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Ā : Ω× [0, T ] −→ so(d) ,
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)
, (x, t) ∈ Ω× [0, T ] ,
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, (x, t) ∈ Ω× [0, T ] ,

n�¬ w
j,ChÌ�ChcRjr<>c,` n ?^c,]>J,w$?^c n 9*PRC�K*JLUWUËCh9*;*<@É Ch]k8^K*9*<@É<uOK
PRCh] ä J©K*9*;
C#K
K$9
ChcRK�?^;

TE
w

TE(x, t) = 2µ
(

sym(Du(x, t)) − εp(x, t)
)
, (x, t) ∈ Ω× [0, T ] ,

8:cRj©9*PRC É#?^UWÌ,]@ChUËChc·9�8:;*JlÉ#?^cRjr<>9*<@?^cRK n H�8:; p K
PrÞ�H p P,crÞ�È p É
Y1Ch;�w

Λ(x, t)φ
(
TE(x, t)

)
= 0, Λ(x, t) ≥ 0, φ

(
TE(x, t)

)
≤ 0, (x, t) ∈ Ω× [0, T ] .

n s1w
r�Ch;
C�8:cRje<>cB9*PRC�Ma?^]>]@?T÷$<>c,`RG·Ma?^;

τ ∈ Sym(d)
9*PRC�j,Ch;*<>â^8:9*<>â1C

Dφ(τ ) ∈ Sym(d)
<@KQ;
ChÌ,;
C#K
Chcb9
C#j­<>c

Sym(d)
K p É
Pl9*P�8:9$Ma?^;$9*PRC�à®­:9
Ci8 p ì�j,Ch;*<>â^8:9*<>â1C

Dφ(τ )[η]
PR?^]@j,K

Dφ(τ ) : η = Dφ(τ )[η] = lim
h−→0

1

h

(
φ(τ + hη)− φ(τ )

)
, η ∈ Sym(d) .

¯£°(±�²"³�´ ¬4µ�¶�· û·Õ�¸�×^Ø Ï Ú Ò Ø¡Ù�¹ n�¬ w ×uÚ�ã n s1w Ö
×^Ú�º Ï¼»#Ð Ô Ñ ûLØ>× Ò�Ï ãBû Ü ÕVÚ ÎBÒ�½,Ï Ü ûNº
ã^Õ ¾ Ï Ô Ï Ú Ò Õa×^Ø	Ö
×^Ø>ÖhûLØ»û Ü
d

dt
εp(x, t) ∈ ∂χK

(
TE(x, t)

)
, (x, t) ∈ Ω× [0, T ] ,

¿ ½rÏ Ô Ï χK
ã Ï Ú ÐuÒ�Ï�Ü�Ò�½rÏ Õ±Ú�ã^Õ�Ö
× Ò�Ð Ô » ûLÚ�Ö Ò Õ Ð Ú Ð�»�Ò�½rÏ Ö Ð Ú$¸ Ï2À©Ü#ÏhÒ K ×^Ú�ã ∂χK

Õ Ü�Ò�½rÏ�Ñ û·Ø Ò Õ Ó ¸�×^Ø¡û Ï ã
ã Ï ÔFÕ�¸�× Ò Õ�¸ Ï

∂χK(τ ) =





0 φ(τ ) < 0 ,
[0,∞) φ(τ ) = 0 ,
∅ φ(τ ) > 0 .
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I(u, Ā, εp) = E(Du, Ā, εp)− `(t,u) ,

¿ ½rÏ Ô Ï

E(Du, Ā, εp) = µ

∫

Ω

∣∣ sym(Du)− εp
∣∣2 dx +

λ

2

∫

Ω
tr(Du)2 dx

+ µc

∫

Ω
| skew(Du)− Ā|2 dx + µL2

c

∫

Ω
|DĀ|2 dx n Ä w

Õ Ü�Ò�½rÏ Ö Ð Ô�Ô Ï�Ü�Ý,Ð Ú�ã^Õ±Ú Î�Ï Ø>× ÜFÒ Õ�Ö » Ô Ï
ÏWÏ Ú Ï Ô Î Ù,Å
ð ¾ ¡£¢ �lÄ	ÇÆ�TÆ1Â��bÁE���d���N�#ÁiÃN�6�����N�#ÁTÇ±Æ��(Ã_�E���bÂ��rÁ\�\Ã�Ä"�L�

� Ç��iÆ1Â��1ÁTÇ�Ç,�rÁTÇ±Ã�À®ÇaÀÈ�E�"�,Æ,�R¾ ý�Ch9
h
ä C©8gUËC#K*PÿK*<>=iCÍÌ�8:;�8:UËCh9
Ch;iGZ]@Ch9

Vh ⊂ C0,1(Ω,Rd)
ä C©8

ÊRc,<>9
C�Ch]@ChUËChcb9�K*Ì�8^É#CuG�8:cRj©K
Ch9

Vh(uD) = {v ∈ Vh : v(x) = uD(x)
Ma?^;

x ∈ Dh},
÷$PRCh;
C

Dh ⊂ ΓD
<@K�9*PRC�K
Ch9�?:MO8:]>]�cR?·jR8:]�Ì�?^<>cb9
KD?^c

ΓD
ß

o c�8:]@?^`1? p K
]>J1G,]@Ch9
Wh ⊂ C0,1(Ω, so(d))

ä C�8:cR?^9*PRCh;�ÊRc,<>9
C(Ch]@ChUËChcb9DK
Ì�8^É#CuGR8:cRj©]@Ch9

Wh(AD) = {B ∈Wh : B(x) = AD(x)
M�?^;

x ∈ D′h}÷$PRCh;
C
D′h ⊂ ΓD

<@K�9*PRC�K
Ch9�?:MO8:]>]�cR?·jR8:]�Ì�?^<>cb9
KD?^c
ΓD

?:M
Wh
ß

ý�Ch9
Ξh ⊂ Ω

ä C�� p 8^jr;�8:9 p ;
CÍÌ-?^<>c·9
KË8:cRjé]@Ch9
ωξ
ä CÍÉ#?^;*;
C#K*Ì-?^cRjr<>c,`y� p 8^jr;�8:9 p ;
CÍ÷QCh<>`uPb9
KWK p É
P

9*P�8:9
∫

Ω
v ·w dx =

∑

ξ∈Ξh

ωξ v(ξ) ·w(ξ) , v,w ∈ Vh .

[\CZK
Ch9
Λ = {Λ: Ξh −→ R} G Σh = {τ : Ξh −→ Rd,d} 8:cRj Ep

h = {τ : Ξh −→ sl(d)∩Sym(d)} G÷$PRCh;
C
sl(d) = {τ ∈ Rd,d : tr(τ ) = 0} <@K59*PRC�ý�<@C(8:]>`1C ä ;�8W?:M	9*;�8^É#CFÞ�Ma;
C#C�Ue8:9*;*<@É#C#Kißp�c�? p ;�cR?^9�8:9*<@?^c�9*PRC <>cb9
Ch`u;�8:]�<@K p K
C#j�8:]@K
?WMa?^;$9*PRC�ÊRc,<>9
C)K p UËK
∫

Ω
σ : ε dx :=

∑

ξ∈Ξh

ωξ σ(ξ) : ε(ξ), σ, ε ∈ Σh .

¡£¢ ���E�d�éÇ���Ä	ÇÆ�TÆ1Â��bÁE���L¥�Å.�rÁTÇ±Ã�À¦�ËÃ=§$Á ¢ ���L���N�#ÁiÃ$�6�"���N�#ÁTÇ±Æy�(Ã=�E�E�·Â��rÁ��éÃ�Ä¦�d��¾ ~ICh9
Ch;*UW<>cRC
jr<@K*Ì,]k8^É#ChUËChc·9
K

u : [0, T ] −→ Vh
÷$<>9*P

u(t) ∈ Vh(uD(t))
Ma?^;

t ∈ [0, T ],UW<@Éh;
?^;
?^9�8:9*<@?^cRK
Ā : [0, T ] −→Wh

÷$<>9*P
Ā(t) ∈Wh

(
ĀD(t)

) M�?^;
t ∈ [0, T ],K*9*;
C#K
K�C#K

σ : [0, T ] −→ Σh,Ì,]k8^K*9*<@É�K
9*;�8:<>cRK
εp : [0, T ] −→ Ep

h,Ì,]k8^K*9*<@É U p ]>9*<>Ì,]><@Ch;
Λ: [0, T ] −→ Λ,

K�8:9*<@K|MaJ·<>c,`W9*PRC É#?^cRK
9*<>9 p 9*<>â1C�;
Ch]k8:9*<@?^c

σ(ξ, t) = 2µ
(

sym(Du(ξ, t)) − εp(ξ, t)
)

+ λdiv(u)(ξ, t)11 + 2µc(skew(Du)(ξ, t)− Ā(ξ, t))
Ma?^;

(ξ, t) ∈ Ξh × [0, T ]
n±p K*<>c,`

σ(ξ, t) := σ(t)(ξ)
Ma?^;
σ(t) ∈ Σh

wFGr9*PRC�CP� p <>]>< ä ;*< p U3CP� p 8:9*<@?^cRK
∫

Ω
σ(t) : Dv dx = `(t,v), t ∈ [0, T ], v ∈ Vh( � ) ,

µL2
c

∫

Ω
DĀ(t) ·DB̄ dx = µc

∫

Ω

(
skew(Du(t)) − Ā(t)

)
: B̄ dx, t ∈ [0, T ], B̄ ∈Wh(0)

n ÷$PRCh;
C
DĀ ·DB̄ =

∑
ijk ∂iAjk∂iBjk

wFGr9*PRCÉo�?T÷ù; p ]@C

d

dt
εp(ξ, t) = Λ(ξ, t)Dφ

(
TE(ξ, t)

)
, (ξ, t) ∈ Ξh × [0, T ] ,



m G,H0I(JLK,KNMPO"HPQNR(JLSUTWV�XZY�OZV@M�[\HET�]_^U^BJL`aM�bZI(c\Q(H�[
V�JdI=Jd`=YDefb=g(hZgZY�ikj�M0F2l2l2m�n
j,ChÌ�ChcRjr<>c,`e?^c

TE(ξ, t) = 2µ
(

sym(Du(ξ, t))− εp(ξ, t)
)

(ξ, t) ∈ Ξh × [0, T ] ,
8:cRj©9*PRC É#?^UWÌ,]@ChUËChc·9�8:;*JlÉ#?^cRjr<>9*<@?^cRK n H�8:; p K
PrÞ�H p P,crÞ�È p É
Y1Ch;�w

Λ(ξ, t)φ
(
TE(ξ, t)

)
= 0, Λ(ξ, t) ≥ 0, φ

(
TE(ξ, t)

)
≤ 0, (ξ, t) ∈ Ω× [0, T ] .

� Ç��iÆ1Â��1ÁTÇ�Ç,�rÁTÇ±Ã�À ÇaÀ ÁTÇ@���R¾ È5PRCëUË?·j,Ch] ?:M(<>cRÉh;
ChUËChc·9�8:]�<>crÊRc,<>9
C#K*<>Ue8:])N/?uK
K
Ch;�8:9­Ì,]k8^K*9*<@Éh<>9¦J4<@K
? ä 9�8:<>cRC#j ä J­8Ëj,C#É#?^UWÌ-?uK*<>9*<@?^c

0 = t0 < t1 < · · · < tN = T
?:M	9*PRC 9*<>UËC <>cb9
Ch;*âu8:]�8:cRj�9*PRC ä 8^É
YL÷/8:;
jÊu p ]@Ch;�K
É�PRChUËCB|+M�?^;

n = 1, 2, 3, ...
G�9*PRC�cRCFìL9�<>cRÉh;
ChUËChc·9

j,ChÌ�ChcRj,K�?^cë9*PRC�Ue8:9
Ch;*<k8:]	P,<@K*9
?^;*Jlj,C#K
Éh;*< ä C#j ä J
εn−1
p

n ÷$PRCh;
C
ε0
p = 0

8:9
t0 = 0

<@K�`u<>â1Chc�wFG-9*PRC
cRCh÷%]@?18^j

`n[v] = `(tn,v)
8:cRjg9*PRC�cRCh÷¤~�<>;*<@É
P,]@Ch9 ä ? p cRjR8:;*J�â^8:] p C#K

unD = uD(tn)
8:cRj

ĀnD =
ĀD(tn)

ßÿ[\C©É#?^UWÌ p 9
Cl9*PRC©jr<@K*Ì,]k8^É#ChUËChcb9
un ∈ Vh(unD)

K�8:9*<@K*M±JL<>c,`³9*PRC©C#K
K
Chc·9*<k8:] ä ? p cRjR8:;*J
É#?^cRjr<>9*<@?^cRKiG^9*PRC/K*9*;
C#K
K

σn ∈ Σh
G:9*PRCQUW<@Éh;
?^;
?^9�8:9*<@?^c

Ān ∈Wh(ĀnD)
G:9*PRCQÌ,]k8^K*9*<@É/K*9*;�8:<>c

εnp ∈ Ep
h

G
8:cRj©9*PRCIÌ,]k8^K*9*<@É�U p ]>9*<>Ì,]><@Ch;

Λn ∈ Λ
K�8:9*<@K*M±JL<>c,`W9*PRC�É#?^cRK*9*<>9 p 9*<>â1C ;
Ch]k8:9*<@?^c

σn(ξ) = 2µ
(

sym(Dun(ξ))− εnp (ξ)
)

+ λdiv(un)(ξ)11

+ 2µc
(

skew(Dun(ξ))− Ān(ξ)
)
, ξ ∈ Ξh ,

n�Ë w
9*PRC�CP� p <>]>< ä ;*< p U3CP� p 8:9*<@?^cRK

∫

Ω
σn : Dv dx = `n[v], v ∈ Vh( � )

n Ì 81w

µL2
c

∫

Ω
DĀn ·DB̄ dx = µc

∫

Ω

(
skew(Dun)− Ān

)
: B̄ dx, B̄ ∈Wh(0) ,

n Ì ä w
9*PRCÉo�?T÷ù; p ]@C

1

tn − tn−1

(
εnp (ξ)− εn−1

p (ξ)
)

= Λn(ξ)Dφ
(
T nE(ξ)

)
, ξ ∈ Ξh ,

j,ChÌ�ChcRjr<>c,`e?^c

T nE(ξ) = 2µ
(

sym(Dun(ξ))− εnp (ξ)
)
, ξ ∈ Ξh ,

n v1w
8:cRj©9*PRC É#?^UWÌ,]@ChUËChc·9�8:;*JlÉ#?^cRjr<>9*<@?^cRK n H�8:; p K
PrÞ�H p P,crÞ�È p É
Y1Ch;�w

Λn(ξ)φ
(
T nE(ξ)

)
= 0, Λn(ξ) ≥ 0, φ

(
T nE(ξ)

)
≤ 0, ξ ∈ Ξh .�·<>cRÉ#C�9*PRC�Ì,;
? ä ]@ChU3<@K$;�8:9
CFÞ�<>cRj,ChÌ�ChcRj,Chcb9iG-;
C#K
Éi8:]><>c,`Í?:M�9*PRC(9*<>UËC Ì�8:;�8:UËCh9
Ch;�j,?LC#K$cR?^9D8�E�C#Éh9�9*PRC

UË?Lj,Ch]�ßOÈ5P p KiGR÷QC�j,CFÊRcRC
γn = 2µ(tn − tn−1)Λn ∈ Λ

Gr<�ß,Cuß>G,9*PRCÉo�?i÷6; p ]@C P�8^K$9*PRCIM�?^;*U

εnp (ξ) = εn−1
p (ξ) +

γn(ξ)

2µ
Dφ
(
T nE(ξ)

)
, ξ ∈ Ξh .

n&Í w
È�?^`1Ch9*PRCh;�÷$<>9*P n�Ë wFG n Ì w58:cRj n v1whGL÷/C Éi8:c­K
9�8:9
CI9*PRC�M p ]>]>JBjr<@K�Éh;
Ch9
C�Ch]k8^K
9
?:Þ�Ì,]k8^K*9*<@É)N/?uK
K
Ch;�8:95Ì,;
? ä Þ
]@ChUq| M�?^;�`u<>â1Chc

εn−1
p ∈ Ep

h

ÊRcRj
σn, T nE ∈ Σh

G
un ∈ Vh(unD)

G
Ān ∈ Wh(ĀnD)

G	8:cRj
γn ∈ ΛK p É�P�9*P�8:9

T nE(ξ) = 2µ
(

sym(Dun(ξ))− εn−1
p (ξ)

)
− γn(ξ)Dφ

(
T nE(ξ)

)
ξ ∈ Ξh ,

n Î 81w

φ
(
T nE(ξ)

)
≤ 0, γn(ξ)φ

(
T nE(ξ)

)
= 0, γn(ξ) ≥ 0, ξ ∈ Ξh ,

n Î ä w
σn(ξ) = T nE(ξ) + λdiv(un)(ξ)11 + 2µc

(
skew(Dun(ξ))− Ān(ξ)

)
, ξ ∈ Ξh,

n Î ÉTw
∫

Ω
σn : Dv dx = `n[v], v ∈ Vh( � )

n Î j�w

µL2
c

∫

Ω
DĀn ·DB̄ dx = µc

∫

Ω

(
skew(Dun)− Ān

)
: B̄ dx, B̄ ∈Wh(0) .

n Î CTw

È5PRChc�GrM�?^;$9*PRC cRCFìr9�9*<>UËC K*9
ChÌ
εnp
<@K�j,Ch9
Ch;*UW<>cRC#j ä J­9*PRC jr<@K
Éh;
Ch9
CÉo�?T÷6; p ]@C n&Í whß



byY��(^Bg=i$V��ZI�T�J4i=R(�Zc�K,�Z`�bZI�JL^UbZY�i=�=��GL^UbZY�i$V�QqQ_��Y�Y�Jd`$bLi�TD�ZcZJ4^ Ï
ô ¾ ¡£¢ �lÆL�VÃ=�E�4�iÁ��OÃ�ÇaÀ-ÁÐ��Â�Ã$Ñ0�·ÆuÁTÇ±Ã�À

È5PRC(8:]>`1?^;*<>9*P,UW<@É)9*;
Ci8:9*UËChcb9I?:M	9*PRC�<>cRÉh;
ChUËChcb9�8:]	Ì,]k8^K*9*<@Éh<>9�J©Ì,;
? ä ]@ChU ;
Ch]><@C#K�?^clCP� p <>âu8:]@Chcb9IÉ
P�8:;|Þ
8^Éh9
Ch;*<>=T8:9*<@?^cRK5? ä 9�8:<>cRC#j ä J�9*PRCDÉh]@?uK
C#K*9OÌ�?^<>cb9OÌ,;
?:ü*C#Éh9*<@?^c­?:M�8:; ä <>9*;�8:;*JËK*9*;
C#K�K
C#K+9
?�9*PRCD8^jrUW<@K
K*< ä ]@C
K*9*;
C#K
K
C#KTß
�·<>cRÉ#C�9*PRC�K
Ch9 ?:M58^jrUW<@K
K*< ä ]@CWK
9*;
C#K
K
C#K�<@K É#?^cbâ1CFì�G�9*PRC�É#?^UWÌ p 9�8:9*<@?^cé?:MQ9*PRC�Ì,;
?:ü*C#Éh9*<@?^c
?^cb9
?W9*P,<@KDK
Ch9$<@K�8�K*9�8:cRjR8:;
j�Ì,;
? ä ]@ChU3<>c�É#?^cbâ1CFìl?^Ì,9*<>UW<>=T8:9*<@?^c�ß
Ò Â:ÃNÑP�bÆuÁTÇ±Ã�ÀëÃ-À-ÁiÃeÁ ¢ �Ó�E�1ÁIÃ_§"�,Ä"�²Ç��E�TÇ�Ô"���Õ�#ÁiÂ��4�E�E�L�u¾ ý�Ch9

PK : Sym(d) −→ K
ä CZ9*PRC5?^;*9*PR?^`^Þ

?^c�8:]OÌ,;
?:ü*C#Éh9*<@?^c²?^cb9
?l9*PRCËÉ#?^cbâ1CFìéK�Ch9(?:M$8^jrUW<@K�K*< ä ]@CeK*9*;
C#K�K
C#K
K = {τ ∈ Sym(d) : φ(τ ) ≤ 0}÷$<>9*Pe;
C#K*Ì�C#Éh9Z9
?(9*PRC�cR?^;*U |τ | = √τ : τ

ß�A�?^9
C�9*P�8:9
0 ∈ K

n K*<>cRÉ#C
φ(0) < 0

wFß�[\C�8^K
K p UËC�9*P�8:9
φ
<@K�K*UË?·?^9*P�Ma?^;

τ 6= 0
ß

Öx°=±É±D²ès µ Â�Ð Ô Î ÕÆ¸ Ï Ú θ ∈ Sym(d)
Ò�½rÏ/Ý Ô Ð�×#Ï Ö Ò Õ Ð Ú T = PK(θ) ∈ K Õ Ü û·Ú�Õ · û Ï Ø¡ÙBã ÏhÒ�Ï Ô Ñ Õ±Ú Ï ã©ºFÙ

Ò�½rÏ�ÜhÐ Ø¡û Ò Õ Ð Ú (T, γ) ∈ Sym(d)× R Ð�»�Ò�½rÏÉØÉØ}Ù�Ó�Ü Ù ÜFÒ�ÏhÑ

0 = T − θ + γDφ(T ) ,
n qu81w

0 ≥ φ(T ), γφ(T ) = 0, γ ≥ 0.
n q ä w

ÚÛ³=Ü¦Ü"Ý µ È5PRC�É#?^cRK*9*;�8:<>c·9�UW<>c,<>UW<>=T8:9*<@?^cëÌ,;
? ä ]@ChU

T ∈ Sym(d) :
1

2
|T − θ|2 = min

K p ä ü|C#Éh9$9
?
φ(T ) ≤ 0

K�8:9*<@K|Ê�C#KI9*PRC��·]k8:9
Ch;(É#?^cRjr<>9*<@?^c n K*<>cRÉ#C
φ(0) < 0

wFß�È5P p KiG�9*PRC�UW<>c,<>UW<>=iCh;(<@K�É
P�8:;�8^Éh9
Ch;*<>=iC#j ä J³8
K�8^j,jr]@C Ì�?^<>cb9

(T, γ) ∈ Sym(d)× R ?:M�9*PRC�ý�8:`u;�8:c,`1C M p cRÉh9*<@?^c�8:]

L(T, γ) =
1

2
|T − θ|2 + γ φ(T ) ,

8:cRj©9*PRC É#?^;*;
C#K*Ì�?^cRjr<>c,`BH H È/Þ�K*JrK*9
ChU n q1wFß �
¡£¢ �lÆ1Ã-À(Þ=�4ßà�OÃRÁE�LÀ-ÁTÇÆ�$�¦¾ È5PRC É#?^;*;
C#K*Ì�?^cRjr<>c,`BÉ#?^c·â1CFì©Ì-?^9
Chc·9*<k8:]@K�8:;
C j,ChcR?^9
C#j ä J

ϕK(θ) =
1

2
|θ − PK(θ)|2 , ψK(θ) =

1

2
|θ|2 − 1

2
|θ − PK(θ)|2 ,

Ma?^;
θ ∈ Sym(d)

ßZA�?^9
CI9*P�8:9�÷QC�P�8#â1C

DϕK(θ)[η] =
(
θ − PK(θ)

)
: η , θ,η ∈ Sym(d) .

n�¬ t1w
Öx°=±É±D² Ä$µ Ù.½rÏ�» ûLÚ�Ö Ò Õ Ð Ú�×uØ ψK(·) Õ Ü Ö Ð Ú$¸ Ï�À ¹QÚ Ð Ú Ó Ú Ï�Î × Ò Õ�¸ Ï ¹/×^Ú-ã�¿ Ï®½ ×U¸ Ï

DψK(θ)[η] = PK(θ) : η , θ, η ∈ Sym(d) .
n�¬B¬ w

ÚÛ³=Ü¦Ü"Ý µ È5PRC�?^;*9*PR?^`1?^c�8:]�Ì,;
?:ü*C#Éh9*<@?^c
PK

<@K p c,<�� p Ch]>J­É
P�8:;�8^Éh9
Ch;*<>=iC#j ä J
(
θ − PK(θ)

)
:
(
η − PK(θ)

)
≤ 0, θ ∈ Sym(d), η ∈ K .

n�¬ s1w
p�cRK�Ch;*9*<>c,` n�¬ t1w+`u<>â1C#K

DψK(θ)[η] = θ : η−DϕK(θ)[η] = PK(θ) : η
G·8:cRjW÷/C�? ä 9�8:<>cBM±;
?^U n�¬ s1w

Ma?^;
θ,η ∈ Sym(d)

ψK(θ)− ψK(η)−DψK(η)[θ − η]

= PK(θ) : θ − 1

2
PK(θ) : PK(θ)− PK(η) : η +

1

2
PK(η) : PK(η)− PK(η) : (θ − η)

=
(
PK(θ)− PK(η)

)
:
(
θ − PK(θ)

)
+

1

2
|PK(θ)− PK(η)|2 ≥ 1

2
|PK(θ)− PK(η)|2.

È5P p KiG
DψK(η)[θ−η] ≤ ψK(θ)−ψK(η)

G^<�ß^Cuß>G
DψK

<@K�UË?^cR?^9
?^cRC�8:cRj�9*PRCh;
CFMa?^;
C
ψK

<@K	É#?^cbâ1CFì�ß
t�<>c�8:]>]>J1GRK*<>cRÉ#C

0 ∈ K
÷QC P�8iâ1C

ψK(θ) =
1

2
|θ|2 − 1

2
|θ − PK(θ)|2 ≥ 1

2
|θ|2 − 1

2
|θ − 0|2 = 0 . �



á G,H0I(JLK,KNMPO"HPQNR(JLSUTWV�XZY�OZV@M�[\HET�]_^U^BJL`aM�bZI(c\Q(H�[
V�JdI=Jd`=YDefb=g(hZgZY�ikj�M0F2l2l2m�n
â ßa�$�¨���Æ��¾ [\CBÉ#?^cRK*<@j,Ch;�9*PRC­Châu8:] p 8:9*<@?^c¼?:MD9*PRCeÌ,;
?:ü*C#Éh9*<@?^cèMa?^;�9*PRC­Éh]k8^K
K*<@Éi8:]/â1?^cèdg<@K
C#K
o�?i÷
; p ]@C

φ(T ) = |dev(T )| −K0
M�?^;�`u<>â1Chc n JL<@Ch]@jlK
9*;
C#K
K�w

K0 > 0
ß�tR?^;

θ ∈ K
÷/C�P�8iâ1C

T = θ
8:cRj

γ = 0
ß { 9*PRCh;*÷$<@K�CuGR9*PRC H H È/Þ�K*JrK*9
ChU

0 = T − θ + γ
dev(T )

|dev(T )| ,

0 = |dev(T )| −K0

P�8^K�8 p c,<�� p C K
?^] p 9*<@?^c�G-8:cRj p K*<>c,`
dev(θ) =

(
1 +

γ

|dev(T )|
)

dev(T )
÷/C�? ä 9�8:<>c

PK(θ) = θ −max
{

0, |dev(θ)| −K0

} dev(θ)

|dev(θ)| ,

γ = max
{

0, |dev(θ)| −K0

}
,

ψK(θ) =

{
1
2 |θ|2 |dev(θ)| ≤ K0 ,

1
2

(
1
d tr(θ)2 + 2K0 |dev(θ)| −K2

0

)
|dev(θ)| > K0 ,

K
C#CWå�í�ó�ï æ ð�ï æ ô ç ß�~ICFÊRc,<>c,`
m(s) = max{0, s} 8:cRj p K
<>c,`

∂m(s) =





1 s > 0
[0, 1] s = 0

0 s < 0
÷QC(? ä 9�8:<>c©Ma?^;$9*PRC�U p ]>9*<_Þ�âu8:] p C#jlj,Ch;*<>âu8:9*<>â1C(?:M	9*PRCIÌ,;
?:ü|C#Éh9*<@?^c

∂PK(θ)[τ ] = τ − ∂m(|dev(θ)| −K0)
dev(θ) : dev(τ )

|dev(θ)|
dev(θ)

|dev(θ)|

−m(|dev(θ)| −K0)
( dev(τ )

|dev(θ)| −
dev(θ) : dev(τ )

|dev(θ)|
dev(θ)

|dev(θ)|2
)
,

<�ß,Cuß>G

∂PK(θ) = I− ∂m(|dev(θ)| −K0)
dev(θ)

|dev(θ)| ⊗
dev(θ)

|dev(θ)|
n�¬EÄ w

−m(|dev(θ)| −K0)

|dev(θ)|
((

I− 1
dI⊗ I

)
− dev(θ)

|dev(θ)| ⊗
dev(θ)

|dev(θ)|
)
.

tR?^;�9*PRC(K*Ì-C#Éh<k8:]�É�PR?^<@É#C
m′(s) ∈ ∂m(s)

j,CFÊRcRC#j ä J

m′(s) =

{
1 s > 0
0 s ≤ 0

÷QC(? ä 9�8:<>c�9*PRCIM�?^]>]@?i÷$<>c,`e;
Ci8:]><>=T8:9*<@?^c
C(θ) ∈ ∂PK(θ)

M�?^;$9*PRC�É#?^cRK*<@K
9
Chcb9�9�8:c,`1Chc·9Dj,CFÊRcRC#j ä J

C(θ) =

{
11 |dev(θ)| ≤ K0 ,

1
dI⊗ I + K0

|dev(θ)|

((
11− 1

dI⊗ I
)
− dev(θ)
|dev(θ)| ⊗

dev(θ)
| dev(θ)|

)
|dev(θ)| > K0 .

�·<>cRÉ#C
C(θ) ∈ ∂2ψK(θ)

<@K�9*PRC�K
C#É#?^cRj©âu8:;*<k8:9*<@?^cl?:M	9*PRC�É#?^cbâ1CFì©M p cRÉh9*<@?^c
ψK(·) G�9*PRC�É#?^cRK*<@K*9
Chc·99�8:c,`1Chcb9

C(θ)
<@K Ì�?uK*<>9*<>â1CËK
ChUW<_Þ�j,CFÊRc,<>9
Cuß­dë?^;
C#?iâ1Ch;iG�÷QCeP�8#â1C

C(θ) : dev(θ) = 0
G�<�ß�Cuß>G

C(θ)<@KIcR?^9 Ì�?uK*<>9*<>â1CWj,CFÊRc,<>9
CußÐt p ;*9*PRCh;*UË?^;
CuG
ψK(·) <@KIcR?^9�K*9*;*<@Éh9*]>JëÉ#?^c·â1CFìé8:cRjø<>9�<@K(?:M58^K*JLUWÌ,9
?^9*<@É]><>cRCi8:;�`u;
?T÷$9*P²å�í-ó ç ß

A�?^9
CI9*P�8:9
m(·) 8:cRj©9*PRCh;
CFMa?^;
C PK

<@K�K�ChUW<_Þ�K*UË?·?^9*PgK�8:9*<@K|MaJ·<>c,`

sup
A∈∂PK(θ+δτ )

∣∣PK(θ + δτ )− PK(θ)− δA[τ ]
∣∣ = o(δ) .

o K�8)É#?^cRK�CP� p ChcRÉ#CuG,9*PRC�cR?^c,]><>cRCi8:;�Ì,;
? ä ]@ChU3÷$P,<@É
P©÷$<>]>] ä C�K
9 p jr<@C#j­<>c©9*PRCDcRCFìr9�K
C#Éh9*<@?^c©<@K$K
ChUW<_Þ
K*UË?L?^9*P\8^KD÷/Ch]>]�ß�È5P p KTG�9*PRC�É#?^c·â1Ch;*`1ChcRÉ#CË8:c�8:]>JLK
<@K�Ma?^;�`1ChcRCh;�8:]><>=iC#j³ADCh÷$9
?^cøUËCh9*PR?Lj,KWå�ð�î ç Éi8:c
ä C�8:Ì,Ì,]><@C#j�ß



byY��(^Bg=i$V��ZI�T�J4i=R(�Zc�K,�Z`�bZI�JL^UbZY�i=�=��GL^UbZY�i$V�QqQ_��Y�Y�Jd`$bLi�TD�ZcZJ4^ j
í ¾�ãÉ�,Â^Ç��rÁTÇ±Ã�À¦�$�¼§¦Ã�ÂU�øÅ¦���rÁTÇ±Ã�À4Ã_§$Á ¢ �lÄ	Ç��iÆ1Â��1ÁE�Ê�L���N�#ÁiÃN�6�����N�#ÁTÇ±Æ��(Ã_���E�bÂ��rÁ\�\Ã�Ä"�L�

~IChÌ-ChcRjr<>c,`e?^c
un
8:cRj

εn−1
p

÷QC�j,CFÊRcRC

θn(ξ) = 2µ
(

sym(Dun(ξ))− εn−1
p (ξ)

)
ξ ∈ Ξh ,

n�¬0Ë w
<�ß,Cuß>G

T nE(ξ) = θn(ξ)− γn(ξ)Dφ
(
T nE(ξ)

)
ξ ∈ Ξh .

Öx°=±É±D² Ë=µ Ù.½rÏ�Ü Ù ÜFÒ�ÏFÑ n Î w.»hÐ Ô Ò�½rÏ ã^Õ Ü ÖhÔ ÏhÒ�Ï�Ï Ø_× ÜhÒ�Ð^Ó>Ý Ø_× ÜhÒ ÕaÖ Û+Ð^Ü�Ü#Ï Ô|× Ò�ÑËÐ ã Ï Ø�Õ Ü�Ï · ûLÕÆ¸�×uØ Ï Ú ÒOÒ�Ð�Ò�½rÏ
»hÐ ØVØ Ð ¿+Õ±Ú Î Ú Ð ÚRØ¡ÕVÚ Ï ×^Ô®¸�×^ÔFÕa× Ò Õ Ð Ú-×^Ø Ý Ô Ð ºFØ ÏFÑ�ä
»hÐ Ô Î ÕÆ¸ Ï Ú εn−1

p

Ã Ú-ã (un, Ān) ∈ Vh(unD)×Wh(ĀnD)
Ü ûrÖ ½�Ò�½ × Ò

∫

Ω
PK

(
2µ(sym(Dun)− εn−1

p )
)

: Dv dx + λ

∫

Ω
div(un) div(v) dx

+ 2µc

∫

Ω

(
skew(Dun)− Ān

)
: Dv dx = `n[v], v ∈ Vh( � ) ,

n�¬EÌ 81w

µL2
c

∫

Ω
DĀn ·DB̄ dx = µc

∫

Ω

(
skew(Dun)− Ān

)
: B̄ dx, B̄ ∈Wh(0) .

n�¬EÌ ä w

ÚÛ³=Ü¦Ü"Ý µ p�cRK�Ch;*9*<>c,`eý�ChUWUe8es�÷/C�? ä 9�8:<>cljr<>;
C#Éh9*]>J­9*P�8:9 n Î 81whG n Î ä w5<@K�CP� p <>âu8:]@Chcb9�9
?

T nE(ξ) = PK

(
θn(ξ)

)
, ξ ∈ Ξh .

È5PRChc�G n Î ÉTw/`u<>â1C#K

σn(ξ) = PK

(
θn(ξ)

)
+ λdiv(un)(ξ)I + 2µc

(
skew(Dun(ξ))− Ān(ξ)

)
, ξ ∈ Ξh,

8:cRj n�¬EÌ wQM�?^]>]@?i÷�K5Ma;
?^U n Î j�w$8:cRj n Î CTwFß �
p�9Q<@KZ<>UWÌ�?^;*9�8:cb9/9
?�? ä K
Ch;*â1C�9*P�8:9/9*PRC�÷/Ci8:YWM�?^;*Uú?:M�9*PRC�<>cRÉh;
ChUËChc·9�8:]�N/?uK
K
Ch;�8:9QÌ,;
? ä ]@ChU K
9*<>]>]�P�8^K
8�â^8:;*<k8:9*<@?^c�8:]�K*9*; p Éh9 p ;
C <>c�9*PRC�M�?^]>]@?i÷$<>c,`ÍK
ChcRK
Cuß
Öx°=±É±D² Ì$µ�å ÚRÙ Ñ Õ±ÚRÕ Ñ Õ�v Ï Ô (un, Ān) ∈ Vh(unD)×Wh(ĀnD)

Ð�»�Ò�½,Ïx» ûLÚ�Ö Ò Õ Ð Ú�×^Ø
Inincr(u, Ā) = Eincr(Du, Ā, εn−1

p )− `n[u]
n�¬ v1w

ÜhÐ Ø�¸ Ï�ÜlÒ�½,Ï Ú Ð ÚRØ¡ÕVÚ Ï ×^Ôs¸�×^ÔFÕ�× Ò Õ Ð Ú�×^Ø Ý Ô Ð ºFØ ÏFÑ n�¬EÌ w Åçæ Ï Ô Ï Eincr
ã Ï Ú ÐuÒ�Ï�ÜlÒ�½rÏ£» Ô Ï
Ï³Ï Ú Ï Ô Î Ù Ð2»�Ò�½rÏ

ÕVÚ-ÖhÔ ÏhÑËÏ Ú Ò ×^Ø Ý Ô Ð ºFØ ÏFÑ ã Ï�Ã Ú Ï ãsºFÙ

Eincr(Du, Ā, εp) =
1

2µ

∫

Ω
ψK

(
2µ(sym(Du)− εp)

)
dx +

λ

2

∫

Ω
tr(Du)2 dx

+ µc

∫

Ω
| skew(Du)− Ā|2 dx + µL2

c

∫

Ω
|DĀ|2 dx . n�¬�Í w

AD?^9
CD9*P�8:9/Ma?^;/9*PRC�ÊR;
K*959*<>UËCDK*9
ChÌ
n = 1

8:cRj
ε0
p = 0

G
µc = 0

G
Lc = 0

9*PRC�M p cRÉh9*<@?^c�8:]
I1

incr(u, 0̄);
C#j p É#C#K�9
?�9*PRCIÌ,;*<>Ue8:]�Ì,]k8^K
9*<@ÉIM p cRÉh9*<@?^c�8:]�?:M�K*9�8:9*<@É Ì�Ch;|M�C#Éh9$Ì,]k8^K*9*<@Éh<>9�J n r�ChcRÉ
YLJBÌ,]k8^K*9*<@Éh<>9¦J,w å�î�í�ï
í-ó-ï æ ð�ï æ ô ç ß
ÚÛ³=Ü¦Ü"Ý µ5o c·J­UW<>c,<>UW<>=iCh;�<@KD8�Éh;*<>9*<@Éi8:]�Ì-?^<>c·9iGR<�ßRCuß>G

DInincr(u, Ā) = 0
ß�tR;
?^U n�¬B¬ w/÷/C�? ä 9�8:<>c�M�?^;

9*PRCIÊR;
K*9$âu8:;*<k8:9*<@?^cl?:M
Inincr

÷$<>9*P�;
C#K*Ì�C#Éh9$9
?
u

D1I
n
incr(u, Ā)[v] =

1

2µ

∫

Ω
PK

(
2µ(sym(Du)− εn−1

p )
)

:
(
2µ sym(Dv)

)
dx

+ λ

∫

Ω
div(u) div(v) dx + 2µc

∫

Ω

(
skew(Du)− Ā

)
: skew(Dv) dx − `n[v]

÷$P,<@É
PgÌ,;
?iâ1C#K n�¬EÌ 81wPzR8:c�8:]@?^`1? p K*]>J
D2I

n
incr(u

n, Ān)[B̄] = 0
`u<>â1C#K n�¬EÌ ä whß �



è�l G,H0I(JLK,KNMPO"HPQNR(JLSUTWV�XZY�OZV@M�[\HET�]_^U^BJL`aM�bZI(c\Q(H�[
V�JdI=Jd`=YDefb=g(hZgZY�ikj�M0F2l2l2m�n
î ¾��BÀ¦�$�Æéa�TÇ��ËÃ_§$Á ¢ �ëÄ�Ç��iÆ1Â��1ÁE���L���N�#ÁiÃ$�6�"���N�#ÁTÇ±Æ��(Ã=�E�E�bÂ��rÁ\�éÃ�Ä¦�d�

tR?^;­9*PRC³8:c�8:]>JLK
<@KÍ?:M)9*PRClUË?Lj,Ch]I÷QCë;
C#K*9*;*<@Éh9©? p ;
K
Ch]>â1C#K­9
?²9*PRCgÌ p ;
C�~�<>;*<@É
P,]@Ch9©Ì,;
? ä ]@ChU ÷$<>9*P
PR?^UË?^`1ChcRC#? p K ä ? p cRjR8:;*J4É#?^cRjr<>9*<@?^cRK

uD ≡ 0
8:cRj

ĀD ≡ 0
?^c

ΓD = ∂Ω
G59
?é]><>cRCi8:;BÊRc,<>9
C

Ch]@ChUËChcb9
K
Vh
G
Wh
G�8:cRjø9
?­UW<@jLÞ�Ì�?^<>cb9£� p 8^jr;�8:9 p ;
CË?^c³9*PRCW9*;*<k8:c,`u]@C#K(?^; 9
Ch9*;�8:PRC#jr;�8rßËÈ5P p KiG�÷QC

Éi8:c�<@j,Chc·9*<_M±JI9*PRCOjr<@K
Éh;
Ch9
CQK*9*;
C#K
K�K
Ì�8^É#C
Σh

÷$<>9*P(Ch]@ChUËChcb9|Þ�÷$<@K�CQÉ#?^cRK*9�8:c·9�M p cRÉh9*<@?^cRK�<>c
L2(Ω,Rd,d)

ß
w/JB8 ä p K
C ?:M�cR?^9�8:9*<@?^c©÷/C K
Ch9

Vh := Vh( � )
8:cRj

Wh := Wh(0)
G,K�?)9*P�8:95÷/CIP�8#â1C

Vh ⊂ V
8:cRj

Wh ⊂ W
G�÷$PRCh;
C

V = H1
0 (Ω,Rd)

8:cRj
W = H1

0 (Ω, so(d))
ßWÈ5PRCWcR?^;*U <>c

L2(Ω)
<@K�j,ChcR?^9
C#j

ä J ‖ · ‖ ß~ p C 9*PRCI9*PRC ä ? p cRjR8:;*J©É#?^cRjr<>9*<@?^cRKiGR7�?^<>cRÉi8:;��)É#?^cRK*9�8:c·9
K
C0, C1

CFìr<@K*9
K�K p É�P�9*P�8:9

‖v‖ ≤ C0 ‖Dv‖, v ∈ V ,
n�¬EÎ w

‖B̄‖ ≤ C1 ‖DB̄‖, B̄ ∈W ,
8:cRj�G�8�É#?^cRK*9�8:c·9

C3 > 0
CFìr<@K*9
K�K p É�P�9*P�8:9

‖Dv‖2 ≤ C3

(
‖div v‖2 + ‖ curl v‖2

)
, v ∈ V ,

n�¬ q1w
K
C#CWå æ ó ç ßOA�?^9
CI9*P�8:9�÷QC�P�8#â1C

‖div(v)‖2 + ‖ curl(v)‖2 = ‖ tr(Dv)‖2 + ‖ skew(Dv)‖2 . n sut1w
t�<>c�8:]>]>J1G,÷QC(j,CFÊRcRC ‖`n‖V′ = sup

‖Dv‖=1
|`n[v]| ß

ê£ëa°_Ü¦³�°=± v µ Ù.½rÏ�» ûLÚ�Ö Ò Õ Ð Ú�×^Ø Inincr : V×W −→ R Õ±Ú n�¬ v1w Õ Ü ûLÚRÕ »hÐ Ô Ñ Ø¡ÙeÖ Ð Ú$¸ Ï�À ×uÚ�ã}º Ð û·Ú-ã Ï ã
» Ô Ð^Ñ º Ï Ø Ð ¿ Ü × Ò Õ ÜÆ» Ù^ÕVÚ Î

Inincr(u, Ā) ≥ µcc4
(
‖Dv‖2 + ‖DĀ‖2

)
− 1

4µcc4
‖`n‖2V′ .

n s ¬ w

ìëÐ Ô Ï*Ð ¸ Ï Ô6¹ »hÐ Ô µc ∈ (0, µ]
Ò�½rÏ Ö Ð Ú ÜhÒ ×^Ú Ò c4

Õ Ü Õ±Ú�ã Ï�Ý,Ï Ú�ã Ï Ú Ò5Ð�» µc Å
ÚÛ³=Ü¦Ü"Ý µ p¦c©9*PRCIÊR;
K*9�K*9
ChÌ�Gr÷/C�K*PR?T÷ù9*P�8:9�9*PRC�K*JLUWUËCh9*;*<@É ä <>]><>cRCi8:;$M�?^;*U

b[(u, Ā), (v, B̄)] = λ

∫

Ω
div(u) div(v) dx + 2µL2

c

∫

Ω
DĀ ·DB̄ dx

+ 2µc

∫

Ω

(
skew(Du)− Ā

)
:
(

skew(Dv) − B̄
)
dx

<>cRj p É#C#KD8ËÉ#?·Ch;
Éh<>â1C
� p 8^jr;�8:9*<@É�Ma?^;*U�ß¼p�cRK
Ch;*9*<>c,` ‖ skew(Du)− Ā‖2 ≥ (1 − α) ‖ skew(Du)‖2 +
(1− 1

α) ‖Ā‖2 , ÷$<>9*P α ∈ (0, 1)
JL<@Ch]@j,K$9
?^`1Ch9*PRCh;�÷$<>9*P n�¬ q1w

b[(u, Ā), (u, Ā)] ≥ λ ‖div(u)‖2 + 2µL2
c‖DĀ‖2

+ 2µc(1− α) ‖ skew(Du)‖2 + 2µc

(
1− 1

α

)
‖Ā‖2

≥ λ ‖div(u)‖2 + µL2
c‖DĀ‖2

+ 2µc(1− α) ‖ skew(Du)‖2 +
(

2µc

(
1− 1

α

)
+
µL2

c

C2
1

)
‖Ā‖2 ,

÷$P,<@É
Pg`u<>â1C#K5M�?^;
1 > α > µc

µ+
µL2
c

C2
1

≥ µc

µc+
µL2
c

C2
1

8:cRj
µc ∈ (0, µ]

b[(u, Ā), (u, Ā)] ≥ 4µcc4
(
‖Dv‖2 + ‖DĀ‖2

)

p K*<>c,` n sut1whG�÷$PRCh;
C
c4
j,ChÌ�ChcRj,K)?^c

λ
G
µ
8:cRj

Lc
ä p 9

c4
<@K(<>cRj,ChÌ�ChcRj,Chcb9�?:M

µc
ßÍÈ5P p KiG

Inincr(·)<@K p c,<_M�?^;*UW]>JgÉ#?^cbâ1CFì³K*<>cRÉ#C
ψK(·) <@KIÉ#?^cbâ1CFì�G b[·, ·] <@K É#?LCh;
Éh<>â1CË8:cRj `n[·] <@KI]><>cRCi8:;iß£t�<>c�8:]>]>J1G�÷/C



byY��(^Bg=i$V��ZI�T�J4i=R(�Zc�K,�Z`�bZI�JL^UbZY�i=�=��GL^UbZY�i$V�QqQ_��Y�Y�Jd`$bLi�TD�ZcZJ4^ è2è
? ä 9�8:<>c�9*PRC(8^K
K�Ch;*9*<@?^c©M±;
?^U

ψK ≥ 0
8:cRj

Inincr(u, Ā) ≥ 1

2
b[(u, Ā), (u, Ā)]− `n(u)

≥ 2µcc4
(
‖Dv‖2 + ‖DĀ‖2

)
− 1

4µcc4
‖`n‖2V′ − µcc4 ‖Du‖2 .

�
p�c©9*PRC�Ì p ;
C<~�<>;*<@É
P,]@Ch9�Éi8^K
C�9*P,<@K$`u<>â1C#K�jr<>;
C#Éh9*]>JÍM�?^;$9*PRCIcR?^;*U

‖(u, Ā)‖V×W =
(
‖Du‖2 + ‖DĀ‖2

)1/2

9*PRCIM�?^]>]@?i÷$<>c,`B8�Ì,;*<@?^;*< ä ? p cRj­M�?^;$9*PRC K
?^] p 9*<@?^c�ß
í Ü"³_Ü"î4îB²"³Uï ÍNµ Ù.½rÏ­Ñ Õ±ÚRÕ Ñ Õ�vi× Ò Õ Ð Ú Ý Ô Ð ºhØ ÏFÑ n�¬ v1w\½ × Ü ×\û·ÚRÕ · û Ï­Ü#Ð Ø¡û Ò Õ Ð Ú (unh, Ā

n
h) ∈ Vh ×

Wh
Ð�»eÒ�½rÏ ã^Õ Ü ÖhÔ ÏhÒ�Ï Õ±Ú�ÖhÔ ÏFÑeÏ Ú Ò ×uØ Ý Ô Ð ºFØ ÏFÑ ¹�¿ ½ ÕaÖ ½ Õ Ü û·Ú�Õ · û Ï Ø¡ÙøÖ ½ ×^Ô*×1Ö Ò�Ï ÔFÕ�v Ï ãðºhÙ Ò�½rÏ Ú Ð ÚRØ»Õ±Ú Ï ×uÔ

¸�×^ÔFÕa× Ò Õ Ð Ú-×^Ø Ý Ô Ð ºFØ ÏFÑ n�¬EÌ w ¹OÕ&Å Ï Å�¹
DInincr(u

n
h, Ā

n
h)[vh, B̄h] = 0, (vh, B̄h) ∈ Vh ×Wh ,

n sus1w
×^Ú�ã�¿ ½ Õ�Ö ½­ÜhÐ Ø�¸ Ï�Ü(Ò�½rÏ ã^Õ Ü Ö#Ô ÏhÒ�Ï(Ü Ù ÜFÒ�ÏFÑ n Î w Å ìëÐ Ô Ï*Ð ¸ Ï Ô�¹¼¿ Ï<½ ×B¸ Ï�Ò�½rÏ × Ý Ô�Õ Ð ÔFÕ¼º Ð ûLÚ�ã

‖(uh, Āh)‖2V×W ≤
2

µcc4

(
‖`n‖2V′ + 2µ ‖εn−1

p ‖2
)
.

n s Ä w

o c�8:]@?^`1? p K
]>J1G�8 p c,<�� p C)K
?^] p 9*<@?^c
(un, Ān) ∈ V ×W ?:MO9*PRC(<>cRÉh;
ChUËChc·9�8:]+Ì,;
? ä ]@ChU <>cë9*PRC)É#?^crÞ

9*<>c p ? p KDK*Ì�8^É#C#K�CFìr<@K*9
KiGrK�8:9*<@K|MaJL<>c,`

DInincr(u
n, Ān)[v, B̄] = 0, (v, B̄) ∈ V ×W .

n s Ë w
ê£ëa°$Ü"³�°=± Î$µ}ñ Ï®½ ×U¸ Ï

‖(u− uh, Ā− Āh)‖V×W ≤
C5

µc
inf

(vh,B̄h)∈Vh×Wh

‖(u− vh, Ā− B̄h)‖V×W .
n s Ì w

å Î ×uÕVÚ C5
Õ Ü ÕVÚ�ã Ï�Ý,Ï Ú�ã Ï Ú Ò5Ð�» µc ∈ (0, µ] Å

ÚÛ³=Ü¦Ü"Ý µ �·<>cRÉ#Cë9*PRC�Ì,;
?:ü*C#Éh9*<@?^c
PK

<@KBcR?^crÞ�CFìLÌ�8:cRK*<>â1CuG�9*PRCgj,Ch;*<>âu8:9*<>â1C
DInincr(·)

<@K p c,<_M�?^;*UW]>J
ý�<>ÌRK
É�P,<>9*=)É#?^cb9*<>c p ? p KDK�8:9*<@K|M±JL<>c,`

‖DInincr(u, Ā)−DInincr(v, B̄)‖V×W ≤ C6 ‖(u, Ā)− (v, B̄)‖V×W
n suv1w

÷$<>9*P
C6 > 0

<>cRj,ChÌ�ChcRj,Chcb9W?:M
µc ∈ (0, µ]

ß��·<>cRÉ#C
Inincr(·)

<@K p c,<_M�?^;*UW]>JéÉ#?^c·â1CFìè8:cRjé<>cRK�Ch;*9*<>c,`
n sus1whG n s Ë whG n suv1w/`u<>â1C#K

µcc4 ‖(un − unh, Ā
n − Ānh)‖2V×W

≤ DInincr(u
n, Ān)[un − unh, Ā

n − Ānh]−DInincr(u
n
h, Ā

n
h)[un − unh, Ā

n − Ānh]

= −DInincr(u
n
h, Ā

n
h)[un − vh, Ā

n − B̄h]

= DInincr(u
n, Ān)[un − vh, Ā

n − B̄h]−DInincr(u
n
h, Ā

n
h)[un − vh, Ā

n − B̄h]

≤ ‖DInincr(u
n, Ān)−DInincr(u

n
h, Ā

n
h)‖V×W ‖(un − vh, Ā

n − B̄h)‖V×W
≤ C6 ‖(un − unh, Ā

n − Ānh)‖V×W ‖(un − vh, Ā
n − B̄h)‖V×W .

�
¯£°=±D²¦³�´6q µ æ Ï Ô Ï ¹Û¿ Ï ã Ð Ú Ð1Ò ã^Õ Ü Öhû Ü�ÜËÒ�½rÏ Ö Ð Ú$¸ Ï Ô Î·Ï Ú�Ö Ï Õ±Ú Ò Õ ÑeÏ Å Â�Ð Ô Ñ ×^Ø±Ø¡Ù�¹ Ò�½rÏIÝ Ô Ð ºFØ ÏFÑò½ × Ü
Ò�½rÏ�Ü × ÑeÏ�ÜhÒ Ô�û,Ö Ò ûLÔ Ï × Ü Ö Ð Ú Ü Õ�ã Ï Ô Ï ãgÕ±Ú å�ð�ð�G�NQP�8:Ì�ß ¬EÄ ç »hÐ Ô Ò�½rÏ(ÎbÏ Ú Ï Ô*×^Ø¡Õ�v Ï ã ÜFÒ Ô Ï�Ü�ÜiÏ�Ü ÕVÚ Ò�½,Ï Ö
× ÜiÏ
Ð�»ZÝ Ø_× ÜFÒ Õ�ÖhÕ Ò ÙÕ¿+Õ Ò�½k½ ×^Ô*ã Ï ÚRÕ±Ú Î Å Ù.½ û Ü ¹�¿ Ï�Ï2ÀFÝ,Ï Ö Ò ×^Ø ÜhÐWÃ Ô ÜFÒ+Ð Ô*ã Ï Ô�Ö Ð Ú$¸ Ï Ô ÎbÏ Ú�Ö Ï ÕVÚ ∆t→ 0

»#Ð Ô Ò�½rÏ
Õ ÑDÝ Ø¡Õ�ÖhÕ Ò ¶ û·Ø Ï Ô ÑËÏ#Ò�½LÐ ã4Å<ó5û·Ô$ÚRû ÑeÏ ÔFÕaÖ
×uØ Ï2À�ÝRÏ Ô�Õ ÑeÏ Ú Ò±Ü$Ü�½LÐ ¿ Ò�½ × Ò,»#Ð Ô$Ô Ï ×^Ø¡Õ ÜhÒ ÕaÖ Ò Õ ÑËÏ$ÜFÒ�Ï¦Ý­Ü Õ�v Ï�Ü$Ò�½rÏ
Ü�Ý × Ò Õa×^Ø Ï Ô�Ô Ð Ô�Õ Ü ã Ð^Ñ Õ±Ú�×^Ú Ò ×uÚ�ã Ò�½,Ï Ô Ï@»hÐ Ô Ï�Ò�½rÏ Ô Ï Õ Ü Ú Ð Ú Ï�Ï ã »hÐ Ô ½ Õ ÎU½rÏ Ô Ð Ô*ã Ï Ô ÑeÏhÒ�½LÐ ã Ü Õ±Ú Ò Õ ÑeÏ Å



è�F G,H0I(JLK,KNMPO"HPQNR(JLSUTWV�XZY�OZV@M�[\HET�]_^U^BJL`aM�bZI(c\Q(H�[
V�JdI=Jd`=YDefb=g(hZgZY�ikj�M0F2l2l2m�n
ó ¾ ¡£¢ �lÄ	Å¦�$����Â�Ã=Ô"���d� Ã_§$Á ¢ ���d���N�#ÁiÃN�6�����N�#ÁTÇ±Æy�(Ã_���E�bÂ��rÁ��\Ã�Ä"�L�

È5PRC p c,<_Ma?^;*U É#?^c·â1CFìL<>9¦JÍ8:cRjÍ9*PRCDÊRc,<>9
C�Ch]@ChUËChc·9$É#?^cbâ1Ch;*`1ChcRÉ#C�C#K*9*<>Ue8:9
CIj,Ch;*<>â1C#jÍ<>c­9*PRC�Ì,;
ChâL<@? p K
K
C#Éh9*<@?^cëj,Ch9
Ch;*<@?^;�8:9
C(<>c�9*PRC�]><>UW<>9

µc −→ 0
ßQÈ5P,<@K�;
C�o�C#Éh9
K�9*PRC UW<@K�K*<>c,`e;
Ch` p ]k8:;*<>9¦J�?:M	9*PRC(Ì,;*<>Ue8:]

K
?^] p 9*<@?^c©?:M�9*PRC�]><>UW<>9*<>c,`WUË?Lj,Ch]-?:M�Ì-Ch;|M�C#Éh9QÌ,]k8^K
9*<@Éh<>9�J1ßOÈ5P p KiGr<>cB9*P,<@K$K�C#Éh9*<@?^cÍ÷/CIj,Ch;*<>â1CD9*PRCIj p 8:]
M�?^;*U p ]k8:9*<@?^cË<>cW?^;
j,Ch;+9
? K*9 p jrJ)9*PRC/j,ChÌ�ChcRj,ChcRÉ#C�?:M-9*PRC/K�?^] p 9*<@?^cË?^c

µc
ß"tR?^;OK*<>UWÌ,]><@Éh<>9¦J1G1÷/C$K*9 p jrJ

d = 3
ß

ý�Ch9
(un, Ān,σn)

ä C�9*PRCWK
?^] p 9*<@?^c³?:MQ9*PRC�<>cRÉh;
ChUËChc·9�8:]OÌ,;
? ä ]@ChU�ßÕt,;
?^U n Î ÉTwI8:cRj\8:cRj n Î j�wD÷QC
? ä 9�8:<>c

skew(σn) = 2µc
(

skew(Dun)− Ān
) 8:cRj ∫

Ω σ
n : Dun dx = `n[un]

ß+A�?i÷�G n Î CTw$8:cRj

∫

Ω
skew(σn) : Dun dx =

∫

Ω
skew(σn) : (skew(Dun)− Ān) dx +

∫

Ω
skew(σn) : Ān dx

= 2µc

∫

Ω
| skew(Dun)− Ān|2 dx + 2µL2

c

∫

Ω
|DĀn|2 dx

JL<@Ch]@j,K5Ma?^;$9*PRC�Ì,;*<>Ue8:]�M p cRÉh9*<@?^c�8:] n�¬ v1w

Inincr(u
n, Ān) = Eincr(Dun, Ān, εn−1

p )− `n[un]

=
1

2µ

∫

Ω
ψK(θn) dx +

λ

2

∫

Ω
tr(Dun)2 dx

+ µc

∫

Ω
| skew(Dun)− Ān|2 dx + µL2

c

∫

Ω
|DĀn|2 dx− `n[un]

=
1

2µ

∫

Ω
ψK(θn) dx +

λ

2

∫

Ω
tr(Dun)2 dx

+
1

2

∫

Ω
skew(σn) : Dun dx−

∫

Ω
σn : Dun dx

=
1

2µ

∫

Ω
ψK(θn) dx +

λ

2

∫

Ω
tr(Dun)2 dx

− 1

2

∫

Ω
skew(σn) : Dun dx−

∫

Ω
sym(σn) : Dun dx .

o `b8:<>c p K*<>c,` n�¬0Ë w$8:cRj n�¬ v1w/÷QC�? ä 9�8:<>c

sym(σn) = PK(θn) + λdiv(un)11 ,

dev(sym(σn)) = dev(PK(θn)) ,

PK(θn) = dev(sym(σn)) +
2µ

3
tr(Dun)I ,

ψK(θn) =
1

2
|θn|2 − 1

2
|θn − PK(θn)|2 = PK(θn) : θn − 1

2
|PK(θn)|2

= 2µdev(sym(σn)) : (Dun − εn−1
p ) +

2µ2

3
tr(Dun)2 − 1

2
|dev(sym(σn))|2 ,

tr(σn)I : Dun =
1

2µ+ 3λ
tr(σn)2 = (2µ+ 3λ) tr(Dun)2 ,

8:cRj©9
?^`1Ch9*PRCh;�÷$<>9*P

∫

Ω
skew(σn) : Dun dx =

1

2µc

∫

Ω
skew(σn) : skew(σn) dx + 2µL2

c

∫

Ω
DĀn ·DĀn dx ,



byY��(^Bg=i$V��ZI�T�J4i=R(�Zc�K,�Z`�bZI�JL^UbZY�i=�=��GL^UbZY�i$V�QqQ_��Y�Y�Jd`$bLi�TD�ZcZJ4^ è��
÷QCIÊRc�8:]>]>J©? ä 9�8:<>c

Inincr(u
n, Ān)

=
1

2µ

∫

Ω
ψK(θn) dx +

λ

2

∫

Ω
tr(Dun)2 dx− 1

2

∫

Ω
skew(σn) : Dun dx−

∫

Ω
sym(σn) : Dun dx

=

∫

Ω
dev(sym(σn)) : (Dun − εn−1

p ) dx +
2µ+ 3λ

6

∫

Ω
tr(Dun)2 dx

− 1

4µ

∫

Ω
|dev(sym(σn))|2 dx− 1

2

∫

Ω
skew(σn) : Dun dx−

∫

Ω
sym(σn) : Dun dx

= −
∫

Ω
σn : εn−1

p dx− 1

4µ

∫

Ω
|dev(sym(σn))|2 dx +

1

6

∫

Ω
tr(σn)I : Dun dx

− 1

2

∫

Ω
skew(σn) : Dun dx− 1

3

∫

Ω
tr(σn)I : Dun dx

= −
∫

Ω
σn : εn−1

p dx− 1

4µ

∫

Ω
|dev(sym(σn))|2 dx− 1

6(2µ + 3λ)

∫

Ω
tr(σn)2 dx

− 1

4µc

∫

Ω
| skew(σn)|2 dx− µL2

c

∫

Ω
|DĀn|2 dx .

È5P p KiGR÷QC�j,CFÊRcRC 9*PRC ã^ûr×uØ » ûLÚ�Ö Ò Õ Ð Ú�×uØ

Dnincr(σ, Ā) =

∫

Ω
σ : εn−1

p dx +
1

4µ

∫

Ω
|dev(sym(σ))|2 dx +

1

6(2µ+ 3λ)

∫

Ω
tr(σ)2 dx

+
1

4µc

∫

Ω
| skew(σ)|2 dx + µL2

c

∫

Ω
|DĀ|2 dx .

n s Í w
�·9�8:cRjR8:;
jlÉi8:]@É p ] p K�<>c�É#?^cbâ1CFìg8:c�8:]>JrK*<@K$JL<@Ch]@j,K$9*PRC�Ma?^]>]@?T÷$<>c,`e]@ChUWUe8rß
Öx°=±É±D² ¬ t µDô Ï#Ò

εn−1
p ∈ L2(Ω,Sym(3)) ¿+Õ Ò�½ tr(εn−1

p ) = 0 º ÏIÎ ÕÆ¸ Ï Ú(Å
Ù.½rÏ ÚN¹ (σn, Ān) ∈ L2(Ω,R3,3)×W Õ Ü û·Ú�Õ · û Ï Ø¡Ù)ã ÏhÒ�Ï Ô Ñ Õ±Ú Ï ãkºFÙ Ñ Õ±ÚRÕ Ñ Õ�vhÕ±Ú Î Ò�½,Ï ã^û,×^Ø » ûLÚ�Ö Ò Õ Ð Ú�×^Ø
n s Í wIÜ ûNº ×#Ï Ö Ò/Ò�ÐBÒ�½rÏ$Ý Ø>× ÜFÒ Õ�Ö�Ö Ð Ú ÜhÒ Ô|×uÕVÚ Ò

φ
(

sym(σn)
)
≤ 0

n s Î w
×^Ú�ã Ò�½rÏ�Ï · ûLÕVØ¡Õ&ºFÔ�Õ±û Ñ Ö Ð Ú ÜFÒ Ô*×^Õ±Ú Ò

∫

Ω
σn : Dv dx = `n[v], v ∈ V

n suq1w

2µL2
c

∫

Ω
DĀn ·DB̄ dx =

∫

Ω
skew(σn) : B̄ dx, B̄ ∈W .

n Ä t1w

t,;
?^U�È5PRC#?^;
ChU vË÷QC�? ä 9�8:<>c�G-9*P�8:9�M�?^;
µc > 0

8:]>÷58#JrKI8eÌ,;*<>Ue8:]	K
?^] p 9*<@?^cø8:cRjg9*PRCh;
CFM�?^;
C�8:]@K
?­8
j p 8:]�K
?^] p 9*<@?^clCFìr<@K*9
Kiß�t�?^;�9*PRCI]><>UW<>9�Éi8^K
C

µc = 0
G,÷/C P�8#â1C(9
?Ë8^K
K p UËCI9*P�8:9�9*PRC(É#?^cbâ1CFì�K
Ch9

Kn =
{
τ ∈ L2(Ω,Sym(3)) : τ ∈ K

8rßRCuß	<>c
Ω,

∫

Ω
τ : Dv dx = `n[v], v ∈ V

}

<@K$cR?^9�ChUWÌ,9¦J n ÷/Ci8:Y©K�8�MaCFÞ�]@?18^jg8^K
K p UWÌ,9*<@?^c�wFß
Öx°=±É±D² ¬B¬4µDõ »

ηn ∈ Kn Ï2À Õ ÜhÒ±Ü ¹�¿ Ï®½ ×U¸ Ï

‖ skew(σn)‖2 ≤ 4µc Dnincr(η
n,0)

n Ä�¬ w
×^Ú�ã

‖DĀn‖2 ≤ C2
1

µ2L4
c

µc Dnincr(η
n,0) .

n Ä s1w

ÚÛ³=Ü¦Ü"Ý µ �·<>cRÉ#C
(ηn,0)

<@KD8^jrUW<@K
K*< ä ]@CuG,÷/C�? ä 9�8:<>c�9*PRCIÊR;
K*9�8^K�K
Ch;*9*<@?^c©Ma;
?^U

Dn
incr(η

n,0) ≥ Dn
incr(σ

n, Ān) = Dn
incr(sym(σn), Ān) +

1

4µc

∫

Ω
| skew(σn)|2 dx n ÄBÄ w



è   G,H0I(JLK,KNMPO"HPQNR(JLSUTWV�XZY�OZV@M�[\HET�]_^U^BJL`aM�bZI(c\Q(H�[
V�JdI=Jd`=YDefb=g(hZgZY�ikj�M0F2l2l2m�n
K*<>cRÉ#C

Dn
incr(sym(σn), Ān) ≥ 0

ßZÈ�C#K*9*<>c,`Ë÷$<>9*P
B = Ān

÷QC(? ä 9�8:<>c©M±;
?^U n Ä t1w

2µL2
c ‖DĀn‖2 ≤ ‖ skew(σn)‖ ‖Ān‖ ≤ C1 ‖ skew(σn)‖ ‖DĀn‖ ,

÷$PRCh;
C)9*PRC(K
C#É#?^cRjg<>cRCP� p 8:]><>9¦J©M�?^]>]@?i÷�K�M±;
?^U n�¬EÎ whß$È5P,<@K�`u<>â1C#KIjr<>;
C#Éh9*]>J©9*PRC�K
C#É#?^cRjg8^K�K
Ch;*9*<@?^c ä J
<>cRK
Ch;*9*<>c,`Ë9*PRC ÊR;
K*9�K*9�8:9
ChUËChcb9iß �
A�?i÷�G^÷QC5j,ChcR?^9
CQ9*PRCZ<>cRÉh;
ChUËChc·9�8:]�j p 8:]rK
?^] p 9*<@?^c�Ma?^;�Ê,ìrC#j

εn−1
p ∈ L2(Ω,Sym(3))

ä J
(σnµc , Ā

n
µc)
ß

p�M
Kn 6= ∅ GR8 p c,<�� p C j p 8:]�K
?^] p 9*<@?^cl?:M	Ì�Ch;|MaC#Éh9�Ì,]k8^K
9*<@Éh<>9�J σn0 ∈ Kn j,CFÊRcRC#j ä J

Dnincr(σ
n
0 ,0) ≤ Dnincr(τ ,0), τ ∈Kn

CFìr<@K*9
K�å�î�í ç ß�ux� p <>â^8:]@Chc·9*]>J1G
σn0 ∈ Kn <@K�É
P�8:;�8^Éh9
Ch;*<>=iC#j ä J

d[σn0 ,σ
n
0 − τ ] ≤

∫

Ω
(σn0 − τ ) : εn−1

p dx, τ ∈ Kn n Ä�Ë w
÷$<>9*P�9*PRC�K
J·UWUËCh9*;*<@É ä <>]><>cRCi8:;�Ma?^;*U

d[σ, τ ] =
1

2µ

∫

Ω
dev(sym(σ)) : dev(sym(τ )) dx +

1

6(2µ + 3λ)

∫

Ω
tr(σ) tr(τ ) dx .

A�?i÷�G,÷/C�K*9 p jrJÍ9*PRC ]><>UW<>9
µc −→ 0

ß
ê£ëa°_Ü¦³�°=± ¬ s µ�õ »

ηn ∈ Kn Ï2À Õ ÜFÒ±Ü ¹x¿ Ï<½ ×B¸ Ï

lim
µc−→0

‖ sym(σnµc)− σn0‖ = 0 .
n ÄBÌ w

ÚÛ³=Ü¦Ü"Ý µ È5PRC�Ì,;
?L?:MIMa?^]>]@?T÷�Ke9*PRC�`1ChcRCh;�8:]�Ma;�8:UËCh÷Q?^;*Yê?:M Ì-Chc�8:]>9¦JêK
?^] p 9*<@?^cRKe?:M âu8:;*<k8:9*<@?^c�8:]�<>crÞ
CP� p 8:]><>9*<@C#K(å æRò G�NQP�8:Ì�ß$pFß Í ç ß
ý�Ch9

µjc
ä C�8Íj,C#Éh;
Ci8^K*<>c,`©K
CP� p ChcRÉ#C�÷$<>9*P

µjc −→ 0
ß£�·<>cRÉ#C

sym(σn
µjc

)
<@K p c,<_Ma?^;*UW]>J ä ? p cRj,C#j ä J

n ÄBÄ whG:÷QC/Éi8:cWCFìL9*;�8^Éh9+8DK p ä K
CP� p ChcRÉ#C n 8:`b8:<>cWj,ChcR?^9
C#j ä J
sym(σn

µjc
)
w�÷$P,<@É
P�<@K�÷QCi8:YL]>J(É#?^cbâ1Ch;*`1Chc·9

9
?
σ̂n ∈ L2(Ω,Sym(3))

ßZ[\C P�8#â1C
σn
µjc
∈ K

8:cRj©9*PRCh;
CFM�?^;
C
σ̂n ∈ K

8rß,Cuß+<>c
Ω
ß+dë?^;
C#?iâ1Ch;iG,M�?^;

v ∈ V
÷/C�? ä 9�8:<>c�Ma;
?^U n suq1w$8:cRj n Ä�¬ w
∫

Ω
σ̂n : Dv dx− `n[v] = lim

j−→∞

∫

Ω
sym(σn

µjc
) : Dv dx− `n[v]

= lim
j−→∞

∫

Ω
skew(σn

µjc
) : Dv = 0 .

È5P p KTG,÷QC P�8iâ1C
σ̂n ∈Kn ßtR?^;e8:]>]

τ ∈ Kn 9*PRC­Ì�8:<>; (τ ,0)
<@Ke8^jrUW<@K�K*< ä ]@CÍMa?^;�9*PRC­<>cRÉh;
ChUËChc·9�8:]Dj p 8:]�N/?uK
K�Ch;�8:9WÌ,;
? ä ]@ChU

K�8:9*<@K|MaJL<>c,` n suq1whG n Ä t1whGr÷$P,<@É�Pl`u<>â1C#K

d[sym(σn
µjc

), sym(σn
µjc

)− τ ] +
1

2µc

∫

Ω
| skew(σn

µjc
)|2 dx + 2µL2

c

∫

Ω
|DĀn

µjc
|2 dx

≤
∫

Ω
(σn

µjc
− τ ) : εn−1

p dx .
n Ä v1w

7	8^K
K*<>c,`Ë9
?W9*PRCI]><>UW<>9�J·<@Ch]@j,K

d[σ̂n, σ̂n] ≤ lim inf
j−→∞

d[sym(σn
µjc

), sym(σn
µjc

)] ≤ d[σ̂n, τ ] +

∫

Ω
(σ̂n − τ ) : εn−1

p dx .

�·<>cRÉ#C
σn0 ∈Kn <@K p c,<�� p Ch]>JBÉ�P�8:;�8^Éh9
Ch;*<>=iC#j ä J n Ä�Ë whGb9*P,<@K/Ì,;
?Tâ1C#K59*P�8:9Q9*PRC�÷QCi8:Ye]><>UW<>95K�?^]>â1C#KZ9*PRC

j p 8:]�Ì,;
? ä ]@ChU3?:M	Ì�Ch;|MaC#Éh9�Ì,]k8^K
9*<@Éh<>9�J1GR<�Cuß>G
σ̂n = σn0

ß
t�<>c�8:]>]>J1G,÷QC(K*PR?i÷6K
9*;
?^c,`eÉ#?^cbâ1Ch;*`1ChcRÉ#Cußöp�cRK�Ch;*9*<>c,`

τ = σn0
<>c n Ä v1w/`u<>â1C#K

d[sym(σn
µjc

), sym(σn
µjc

)] ≤ d[sym(σn
µjc

),σn0 ] +

∫

Ω
(σn

µjc
− σn0 ) : εn−1

p dx ,



byY��(^Bg=i$V��ZI�T�J4i=R(�Zc�K,�Z`�bZI�JL^UbZY�i=�=��GL^UbZY�i$V�QqQ_��Y�Y�Jd`$bLi�TD�ZcZJ4^ è�Á
÷$P,<@É
Pg`u<>â1C#K

d[sym(σn
µjc

)− σn0 , sym(σn
µjc

)− σn0 ] = d[sym(σn
µjc

), sym(σn
µjc

)]

−d[sym(σn
µjc

),σn0 ]− d[σn0 , sym(σn
µjc

)] + d[σn0 ,σ
n
0 ]

≤ d[sym(σn
µjc

),σn0 ] +

∫

Ω
(σn

µjc
− σn0 ) : εn−1

p dx

−d[sym(σn
µjc

),σn0 ]− d[σn0 , sym(σn
µjc

)] + d[σn0 ,σ
n
0 ] .

È5PRC ]><>UW<>9�?^c©9*PRC ;*<>`uP·9�P�8:cRj�K*<@j,C�<@K$÷QCh]>]�j,CFÊRcRC#j�G-8:cRj­÷QC�? ä 9�8:<>c

lim
j−→∞

d[sym(σn
µjc

)− σn0 , sym(σn
µjc

)− σn0 ] = 0 .

È5P,<@K$Ì,;
?iâ1C#KD9*PRC�8^K
K
Ch;*9*<@?^cgK*<>cRÉ#C
d[·, ·] <@K�8:c�<>c,cRCh;�Ì,;
?·j p Éh9�<>c L2(Ω,Sym(3))

ß �
¯£°=±D²¦³�´ ¬EÄ$µ ó5û·Ô(ÚRû ÑeÏ ÔFÕ�Ö
×^Ø Ï2ÀFÝ,Ï ÔFÕ ÑeÏ Ú Ò±Ü(Ü û ÎiÎbÏ�ÜhÒ/Ò�½ × Ò ¿ Ï<½ ×U¸ Ï

‖ sym(σnµc)− σn0‖ = O(
√
µc) .ñ Ï³Ü ûLÔ Ñ Õ Ü#Ï\Ò�½ × Ò Õ±Ú Î·Ï Ú Ï Ô*×^Ø(×1ã1ãuÕ Ò Õ Ð Ú�×^ØIÔ Ï�Î ûLØ_×uÔ�Õ Ò Ù × Ü�Ü û ÑDÝ-Ò Õ Ð Ú Ü ×^Ô Ï Ô Ï · û·Õ±Ô Ï ã Ò�Ð4Ð º Ò ×^ÕVÚ ×^Ú

Ï2À�Ý Ø¡Õ�ÖhÕ Ò�ÏFÜFÒ Õ Ñ × Ò�Ï5Ð�»QÒ�½ Õ ÜQÒ Ù Ý,Ï Å õ Ú Ý Ô�Õ±Ú�ÖhÕ Ý Ø Ï ¹ Ü û,Ö ½ ×^Ú ÏFÜFÒ Õ Ñ × Ò�Ï Ö Ð ûLØ_ã Ò�½,Ï Ú}º Ï û Ü#Ï ã »hÐ Ô Ï�ÜhÒ Õ Ñ × Ò Õ±Ú Î
Ý,Ï Ô »#Ï Ö Ò�Ý Ø_× ÜFÒ Õ�ÖhÕ Ò ÙeÕVÚ Ò�½rÏ�»hÐ Ô Ñ

‖σ0 − σ0,h‖ ≤ ‖σ0 − sym(σµc)‖+ ‖ sym(σµc)− sym(σµc,h)‖+ ‖ sym(σµc,h)− σ0,h‖

ºFÙe× Ü û·Õ Ò ×4ºFØ Ï Ö ½LÐ Õ�Ö Ï(Ð2» µc = µc(h) Å�÷ ÐuÒ�Ï Ò�½ × Ò ×^Úg×^Ú-×^Ø Ð�Î1Ð û Ü Ô Ï�Ü û·Ø Ò Õ ÜIÐ º Ò ×uÕVÚ Ï ãËÕ±Ú å�í-ó ç »hÐ Ô Ò�½rÏ
ÜFÒ × Ò Õ�ÖeÖ�× Ü#Ï ºFÙl× ÝbÝ Ô Ð�À Õ Ñ × Ò Õ±Ú ÎWÝ,Ï Ô »#Ï Ö Ò+Ý Ø_× ÜhÒ ÕaÖ#Õ Ò Ùs¿+Õ Ò�½ËÝ Ø>× ÜhÒ ÕaÖhÕ Ò Ù©¿+Õ Ò�½�½ ×^Ô*ã Ï ÚRÕ±Ú Î£»hÐ ÔÕ¸:×^ÚRÕ Ü6½ Õ±Ú Î
½ ×^Ô*ã Ï ÚRÕ±Ú Î�ÑËÐ ãuû·Ø¡û Ü Å õ Ò Õ Ü Ú ÐuÒ ÖhØ Ï ×^ÔIÕ »$Ü û,Ö ½ ×�Ô Ï�Ü û·Ø Ò Ö
×^ÚÊº ÏIÒ Ô|×uÚ ÜÆ»iÏ ÔFÔ Ï ã Ò�Ð�Ò�½rÏ · û,× Ü Õ Ó�ÜFÒ × Ò Õ�Ö�Ö
× ÜiÏ
¿ ½rÏ Ô Ï ÕVÚ ÎbÏ Ú Ï Ô|×^Ø Ò�½rÏ$Ý Ø>× ÜFÒ Õ�Ö ÜFÒ Ô*×^ÕVÚëÕ Ü Ú ÐuÒ+ÜFÑWÐTÐuÒ�½�Ï Ú Ð û Î�½ Å

ò�¾\ø�Å"�¨�·Â:Ç±Æ,�$�¼�iÃ(�±Å�ÁTÇ±Ã�Àù�$�Æú�Ã�Â^ÇVÁ ¢ �
[\CIM�?^;*U p ]k8:9
C(8WK�ChUW<_Þ�K*UË?·?^9*PgADCh÷$9
?^c©UËCh9*PR?Lj­M�?^;�9*PRCIcR?^c,]><>cRCi8:;�âu8:;*<k8:9*<@?^c�8:]�Ì,;
? ä ]@ChU

(un, Ān) ∈ Vh(unD)×Wh(ĀnD) : F n(un, Ān) = 0
<>c�Châ1Ch;*J­9*<>UËC�K*9
ChÌ

n
Gr÷$PRCh;
C

F n
<@K$9*PRCIÊR;
K*9$âu8:;*<k8:9*<@?^cg?:M

Inincr

j,CFÊRcRC#j ä J

F n(u, Ā)[v, B̄] = DInincr(u, Ā)[v, B̄], (v, B̄) ∈ Vh( � )×Wh(0)
n ÉFM|ßèý�ChUWUe8 Ì wFßèÈ5PRCÍM p cRÉh9*<@?^c�8:]

F n
<@KËK�ChUW<_Þ�K*UË?·?^9*P�G/8:cRj¼9*PRC­â^8:;*<k8:9*<@?^c

∂F n = ∂2Inincr

<@K
K*JLUWUËCh9*;*<@ÉÍ8:cRj²U p ]>9*<_Þ�âu8:] p C#j�ßgÈ5P p KiG	9*PRCÍÉ#?^;*;
C#K*Ì-?^cRjr<>c,`³K
ChUW<_Þ�K
UË?·?^9*PèADCh÷$9
?^cèUËCh9*PR?·jèÉi8:c
ä C�M�?^;*Ue8:]>]>J­÷$;*<>9*9
Chcg8^K

0 ∈ F n(un,k, Ān,k) + ∂F n(un,k, Ān,k)[un,k+1 − un,k, Ān,k+1 − Ān,k] .
�·<>cRÉ#C

Inincr

<@K�É#?^c·â1CFìë8:cRj
F n = DInincr

<@K�ý�<>ÌRK
É�P,<>9*=�É#?^c·9*<>c p ? p KiG-9*P,<@K�Éi8:c ä C(8:c�8:]>J·=iC#jg÷$<>9*P,<>c
9*PRCIMa;�8:UËCh÷Q?^;*Y©?:M�`1ChcRCh;�8:]><>=iC#jgADCh÷$9
?^clUËCh9*PR?·j,K)å�ð�î ç ß



è�m G,H0I(JLK,KNMPO"HPQNR(JLSUTWV�XZY�OZV@M�[\HET�]_^U^BJL`aM�bZI(c\Q(H�[
V�JdI=Jd`=YDefb=g(hZgZY�ikj�M0F2l2l2m�n
[\CWÉ#?^cRK*<@j,Ch; 9*PRCWK*Ì�C#Éh<k8:]OÉi8^K
C�?:MQ9*PRC�â1?^c\dg<@K
C#K�o�?T÷ª; p ]@C ä Jë<>cRK
Ch;*9*<>c,` n�¬EÄ whß)È5P,<@K ;
C#K p ]>9
K <>c
9*PRCIM�?^]>]@?i÷$<>c,`Ë;
Ci8:]><>=T8:9*<@?^cë?:M�9*PRC(K
ChUW<_Þ�K*UË?L?^9*PlADCh÷$9
?^clUËCh9*PR?·j�ß
�rt1w�[\C(K*9�8:;*95Ma?^;

t0 = 0
÷$<>9*P

ε0
p = 0

G�8:cRj©÷/C�K
Ch9
n = 1

ß
� ¬ weNQPR?L?uK
C

un,0
G
Ān,0

G:8:cRj(K
Ch9
k = 0

ß�È5PRChc�G:K
Ch9a~�<>;*<@É
P,]@Ch9 ä ? p cRjR8:;*JIâu8:] p C#K
un,0(x) = unD(x)M�?^;�8:]>]

x ∈ D 8:cRj
Ān,0(x) = ĀnD(x)

Ma?^;�8:]>]
x ∈ D′ ß

�rs1weN/?^UWÌ p 9
C�Ma?^;�Châ1Ch;*J­<>c·9
Ch`u;�8:9*<@?^clÌ�?^<>cb9
ξ ∈ Ξh

θn,k(ξ) = 2µ
(

sym(Dun,k(ξ))− εn−1
p (ξ)

)

ηn,k(ξ) =
dev(θn,k(ξ))

|dev(θn,k(ξ))|
T n,kE (ξ) = θn,k(ξ)−max

{
0, |dev(θn,k(ξ))| −K0

}
ηn,k(ξ)

σn,k(ξ) = T n,kE (ξ) + λdiv(un)(ξ)11 + 2µc
(

skew(Dun(ξ))− Ān(ξ)
)
.

� Ä weN/?^UWÌ p 9
C(9*PRC ;
C#K*<@j p 8:]

F n,k[v, B̄] =

∫

Ω
σn,k : Dv dx− `n[v]

+ 2µL2
c

∫

Ω
DĀn,k ·DB̄ dx− 2µc

∫

Ω

(
skew(Dun,k)− Ān,k

)
: B̄ dx .

p�M ‖F n,k‖ <@K�K*Ue8:]>]�ChcR? p `uP�G�K
Ch9 un = un,k
G
Ān = Ān,k

G

εnp (ξ) = εn−1
p (ξ) +

max
{

0, |dev(θn,k(ξ))| −K0

}

2µ
ηn,k(ξ)

8:cRj�`1?W9
?�9*PRC cRCFìr9$9*<>UËC�K*9
ChÌ
n := n+ 1

<>c�� ¬ wFß
� Ë weN/?^UWÌ p 9
C�Ma?^;�Châ1Ch;*J­<>c·9
Ch`u;�8:9*<@?^clÌ�?^<>cb9

ξ ∈ Ξh
9*PRC�É#?^cRK
<@K*9
Chcb9�]><>cRCi8:;*<>=T8:9*<@?^c

Cn,k(ξ) =

{
11 |dev(θn,k(ξ))| ≤ K0

1
dI⊗ I + K0

|dev(θn,k(ξ))|

((
11− 1

dI⊗ I
)
− ηn,k(ξ)⊗ ηn,k(ξ)

)
|dev(θn,k(ξ))| > K0

8:cRjlj,CFÊRcRC 9*PRC ä <>]><>cRCi8:;$M�?^;*U

an,k[(w, C̄), (v, B̄)] = 2µ

∫

Ω
sym(Dw) : Cn,k : sym(Dv) dx

+ λ

∫

Ω
div(w) div(v) dx

+ 2µc

∫

Ω

(
skew(Dw)− C̄

)
:
(

skew(Dv)− B̄
)
dx

+ 2µL2
c

∫

Ω
DC̄ ·DB̄ dx .

� Ì weN/?^UWÌ p 9
C
(wn,k, C̄n,k) ∈ Vh( � )×W (0)

K
?^]>âL<>c,`W9*PRC ]><>cRCi8:;�âu8:;*<k8:9*<@?^c�Ì,;
? ä ]@ChU

an,k[(wn,k, C̄n,k), (v, B̄)] = −F n,k[v, B̄], (v, B̄) ∈ Vh( � )×Wh(0) ;
K�Ch9

un,k+1 = un,k + wn,k+1 G Ān,k+1 = Ān,k + C̄n,k+1 Gr8:cRjB`1?)9
?)9*PRCDcRCFìr9Q<>9
Ch;�8:9*<@?^c�K*9
ChÌ
k := k + 1

<>c��rs1wFß
p¦ce`1ChcRCh;�8:]�Gr÷QCIÉi8:c,cR?^9/` p 8:;�8:cb9
C#CI9*P�8:959*PRCD<>9
Ch;�8:9*<@?^cÍ<@KQ`u]@? ä 8:]>]>JBÉ#?^c·â1Ch;*`1Chcb9$÷$<>9*PR? p 9$jR8:UWÌ,<>c,`Rß
È5PRCh;
CFM�?^;
CuGb9*PRC�8:]>`1?^;*<>9*P,U®Éi8:c ä C�CFìL9
ChcRj,C#j ä JË8�9*<>UËC�K
9
ChÌ,Ì,<>c,`(É#?^cb9*;
?^]-÷$P,<@É
P­8^jR8:Ì,9
KO9*PRC$9*<>UËC
K*9
ChÌ�K p É�P�9*P�8:9�9*PRC cR?^c,]><>cRCi8:;D<>9
Ch;�8:9*<@?^c�<@K�É#?^c·â1Ch;*`1Chcb9�÷$<>9*P,<>cg8WK*Ue8:]>]�c p U ä Ch;D?:M+K*9
ChÌRKiß



byY��(^Bg=i$V��ZI�T�J4i=R(�Zc�K,�Z`�bZI�JL^UbZY�i=�=��GL^UbZY�i$V�QqQ_��Y�Y�Jd`$bLi�TD�ZcZJ4^ è�Ï
õ ¾\ø�Å"�¨�·Â:Ç±Æ,�$�¼�,ßa���bÂ^Ç����·À-ÁE�

p�cm9*P,<@K­K
C#Éh9*<@?^cm÷/Cøjr<@K
É p K
KBc p UËCh;*<@Éi8:] 9
C#K*9­Éi8:]@É p ]k8:9*<@?^cRKÍMa?^;B9*PRCl<>crÊRc,<>9
C#K
<>Ue8:]�Ch]k8^K*9
?:Þ�Ì,]k8^K*9*<@É
N/?uK
K
Ch;�8:9$UË?Lj,Ch]�ßOÈ5PRCh;
CFM�?^;
CuGr÷QC�K*9 p jrJ­8 ä ChcRÉ�P,Ue8:;*Y­Ì,;
? ä ]@ChU <>c©Ì-Ch;|M�C#Éh95Ì,]k8^K*9*<@Éh<>9�J n K
C#CWå�ð�õ ç wFß
È5PRC�É#?^UWÌ p 9�8:9*<@?^cRKB8:;
C�;
Ci8:]><>=iC#jÿ<>cÿ9*PRC­ÊRc,<>9
C�Ch]@ChUËChc·9eÉ#?·j,C©dyû®û å¡ó ñrç K p Ì,Ì�?^;*9*<>c,`\Ì�8:;�8:]>]@Ch]
U p ]>9*<>`u;*<@jlUËCh9*PR?·j,Kiß
È5PRC©`1C#?^UËCh9*;*J48:cRjÿ9*PRC ä ? p cRjR8:;*JÿÉ#?^cRjr<>9*<@?^cRKÍ8:;
C�<>]>] p K*9*;�8:9
C#jê<>cùt�<>`Rß ¬ |�]@Ch9

Ω = (0, 10) ×
(0, 10) \B1(10, 0)[mm2]

ä C 8Ó� p 8:;*9
Ch;�?:MO8);
C#Éh9�8:c,`u]@C�÷$<>9*Pl8�PR?^]@Cuß+È5PRC<~�<>;*<@É
P,]@Ch9DjR8:9�8W8:;*<@K*<>c,`
ä J©K*JLUWUËCh9*;*J­8:;
C�`u<>â1Chc ä J

u1(10, x2) = 0, x2 ∈ (1, 10), u2(x1, 0) = 0, x1 ∈ (0, 9) ,
8:cRj©9*PRCI]@?18^j­M p cRÉh9*<@?^c�8:]�`u<>â1Chc ä J

`(t,v) = 100 t

10∫

0

v(x1, 10) dx1 .

j,ChÌ-ChcRj,K�]><>cRCi8:;*]>JÍ?^cl9*PRC ]@?18^jr<>c,`ËÌ�8:;�8:UËCh9
Ch;
t ≥ 0

ß

z0

•

t�<>` p ;
C ¬ |\àIC#?^UËCh9*;*Jm8:cRj ä ? p cRjR8:;*JmÉ#?^cRjr<>9*<@?^cRKeM�?^;e9*PRCg9
C#K*9BÌ,;
? ä ]@ChU�ßütR?^;Í9*PRClc p UËCh;*<@Éi8:]
É#?^UWÌ�8:;*<@K
?^cRKiGr÷/C�Châu8:] p 8:9
C�9*PRC�â1Ch;*9*<@Éi8:]�jr<@K
Ì,]k8^É#ChUËChcb9D8:9/9*PRC p Ì,Ì-Ch;5;*<>`uPb9$É#?^;*cRCh;

z0 = (10, 10)
ß

È5PRC$Ue8:9
Ch;*<k8:]�Ì�8:;�8:UËCh9
Ch;
KOMa?^;+9*P,<@K ä ChcRÉ�P,Ue8:;*YË8:;
C$`u<>â1ChcË<>ceÈ�8 ä ß ¬ G·8:cRj�M�?^;+9*PRC$<>c·9
Ch;*c�8:]�]@Chc,`u9*P
Ì�8:;�8:UËCh9
Ch;

Lc
<>c\9*PRCBN/?uK
K
Ch;�8:9(UË?·j,Ch]O÷/CËÉ
PR?L?uK
CÍ8­K*Ue8:]>]Oâu8:] p CW<>cé?^;
j,Ch;�9
?©Y1C#ChÌé9*PRCËCh]k8^K*9*<@É

N/?uK
K
Ch;�8:9�CFE�C#Éh9�K*Ue8:]>]�ß

É#?^UWÌ,;
C#K
K*<@?^c�UË?Lj p ] p K
κ = 2

3µ+ λ
¬ v Ë sutuvrß�tut�å�A®ý�UWU 2 ç

K*PRCi8:;�UË?Lj p ] p K
µ

Î t ¬ q Ä ß Î t©å�A®ý�UWU 2 ç
ý�8:Uk� UË?Lj p ] p K

λ
¬B¬ t Í�Ë4Ä ß Î s�å�A®ý�UWU 2 ç

7�?^<@K
K�?^c�;�8:9*<@?
ν = 0.5λ(µ + λ)−1 trß�suq

þZ? p c,`ËUË?·j p ] p K
E = µ(2µ+ 3λ)(µ+ λ)−1 sutuvuqututrß�tutlå�AÉý�UWU 2 ç

J·<@Ch]@j�K
9*;
C#K
K
K0

Ë4Ì trß�tut�å�AÉý�UWU 2 ç
N/?uK
K
Ch;�8:9�<>c·9
Ch;*c�8:]�]@Chc,`u9*P�Ì�8:;�8:UËCh9
Ch;

Lc
¬ ý Ë4Î å UWU ç

N/?uK
K
Ch;�8:9�É#? p Ì,]@C UË?Lj p ] p K
µc

trG>ß>ß>ß>G
10µ

å�A®ý�UWU 2 ç

È�8 ä ]@C ¬ |Í7�8:;�8:UËCh9
Ch;
KWMa?^;�9*PRC�N/?uK
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