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Abstract

Existence of weak solutions is proved for a phase field model describing an inter-
face in an elastically deformable solid, which moves by diffusion of atoms along the
interface. The volume of the different regions separated by the interface is conserved,
since no exchange of atoms across the interface occurs. The diffusion is only driven
by reduction of the bulk free energy. The evolution of the order parameter in this
model is governed by a degenerate parabolic fourth order equation. If a regulariz-
ing parameter in this equation tends to zero, then solutions tend to solutions of a
sharp interface model for interface diffusion. The existence proof is valid only for a
1 %7dimensional situation.

1 Introduction

In this article we study a phase field model for the evolution of an interface in an elastically
deformable solid, which moves by diffusion of atoms along this interface. We prove
existence of weak solutions, however not for the full three-dimensional model, but for
an initial-boundary value problem in 1%fspace dimensions. Our studies continue work
on the formulation and mathematical investigation of phase field models for evolution of
interphases in solids, which was started in [2] and continued in [3, 4].

The interface described by the model separates the body in two regions consisting of
atoms of different types and having different elastic properties. No exchange of atoms
across the interface occurs, the volumes of the different regions separated by the interface
are therefore conserved in time. We call these regions phases. The diffusion of the atoms
along the interface is only driven by bulk terms of the free energy, surface terms are
neglected.

These properties of the model carry over from the properties of a related sharp inter-
face model: The phases in the phase field model are characterized by an order parameter,
whose evolution is governed by a non-uniformly parabolic partial differential equation of
fourth order. This equation is formulated in [3] following ideas explained in [2, 3, 4],
which suggest that when a certain regularizing parameter v in this equation tends to
zero, then solutions of the model equations converge to solutions of a sharp interface
model for interface motion by interface diffusion. In this sharp interface model the nor-
mal speed is proportional to the value obtained by application of the surface Laplacian
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to the jump of the Eshelby tensor across the interface. Though several reasons suggest
that this conjectured convergence behavior is valid, there is no rigorous proof available
for a general situation. Yet, in Section 2 we state without proof a recently obtained
convergence result, which supports the conjecture.

In this introduction we first state the initial-boundary value problem for the phase
field model in three space dimensions. Since we do not have an existence result for this
three dimensional problem, we subsequently reduce the problem to an initial-boundary
value problem in one space dimension modelling the movement of a planar interface with
flux of atoms linearly growing in a direction tangential to the interface. Such a time
dependent flux can be generated by suitable boundary data and volume forces. Because
of this tangential flux we speak of a 1%7dimensional problem. We close the introduction
by stating our existence result for this 1%—dimensional problem in Theorem 1.3. This is
the main result of this article. It is proved in Sections 3 — 6.

Before proving Theorem 1.3 we discuss in Section 2 the background of the model: We
state the sharp interface model and the convergence result for v — 0. In the formulation
of the new phase field model it was an important guiding line that the second law of
thermodynamics must be satisfied. We show at the end of Section 2 that this law is
fulfilled. This property of the model is essential for the existence proof, since in Section 3
a-priori estimates are derived from it.

To formulate the initial-boundary value problem, let Q be an open subset in R3. It
represents the material points of a solid body. At the point € ) at time t the material
is in phase 1 or 2 if the value S(¢,x) € R of the order parameter S is near to zero or
one. The other unknowns are the displacement u(t,z) € R? of the material point z at
time ¢ and the Cauchy stress tensor T(¢,7) € S®. Here S® denotes the set of symmetric
3 x 3-matrices. The unknowns must satisfy the quasi-static equations

—div, T'(t,x) = b(t,x),
T(t,x) = D(e(Veu)—ES)(t ),

Silt,z) = cdivg (Vr(wg(s(vmu),S)—VAmS)]VISD(t,x) (1.3)

for (¢t,z) € (0,00) x Q, and the boundary and initial conditions

u(t,z) =~(t,z), (t,x) € [0,00) x 0, (1.4)

%S(t, D=0, (L)€ 0,00) x 09, (1.5)

%(d)g(e, S) —vALS) |VLS|(t, z) = 0, (t,z) € [0,00) x O, (1.6)
S(0,z) = So(z), z€Q. (1.7)

Here n is the unit outward normal vector, V,u denotes the 3 x 3-matrix of first order
derivatives of u, the deformation gradient, and

e (Vo) = %(vxu +(Vaeu)")

is the strain tensor, where (V,u)? denotes the transposed matrix. & € S3 is a given ma-
trix, the transformation strain. The elasticity tensor D : S3 — S3 is a linear, symmetric,
positive definite mapping. g = %w is the partial derivative of the free energy

~

W(e, §) = %(D(a—éb’)) (e —2S) +B(S), (1.8)



where for 1& : R — [0, 00) we choose a double well potential with minima at points S = 0
and S = 1 and where the scalar product of two matrices is denoted by A- B =Y a;;b;;.
Thus,

Vs(e,8) = —T -+ 1/'(9). (1.9)

Given are the positive constant ¢, the small positive constant v, the volume force b :
[0,00) x Q — R? and the boundary and initial data «y : [0,00) x 9Q — R3, Sy :  — R.

This completes the formulation of an initial-boundary value problem. The equations
(1.1) and (1.2), which differ from the system of linear elasticity only by the term &S,
determine the elastic properties of the two phases characterized by the values S =~ 0 or
S ~ 1: In the first phase the material is stress free at the strain state e(V,u) = 0, in the
other phase at (V,u) = &. The elasticity tensor D has the same value at both phases,
but it would be important for applications to study the case where D is a function of
S with D[0] # D[1]. The evolution equation (1.3) for the order parameter S is non-
uniformly parabolic because of the regularizing term divy (V4 (vAS) [V4S[). A complete
justification of the model (1.1) — (1.7) would require to show that this initial-boundary
value problem has solutions and to show that if the parameter v in the regularizing term
tends to zero, then these solutions converge to solutions of the sharp interface model
(2.1) — (2.5) stated in Section 2, i.e. to strengthen the convergence result stated in
Theorem 2.2. We contribute to the justification by proving that solutions exist for the
1%fdimensional problem stated in the next section.

In [11] a phase field model for interface motion by interface diffusion was formulated
in another way: In the Cahn-Hilliard equation S; = —div, (m(S)V.(vA,S — ¢/(9))) a
degenerate mobility function m(S) was chosen with zeros at S =0 and S = 1, implying
that the mobility is different from zero only in a narrow band in the neighborhood of the
interface. In [11] it was shown that for v — 0 the solution S approaches the characteristic
function of a region bounded by a front f(t) moving with normal velocity s given by

where K ) denotes the mean curvature of I'(¢) and where C' = C'v. This is the evolution
equation for an interface moving by surface diffusion driven by surface free energy only,
cf. the discussion in the next section. Since in this approach the curvature appears
automatically, we believe that it can not be used when the diffusion is driven by the bulk
free energy as in our case, and that equation (1.3) must be used instead. In [17] it was
proved that solutions to the Cahn-Hilliard equation with degenerate mobility exist. For
other related investigations we refer to [6, 10, 12, 26, 28] and the references cited therein.

Statement of the main result. In the sharp interface model (2.1) — (2.5) the normal
speed of the interface determined by equation (2.3) is proportional to the value obtained
by application of the surface Laplacian to the jump in the Eshelby tensor. Therefore,
this model and also the regularized model (1.1) — (1.7) is not of interest in a strictly
one-dimensional situation, where all unknowns only depend on the first component x;
of x € R? and of t, since in this case the normal speed of a planar interface f‘(t) =
{(h(t), 22, 23) | (z2,23) € R?} would be equal to zero, hence h(t) = const. In this article
we thus consider a 1%fdimensional problem.

In this 13-dimensional problem we have Q = {(z1,z2,23) € R® | a < 71 < d}. The



volume force and boundary data can be split as

b(t,z) = b(t,z1)+ bi(t, zo, 23), (1.11)
V(t,z) = At 21) + (2,22, 23), (1.12)

where b1, 71 are such that the elliptic boundary value problem

—diVm a(t,x) = bl(t, .%'2,.%'3), (1.13)
o(t,z) = D(e(Vyou(t,x))), (1.14)
v(t,z) = m(t,x), x €N (1.15)

of linear elasticity has a solution z — (v(t,z),0(t,x)) : @ — R3 x 83 satisfying
Op o(t,z) €=0, Vu(02,+02,)(c(t,x)-8)=0, ze (1.16)
It follows that (92, + 82,) (o - €) is independent of z. We thus define
r(t) = (92, +02,) (o(t,x) -€) € R. (1.17)

Examples for b1, v1, v, 0, € with theses properties can be readily constructed. In particular,
examples can be given with by = 0. Of course, if r # 0, then (v,0) will be unbounded
for |(z2,z3)| — oo. For the solution of (1.1) — (1.7) to the data given in (1.11), (1.12) we
make the ansatz

(u,T,S)(t,z) = (&,T, S)(t,x1) + (v,0,0)(x).
Noting that (1.9) and (1.16) imply
Ys(e(Vau), 8)zy = (_T "E—0EF 1&’(5))351 = (_T "€+ @Z/<S))m1 = Ys(e(Vatt), )z »

we obtain by insertion of this ansatz into (1.1) — (1.7) an initial-boundary value problem
for (u, T,S ) in one space dimension. To formulate this initial-boundary value problem we
simplify the notation and denote (@, T, S) and b again by (u, T, S) and by b, respectively.
We write x for z1, let = (a,d) be a bounded open interval, set Qr, = (0,7%) x 2, where
T. (time of existence) is a positive constant, and denote

() = % ((t42,0,0) + (u2,0,0)7) € &%

With these notations (u, T, S) : Q7. — R3 x 83 x R must satisfy the equations

—Tw = b, (1.18)
T = D(e(uy) —ES), (1.19)
S¢ = c(( s(e(ug), S) — )m‘Sfc’)w + cr(t)] s, (1.20)

and the boundary and initial conditions

Tixoe = 0, (1.21)
Txee = 0, (1.22)
(s = vSz2)2|Szl)l01)x00 = 0, (1.23)
Sloyxa = So- (1.24)



Here Ti(t,z) denotes the first column of the matrix T'(¢,2). In (1.21) we assumed that
the function 4 from (1.12) vanishes. This is possible without restriction of generality
because of the linearity of the equations (1.18), (1.19). Given are the data b(t,z) € R?
and Sp(x) € R. Since r(t) € R defined in (1.17) can be computed by solving the boundary
value problem (1.13) — (1.15), also r : [0,7,) — R can be considered to be given.

Equations (1.18) — (1.20) constitute the initial-boundary value problem in one space
dimension, which we study in this article. It models a planar interface propagating with
speed cr(t). To state the existence result for this problem we need some notations and
definitions, which we introduce next.

For a subset A of Qr,, for a function g : A — V with values in some set V' and for
t €[0,T,] let

At) ={z | (t,x) e A} CR and g(t): A(t) =V, g(t)(x) = g(t, ).

We show that the component S in a solution (u,T,S) of the initial-boundary value
problem has the weak derivative S;;,, however on a set A C Qr,, for which A(t) is
open for almost all ¢, but which itself is not open in R?. Such weak derivatives are more
general then standard weak derivatives on open sets. We define these general derivatives
as follows:

Definition 1.1 Let A C Qr, such that A(t) is open for almost all t € [0,T¢], and let
a € Ng. We call g: A — R the a-th local weak L*~derivative of S € L?(Qr,) with respect
to x in A, if for almost all t € [0,T,] the function g(t) belongs to L*'°°(A(t)) and is the
local weak derivative of S in the usual sense:

9(t) = 9z SM)|aw), (1.25)

and if moreover there exists a sequence {Ay,}n of measurable sets A, C A with g|a, €

L%*(Ay) for allm € N, such that

meas (A \ U Ap) = 0.

n=1

Local weak derivatives in the sense of this definition are unique because of (1.25), and it
is immediately seen that if A is open then the local weak derivative in the sense of this
definition coincides with the ordinary local weak derivative. Therefore we use the same
name and the same notation as for ordinary local weak derivatives.

For S € L?(0,T.; H*(Q)) let

A% ={(t,x) € Qr, | |S.(t,z)| > 0}.

Since by the Sobolev embedding theorem S, (¢) is continuous for almost all ¢, it follows
that A°(¢) is open for almost all ¢.

Definition 1.2 Let b € L>(0,T.; L?(2)), r € L>(0,T.) and Sy € L*(Q). A function
(u,T,S) with

u € L*0,T.; HX()),  u(t) € HY(Q) a.e. in (0,T,), (1.26)

T € L*(0,T.; H(Q)), (1.27)

S e L*0,Ty; H*(Q) NL™®(Qr,),  Su(t) € H}(Q) a.e. in (0,T.),  (1.28)



is a weak solution of the problem (1.18) — (1.24), if (u,T,S) solves (1.18), (1.19) weakly,
if S has the local weak derivative Syrp in AS with |Sy|Seee € L' (AY) and if

— T
(.00, +cSrralSel,a)as + (T2 =0(5) ISelvz)
+ (cr|Szl, ©)ar, = —(S0,#(0))a (1.29)
holds for all p € C3°((—o0,Te) x R).
The main result of this article is

TheoremA 1.3 Assume that there exists a constant M > 0 such that the double well
potential 1) € C3(R,[0,00)) satisfies

max {¢/(5)?,5%} < M(¢(S) + 1). (1.30)

Then to all Sp € HY(Q), r € L>=(0,T.) and b € L*(Qr,) with by € L?>(Qr,) there exists a
weak solution (u,T,S) of (1.18) — (1.24), which in addition to (1.26) — (1.29) satisfies

we L®(0,T.; HX(Q)), T € L>(0,T.; H'(Q)) (1.31)
S e L0, T, H'(Q)), S, € L3(0,T,; W 13(Q)), (1.32)
|S2| Sawa € L%(QTe)v (1.33)

where we defined |Sg|Szzz =0 on Qr, \ A

This theorem is proved in Sections 3 — 6. The obvious idea is to replace the degenerate
parabolic equation (1.20) by the non-degenerate equation

S, =C<(¢S—I/Smg)x(‘Szf,i—i-ﬂ))x—i-CT’Sﬂn, (1.34)

where

(1.35)

with a constant x > 0, and to approximate a solution of (1.18) — (1.24) by a sequence of
solutions (u”,T", S*) of an initial-boundary value problem to the equations (1.18), (1.19),
(1.34) with k — 0. Yet, though (1.34) is non-degenerate parabolic, we can not show that
the system (1.18), (1.19), (1.34) has classical solutions. Instead, we replace the term

|S2| in (1.34) by |S,|., where S, is obtained from the given function S, by convolution
with a mollifier. Since S, is given, the resulting equation is linear in the terms with the
highest order derivatives and has smooth coefficients. This allows to apply a classical
theorem from the theory of fourth-order parabolic equations to obtain Holder continuous
solutions. We then derive suitable a-priori estimates and apply a standard approximation
procedure to obtain weak solutions of (1.18), (1.19), (1.34). This construction is carried
out in Section 3. The proof of the important Lemma 3.4 is based on an energy inequality
implied by the second law of thermodynamics.

The a-priori estimates in Section 3 depend on k and can therefore not be used to
prove existence of solutions of the original initial-boundary value problem, since in such
a proof the limit kK — 0 must be studied. In Section 4 we thus derive an “energy estimate”
for solutions of the system (1.18), (1.19), (1.34), which is employed in Section 5 to prove



a-priori estimates for such solutions, which hold uniformly with respect to x. Using these
estimates and the Aubin—Lions Lemma we can then show in Section 6 that a suitable
sequence of such solutions converges to a solution of the original initial-boundary value
problem.

This complicated double approximation procedure is necessary, since in the derivation
of the energy estimate in Section 4 we use the special form of the term (|S;|x + K)Szax

appearing in (1.34). Replacing |Sy|« by |Sz|« destroys this form. Because of this, we
cannot prove this energy estimate directly for the sequence of solutions from the first
approximation procedure but need to use solutions of (1.34) to derive uniform a-priori
estimates.

To get the local weak derivative S, in Section 6 we apply Egorov’s Theorem to
decompose the set A, = {(t,x) € Qr, | |Su(t,z)| > 1} into a set A,, on which the
sequence S converges uniformly to S, and thus satisfies |S%| > 5= for sufficiently small
k, and into the set A, \ A, of small measure. Using the uniform estimate fQTe (1S5 +

K)|SE,.12d(,z) < C from Corollary 5.3, we can then show that S%,,. converges in L?(A,)
t0 Spze. In the last step we use that A° differs from U.2, An only by a set of measure
zZero.

We already mentioned the existence result [17] for the degenerate Cahn-Hilliard equa-
tion. Another degenerate parabolic equation, for which existence of solutions was studied
in several articles is the thin film equation S; = —div,(m(S)V,A.S), for which m(S)
vanishes at zero. We refer to [7, 8, 9, 14] and the references therein. Yet, the mathemat-
ical properties of (1.3) containing the term |V,.S| differ essentially from the properties of
these equations.

2 The sharp interface problem

It is possible to construct traveling wave solutions of (1.1) — (1.7), which converge for
v — 0 to solutions of a sharp interface model for interface motion by interface diffusion.
Based on this construction we recently found a convergence result for a more general
situation. This result is far from a proof, that solutions of (1.1) — (1.7) in general show
this asymptotic behavior, but it supports the conjecture. To motivate our investigations
we state this result without giving the proof, which is to be published. At the end of
this section we show that the model equations (1.1) — (1.3) satisfy the second law of
thermodynamics.

To state the sharp interface model, let the interface be given by a sufficiently smooth
three-dimensional manifold T in [t;, %] x Q C R?* such that for all ¢ € [ty, to]

T(t) = {x € Q| (t ) ef}

is a two-dimensional manifold. The two different phases are characterized by the values
of a discontinuous order parameter S, which has the constant values 0 and 1 in the
regions separated by the phase interface, and which jumps along the interface. The
sharp interface problem, which determines the unknown position of the interface and the



unknown functions wu, T, consists of the equations

_div,T = b, (2.1)
T = D(e(Vzu)—Egs), (2.2)

(8] = —ebpy(n- o) (23)
W = o, (2.9
[Tln = 0, (2.5)

and of suitable initial and boundary conditions. (2.1) and (2.2) must hold on ([t1,t2] X
Q)\I', the jump conditions (2.3) — (2.5) are given on I. Here c is a positive constant,
n(t,x) € R3 is the unit normal vector to I'(t) at = € T'(t) pointing into the region where

S =1, and s(t,z) € R is the normal speed of I'(t) at 2 € I'(t) in direction n(t,z). Also,

Afyy is the surface Laplacian on ['(t), and [u], [T],[S],[C] denote the jumps of u,T, S

and of the Eshelby tensor

C(Vau, S) = (e(Vu), S)I — (Vou)!'T

across I, where I is the 3 x 3—unit matrix and ¢ is the free energy given in (1.8). We
use the notation (V,u)?T to denote the matrix product.

The evolution law (2.3) describes motion of the interface I'(t) due to diffusion of atoms
along the interface. The flux is given by —cVi ) (n-[C]n) with the surface gradient Vi
There is no exchange of atoms between the phases, hence the volume fQ S(z,t)dz of one
of the phases is conserved in time. The evolution law is derived in the standard way
by application of the Second laW of thermodynamics under the assumption that the free
energy is given by W(t) = [, (e, S)dz and thus contains only bulk terms: the Clausius-
Duhem inequality must be satlsﬁed which for this free energy leads to the flux term
given above. For this derivation we refer to [2], where the application of the second law
of thermodynamics to an interface problem is discussed with mathematical rigor.

If one assumes more generally that the free energy is a sum of bulk and surface terms

t)=o /Q@Z)(s(vxu(t,x)), S(t,z))dx + agﬁ do

I'(t)

with ag,as > 0, then the evolution law obtained is
s[S] = —CcApy (@ ( 1(n-[C]n) + aglif(t)) , (2.6)

where £,y is the mean curvature of ['(t). For a; = 0 the equation (1.10) derived by
Mullins [24] results. For the derivation of (1.10) and more general equations we refer to
[13, 15, 27] and the literature cited there. Existence, regularity and asymptotic behavior
of a family of smooth hypersurfaces, whose evolution is governed by (1.10) or by an
alternative evolution law proposed in [13] is studied in [18, 19, 20]. We mention that it
is possible to generalize (1.3) to an equation regularizing the evolution law (2.6). This
equation is given in [3].

To state the convergence result we need some preparations: Suppose that the func-
tions u, T and the interface T solve (2.1) — (2.5) and are sufficiently regular. Precisely,
we assume that T’ is a C2-manifold such that the two-dimensional manifold I'(¢) does



not have a boundary for all ¢ € [t1,t2] and such that the set Ute[tm] ['(t) is compactly

contained in Q. The set of all (¢,z) € [t1,t2] x Q with S(¢,2) = 0 is denoted by T, and

I is the set of all (¢t,x) € [t1,t2] x Q with S(¢,2) = 1. Therefore the sets I', I” and

I are pairwise disjoint and satisfy T UT' UT = [t1,t5] x Q. We also assume that the

functions u and T are two times continuously differentiable on I" and on I'V with two

times continuously differentiable extensions from I' to T UT and from I to IV UT.
These assumptions imply that there is 6 > 0 such that for all ¢ € [¢1, to],

(2,6) =y =z +n(@)¢ : T(t) x (=6,8) - Q
defines a new coordinate system in a neighborhood of T'(t). Let
U={(t.a+n@e) | (tz) €D, ¢ <8} Clh,ta] x O,

and choose ¢ € C™°([t1,t2] x Q) such that ¢ = 0 outside the set ¢/ and ¢ = 1 in a
neighborhood of I'. We use ¢ to decompose T and u in two terms:

T(t,y) = [T(t,2)]S(t,y)e(ty) +a(ty), (2.7)

3
altyy) = [Vaulw (e, ) /0 S(t,z+ n(t, 2)O)AC p(t,y) + o(t ), (28)

where for (t,y) € U the pair (z,€) € T'(t) x R is defined by y = = + n(t,z)¢. Thus,
outside of U we have o(t,y) = T'(t,y), v(t,y) = u(t,y), and our assumptions imply that
o is continuous and v is continuously differentiable at . The theorem below shows that
the regularizing effect of (1.1) — (1.3) mainly is to replace the jump terms on the right
hand side of (2.7) and (2.8) by a smooth transition profile. This transition profile is
obtained by constructing a traveling wave solution (u(t,x), T'(t,x), So(x —rt)) of the one-
dimensional version (1.18) — (1.20) of the equations (1.1) — (1.3). This ansatz leads to
an ordinary differential equation for Sy, which after some computations can be reduced

to equation (2.10) stated below. The general result is

Lemma 2.1 Let Y € C%(R,[0,00)) be a double well potential, which satisfies 1(0) =

(1), 9(0) = =/ (1) and
D(8) = (0) + > min (&-[T(t,2)])S(1 ~8) >0, for0<S<1, (2.9)

'(0) + 1 min (¢ - [T(t,z)]) > 0.

z€I'(¢)

Then for all x € T'(t) there are a = a(t,z) < 0 < d = d(t,z) and a strictly increasing
solution & — So(€) = Solt,,€) : [a,d) — [0,1] of

$ = |2 (i -0 pe measa-s). e
SO(O) = %7 SO(a> =0, SO(d) =1, S(l)(a) = S(,)(d) = 0.



We extend the function Sy to all of T' x R by setting

_ [0 &<alta),
So(t,x,€) = { 1, &> d(t ).

The symmetry conditions for ¢ at S = 0,1 are imposed for simplicity. Without it (2.10)
becomes slightly more complicated. A closer investigation of the solution (u,T) of (2.1),
(2.2) shows that & [T'(t,z)] < 0 for all (t,z) € T'. Therefore condition (2.9) requires that
1[1 assumes one minimum at a point less than 0, the other minimum at a point greater
than 1 and that 1,!3 has a sufficiently large hump between 0 and 1. Every double well
potential with these properties is allowed. An example for a potential satisfying all the
conditions of this lemma is

D(S) = k(S +1)%(S — (141))?

with [ > 0 and k(1 +1) > —1 min, cf ) (€-[T'(t,z)]). For this potential Sy is an elliptic

function. In Section 1 we assumed in contrast that the double well potential 1& has minima
at S = 0,1. This is a normalizing condition, which we only imposed for simplicity. In
fact, all the proofs in Sections 3 — 6 and therefore all results from Section 1 are valid
without change for double well potentials with minima at arbitrary locations.

Theorem 2.2 Set

Suty) = Solt,z,&/v7)e(t,y) + St y) (1 — o(t,y)),

T(tyy) = [T(t2)]So(t,z,&/v7)p(t,y) + olt,y),
¢/vh
aty) = memmwmé So(t, , O)dC p(t, ) + v(t. ),

where for (t,y) € U the pair (z,§) € [(t) x R is determined from x + n(t,z)€ = y.
Then the function (u,,T,,S,) satisfies the equations (1.1) — (1.3) weakly in the sense of
distributions up to an error of order o(1) for v — 0, i.e. (1.3) holds in the sense that

st;-cdw¢(V@(ws-yAméyﬂvmﬁA),@) = o(1)

(tl,tz)XQ o
for all ¢ € C§°((t1,t2) x ), and corresponding relations hold for (1.1), (1.2).

Comparison with (2.7), (2.8) shows that the jump function S in the solution of the sharp
interface problem is replaced by the transition profile Sy(¢,z, &/ V%), which scales with
v=3 for v — 0.

Second law of thermodynamics. The second law requires that there exist a free
energy ¥* and a flux ¢ such that the Clausius-Duhem inequality %¢* +diveg < b-uy
holds, cf. [5]. With 1 given in (1.8) we choose

¥(,5,VaS) = Ule, S) + 5 VuSP, (2.11)

q(ut,St,e, VxE,S,...,VECS)
=T -u —vS; VS — c(ps — vALS)Vi(hs — vALS) VLS|,
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and apply (1.1) and the relation V.1 -, = T - u, which holds by (1.2) and the symmetry
of T', to obtain after a short computation

0 .
a@b* +diveq — b - uy
= (g —VvALS)S — ¢ divx((ws —vALS) V(s — vALS)| VxS\).
Insertion of (1.3) into this equation results in
S+ divag by = —e|Vals — vALS)PIV48] <0,

which shows that the second law holds for the system (1.1) — (1.3).

3 Existence for the approximate problem

To construct approximate solutions to (1.18) — (1.24) we prove in this section that there
exist weak solutions of the quasilinear, uniformly parabolic initial-boundary value prob-
lem in Q7. given by the equations

T, = b, (3.1)
T = D(e(uy) — £5), (3.2)

S, = c(((lbs(e(ux),S)—VSm)m(|Sx|K+/<))I+CT|SI|H, (3.3)

u = 0, on [0,T,] x 09, (3.4)

S = 0, on [0,T,] x 09, (3.5)

(Vs —vSiz)e = 0, on [0,T¢] x 09, (3.6)
S0,z) = Sp(z), ze€Q, (3.7)

with a fixed positive parameter , obtained from (1.18) — (1.24) by replacing (1.20)
with (1.34). By definition, (u,T,S) € L?(0,T,; H'(2)3) with Syz. € L*(Q7,) is a weak
solution of (3.1) — (3.7) if (3.1), (3.2), (3.4) (3.5) are satisfied weakly and if for all
¢ € C5°((—o0, Te) x R)

—(S,0t)Qr, = (S0,¢(0))a
+ c((19ln + 5)(vSaae — V5.2), 92) g, +(r|Saln . P)ar, - (3.8)
We start with a technical result used throughout the following sections.
Lemma 3.1 For everyy € R and k > 0 we have
yle < lyl < [yls + 5. (3.9)

Proof. The inequality sign on the left is obvious from the definition of |y, in (1.35). To
prove the second inequality note that

2
|y y2+n2§<\/y2—|—f<a2) =2+ 12 <P F VYR + 2 = (lyle + K)VY2 + K2

Division of both sides of this estimate by 1/y2 + 2 yields the stated inequality.

In the following we denote the L?(€2)-norm by || - ||. If v is a function defined on Qr,
then, by our convention, v(t) is defined on 2. If no confusion is possible, we sometimes
drop the argument ¢ and write v to denote v(¢). The main result of this section is

11



Theorem 3.2 Assume that Sy € H'(Q), r € L>(0,T.) and b € L*(Qr,) with b; €
L*(Qr.). Then there is a constant C' independent of k and a weak solution (u,T,S) of
(3.1) ~ (3.7) with S € L*(0,T.; H3(Q)) C L*(0,T.;C***(Q)), o < %, and with S; €
L%(O,Te; W_l’%(Q)), such that

ull oo 0,1 m2(00)) + 1T Lo 0,1 () < C, (3.10)
lull Lo (@) + I Tl=@ry < C, (3.11)
IS0, < C, (3.12)

1Sl (@r) < C- (3.13)

The proof is given in several lemmas, in which we construct a sequence of approximate
solutions and derive uniform a-priori bounds for it. These bounds allow to select a
subsequence, which converges to a solution of (3.1) — (3.7). The function (u", 7™, S™) in
this sequence is constructed as solution of the semilinear initial-boundary valli(_e/problem
obtained by replacing S in the term (|Sz|. + %) of (3.3) by the function S™~!, where
tilde denotes a smoothing operation, and by inserting for the data (b,r,Sp) a sequence
(6™, ™, Si) of functions with higher regularity. We thus have to study the semilinear
problem, which consists of the equations

~Ty, = b, (3.14)
T = D(e(uy) - 25), (3.15)
S, = c((\gﬂﬁ—i-fi)(i/)s(a(ux),S)—VSm)x)x—i—cr|Sx|m (3.16)

and of the boundary and initial conditions (3.4) — (3.7). Here S € L2(0,T,; H%(2)) is a
given function and

~

Se(t,x) = (Xy*So)(t,x) = /Q Xn(t = 7,2 —y) Salr,y) d(1,y), (3.17)

with the standard mollifier x,, € C§°({z € R? | |z| < n}).

Lemma 3.3 Let 0 < o < 1. To every S € L*(Q1,), b€ CT%(Qr.), 7 € Ci([0,T.]) and
Sy € CH(Q) there is a unique solution (u,T,S) of the initial-boundary value problem
(3.14) - (3.16), (3.4) — (3.7). This solution belongs to the space

L0, T,; C?(Q)) x L>®(0,T,; C*()) x CH54(Qp)
and satisfies Syzt € L*(QT.).

Proof. We reduce the system (3.14) — (3.16) to a single equation. To this end note that
for every t € [0,T;] and for given S(t) the equations (3.14), (3.15), (3.4) form a boundary
value problem for (u(t),T(t)). It is shown in [3] that the solution is given by

T —a d
u(t,z) = u” (/ S(t,y)dy — fl—a/ S(t, y)dy> + w(t, x), (3.18)
T(t,z) = D(*—¢&)S(t,z) — dD_s*a /d S(t,y)dy + o(t,x), (3.19)
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where u* € R3,e* € 83 are suitable constants only depending on & and D and where
(w(t),o(t)) : Q — R3 x 83 is the solution to the elliptic boundary value problem

—o1(t) = b(t), (3.20)
o(t) = De(wy(t)), (3.21)
wt)|pe = 0. (3.22)

Noting (1.9), we obtain from (3.19) that

= * d
bs(e(uz),S) = '(S) =T -&=4'(S) — 15 + 6d' ?Z / Sdy — o (3.23)

with ¢; =& D(e* — €). Insertion of this equation into (3.16) yields the initial-boundary
value problem

S = (Sl + W) WSura + (1 = 9"()Se +02)) +erlSule,  (3:24)
S, = 0, (vSze — ¥s)z =0, on (0,T¢) x 09, (3.25)
S(0,z) = Sp(z), ze. (3.26)

Since (3.24) is a semilinear, strictly parabolic equation for S with Holder continuous
coefficients, we can use a theorem in [22, p. 616] or in [16] to assert that for any given
S e L2(0,T.; H%(Q)) there is a unique classical solution S € C*/44+te(Qr ) of this
initial-boundary value problem with S+ € L?(Qr,). This function S and the functions
u and T given by (3.18), (3.19) solve (3.14) — (3.16), (3.4) — (3.7).

In the following lemmas we assume that (u, 7', .S) is the solution of (3.14) - (3.16), (3.4) -
(3.7) given by Lemma 3.3 to data having the regularity stated in the lemma and satisfying
the estimates

Ollz2@r) < K. billz2qp) < K, T=|rllzeom) < K, [[Sollgie < K. (3.27)

Lemma 3.4 IZhere is a constant C independent of n and k but depending on K, such
that for every S € L?(0,T.; H?(S2)), all (b,7,S0) satisfying (3.27) and for any t € [0,T,]

ISOle)y < C, (3.28)
[SLe(@r) < C, (3.29)
lu)llz2() + ITOlr @) < O, (3.30)
lellze(@r,) + ITle>@r) < C- (3.31)

Proof. The derivation of the following estimate for the free energy ¢* defined in (2.11)
and (1.8) is based on a variation of the second law of thermodynamics.

The definition (1.8) of 1, equation (3.15) and the symmetry of 7" imply V. - g4 =
T-e¢ =T -ug . Thus, if we note (3.14), (3.16) and integrate by parts three times, where
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we use the boundary conditions (3.4), (3.5), (3.6), we obtain
d
/ V*(e, S, Sz)(t, x)dx — / b(t, x)us(t, x)dx
dt Jq Q
= / (Vep - &1 + gSy + vSySat) dx — / burdx
Q Q
= / (¢S — I/Sm)St dr
Q
_ c/ﬂ(ws 080 (65 — vSue)allSuls + 1)), + 7S] )de

_ —C/Q((ws 0SS e+ #) — (s — vSan) | Suledz.  (3.32)

Integration with respect to ¢ yields
/ W (e, S, S (L, 2)dx — / V*(e, S, S2)(0, 7)dx
Q Q

< [ budir,a)+c / r(tbs — 1Sus)|Sa | d(r 7). (3.33)
Qt t

For brevity we wrote € = e(u,). To estimate the second term on the right hand side of
this inequality note first that the boundary condition (3.5) implies

Sz
/ Sy |Sz|k dx :/ (/ \y|,.;dy) dz = 0. (3.34)
Q Q 0 T

Note also that by (3.27) and the Sobolev embedding theorem there is a constant C' such
that

p()] < C, (3.35)

for all t € [0,T]. Using this estimate, we obtain from elliptic regularity theory for the
solution (w, o) of the elliptic problem (3.20) — (3.22)

[w(®)l| L= (@) + lo@)llzee@) < Crlllw®lm2@) + lo@)a1(0) < Collb@)] < C, (3.36)
for all 0 < ¢ < T¢. Equation (3.23) and (3.36) imply
[¥s(e(us), S)| < O+ 1Sl L) + S|+ [8(S)))-

Using this estimate, (3.34), assumption (1.30) and (3.9) we compute

CT‘/(¢S - VS:E:E)’S:ELQ dx
Q

r / VISl da
Q

< 70 [ (14 18l + 151+ 10/(5)]) 1Sul do

< 7O (14 ISIZ + 119 (I +11S:12)

< 7C <1+/1/3(S)dx+||5xll2>
Q

ngQ+/w@&&m0. (3.37)
Q
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To estimate the first term on the right-hand side of (3.33) we write it in the form

t
buyd(r,z) = 4 budr — | budz ) dr = [ budx
dt
t 0 Q Q Q

Equation (3.18), the bound for Sy in (3.27) and (3.36) give

t

_ / baud(r,z). (3.39)

0 t

lu(0)[| < C, (3.39)

and (3.35) and (3.39) yield

/ b(0, z)u(0, z)dx
Q

<C. (3.40)

We next use that u(t) vanishes at the boundary and that the definition of £(u,) implies
le(uz)|? > %|ug|? to conclude from Poincaré’s inequality and from (3.27), (3.35) for every

u>0
‘/buda:
Q

’/ brudzdr
t

By (3.37), (3.38), (3.40) — (3.42) we can estimate the right hand side of (3.33) as

C? W
< (Il flull < Col] flue|l < leb\l2 + 5 lual® < G+ ulell?, (3.41)

t t t
< / be] lulldr < © / (6] + Jlua?) dr < C + C / lel2dr. (3.42)
0 0 0

’ / bus d(r, ) + ¢ / r(tbs — 1Sna)| Sulud(r, 7)

t
SC’M+M!5H2+0/ <||5||2+r+r/ w*(s,S,Sx)dx> dr. (3.43)
0 Q

From the definition of ¢* in (2.11) we see that the bound for Sy in (3.27) and (3.39)
imply
<C. (3.44)

/ V*(e, 8, 5,)(0, 3)dz
Q

Combination of (3.33) with (3.43) and (3.44)) results in

t
/w(e,s, S,)(t2)d < C’u+,u||5||2+0/ <||5||2+F+F/ V(e S, Sx)dx> dr. (3.45)
Q 0 Q

In order to absorb the term plle||? in the right hand side we use assumption (1.30) to
find

lell® < 2g8* +2)|e — 57
c/ ME(S) +1) + %(D(s _29)) - (e — 28) da
Q

IA

IN

C/Q@Z)*(e,S, S,)dz .
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We insert this estimate into (3.45) and choose u sufficiently small to obtain

t
/w*(a,S,Sx)deC(l—l—rt—l—/ (l—i—r)/@b*(a,S,Sx)d:ch).
Q 0 Q

Applying Gronwall’s inequality in the integral form we conclude from this inequality that
there is C7, such that for every ¢ € [0, T,]

/ Ve, S, S,)(t2) dx < Cr, . (3.46)
Q
(3.28) follows from this estimate, since (1.30) and (2.11) imply

ISP+ SISl < (M + 1) (e, 5, 52) + ).

The inequality (3.29) is an immediate consequence of (3.28) and the Sobolev embedding
theorem, and (3.30) results from (3.18), (3.19) together with the estimates for S and o
in (3.28), (3.36). Finally, (3.31) is a consequence of (3.30) and the Sobolev embedding
theorem. The proof is complete.

Lemma 3.5 AThere is a constant C, independent of n but dependent on k and K, such
that for any S with ||S|| Lo 0,111 () < C, for all data (b,7,So) satisfying (3.27) and for
any t € [0,T¢] there hold

/ (Sal + 1) Sune P y) < C. (3.47)

t
|Sae?d(r,y) < C. (3.48)
Qt

Proof. (3.48) follows immediately from (3.28) and (3.47) by the interpolation inequality.
To prove (3.47) we multiply (3.24) by —S,,, integrate with respect to x, integrate by

parts using the boundary conditions (3.5), (3.6) and note (3.34) to arrive at
1d
2dt
= c/ (|92 |x + K)V 52 Seae dr — cr/ |Ss |k Sex dx

Q Q

1,112 + cu/Q(SﬂH + )| Sna|2da

Q

Since by (3.29) the function S is bounded, we conclude from (3.23) and (3.36) that there
is a suitable constant C' such that

|(165)z (e, 9)| = [ ()85 — 1Sy — 02| < C(|Sx| + 1), (3.50)
Observing (3.50) we obtain by integration of (3.49) with respect to ¢ for u > 0

1 —~
SISelP v [ (ale+ 0)|Sias Pl 2)

Q1

1 N
< 2||50x||2+C/Q ([Sz]x + £) (12| + 1)|Szga|d(T, z)
1 2 a 2
< SISl 41 [ (el + 0)[Suaafd(r, )
Q1

+C“/Q (\§;|H+m)(|sz\2+1)d(7,a:). (3.51)
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Using that (3.17) implies [|S:|r20r) < 182lr2@rn) < CliSelli=or120) < C, we
obtain from Holder’s inequality

\Cu/Q (1Szl + #) (18> + V) d(r,2)] < Culll1Sels llz2(@0) + D(ISelTaign + 1)
t
< CuC+1)(I1Sl3s0 + 1. (3.52)
Since Sz|an = 0, the Gagliardo-Nirenberg inequality implies
1 7
HSm||L4(Q) < C||Szaal 311523,

cf. [1, 25]. By (3.28) we have ||S;|| < C, whence Hélder’s and Young’s inequalities give
for t <T,

IN

_ t 1 7 3
@+ 1) ([ Usearl sl

t 3
< C(C+1) (/ |ysmu2d7> (té%)g
0
= 15 =8
< llSerzlFzig) + Cn(C+1)7CT. (3.53)

1
_ t 2
CL(C+1) ( / !\Smll‘i4(g>df>

o=

We combine the inequalities (3.51) — (3.53) and obtain (3.47), if we choose p = cv/2 and
n = cvk/4.

Lemma 3.6 To every C therg is a constant C, ir_zdependent of n but dependent on k and
K, such that for any S with ||S|| g o,1.;m1 () < C, for all data (b, 7, So) satisfying (3.27)
and for any t € [0, T¢]

1Sl 4 o114 0y < € (3.54)
We omit the proof of this lemma, since it is similar to the proof of (5.9) in Section 5.

Lemma 3.7 (Aubin - Lions) Let By, B; be reflexive Banach spaces and let B be a
Banach space such that
By cc BC By,

where CC denotes compact embedding. Define

w={11rer0ni). =% crrorim)

with T, being a given positive number and 1 < pg,p1 < +00. Then the embedding of W
in LP2(0,T,; B) is compact.

A proof of this lemma can be found in [23, p. 57], for example.

Proof of Theorem 3.2. To construct a sequence of approximate solutions of (3.1) — (3.7)
we choose a sequence of functions (b*,77, S%) € CTY(Qr,) x Ci([0,T.]) x C*()
satisfying (3.27) with a fixed constant K independent of n, such that

16" = bll2(Qr,) + 1™ = rllz2om) + 155 = S 1) — 0 (3.55)
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for n — oo. Here (b,r,Sp) are the data given in Theorem 3.2. Now set S° = Sy. If
S™ is known, let (u™*1, T §7+1) be the solution of (3.14) — (3.16), (3.4) — (3.7) with
S in (3 16) replaced by S™ and with (b, 7", S%') inserted for (b, 7, So). In (3.17) we set

n=s +1 By Lemma 3.4 there is a constant C' independent of n and of x such that

1S™ | oo 0,111 (92)) + 6™ | Loo 0,10 112(02)) + 1T Lo 0,10 1152y < C- (3.56)

Lemmas 3.5 and 3.6 then show that there is a constant C, also independent of n, such
that

1™ 2oz + ISP 0.7 -4y < C- (357)

We apply the Aubin-Lions lemma with pg = 2, p; = %,

By =H* ), B=C>Q), B =W 3(Q),

where we choose 0 < o < 3. The space H3((2) is compactly embedded in C***(Q) and
the spaces L%(0,T.; H3(Q)), L%(O,Te; W_l’%(ﬂ)) are both reflexive. Since the sequence
S™ is bounded in L2(0, T,; H3(€)) and S? is bounded in L5 (0, T.; W~13()), by (3.57),
this lemma shows that there is a subsequence, still denoted by 5", and a function S €
L?(0,T,; C**(Q)) such that for n — oo

15" = Sllz2(0,7,502+0(@)) — 05 (3.58)
|S™(t) — S(t)|| — 0, for almost all0 <t <T,. (3.59)

(3.58) and (3.18), (3.19) together with (3.55) and (3.20) — (3.22) imply that there is
(u, T) € L*(0,T.; H?(Q) x HY(Q)) such that

[u" = ullz207sm2@)) + 1T = Tl 22072501 (02)) — O (3.60)
From (3.56) — (3.59) it follows for the limit function in a well known way that
S € L0, T.; H(Q)) N L2(0, To; H3(Q)), Sy € L3(0,T,; W13(Q)), (3.61)

with i
1Sl Lo (0,711 () < C- (3.62)

As a consequence of this estimate and the Sobolev embedding theorem we also have
S € L>®(Qr,) with )
||S||LOO(QTE) <C. (3.63)

By (3.57) we can choose the subsequence such that
Sie = Saze  in L*(Qr,). (3.64)
Similarly, (3.60) and (3.56) imply

u € L20,T,; HX(Q)), T € L>(0,T.; H(Q)),
<

llull oo (0,12 (02)) + 1T Nl Lo (0,112 (02)) < C- (3.65)
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In order to show that (u,T,S) is a solution of (3.1) — (3.7) we derive several conver-
gence estimates. Noting that the convolution operator in (3.17) satisfies [|9]|2(q.,) <

[Vl £2(Qy,) and that n = n%q — 0, we infer from (3.58) that

IS8 = Sallr2@ny < 182 = Sellrz(@n) + 1Sz — Sellz2on,)
||Sy — S;BHLZ(QTG) + |5z — S$‘|L2(QT8) — 0. (3.66)

IN

Because v — |v|, is a continuous mapping on L?(Qr,) we conclude from (3.58) and from
this estimate that

11521 = 18Il 2@z = 0 1152l = ISali llz2(@r) — O (3.67)
Together with (3.64) we obtain
(12 + K)STt = (1Szlx + #)Sraa ,  weakly in LN(Qr,). (3.68)
To show convergence of ¢g(¢", S™), we write
P1(SM)S7 =" (8)Sy = P"(E)(S" = 8)Sy + " (S)(Sy — Su) = L + I,

where £(¢,x) is a suitable number between S™(¢,x) and S(¢,z). Since S™ is uniformly
bounded in L*(Qr,), by (3.29), and S belongs to L>(Qr, ), by (3.63), we conclude that
also 1" (£) is uniformly bounded on Qr, with respect to n, hence (3.56) and (3.58) yield

Te
INlsgny < C [ 15" = Syl IPar

IN

CIS™ = SN2 20,1100 () 192 1700 (0. 7212(2) — O- (3.69)

Moreover, (3.29) and (3.58) imply |I2[z2(g,,) — 0 for n — oo. Since ¢s(e,S)s =
V"(8)Sy — Ty - &, these relations and (3.60), (3.67) yield

(1S5 s + £)bs (™, 5™ )0 = (ISuls + K)ibs(e, S)e s in LH(Qr,). (3.70)
Finally, from (3.67) and (3.27), (3.55) we deduce
ISz | — T|Sa?|i~t”L2(QTE)

< |l zos 0.2 1Sz |k = [SzlsllL2@r,y + 7™ — Tl 20,11 1S2] | Lo (0,70 22 (02))
— 0. (3.71)

Since (u™,T™,S™) is a strong solution of (3.14) — (3.16), (3.4) — (3.7), we conclude from
(3.55), (3.58), (3.60), and from (3.68), (3.70), (3.71) that (u, T, S) satisfies (3.1), (3.2),
(3.4), (3.5) and (3.8). Hence, it is a weak solution of (3.1) — (3.7). Relation (3.61) implies
that S belongs to the function spaces given in Theorem 3.2, the estimates (3.10), (3.12),
(3.13) follow from (3.65), (3.62), (3.63), and the inequality (3.11) is a consequence of
(3.10) and the Sobolev embedding theorem. This completes the proof of Theorem 3.2.
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4 Energy inequality

The estimate (3.12) for first order derivatives of the component S in weak solutions of
(3.1) — (3.7) is independent of x > 0. Later we also need estimates for higher derivatives,
which are independent of k. Their proof in Section 5 is based on an energy inequality,
in fact the limit version of the integrated form of (3.49), which we show to hold in this
section.

Lemma 4.1 The weak solution (u,T,S) of (3.1) — (3.7) given in Theorem 3.2 satisfies
for almost all 0 <t < T,

1
§Hsz(t)H2 + CV/ (|Seln + “)‘Srm‘Q d(r, )

Qt

1
< 21150 P —|—c/ (1Sale + #) b5 Sune d(, 7). (41)

Qt

Proof. Let (u™,T™,S™) be the sequence of functions constructed in the proof of Theo-
rem 3.2. By definition, S™ satisfies the equation (3.49) with S replaced by S"~!. Inte-
gration of this equation yields

1 n /;_—/ n
SISE O+ [ (857, + ISk Pd(r,a)

Qt

1 /_\__/ n n
= oSl ¢ [ (52T 1) (08)aS d(r, ), (42)

Qt

where (Y5), = P (S™) S — 18" — 0y, by (3.23). Let LH,, and RH,, denote the left hand
side and the right hand side of this equation. We show that

1 —
515201 + e [ (Selu + )| Sens Pd(r, ) < limint L, (4.3)
Qt n—oo
liminf RH,, = lim RH, = / (|1Sz]k + K)szSyze d(T, ). (4.4)

Since liminf, oo LH, = liminf, .. RH,, by (4.2), Lemma 4.1 is an immediate conse-
quence of these relations.

To prove (4.3) note that (3.59), (3.64) and the lower semi-continuity of the L?-norm
with respect to weak convergence imply

I1Sz(0)I* = lim [SF@OI,  ISeeallfei,y < Uminf [SEllfag,y .  (45)

for almost all 0 < ¢t < T,. Moreover, the estimate

/ (IS5 s + 1)|STu (7, 2) < C,

Qt

which follows from (3.47) and the definition of the sequence S™, implies that there is
x € L*(Qr,) and a subsequence such that

(152 a)2 S, — x,  weakly in L2(Qr,).
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Again using the weak lower semi-continuity of the L?-norm, we infer from this relation
and from (4.5) that

1
2HSx(t)||2+c1// X2 + 4| Sunsl2d(r, 2) < liminf LH, . (4.6)

Q: n—o

For the proof of (4.3) it remains to identify the function x. To this end we use the

elementary inequality |\/|z] — v/|y|| < v/l —y|, z,y € R, and the uniform Lipschitz
continuity of the function y — |y, to compute

4 2

<C

2

(‘SQ_1|,§)5 - (‘Sx,n)i Sﬂ?_l - Sa:

S ’ |Sg_1’n - ‘Sx’n

We integrate and note (3.66) to conclude
qn—1; y1 n—
15272 = (1Sel) 2 [F4(gy, ) < cllsy! F = SullFa (o) — 0
for n — oo. Consequently we have that
(15571 1)2 = (1852 (4.7)

strongly in L*(Q7.) as n — oco. On the other hand, by (3.64) we have S”

TrIT - Sma? in
L?(Qr.,), which implies for ¢, € L*(Qr,) that

| St [ (Sunpbd(ro)
Qr. Qr,
This means that S7,.o — SI ., weakly in the dual space Lg(QTe) of L*(Qr,), which

together with (4.7) yields

/ (sw) S7 o d(r,z) — /Q (1Ss10)} Suanip (. ).
Te

Te

—~

Thus, (]S%~ 1\ ) mz (]S | )%Smx weakly in L%(QTe). Since (|S§_1],€)%S§}m — x in
L2(Qr,) implies (|S71|.)3S™. — x in L3 (Qr.), it follows that

Insertion of this equation into (4.6) yields (4.3).

To prepare the proof of (4.4) we derive three convergence relations. Note first that the
Gagliardo-Nirenberg inequality

1 1
[fllLee @) < ClifAI2 11 £1]2,

holds for every f € HE(Q). We can therefore apply it to the function S,. Noting (3.58),
which yields that S — S, strongly in L2(0,T,; H*(92)), we obtain for n — oo

t t
S — S|t oindr < C [ ||S?, — Spe||?dT — 0. 4.8
0 L= @) 0
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Using that |(Jy|x)’] < C we conclude from this estimate
t t
11821 = 1Seb ey < © [ 182 = Salleqyir — 0. (4.9
Furthermore, by virtue of (3.29) we obtain the third convergence relation
t t
/0 15" = Slld e < c/o ) (4.10)

Now we can prove (4.4). To this end we insert (¢%), = (@g)x — (c152 + 04), into the
left hand side of this relation and consider first the term with (¢g), . Write

S (D)0 ST, 3) = / (1957 = [Sal) ($2) S (7, )
Qt Q¢

0 [Su e (& (S™) = 4" (S)) Sy Shiaad(T, x)

n / 1S, (S)(ST — 8,)8,d(7, x)

T / S, (5)S,5m
Qt
= L+1L+ 13+ 14 (4.11)

We shall prove that each term on the right-hand side of (4.11) converges. For I the
Holder and triangle inequalities and the estimates (3.28), (3.47), (4.9) imply

|11

IN

t —~——
/0 1152 = ISl oy 1571 18alldr

1
t — 2
< o( [ |S£1\n—|sx\nu%m(mdf) ( / T df)

t —~——
< c( [ rS£—1\H—|Sx\HH%w<de) 0, (4.12)

VI

as n — 0o. From the Gagliardo-Nirenberg inequality in the form
1 3
||S:EHL°°(Q) < O Seze || %Sz«
and from (3.28), (3.47) we infer
! 4 4
HS”lS lillfoe(ydr < 155 1 oo () | 1S oo () 7
0

t
c / Sz 1Sl

IN

t
< c / (ISezall? + 187, ?) dr < C.
0
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By assumption 1&’” (S) is continuous. Consequently, the last estimate together with the
mean value theorem, (3.29) and (4.10) yield

t
L) < /0 197(5™) — (S e | 1Sl S21 17

IN

t
c /0 15™ = Sl ooy | 1z w2 1157 1

¢ ) 1 ¢ A i t ) 3
c( / Hsn—snmmdr> ( / Hsmsgummdr) ( [ sz dT)

t 4 )
c(/o ||s"—5||Loo(de> 0, (4.13)

as n — 00. Proceeding similarly as in the derivation of (4.12) we obtain from (4.8) that

IN

IN

t
I3 < C/O 155 = Szll oo (@) | Sl | Sz | dT — 0, (4.14)

as n — oo. Finally, the Sobolev embedding theorem and (3.29) yield

t
115210"(9) Sz | 120, < OS2 12(@n, ) = CllSalBaon, ) < € /O 192 1271y dr < €

from which we know that | S, |1 (S)S, is an element of L?(Qr,) and can be regarded as
a test function. Since S™ converges weakly in L?(0,T.; H3(£2)), one obtains for n — oo
that
Ii— | |Selwt"(8) S Saaad(r, ). (4.15)
Qt
Combination of (4.11) — (4.15) yields

’S;L_l ‘H(T&g)wsgx:c d(r,z) — ’Sz‘m(iﬁs)ﬂcswz d(t,z).
Q¢ Qt
In a similar but simpler way we obtain

‘53_115(6155 +Uac)5;lxx d(T,Hf) - / |S$‘H(CISCC +Ux)Sac1’I d(T7 x)
Q1 @

/ SR Shag dra) [ B )oSae )

The last three relations imply (4.4). This completes the proof of Lemma 4.1.

5 A Priori Estimates independent of «

In this section we establish a-priori estimates for solutions (u”, 7", S*) of the regularized
problem (3.1) — (3.7), which hold independently of x. Since we consider the limit x — 0,
we assume that

0<rkr<1. (5.1)

Let (u”,T",S"%) be the weak solution of (3.1) — (3.7) given by Theorem 3.2 to fixed data
So € HY(Q), r € L>=(0,T.) and b € L*(Qr,) with b, € L*(Qr.).
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Lemma 5.1 There is a constant C' independent of k such that for any t € [0,T¢] there
hold

/(|5£!n+ﬂ)|55m|2d(7,y) < <1+/ IISm\IQdT>, (5:2)
Qi

118588l ) < (14 [ mum) . (5:3)

Proof. To prove (5.2) we use (3.50) in the energy inequality (4.1) and apply (3.12) and
Young’s inequality to obtain

1
IS5+ v [ (8214 IS5 Pa(r, o)
Qt
sc(/ (18] + R) (S5 + 1|5, d(r, x>+1)
Qt
<o [ 85+ mISEPd(r) + (/
Q¢

Q1

(1S5 + K)|S%5|%d(r, z) + 1> . (5.4)

The last term on the the right-hand side is estimated using Holder’s inequality and (3.9),
(3.12). This yields

IN

t
Cu [ 1821+ mISEPdr ] < G [ OIS+ DI e

IN

t
Cu [ 21+ DI B soyr

IN

t
o [ 15 oy (5.5)
Noting that S¥|sq = 0, we have the Gagliardo-Nirenberg inequality in the form
1951l Lay < ClS5IT11S5], (5.6)
hence, again using (3.12),
CullS5 a0y < CullSEIIZ1SEI2 < Cull Sl 2. (5.7)
The inequality (5.2) results if we choose p = Zcv in (5.4) and estimate the right hand

side of (5.4) with (5.5) and (5.7).
To verify (5.3) let 2>p>1,q= ]% and % + % = 1. Holder’s inequality yields

| SE1Sl dr,2)
[ 08505 (052108 1525,) i

(/Qtuszrfi)"%"d(r w>)(/ (1521, ¥ 185, P, x>);

s(/@tusgr)wdm) (/ 15511 P, >)g. (5.5)
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The estimates (3.9), (3.12) and (5.2) show that the right hand side of (5.8) is bounded
for ﬁ <2 ie. p< %. This proves (5.3) and completes the proof of the lemma.

Lemma 5.2 There is a constant C independent of k such that

195711 4 0 1ow-140y S © (5.9)
1522ll2@r) < C. (5.10)

Proof. Because of the boundary condition (3.6) we obtain by partial integration
(s = vS85)z . S5) g, = (W5 S5)ar, + VISENT2(0r ) (5.11)
Since (3.11) and (3.13) imply
9] Loe(@r,) = 19/ (S%) = T" - &l Loy, ) < C,

it follows that y
|(7/}Sv S;Z‘)QTE‘ < |‘S£ac||%2 Qr, Cy. (5'12)
4 ( e)

To estimate the left hand side of (5.11) we use the Gagliardo-Nirenberg inequality

1 T
1Sz < OISzl 152115

L5 (@)

and obtain together with (3.12)

S5)? T, % o [ 18 b %
K — K| ¢ < K Y .
5204, = ([ 185005 ar) <o ([ saliber)

We employ this estimate and (3.50), (3.9), (5.3), (3.12), (5.2) to compute

15 —vSza)e Szl g (Vs = vSg)2(1Sz1s + Rl 4

<
Qr.) — | L3(Qr.)

< OIS+ 1085w+ Ml g, + P15l 551l g g )+ MRSl
1
. i T NE
< OISl g+ IS4 g, + €+ C (14 [ IsEalbar )

+ CH \/Esgxx HLQ(QTE)

T, Rt T Lo\
sc(/ us;x||3df) +0+</ ||s;;z|2d7)
0 0

< 4 Te K Qd _ v Kk 112
—CV+Z 0 HSzz” T_CV+Z“Szz||L2(QTe)' (513)

We also used Holder’s and Young’s inequalities. Combination of this estimate with (5.11)
and (5.12) yields (5.10).

25



To prove (5.9) we infer from (3.8) and (3.12), (5.13) that for all ¢ € C§°(Qr.)

(SFs0)ar, | = |e((s = vSE)e (1S5 + K). 02) o, — c(rlSF]x . ©)ar,

< (s = vSa)e(ISe]e + )l 4 o Ieallzaor,)

+ e 11851l 4 o, I lst@n)

< C(1+7+ 1852 ) 19202940 ) (5.14)

where we used the notation 7 = ||r[| e (o,7,) . This means that

K — K |12
11,8 .1, a4y < € (L7 + 1850 F2(0,)) (5.15)

which together with (5.10) implies (5.9). The proof is complete.

We combine Lemmas 5.1 and 5.2 to obtain in an obvious way

Corollary 5.3 There is a constant C, independent of k, such that for any t € [0, T]

IN

/ (IS5 + )]s 2d(r, y)
Qt
1 S5].S%,

C, (5.16)

Mg, < C (5.17)

6 Existence of solutions to the phase field model

In this section we use the a-priori estimates established in the previous sections to study
the convergence of the solutions (u”,T",S*) of the regularized problem (3.1) — (3.7) for
k — 0, thereby proving Theorem 1.3. Besides Lemma 3.7 we need another well known
result, which we state first: *

Theorem 6.1 (Egorov) Let (I, X, 1) be a measure space with u(T) < oo, let f, f*, f2,
f3,--- be real valued, measurable functions on T, and assume that f/(x) — f(x) as
j — oo for almost every x € I,

Then, for every e > 0 there is a subset M. C T' with u(M:) > u(T') — e, such that
fi(z) converges to f(x) uniformly on M.. That is, for every § > 0 there is an N such
that when j > Ns we have that for every x € M,

| (z) = ()] <.

A proof of Theorem 6.1 can be found in [21, p. 16], for example.
We start by deriving some results about strong and pointwise convergence for the
family of weak solutions (u”,T", S*) of (3.1) — (3.7) constructed in Theorem 3.2:

Lemma 6.2 Let 0 < a < % There is a sequence k, — 0 and a function S €
L0, T.; CY(Q)) with

S € L2(0, Ty HA(Q)) N L®(0, T HY(Q) N L®(Qx,),  Si € L3(0,Te; W5(Q)),
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such that the sequence S, still denoted by S*, satisfies

15" = Sl 20 7:0ra@y — 0, (6.1)
15%(t) = SOl crta@y, — 0, ae inl0,T], (6.2)
115z —"5;x||’L2(0,7;;Loo(§n) — 0. (6.3)

Proof. The estimates (3.12), (5.9), (5.10) imply that the functions S* are uniformly
bounded in L2(0,T,; H?(£)) and that the time derivatives %S"‘ are uniformly bounded

in L%(O,Te; W_l’%(ﬂ)) for K — 0. Based on these estimates we apply Lemma 3.7. We
choose pg = 2, p1 = % and

By = H2%(Q), B=C"Q), By =W 1t3(Q).

The spaces H2(2) and W_l’%(Q) are reflexive and the Sobolev embedding theorem im-
plies that H?(Q2) is compactly embedded in C'7¢(Q) for 0 < a < 3. From Lemma 3.7 we
thus conclude that there is a subsequence, which we still denote by S*, which converges
strongly in LP°(0,T,; B) = L?(0, T.; C**%(Q)) to a function S for k — 0. Clearly, we can
assure that [|S™(t) — S(t)||c1+a(q) — 0 for almost all ¢ in [0, 7¢] by going over to another
subsequence, if necessary. This proves (6.1) and (6.2). We have S € L?(0,T.; H*(Q))
and Sy € L%(O, T; W_L%(Q)), since the sequences S* and S§* are uniformly bounded in
these spaces. S € L°°(0,T.; H'(Q)) C L*>(Q7,) is implied by (3.12) together with (6.2).
From inequality (3.9) we obtain 0 < |S¥(t,x)| — |SE(t, z)|. < k, whence

1152](8) = 155 1x(2) lLoo (@) < 152(t) = SE (@)oo (@) + 5 (6.4)
Relation (6.3) is implied by this estimate and by (6.1).
We also need a convergence result for third derivatives: Let
A% ={(t,2) € Qr, | Su(t,z) # 0}

Since S, (t) € C%(Q) for almost all t € [0,T.], the set A%(t) = {x € Q| S.(t,z) # 0} is
open.

Lemma 6.3 The limit function S has the local weak L?-derivative Syzs on A5 in the
sense of Definition 1.1. Moreover, there exists a subsequence S* such that

1S5S — . weakly in L3 (Qr,), (6.5)

where the function x € L%(QTe) s given by

(6.6)

t.2) = 0, if Sp(t,z) =0
O 18, Sane if Salt ) £ 0.

Proof. To show that S has the local weak derivative S, on A® we first construct
the family of sets {.A,}, appearing in Definition 1.1. Remember that the measurable
function ¢ — S5 — Si|ca(q) converges to zero for almost all ¢ € [0, T¢], by (6.2). Thus,
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from Theorem 5.1 we see that there is a sequence { My, },, of measurable subsets of [0, 7]
with

meas ([0,T.] \ M,) < —, M, C M1, (6.7)

S|

such that [S7(t) — Sz(t)|ce(q) converges to zero uniformly with respect to t € M,. This
means that S,(t) € C%(Q) for all t € M,, and that S% converges to S, uniformly on the
set M,, x Q. Let

Ay = {(t,2) € Qn, | |Su(t,7)] > %}, A, = A, 0 (M, x Q). (6.8)
We have
An (- An+1 R (6'9)
by (6.7), and
U 4= (U An)\ ﬂ(OT\M) Q) = A5\ (N x ©), (6.10)
n=1 n=1 n=1

with the set

o0

ﬂ ([0,T.] \ M,,) C [0,T]

of Lebesgue measure zero. Here we used that (-, A, = A5 Equation (6.10) yields

S(t) = G A (t) (6.11)
n=1

for all t € [0,T,] \ N. Because S.(t) is continuous for all ¢t € M, it follows from (6.8)
that
Ay (t) ={z € Q| (t,z) € A,}

is open for all t € M,,. Again by (6.8) and by (6.11), this means that A, (t) and A (t)
are open subsets of (2 for all ¢t € [0, T,].

We next show that S,,, exists on A,. Since S¥ converges uniformly on A, there is kg
such that for all 0 < k < ko and all (¢,z) € A,

1
S5t D) > 5

Recalling (5.16) and (3.9) we obtain

> / (IS5 + #)[S%se Pd(r, 2) > /
T

e Qr,

15185, 2d (7 2) > / o185l d(r,),
An

hence
1552zl 24,y < V2nC.

Thus, we can select a subsequence, again denoted by S*, such that

SH

Trxr 9n,

weakly in L2(A,). (6.12)
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To prove that g, (t) = Syz.(t) on A, (t) for almost all ¢, note that since A, is measurable
and since A, (t) is open for all ¢t € [0, T,] we can define the space

L2 (0,T.; Hy(Q)) = {v € L*(A,) | v(t) € Hi(An(t)) for all t € [0,T.] }.

This space is separable as closed subspace of the separable space L?(0,T.; H3()). Let
K be a countable dense subset of L% (0,T.; H3(S2)). For ¢ € K, t € (0,T¢) and h > 0
such that t + h < T, we obtain

t+h t+h
/ / gn (T, 2) (T, ) dedr = lim / St (T x)o(r, x) dedr
t Q n(

k—0

k—0

t+h t+h
= —lim / (T, %) Qaza (T, ) dedr = / / S(7, ) Pawa (T, x)dxdr.

We multiply this equation with % and take the limit A~ — 0 on both sides. By a result
from integration theory these limits exist for almost all ¢t € (0,7) and are equal to the
inner integrals, whence

/ on(B)p(t) dz = / S(E)pane ()d, (6.13)
Q Q

for almost all ¢. Since countable unions of countable sets are countable, it follows that
there is a subset L C [0,7,] of Lebesgue measure zero, such that for all ¢ € K the
equation (6.13) holds for ¢ € [0,T.] \ L. From the density of K in L% (0,T¢, H3(%)) it
follows by measure theory that {v(t) | v € K} is a dense subset of H3 (A, (t)) for almost
all t € [0,T.]. Consequently, (6.13) holds with ¢(t) replaced by an arbitrary function
¢ € H3(A,(t)) for almost all ¢, and this means that S(t) € H3(A,(t)) and

Seaa(t) = gn(t) € L2(A,(t)) (6.14)

for almost all t € M,,.

We next construct a function g on A° and show that it is the third z-derivative of S
on A°. Since N in (6.10) has measure zero, it suffices to define g on the set (J72; A,.
Using (6.9) we set

g|.An = 0n

for all n € N. This condition can be satisfied since (6.14) and the uniqueness of weak
derivatives imply gm|a, = gn for m > n. To verify that g(t) € L>1°°(A%(t)), let K be a
compact subset of A%(t) = |J2°; An(t). Then {A,(¢)} is an open covering of the compact
set K, and therefore finitely many of the sets A, (¢) suffice to cover K; whence K C A, (¢)
for sufficiently large n, by (6.9). Relation (6.14) now implies g(t)|x = gn(t)|x € L*(K),
thence g(t) € L¥1°¢(A%(t)). Next we consider p € C5°(A%(t)). Since supp ¢ C A5(¢) is
compact, we conclude as above that supp ¢ C A,,(¢) for sufficiently large n. Consequently
(6.14) yields

(9(t), 0)as@y = (gn(t), 0) A,y = —(S(), Paza) ant) = —(S(E)s Paza) 45(1)

and so we have S(t) € H>1°°(A%(t)) with g(t) = Spee(t) for almost all ¢ € [0, T,]. Since
meas (A°\ A,) — 0 for n — oo, by (6.10), and since g|4, = gn € L*(A,), by (6.12), the

conditions of Definition 1.1 are satisfied, hence S has the local weak L?-derivative Syzz
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on A°.

To show that the relations (6.5) and (6.6) hold, we use (5.17), which implies that a sub-
sequence exists, still denoted by S*, such that |S%|.S%,, converges weakly in L*/3(Qr,).
Let x be the limit function. To identify this function remember (6.4), which together
with the uniform convergence of S% on A, to S, implies that |S%|,. converges uniformly
on A, to |Sg|. From (6.12) we thus conclude

K K

weakly in L?(A,). This implies that |S%|,S%,. also converges to |S;|Szz: Weakly in
L%(.An). Since weak limits are unique, we obtain that x = |S;|Szzz on A,. This holds
for every n, hence x = [S;|Syzz almost everywhere in A°. We finally observe that
Holder’s inequality, (5.16) and (6.3) yield

[ listst
{18z]<8}

(/ |s;|id<f,x>) (/ |s:|ﬁ|sgm|2d<m>)
{|5z]|<6} {|5z]|<6}

< C (1185l = 185 2@ + 1S lr2(qsai<sy )
< C( + 6 meas QTe)g,

4
3

d(r,x)

Wl
(V1N

IN

N

A

for all k sufficiently small. Since |S%|.Sk,, converges to x weakly in L3 ({|Sz| < 6}), this
estimate implies that

[SIE
[SIE

This holds for all § > 0, whence x = 0 on the set {(¢,x) | Sz(t,z) = 0}. The proof of
Lemma 6.3 is complete.

Proof of Theorem 1.3. Let S* be the subsequence and S be the limit function from
Lemma 6.2, let (u”, 7", S*) be the corresponding sequence of weak solutions to (3.1) —
(3.7) constructed in Theorem 3.2. The relations (3.18), (3.19) and (6.1) imply that a
function (u,T) € L*(0,T.; H*(Q) x H'(2)) exists such that

lu® = ull 20,1 m2(0)) + 1T = Tl 20,111 (2)) — O (6.15)

for k — 0. We show that (u,T,S) is a weak solution of (1.18) — (1.24) and satisfies
(1.31) — (1.33). To this end observe that the relations (1.28) and (1.32) for S follow from
Lemma 6.2 and from (3.5), (3.13). Relation (1.33) is implied by Lemma 6.3, the relations
(1.26), (1.27) are consequences of (6.15) and (3.4), and (1.31) results from (3.10). The
partial differential equations (3.1), (3.2) together with (6.1), (6.15) imply that (u,T,.S)
satisfies (1.18), (1.19). To prove that (1.29) holds we study the convergence of the terms
in the equation (3.8) satisfied by (u”,T", S*). Note that (6.1), (6.3) and (6.5), (6.6) yield
for p € C3°((—o0,T) x R) that

(SH:SOt)QTe - (Sv cpt)QTe ) (616)
c(rlSeles ©)or, — crlSel; P)er, » (6.17)
(’Sﬂﬁsgxmwx)QTe - (\Sxfsmm’%)ps ’ (618)
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as k — 0. The inequality (5.16) yields

K 11 Gk 1
|(K’Sx:r:p ) @I)QTJ < K2 ||’i2'gacx:r”L2(QTe) HQOGCHLOO(QTE) <Ck2 —0. (619)

For the term containing g (", S%), = ¢ (S%)S5 — T - & we argue as in (3.69) and obtain
from (3.12), (3.13), (6.1), (6.3), (6.15) that

Vs(e", 8% (|SE]s + k) — ¥s(e, )] S|, in LYHQT,), (6.20)

Inserting (6.16) — (6.20) into equation (3.8) shows that (u,T,S) solves (1.29) for all
¢ € C°((—00,T,) x R). Therefore (u,T,S) is a weak solution of the problem (1.18) —
(1.24) having the regularity properties stated in Theorem 1.3. The proof of this theorem
is complete.
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