On the Stokes Operator
in General Unbounded Domains
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Abstract

It is known that the Stokes operator is not well-defined in L4-spaces for cer-
tain unbounded smooth domains unless ¢ = 2. In this paper, we generalize
a new approach to the Stokes resolvent problem and to maximal regularity
in general unbounded smooth domains from the three-dimensional case, see
[7], to the n-dimensional one, n > 2, replacing the space L?,1 < q < oo,
by LY where LY = LN L2 for g > 2and LY = L9+ L% for 1 < ¢ < 2. In
particular, we show that the Stokes operator is well-defined in LY for every
unbounded domain of uniform CH!-type in R", n > 2, satisfies the classi-
cal resolvent estimate, generates an analytic semigroup and has maximal
regularity.
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1 Introduction

Let Q C R, n > 2, denote a general unbounded domain with uniform C%!-
boundary 992 # (), see Definition 1.1 below. As is well-known, the analysis of the
instationary Navier-Stokes equations requires L%-estimates, ¢ # 2, to prove the
strong energy estimate, the localized energy estimate involving also the pressure
function and Leray’s Structure Theorem for weak solutions. Unfortunately, the
standard approach to the Stokes equations in Li-spaces, 1 < ¢ < 00, cannot
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be extended to general unbounded domains unless ¢ = 2. On the one hand, the
Helmholtz decomposition fails to exist for certain unbounded smooth domains on
L4, q # 2, see [4], [13]. On the other hand, in L? the Helmholtz projection and
the Stokes operator are well-defined for every domain, it is self-adjoint, generates
a bounded analytic semigroup and has maximal regularity.

In order to work locally in L9-spaces, but globally, to be more precise, near
space infinity, in L?, the authors introduced in [7] in the three-dimensional case
the function space

— LY Q) NL*Q), 2<qg<x
Ly = { L) 4+ LX), 1<qg<2

to define the Helmholtz decomposition and the space

oy | THOINL2Q), 2<q<o0
L)+ L2(Q), 1<qg<?2

[

of solenoidal vector fields in L9(Q) to define and to analyze the Stokes operator.
It was proved that for every unbounded domain Q C R?® of uniform C*-type
the Stokes operator in Eg(Q) satisfies the usual resolvent estimate, generates an
analytic semigroup and has maximal regularity. Moreover, for every dimension
n > 2, the Helmholtz decomposition of L(€2) exists for every unbounded domain
Q C R"™ of uniform C*-type, see [8].

To describe this result, we introduce the space of gradients

e — G NG*HQ), 2<qg<
)= GUQ) + G2(Q), 1<q<2

where G4(Q2) = {Vp € LY(Q) : p € LL .(Q)}, and recall the notion of domains of
uniform C*- and C*!-type.

Definition 1.1 A domain Q C R, n > 2, is called a uniform C*-domain of type
(o, 3, K) where k € Nya > 0, 8 > 0, K > 0, if for each xy € O there exists
a Cartesian coordinate system with origin at xo and coordinates y = (y',yn),
v = Y1, Yn1), and a C*-function h(y'), || < a, with C*-norm ||h||cx < K
such that the neighborhood

Uapn(xo) :=={y = (/s yn) €R": [yn — ()| < B, /| <}

of xg implies Uy gp(x0) DO ={(v',h(¥)) : V| < a} and
U pn(o) =L 0m) : h(y) =B <yn <h(y), y| <} = Uapn(o) N Q.

By analogy, a domain @ C R™. n > 2, is a uniform CFl-domain of type
(o, 3, K), k € NU{0}, if the functions h mentioned above may be chosen in
C* such that the C*-norm satisfies ||h|cr1 < K.
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Theorem 1.2 [8] Let Q2 CR™, n > 2, be a uniform Ct—domain of type (a, 3, K)
and let ¢ € (1,00). Then each u € LY($2) has a unique decomposition

w=1uy+Vp, wue Li(Q), Vpe GiQ),
satisfying the estimate
[uollza + VDl e < cllullza, (1.1)

where ¢ = c(a, B, K, q) > 0. In particular, the Helmholtz projection Pq defined by
Pyu = g is a bounded linear projection on L(Q2) with range L1(S2) and kernel
G1(§2). Moreover, LL(Q) is the closure in L(S2) of the space C§5(2) = {u €
C3e(Q) : divu = 0}, and the duality relations

(Le() = L), (R) = Fy,

g

where ¢ = q%l, hold.

Using the Helmholtz projection 15q we define the Stokes operator flq as the
linear operator with domain

. DI(Q)ND*(N), 2<g<oo
D(AY) =
D1(Q) + D*(Q), 1<qg<2
where D9(Q) = W24(Q) N Wy (Q) N LL(RQ), by setting
A = —P,Au, u € D(A9).

Let I be the identity and S = {f # A € C; [argA\| < Z +¢},0<e < 7.
Then our first main result on the Stokes operator reads as follows:

Theorem 1.3 Let Q C R"n > 2, be a uniform C*'-domain of type (a, 3, K),
and let 1 < q<o0,0>0,0<e<3.
(i) The operator

Ag=—P,A:D(A) — Li(Q), D(4,) C L(9),

15 a densely defined closed operator.

(i) For all \ € S., its resolvent (A + A,)™" : LL(Q) — LL(Q) is well-defined.
Moreover, for every f € LL(Q) the solution u € LL(Q) of the resolvent problem
(M + Au = f satisfies the estimate

Ml zg + IV2ullze < Cllfllzg, 1A =6, (1.2)

where C' = C(q,&,0,a, 3, K) > 0.



(iii) Given f € LI(Q)", X € S., the Stokes resolvent equation
AMe—Au+Vp=f, divu=0 in Q, u=0 on 09

has a unique solution (u, Vp) € D(A,) x GU(RQ) defined by u = (N + A,)"'P,f
and Vp = (I — P,)(f + Au) and satisfying

Ml zo + IV2ullze + 1VPlze < Cllfllze, (A 26, (1.3)

with a constant C' = C(q,¢,96,a, 3, K) > 0. . .
(iv) The Stokes operator A, satisfies the duality relation (Aq)/ = Ay, in
particular, (Agu,v) = (u, Agv) for allu € D(A,), v € D(A,) and generates an

analytic semigroup e "4, t >0, in ZZ(Q) with bound
le™ % fllzg < Me™ | fllzg. f€ LY ¢ >0, (1.4)
where M = M(q, 9, o, 3, K) > 0.

Note that the bound ¢ > 0 in Theorem 1.3 may be chosen arbitrarily small,
but that it is not clear whether ¢ = 0 is allowed for a general unbounded domain
and whether the semigroup e* is uniformly bounded in L () for 0 < t < oo.

Our second main result concerns the instationary Stokes system

u—Au+Vp = f, divu = 0 in Qx(0,7)

u(0) = wup, = 0. (1.5)

U pq
Theorem 1.4 Let Q CR", n > 2, be a uniform Ct'-domain of type (o, 3, K),
and let 0 <T <00, 1<¢q, s < o0.

Then for each f € L*(0,T; ffg(ﬂ)) and each uy € D(A,) there exists a unique
solution u € L*(0, T D(flq)) with u, € L*(0,T; [:g(Q)) of the system (1.5) satis-
fying the estimates

[| s Ls(0,1;i9) T [ ul Ls(0,1509) T [ Aqul Ls(0,T:L%) (1.6)
< C(HUOHD(AQ) + HfHLS(O,T;EZ))
and
e Ls(0,7;E9) T H“HLS(O,T;VT/M) < C(HUOHD(AQ) + HfHLs(o,T;Zg)) (L.7)

with C' = C(q,s,T, o, (5, K) > 0.

Remark 1.5 (i) The assumption ug € D(A,) in Theorem 1.4 is used for sim-
plicity and is not optimal. Actually, it may be replaced by the weaker properties
ug € L3(Q) and [ [|[Age~Arug|3, dt < oo. Then the term |[ug|lps,) in (1.6),
(1.7) can be substituted by the weaker norm

T ~ 1
(/ | Age g2, dt)s, 1<q< oo (1.8)
0
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(i) Let f € L°(0,T;L%(Q)) in Theorem 1.4 be replaced by f €
L*(0,T; L%(2)). Thenu € Ls(o T; D(A )). defined by u;+Agu = P, f, u(0) = uo,
and Vp, defined by Vp(t) = (I — P,)(f + Au)(¢), is a unique solution pair of the
system

— Au+ Vp = f, u(0) = uy,
satisfying

s Ls(0,m:00) T [l Ls(0,T5W2a) T |Vp

< O(lJuollpea,y + 1

with C' = C(q,s,T,«, 3, K) > 0.
Using (2.1) below we see that in the case 1 < ¢ < 2 the solution pair u, Vp
possesses a decomposition u = u") +u®, Vp = Vp() + Vp® such that

Ls(0,T;L9)

(1.9)

LS(O,T;Zq))

uW e L30,T; W2()), ul”) € L*(0,T; L2(2)),
”epmeW%m%<memeL%m% (1.10)
vp) € L*(0,T; L*(Q)), Vp» € L*(0,T; LY(Q)),

and

| s

Ls0.1:e) T ||V2U|

rso.1;ia) T Vpl
Ls:2 + ||v2u(1)||Ls,2 + ||vp(1)
Lsa + ||V2u(2)| Lsa + va(Z)
where L*? = L*(0,T; L*(Q)), L>? = L*(0,T; LY(2)).

(iii) Note that the constant C'in (1.6), (1.7), (1.9) could depend on the given

interval (0,7]. We do not know whether C' can be chosen independently of T" as
in the usual L?-theory in bounded and exterior domains, see [12].

rsrie) [u L3(0,T;L9)

= gl pee + [fu® Loz +

Lsa + HU(Q)

ut®

Lsa

2 Preliminaries

Let us recall some properties of sum and intersection spaces known from inter-
polation theory, cf. [3], [17].

Consider two (complex) Banach spaces X, Xo with norms || - [|x,, || - [ xss
respectively, and assume that both X; and X, are subspaces of a topological
vector space V with continuous embeddings. Further, we assume that X; N X5
is a dense subspace of both X; and X5. Then the intersection space X; N X5 is
a Banach space with norm

[llx,nx, = max(flullx,, [lullx,).
The sum space

X1+ Xy = {U1+U2; U1€X1, UQGXQ}QV
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is a well-defined Banach space with the norm
[l xixz o= mf{{Jur]|x, + fJuellx,; v =1 +uz, w1 € X3, uz € Xo}.

If X; and X, are reflexive Banach spaces, an argument using weakly conver-
gent, subsequences yields the following property:

ueX +Xy =du € Xl, Uy € Xo : HUHXH-XQ = HU1||X1 + ||U2||X2. (21)
Concerning dual spaces we have
(X1NXy) =X+ X;

with the natural pairing (u, fi + f2) = (u, f1) + (u, f2) for v € X; N X, and
f=hH+ 1 EX{—f—Xé, and

(Xl —|— XQ)/ - X{ ﬂ Xé

with the natural pairing (u, f) = (uq, f) + (ug, f) for all u = u; + uy € X7 + Xo,
f € X{ N X, Thus it holds

[(us, f) + (ua, f)]

el e, = sup 04 fexinx}

| f 1 x5nx;
and
Uy, )+ (ua,
11y :SUP{|< L)+ (e f>|; 0#u=mu;+uy €X1+X2};
[l x4 x
see [3], [17].
Consider closed subspaces L; C X;, Ly € X with norms || - ||z, = || - [|x,s
|-l = || - llx, and assume that L; N Lo is dense in both L; and Ly. Then
lullinz, = vl xinx,, w € L1 N Ly, and an elementary argument using the Hahn-

Banach theorem shows that also

lullz, 4z, = |ullx,+x20  w € Ly + Lo. (2.2)

In particular, we need the following special case. Let B; : D(By) — Xj,
By : D(Bs) — X5 be closed linear operators with dense domains D(B;) C X,
D(By) C X5 equipped with graph norms

lullpsy = llullx, + [1Brullx,,  Nulloes,) = llullx, + | Baullx,,

respectively. We assume that D(B;) N D(By) is dense in both D(B;) and D(Bs)
in the corresponding graph norms. Each functional F' € D(B;), 1 = 1,2, is
given by some pair f,g € X] in the form (u,F) = (u, f) + (Bju,g). Using
(2.2) with L; = {(u, Biu); u € D(B;)} C X; x X;, i = 1,2, and the equality of
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norms H ) ”(X1><X1)+(X2><X2) and || ) ”(X1+X2)><(X1+X2) on (Xl X Xl) + <X2 X X2)7 we
conclude that for each u € D(By) 4+ D(Bsy) with decomposition u = u; + us, u; €
D(Bl), U2 € D(BQ),

|ullpBr)+D(B2) = U1 + 2|l x,4x, + || Biur + Baua||x, 4+ x,- (2.3)

For instationary problems we need, given a Banach space X, the usual Banach
space L*(0,7;X), 0 < T < oo, of measurable X—valued (classes of) functions u
with norm

T 1

o = ([ u®lxd), 1<s <
0

If X is reflexive and 1 < s < oo, then

L0, T; X) = L(0,T; X"), & =

s—1’

with the natural pairing (u, f)r = f0T<u(t), f(t)) dt, where (-,-) denotes the pair-
ing between X and its dual X’.
Let X = L9(Q2), 1 < ¢ < co. Then we use the notation

T 1/s
v = ([ )"
0

The pairing of L*(0, T; L(Q)) with its dual L* (0, T; LY (2)) is given by (u, f)p =
(u, frar = fOT (fQ U - fdx) dt. Moreover, we see that

L= L(LY(Q)) = L*(0, T; L(2)),  |lul

LN L% = L0, T; LN L*) and L%+ L%* = L5(0,T; LY + L?)
since
(L3 + L) = (L) N (L>?) = L¥(0,T; LY N L*) = L*(0,T; LY + L?);
the pairing between L*¢ + L*? and (L%?)' N (L*?) is given by (uj + ug, f)7 =
(ur, f)r + (ug, f)r for uy € L5 uy € L% f € (L57) N (L%?). Furthermore, we
can choose the decomposition u = u; +uy € L*(0,T; L? + L?) in such a way that
ullpsarrez = [JurllLoa + [lugl/pe2.

We conclude that

|(uy + ug, )]
||f||(L5a‘Z)’ﬂ(Ls,2)/

1 + tia| ooy oz = Sup{ L0 feL0,T;L7 N LQ)}.

Let us introduce the short notation

~ {Ls’qﬂLS’Q, 2<g< o0
L> = :

L5+ [%2 1<qg<?2
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and note the duality relation (f}s’q)/ = L[5,

Concerning domains of uniform C*'-type (a, 3, K), see Definition 1.1, we
have to introduce further notations. Obviously, the axes e;, 7« = 1,...,n, of the
new coordinate system (y',y,) may be chosen in such a way that ey, ..., e, are
tangential to 9 at xy. Hence at 4’ = 0 the function h € C1?! satisfies h(y') = 0
and V'h(y") = (0h/0y1,...,0h/0y,—1)(y') = 0. By a continuity argument, for
any given constant My > 0, we may choose a > 0 sufficiently small such that
|h]|cr < My is satisfied.

It is easily shown that there exists a covering of Q by open balls B; = B,(z;)
of fixed radius » > 0 with centers z; € Q, such that with suitable functions
h;j € CH! of type (a, 3, K)

Ej - Ua,ﬁ,hj(l'j) if T; € 011, Ej cQ if T; € Q. (24)

Here j runs from 1 to a finite number N = N(Q2) € N if Q is bounded, and
7 € N if € is unbounded. Moreover, as an important consequence, the covering
{B;} of  may be constructed in such a way that not more than a fixed number
No = Nyo(a, 3, K) € N of these balls have a nonempty intersection:

N
If 1<ji <ja<...<jy and N> No, then (| B;, = 0. (2.5)
k=1

Related to the covering { B;}, there exists a partition of unity {¢;}, ¢; € C§°(R™),
such that

N 00
0<¢p; <1, suppp; C B;, and ngjzl or ngjzl on Q. (2.6)

=1 =1

The functions ¢; may be chosen so that |Vy;(z)| 4+ |V2p;(z)| < C uniformly in
jand z € Q with C = C(a, 3, K).

If €2 is unbounded, then €2 can be represented as the union of an increasing
sequence of bounded uniform C*!-domains Qi C Q, k € N,

McC..cUCUQnc..., Q=Jw, (2.7)
k=1

where each . is of the same type (o/, ', K'). Without loss of generality we
assume that a« =o', =/, K = K.

Using the partition of unity {y,} we will perform the analysis of the Stokes
operator by starting from well-known results for certain bounded and unbounded
domains. For this reason, given h € C1(R"™!) satisfying 2(0) = 0, V'h(0) = 0
and with compact support contained in the (n — 1)-dimensional ball of radius
r, 0 <r=r(a,fB,K) < a, and center 0, we introduce the bounded domain

H=H,gpr={yeR": h(y) — B <y, <h(y), [¥| <a}nB.(0);
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here we assume that B,.(0) C {y € R": |y, — h(y)| < 5, V| < a}.
On H we consider the classical Sobolev spaces W*4(H) and W} (H), k € N,
the dual space W~14(H) = (Wol’q/(H)), and the space

Li(H) ={ue LY(H): /Hudm =0}

of Li-functions with vanishing mean on H.

Lemma 2.1 Let 1 < g < oo and H = H,gpy.
(i) There exists a bounded linear operator

R: Li(H) — Wy H)

such that div o R =T on L{(H) and R(L{(H)NW,*(H)) C W3'(H). Moreover,
there exists a constant C' = C(«, 3, K, q) > 0 such that

[Rfllwra < Clflle  for all f e Li(H)

P 2.8
IRflwse < Clflwre for ait ferymnwaegmy. &9
(ii) There exists C = C(a, 3, K, q) > 0 such that for every p € L{(H)
|(p, divv)| P
Ik = 1ol = Coup {0 2 v e o)
q

(ii) For given f € L4(H) let w € LL(H) "W, (H)NW>4(H), p € WY(H)
satisfy the Stokes resolvent equation Au — Au+ Vp = f with A € S,, 0 <e < 5.

Moreover, assume that suppu U suppp C B,(0). Then there are constants Ay =
M(g,a,0,K) >0, C=0C(q,¢,,8,K) > 0 such that

[Aullzogay + N[ullw2acny + [1VpllLa < Cllfllzac (2.10)

if A 2 .
Proof: (i) It is well-known that there exists a bounded linear operator R :
Li(H) — W, 9(H) such that u = Rf solves the divergence problem divu = f.
Moreover, the estimate (2.8), holds with C' = C(«, 3, K,q) > 0, see [10, III,
Theorem 3.1]. The second part follows from [10, ITII, Theorem 3.2].

(ii) A duality argument and (i) yield (i), see [8], [15, I1.2.1].

(iii) We extend w, p by zero so that (u, Vp) may be considered as a solution

of the Stokes resolvent system in a bent half space; then we refer to [6, Theorem
3.1, (i)]. [

The next lemma concerns the instationary Stokes systems
u—Au+Vp=f, ul0)=u or —wu—Au+Vp=f wT)=uy (2.11)

in the domain H. To describe this crucial result we define the Stokes operator as
usual by A, = —P,A with domain D(A,) = LL(H) N W' (H) N W?9(H).
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Lemma 2.2 Let 0 < T < o0, ug € D(A,) and f € L(0,T; LI(H)) be given.

Assume that u € L4 (O,T,D(Aq)), p € L4 (0, T; W17q(H)) solve one of the systems

in (2.11) and satisfy supp uo U supp u(t) Usupp p(t) C B,.(0) for a.a. t € [0,T].
Then there is a constant C' = C(q, o, 3, K,T) > 0 such that

lwe|| aco,rsaceryy + llull Lao,rw2acey) + | Vol Lago,rs ey (2.12)
< C([Juollw2a(ay + 11 f | Laorizacay)-

Proof: In the case u(0) = uy this estimate follows from [16, Theorem 4.1, (4.2) and
(4.217)], see also [14]. A careful inspection of the proofs shows that the constant
C = C(9) in (2.12) depends only on the type («, 3, K) and on ¢, T; actually,
it suffices to assume the boundary regularity C'*! since only the boundedness of
second order derivatives of functions locally describing the boundary is used.
The second case —u; — Au+ Vp = f, u(T) = up, can be reduced to the first

one by the transformation u(t) = w(T' —t), f(t) = f(T'—t), p(t) =p(T —1t). =

We note that the assumption ug € D(A4,) is used for simplicity and can be
weakened as in Remark 1.5 (i). Since u; € L(0,T; LY), the conditions u(0) = g
or u(T) = uy, resp., are well defined.

Next we collect several results on Sobolev embedding estimates and on the
Stokes operator A,, 1 < ¢ < 0o, on bounded C*!-domains.

Lemma 2.3 Let Q C R" be a bounded CYt-domain of type (o, 3, K).
(i) Let 1 < q < oo. Then for every M € (0,1) there ezists some constant
C=C(qg,M,a,3,K) >0 such that

IVl e < M||V2ul|ze + Cllullpe,  u € W(Q). (2.13)

(i) Let 2 < q < oo. Then for every M € (0,1) there exists a constant
C=0C(q,M,a,,K) >0 such that

lullze < MI[V?ullze + C(IV?ullze + l[ullz2),  we W(Q). (2.14)

Proof: The proofs of (i), (ii) are easily reduced to the case u € W 9(Q), Q C €,
Y a bounded C'!'-domain, using an extension operator on Sobolev spaces the
norm of which is shown to depend only on ¢ and («, 3, K). In (ii) we choose
an r € [2,q) such that ||ul|ze < M||V?u||zr + C|lul|z- and use the interpolation
inequality

I\
Il <3(2) " ol + @ =0 ol s, (2.15)
with v € (0,1), £ =1 + 1%’, for v = u and v = V?u for suitable ¢ > 0 to get
(2.14). For basic details see [1, IV, Theorem 4.28], [9] and [15, I1.1.3]. n
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Lemma 2.4 Let 1 < g < 0o and let Q C R" be a bounded C*'-domain.
(i) The Stokes operator A, = —FP,A : D(A,) — L%(2), where D(A,) =
LL(Q) N Wyl (Q) N W24(Q), satisfies the resolvent estimate

[Aullze + [[Agulle < Cllfllza, €= Cle, ¢,€) >0, (2.16)

where u € D(Ay), Au+ Aqu = f € LL(Q), A€ S, 0 <e <7, and it holds the
estimate
[ullw2e < CllAgullLe, €= Clg, ).
Moreover, (Aqu,v) = (u, Agv) for all u € D(A,), v € D(Ay) and A, = Ay.
(ii) If ¢ = 2, then the resolvent problem Au+ Aqu = f € L2(Q), A\ € S., has
a unique solution u € D(As) satisfying the estimate

[Aullr2 + [[Agull 2 < C| f]|z2 (2.17)

with the constant C' =1+ 2/ cose independent of ). Moreover, As is selfadjoint
1
and (Asu, u) = [[AZul2, = ||Vull3, for allu € D(Ay).

Proof: For (i) see [6], [11], [16]. For (ii) — including even general unbounded
domains — we refer to [15]. u

Finally we return to the instationary Stokes system for a bounded C'*!-domain
) C R", written in the form of the abstract evolution problem

u+ Agu=f, u(0) = up, (2.18)

with initial value uy € D(A,) and f € L*(0,7; LL(?)), 1 < g, s < co. In view of
the variation of constants formula we define the operators Js 4, J, by

t T
Tt @)= [ gy, Typ) = [T (219)

t
Lemma 2.5 Let Q CR"” be a bounded C*'-domain.
(i) Let1 < q, s < 00 and 0 < T < co. Then for every initial value ug € D(A,)
and external force f € L*(0,T; LL(S2)) the nonstationary Stokes system (2.18) has
a unique solution u € L® (O,T;D(Aq)) given by

u(t) = e Mg + Jo o f (1)
satisfying the estimate
luellzeo + llullzes + [ Aqullzea < C(lluollpea,) + 1fllzes) (2.20)

with a constant C' = C(q,s,T,Y). Analogously, the nonstationary Stokes system
—up + Au = f, u(T) = g, has a unique solution u € L* (O, T: D(Aq)), namely,
u(t) = em T Dy, + (!, f)(t); this solution satisfies (2.20) with the same con-
stant C'. Moreover, there holds the duality relation (Jsq) = T4 -

(i) In the case q = 2 the constant C' = C(2,s,T,Q) = C(s,T) in (2.20) does
not depend on the domain €.

11



Proof: For (i) see [12], [16]. The assertions on J; , follow from the transformation

a(t) =u(T —1t), f(t) = f(T —t) and by duality arguments. For (ii) — including
even general unbounded domains — we refer to [15, IV.1.6]. u

Note that in (2.16) and (2.20) it is not clear up to now how the constant C
will depend on the underlying bounded domain €2 except for ¢ = 2.

3 Proofs

After a preliminary result on the equivalence of the norm ||u||y2. to the graph
norm ||ullpa,) = |[ullze + ||Aqu| e on D(A,) for bounded domains 2 C R™ we
turn to the proofs of Theorem 1.3, see Subsection 3.1, and of Theorem 1.4, see
Subsection 3.2, by considering in both cases first of all bounded domains for
q > 2, then for 1 < ¢ < 2, and finally unbounded domains.

Lemma 3.1 Let Q C R" be a bounded C*'-domain of type (o, 3, K). Then the
graph norm || - ||pca,) is equivalent to the norm || - |[w2a on D(A,) with constants
only depending on q, ., 3, K. More precisely,

Crillullwa < [lullpay < Callufwza,  we D(A), (3.1)
with CI - Ol(qonﬁu K) > 0; 02 = 02(q705767 K) > 0.

Proof: We use the system of functions {h;}, 1 < j < N, parametrizing 02,
the covering of €2 by balls {B,}, and the partition of unity {¢;} as described in
Section 2. Let

Up=U,gp,(x)) N B; if 2, €9Q andU; =B; if z;€Q, 1<j<N. (3.2)

Given f € L2(2) and u € D(A,) satisfying A,u = f, i.e. —Au+ Vp = f,
divu = 0in Q, let w; = R((V;)-u) € Wi?(U;) be the solution of the divergence
equation divw; = div(p;u) = (Vg;)-uwin U;, 1 < j < N. Moreover, let
M; = M;(p) be the constant such that p — M; € L{(U;). By Lemma 2.1 (i),
(ii) and the equation Vp = f + Au we conclude that ||w;|[w1.ew,) < CllullLaw;),
|wjllw2aw,;) < Cllullwiow,) as well as

1D = Mj|lLaw;y < C(NFllzawy + IVullzaw,))

with C' = C(q,, 3, K) > 0 independent of j. Finally, let A\ > 0 denote the
constant in Lemma 2.1 (iii). Then ¢,;u — w; satisfies the local resolvent equation

Mo(pju —wy) — Alpju —wy) + V(p;(p — Mj))
= pif + Aw; —2Vp; - Vu — (Apj)u+ (V) (p — Mj) + do(pju — wy)

12



in U;. By (2.10) with A = X\ and the previous a priori estimates we get the local
inequalities

lesV2ullfow,) + 105V PlTa,) < CO N o, + 1ulipraw,y),  (3:3)

1 < j < N. Taking the sum over j = 1,..., N and exploiting the crucial property
of the number Ny, see (2.5), we are led to the estimate

IVl + 198y = [ (D 009u))"+ (S esiwnl)) o
i J
S/No(;(Z’%VQU’q""ZWJVp‘q) dr (3.4)
<ong (znfn @ 2l ).

Next we use (2.13) for the term ||u||w1q,). Choosing M > 0 sufficiently small in
(2.13), exploiting the absorption prln(:lple and again the property of the number
No, (3.4) may be simplified to the estimate

IV*ullza) < C(I1fllzaw + llull o) (3.5)

where C' = C(q, o, 8, K) > 0. Since f = A,u and since the norm of the Helmholtz
projection P, in L?((2) is bounded by C' = C(q, o, 3, K) > 0, the proof of the
lemma is complete. ]
3.1 Proof of Theorem 1.3

3.1.1 The Stokes resolvent in a bounded domain () when ¢ > 2

We consider for A € S., 0 < e < 7, the resolvent equation
AM+Au= —-Au+Vp=f in

with f € LZ(€), where 2 < ¢ < co. Our aim is to prove for its solution u € D(A,)
and Vp = (I — P,)Au the estimate

I\l anzz + |V?ull zanz2 + VDl anre < C| fllpanrz,  [A] =48>0 (3.6)

with a constant C' = C(q, ¢,0, a, 3, K) > 0. Note that this estimate is well-known
for bounded domains with a constant C' = C'(q, ¢,d,) > 0. As in Subsection 3.1
let w; = R((V;)-u) € Wy 9(U;) and choose a constant M; = M;(p) such that
p— M; € L§(U;). Then we obtain the local equation
Aepju —w;) — Alpju —w;) + V(p;(p — M;)) (3.7)
=pif + Aw; =2V, - Vu — (Apj)u — Aw; + (V;)(p — M;)
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Concerning the term Aw;, we apply the embedding W' (U;) C L4(U;) for
some r € [2,q), then Lemma 2.1(i) and use the interpolation estimate (2.15) for
v =u to get for M € (0, 1) that

| wjllzaw;) < Crllwjllwrrw,) < Mlullzow;y + Callullz2w;);

here C; = Cy(M,q,r,a, 3, K) > 0. Moreover, ||V?w;| 1o,y < C||VullLau,). For
p — M, we use (2.9) and the equation Vp = —Au + Au + f to see that

[{(Au, v)

D0 £ v e Wt (U)) ),
%ol ' w)})

o= M; L zagesy < € (11w +HIVullzaer +sup §

where C' = C(q,a, 3, K) > 0. Again we choose r € [2,q), use the embedding
W' (U;) € L™ (Uj), then (2.15) for v = Au to get that

1P = MillLe@w,) < C(I1flaw,) + 1Vull o,y + Ml r2w;)) + M Al Law,)-

Finally, we apply to the local resolvent equation (3.7) the estimate (2.10) with A
replaced by A+ A where \j > 0 is sufficiently large such that |A + \j| > Ao for
|A| > 6, A¢ as in (2.10).

Now we combine these estimates and are led to the local inequality

IXgull Laq,) + 0 VPull Law,) + 15 VDl Loy (3.8)
< C(1f ey + Nlullpow,) + IV ullLaw,) + 1Al L2w;)) + M| Lo,

with C' = C(M, q,6,¢,a, 3, K) > 0. Raising each term in (3.8) to the gth power,
taking the sum over j = 1,..., N in the same way as in (3.3)—(3.5) and using the
crucial property (2.5) of the integer Ny we get the inequality

[ Xull Loy + IV?ullLag) + [IVPIl Lo (3.9)
< C(I1f e + Nullzo@y + VUl o) + Aullz2i)) + M| Aul| oo

with C = C(M,q,d,e,a,5,K) > 0, |[A\| > §. For the proof of (3.9) we also

used the reverse Holder inequality (2 i ag-) ta < (Z ; a?) "2 for the real numbers
aj = ||Au|| 2w,y valid for ¢ > 2. Applying (2.13) and choosing M sufficiently
small we remove the terms ||Vul||Le(q) and [[Au||Laq) from the right-hand side in
(3.9) by the absorption principle. The term ||ul| ¢y is removed with the help of

(2.14). Hence we get that
Ixully + 1V2ully + VPl < C(I1Fllg + IAulla + lullz + [ VZull2).
Now we combine this inequality with the estimate (2.17) for |A| > ¢ and we apply

(3.1) with ¢ = 2. This proves the desired estimate (3.6) for 2 < ¢ < oc.
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3.1.2 The case ) bounded, 1 < ¢ < 2

We consider for f € L2+ L1 = L% and A € S, |\| > 4§, the equation A\u — Au +
Vp = f and its unique solution u € D(A,) + D(Ay) = D(A,), Vp = (I — P,)Au.
Note that A, = A,, P, = P, and that Cg2 () is dense in LZ (Q)NL2(Q) = L ().
Using f = Au — P,Au, the density of D(A,) ND(Ay) = D(A,) in LY N L2, (3.6)
with ¢ replaced by ¢’ > 2, and setting g = \v + flq/v for v € D(Ay) N D(Ay) we
obtain that

\u+ Au,v
1fllzz42e = sup{'< . >|;07éveD(Aq,)ﬂD(A2)}

HUHL?QLg

= sup { [, dv + Aq’”’; 0 veD(A)N D(AQ)}

”UHLgng
_ sup{ ~|<“’g>|1 : o;égeLg’mLf_} (3.10)
[OL — By 2) gl s
> [A|C! sup {M; 0£geLln Lf,}.
HgHLgng

By Section 2 the last term sup{...} in (3.10) defines a norm on L% + L? which
is equivalent to the norm || - || 4 r2; the constants in this norm equivalence are

related to the norm of Pq/ and depend only on ¢ and («, 3, K), cf. Theorem 1.2.
Hence we proved the estimate ||Aul[y g, 2 < C||f]|L24 .2 and even

ellzgae + lulligocs + 1 Aguligazs < Clflizeas, A€S- N 248 (3.1)

By virtue of Lemma 3.1 and (2.3) with By = A,, By = As, we conclude that also
the norms [|ul|yw24 w22 and |[ul|fg 2 +||AgullLa4 2 are equivalent with constants
depending only on ¢ and («, 3, K). Then (3.11) and the identity Vp = f—Au+Au
lead to the estimate

[Aullg sz + lullwzarwze + IVpllpasre < Ol fllpasrz

with C' = C(q,d,¢e,a,5,K) > 0. Hence we proved for every ¢ € (1,00) the
inequality

Aullzg + lulliza +[1VDllze < Cllfllzg, we D(A), (3.12)

with C' = C(q,6,¢e,a, 3, K) > 0 when |A| > § > 0. Now the proof of Theorem
1.3 (i) — (iii) is complete for bounded domains.

3.1.3 The case ) unbounded

Consider the sequence of bounded subdomains €2; C €2, 57 € N, of uniform ChL
type as in (2.7), let f € L1(Q2) and f; := Fyf|,, - Then consider the solution
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(uj, Vp;) of the Stokes resolvent equation
Muj — PyAuj = Auj — Ay + Vp; = f;,  Vp; = (I — P)Au; in Q.
From (3.12) we obtain the uniform estimate

1Al 2 0,y + lusllizagy) +1IVPilEa,) < Cllifllzz) (3.13)

with [A\| > 0 > 0, C = C(¢,d,¢e,a,0,K) > 0. Extending u; and Vp; by 0 to
vector fields on €2 we find, suppressing subsequences, weak limits
u=w—limu; inL%(Q), Vp=w—lim Vp; in LI(Q)"
J—00 J—00

satisfying u € D(A,), \u — Au+ Vp = Xu — P,Au = f in Q and the a priori
estimates (1.2), (1.3). Note that each Vp,; when extended by 0 need not be a
gradient field on €2; however, by de Rham’s argument, the weak limit of the
sequence {Vp;} is a gradient field on Q. Hence we solved the Stokes resolvent
problem Au + flqu =M—Au+Vp=f in

Finally, to prove uniqueness of u we assume that there is some v € D(flq)
and \ € S. satisfying A\v — P,Av = 0. Given f' € LY(Q)" let u € D(A,) be a
solution of \u — Pq/Au = ﬁq/ f'. Then

0= (v — P,Av,u) = (v, (A — ByA)u) = v, By f’) = (v, f)

for all f' € L7 (Q)"; hence, v = 0.
Now Theorem 1.3 (i) — (iii) is proved. The assertions (iv) of this Theorem are
proved by standard duality arguments and semigroup theory. [ ]

3.2 Proof of Theorem 1.4
Let 0 <T < 00,1 < s,q < 00, and consider a domain 2 C R",n > 2, of uniform
C'-type (a,B,K). Then we define the subspace L37 := L*(0,T;L%(R)) of
L= L*(0,T; L%(Q)) with norm ||« [|7s0 = | -

operators J, 4, J , for bounded domains, see Lemma 2.4, we define js’q, js”q by

Le(0.T:ia(),)- M addition to the

¢ ) 3 T
Foa (1) = / e DA f(r dr, T () = / 04§ (1) dr,

for f € L»7and 0 <t < T. Since (A,)’ = A, we obtain for all f € L34, g € L3
that ) )
(Tsafsa)r = ([, Ty g 9)-
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3.2.1 Maximal regularity in a bounded domain () when s =¢ > 2

First we consider the case ug = 0 and s = ¢q. Then u = j,mf solves the equation
ut—l—flqu = f,u(0) =0, and u = jq/,qf is the solution of the system —ut—l—flqu =f,
uw(T) = 0. Our aim is to prove in both cases the estimate (1.7) with a constant
C =C(T,q,a, 3, K) > 0. Obviously it suffices to consider the case u = j%q f since

the other case follows using the transformation a(t) = u(T —t), f(t) = f(T —1).
By Lemma 2.5 we know that u = J; 4 solves the equation

u + Agu =, — Au+Vp=f e LU0, T; LL), u(0)=0,

with Vp = (I — P,)Au, and that u satisfies (2.20) with a constant C' = C(Q, q) >
0; note that the norms ||uljw2q and ||u|pca,) are equivalent. Thus it remains to
prove that C' in (2.20) can be chosen depending only on 7', ¢ and («, 3, K).

For this reason, we use the system of functions {h;}, 1 < j < N, the covering
of Q by balls {B;}, and the partition of unity {¢,} as described in Section 2 as
well as the bounded sets U; C By, cf. (3.2). On U; define w = R((Vy;) - u) €
L1 (0, T: Woz’q(Uj)), and let M; = M;(p) be the constant depending on ¢ € (0,7)
such that p — M; € L9(0,T; L§(U;)), see Lemma 2.1. Since divw = (V) - u
and divwy = (Vy;) -, for a.a. t € (0,7), the term (pju — w) solves in U; the
local equation

(pju —w) — Alpju —w) + V(p;(p — M;))

= pif —wi + Aw — 2V, - Vu — (Apj)u + (V;)(p — Mj).

(3.14)
From (2.8), (2.9) using w; = R((Vy;) - w;) and Vp = f — u; + Au we will
prove for all € € (0, 1) the estimates

lwillzawaw,)y < Cllugll Loz, + llwel| Lazaw;y),

Clllulloowy + IVull awew,y), (3.15)

IN

IV?wl| La(ze(w,))

IN

P — M| Laza;)) C(Ifllzoczaw,y + lluellLacrzw,)) + 1Vl ora,y)

+ellul|Lacray))

with C = C(q,T,¢,a, 3, K) > 0. In fact, for the proof of (3.15),, choose r € [2,q)
such that the embedding W'"(U;) C L%(U;) holds with an embedding constant
c=c(q,r,a, 0, K) > 0 independent of j. Moreover,

lwilloqy) < ellwillwirwy < ellwllrw,

for a.a. ¢t € (0,t). Then the interpolation inequality (2.15) proves (3.15),, and
(2.8), implies (3.15),. For the proof of (3.15); we use (2.9), the embedding
W (U;) C L™ (U;) with an embedding constant ¢ = ¢(g,7,a, 3, K) > 0 inde-
pendent of j and apply the previous interpolation argument to ;.
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Applying the local estimate (2.12) to (3.14) and using (3.15) we get that
lpstuellLaraquyy + sl cawaqwyy + 03 V2ullLaaw,y + 105 VPll awsw,)
< C(Ifllzaczaquyy + lullzagrraqyy + 1wl cacraw,)) + ellullpaaq,)
with C' = C(T,q,¢,a, 3, K) > 0. Raising this inequality to its gth power, taking

the sum over j = 1,..., N and exploiting the crucial property of the number Ny,
see (2.5), we are led to the estimate

HuthLM + HUH%M + ”VZUH%M + ||Vp||qu7q
T q q 9 q q
— [ (I + | S| + | S + | S w9 )
OT @ j j j j
aq
</ R (ijut\q+Z\soju|q+2W?u\uvaprq) do dt
' j j j
9

< ON (Z ||f”m omzawyy + 2 Nl faorwiawy + 2 ”“t”qL%o,T;L?(Uj)))
J J

+eNg Z telV 0,720 -

J

(3.16)
Choosing ¢ > 0 sufficiently small, exploiting the absorption principle and
again the property of the number Ny, we may simplify (3.16) to the estimate

||UtHLq,q+HUJHLq,q‘FHV2U||Lq-,q+va||LM S C(Hf”[ﬂ;q‘i‘||U”Lq,q+HUtHLq,2) (317)

where C' = C(q, «, 3, K) > 0; note that in order to deal with the sum of the terms
||| Lao,r;L2(v,)) We also used the reverse Holder inequality. Now, concerning the
term ||u|| Laa, we use (2.14) with e > 0 sufficiently small and exploit the absorption
principle. Finally we apply Lemma 2.5 (ii), i.e., we add the estimate (2.20) with
q = 2 to (3.17), and use the equivalence of the norm ||u||y2.4(q) to the graph norm
|l pa,), see (3.1). This argument proves estimate (1.7) for bounded domains
when s = ¢ > 2, u(0) = 0. Again using Lemma 3.1 we get (1.6) for s = g,
u(0) = 0. .

To prove (1.6) with uo € D(A,) we solve the system @, + A i = f, 4(0) = 0,
with f = f — Agug. Then u(t) = a(t) + ug yields the desired solution with
uy € D(A,). This proves Theorem 1.4 for bounded Q and s = ¢ > 2.

3.2.2 The case 2 bounded, 1 < s=¢g <2

In this case we consider for f € L% + L%? = [%9 and the initial value uy = 0
the Stokes system u; + Aqu = f, u(0) = 0. By Lemma 2.5 there exists a unique
solution u(t) = J,of (t) = Jyqf(t); here we used that P, = P, and A, = A,. For
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the following duality argument we need that the space

Ceo(Cys,) = {v e CP(2 x (0,7)); divu(z,t) =0 Vt€ (0,T)}
is dense in L2 N LI2 = (Lqu + L?;Z),. Then the identity

(ug + Agu, Agv) = (u, (=0, + Ay)Agv) = (A, (=0, + Ay)v)

holds for u = Juof and every v € fl;l (C5°(C5)), since (jq’,yq,)’ = Joq Let
g = —v; + Ayv. Then we obtain by (1.6) with s = ¢ replaced by s’ = ¢’ > 2 and
u replaced by v that

HfHLg’q—f—Lg’Q

{ |(ug + Agu, Agv)r]

_ L 0#v € A—,l(COO(COf,))}
| Agv] ¢ AT

Y /
qa’,q q’,2
L5 " NLg"’

_ Sup{ (Aongrl g4 e A;l(ogO(cgg))} (3.18)

HA‘]/UHLZ,’QIOL3/‘2

> EHAqUHLg*q-FLg’%

where C' = C(T,¢,,3,K) > 0. Here we used that the estimate (1.6) with
q, s replaced by ¢/, s also holds with u, ug, f replaced by v, v(T) = 0, g due to
the transformation in time in the proof of Lemma 2.5, and exploited the norm
equivalence

. h ,
- egors ~sup {0 n e ny 22)
[l e

with constants depending only on ¢ and («, 3, K), cf. Theorem 1.2 . Hence we
obtain the estimate [|Ayull oa, a2 < C||f| a0 a2, and it follows

lwll g po2 + 1Agull ooy po2 < ClLF Nl g oo (3.19)

By virtue of Lemma 3.1 and (2.3) with By = A,, By = A, we conclude that also
the norms [|ul|y2.q w22 and |[ul|fg 2 +||AgullLa4 12 are equivalent with constants
depending only on ¢ and («, 3, K). Then (3.19) and the identity Vp = f—u;+Au
lead to the estimate

lwell gy pg2 + 1wl Lo rwzarwez) + VPl Loarpoe < Cllfllfgai gz (3:20)

with C' = C(q,¢,, 3, K) > 0.
Now the proof of Theorem 1.4 is complete for bounded domains in the case
s = ¢, u(0) = 0. The case ug € D(A4,) is treated as in 3.3.1.
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3.2.3 The case () unbounded

Consider the sequence of bounded subdomains 2; C Q, j € N, of uniform C*!-
type as in (2.7), let f € Equ and f; 1= f’q(] ) f o where 15,1(] ) denotes the Helmholtz

projection in L4(Q;). Then consider the solution (u;, Vp,) of the instationary
Stokes equation

Oyu; — PyAuj = Oy — Auj + Vp; = f;,  Vpj = (I — P)Au; in Q; x (0,7T)
with initial condition u;(0) = 0. From (1.6) with s = ¢ we obtain the estimate
10vu5ll 2 + sl oo iz + 1VPsllzaa < Cllflzga (3.21)

on Q; with C = C(T,q,«,3,K) > 0 independent of j € N. Extending u; and
Vp; for a.a. ¢t € (0,7) from ; by 0 to vector fields on Q we find, suppressing
subsequences, weak limits

u=w—limu; inL%%Q), Vp=w—lim Vp; in L9(N)
J—00 J—00

satisfying v € L9(0,T; LL(Q), du — Au+ Vp = du + Agu = f in Q x (0,7T)

and the a priori estimate (1.6) with ug = 0; it follows (1.7) for this case. Hence

we solved the instationary Stokes equation d,u + flqu = ou — Au+ Vp = f,

u(0) =0, in ©Q x (0,7") and proved (1.6), (1.7).

Up to now we considered only the case when s = ¢, u(0) = 0. However,
an abstract extrapolation argument shows that the validity of (1.6) with s = ¢
immediately extends to all s € (1,00), see [2, p. 191] and [5, (1.12)], where A
has to be replaced by —A, — 61 with § > 0 as in (1.4). The case u(0) = ug # 0
can be reduced to the case uy = 0 in the same way as before.

Finally, to prove uniqueness let v € L*(0, T; W29) satisty d,v + A,v = 0 and
v(0) = 0. Given f' € L* let u € L¥(0,T;W?>%) be a solution of —u; + Ayu =
P, f', u(T) = 0. Then

0= (v + A, u)r = (v, (=8, + Ag)u)r = (v, Py [')r = (v, f')r
for all f' € L hence, v = 0.
Now Theorem 1.4 is proved. [ ]
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