Essential spectra of pseudodifferential operators and exponential decay of their solutions. Applications to Schrödinger operators.

V. S. Rabinovich^∗, S. Roch^†

Abstract

The main aim of this paper is to study the relations between the location of the essential spectrum and the exponential decay of eigenfunctions of pseudodifferential operators on L^p(R^n) perturbed by singular potentials.

For a solution of this problem we apply the limit operators method. This method associates with each band-dominated operator A a family op(A) of so-called limit operators which reflect the properties of A at infinity. Consider the compactification of R^n by the ”infinitely distant” sphere S^{n−1}. Then the set op(A) can be written as the union of its components opη_ω (A) where ω runs through the points of S^{n−1} and where opη_ω (A) collects all limit operators of A which reflect the properties of A one tends to infinity ”in the direction of ω. Set spη_ω A := ∪_{Ah ∈opηω (A)}sp A_h.

We show that ”the distance” of an eigenvalue λ /∈ spessA to spη_ω A determines the exponential decay of the λ-eigenfunctions of A in the direction of ω. We apply these results to estimate the exponential decay of eigenfunctions of electromagnetic Schrödinger operators for a large class of electric potentials, in particular, for multiparticle Schrödinger operators and periodic Schrödinger operators perturbed by slowly oscillating at infinity potentials.

1 Introduction

The main aim of this paper is to study the relations between the location of the essential spectrum and the exponential decay of eigenfunctions of pseudodifferential operators perturbed by singular potentials. We are going to attack this problem by the limit operators method. This method was already used earlier to describe the location of essential spectra of perturbed pseudodifferential operators, which has found applications to electromagnetic Schrödinger operators, square-root Klein-Gordon operators and Dirac operators under quite general assumptions on the behavior of magnetic and electric potentials at infinity. By

∗Partially supported by the DFG grant 444 MEX-112/2/05. †Partially supported by the CONACYT project 43432.

means of the limit operators method, also a simple and transparent proof of the celebrated Hunziker, van Winter, Zjislin (HWZ)-theorem for multi-particle Hamiltonians has been obtained. In [27, 29], the limit operators method was applied to study the location of the essential spectrum of discrete Schrödinger operators.

The basic idea of the limit operators method is as follows. For 1 < p < ∞, we consider the Banach algebras A_p of all band-dominated operators on the Lebesgue spaces L^p(R^n) or l^p(Z^n). To each operator A ∈ A_p, there is associated a family of so-called limit operators which are defined by sequences h tending to infinity. We denote this family by op(A) and call it the operator spectrum of A. The results of [30, 31] (see also [32] for a comprehensive account) yield that

sp_{ess}A = ⋃ A_h∈op(A)

spA_h (1)

for a large class of band-dominated operators on R^n or Z^n. Since the limit operators of an operator are more simple objects than the operator itself, identity (1) provides an effective tool to study the essential spectra for large classes of operators. For instance, differential and pseudodifferential operators of order m ∈ R belong to the algebra A_p after multiplication by the operator (I − Δ)^{−m/2} of order reduction.

It should be noted that formulas similar to (1) have been obtained independently in [16] by means of admissible geometric methods. We also refer to the papers [13, 12, 20, 3] and the references therein where C^∗-algebra techniques have been employed to study essential spectra of Schrödinger operators. The methods of [16, 13, 12, 20, 3] are applicable only for self-adjoint or normal operators acting on Hilbert spaces, whereas the limit operators approach allows one to consider non self-adjoint operators on L^p-type spaces, for example Schrödinger operators with complex potentials.

Let R̃^n be the compactification of R^n homeomorphic to the closed unit ball B^n ⊂ R^n. Its boundary R̃^n \ R^n is homeomorphic to the unit sphere S^{n−1}. We denote the point in R̃^n \ R^n which corresponds to ω ∈ S^{n−1} by η_ω , and we write op_{ηω} (A) for the set of all limit operators of A defined by sequences h tending to η_ω in the topology of the compactification. The set

sp_{ηω} A := ⋃ A_h ∈op_{ηω} (A)

spA_h. (2)

can be considered as the local essential spectrum of A at the point η_ω. Note that sp_{ess}A = ⋃ ω∈S^{n−1}

sp_{ηω} A.

In this paper we are going to show that the ”distance” of an eigenvalue λ /∈ sp_{ess}A to the local essential spectrum sp_{ηω} A determines the exponential decay of the λ-eigenfunction u_λ of A in the direction of η_ω. We apply this result to estimate the exponential decay of eigenfunctions for a large class of electromagnetic Schrödinger operators with electric potentials, in particular, for multiparticle Schrödinger operators and periodic Schrödinger operators perturbed by slowly oscillating potentials. We plan to examine further applications of the limit operators method to exponential decay estimates of eigenfunctions of other operators important in mathematical physics (including Dirac, Pauli, Klein-Gordon and Maxwell operators) in a forthcoming paper.

Exponential decay estimates are subject of an intensive research. We would like to mention the work of Agmon [1, 2] where estimates of eigenfunctions of second order elliptic operators have been obtained in terms of a special (Agmon)- metric. In contrast to Agmon’s approach, we use pseudodifferential operators with analytical symbols and limit operators. Pseudodifferential operators with analytical symbols were employed earlier for exponential estimates of solutions of pseudodifferential equations in [18, 25, 27, 26, 24, 19] and for the tunnel effect in [22, 23, 24].

The paper is organized as follows. In Section 1 we collect some auxiliary material on the Banach algebra A_p(R^n) of the band-dominated operators on L^p(R^n) and on a related Wiener algebra W_p(R^n), and we recall a criterion from [30, 31, 32] for operators in these algebras to be Fredholm on L^p(R^n). Then we apply this criterion to derive the equality (1) on which all further considerations are based. In Section 2 we employ this equality to study the essential spectrum of elliptic pseudodifferential operators in the class OP S^m_{1, 0} which are perturbed by measurable potentials. Section 3 is devoted to applications of limit operators to exponential estimates of solutions of pseudodifferential equations with analytical symbols perturbed by singular potentials. In Section 4 we consider the electromagnetic Schrödinger operator

(Hu)(x) := (i∂_{xj} − a_j (x))ρ^{jk} (x)(i∂_{xk} − a_k(x))u(x) + Φ(x)u(x), x ∈ R^n,

as an unbounded operator on L^2(R^n) with domain H^2(R^n) where R^n is equipped with a Riemann metric ρ_{jk} satisfying inf x∈R^n, ω∈S^{n−1}

ρ_{jk}(x)ω^j ω^k > 0. (3)

Here we use the Einstein summation convention, and ρ_{jk} (x) is the tensor inverse to ρ^{jk} (x). We suppose that the functions ρ_{jk} and a_k are infinitely differentiable and bounded with all of their derivatives and that they are slowly oscillating at infinity. Under certain conditions on the electric potential, we prove that the limit operator of H defined by a sequence g = (g_m) is unitarily equivalent to the operator (H_g u)(x) := −ρ^{jk}_g ∂_{xj} ∂_{xk} u(x) + Φ_g (x)u(x),

where the numbers ρ^{jk}_g are independent of x and Φ_g (x) is the limit of the Φ(x + g_m) in the sense that

s-lim_{m→∞}Φ(x + g_m)(1 − Δ)^{−1} = Φ_g(x)(1 − Δ)^{−1} with s-lim referring to the strong limit. Formula (1) then implies

sp_{ess}H = ⋃ H_g ∈op(H)

sp H_g. (4) Set μ_H(ω) := inf

H_g ∈op_{ηω} (H)

sp H_g ,

let g be a sequence tending to η_ω, and assume that ρ^{jk}_g =: ρ^{jk}_ω depends on ω only. The following theorem settles an exponential decay estimate for the λ-eigenfunctions u_λ of the operator H.

Theorem 1 Let the eigenfunction u_λ of H correspond to an eigenvalue

λ < μ̂_H := inf_{ω∈Sn−1} μ_H(ω).

Then e^{l(x/|x|))|x|}u_λ ∈ L^2(R^n) where l : S^{n−1} → R_+ is an arbitrary smooth positive function such that

l(ω) < √ μ_H(ω) − λ (ρ_ωω, ω) for all ω ∈ S^{n−1}. (5)

Here, (x, y) =

∑_n j=1 x_j y_j refers to the standard inner product on R^n.

We apply Theorem 1 to estimate eigenfunctions associated with points in the discrete spectrum of multiparticle Schrödinger operators and of periodic Schrödinger operators perturbed by slowly oscillating potentials. In particular we will obtain an estimate of μ_H(ω) for a multiparticle Schrödinger operator H, and then we apply Theorem 1 to get the exponential decay estimates for eigenfunctions of H corresponding to eigenvalues λ < μ̂_H. Different forms of exponential decay estimates for eigenfunctions related with the discrete spectrum of multiparticle Schrödinger operators were obtained by Agmon [1], see also [9] and [10].

For periodic Schrödinger operators, it is well known that their spectrum has a band structure with at most countably many spectral gaps and that their discrete spectrum is empty (see, for instance, [33], XIII.16, and the excellent survey by Kuchment [14] on spectral theory of periodic operators). Consider perturbations H + ΦI of a periodic Schrödinger operator H by potentials Φ for which Φ(I − Δ)^{−1} is a compact operator in L^2(R^n). Perturbations of this kind do not influence essential spectra, but points of the discrete spectrum of H + ΦI can emerge in spectral gaps of the operator H. The structure of the discrete spectrum in spectral gaps of perturbed periodic operators is studied in [4, 5, 6].

Let the interval (α, β) be a spectral gap of the periodic Schrödinger operator H and λ ∈ (α, β) be an eigenvalue of H + ΦI. Then Theorem 1 implies the inclusion e^{l|x|}u_λ ∈ L^2(R^n) for every λ-eigenfunction u_λ of H + ΦI where l < β −λ is arbitrary positive number. Note that exponential estimates of eigenfunctions of periodic Schrödinger operators perturbed by decreasing potentials were considered in [21].

We also study perturbations H + ΦI of the periodic operator H by bounded potentials Φ which are slowly oscillating. Let

m_Φ(ω) := lim inf_{x→ηω} Φ(x), M_Φ(ω) := lim sup_{x→ηω} a(x),

m_Φ := inf_{ω∈Sn−1} m_Φ(ω), M_Φ := inf_{ω∈Sn−1} M_Φ(ω),

and let [γ, δ] be a spectral band of H. Then formula (4) implies that [γ + m_Φ, δ + M_Φ] is a band of the essential spectrum of the operator H + ΦI. Hence, if the oscillation of the potential Φ at infinity is large enough, then the essential spectrum of H + ΦI is the semi-axis [μ + m_Φ, +∞) where μ is the minimum of the spectrum of H. If M_Φ − m_Φ < β − α, then the perturbed operator H + ΦI has a gap (α + M_Φ, β + m_Φ) in the essential spectrum. Moreover, if λ ∈ (α + M_Φ, β + m_Φ) is an eigenvalue of H + ΦI, then Theorem 1 implies that the associated λ-eigenfunction u_λ satisfies the inclusion e^{l(x/|x|)|x|}u_λ ∈ L^2(R^n) where l is a positive smooth function on the unit sphere S^{n−1} such that

l(ω) < β − λ + m_Φ(ω)

for every ω ∈ S^{n−1}.

2 Local invertibility at infinity and Fredholmness of band-dominated operators on R^n

In what follows we thoroughly suppose that p ∈ (1, ∞), and we use the following standard notations. For each Banach space X, let L(X) stand for the Banach algebra of all bounded linear operators on X and K(X) for the associated ideal of the compact operators. For h ∈ R^n, consider the shift operator (V_hu)(x) := u(x − h) which acts as an isometry on L^p(R^n). Further, let C^u_b (R^n) refer to the C^∗-algebra of all bounded and uniformly continuous functions on R^n, C_0(R^n) to its subalgebra consisting of all functions with compact support, SO(R^n) to the subalgebra of C^u_b (R^n) of all functions a which are slowly oscillating in the sense that lim_{x→∞} sup_{y∈K} |a(x + y) − a(x)| = 0

for every compact K ⊂ R^n, C^∞_b (R^n) to the space of all infinitely differentiable functions which are bounded together with all of their derivatives, and finally SO^∞(R^n) to the intersection C^∞_b (R^n) ∩ SO(R^n).

Definition 2 An operator A ∈ L(L^p(R^n)) is band-dominated if, for every function φ ∈ C^u_b (R^n), lim_{t→0} ‖φ_tA − Aφ_tI‖_{L(L}p_{(R}n_{))} = 0

where φ_t(x) := φ(t_1x_1, . . . , t_nx_n) for t = (t_1, . . . , t_n) ∈ R^n.

The set of all band-dominated operators is a Banach subalgebra of L(L^p(R^n)) which we denote by A_p(R^n). This algebra is inverse closed in L(L^p(R^n)), and it contains the ideal K(L^p(R^n)).

Let I_p(R^n) denote the set of all operators A ∈ L(L^p(R^n)) such that

lim_{t→0} ‖φ_tA‖_{L(L}p_{(R}n_{))} = lim_{t→0} ‖Aφ_tI‖_{L(L}p_{(R}n_{))} = 0

for every function φ ∈ C^u_b (R^n) with φ(0) = 0. One easily checks that I_p(R^n) ⊂ A_p(R^n) and that I_p(R^n) is a two sided ideal of A_p(R^n).

For R > 0, let P_R denote the operator of multiplication by the characteristic function of the ball B_R := {x ∈ R^n : |x| < R}, which acts as a projection on L^p(R^n).

Definition 3 Let A ∈ L(L^p(R^n)), and let h = (h_m) be a sequence tending to infinity. The linear operator A_h is called a limit operator of A defined by the sequence h if, for every R > 0, lim m→∞ ‖(A_h − V_{−hm} AV_{hm} )P_R‖_{L(L}p_{(R}n_{))}

= lim_{m→∞} ‖P_R(A_h − V_{−hm} AV_{hm} )‖_{L(L}p_{(R}n_{))} = 0. (6)

Evidently, every operator A has at most one limit operator with respect to a given sequence h, which justifies the notation A_h. It is immediate from the definition that A_h is a bounded linear operator on L^p(R^n) and that ‖A_h‖ ≤ ‖A‖. We denote the set of all limit operators of A by op(A).

An operator A ∈ L(L^p(R^n)) is called rich if every sequence h tending to infinity has a subsequence g for which the limit operator A_g exists. The set of all rich operators in A_p(R^n) is a closed subalgebra of A_p(R^n) which we denote by A^$_p(R^n).

Theorem 4 Let A ∈ A^$_p(R^n). Then the coset A + I_p(R^n) is invertible in the quotient algebra A_p(R^n)/I_p(R^n) if and only if all limit operators A_h ∈ op(A) are invertible and if the norms of their inverses are uniformly bounded, sup A_h ∈op(A)

‖A^{−1}_h ‖ < ∞. (7)

Note that the invertibility of the coset A + I_p(R^n) in A_p(R^n)/I_p(R^n) is equivalent to the existence of an operator R ∈ A_p(R^n) such that

RA − I, AR − I ∈ I_p(R^n).

An operator A ∈ A_p(R^n) which satisfies (one of) the equivalent conditions of Theorem 4 is said to be locally invertible at infinity on L^p(R^n).

Let χ_0 denote the characteristic function of the semi-open cube (0, 1]^n and set χ_α(x) := χ_0(x − α) for α ∈ Z^n.

Definition 5 Let W_p(R^n) stand for the set of all operators A ∈ L(L^p(R^n)) with

‖A‖_{Wp(R}n_) := ∑ γ∈Z^n

sup_{α∈Zn} ‖χ_0V_{−α}AV_{α−γ} χ_0I‖_{L(L}p_{(R}n_{))} = ∑ γ∈Z^n

sup_{α∈Zn} ‖χ_αAχ_{α−γ} I‖_{L(L}p_{(R}n_{))} < ∞.

Provided with the operations inherited from L(L^p(R^n)) and with the above defined norm, the set W_p(R^n) becomes a Banach algebra, the so-called Wiener algebra. The importance of the Wiener algebra lies in the fact that the boundedness condition (7) in Theorem 4 is redundant for rich operators in W_p(R^n).

Theorem 6 Let A ∈ W^$_p (R^n) := W_p(R^n)∩A^$_p(R^n). Then A is locally invertible at infinity on L^p(R^n) if and only if all limit operators of A are invertible on L^p(R^n).

The local invertibility at infinity coincides with the common Fredholm property for operators which are locally compact.

Definition 7 An operator Q ∈ L(L^p(R^n)) is locally compact if aQ and QaI are compact operators on L^p(R^n) for every function a ∈ C_0(R^n). We denote the set of all locally compact operators by LC_p(R^n).

Proposition 8 LC_p(R^n) ∩ A_p(R^n) is a closed ideal of A_p(R^n).

Proof. Let Q ∈ LC_p(R^n) ∩ A_p(R^n), A ∈ A_p(R^n), and a ∈ C_0(R^n). Then aQA is clearly a compact operator. We show that the operator QAaI is compact, too. Let φ ∈ C^∞_0 (R^n) be a function with φ(x) = 1 if |x| ≤ 1 and φ(x) = 0 if |x| ≥ 2, and set φ_R(x) := φ(x/R) for R > 0. Choose R_0 such that φ_Ra = a for all R > R_0. Since A ∈ A_p(R^n),

QAaI = QAφ_RaI = Qφ_RAaI + T_R for R > R_0

where the T_R are operators with lim_{R→∞} ‖T_R‖_{L(L}p_{(R}n_{))} = 0. Since the operators Aφ_RI are compact for every R > R_0, the operator QAaI is compact.

Note that the coset A+(LC_p(R^n)∩A_p(R^n)) is invertible in the quotient algebra A_p(R^n)/(LC_p(R^n) ∩ A_p(R^n)) if and only if there exist an operator R ∈ A_p(R^n) and operators Q_1, Q_2 ∈ LC_p(R^n) ∩ A_p(R^n) such that

RA = I + Q_1, AR = I + Q_2. (8)

Theorem 9 The operator A ∈ A_p(R^n) is Fredholm on L^p(R^n) if and only if the following conditions hold:

(i) A is invertible modulo the ideal LC_p(R^n) ∩ A_p(R^n) of A_p(R^n), (ii) A is invertible modulo the ideal I_p(R^n) of A_p(R^n).

Proof. Let the conditions (i) and (ii) be fulfilled. Then there exist operators R^′, R^{′′} ∈ A_p(R^n) such that R^′A = I + Q^′_1, AR^′ = I + Q^′_2, (9) R^{′′}A = I + Q^{′′}_1 , AR^{′′} = I + Q^{′′}_2 (10) where Q^′_j ∈ LC_p(R^n) ∩ A_p(R^n) and Q^{′′}_j ∈ I_p(R^n). Set R := R^′ + R^{′′} − R^′AR^{′′}. Then RA − I = R^′A + R^{′′}A − R^′AR^{′′}A − I = (I − R^{′′}A) (R^′A − I) = −Q^{′′}_1 Q^′_1.

In the same way one gets AR − I = −Q^′_2Q^{′′}_2 .

The operators Q^{′′}_1 Q^′_1 and Q^′_2Q^{′′}_2 are compact. Indeed, since Q^{′′}_1 ∈ I_p(R^n), lim_{R→∞} ‖Q^{′′}_1 Q^′_1 − φ_RQ^{′′}_1 Q^′_1‖_{L(L}p_{(R}n_{))} = 0.

Moreover, since Q^{′′}_1 ∈ A_p(R^n), lim_{R→∞} ‖Q^{′′}_1 Q^′_1 − Q^{′′}_1 φ_RQ^′_1‖_{L(L}p_{(R}n_{))} = 0.

Since, finally, Q^′_1 ∈ LC_p(R^n)∩A_p(R^n), the operator Q^{′′}_1 φ_RQ^′_1 is compact. Hence, Q^{′′}_1 Q^′_1 is a compact operator. Analogously, the compactness of Q^′_2Q^{′′}_2 can be checked. Thus, A is a Fredholm operator, and R is (one of its) inverses modulo compact operators.

Conversely, let A ∈ A_p(R^n) be a Fredholm operator. Then there are operators R ∈ A_p(R^n) and T_1, T_2 ∈ K(L^p(R^n)) such that RA = I + T_1, AR = I + T_2. (11) Because of K(L^p(R^n)) ⊂ LC_p(R^n) ∩ A_p(R^n) and K(L^p(R^n)) ⊂ I_p(R^n), the equalities (11) imply conditions (i) and (ii). Theorems 6 and 9 have the following consequences.

Theorem 10 Let A ∈ W^$_p (R^n). Then A is a Fredholm operator on L^p(R^n) if and only if (i) A is invertible modulo the ideal LC_p(R^n) ∩ A_p(R^n) of A_p(R^n), (ii) all limit operators of A are invertible.

Theorem 11 Let A ∈ W^$_p (R^n), and let condition (i) of Theorem 10 be satisfied. Then sp_{ess}A = ⋃ A_h∈op(A)

sp A_h. (12)

Let R̃^n denote the compactification of R^n homeomorphic to the unit ball B^n := {x ∈ R^n : |x| ≤ 1}, and let η_ω ∈ R̃^n \ R^n be the infinitely distant point which corresponds to the point ω ∈ S^{n−1}. We denote by op_{ηω} (A) the set of the limit operators of A which correspond to sequences h tending to η_ω in the topology of R̃^n. Then, under the conditions of Theorem 11, equality (12) can be written as sp_{ess}A = ⋃ ω∈S^{n−1} ⋃ A_h∈op_{ηω} (A)

sp A_h. (13)

3 Applications to pseudodifferential operators

3.1 Basics

We start with recalling some facts about pseudodifferential operators. Standard references are [37, 34, 36]. We will use the following standard notations. The n-tuple α := (α_1, . . . , α_n), α_j ∈ N ∪ {0}, is a multi-index, |α| := α_1 + . . . + α_n is its length, ∂^α_x := ∂^{α1}_{x1} . . . ∂^{αn}_{xn} is the operator of αth partial derivative, and ⟨ξ⟩ := (1 + |ξ|^2)^{1/2}.

We say that a C^∞-function a on R^n × R^n is a symbol in the Hörmander class S^m_{1, 0} if

|a|_N := ∑ |α|+|β|≤N sup (x, ξ)∈R^n×R^n | |∂^β_x ∂^α_ξ a(x, ξ) | | ⟨ξ⟩^{−m+|α|} < ∞

for every N ∈ N ∪ {0}. The class of all pseudodifferential operators

(Op(a)u)(x) = (2π)^{−n} ∫ R^n ∫ R^n

a(x, ξ) e^{i(x−y, ξ)}u(y) dy dξ, u ∈ C^∞_0 (R^n),

with symbols in S^m_{1, 0} is denoted by OP S^m_{1, 0}. For m ∈ R, we use the notation ⟨D⟩^m to refer to the pseudodifferential operator with symbol a(x, ξ) = ⟨ξ⟩^m.

It is well known (see, for instance, [36], Chap. VI) that pseudodifferential operators with symbols in S^0_{1, 0} are bounded on L^p(R^n) for p ∈ (1, ∞) and there are a constant C_p and a number N ∈ N such that

‖Op(a)‖_{L(L}p_{(R}n_{))} ≤ C_p|a|_N . (14)

We will also have to work with pseudodifferential operators with double symbols a on R^n × R^n × R^n which satisfy the estimates | ∂^β_x ∂^γ_y ∂^α_ξ a(x, y, ξ) | ≤ C_{αβγ} ⟨ξ⟩^{m−|α|}

for every choice of multi-indices α, β, γ. We denote the class of these symbols by S^m_{1, 0, 0} and write OP S^m_{1, 0, 0} for the associated class of pseudodifferential operators with double symbols. The latter act on C^∞_0 (R^n) via

(Op_d(a)u)(x) = (2π)^{−n} ∫ R^n ∫ R^n

a(x, y, ξ) e^{i(x−y, ξ)}u(y) dy dξ. (15)

One knows that OP S^m_{1, 0, 0} ⊂ OP S^m_{1, 0}. More precisely, every pseudodifferential operator Op_d(a) with double symbol can be viewed as a common pseudodifferential operator, Op(b), with

b(x, ξ) := (2π)^{−n} ∫ R^n ∫ R^n

a(x, x + y, ξ + η) e^{−i(y, η)} dy dη (16)

a symbol in S^m_{1, 0}. The double integral in (16) is understood as an oscillatory integral.

An important example of a pseudodifferential operator with double symbol in S^m_{1, 0, 0} is the Weyl quantization operator Op_W (a) with a ∈ S^m_{1, 0} which acts on C^∞_0 (R^n) by

(Op_W (a)u)(x) := (2π)^{−n} ∫ R^n ∫ R^n a ( x + y 2 , ξ ) e^{i(x−y, ξ)} u(y) dy dξ.

Theorem 12 OP S^0_{1, 0} ⊂ W_p(R^n) for every p ∈ (1, ∞). Proof. Let A = Op(a) ∈ OP S^m_{1, 0}. Then A acts on C^∞_0 (R^n) by

(Au)(x) = ∫ R^n

k_A(x, x − y) u(y) dy, (17)

and the kernel function k_A ∈ C^∞(R^n × R^n \ {0}) satisfies the estimates | ∂^β_x ∂^α_z k_A(x, z) | ≤ C|a|_M |z|^{−n−m−|α|−N} (18)

for all multi-indices α and β and for all N ≥ 0 such that n+m+|α|+N > 0. The constant C > 0 in (18) is independent of A, whereas M depends on n, m, α, β and N ([36], p. 241). We set

κ^γ (A) := sup_{α∈Zn} ‖χ_0V_{−α}AV_{α−γ} χ_0I‖_{L(L}p_{(R}n_{))}.

Hence, for the operator A in (17),

κ^0(A) ≤ ‖A‖_{L(L}p_{(R}n_{))} ≤ C|a|_M ,

whereas for γ ≠ 0,

κ^γ (A) ≤ (∫ I_0 (∫ I_0

|k_A(x − y + γ)|^{p′} dy

)^p_{p′} dx )_{1/p}

with 1/p + 1/p^′ = 1. Applying estimate (18) with α = β = 0, m = 0 and N = 1 we obtain κ^γ (A) ≤ C|a|_M |γ|^{−n−1} for γ ≠ 0.

Hence, ∑ γ∈Z^n

sup_{α∈Zn} ‖χ_0V_{−α}AV_{α−γ} χ_0I‖_{L(L}p_{(R}n_{))} ≤ ∑ γ∈Z^n

κ^γ (A) ≤ C|a|_M

for some M ∈ N.

Definition 13 Let S^0_{1, 0}(R̃^n) (resp. S^0_{1, 0, 0}(R̃^n)) denote the class of all symbols in S^0_{1, 0} (resp. in S^0_{1, 0, 0}) which can be extended to a continuous function on R^n × R̃n (resp. on Rn × Rn × R̃n). We further say that a belongs to Sm_{1, 0}(R̃n) (resp.

to S^m_{1, 0, 0}(R̃^n)) if the function a⟨ξ⟩^{−m} lies in S^0_{1, 0}(R̃^n) (resp. in S^0_{1, 0, 0}(R̃^n)).

Proposition 14 OP S^0_{1, 0}(R̃^n) ⊆ W^$_p (R^n).

Proof. Let a ∈ S^0_{1, 0}(R̃^n), and let h = (h_j ) be a sequence tending to infinity. Then V_{−hj} Op(a)V_{hj} = Op(a(x + h_j , ξ)).

For every compact subset K of R^n, the sequence of the functions a(x + h_j , ξ), j ∈ N, is uniformly bounded and equicontinuous on the compact subset K × R̃^n of R^n × R̃^n. By the Arcela-Ascoli theorem, there are a subsequence g = (g_j ) of h and a function a_g ∈ C^∞(R^n × R̃^n) such that

lim_{j→∞} sup_{K×Rn} | |∂^β_x ∂^α_ξ a(x + g_j , ξ) − ∂^β_x ∂^α_ξ a_g (x, ξ) | | = 0 (19)

for all multi-indices α, β. The limit (19) implies that a_g ∈ S^0_{1, 0} and that Op(a_g ) is the limit operator of Op(a) with respect to the sequence g. Hence, OP S^0_{1, 0}(R̃^n) ⊆ W^$_p (R^n) for every p ∈ (1, ∞).

Let a ∈ S^0_{1, 0, 0}(R̃^n) and let h : N → Z^n be a sequence tending to infinity. Then there exists a subsequence g = (g_j ) of h such that

lim_{j→∞} sup

K_1×K_2×R^n | |∂^β_x ∂^α_ξ a(x + g_j , y + g_j , ξ) − ∂^β_x ∂^α_ξ a_g(x, y, ξ) | | = 0 (20)

for every compact set K_1 × K_2 ⊂ R^n × R^n and all multi-indices α, β. One can prove as above that Op_d(a_g ) is the limit operator of Op_d(a) with respect to the sequence g.

3.2 Essential spectra of elliptic pseudodifferential operators of zero order

A pseudodifferential operator Op_d(a) ∈ OP S^m_{1, 0, 0} is said to be uniformly elliptic on R^n if lim_{R→∞} inf

(x, y)∈R^n×R^n, |ξ|≥R

|a(x, y, ξ)| > 0. (21)

Theorem 15 An operator Op_d(a) ∈ OP S^0_{1, 0, 0} is Fredholm on L^p(R^n) if and only if it is (i) uniformly elliptic on R^n, and (ii) locally invertible at infinity.

Proof. Let the ellipticity condition (21) hold. It is easy to show that then there is a double symbol b ∈ S^0_{1, 0, 0} such that

Op_d(b)Op_d(a) = I + Op_d(t_1), Op_d(a)Op_d(b) = I + Op_d(t_2) where the operators Op_d(t_1) and Op_d(t_2) belong to OP S^{−1}_{1,0,0} and are therefore locally compact on L^p(R^n). Hence, by Theorem 10, Op_d(a) is a Fredholm operator on L^p(R^n).

Conversely, it is well known that the Fredholmness of an operator Op_d(a) in OP S^0_{1, 0, 0} implies its uniform ellipticity (21). Since K(L^p(R^n)) ⊂ I_p(R^n), the Fredholmness of Op_d(a) also implies the local invertibility at infinity of Op_d(a).

The previous results imply the following.

Theorem 16 Let A = Op(a) ∈ OP S^0_{1, 0, 0}(R̃^n) be a uniformly elliptic pseudodifferential operator. Then A is a Fredholm operator on L^p(R^n) for p ∈ (1, ∞) if and only if all limit operators of A are invertible. Moreover,

sp_{ess}(A : L^p(R^n) → L^p(R^n)) = ⋃ A_h∈op(A)

sp (A_h : L^p(R^n) → L^p(R^n)). (22)

3.3 Essential spectra of perturbed elliptic pseudodifferential operators of nonzero order

Here we consider a class of pseudodifferential operators of order m ≥ 0 perturbed by a singular potential Φ, i.e., operators of the form A = B + ΦI where

(A) B = Op_d(b) ∈ OP S^m_{1, 0, 0} and b⟨ξ⟩^{−m} ∈ S^0_{1, 0, 0}(R̃^n);

(B) the operator Φ⟨D⟩^{−m} is locally compact on L^p(R^n), and it belongs to W^$_p (R^n).

We consider A as a bounded operator from H^{m, p}(R^n) into L^p(R^n) where H^{m, p}(R^n) is the Sobolev space with norm

‖u‖_Hm, p_{(R}n_) := ‖⟨D⟩^mu‖_Lp_{(R}n_).

Theorem 15 implies the following.

Theorem 17 Let the operator A = Op_d(b) + ΦI satisfy conditions (A) and (B). Then A, considered as acting from H^{m, p}(R^n) to L^p(R^n), is a Fredholm operator if and only if (i) the operator Op_d(b) is uniformly elliptic on R^n, and (ii) all limit operators of the operator A⟨D⟩^{−m} are invertible on L^p(R^n).

Let A satisfy conditions (A) and (B), and let m ≥ 0. Then A can be considered as an unbounded closed operator on L^p(R^n) with domain H^{m, p}(R^n). A point λ ∈ C is said to belong to the essential spectrum of A if the operator A − λI is not a Fredholm operator on L^p(R^n) in the sense of unbounded operators. We denote the spectrum and the essential spectrum of A acting on L^p(R^n) by sp^pA and sp^p_{ess}A, respectively. Further we agree upon the following notations. Let A = Op_d(b) + ΦI be of order m ≥ 0, and let Ã_h be a limit operator of

Ã := A⟨D⟩−m with respect to a sequence h. Then we call A_h := Ã_h⟨D⟩m the limit operator of A defined by the sequence h. In general, A_h is an unbounded closed operator on L^p(R^n) with domain H^{m, p}(R^n). We write op(A) for the set of all limit operators of A defined in this way. The following is a consequence of Theorem 17.

Theorem 18 Let the operator A = Op_d(b) + ΦI satisfy conditions (A) and (B), and let the operator Op_d(b) be uniformly elliptic on R^n. Then

sp^p_{ess}A = ⋃ A_h ∈op(A)

sp^p A_h. (23)

The next proposition states some sufficient conditions for a potential Φ to be subject of condition (B). In case p = 2, similar results have been obtained [8], p. 62 – 71.

Proposition 19 (i) If m > 0 and Φ ∈ L^∞(R^n), then the operator Φ⟨D⟩^{−m} belongs to W_p(R^n) and is locally compact.

(ii) If m < n and Φ ∈ L^{n/m}(R^n), then the operator Φ⟨D⟩^{−m} belongs to W_p(R^n) and is compact on L^p(R^n).

(iii) If m > n and Φ ∈ L^p(R^n), then the operator Φ⟨D⟩^{−m} belongs to W_p(R^n) and is compact on L^p(R^n).

Proof. (i) One has

κ^γ (Φ⟨D⟩^{−m}) ≤ ‖Φ‖_L∞_{(R}n_)⟨γ⟩^{−n−1},

which implies Φ⟨D⟩^{−m} ∈ W_p(R^n). The local compactness of this operator follows since m is positive.

(ii) The operator ⟨D⟩^{−m} acts boundedly from L^p(R^n) into L^q(R^n) ∩ L^p(R^n) if 1 q =^1_p −^m_n . Indeed, ⟨ξ⟩^{−m} is an L_p-Fourier multiplier for every p ∈ (1, ∞). Write ⟨ξ⟩^{−m} = |ξ|^{−m} ( |ξ|^m⟨ξ⟩^{−m} ) . The operator |ξ|^m⟨ξ⟩^{−m} is an L_p-Fourier multiplier, too, whereas Op(|ξ|^{−m}) is a Riesz potential which is bounded as an operator from L^p(R^n) into L^q (R^n) by the Hardy-Littlewood-Sobolev theorem (see, for instance, [36], Chap. V).

The generalized Hölder inequality

‖uv‖_Ls_{(R}n_) ≤ ‖u‖_Lp_{(R}n_)‖v‖_Lq_{(R}n_)

holding if^1_s =^1_p +^1_q implies

‖Φ⟨D⟩^{−m}‖_{L(L}p_{(R}n_{))} ≤ C_p ‖Φ‖_Ln/m_{(R}n_). (24)

Further, for x ∈ I_0,

χ_0V_{−α}Φ⟨D⟩^{−m}V_{α−γ} χ_0v(x) = Φ(x + α) ∫ I_0

k_{⟨D⟩}−m (x − y + γ) v(y) dy.

In case γ = 0 we conclude from the equality ‖Φ(· + α)‖_Ln/m_{(R}n_) = ‖Φ‖_Ln/m_{(R}n_) and from estimate (24) that ‖χ_0V_{−α}Φ⟨D⟩^{−m}V_αχ_0I‖_{L(L}p_{(R}n_{))} ≤ ‖Φ‖_Ln/m_{(R}n_).

Let now γ ≠ 0. Then, for u ∈ L^p(R^n), ‖χ_0V_{−α}Φ⟨D⟩^{−m}V_{α−γ} χ_0u‖_Lp_{(R}n_) ≤ ‖Φ‖_Ln/m_{(R}n_)‖χ_0V_{−α}⟨D⟩^{−m}V_{α−γ} χ_0u‖_Lq_{(R}n_) where^1_p =^1_q +^m_n . Further, with^1_p +^1_{p′} = 1, one has

‖χ_0V_{−α}⟨D⟩^{−m}V_{α−γ} χ_0u‖_Lq_{(R}n_) ≤ (∫ I_0 (∫ I_0 | |k_{⟨D⟩−m} (x − y + γ) | |^{p′} dy

)^q_{p′} dx ) 1_q ‖u‖_Lp_{(R}n_).

Applying estimates (18) and (24) we obtain

sup_{α∈Zn} ‖χ_0V_{−α}Φ⟨D⟩^{−m}V_{α−γ} χ_0I‖_{L(L}p_{(R}n_{))} ≤ C_0‖Φ‖_Ln/m_{(R}n_)⟨γ⟩^{−n−1}. Hence, Φ⟨D⟩^{−m} ∈ W_p(R^n).

In order to prove the compactness of Φ⟨D⟩^{−m}, choose a sequence of functions Φ_k in C^∞_0 (R^n) such that lim_{k→∞} ‖Φ − Φ_k‖_Ln/m_{(R}n_) = 0. Employing estimate (24) once again we find lim_{k→∞} ‖Φ⟨D⟩^{−m} − Φ_k⟨D⟩^{−m}‖_{L(L}p_{(R}n_{))} = 0.

Since the operators Φ_k⟨D⟩^{−m} are compact on L^p(R^n), so is Φ⟨D⟩^{−m}. (iii) Let m > n. Then the function k_{⟨D⟩}−m is continuous at the point 0, and it satisfies estimate (18). We claim that then ⟨D⟩^{−m} is a bounded operator from L^p(R^n) into L^p(R^n) ∩ L^∞(R^n). For u ∈ L^p(R^n), let v(x) := ∫ R^n

k_{⟨D⟩}−m (x − y + γ) u(y) dy. By the Hölder inequality, |v(x)| ≤ ‖k_{⟨D⟩}−m ‖_Lp′_{(R}n_)‖u‖_Lp_{(R}n_).

Thus, if Φ ∈ L^p(R^n), then ‖Φ⟨D⟩^{−m}‖_{L(L}p_{(R}n_{))} ≤ C_p‖Φ‖_Lp_{(R}n_), verifying the claim. The compactness of Φ⟨D⟩^{−m} on L^p(R^n) for p < ∞ can be shown as in (ii).

4 Exponential estimates for perturbed pseudodifferential equations

4.1 Weights

Let w be a positive measurable function on R^n which we call a weight. We denote by L^p(R^n, w) the space of all measurable functions u on R^n for which

‖u‖_Lp_{(R}n_{, w)} := ‖wu‖_Lp_{(R}n_) < ∞.

Let D be a convex domain in R^n which contains the point 0 ∈ R^n. In what follows we consider weights of the form w(x) := exp v(x) where v is a function satisfying ∂_{xj} v ∈ C^∞_b (R^n) for j = 1, . . . , n and ∇v(x) ∈ D for every x ∈ R^n. We denote the class of these weights by R(D), and we write R_{sl}(D) for the class of all weights in R(D) such that

lim_{x→∞} ∂^2_{xixj} v(x) = 0 (25)

for 1 ≤ i, j ≤ n. The weights in R_{sl}(D) are called slowly oscillating.

Let l : S^{n−1} → R be a positive C^∞-function. We associate with l the weight

w_l(x) := exp v_l(x) where v_l(x) := l(x/|x|) |x| (26)

and consider the open star-like domain

Ω_l := {x ∈ R^n : x = tl(ω)ω, t ∈ [0, 1), ω ∈ S^{n−1}}.

One can show that

v_l(x) = max_{y∈Ωl} (x, y) for all x ∈ R^n

where (x, y) =

∑_n

j=1 x_j y_j is a standard scalar product on R^n.

Proposition 20 (i) The function v_l is positively homogeneous, that is v_l(tx) = tv_l(x) for all t > 0 and x ∈ R^n. Moreover, v_l ∈ C^∞(R^n \ {0}). (ii) ∇v_l(x) ∈ Ω_l for every x ∈ R^n and ∇v_l(ω) = l(ω)ω ∈ ∂Ω_l for every point ω ∈ S^{n−1}.

Proof. Statement (i) is evident. To prove (ii), fix x ∈ R^n. The continuous function y → (x, y) attains its maximum over Ω_l at some point ξ(x) ∈ Ω_l. Thus, v_l(x) = (x, ξ(x)). In particular, ξ(x) is a stationary point of the function y → (x, y) on Ω_l, that is,^{∂(x, ξ(x))}_{∂yi} = 0 for i = 1, . . . , n, whence

∂v_l(x) ∂x_j

= ξ_j (x) + n∑ i=1 ∂(x, ξ(x)) ∂y_i

∂ξ_i(x) ∂x_j

= ξ_j (x).

This shows that ∇v_l(x) = ξ(x) ∈ Ω_l for every x ∈ R^n. It is further evident that ξ is a homogeneous function of order zero. Hence, ∇v_l(ω) = ξ(ω) = l(ω)ω.

Let ṽ_l be a C^∞-function on R^n which coincides with v_l outside a certain neighborhood of the origin. Then the weight w̃_l := exp ṽ_l belongs to the class R_{sl}(D). Moreover, lim_{x→ηω} ∇ṽ_{Ωl} (x) = ∇v_{Ωl} (ω) = l(ω)ω. (27)

4.2 ΨDO with analytical symbols

Let D ⊂ R^n be a convex domain, and abbreviate ⟨ξ⟩ := (1 + |ξ|^2)^{1/2}. We say that a symbol a belongs to S^m_{1, 0, 0}(D) if the function ξ → a(x, y, ξ) extends analytically into the tube domain R^n + iD and if

|∂^β_x ∂^β_y ∂^α_ξ a(x, y, ξ + iη)| ≤ C_{αβ} ⟨ξ⟩^{m−|α|}

for all triples (x, y, ξ + iη) ∈ R^n × R^n × (R^n + iD). For proofs of the following propositions see Section 4.5 in [32] and page 308 in [11], respectively. Proposition 21 Let a be a symbol in S^m_{1, 0, 0}(D) and w a weight in R(D). Then

w^{−1}Op(a)wI = Op_d(a(x, y, ξ + iθ_w(x, y))) (28)

is a pseudodifferential operator in OP S^m_{1, 0, 0}, and

θ_w(x, y) =

∫_1 0 (∇v)((1 − t)x + ty) dt.

Proposition 22 Let Banach spaces X_1 and Y_1 be densely embedded into Banach spaces X_2 and Y_2, respectively. Further let A : X_2 → Y_2 and A|_{X1} : X_1 → Y_1 be Fredholm operators with the same index,

ind (A : X_2 → Y_2) = ind (A|_{X1} : X_1 → Y_1).

Then every solution u ∈ X_2 of the equation Au = f with f ∈ Y_1 belongs already to X_1.

Theorem 23 Let w be a weight in R(D) with lim_{x→∞} w(x) = ∞, and let A := Op_d(b) + ΦI be an operator which satisfies the following conditions: (i) b ∈ S^m_{1, 0, 0}(D), b⟨ξ⟩^{−m} ∈ S^0_{1, 0, 0}(R̃^n), and conditions (A) and (B) hold; (ii) Op(b) is an elliptic operator on R^n;

(iii) for every t ∈ [−1, 1], all limit operators A^h_{tw} : H^{m, p}(R^n) → L^p(R^n) of the operator A_{tw} := Op(a(x, y, ξ + itθ_w(x, y)) + ΦI are invertible.

If u is a function in H^{m, p}(R^n, w^{−1}) for which Op_d(a)u ∈ L^p(R^n, w), then u belongs to H^{m, p}(R^n, w).

Proof. Note that A : H^{m, p}(R^n, w^t) → L^p(R^n, w^t) is a Fredholm operator if and only if w^{−t}Aw^tI : H^{m, p}(R^n) → L^p(R^n) is a Fredholm operator, and that the Fredholm indices of these operator coincide. The conditions of the theorem guarantee that w^{−t}Aw^tI : H^{m, p}(R^n) → L^p(R^n) is a Fredholm operator for every t ∈ [−1, 1]. The representation (28) and the estimate (14) for the norm of pseudodifferential operators imply that the mapping

[−1, 1] ∋ t → w^{−t}Aw^tI : H^{m, p}(R^n) → L^p(R^n)

is norm continuous. Thus, the Fredholm index of the operators w^{−t}Aw^tI : H^{m, p}(R^n) → L^p(R^n) is independent of t ∈ [−1, 1], and so is the index of the operators A : H^{m, p}(R^n, w^t) → L^p(R^n, w^t). Hence,

ind (A : H^{m, p}(R^n, w^{−1}) → L^p(R^n, w^{−1})) = ind (A : H^{m, p}(R^n, w) → L^p(R^n, w)).

Moreover, the embedding of H^{m, p}(R^n, w) into H^{m, p}(R^n, w^{−1}) is dense. Proposition 22 implies that all solutions of the equation Au = f with f ∈ L^p(R^n, w), which a priori lie in H^{m, p}(R^n, w^{−1}), already belong to H^{m, p}(R^n, w).

Corollary 24 Let the conditions of Theorem 23 hold for every t ∈ [0, 1]. If u ∈ L^p(R^n) is a solution of the equation Au = 0 then u ∈ H^{m, p}(R^n, w).

The next theorem follows from Corollary 24 if one takes into account that lim g_k →η_ω

∇v_l(x + g_k) = l(ω)ω

for every sequence g tending to η_ω.

Theorem 25 Let the operator A = Op_d(b) + ΦI be such that b ∈ S^m_{1, 0, 0}(D), b⟨ξ⟩^{−m} ∈ S^0_{1, 0, 0}(R̃^n), and Op_d(b) is uniformly elliptic. Let further conditions (A) and (B) be satisfied. Moreover, let Op_d(b^g) + Φ^g I be a limit operator of A defined by the sequence g, and let l be a positive C^∞-function on the unit sphere S^{n−1}. If λ ∈ sp^p_{dis}A, but

λ /∈ sp^p(Op_d(b^g(x, y, ξ + itl(ω)ω)) + Φ^gI)

for every ω ∈ S^{n−1}, every t ∈ [0, 1] and every sequence g tending to η_ω , then the λ-eigenfunction u_λ of A lies in H^{m, p}(R^n, e^{l( x|x| )|x|}).

4.3 ΨDO with slowly oscillating symbols

Here we introduce a class of pseudodifferential operators for which the statements of Theorems 23 – 25 can be formulated more explicitly. We say that a double symbol a ∈ S^m_{1, 0, 0} is slowly oscillating if

lim_{x→∞} sup

ξ∈R^n, y∈K

|∂^β_x ∂^α_ξ a(x, x + y, ξ)|⟨ξ⟩^{−m} = 0 for all multi-indices α, β ≠ 0 and for every compact subset K of R^n. We denote the class of these symbols by SO^m_{1, 0, 0} and write OP SO^m_{1, 0, 0} for the corresponding class of pseudodifferential operators. Further we set OP SO^m_{1, 0, 0}(R̃^n) := OP SO^m_{1, 0, 0} ∩ OP S^m_{1, 0, 0}(R̃^n).

We consider perturbed pseudodifferential operators of the form

A = Op_d(b) + ΦI

where Op_d(b) ∈ OP SO^m_{1, 0, 0}(R̃^n) for some m > 0 and where Φ := Φ_1 + Φ_2 with Φ_1⟨D⟩^{−m} a compact operator and Φ_2 ∈ SO(R^n).

Let h : N → Z^n be a sequence tending to infinity. There is a subsequence g of h and a function b^g on R^n such that

b(x + g_k, y + g_k, ξ) → b^g (ξ) (29)

in the topology of the space C^∞(R^n × R^n × R^n) (see [32], p. 228, for details). Since the values b^g(ξ) of the limit function are independent of x and y, the limit operators of Op_d(b) ∈ OP SO^m_{1, 0, 0}(R̃^n) have symbols which are independent of x and y, too. Similarly, the limit operators of the potential Φ are operators of multiplication by the constants

Φ^g_2 := lim_{k→∞} Φ_2(x + g_k) = lim_{k→∞} Φ_2(g_k). (30)

Thus, all limit operators A^g := Op(b^g (ξ)) + Φ^g_2 of A are invariant with respect to shifts. One can prove that then the spectrum of the limit operator A^g , considered as an unbounded operator on L^p(R^n) with domain H^{m, p}(R^n), is independent of p ∈ (1, ∞) and that

spA^g = {λ ∈ C : λ = b^g (ξ) + Φ^g_2, ξ ∈ R^n}.

This implies the following result.

Theorem 26 Let A = Op_d(b) + ΦI where Op_d(b) ∈ OP SO^m_{1, 0, 0}(R̃^n) for some m > 0 is a uniformly elliptic operator, Φ := Φ_1 + Φ_2 with Φ_1⟨D⟩^{−m} being compact on L^p(R^n) and Φ_2 ∈ SO(R^n). Then the essential spectrum of A, the latter considered as an unbounded operator on L^p(R^n) with domain H^{m, p}(R^n), is independent of p ∈ (1, ∞), and

sp_{ess}A = ⋃ A^g ∈op(A)

{λ ∈ C : λ = b^g(ξ) + Φ^g_2, ξ ∈ R^n} (31)

where the constant functions Φ^g_2 are defined by (30).

Our next goal are estimates of the exponential decay of eigenfunctions of pseudodifferential operators with slowly oscillating symbols acting on spaces with slowly oscillating weights.

Theorem 27 Let A = Op_d(b) + ΦI where b ∈ SO^m_{1, 0, 0} ∩ S^m_{1, 0, 0}(D), b⟨ξ⟩^{−m} ∈ S^0_{1, 0, 0}(R̃^n), and Op_d(b) is a uniformly elliptic operator. Let further w = exp v be a weight in R_{sl}(D). Finally, let λ ∈ sp^p_{dis}A and u_λ be a λ-eigenfunction of A. If inf_{ξ∈Rn} |b^g(ξ + itθ^g_w) + Φ^g_2 − λ| > 0

for every sequence g tending to infinity such that the limits (29), (30) and the limit θ^g_W := lim_{k→∞} ∇v(x + g_k)

exist, then u_λ lies in L^p(R^n, w_l).

Let l be a positive C^∞-function on the unit sphere S^{n−1} such that Ω_l ⊂ D, and let w_l := exp v_l where v_l(x) = l(^x_{|x|} )|x|. Modifying w_l in a neighborhood of the origin, we obtain a weight in R_{sl}(D). Then Theorem 27 gives the following result.

Theorem 28 Let A = Op_d(b) + ΦI where b ∈ SO^m_{1, 0, 0} ∩ S^m_{1, 0, 0}(D), b⟨ξ⟩^{−m} ∈ S^0_{1, 0, 0}(R̃^n), and Op_d(b) is uniformly elliptic. Let λ ∈ sp^p_{dis}A, and let u_λ be a λ-eigenfunction of A. For every t ∈ [0, 1], every ω ∈ S^{n−1}, and for every sequence g tending to η_ω such that the limits (29) and (30) exist, let

inf_{ξ∈Rn} |b^g (ξ + itl(ω)ω) + Φ^g_2 − λ| > 0.

Then u_λ ∈ L^p(R^n, w_l).

5 Schrödinger operators

5.1 Essential spectra

Consider the electromagnetic Schrödinger operator

H := (i∂_{xj} − a_j )ρ^{jk} (i∂_{xk} − a_k) + ΦI

on R^n equipped with the Riemann metric ρ_{jk} such that inf x∈R^n, ω∈S^{n−1}

ρ_{jk}(x)ω^j ω^k > 0. (32)

Here we use again the Einstein summation convention, and ρ_{jk} (x) refers to the tensor inverse to ρ^{jk} (x).

We suppose that the functions a_j and ρ^{jk} ∈ SO^∞(R^n) are real-valued, whereas Φ is a complex-valued electric potential such that Φ⟨D⟩^{−2} is a locally compact operator on L^p(R^n) for some p ∈ (1, ∞) which, moreover, belongs to W^$_p (R^n). We consider H as a closed unbounded operator on L^p(R^n) with domain H^{2, p}(R^n). Then it follows from Theorem 18 that

sp^p_{ess}H = ⋃ H_g ∈op(H)

sp^pH_g (33) where H_g = (i∂_{xj} − a^g_j I)ρ^{jk}_g (i∂_{xk} − a^g_k) + Φ^gI, ρ^{jk}_g := lim_{l→∞} ρ^{jk} (g_l) ∈ R, a^g_k := lim_{l→∞} a_k(g_l) ∈ R, (34) and where Φ^g I is the limit operator of the operator ΦI with respect to g. It is not hard to show that s-lim Φ(x + g_l)⟨D⟩^{−2} = Φ^g (x)⟨D⟩^{−2} (35) where the s-lim refers to the strong limit.

For a^g = (a^g_1, . . . , a^g_n) ∈ R^n, set (T_ag u)(x) := e^{i(ag , x)}u(x). The so-defined operator T_ag acts as an isometry on L^p(R^n), and T_ag H_gT^{−1}_ag = −∂_{xj} ρ^{jk}_g ∂_{xk} + Φ^g_1.

Consequently, the limit operator H_g is isometrically equivalent to the operator H^′_g := −ρ^{jk}_g ∂_{xj} ∂_{xk} + Φ^g I without magnetic field. This shows that sp^p_{ess}H = ⋃ H_g ∈op(H)

sp^pH^′_g

and that the essential spectrum of H is independent of the magnetic field.

Let Φ = Φ_1 + Φ_2 where Φ_2⟨D⟩^{−2} is a compact operator on L^p(R^n) operator and where Φ_1 ∈ SO(R^n). Then the limit operators H^′_g = −ρ^{jk}_g ∂_{xj} ∂_{xk} + Φ^gI are operators with constant coefficients. Hence, the essential spectrum sp^p_{ess}H = ⋃ g {λ ∈ R : λ = −ρ^{jk}_g ξ_j ξ_k + Φ^g_1, ξ ∈ R^n} (36)

is independent of p ∈ (1, ∞).

Let Γ_{Φ1} ⊂ C denote the set of all partial limits at infinity of the function Φ_1. It turns out that Γ_{Φ1} is a closed connected set of the complex plane. Identity (36) implies the following.

Theorem 29 (i) sp^p_{ess}H = {λ ∈ C : λ = λ_1 + iλ_2, λ_1 ∈ [0, ∞), λ_2 ∈ Γ_{Φ1} }, and sp^p_{ess}H does not depend on p.

(ii) If the function Φ_1 is real-valued, then sp^p_{ess}H is the interval sp^p_{ess}H = [lim inf_{x→∞} Φ_1(x), +∞).

5.2 Exponential estimates of eigenfunctions of the discrete spectrum

In what follows we restrict our attention to Schrödinger operators acting on L^2(R^n). We suppose that the functions ρ^{jk} and a_j as well as the weight w are slowly oscillating, that is, condition (25) holds. The limit operators (w^{−1}Hw)_g of w^{−1}Hw are unitarily equivalent to the operators

H^g_w := ρ^{jk}_g (i∂_{xj} + i(∇v)^g_j )(i∂_{xk} + i(∇v)^g_k ) + Φ^g I

where (∇v)^g := lim_{k→∞}(∇v)(g_k ) ∈ R^n. (37)

Below we will need the following evident observation.

Proposition 30 Let A = A_1 + iA_2 be a closed and densely defined unbounded operator on a Hilbert space H where A_1 = ℜA = (1/2)(A + A^∗) and A_2 = ℑA = (1/2i)(A − A^∗) are symmetric operators on H. Let λ be a real number which is not in sp A_1. Then λ /∈ sp A.

Note that ℜH^g_w = −ρ^{jk}_g ∂_{xj} ∂_{xk} − |(∇v)^g |^2_{ρg} + Φ^g I (38)

where |(∇v)^g (x)|^2_{ρg} = ρ^{jk}_g (∇v)^g_j (∇v)^g_k = (ρ_g (∇v)^g , (∇v)^g )

and ρ_g = (ρ^{jk}_g )^n_{j, k=1}. From Theorem 23 we conclude the following.

Theorem 31 Let λ ∈ sp_{dis}H, and let the above conditions for the metric ρ, the vector potential a and the weight w = exp v hold. Further assume that

λ + t|(∇v)^g |^2_{ρg} /∈ sp (−ρ^{jk}_g ∂_{xj} ∂_{xk} + Φ^g I) (39)

for every t ∈ [0, 1] and every sequence g for which the limits (34), (35) and (37) exist. Then the λ-eigenfunction u_λ of H belongs to H^2(R^n, w).

Corollary 32 Let λ ∈ sp_{dis}H and let the above conditions for the metric ρ, the vector potential a and the weight w = exp v hold. Further let Φ = Φ_1 + Φ_2 be a real-valued function for which Φ_1 ∈ SO(R^n) and Φ_2⟨D⟩^{−2} is a compact operator on L^2(R^n), and assume that

|(∇v)^g |_{ρg} < √ Φ^g_1 − λ (40)

for every sequence g as in the previous theorem. Then every λ-eigenfunction u_λ of H belongs to H^2(R^n, w).

Next we introduce a function which describes the local distribution of the essential spectrum of the operator H by

μ_H(ω) := inf

H_g ∈op_{ηω} (H)

sp H_g .

Clearly, μ̂_H := inf_{ω∈Sn−1} μ_H(ω)

is the infimum of the essential spectrum of H.

Theorem 33 Let the above conditions for the metric ρ and the vector potential a hold. Moreover, assume that the limit lim_{x→ηω} ρ^{jk} (x) =: ρ^{jk}_ω exists for every ω ∈ S^{n−1} and set ρ_ω := (ρ^{jk}_ω )^n_{j, k=1}. Let λ < μ̂_H be an eigenvalue of H and u_λ an associated λ-eigenfunction. Let finally l be a positive C^∞-function on S^{n−1} for which

l(ω) < √ μ_H(ω) − λ (ρ_ω ω, ω) for all ω ∈ S^{n−1}. (41)

Then u_λ ∈ H^2(R^n, w_l) where w_l(x) := exp(l(x/|x|)|x|).

Proof. Let the sequence g tend to η_ω. According to formula (38),

ℜH^g_{wl} = −ρ^{jk}_ω ∂_{xj} ∂_{xk} − |(∇v)(ω)|^2_{ρω} + Φ^g I.

By means of Proposition 20 (ii) we obtain further that

|(∇v)(ω)|^2_{ρω} = (ρ_ω (∇v)(ω), (∇v)(ω)) = l^2(ω)(ρ_ωω, ω).

Thus, condition (41) implies condition (39) of Theorem 31. By the latter theorem, u_λ is indeed in H^2(R^n, w_l).

Theorem 33 associates to each eigenvalue λ(< μ̂_H) and to the distribution function μ_H a weight w_l(x) = exp(l(x/|x|)|x|) such that u_λ ∈ H^2(R^n, w_l). If only the infimum μ̂_H of the essential spectrum of H is available, then one still gets a rough ”isotropic” exponential decay estimate of the λ-eigenfunction u_λ, namely

u_λ ∈ H^2(R^n, e^{l|x|}) where 0 < l < √ μ̂_H − λ inf_{ω∈S}n−1 (ρ_ω ω, ω) . 5.3 Multiparticle Schrödinger operators

We consider an atomic type system of N + 1 particles with coordinates x_i ∈ R^ν , 0 ≤ i ≤ N, and interacting real-valued potentials φ_{ij} , 0 ≤ i < j ≤ N, defined on R^n. The particle x_0 (considered as the ”nucleus”) has infinite mass and is fixed at x_0 = 0. We assume that the functions φ_{ij} are subject to the following conditions:

(i) the functions φ_{ij} are measurable on R^ν , and the operators φ_{ij} ⟨D⟩^{−2} are compact on L^2(R^ν ),

(ii) φ_{ij} ≥ 0 for 0 ≤ i < j ≤ N.

The configuration space of the system consists of the product of N copies of R^ν which we identify with R^{Nν} and denote by X. The generic point in X is x = (x^1, . . . , x^N ), where the x^i = (x^i_1, . . . , x^i_ν ) are the coordinates of the particles. The Schrödinger operator of the system is the elliptic operator H on X defined by

H = − N∑ i=1 1 2m_i

Δ_i − N∑ i=1 φ_{0j} (x^i) + N∑ 1≤i<j≤N

φ_{ij} (x^i − x^j ) (42)

where Δ_i is the usual Laplace operator with respect to the variable x^i and the m_i are positive numbers representing the mass of the particles. We consider potentials Φ which are functions on X of the form

Φ(x) = ∑ 0≤i<j≤N

Φ_{ij} (x)

where Φ_{ij} (x) = { φ_{0j} (x^i) if 1 ≤ j ≤ N, φ_{ij} (x^i − x^j ) if 1 ≤ i < j ≤ N.

Let r ≤ N. For each r-tuple (i_1, . . . , i_r) of integers 1 ≤ i_1 < . . . < i_r ≤ N, we let Σ_{(i1 , ..., ir )} stand for the set of all ω ∈ S^{νN−1} with ω^k ≠ 0 if k ∈ {i_1, . . . , i_r} and ω^k = 0 for k /∈ {i_1, . . . , i_r}.

Proposition 34 (i) Let 1 ≤ r ≤ N − 1 and ω ∈ Σ_{(i1 ..., ir )}. Then

μ_H(ω) = inf sp A_{i1 , i2 , ..., ir} and μ_H(ω) ≤ 0

where

A_{i1 , ..., ir} = − ∑ 1≤j≤N, j≠i_1 , ..., i_r ( 1 2m_j

Δ_j − φ_{0j} (x^j ) )

+ ∑ 1≤i<j≤N, i≠i_1 , ..., i_r , j≠i_1 , ... i_r

φ_{ij} (x^i − x^j ).

(ii) Let r = N and ω ∈ Σ_{(1, ..., N)}. Then μ_H(ω) = 0.

Proof. (i) Let h = (h_m) = (h^1_m, . . . , h^N_m) be a sequence in Z^{Nν} which tends to η_ω. We distinguish between two cases.

Case (a): The coordinate sequences (h^{i1}_m), . . . (h^{ir}_m) tend to infinity, whereas all other coordinate sequences (h^j_m) with j /∈ {i_1, . . . , i_r} remain bounded.

Denote by L_{i1 , ..., ir} the set of all pairs (i_μ, i_ν ) with i_μ, i_ν ∈ {i_1, . . . , i_r} for which the sequence (h^{iμ}m − h^{iν}_m) is bounded. We can assume that then lim_{m→∞}(h^{iμ}_m − h^{iν}_m) = ∞ for all pairs (i_μ, i_ν ) /∈ L_{i1 , ..., ir} (otherwise we pass to a suitable subsequence of h). Then there is a subsequence of h, for which the limit operator of H exists and is unitarily equivalent to the operator

H_h = − ∑ 1≤j≤N 1 2m_j

Δ_xj − ∑ 1≤j≤N, j≠i_1 , ..., i_r

φ_{0j} (x^j ) + ∑ 1≤i<j≤N, i≠i_1 , ..., i_r , j≠i_1 , ..., i_r

φ_{ij} (x^i − x^j ) + ∑ (i, j)∈L_{i1 , ..., ir}

φ_{ij} (x^i − x^j ).

The non-negativity of the potentials φ_{ij} implies that the spectrum of H_h is a subset of the spectrum of the operator H^′_h defined by

H^′_h = − ∑ 1≤j≤N 1 2m_j

Δ_xj − ∑ 1≤j≤N, j≠i_1 , ..., i_r

φ_{0j} (x^j ) + ∑ 1≤i<j≤N, i≠i_1 , ..., i_r , j≠i_1 , ..., i_r

φ_{ij} (x^i − x^j ).

For the reverse inclusion of spectra, note that there exists a limit operator H̃_g of H_h which equals H^′_h. Theorem 18 implies that sp H_h ⊇ sp_{ess} H_h ⊇ sp H̃_g = sp H^′_h. Hence, the spectra of H_h and H^′_h coincide.

Case (b): Again we assume that the coordinate sequences (h^{i1}_m), . . . (h^{ir}_m) tend to infinity, but now we also allow that the sequences (h^{j1}_m), . . . (h^{jl}_m) tend to infinity for some indices j_1, . . . , j_l /∈ {i_1, . . . , i_r}.

Since the potentials φ_{ij} (x^j ) are non-negative, the inclusion sp H^′_h ⊆ sp H_h follows as in case (a). Applying the Fourier transform with respect to the variables x^k , k = i_1, . . . , i_r we obtain that the operator H^′_h is unitarily equivalent to the operator of multiplication by operator-valued function which is defined at (ξ_{i1} , . . . , ξ_{ir} ) ∈ R^r by

^H′_h(ξ_{i1} , . . . , ξ_{ir} ) := 1 2m_{i1} ξ^2_{i1} + . . . + 1 2m_{ir} ξ^2_{ir} + A_{i1 , ..., ir} . (43)

It follows from (43) that

sp H_h = sp H^′_h = [inf sp A_{i1 , ..., ir} , +∞)

for 1 ≤ r ≤ N −1. Note that the spectrum of the operator H^′_h contains the semi axis [0, +∞). Indeed, there exists a limit operator − ∑ 1≤j≤q 1 2m_j Δx^j of H ′ h the spectrum of which is [0, +∞), and by Theorem 18, sp H^′_h ⊇ sp_{ess} H^′_h ⊃ [0, +∞). Thus, μ_H(ω) = inf sp A_{i1, ..., ir} ≤ 0.

(ii) Let h = (h_m) = (h^1_m, . . . , h^N_m) be a sequence in Z^{Nν} which tends to η_ω for some point ω ∈ Σ_{(1, ..., N)}. Then each of the sequences (h^1_m), . . . , (h^N_m) tends to infinity. Let U be the set of all pairs for which the sequence (h^j_m − h^k_m) is bounded. Then there exists a subsequence of h for which the limit operator of H exists and is unitarily equivalent to the operator

B_U := − ∑ 1≤j≤N 1 2m_j

Δ_xj + ∑ (i, j)∈U

φ_{ij} (x^i − x^j ).

The non-negativity of the potentials φ_{ij} implies that sp B_U ⊆ [0, +∞). For the reverse inclusion, note that there exists a limit operator of B_U which is equal to − ∑ 1≤j≤q 1 2m_j Δx^j and which, thus, has the interval [0, +∞) as its spectrum.

Hence, sp B_U = [0, +∞) (44) which implies in particular that μ_H(ω) = 0.

As a corollary we obtain the Hunziker, van Winter, Zjislin theorem (see, for instance, [7], 3.3.3) on the location of the essential spectrum of the multiparticle Schrödinger operators.

Theorem 35 (HWZ theorem) The infimum μ̂_H of the essential spectrum of the multiparticle Schrödinger operator H is

μ̂_H = inf

1≤i_1 <...<i_r ≤N, 1≤r≤N−1

inf sp A_{i1 , ..., ir} .

Theorem 36 Let λ < μ̂_H < 0 be an eigenvalue of H and l : S^{n−1} → R be a positive C^∞-function such that

l(ω) < √ μ_H(ω) − λ (ρω, ω)

where ρ = diag { 1 2m_1

, . . . , 1 2m_1

, . . . , 1 2m_N

, . . . , 1 2m_N }

is a diagonal matrix with each value occurring ν times, and μ_H(ω) is given in Proposition 34. Then each λ-eigenfunction u_λ of H belongs to L^2(R^n, e^{l( x|x| )|x|}).

5.4 Perturbed periodic Schrödinger operators

In this concluding subsection we consider Schrödinger operators

H_Φ = −Δ + ΦI

with potential Φ = Φ_1 + Φ_2 + Φ_3 where Φ_1 ∈ L^∞(R^n) is a real-valued function which is periodic with respect to a lattice Γ of periods (or Γ-periodic for short), Φ_2 is a real-valued measurable function such that the operator Φ_2⟨D⟩^{−2} is compact on L^2(R^n), and Φ_3 is a real-valued function in SO(R^n).

First we consider the periodic operator

H_{Φ1} := −Δ + Φ_1I = P_1(x, D).

For simplicity we suppose that Φ_1 is a periodic function with respect to the lattice Z^n. We shall need the Floquet transform

(Ff)(x, k) := ∑ α∈Z^n

V_α(fe^{−i(x, k)}) for x, k ∈ R^n.

The function (x, k) → Ff(x, k) is Z^n-periodic with respect to x and satisfies the following cyclic condition with respect to the quasi-impuls k,

(Ff)(x, k + γ) = e^{−i(γ, x)}(Ff)(x, k)

for all γ ∈ 2πZ^n and k ∈ R^n. It is well known that F acts as a unitary operator from L^2(R^n) to L^2(T^∗, L^2(T)) where T^∗ = R^n/2πZ^n is the so-called Brillouin zone and where T = R^n/Z^n. The inverse Floquet transform is given by

(F^{−1}v)(x) = 1 (2π)^n ∫ [0, 2π]^n

v(x, k)e^{i(x, k)} dk

where the function v(x, k) ∈ L^2(T^∗, L^2(T)) is continued to a periodic function with respect to the variable x ∈ R^n. A straightforward calculation yields

(FP_1(x, D)F^{−1}f)(x, k) = P_1(x, D_x + k)f(x, k).

Hence, the operator P_1(x, D), considered as an unbounded operator on L^2(R^n), is unitarily equivalent to the ”direct integral” ∫ T^∗

P_1(x, D_x + k) dk

of the unbounded self-adjoint operators P_1(x, D_x + k) on L^2(T) with domain C^2(T). The operators P_1(x, D_x +k) have a discrete and real spectrum for every k ∈ T^∗. For k ∈ T^∗, let λ_j (k), j ≥ 1, refer to the eigenvalues of the operator P_1(x, D_x + k).

A basic property of spectra of periodic Schrödinger operators is that

sp H_1 = sp_{ess} H_1 = ∞⋃ j=1 [ν_j , μ_j ]

where ν_j := min

k∈[0, 2π]^n

λ_j (k), μ_j := max_{k∈[0, 2π]n} λ_j (k), (45) and min k∈[0, 2π]^n

λ_j (k) → ∞ as j → ∞

(see, for instance, Section XIII.16 in [33] and [14]). Hence, the spectrum (= the essential spectrum) of a periodic Schrödinger operator is the union of intervals [ν_j , μ_j ] which are also called spectral bands.

The existence of spectral gaps, i.e., of intervals of the real axis which do not intersect any of the spectral bands is what makes a crystal a semi-conductor. Note that there is also a semi-infinite gap (−∞, inf_j ν_j ) left of the spectrum.

In the one-dimensional setting, it is known that generically there exist infinitely many spectral gaps. The long standing Bethe-Sommerfeld conjecture claims that in dimensions 2 and 3 only finitely many gaps occur. This conjecture has been verified in the affirmative for Schrödinger operators with periodic electric potentials.

Next we consider potentials Φ = Φ_1 + Φ_2 where Φ_1 is as above and Φ_2 is such that the operator Φ_2⟨D⟩^{−2} is compact on L^2(R^n). Then, clearly,

sp_{ess}(−Δ + (Φ_1 + Φ_2)I) = sp_{ess}(−Δ + Φ_1I),

but points of the discrete spectrum of −Δ + (Φ_1 + Φ_2)I can appear in spectral gaps of the operator −Δ + Φ_1I.

Theorem 37 Let (μ_j , ν_{j+1}) be a spectral gap of the operator −Δ + Φ_1I, and let λ ∈ (μ_j , ν_{j+1}) be an eigenvalue of −Δ + (Φ_1 + Φ_2)I and u_λ an associated eigenfunction. Then e^{l|x|}u_λ ∈ L^2(R^n) for each positive number l < ν_{j+1} − λ.

Finally we consider the general case of potentials Φ = Φ_1 +Φ_2 +Φ_3 where Φ_1 and Φ_2 are as above and Φ_3 is a real-valued function in SO(R^n). For a ∈ L^∞(R^n), set m_a(ω) := lim inf_{x→ηω} a(x), M_a(ω) := lim sup_{x→ηω} a(x),

m_a := inf_{ω∈Sn−1} m_a(ω), M_a := inf_{ω∈Sn−1} M_a(ω).

Theorem 38 Let H_Φ = −Δ + ΦI with Φ = Φ_1 + Φ_2 + Φ_3 where Φ_1 ∈ L^∞(R^n) is real-valued and Z^n-periodic, Φ_2 is a real-valued measurable function for which the operator Φ_2⟨D⟩^{−2} is compact on L^2(R^n), and Φ_3 is a real-valued function in SO(R^n). Then

sp_{ess}H_Φ = ∞⋃ j=1 [ν_j + m_{Φ3} , μ_j + M_{Φ3} ]

where the μ_j and ν_j are given by (45).

Corollary 39 Let (μ_j , ν_{j+1}) be a spectral gap of the operator H_{Φ1} . If

ν_{j+1} − μ_j > M_{Φ3} − m_{Φ3}

then the interval (μ_j + M_{Φ3} , ν_{j+1} + m_{Φ3} ) is a spectral gap in the essential spectrum of H_Φ. In the opposite case

ν_{j+1} − μ_j ≤ M_{Φ3} − m_{Φ3} ,

the spectral gap (μ_j , ν_{j+1}) of the unperturbed operator is contained in the spectrum of the perturbed operator (thus, the gap closes).

Note that sp_{ess}H_Φ = sp_{ess}H_{Φ1 +Φ3} .

Theorem 40 Suppose that the spectral gap (μ_j + M_{Φ3} , ν_{j+1} + m_{Φ3} ) is not empty, and let λ ∈ (μ_j + M_{Φ3} , ν_{j+1} + m_{Φ3} ) be an eigenvalue of H_Φ. Further let l : S^{n−1} → R be a positive smooth function with

l(ω) < ν_{j+1} − λ + m_{Φ2} (ω) for every ω ∈ S^{n−1}.

Then the λ-eigenfunction u_λ of H_Φ belongs to H^2(R^n, exp(l(x/|x|)|x|)).

References

[1] S. Agmon, Lectures on Exponential Decay of Solutions of Second Order Elliptic Equations. Princeton University Press, Princeton, 1982.

[2] S. Agmon, Spectral properties of Schrödinger operators and scattering theory. Ann. Scuola Norm. Sup. Pisa, Cl. Sci. 4(1975), 151 – 218.

[3] W. Amerin, M. Măntoiu, R. Purice, Propagation properties for Schrödinger operators affiliated with certain C^∗-algebras. Ann. H. Poincaré In-t 6(2002), 3, 1215 – 1232.

[4] M. Sh. Birman, The discrete spectrum of the periodic Schrödinger operator perturbed by a decreasing potential. Algebra i Analiz 8(1996), 3 - 20. Russian, Engl. transl.: St. Petersburg Math. J. 8(1997), 1 – 14.

[5] M. Sh. Birman, The discrete spectrum in gaps of the perturbed periodic Schrödinger operator I. Regular perturbations. In: Boundary Value Problems, Schrödinger Operators, Deformation Quantization, Math. Top. 8, Akademie-Verlag, Berlin 1995, p. 334 – 352.

[6] M. Sh. Birman, The discrete spectrum in gaps of the perturbed periodic Schrödinger operator II. Nonregular perturbations. Algebra i Analiz 9(1997), 62 – 89. Russian, Engl. transl.: St. Petersburg Math. J. 9(1998), 1073 – 1095.

[7] H. L. Cycon, R. G. Froese, W. Kirsch, B. Simon, Schrödinger Operators with Applications to Quantum Mechanics and Global Geometry. Springer- Verlag, Berlin, Heidelberg, New York 1987.

[8] E. B. Davies, Spectral Theory and Differential Operators. Cambrige Studies in Advanced Mathematics 42, Cambridge University Press, Cambridge 1995.

[9] R. Froese, I. Herbst, Exponential bound and absence of positive eigenvalue for N-body Schrödinger operators. Comm. Math. Phys. 87(1982), 429 – 447.

[10] R. Froese, I. Herbst, M. Hoffman-Ostenhof, T. Hoffman-Ostenhof, L^2- exponential lower bound of the solutions of the Schrödinger equation. Comm. Math. Phys. 87(1982), 265 – 286.

[11] I. Gohberg, I. Feldman, Convolution Equations and Projection Methods for Their Solution. Nauka, Moskva 1971. Russian, Engl. transl.: Amer. Math. Soc. Transl. Math. Monographs 41, Providence, R.I., 1974.

[12] V. Georgescu, A. Iftimovici, Crossed Products of C^∗-Algebras and Spectral Analysis of Quantum Hamiltonians. Comm. Math. Phys. 228(2002), 519 – 560.

[13] V. Georgescu, A. Iftimovici, Localization at infinity and essential spectrum of quantum Hamiltonians. arXiv:math-ph/0506051V1, June 20, 2005.

[14] P. Kuchment, On some spectral problems of mathematical physics. In: Partial Differential Equations and Inverse Problems, C. Conca, R. Manasevich, G. Uhlmann, M. S. Vogelius (Editors), Contemp. Math. 362, Amer. Math. Soc. 2004.

[15] S. Lang, Real and Functional Analysis. Graduate Texts in Mathematics 142, Springer, New York 1993 (third ed.).

[16] Y. Last, B. Simon, The essential spectrum of Schrödinger, Jacobi, and CMV operators. Preprint 304 at http://www.math.caltech.edu/people/biblio.html

[17] P. D. Lax, Functional Analysis. Wiley-Interscience, 2002.

[18] Ya. A. Luckiy, V. S. Rabinovich, Pseudodifferential operators on spaces of functions of exponential behavior at infinity. Funct. Anal. Prilozh. 4(1977), 79 – 80.

[19] M. Măntoiu, Weighted estimations from a conjugate operator. Letter in Math. Physics 51(2000), 17 – 35.

[20] M. Măntoiu, C^∗-algebras, dynamical systems at infinity and the essential spectrum of generalized Schrödinger operators. J. Reine Angew. Math. 550(2002), 211 – 229.

[21] M. Măntoiu, R. Purice, A-priori decay for eigenfunctions of perturbed Periodic Schrödinger operators. Preprint Université de Genève, UGVA-DPT 2000/02-1071.

[22] A. Martinez, Microlocal exponential estimates and epplication to tunneling.

In: Microlocal Analysis and Spectral Theory, L. Rodino (Editor), NATO ASI Series, Series C: Mathematical and Physical Sciences Vol. 490, 1996, p. 349 – 376.

[23] A. Martinez, An Introduction to Semiclassical and Microlocal Analysis.

Springer, New York 2002.

[24] S. Nakamura, Agmon-type exponential decay estimates for pseudodifferential operators. J. Math. Sci. Univ. Tokyo 5(1998), 693 – 712.

[25] V. S. Rabinovich, Pseudodifferential operators with analytic aymbols and some of its applications. Linear Topological Spaces and Complex Analysis 2, Metu-Tübitak, Ankara 1995, p. 79 – 98.

[26] V. Rabinovich, Pseudodifferential operators with analytic symbols and estimates for eigenfunctions of Schrödinger operators. Z. f. Anal. Anwend. (J. Anal. Appl.) 21(2002), 2, 351 – 370.

[27] V. S. Rabinovich, On the essential spectrum of electromagnetic Schrödinger operators. In: Contemp. Math. 382, Amer. Math. Soc. 2005, p. 331 – 342.

[28] V. S. Rabinovich, Essential spectrum of perturbed pseudodifferential operators. Applications to the Schrödinger, Klein-Gordon, and Dirac operators. Russian J. Math. Phys. 12(2005), 1, 62 – 80.

[29] V. S. Rabinovich, S. Roch, The essential spectrum of Schrödinger operators on lattices. J. Phys. A: Math. Gen. 39(2006), 8377 – 8394.

[30] V. S. Rabinovich, S. Roch, B. Silbermann, Fredholm theory and finite section method for band-dominated operators. Integral Eq. Oper. Theory 30(1998), 4, 452 - 495.

[31] V. S. Rabinovich, S. Roch, B. Silbermann, Band-dominated operators with operator-valued coefficients, their Fredholm properties and finite sections. Integral Eq. Oper. Theory 40(2001), 3, 342 – 381.

[32] V. S. Rabinovich, S. Roch, B. Silbermann, Limit Operators and Their Applications in Operator Theory. Operator Theory: Adv. and Appl. 150, Birkhäuser, Basel, Boston, Berlin 2004.

[33] M. Reed, B. Simon, Methods of Modern Mathematical Physics IV. Analysis of Operators. Academic Press, New York, San Francisco, London 1978.

[34] M. A. Shubin, Pseudodifferential Operators and Spectral Theory. Springer, New York 2001 (second ed.).

[35] B. Simon, Semiclassical analysis of low lying eigenvalues II. Tunneling.

Ann. Math. 120(1984), 89 – 118.

[36] E. M. Stein, Harmonic Analysis. Real-Variable Methods, Orthogonality, and Oscillatory Integrals. Princeton Univ. Press, Princeton, New Jersey, 1993.

[37] M. E. Taylor, Pseudodifferential Operators. Princeton University Press, Princeton, New Jersey, 1981.

Authors’ addresses:

Vladimir S. Rabinovich, Instituto Politécnico Nacional, ESIME-Zacatenco, Av. IPN, edif.1, México D.F., 07738, MÉXICO. e-mail: vladimir.rabinovich@gmail.com Steffen Roch, Technische Universität Darmstadt, Schlossgartenstrasse 7, 64289 Darmstadt, Germany.

e-mail: roch@mathematik.tu-darmstadt.de