (1.4) is
satisfied after the corresponding modification. This shows that (tg, z¢) is a regular

point, and the proof is complete.
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