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Abstract

We present the description of the spectrum of a linear perturbed Oseen—type operator
which arises from equations of motion of a viscous incompressible fluid in the exterior
of a rotating compact body. Considering the operator in the function space L2 () we
prove that the essential spectrum consists of an infinite set of overlapping parabolic
regions in the left half-plane of the complex plane. Our approach is based on a
reduction to invariant closed subspaces of L2(f2) and on a Fourier series expansion
with respect to an angular variable in a cylindrical coordinate system attached to the
axis of rotation.
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1 Motivation and introduction

Suppose that B is a compact body in R? which is rotating about the x;-axis with a
constant angular velocity w > 0. Denote by €(t) the exterior of B at time ¢ and assume
that Q(t) is a domain with boundary of class C:!.

The flow of a viscous incompressible fluid in the exterior of the body B can be described
by the Navier—Stokes equation and the equation of continuity in the space-time region
{(z,t) e R3xT; t € Z, = € Q(t)} where Z is an interval on the time axis. The disadvantage
of this description is the variability of the spatial domain §2(¢). Therefore, many authors
use a time—dependent transformation of spatial coordinates which in fact also represents
the rotation about the x7 axis such that the body B is fixed and its exterior is just £(0)
in the new coordinate system. The system of equations after the transformation has the
form

Ou —vAu —w(e; xz)-Vutwe; xu+ (u-V)u+Vp = f (1.1)
Veu = 0 (1.2)

in 2(0) x I, where e; is the unit vector oriented in the direction of the z;—axis. The con-
dition of the adherence of the fluid to the body on the boundary, after the transformation,
has the form

u(x,t) = wey X x, x € 09(0). (1.3)

In order to simplify the notation, we shall write only € instead of ©(0).



Among a series of results on qualitative properties of the system (1.1)—(1.3) and related
linear problems, let us mention T. Hishida [15], [16], [17], G. P. Galdi [9], [10], R. Farwig,
T. Hishida, D. Miiller [5], R. Farwig [3], [4], S. Necasova [23], M. Geissert, H. Heck,
M. Hieber [11], S. Kracmar, S. Necasové, P. Penel [19], R. Farwig, J. Neustupa [6] and
R. Farwig, S. Necasova, J. Neustupa [7].

We shall use the usual function spaces and notation:

o m is the outer normal vector on 0f2.

(@]

(., oz and ||.]jo.2 are the scalar product and the norm in L?(£2)3, respectively.

o W(} 2(€2) is the subspace of the Sobolev space W'2(Q) consisting of functions

vanishing on 99 in the sense of traces. As is well-known, WO1 2(Q) equals the
closure of C§°(£) in the norm of W12(0).

o || |lx.2 denotes the norm in W*?2(Q)3, k € N.
o C§%(€) denotes the space of all divergence—free functions from C§°(€2)?.

o LZ(£) is the closure of Cg%, (92) in L*(Q2)%. The space L2(Q2) can be characterized
as the space of all divergence—free (in the sense of distributions) vector functions
u from L?(2)3 such that w-m = 0 on 9 in the sense of traces ([8], pp. 111-115).

o II, denotes the orthogonal projection of L?(£2)? onto L2(12).
Suppose that U™ is a steady strong solution of the problem (1.1)-(1.3) such that

IVU*| € L¥%(Q) N L3 (), (1.4)

lim esssup [U* ~UX| =0
R—+00 z>R

where U, = (7,0,0), v € R. The function U := U™ — UZ equals we; x & — (7,0,0) on
0. Combining this information with the Sobolev inequality, see e.g. [8], p. 31, we can
deduce that U satisfies U € L(Q)? for all 3 < s < +00. In order to study the behavior
of solutions near the steady solution U™, we put w = U* 4+ v = (7,0,0) + U + v. Then
the perturbation v is a solution of the problem given by the equations

0w —vAv —w(eg x x) - Vo +we; x v +vov+ (U -V)v+ (v-V)U
+(v-V)v+Vp = 0,
Vv =0
in Q x Z (where Z is a time interval) and by the boundary condition
v(xz,t) =0 for © € 0.

This problem can be written in the form of the operator equation

Ow = Lyv+ Nv (1.6)
in L2 () where
Liv = AYv+ B, (1.7)
AJv = HvAv +1l,[w(e; x z) - Vv —wey x v — y0v], (1.8)
Bv = —II,[(U-V)v+ (v-V)U], (1.9)
Nv = —Il;(v-V)v. (1.10)



The operators AY and L% are defined in the same domains
D(AY) = D(I?) = {v e W22(Q)3 N WL2(Q)P N L2(Q); w(er x ) - Vv € L2(Q)3}

which are dense subsets of L2(Q). The information on spectra of the linear operators AY
and LY plays a fundamental role in studies of the evolution equation (1.6). Whereas the
case v = 0 was treated in detail in our paper [6], here we consider the important case
~v # 0. Our main theorem now reads as follows:

Theorem 1.1 (i) The essential spectrum oess(A%) has the form
Oess(AY) = Ay = {A=a+if+ikw € C; a,B€ER, k€Z, a < —v3 /4%, (1.11)
i.€., it consists of an infinite union of equally shifted filled parabolas in the left half-
plane of C, see Fig. 1.
(i) The operator A% is not normal.
(i4) If A is an eigenvalue of A% then Re A < 0.

(iv) If the body B (and therefore also the domain Q) is axially symmetric about the x1—
azis, then o(AY) = oess(A%) = AY.

(v) The operator LY has the same essential spectrum as AY.

(vi) o(L%) = 0ess(L%) UT where T' consists of an at most countable set of isolated eigen-

values of LY which can possibly cluster only at points of Uess(Lﬁ); each of them has
finite algebraic multiplicity.

Fig. 1: The shape of set AY

The proof of statements (i)—(iii) and (v), (vi) is given in Section 6. Statement (iv) is
proved in Section 5.



2 Preliminaries

All function spaces needed in the following are considered to be spaces of complex—valued
functions.

Lemma 2.1 There exists c1 > 0 such that if v € D(AY) and AYv = f, then
[vll22 + [[(wer x @) - Volloz < e1(7) (Iflloz + vllo2) - (2.1)

Proof. The equation AYv = f means that Ajv = f + [I;701v. Applying the results
from [5] (Q = R3) or from [16] (€2 being an exterior domain in R3) to the solution of the
equation A§v = g (with g = f + II,v0;v), we obtain

[v][22 + [(wer x ®) - Volloz < c1(0) ([A5v]lgs + v

< a(0) (If

0,2)

02 + [V Med1vlo2 + [[v]lo2) -

Interpolating suitably the norm ||II,01v| 0,2 between the norms ||v||o2 and ||v||2,2, we arrive
at (2.1). O

Lemma 2.2 AY is a closed operator in L2(Q) and its adjoint has the form
(A7) v = HyvAv — I lw(er x ) - Vv —wey x v —y01v] = AZJv (2.2)
with D((A%)*)= D(AY).

Proof. The operator AY generates a Cp—semigroup, see [11]. Hence it is closed and there
exists & € R such that £ € p(A%) and R(CI — A%), the range of (I — A%, equals L2(Q)
for £ > &.

Let us denote by 73’ the operator on the right hand side of (2.2) with D(T3') = D(AY),
ie. Ty = AZY. Then T is closed and R(CI —TY) = L2(Q) if ¢ > 0 is sufficiently large.
Using integration by parts, we can verify that

(u, Ai;’v)o,2 = (T;"u, v)0’2
for all w € D(TY) and v € D(AY). It means that the operators A% and T3 are adjoint to
each other and T3 C (A%)", see T. Kato [18], p. 167.

Suppose that u € D((AY)*). Then there exists w € D(Ty’) such that [(] — (AY)*|u =
(¢ — T¥)w. Multiplying both sides of this identity by v € D(AY), we arrive at

(u, (¢I - AOWJ)'”)OQ = (w, (CI - Aowj)v)oz :

As this holds for all v € D(AY), we get u = w € D(TY) and consequently, D((A%)*) C
D(T%). Thus, (A2)* = T

Lemma 2.3 Ifv € D(AY), then both the terms w(e1 x x)- Vv —we1 x v and yO1v belong
to L2(9).



Proof. It was already shown in [6] that w(e; X ) - Vv —we; x v € L2(1).

The space C§%(Q) is dense in D(AY) in the topology of WhH2(Q)3; hence given v €
D(AY), there exists a sequence v" € Cg5,(£2) such that v — v in Wh2(Q)3. Let ¥ be a
function from W,%(Q) such that Vi € L2(Q)3. Then we have

loc

/’y@lv -Viyder = lim ~yO1v" - Vip de = — lim div (yo1v") ¢ de = 0.
Q Q Q

n—-+00 n—-+o0o

Thus the function y9;v is orthogonal to the subspace of all gradients in L2(Q)3, which
implies that it belongs to L2(2), see e.g. G. P. Galdi [8], p. 103. O

Lemma 2.3 enables us to omit the projection Il, in front of the terms in the brackets
on the right hand side of (1.8) and (2.2). The operator A% can therefore be simplified to

Ay = A8v +w(er x x) - Vv —wey X v —y01v
= Agfv +w(e; xx) - Vv —we; X v (2.3)

where A) = vII, A is the Stokes operator in LZ(Q2) with domain D(AJ) = W22(Q)? N
Wol’Q(Q)3 N L2(Q). The Stokes operator AJ is selfadjoint in L2(Q), see e.g. Y. Giga,
H. Sohr [12]. Moreover, Ag is the usual Oseen operator with the same domain as AJ. By
analogy, the adjoint operator to AY can be simplified to

(AU';)*’U = A8U —w(ep x x) - Vo +we X v+ y0v

= A(lwv —w(e; xx) - Vo +we; xv (2.4)
Lemma 2.4 The operator B, defined by (1.9), is A%-compact.

Proof. We have proved in [6] that the operator B is Af-compact. The proof in the case
of v £ 0 can be done in the same way. The crucial step is an appropriate application of
Lemma 2.1, which enables us to deduce that the boundedness of two sequences {¢,,} and
{A%¢,} in L2(Q) implies the boundedness of {¢,,} in W2(€2)?. O

Lemmas 2.2 and 2.4 imply that the operator LY is closed in L2(Q), see [18], p. 194.

It will be further advantageous to work in cylindrical coordinates. We shall denote by
x1, r and @ the cylindrical coordinate system whose axis is the x1—axis such that the angle
 is measured from the positive part of the xo—axis towards the positive part of the x3—
axis. The corresponding cylindrical components of vector functions will be denoted by the
indices 1, r and ¢, e.g. u1, u, and u,. In order to distinguish between the Cartesian and the
cylindrical components of vectors, we shall write the Cartesian components in parentheses
and the cylindrical components in brackets. Thus, we have (uy,ug,u3) = [u1, ur, uy].
Using the transformations

Up = U2 €OS Y+ uzsinp, Uy = Up COSP — Uy SN,

Uy, = —Ug Sing + ug cosy, Uz = U SINQY + Uy COS P,
we can calculate that

(wxax) - Vu—-—wxu =wiyu— (wxu) = wdy(ur,uz,uz) —w (0, —us, uz)



(75} 0
= w0d, | ur cose —u, sing —w —Uyp SIN P — Uy COS P
Uy SIN Y + Uy COS P Uy COS P — Uy SIN Y
Opuy r Opu1 T
= w | (Opur) cosp — (Opuy,) sing 2w | dyu, = wdy [u1, ur, uy).
(Opur) sinp 4 (Opty) cos g Dy

In the following, the vector function u will be identified with [u1, u,,u,]; the same holds
for other vectors or vector functions. Thus, the relation (2.3) between the operator A%
and the Stokes operator A can be written in the form

Au = Adu+wd,u —you (2.5)

where AY now stands for the Stokes operator in cylindrical coordinates.
If T is a closed linear operator in a Hilbert space H, then we shall use the following

notions and notation:
o N(T) is the null space of T', R(T) is the range and T is the adjoint operator to T'.
o nul(7) is the nullity and def(T’) is the deficiency of T
o ind(7") = nul(T") — def(T") denotes the index of T
o nul’(T) is the approximate nullity and def’(T) is the approximate deficiency of T.
o p(T) denotes the resolvent set of T'.

o 0p(T) is the point spectrum of T', o.(7T") its continuous spectrum and o,(T") its
residual spectrum.

o o(T) is the whole spectrum of T' (= 0,(T") U 0.(T") U 0,-(T)).

o 0ess(T) denotes the essential spectrum of T, i.e. the set of A € C such that nul’ (T —
M) = def (T — \I) = +o0.

o 0.(T') denotes the set of those A € C for which there exists a non—compact sequence
{u,} in the unit sphere in H such that (T'—AI)u,, — 0 for n — +o0. It is equivalent
to the equality nul’(T" — ) = +oc.

o T is said to be normal if T*T = TT™.

The definitions of these notions can be found in [18] or in [13], see [6] for the survey
of their main properties. For the purposes of this paper, let us recall that o,(T), o.(T')
and o.(T) are mutually disjoint, o(T), 0ess(T") and 0.(T") are closed sets in C and o.(T') C
Oess(T') C oe(T) C o(T).

3 The Oseen operator Ag

It is known that the spectra of the Stokes operator A8 satisfy the identities

op(Ap) = o:(A) =0, (3.1)
U(Ag) = UeSS(Ag) = UC(Ag) = (—00,0]. (3.2)



(The residual spectrum of AY is empty because A is selfadjoint. The reasons why the
point spectrum is also empty are explained in [6]. The identities o(AY) = 0.(A}) = (—o0, 0]
follow from I. M. Glazman [13] and O. A. Ladyzhenskaya [20].)

The spectrum of the Oseen operator A9/ was studied by K. I. Babenko in [1]. Considering
the case = R? and assuming that \ € Ag where

A= {A=a+ifeC; a,fER, a<—vf*/7?}, (3.3)

K. I. Babenko mentions a construction (based on the Fourier transform) of a non—compact
sequence {v"} in the unit sphere in L2(Q) such that H(Ag — AM)v"|jp2 — 0 as n — +o0.

Then A € 0pgs (Ag) and consequently AQY C Oess (Ag). On the other hand, the author states

that the equation
(A = M) = f, (3.4)

for Re A > 0 and f € L2(Q2), can be solved by means of a Green’s function of the Dirichlet
problem with a reference to F. Odqvist [24] for more details concerning the construction
of Green’s function and its estimates. Furthermore, K. I. Babenko emphasizes that it is
not difficult to treat the other cases of A € C — AQY. Thus, he arrives at Propositions 4 and
5 which imply that C — AY € p(A9).

Since the information on the spectrum of the operator Ag is of fundamental importance,
in the following theorem we present a complete proof based on a totally different approach.

Theorem 3.1 J(A?,) = O‘ess(Ag) = AQY.

Proof. 1. Let us begin with the inclusion C — AQY C p(Ag) to be proved by contradiction.
Suppose that A = o +i8 € (C— AY) N o (A). Assume that A € 0,(49) U a.(AY) at first.
Then there exists a sequence v™ in the unit sphere in L2(£2) such that

(Ag — A" =€" — 0 in L2(Q) as n — 4oo. (3.5)

This sequence {v"} can be constant if A € O'p(Ag). We test (3.5) with v™ (in the L?-sense
for complex—valued functions) and get that

v [Vo 2 = Ao [[§2 — 7 (010", 0" )02 = (€",0")o,2- (3.6)

Note that Re (01v",v")p2 = 0. Next we consider the real and imaginary part of (3.6) and
see that

v[Vo'l§, = —afv"[§2 — Re (", v")oz < —a+ [l€"lloz2- (3.7)

Using (3.5), we observe that o < 0. From (3.6) and (3.7) we obtain

a 1 1/2
IVo"los < (=5 + 2 lle"lloz) (3.8)
14 14
as well as

B = Bllv"[32 = —yIm (810", v")o2 — Im (€", 0" )o 2



so that
18] < v [IVV"™[lo2 + ll€"lo,2 - (3.9)

Inserting the estimate (3.8) into (3.9) we are led to the inequality

a 1 1/2
81 < v (=S +=le"loz) " + €z
v v

Asn — +o0, (3.5) implies that || < vy/—a/v, i.e. a < vB%/y2. Obviously, this inequality
is in contradiction with the assumption A € C — Ag. Hence A € C — AQY cannot belong to
0p(AY) U o (AY). Now assume that A € 0,,(A9). Then X belongs to the point spectrum of

the adjoint operator (Ag)*; this leads to the same contradiction as if A € ap(Ag). Thus,
A€ p(Ag) which implies that C — Ag C p(Ag).

II. Now we will prove that Ag C 5C(Ag). Let A = a+if8 € (A(,)Y)O be given; here (AE)Y)O
denotes the interior of Ag, i.e. the set of a +i3 € C such that a < —v(3%/42. The number
« can be written in the form o = a1 + oo where o = —Vﬂ2/72 and ag < 0.

We shall explicitly define functions v™ € LZ(€2) such that [[v"]|o2 = 1, (A9 —A)v™ — 0
in L2(£2) as n — +oo and such that the sequence {v"} does not contain any subsequence,
convergent in L2(Q). Let us denote by v7, v™ and vy, the cylindrical components of v™.
Put

Uqll(l‘lara 90) = 07
v, ) = R UM x) V(r) e,
dv(r)

ikp
€
dr

1 1
panng) = = O )] =~k U [V 4

n

where k is an arbitrary, but fixed chosen non—zero integer. Then, obviously, v™ satisfies

the condition
V.v" 8”+18(")+16” 0
" = -0, - = 0.
107 " T, " Vs
Here the function U™ has the form
U™(x1) = ni(x1) Y (1) (3.10)

where 71} is an infinitely differentiable function on (—o0, +00) such that 0 < n}" <1,

" 0 for z; < -—n—n? and n+n? <z,
n(z1) =

1 for —n2<umz < nQ,

and Y (z1) = €!%®1, The identity oy = —v/3?/4? guarantees that the characteristic equation
v¢% —~(¢ — (a1 +iB) = 0, corresponding to the equation (3.11) below, has the root (1 = ia
where a = —(3/~. Thus, the function Y is a bounded non—trivial solution of the ordinary

differential equation

vY"(z1) —vyY'(21) — (01 +iB) Y(x1) = 0 (3.11)



in the interval (—oo, +00). The function V™ has the form
Vi(r) = ni(r)e”; b= /-— (3.12)

where 7% is an infinitely differentiable function on [0, 400) such that 0 < 7§ <1 and

0 for 0<r<mn and 3n+n?<r,
ny(r) =
1 for 2n <r < 2n+n2.

Both the functions 7; and 73 can be chosen so that their derivatives are of the order 1/n.
The definition of V™ guarantees that it satisfies
d2
v—V"r)—aV"(r) =0 3.13
SV = V) (3.13)
for 2n < 7 < 2n + n?. Finally, the constant x, is chosen so that ||v"|g2 = 1. Thus, the
support of v is a subset of

S" = {:c: [z1,7,¢] ER? —n—n? <z <n+n® n<r<3n+n’ 0<p< 277}. (3.14)

Considering the norm of v™, we can observe that for large n the decisive contribution
comes from the integral of |vg|2, namely of its part ’(—1/1%) Kn U™ (dV™/dr) e’k”}Q, on
the region

D" = {a: = [z1,m 0] €ER3 —n? <z <n? 2mn<r<2n+n? 0<p< 27r}. (3.15)

The integrals of all other parts on other re2gions are of a lower order in n. Calculating the
integral of ’(—1/1]{:) K U™ r (dV™/dr) eik@| on the domain D", we obtain

n2 2n+n? 2 dvn(r)
/—n2 /Zn ~/O dr
n2

2
/432 2n+n

= 27‘—]{773 _nz‘Un(x1>‘2dx1 /2n 7’3

2

En g r dpdrdx;

ik

(z1)7

2

v

dr

= 2r i’% 2n? g ((2n +n?)t — (2n)4)
k2 4 '
Here we have used the equalities n{'(x1) = n5(r) = 1, hence |[U"(x1)| = |[V™(r)| = 1 for
(z1,7,¢) € D™. Thus, there exist ng € N and positive constants ¢y and c3 (independent
of n) such that

< <2 (3.16)

VneN n>ng : =
n

301‘19

Now looking at (Ag — M)v"™, we can omit the projection II, in front of the Laplace
operator in Ag'v” because Av™ is divergence—free and has a compact support in Q. Thus,
(APY —A)v"™ = vAv" — 491 v"™ — Mw". Calculating the norm of this expression in L2(£2), we
observe that the contributions coming from 2 — D™ tend to zero as n — 400 because they
represent square roots of integrals of functions bounded by Crx2r? on S™ — D™. Due to



(3.16), this contribution is of the order n~1/2. Concerning the integral on D", the decisive

part again comes from (VA — 01 — Al)vg, namely from (vA —~0; — Al) applied to the

term (—1/ik) k, U™ r (AV"/dr) eih® because of the factor r inside this term. Note that due
o (3.11) and (3.13)

En rrn an(T‘) i
(VA — 581 — XI) (1]{; U(xy)r 5 ek‘P)

v v Kn +rn
— <u8f+u8,?+T8T+r283,—781—/\1)<ikU(xl)r P

e (5 ) A

avr(r) eikso>

ik dr2 " dr dr

+ (¥ (21) = 7Y (@1) = o1 +36] Y (21)) |r dV;;(r)}eiW
I:T: VriQ Ut(@) r ch:r(T) e

+I;—]: U"(z1) % %[r dV;T(T)} - T—Z U™(x1) ’/TkQ dV:T(T)}eikgo

= Vhn <—3b2 + % _ k21b> ei(a:vl-l—br) eikap

where in the last step we used the simple forms of the functions U™ and V" on D", i.e
Un(x1) = €1 and V"(r) = €. Hence

IR

2n+n? 1/2
< Clnkb)x { | / Tdrdxl] = C(v,k,b) k[ (20 +n%)? — (2n)
—n? J2n

2

dv™(r) eik@)

1/2
vA — ~0; —AI) <’f]: U'(xy)r T rd@drdxl]

2} 1/2.

The last term tends to zero as n — 400 due to (3.16). In this way, we prove that
(A9 = AD)v"[jo2 — 0 as n — +o0.

The sequence {v"™} does not contain any convergent subsequence because the intersec-
tion of supports of any infinite family of functions, chosen from {v"}, is empty.

Since A was an arbitrarily chosen number from (AO) , we have obtained the inclusion
(A9)° C G.(A9). It means that nul’(AY — AI) = +oo. Since the operators A9 and (A9)*
differ only in the sign in front of yd;, we can prove in the same way that nul/((AO) —) =
+00. It means that def’ (AO M) = 400 and consequently, A € O'ess(A ). The essential
spectrum is a closed set, hence A9y C Jess(Ag). O

Theorem 3.1 provides an information on the shape of the whole spectrum U(AO) but it
does not specify which numbers A from o(A9) belong to g,(AY), a.(AY) or to JT(AO) We
do answer this question in this paper ne1ther for the operator AO nor for the more general
operator AZ.

10



The Oseen operator AO generates an analytic semigroup, see T. Miyakawa [22]. There-
fore the operator (— AO) 1s sectorial, see D. Henry [14], p. 20-21. The next theorem states
the non—normality of the Oseen operator, which stresses the difference between the Stokes
and Oseen operators.

Theorem 3.2 The Oseen operator Ag s not normal.

Proof. Constructing a function z € D((AO)*AO) which is not in D(AO(AO) ), we show
that the domains D((AO) AO) and D(A0 (AO) ) do not coincide.

Let R > 0 be so large that the body B is contained in the interior of the cube [~ R, R]?.
Recall that Q = R? — B. Define the set

Qper = {:c = (z1,22,23) €R>; Ik, I, meZ :
(xl—kR,xg—lR,xg—mR) [-R,R]? B}

Note that e is a domain in R3 which consists of infinitely many copies of the set
[-R, R]? — B, periodically repeated in directions parallel with the x1—, zo— and x3—axis.
We shall use the following function spaces:

o (C§° )per is the space of infinitely differentiable vector functions ¢ in Qper, R-
periodic in the directions of all Cartesian axes and such that dist (supp ¢; B) > 0.

is the completion of (C’O )per in the norm identical with the L?>-norm on
R)? — B. The spaces (VV0 2)3

( )per
(—R

o (L2 )per is the closure of the space of divergence—free functions from (C§°)3,, in
(L?
(4

2 or and (W?22) e, are defined analogously.

per
)per

Let (A9)per denote the Stokes operator in (L2)pe with the dense domain D((A9)per) =
(W2 2)per (VVO1 2)per (L%)per- Then (A)per has a compact resolvent and its spectrum,
as well as the spectrum of (A9)per — ¥01 (With the same domain), consists of a countable
number of isolated eigenvalues with finite multiplicities and negative real parts. Choose
an eigenvalue ¢ of (A§)per — 701 and denote by w an associated eigenfunction so that the
equation

(AD)pertt — yO1u — Cu = 0 (3.17)

is satisfied in Qper.

Let us show, by contradiction, that the eigenfunction u can be chosen so that dyu # 0
on dQper. Assume the opposite, i.e. that all eigenfunctions v of the operator (A})per — Y01,
corresponding to the eigenvalue (, satisfy O;v = 0 on 9€pe;. Then, for each of them, there
are two possibilities: either djv = 0 in Qpe (which can be easily excluded) or 0iv is
also an eigenfunction of (A)per — 701 corresponding to the same eigenvalue (. Since the
eigenspace of (AJ)per — 701, generated by all such eigenfunctions, is finite-dimensional, we
can choose an eigenfunction u so that

you = pu (3.18)

with an appropriate constant p. Since u = 0 on 0, and equation (3.18) is satisfied in
Qper, the integration of (3.18) on line segments parallel with the x;—axis and starting from
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the boundary of €),e; yields that w = 0 on all such line segments. Thus, w vanishes iden-
tically in an open subset of 2. Now the unique continuation principle, see e.g. R. Leiss
[21], applied to w = curlu, shows that w = 0 in Q. Consequently, u = 0 in Qe which
is impossible because wu is an eigenfunction. Since the assumption that d;u = 0 on 96,
leads to contradiction, we have dju # 0 on 0Qpe;.

Note that 0Q C 0Qper and OQper consists of infinitely many copies of 02 repeated
periodically with the period R in the direction of each Cartesian coordinate. Now we
multiply function w by an infinitely—differentiable cut—off function ngr which equals one in
the neighborhood of 92 and whose support is contained in (—R, R)? — B, and correct the
product nru by an appropriate function Ug which guarantees that div (ngu—Ug) = 0. By
these means we can obtain a function z in D((A9)*A9) which coincides with the function
u constructed above in the neighborhood of  and equals zero outside (—R, R)3. The
function z satisfies 91z # 0 on 9Q. Then z cannot belong to D(AJ(AJ)*) because all
functions from D((Ag)*Ag) N D(A,OY(A,OY)*) satisfy on 9Q the conditions z = AJz +~v0,2 =
Az — 401z = 0, which implies that 91z = 0 on 9. O

4 Axially symmetric domains — decomposition of L2()
and of A)

We shall assume that the domain  C R? is axially symmetric with respect to the x;-axis
in this section.

Let k be an integer. We introduce the following spaces and notation:

L2(Q)3 = {v € L}(Q)3; v =V (x1,7) ¥}

CRR(Q)2 = G (@) N LA(Q)}

C55, ()1 = C(Q)F N G55 (Q)

L2(Q); = the closure of Co (Q)g in L2(Q)3

Py — the orthogonal projection of L?(£2)% onto L*(Q2)3

(A9)x — the restriction of the operator AY to the space L2(Q)x

Obviously, L%(Q)3, k € Z, is a closed subspace of L?(Q)3, and L2(9)y, is a closed subspace
of L2(€2). The domain of (A9); equals D(AY) N L2(Q).

Each function v from L?(Q)3 can uniquely be written in the form of a convergent
Fourier series — with respect to the variable ¢ — of terms from L*(Q)3, k € Z:

(e]

(0]

(0]

O

(@]

(@]

+oo 27
: 1 _i
v(xl,r, 90) = Z Vk(xhr) elkgo; Vk(q;hr) = 27T/ 'U(.Tl,?", (p)e k@d@ (41)
k=—oc0 0
Thus, we have L?(Q)3 = ... ® L%(Q)3, ® L2(Q)3, @ L2(Q)3 @ L2 (Q) @ L* ()3 & .... We
have proved in [6] that
Iy L2(Q)f = Ly(Q) NLX(Q); = Ly(Qr = PL3 (). (4.2)

The next lemma generalizes some results from [6].
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Lemma 4.1 Letk € Z. Then (Ag)k is a closed operator in L2(Q) with the dense domain
D((A2),); moreover D((A%);) = PD(A)], R((A)) € L2(Q)y.

Proof. The operator (A?Y) 1 is closed because it is the restriction of the closed operator
Ag onto a closed subspace of L2(2). The domain of (Ag)k is the set of functions from
L2(Q)g, that belong to W22(Q)3 N WOI’Q(Q)S. This set contains Cg5,(£2), hence it is dense
in L2(Q).

Let v € D(Ag) = W2’2(Q)30W01’2(Q)3ﬂL(2,(Q) and let (4.1) be its Fourier expansion in
the variable ¢. Then VF*(x1,7) e = Pov € W22(Q)3, and, due to the axial symmetry of
Q and the boundary condition satisfied by v on 9Q, V¥(x1, r) €/ also belongs to I/Vol’2 (Q)3.
Using the equation divv = 0 and the orthogonality of the functions div [Vk(flfl, r) eikg"] in
L?(2)3 (for different k), we can prove that div [Vk(xl, r)el*¢] = 0. Hence VF(xy,7) ek €
L2(Q); and consequently, Py[D(AS)] € D((AY)).

On the other hand, if v € D((Ag)k), then it belongs to D(Ag), and since Pyv = v, it
also belongs to L?(Q). Hence v € D(AY) N L*(Q)} = D(AY) N LZ(Q), = Pi[D(AY)].

Ifve D((Ag)k), then Av, 91v € L*(Q)3, and due to (4.2), Agv = vll,Av — y01v €
L2()y. Hence AY is reduced onto LZ (). O

Lemma 4.2 Let k € Z. Then U((Ag)k) = O'ess((Ag)k) = Ag where Ag is the parabolic
region in C defined by (3.3): AQY = {)\ =a+ifeC; a, R, a< —yﬁQ/’yQ}.

Proof. The operator (A9) is a part of A9, hence o((A9)x) C o(A9) = AJ.

On the other hand, for A\ € (AO) , we have shown the existence of a non-compact
sequence v" € L2(Q) such that ||'v"|]02 =1 and (AO M)v" — 0 in L2(Q) as n — +o0
in the proof of Theorem 3.1, part II. The construction of v™ involved the choice of an
arbitrary non-zero integer k. An easy examination shows that the functions v" actually
belong not only to LZ(€2), but to L2(Q);. Thus, we obtain that (AY)° C o.((A9)x) for
k # 0. Using the same arguments as at the end of the proof of Theorem 3.1, we deduce
that A C oess((A9)x) for k # 0. It completes the proof in the case when k # 0.

The case kK = 0 must be treated separately. Suppose that A = a + i3 € (A )° Let
us construct a non—compact sequence {v"} in the unit sphere in L2(£2)g such tha t (A 2 —
A)v"™ — 0 as n — +oo. The requirement that v € L2(Q)¢ means that v" = [v], v7, vg]
does not depend on ¢. Then the condition divv™ = 0 says that 0(rv}) + 0, (rv)) = 0.
This equation is automatically satisfied if v™ has the cylindrical components

n 1 n
V() = | - 0" (), —falw (21,7, 0. (4.3)

Put " (z1,r) = 6, U™ (x1) V" (r) where U™ and V" are the same functions as in the proof of
Theorem 3.1, i.e. the functions given by (3.10) and (3.12), and where the factor ¢,, must be
chosen so that ||v™|o,2 = 1. Calculating the norm of ||[v"]|o,2, we can observe that for large
n the decisive contribution comes from the integral on D", see (3.15). The contribution
coming from 2 — D" is of a lower order in powers of n. The cut—off functions n{" and 7y
are both equal to 1 on D". Hence U"(z1) = €%, where a = —3/v, and V"(r) = ",
where b = y/—ay /v, see the proof of Theorem 3.1. Thus, ¥(z1,7) = d, e@1+07) on D
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and

n2d 2n-tn’ o n|2 n|2 d drd
[v""de = (Io7 1 + [v)']?) der dr da
Dn —n2 J2n 0

2n+n?
- 271'/ / |arz/} 2 + 1019 %) dr day
—n?2 2

2n+n?
= 271'(52/ / (a® + %) dr day
—n2J2n

= 2762 (a® + b?) 2n? <ln(2n +n?) — ln(2n))

The condition that this tends to 1 as n — +oo leads to the existence of constants ¢4, c5 > 0
and ng € N such that

C4 Cs

VneN, n>ng : <o, <

4.4
Inn ~ nvnn (44)

Suppose that n is so large that the support of v™ is a subset of Q2. Then (AE)Y — A)v" =
vAv" — 010" — \v™ and so ||(A2 - )\I)'U”H%Q equals

5,21/ [vAY" — 010" — )vv”’Q dx + 5721/ lvAv" — 910" — )\v"‘Q dx (4.5)
n Dn

where S™ is defined by (3.14). The integrands are less than or equal to C/r2. Thus, the
first term in (4.5) can be estimated from above by

2n 3n+n2 3n+n2
052/ day (/ / ) rdr o (/ / )d:m/ rdr
—n—n? 2n+n? n—n? r

< C82 (20 + 2n?) (1112—”—1—1 dn+ )+ o2 (2n Iy 2’ ).

2n + n? n
Using (4.4), we verify that the right hand side tends to zero as n — +oo. In the second
term in (4.5), we use the identity )™ (z1,7) = 6, €(@@1H%) which holds on D". Note
that the function Y (x1) = el%! satisfies the differential equation (3.11) and that the
function e satisfies the differential equation (3.13). Then calculating the expression
vAv" — y01v™ — A" we find that [vAv™ — y01v" — \v"| < C6,/r?. Consequently the
second term in (4.5) can be estimated by

2n+n? 2 1 2n+n? dr
052/ / / — dprdrde; = C(sgn?/ — < C6;.
—n2J2n o T 2n r

Due to (4.4), the right hand side tends to zero as n — +o0o. Hence we have shown that
||(A9Y — M)v"|lp2 — 0 as n — 4o00. The sequence {v"} is non—compact because the
intersection of the supports of any infinite family of functions chosen from {v"} is empty.
Since all the functions v™ belong to L2(£2)o, we have proved that \ € 56((143)0). Applying
once again the same arguments as at the end of the proof of Theorem 3.1, we observe
that A € aess((AO) ) and due to the closedness of 0ess((AY)o), we obtain the inclusion
AY C 0ess((A9)o). This completes the proof in the case k = 0. O

9o
Since —(A )k 18, by definition, the reduction of the sectorial operator —AO on the space
L2()g, —(AY)k is a sectorial operator in LZ(Q).
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5 Axially symmetric domains {2 — the operator Ay and
its decomposition

Let k € Z. We shall denote by (AY)x the restriction of A% to L2();. The domain of
(A9)}, is the same as the domain of (A9)y, i.e.,

D((A2)k) = D((A)x) = W>2(Q)* n Wy (2)* N L2(Q)y.

If u € L2(Q), then it has the form u(z1,7,¢) = U(x1,7) e*% and dpyu = ik U e*¥ = ik u.
Therefore, (A%)x can be rewritten as

(AY)ku = (Ag)ku—i—wé?@u = (Ag)ku—i—ikwu. (5.1)
Thus, (AY)y is a closed and densely defined operator in LZ(€2)y. The representation (5.1)
of the operator (A%); and Lemma 4.2 imply that

a((AY)k) = ess((AT)k) = {N€C; A —ikw € Ag}. (5.2)

The next lemma provides the information on the spectrum of the full operator AY. It
confirms that statement (iv) of Theorem 1.1 is true.

Lemma 5.1 0(AY) = 0ess(AY) = A where set AY is defined by (1.11):
AY —{)\—a+1ﬁ+1k:w€((: a,ﬁE]R k€ Z, a< —vB%/~%}.

Proof. Each operator (AY)x, k € Z, is a part of the operator A%, hence oes5((AY)k) C
Oess(AY). Thus, Ugez Oess((A%)k) = AL C 0ess(AY) C o(AY).

It remains to prove the opposite inclusion, i.e. that o(A%) C A4 or equivalently that
(C—AY) C p(AY). Suppose that A = a +i8 € C — A%. We will show that the operator
AY — Al has a bounded inverse in L2(Q). Let f € L2(Q) with Fourier expansion

f(z1,r0) Z Fr(zy,r ?,

k=—00

where f e*? € L2(Q);, be given. Let us at first solve the equation ((A2) — Mwy, =
Fie*? in L2(Q);. Putting wy, = uy e*% and using (5.1), we observe that this equation is
equivalent with

(Ag)k(uk eik‘p) — (a+1if — ikw)(ug eik‘p) = fr ek, (5.3)

Due to Lemma 4.2 we have a+if—ikw € p((A9)) for all k € Z. Since the operator —(A9)x
is sectorial, we deduce from resolvent estimates for sectorial operators, see e.g. D. Henry
[14], p. 23, that there exists a constant M > 0, independent of k, such that

M

u = [y e*? < — i = 5.4
[ukllo2 = llure™ oz < T+ k] 1Fx €™ llo.2 1+|k’ [ Fkllo2- (5.4)
Then the series S/ wuy, e converges in L2(Q) and u = 37> _ wuy, ¢*¥ satisfies the
estimate
2 — 2 — M? 2 2 £112
lulloe = < =g I[Felloe < M7(Ifl52- (5.5)
; o ) k:z—oo (14 |k])? 0,2 .
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From the equation (5.3) and the estimate (5.4), we have
1Ak )], < IFk€™llo2 + o + i8] [lug e oz < O f1e*® o2

where C' is independent of k. Using these inequalities and the closedness of the operator
AY, we deduce that u € D(AY) and (A%Y — A)u = f. This information, together with
(5.5), completes the proof. O

6 General exterior domains — the operators AY and LY

Using the same procedure as in the proof of Theorem 3.2, we can show that the operator
A% is not normal, i.e., that the statement (ii) of Theorem 1.1 is true.

If A = a+1i8 is an eigenvalue of A% and v is a corresponding eigenfunction, then,
multiplying the equation A¥v = Av by v and integrating on €2, we obtain the identity
—v ||V'v||a2 = « ||'v||a2; compare with that part of the proof of Theorem 3.1 which lead
to (3.8). This verifies Theorem 1.1 (iii).

Let Ry = max {|x|; « € B} and Qr = QN Bg(0).

Lemma 6.1 Let X € EC(AE;). Then there exists R > Ry and a non—compact sequence
{u”} in D(AY) such that |[u™|lo2 =1, u™ =0 in Qg and

(A =ADu" — 0 in LE(Q)  for n — +oo. (6.1)

Proof. The condition A € 6.(A%) means that nul’(A% — A\I) = +oc. Then there exists
an orthonormal sequence {v"} in L2(£)) such that

(AY = A)v" =€ — 0 in LE(Q) for n — +oc; (6.2)

the construction of the sequence {v"} is based on Lemma IV.2.3 in [18] and is explained
in [6]. Obviously {v"} converges to the zero function weakly in L2(Q). Using (6.2) and
the estimate (2.1), we get that the sequence {v"} is bounded in W&’Q(Q)?’ N W22(Q)3.
Then there exists a subsequence, again denoted by {v"}, which is weakly convergent to
0 in W&’Q(Q)?’ NW22(Q)3. Moreover, {w(e1 x &) - Vv"} converges weakly to 0 in L2(£).
Suppose that R > Rg + 3 is a fixed number. The compact imbedding W?22(Qg)? —
— W12(QRr)? yields

v — 0 strongly in WH2(Qg)3. (6.3)
The first part of (6.2) can be written in the form
vAv" +w(e; x ) - Vo' —we; x v —y01v" — A" + V" = € (6.4)

where ¢" is an appropriate scalar function. It follows from (6.4) and (2.1) that Vg™ — 0
weakly in L?(2)3. Thus, the functions ¢, which are given uniquely up to an additive
constant by (6.4), can be chosen so that ¢" — ¢ = const. strongly in L?(Qg). We may
even assume that ¢ = 0.
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Denote by n an infinitely differentiable cut—off function in Q such that

(@) 0 if |z/<R-2
€Xr =
1 1 if |#|>R-1,

and 0 <np(x) <1if R—2<|z| < R—1. Put " = nv" — V" where divV" = Vn - o™
Although V™ is not given uniquely, the results on solutions of the equation divV = f, see
e.g. [2], show that the function V" can be chosen such that supp V" C {x € Q; R—-3 <
|x] < R} and there exist ¢g > 0 such that

V22 = IV 220, < c6lIVn-v"12:0p — 0 (6.5)

as n — +oo. (Here ||.|l22.0; and ||.[|12.0, denote the norm in W22(Qg)? and in
WhH2(Qg)3, respectively.) The function u” is divergencefree, equals 0 in Qp_3, equals v"
in Q — Qg and belongs to L?(2)3. Due to the properties of the functions n and V™ we get
u" € D(A?). Obviously u" satisfies
vAu" +w(ey x ) - Vu" —wey x u" —yo1u" — Mu" + V(ng")
= 7 [VAv" +w(ep x x) - Vo' —we; x v" —you, — /\'v"] +2vVn - Vo'
+v(An)v" —vAV" + [w(er x ) - V] v™ — v (9in) v" — w(ey x ) - VV"
+we; Xx VP 4+ ~y01 V"™ + AV"™ + V(nq")
= ne" +2vVn- Vo' + v(An)v" — vAV" + [w(ey x @) - V] v™ — v (01n) "
—w(er xx) - VV" +wer x VP + 4 V" + AV" 4+ (Vn)q" (6.6)
where n€" — 0 in L?(Q2)3 due to (6.2), and v[2V7n- Vo™ + (An)v™] — 0 in L%(Q)3 because
Vn and An are supported in Qp and due to (6.3). The terms [w(el X x) - Vn] v" and
v (61m) v™ also tend to zero in in L2(Q)? for the same reasons. Furthermore, all terms

involving V™ tend to 0 in L?(Q)? due to (6.5). Finally, (V7)¢" — 0 in L?(Q2)3 because
¢" — 0in L?(QR) and V7 is supported in Qr. Thus,

vAu" + w(e; x x) - Vu" —wey x u™ — y01u" — M + V(ng") — 0 in L*(Q)?

for n — 400, and therefore {u"} satisfies (6.1). Moreover, we have
w2, > / lu(x)]? de = / lv"(x)*de — 1 forn — +oo
’ jo|>R le|>R

because ||[v"|lp2 = 1 and due to (6.3). If we divide each of the functions u" by its norm
in L2(Q) and denote the new function again by u", we obtain the sequence {u"} with all
the properties stated in Lemma 6.1. Finally, the orthonormality of {v"} and (6.3) imply
the non—compactness of the sequence {u"}. O

We denote by Eﬁ the operator which is defined in the same way as A%, however on the

whole space R3 rather than on the exterior domain 2 C R3. Obviously, the operator gﬂ;
has all the properties derived in Sections 4 and 5.

Lemma 6.2 0.(AY) = 56(121\‘;’) =A%,
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Proof. Suppose that A\ € .(4%). Let R > 0 and {u"} be a number and a sequence,
respectively, with the properties named in Lemma 6.1. All functions 4", extended by zero
from Q to the whole space R3, belong to the domain of operator AY. Thus, (6.1) shows

that A € &,(AY).

On the other hand, if A € 0.(A%) then we can use analogous arguments and prove that
A also belongs to o.(AY). O

~

Let us show that 0,(A%) C 0ess(A%); the opposite inclusion is trivial. For A € o.(A%) we

have that nul'(A% — AI) = +o00. Moreover, X € 6.((A%)*) = 6.(A~%), so that nul’((A2)* —
AI) = +o0. Hence def' (A% — AI) = 400 which shows that X € 0ess(AY), see [18], p. 234.
We have thus proved Theorem 1.1 (i). Theorem IV.5.35 in [18] and Lemma 2.4 imply that
the essential spectrum of the operator L‘:; is the same as UeSS(A‘:;); therefore it is also given
by (1.11). Moreover, since ind(L% — AI) = 0 in C — 0es5(L%) and due to Theorem 1V.5.31
in [18], C — 0ess(L%) can contain at most countably many eigenvalues A of L&, which can
cluster only on the boundary of C — 0ess(L%) and 0 < nul(Ly — AI) = def(Ly — AI) < +00

at each of them. This implies Theorem 1.1 (vi).
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