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and Generalizations of Metric Spaces
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Abstract. To find a general framework that is suitable for applications of computation
theory, we introduce and investigate ‘computation spaces’, which correspond to certain
neighbourhood spaces or to certain ‘generalized’ metric spaces. Due to Ceitin, G.S., [3] (see
also [1], [2] or [7]), each effective operator on a metric space (which satisy weak assumptions)
is effectively continuous, i.e. has a modulus of continuity. Spreen, D., and Young, P.,
[10] have generalized that and similar results uniformly to proper topological spaces. (See
also [5] and [6].) Those results and their proofs, however, do not yet yield a convenient
method to find moduli of continuity that are useful for individual applications. Therefore,
we shall present calculus-like methods to obtain both programs to compute functions on
computation spaces (§1) and, for such functions, computable moduli of continuity, which
are suitable for individual applications (§2).

In §3 we generalize the notion of H-quasi-metric spaces (i.e. quasi-metric spaces which
satisfy the Hausdorff axiom) and show the following: Every ‘generalized’ H-quasi-metric
space ‘induces’ a neighbourhood space of a particular sort, which is similar to that of com-
putation spaces. Every neighbourhood space of that sort can be induced by a generalized
H-quasi-metric space. All generalized H-quasi-metric spaces that induce the same neigh-
bourhood space differ from each other only insignificantly. - Certain results of §1 and §2
concerning H-quasi-metric spaces can be generalized.
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80 Introduction

Definition: A pair (X, ¢) is said to be an H-quasi-metric space (here “H” ab-
breviates “Hausdorff”) iff X is a set, and ¢: X? — [0, 00| satisfies the following
conditions for all x,y, z € X:

(c1) c(x,z) =0

(c2) cle,y) >0 if z#y

(c3) c(z,z) < c(z,y) + c(y, 2)

(cd) r#y = >0 VzeX. (c(z,:r)>5 v c(z,y)>5>.



Notes: (¢2) is a consequence of (cl) and (c4). Moreover, (c4) is satisfied, if there
exists a metric d on X such that d(z,y) < c(z,y) for all z,y € X.

Examples for quasi-metric spaces are given in [4] and [9]. We give some further
examples of H-quasi-metric spaces which enable concrete numerical applications.

(E1) X is an interval of R, ¢(z,y) =a-(x —y) if © >y, c(z,y) =b-(y —x) if
r <y (where a,b € R" U {oo}). - A ‘concrete interpretation’ of this example is the
following;:

(E2) X is a river, and ¢(z,y) is the time needed to sail with a particular boat from
x to y. (This example can also be transferred to aviation as well as to space-flight.)

(E3) X is a rising ground or a mountainous terrain, and ¢(x, y) is the energy needed
to go from x to y. (Here we assume that even for walking downhill one needs some

energy.)

(E4) X is the set of all spots on the streets of a town, where some streets are one-
way. c(x,y) is the length of the shortest permitted way on X from z to y. - This can
more precisely be modeled in the following form:

(E5) Let (X, d) be a metric space, and let C' C X? satisfy Vo € X. (z,7) € C.
7 is said to be connected with y by xg, 1, ..., 7, (n € INT) iff

r =29, Y=o, and (z;,x;11) €C forall i=0,...,n—1.

Let S(x,y) be the set of all sums Z?:_ol d(x;, z;+1) such that x is connected with y
by Zo,...,T,. Let ¢: X? — [0, 00| be defined by

c(x,y) = inf S(z,y)

(where inf ) = co > ¢ for all £ € R).

(E6) Let (X;,c;) be H-quasi-metric spaces such that ¢; : X2 — R} fori =1,..., 4,
X=X;x...x X,, and let ¢,c’ : X2 — IR} be defined by

C('IJ Z/) = ma’X{Cl<I17 y1>7 s 70/14(1’1/“ y#)}7

c(z,y) = \/01($1,y1)2 + . F e, yu)?

for p-tuples x = (z1,...,2,) and y = (y1,...,y,). Then (X,c) and (X,c’) are
H-quasi-metric spaces, too. (This is well-known.)

The following proposition is concerned with systems of neighbourhoods in H-quasi-
metric spaces. (This proposition will be generalized in §3.)



0.1 Proposition: Let (X, ¢) be an H-quasi-metric space, a € ]0,1[ N @,
=00, a®:=0, Z%:=ZU{—00,x},

«
By, k) :={r € X: c(z,y) <"} for (y,k) € X x Z°,
especially B(y, —o0) = X, B(y,o0) = {y}, and let
kxm :=max{j € Z°: o >a" +a™} for k,mec Z°.

Then we have, for all z,y,z € X and all k,m € Z°:

(B1) x € B(z, k)

(B2) r € B(y,k) N ye B(z,m) = x€ B(z,k*m)
(B3) B(z,m) C B(z,k) for m > k.

(B4) v#y = 3keZ Bz, k)N Byk) =10

(%) lim,;, oo (m % m) = 0.

Therefore, the sets O C X satisfying Vx € O. 3k € Z. B(x,k) C O form a
Hausdorff topology on X. (The proof is left to the reader.)

Definition: (X, B,x*,U, v) is said to be a computation space, iff X is a set,
B: X x Z° — P(X) (the power set of X), *: Z° x Z° — Z° is computable, the
above conditions (B1) - (B4) and (x) are satisfied, moreover, there exists a finite
alphabet ¥ such that U C ¥* (the set of all words over ¥), and v: U — X is a
function (called a ‘notation’ of v(U)).

A further motivation for the choice of the axioms (B1) - (B4) and () (and thus
also for (c4)) will be given below in (A1) and (A3).

We identify v(u) with u for u € U, assume that U C X, and we briefly write
(X, B,*,U) for (X,B,*,U,v). (Notice, however, that then for all u,v € U the
equation “u = v” does not generally mean the literal equality of v and v as words.)
- If U is dense in X, then U plays in X an analogous role as Q in IR.

For applications we are especially interested in computation spaces that can be
defined in a (sufficiently extensive) language £ the use of its sentences is introduced
‘predicatively’. We especially suppose that “x € B(y, k)" is defined as a formula of
L.

The applicability of a simulation of the ordinary computation concept in set theory is
rather problematic since in any nonstandard model of set theory there exists a nonstandard
sequence of elements of {0,1} (e.g.) which is nonstandard computable but the restriction
of which to the standard part of IN is not computable. Moreover, I do not know whether
if set theory is consistent, then there exists a standard model of set theory, i.e. a model
such that the set of all finite natural numbers is an element of that model. (Here we do
not discuss the question how the concept of finite natural numbers can be characterized.



We do also not investigate the question on which conditions the value inf S(z,y) defined
in (E5) exists in a predicative model.)

Definition: A computation space (X, B, *, U) is said to be induced by (X, ¢, o, U),
iff (X, ¢) is an H-quasi-metric space, o € |0, 1[ N Q, and both B and * are defined as
in 0.1.

Then, any element of B(x, k) can be regarded as an approzximation of x to the
precision a. We say that k is the degree of this precision. Here, we also consider
negative integers k since for several practical purposes it will be useful to admit a
precision o that is greater than 1. (For the pure theory of computability, however,
it would be sufficient to consider positive degrees of precision only.) The choice of
a €]0,1[ N @ can be adapted to particular purposes and means. - If a computation
space (X, B, *,U) is given, we also say that x is an approximation of y to the degree
k of precision to mean that x € B(y, k).

In this paper, we shall provide means for applications as considered in (Al) -
(A3). For their formulations we assume that two computation spaces (X, B, *,U)
and (X', B’ U’) are given.

(A1) For certain applications of geometry we have to compute rational numbers
which approximate /2, e.g., to any desired degree of precicion. To provide means
for similar applications we shall deal with programs to approximately compute given
elements of X by elements of U. Accordingly, an element z of X is said to be
computable iff it can effectively be approximated to any desired degree k € Z of
precision by means of a program or a computable function p : Z — U, i.e. such that
pr € B(xz, k) for all k € Z. (Then, due to (B4), x is uniquely determined by p. - By
(B1), all elements of U are computable.)

(A2) Given a function f: X — X'. If we have obtained programs to com-
pute a great number of elements, x1,...,z,, of X and if we want to compute the
corresponding values f(x1),..., f(z,), then it would in general be helpful to find a
‘metaprogram’ that can be applied to any program for computing an element = of
X and produces then a program to compute f(x). Accordingly, we say that f is
computable iff there exists such a metaprogram.

(A3) Sometimes we need an approximation of a value f(a) of a given computable
function f: X — X’ corresponding to an argument a (€ X) for which, however, we
can obtain rough estimates only. To compute, nevertheless, f(a) to a given degree j of
precision we could try to do the following: Find a computable ‘modulus of continuity’
0:2Z x X — Z for f,i.e. satisfying

VmeZ. Vx,y € X. (x € B(y,0(m,z)) = f(z)€ B'(f(y),m)).

Choose k,m € Z with k*xm > j (cf. (%) in 0.1), find then a computable b €
B(a,d(m, b)), and compute f(b) to the degree k, i.e. determinea v € U'N B'(f(b), k).
Then we obtain f(b) € B'(f(a), m) and hence v € B'(f(a),k*m) C B'(f(a),j) (by
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(B2) and (B3)). - However, there is no guarantee that we can find a computable
element b for which we can prove that b € B(a,d(m,b)). Therefore, particularly
useful for applications are moduli of continuity, whose values are not unnecessarily
large (cf. (B3)).

Since we shall particularly deal with ‘metaprograms’ for transforming programs,
our approach is similar to that of the ‘Russian school’ (see [3], [7], or also [1], [2]).
However, we shall in general argue classically. - Generalized metric spaces are in-
vestigated in [4], [8] and [9], e.g. - In [10] there is shown that all effective operators
on topological spaces (which satisfy certain assumptions) are effectively continuous.
This is a uniform generalization of former results concerning effective operators on
metric spaces (see [7, p.297], e.g.) and on cpo’s. Those results and their proofs,
however, do not yet yield a convenient method to find moduli of continuity that are
suitable for concrete applications. Our investigations in §2 are concerned with such
methods.

Some of the following propositions have the form Vz 3y A(x,y) or a similar one.
We shall state such a proposition to announce that its direct proof will specify a
method to find a ‘solution’ y satisfying A(x,y), if any admissible = is given. In the
following investigations, several programs and moduli of continuity will occur as such
solutions.

81 Programs to compute functions on computation spaces

Given a finite alphabet . Then, by a program we mean a program for register
machines, e.g., which operates on words over ¥. Given sets V4,...,V,, W C X* (u >
1), we denote the set of all programs that compute functions of type Vi x...xV, — W
by

P(Vix...xV,—-W).

Forpe PVix...xV,—=W), vy €Vi,...,v, €V,, and w € W, we write

p(vr,...,v,) =w

to mean that p with the input (vy,...,v,) halts with the unique output w. - We
define:
pr:=pk) for pe P(Z—-W), keZ.

Since programs operating on words over X can be considered as words, too, there
exists another finite alphabet 33 D ¥ such that P(V; x ... x V, — W) C X3 for all
Vi,...,V,, W C ¥* Accordingly, if Vi, Vo, Wy, Wy C 3*, the set P(P(V; — W) —
P(Vy — W3)), e.g., of ‘metaprograms’ is defined.



Presupposition: Let
X = (X,B,%U), X' :=(X',B,¥,U'), and X" := (X", B",+",U")
be computation spaces, and let

AC X and A C X'.

Motivated by §0 (A1), we define:
Definition: Let P(A) be the set of all programs p € P(Z — U) satisfying

for some fp € A. In the following, we use the corresponding abbreviation

fp := lim pyg.

k—o0

An element a € X is said to be (X-) computable iff P({a}) # 0, i.e. a = fp for
some p € P(X).

According to §0 (A2), a function f: A — X’ is (roughly) said to be computable
iff there exists a (‘meta-’) program by which, for each computable z € A, we can also
compute the value f(x). We define more precisely:

Definition: For functions f: A — X’ let P(f) be the set of all programs F' €
P(P(A) — P(X')) with §F(p) = f(#p) for all p € P(A) (ie. F(p)r € B'(f(2p), k)
for all (k,p) € Z x P(A)). f is said to be X, X’-computable iff P(f) # 0. - Let
cp.(A — A’) be the set of all X, X'-computable functions of A into A’.

For functions f: A — U’ with A C U, the X, X'-computability must be distin-
guishes from the original computability of word functions. Nevertheless, for functions
considered in the following we simply say “computable’ for “X, X'-computable”, e.g.

1.1 Proposition: For any computable element b € X', the constant function
x+— b, x € A is computable.

9

“—" at the end of a proposition or proof is to mean that the proof is left to the
reader or complete, respectively.

1.2 Lemma: A function f: A — X’ is computable iff there exists a program
$ € P(Z x P(A) — U’) such that

®(k,p) € B'(f(8p), k) forall (k,p) € Z x P(A).

Proof: 1. Let U’ C ¥*. Due to the Normal Form Theorem of Kleene there exists a
‘universal’ program ) € P(P(Z — ¥*) x Z — ¥*) such that, for all ¢ € P(Z — ¥¥)
and all k£ € Z, we have

ar = g, k).
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Thus, for each F' € P(f) C P(P(A) — P(Z — U’)) there exists
® € P(Z x P(A) — U’) such that

O(k,p) = QF(p), k) = F(p)r forall (k,p)eZx P(A).

2. Due to the so called Parametrisation Theorem (see [2, p. 43], e.g.), if
® € P(Z x P(A) — U’), then there exists an F' € P(P(A) — P(Z — U’)) such that

F(p)y = ®(k,p) forall (k,p)€eZ x P(A).

1.3 Lemma: For any L € P(Z x P(A) — Z) there exists ® € P(Zx P(A) — U)
such that ®(k,p) = prp) for all (k,p) € Z x P(A).

Proof:  priy = Qp, L(k,p)). —
Presupposition and Definition: Let X, := (X;, B;,*;,U;) (i = 1,...,u) be

computation spaces, and let their product space

X=X, x...x X, =(X,B,xU)

be defined by

X=X;x...xX,, U=Ux...xU,
B((z1,...,2,),k) = Bi(z1,k) x ... X By(x,, k),

kxm = min{k *; m,... k%, m}.
Let the projections id; : X — X; (i =1,...,u) be defined by
idi(l‘l, Ce ,l’u) = XT;.

Moreover, let IR be the computation space induced by (IR, dy, ar, Q) where dy(£,n) =
|& — | for all £,n € IR, and ar €]0,1[N Q. Accordingly, let

P(R):={rc P(Z - Q):Yk € Z.|r, — tr| < afi}.

1.4 Proposition: X is a computation space. —

1.5 Proposition: If p € P(X) and ¢ = 1,...,u, then id;(px) € B;(id;(fp), k).
Hence, id; is computable. —

1.6 Proposition: Let (X, c) be an H-quasi-metric space satisfying ¢ : X2 — IR}
and
c(tp,u) < A(p) - c(u,fip) forall (p,u) € P(X) xU

where A € P(P(X) — Q"), and let X be induced by (X, ¢, o, U). Assume that there
exists a program I' € P(Z x U x U — @) such that

le(u,v) — T(m,u,v)| <a™ forall (m,u,v)€Z xUxU.



Then ¢ is (X x X), IR-computable.

Proof: Let p,q € P(X); k,m € Z; and X\ := max{A(p),A(¢q)}. Then we easily
obtain

|c(tp, 89) — c(pm, gm)| < @™ - (14 A)
and hence
le(tp, 80) — L (1, pons 4ra)| < @™ - (24 X) < g,
ifm=min{n € Z:a"(2+)) < ak}. By 1.3 and 1.2 it follows that ¢ is computable.
1

1.7 Proposition: If f; € ep.(A — X;) fori=1,..., u, then
(f1,..., fu) + A — X is X, X-computable.

Proof: Let F; € P(f;) fori = 1,...,pu, and let ' € P(P(A) — P(Z — U))
satisty F(p)r = (Fi(p)k, - .., Fu(p)x) for all (p, k) € P(A) x Z. Because of
E(p>k € Bl(flwp)?k) for i = 17 s, B WE obtain F(p)k € B((flﬂjp)a v 7fu(ﬂp))7 k)
Accordingly, F' € P(f1,...,f.)- O

1.8 Proposition: If f € ¢p.(A — A’) and g € cp.(A’ — X"), then
gofeew(A—X").

Proof: Let F' € P(f) and G € P(g). Then, for all p € P(A), we have {F(p) =

f(tp) € A', hence F(p) € P(A’), and hence tG(F(p)) = g(8F(p)) = g(f(fp)). There-
fore, Go F € P(go f) (where o also denotes the composition of programs.)

Definition: Let us supply IN with the discrete topology. Accordingly, let (for
k > —o0) Bn(n, k) := {n} and IN := (IN, B, minpxn, IN). A function f:IN x A —
X' is simply said to be computable iff it is (IN x X)), X'-computable, i.e. iff there
exists a program I € P(IN x P(A) — P(X’)) such that f(n,tp) = tF(n,p) for all
(n,p) € IN x P(A). Accordingly, let then P(f) be the set of all programs of this
kind. - Moreover, let us identify a sequence of functions f, : A — X’ with the
corresponding function f:IN x A — X' satisfying f(n,z) = f.(x).

1.9 Proposition: If f € ep.(A— A"), g€ ep.(INx Ax A" — A’), and if
h:INx A— A’is recursively defined by

h(0,z) = f(x), h(n+1,2) = g(n,z,h(n,z))

for all (n,z) € IN x A, then h is computable.

Proof: Let F' € P(f) and G € P(g). Then there exists
H € P(IN x P(A) — P(A")) such that

H(0,p) = F(p), H(n+1,p)=G(n,p, H(n,p)).

Thus we have h(0,8p) = tH(0,p), and the inductive hypothesis h(n,p) = tH(n,p)
implies h(n + 1,8p) = §H(n + 1,p). Accordingly, H € P(h). —
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1.10 Proposition: Let f € e(p.(INx A — X'), g: A — X' and M € P(Z x
P(A) — IN) such that

Vp € P(A). Vk e Z. f(M(k,p),1p) € B'(g(tp), k).

Then ¢ is computable.

Proof: There exist o',7 € P(Z — Z) such that o), ' 7/, > k for all k € Z.
(Example: o), =7, =min{fm € Z:m >k N m+"m >k}, cf. §0 (x).) Since f is
computable and due to 1.2, there exists ® € P(Z x IN x P(A) — U’) such that, for
all (k,n,p) € Z x IN x P(A), we especially have ®(o},,n,p) € B'(f(n,ip),o},).
Setting n := M(7],p) we obtain f(n,tip) € B'(g(p),7;.), and hence, by (B2) and
(B3), ®(oy,,n,p) € B'(g(fp), oy, %' 1.) € B'(g(fp), k). So, by 1.2, g is computable. —

1.11 Corollary: Let f € ¢p.(INx A — X') and K € P(IN x P(A) — Z) such
that lim, ., K(n,p) = oo for all p € P(A). Assume that the function sequence f
converges pointwise to g : A — X’ such that

Ve IN. Wp e P(A). f(n tp) € B'g(tp), K(n,p)).
Then g is computable.

Proof: Let m := min{n € IN : K(n,p) > k}. Then we have f(m,fp) €
B'(g(tp), K(m,p)) C B'(g(8p), k) by (B3). Thus we can apply 1.10. —

1.12 Corollary: Let X’ be induced by (X', ¢, 3,U") (8 €]0,1[NQ).
Let f € ep.(INx A — X'), and let n: IN x A — IR} be (IN x X), R-computable and
satisfy
Vp € P(A). lim 5(n, fp) = 0.

Let the function sequence f converge pointwise to g : A — X’ such that

vn € N. Vp € P(A). ¢(f(n.1p), 9(tp)) < n(n,tp).
Then g is computable.

Proof: Since 1 is computable, by 1.2 there exists £ € P(Z x IN x P(A) — Q)
such that

[n(n.tp) — E(k,n,p)| < o
Let K(n,p) :=max{k € Z: 3* > E(n,n,p) + ok }. Then we easily obtain

c’(f(n, ﬁp),g(ﬁp)) < pE0p) < gt (n(n, ip) + 20z,ﬁ§) — 0 as n — oo.

Thus, by 1.11, g is computable.

1.13 Corollary: Let X; be induced by (X;, ¢;, o, U;) where ¢; € cp.(X? — Ry)
(i = 1,...,1). Then the H-quasi-metrics c,c’: X*> — IR} defined in §0 (E6) are
computable, and X is induced by (X, c, «, U).
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Proof: The both functions of (IRj)* into RS, (&1,...,&,) — max{&,,...,&,} and
(&1,..,8) — &+ ...+ §2, are computable (see Appendix 1: Proposition Al.1

and the subsequent remark). Therefore, the computability of ¢ and ¢’ follows by 1.5,
1.7, and 1.8. - The proof of the remainder is left to the reader.

§2 Programs to compute moduli of continuity

With respect to applications as described in §0 (A3) we define:
Definition: Given f: A — X’ a program A € P(Z x P(A) — Z) is said to be
a B, B'-modulus of continuity for f iff

k€ Z. pe P(A). Wye A (tp€ Bly,Alkp) = [(tp) € B(f(y). k)

Let M(f, B, B') be the set of all B, B’-moduli of continuity for f.

In H-quasi-metric spaces, a similar concept in place of the B, B’-moduli of conti-
nuity is more convenient:

Definition: Let (X,c,a,U) and (X', c,3,U’) induce X and X', respectively.
Given f: A — X', a function 6: R" x A — IR" is said to be a ¢, d-modulus of
continuity for f, iff § is (IR x X), R-computable (for IR see §1) and satisfies

Ve > 0. Va,y € A. (c(x,y) <ex) = (fl@), fly) < 5).

Particularly suitable for concrete applications are ¢, ¢-moduli of continuity whose
values are not unnecessarily small. - By the following proposition, each ¢, ¢-modulus
of continuity can be replaced by a B, B’-modulus of continuity.

2.1 Proposition: If § € ¢p.(RT x A — IR") and o, 3,7 € ]0,1] N @, then there
exists A € P(Z x P(A) — Z) such that, for all k € Z and all p € P(A),

a7 58", tp) < a2 < 56", ).

Proof: Let n € IN such that o < 3 < al’,‘{l. Then there exists a program

© € P(P(R) — Z) such that O(r) = min{j € Z : j > r, + aj} for all r € P(R).
We easily obtain
tr <O(r)<tgr+1+4~ foral re P(R).

Now, let log,, be the logarithm to the base o (which is computable due to Appendix 1:
the remark following A1.1), let D € P(log, od), and define A € P(Zx P(A) — Z) by
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A(k,p) = O(D(n(8%),p)) with m € P(Q — P(Q)), m(t),, =t for all (m,t) € Z x Q.
Then we have §D (7 (%), p) = log,,(6(5",4p)), hence

log, (6(6", 2p)) < Ak, p) < log,(8(6%,8p)) + 1+~

and hence §(8", fip) > a®®P) > o7 §(8F 4p). —

Definition: For any ¢ : X? — [0,00] let ¢ : X? x X% — [0, 00] be defined by
(w1, 22), (Y1, y2)) = max{c(zr, y1), c(22,%2))}

2.2 Proposition: Let ¢: X? — IR} be a quasi-metric which satisfies
Va,y € X. c(y,z) < A(z) - c(z,y)

where A € cp.(X — IR"). Let d. : Rt x X2 — IR™ be defined by

3

Oc(e, (w1, 22)) = 1+ max{A(z1), A(z2)}

Then 6, is a ¢?, dy-modulus of continuity for ¢ (where di(£,1) = |€ —1n|). —

By the following propositions we have calculus-like rules to produce moduli of
continuity of type (B, B’) or of an analogous type. - If we say that a modulus of
continuity (which is a program) is defined by a given equation, we mean that a
modulus of continuity which satisfies that equation can be defined by means of a
well-known procedure.

2.3 Proposition: A B, B;-modulus of uniform continuity for id; : X — X;
(t=1,...,p) is defined by Ayq (k,p) =k (for all (k,p) € Z x P(X)). —

2.4 Proposition: Let f;: A — X; and A; € M(f;, B, B;) fori=1,..., . Then
a B, B-modulus of continuity for (f1,..., f,) is defined by

A(k,p) = max{A(k,p),.... A, (k,p)}. —

2.5 Proposition: Let f € cp.(A — A'), g: A" — X", Ay e M(f,B,B’),
A, € M(g,B',B"), and F' € P(f). Then a B, B”"-modulus of continuity for g o f is
defined by

Agor(ksp) = Ap(Ag(k, F(p)),0)-
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2.6 Proposition: Let f € cp.(A — A'), g € ep.(INx A x A — A), and let
h:IN x A— A’ be recursively defined by

W0,2) = f(z), h(n+1,2) = g(n,z, h(n,z)).
Let, moreover, Ay € M(f,B,B'), A, € M(g9,B x B',B') (where (B x B') :
((y,2),k) — B(y,k) x B'(z2,k) ), and let A, € P(Z x IN x P(A) — Z) satisfy

Ah<k70ap) = Af<k>p)
Ap(k,n+1,p) = max{¥,An(d,n,p)}

where O := Ay(k,n,p, H(n,p)) with H € P(h). Then A, € M(h, B, B').
Proof: We have to show that

(i) Vke ZN¥pe P(A)Yy e A. (ﬂp € B(y, An(k,n,p)) = h(n,tp) € B'(h(n,y), k:))

holds for all n € IN. For n =0, (i) holds obviously. Moreover, for every n € IN, (i)
implies by (B3) that the following holds for all k € Z, p € P(A), and all y € A:

wesmata i) = i |

= h(n+ 1.p) = g(n, ip, h(n,tp)) € B'(g(n,y, h(n,y)), k) = B'(h(n + 1,y). k). —

Presupposition: In the following let o', 7" € P(Z — Z) satisty o}, ' 7, > k for
all k € Z (cf. proof of 1.10), and so

(B27) xr € B(y,01,) N y€ B(z,7,) = x€ B(z,k).

2.7 Proposition: Let f : IN x A — X’ converge pointwise to g : A — X’ such

that
Ve e A.Vk e Z. I3m € IN. Vn > m.

l9(z) € B'(f(n,2),k) A [f(n,z) € B'(g(x),k)].
Let Ay € M(fn, B, B’) for all n € IN, and let A, : Z x P(A) — Z be defined by
Ay(k,p) = As(7'(0},),p). Then A, € M(g, B, B').

Proof: Lety € A,k € Z,p € P(A), v :=flp € B(y, As(7'(0},),p)). Then for some
sufficiently large n € IN we have

g(x) € B'(f(n,x),0'(0}))
fn,2) € B(f(n,y),7(0}))
Jny) € Blgly). 7).

hence g(x) € B'(f(n,y),0}), and hence g(z) € B(g(y), k). —

Now we show that for certain functions the concept of computability can be
simplified.
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2.8 Proposition: Let A be open and ANU be decidable on U. Let f: A — X'.
Assume that there exists a program I' € P(Z x (ANU) — Z) satisfying

(i) VkEZ VYue ANU. Vx€ A <u € B(z,T(k,w)) = f(u) € B'(f(z), k)),

(iii) VkeZ Nre P(Z— ANU). IneZ. n>T(k,r,).

Then f is computable if and only if there exists a program F' € P(Z x (ANU) — U’)
such that

(iv) F(k,u) € B'(f(u),k) forall (ku)eZx(ANU).

Notes: 1. I' and F' do not operate on programs.
2. Assume that f has a modulus A € P(Z — Z) of uniform continuity. If we define
I'e P(Z x (ANU) — Z) by T'(k,u) = A(k), then I' satisfies both (ii) and (iii).

For the proof of 2.8 we show at first:

2.9 Lemma: If A is open and A N U is decidable on U, then there exists a
program () € P(P(A) — P(A)) such that §Q(p) = #p and Q(p), € ANU for all
(n,p) € Z x P(A).

Proof: Let p € P(A). Since A is open, there exists j € Z such that B(fp, j) C A.
Then, for all £ > j, we have p, € B(fip, k) C A. Accordingly, there exists
K € P(Z x P(A) — Z) such that K(n,p) = min{k > n : py € A}. Due to 1.3 and
the proof of 1.2 there exists Q € P(P(A) — P(Z — U)) such that

Q(P)n = Pr(np) € AN B(ip, K(n,p)) € B(ip,n). —

Proof of 2.8: Let I satisfy (ii) and (iii), and define N € P(ZxP(Z — ANU) — Z)

by the condition that, for all (k,r) € Zx P(Z — ANU), N(k,r) is the first member
m of the sequence 0,—1,1,—2,2,-3,3,... (e.g.) such that m > I'(k,7,).
Assume now that k € Z, p € P(A), and q := Q(p) (with @ as above). For n :=
N(7,q) we successively obtain n > I'(7},¢.), ¢. € B(tp,n) C B(tp, (71, qn)),
and hence f(g,) € B'(f(tp), ) (by (ii)). From the additional assumptum (iv) we
especially obtain F(o},¢,) € B'(f(qn), 0}) and so, by (B2'), F(o},q,) € B'(f(tp), k)
where ¢, = QQ(p), N(1,,Q(p))) (for @ as in the proof of 1.2). So, by 1.2, f is
computable. - The converse holds obviously. —
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83 Generalized H-quasi-metric spaces

Definition: (X, ¢, @) is said to be a generalized H-quasi-metric space iff X is
aset, c: X? — [0,00], & : [0, 00]* — [0, 0], for all z,y,2 € X we have

(c1) c(x,z) =0

(c2) clzy) >0 if x#vy

(c3)* co(x,2) < clz,y) ® cy, 2)

(cd) r#y = Jde>0.VzeX. (c(z,x)>5\/c(z,y)>€),
and @ satisfies the following conditions:

(1) @ is monotonic increasing in both arguments.

(2) lime (B E) = 0.

Example: Let ||.| be a norm of IR¥.  Define ¢(z,y) = % for all z,y € R*
with y # 0 (where ||0|| = 0), ¢(0,0) =0, and ¢(x,0) = oo if © # 0. Define, moreover,
Edn=~&+E&n+mnfor ,n € [0,00]. Then (R*, ¢, ®) is a generalized H-quasimetric

space. (For the proof of (c4) consider € = %) O

For the following we fix a number « € ]0,1[ N Q.

Definition: (X, B, ) is said to be induced by (X, ¢, ®), iff the latter is a gen-
eralized H-quasi-metric space, and B : X x Z° — P(X) as well as * : (Z°)? — Z°
are defined by

(3) B(y,k) ={z € X : c(z,y) < o’}
(4) kxm =max{n € Z°:a" > o* @ a}.

3.1 Proposition: If (X, B,x) is induced by (X, ¢, @), then (X, B,*) satisfies
(B1) - (B4) (see §0) and the following conditions:

(5) * 1s monotonic increasing in both arguments.
(6) lim,, oo (m *m) = 0o.  (This is the same as (x) in §0.)

Proof: Obviously, B satisfies (B1), (B3), and (B4).
Ad (B2): Due to (3), (¢3)*, (1), and (4), we have

x € B(y,k) N ye€ B(z,m) =
= c(r,y) <o A cly,2) <am
= c(r,2) <o @am™ < ok
= 1z € B(z,k*xm).

Ad (5): If k <1 we have o* > ol, oM™ > o* @ a™ > o' ®a™ and hence kxm < [xm
by (4). In the same way, * is monotonic increasing in the second argument.

Ad (6): By (2), for all k € Z there exists £ > 0 such that £ ¢ < o*. For allm € Z
with a™ < € we obtain o™+ < g™ @a™ < E@E < oF, and hence m*m > k. .
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Presupposition: In the following, let (X, B, *) satisfy (B1) - (B4), B(y, —o0) =
X for all y € X, and (5) - (6). - Then we can define a generalized H-quasi-metric
space (X, ¢, @) that induces (X, B, *):

Definition: Let the functions A : X? — Z¢ ¢: X? — [0,00], ¢ : [0,00] — [0,1],
and @ : [0, 00]? — [0, 00] be defined by

(7) Mz, y) = max{k € Z°: v € B(y,k)}

(8) c(z,y) = oV

(9) ak@am — CYk*m

(10) p(&) = T if 0<E <00, p(o0) =1

(11) £ — p(Eda™) is affinely linear in [oF, of~1] for all k € Z, m € Z°.
(12) n+— @(Edn) is affinely linear in [a™, o™ 1] for all £ € [0, 00], m € Z.

Notes: Due to the Hausdorff axiom (B4), A(z,y) exists for all z,y € X. -
In the definition of @: [0,00]%> — oo by (9), (11) and (12) we should use a function
like ¢ in case a*®a™ = oo for some k,m € Z.

We easily obtain:
3.2 Lemma: For all z,y € X and all k € Z°,
re By k) & day) <ot o

3.3 Proposition: (X, ¢, @) is a generalized H-quasi-metric space.

Proof: First we show that & satisfies (1) - (2):
Ad (1): Let of < al. Then k > 1, k+*m > [+m by (5), and hence o*®a™ = o™ <
a*m = ol@a™. Similarly, if o™ < o”, then we obtain af@&a™ < a*®a”. By (10) -
(12) it follows that & is monotonic increasing in both arguments.
Ad (2): In case kxk > n (cf. (6)) and 0 < £ < of we have 0 < £B¢ < aFdar < am.

By definition, ¢ satisfies (c1). By (B4) and 3.2 it is easily seen that ¢ satisfies
(c4). (c2) follows from (cl) and (c4).
Ad (e3)*: Let k:= A(z,y) and m := A(y, z). Then we successively obtain:
é(z,y) = ok, e(y,z) = a™,
x € By, k), ye B(z,m), v B(zkxm),
&(z,2) < MM = oFGa™ = iz, y)De(y, 2). o

3.4 Proposition: (X, ¢, @) induces (X, B, *).
Proof: By 3.2, B and ¢ satisfy (3). - By (9), * and @ satisfy (4).

3.5 Proposition: If (X, B, ) is induced by (X, ¢, @), and if ¢, @ are defined as
above, then we have, for all z,y € X and all m € Z,

c(z,y) < é(z,y) < a'-clx,y), if 0<c(z,y) < oo,
&, y) = cl,y), if c(z,y) € {0, 00},
A dam < okfbam <a Tl (aFPam) if 0<af@a™ < oo,
oo™ = ok @ a™, it o*®a™e {0,00}.
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Proof: Ad ¢, ¢é: By (3) and the definitions of A and ¢ we have
c(z,y) < @) = ¢(z,y).
If 0 < c(z,y) < 00, then A(z,y) € Z and hence « - é(x,y) = o @V < oz, y).
If ¢(x,y) =0, then x =y, z € B(y,o0), A(x,y) = 0o, and hence ¢é(z,y) = 0.
If e(x,y) = oo, then é(x,y) = oc.

Ad @, ®: By the definition of @ and (4) we have a*@a™ = o™ > of @ o™,
If 0 < o @ o™ < oo, then k* m € Z and hence a - (aF*®a™) = o™+ < oF @ o™,
If o @ o™ =0, then k * m = oo, a*&a™ = 0.
If % @ a™ = o0, then afGa™ = co.

Definition: Let Q := Qf U {oc}. A generalized H-quasimetric space (X, c, @)
and its function @ are said to be nice iff the restriction of & to @ x Q maps this set
into Q and is computable in the original sense for word functions.

Notes: 1. If (X, B,,U) is a computation space, then (by the definition of this
concept in §0)  is computable. If, moreover, * satisfies (5), and @ is defined as
above, then @ is obviously nice.

2. ‘Conversely’, if (X, B, x) is induced by a nice generalized H-quasi-metric space
(X, ¢, ®), then * is computable so that, for any set U C X of words over a common
finite alphabet, (X, B, *,U) is a computation space.

3. 1.12 also holds in case we have a nice generalized H-quasi-metric space (X', ¢, @’).
4. The definition of ¢, d-moduli of continuity (see §2) can also be applied to func-
tions of type A — X’ (A C X) if generalized H-quasi-metric spaces (X, ¢, ®) and
(X', d, @) are given. For the corresponding ‘generalized’ ¢, ¢-moduli of continuity
there also hold propositions which are analogous to 2.3 - 2.6, and, for nice spaces
(X', ¢, @), 2.7.

* * *

In §1 and §2 we have used the existence of a computable function * : Z¢ x Z¢ — Z°
with the properties (B2) and (x) (of §0, i.e. (6) of §3) for no other purpose than to
prove the existence of computable functions o, 7 : Z — Z satisfying

(B2) r € B(y,ox) N y€ B(z,7) = z¢€ B(zk).

(see the proof of 1.10). So we obtain all corresponding results of §1 and §2 if we
only presuppose the existence of such functions o and 7 in place of x. On the other
hand, a computation space (X, B, *,U) can in general be applied more ‘elastically’
than a corresponding space (X, B, o, 7,U) with particular functions o, 7. We shall
show that every space of this kind that satisfies certain additional conditions can be
considered as ‘induced’ by a computation space.

To this end we now suppose that we have computable functions o, 7 : Z — Z
satisfying (B2’) and, of course, that we have X, B satisfying (B1) and (B3). Does
there exist a computable * : Z¢ x Z% — Z° satisfying (B2) such that ¢ and 7 can
be characterized by means of *7
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By (B2’) and (B3) we have B(y, ox) = B(y, max{k,ox}) and
B(z, 1) = B(z,max{k,7}) for all y, 2 € X and k € Z. So we may assume that

(13) ok, T, > k forall ke Z.

In the following we use the abbreviations

O_oo = 1inf o T oo = Inf 7
o] weZ ks o) keZ k>
Koy ={k€Z: o, <m N 7, <n}.

3.6 Proposition: Given X, B satisfying (B1) and (B3), and functions o, 7: Z —
Z, which are computable, monotonic increasing, and satisfy both (B2’) and (13).
Assume, moreover, that the values of o_,, and 7_,, have been computed. Define
x:Z° x Z° — Z° by
mxn = sup K,,,.

Then * is computable and satisfies (5), (6), and (B2). The functions ¢ and 7 can be
characterized by means of *:

op=min{m € Z: In € Z. m*xn > k},
T =min{n € Z: Im € Z. mxn > k}.

Proof: At first we show that {(m,n) € (Z°)? : K,,, = 0} is decidable. Given
m,n € Z° If m = —oco or n = —oo then K, = 0. Now let m,n > —oo. If
0o < m and 7_o < n then there exist ki, ko € Z with o, < m and 7, < n.
Setting k := min{ky, k2 } we obtain oy, < oy,, Tk < Tk,, S0 k € Ky, and so Ky, # 0.
Now let 0_o, > m or 7_o, > n. Then, for all k € Z, o, > m or 7, > n, i.e. k & K.
So Kppn = 0.

Computability of : Given m,n € Z° We consider the case m < n, e.g. If
m = —oo then K,,, = () so that m *n = —oo. If m = oo, then n = oo, so K,,, = Z,
and so m xn = co. Now let m € Z. Because of (13), the set K,,, has an upper
bound (namely m). So in case K, # 0, K., has a greatest element, namely m x n,
which we can compute. In case K,,, = () we have m *n = —oo. (Note that we can
decide whether K,,, = 0.
Ad (5): Let m < m/ and n < n'. Then K,,, C K,yy. So m’ *n'is an upper bound
of K,,, and somx*n <m'*n.
Ad (6): For all m > max{oy, 7} we have k € K,,,, and hence m xm > k.
(B2) easily follows by means of (B3), (B2’) and the fact that m > 0pun, 7 > Tin
in case mxn € Z.

Characterization of o: Let My :={m € Z : 3n € Z. m xn > k}. Because of
o < o and 7, < 7, we have k € Ky, ,,, so k < oy, * 73, and so oy, € M. Moreover,
for all m € M, there exists n € Z such that m+n > k, and hence m > 0,4, > 0.
So we have 0, = min Mj. - 7 can be characterized similarly by means of *. .
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Notes: 1. By the first part of the latter proof, {(m,n) € (Z)?: K, = 0} is
at any rate decidable in the classical sense of the word, but if we do not know the
values of o_, and 7_.,, we can perhaps not find a corresponding decision procedure.
2. Now we only suppose that o, 7 are computable and satisfy (B2’) and (13). Then
we can define similar functions o*,7": Z — Z by

o = Okys T = Tho,s it k <k

o =max{oy, o}, T =max{m, 7}, if k> ko

Of course, ot, 7" are computable and monotonic increasing. As easily seen, they
also satisfy (B2'), (13), o', = 0k, T1ew = Tk, and so all assumptions of 3.6.
(Regard that for individual applications we need not consider sentences of the form
x € B(z,k) with ‘very small’ degrees k of approximation.)

Appendix 1: Programs to compute ‘real functions’

In the following, let x € INT and let IR* be the computation space induced by
(R*,d,, o, Q") where a €]0,1] is given and d,: (IR*)? — IR} is defined by

du(z,y) = |z —y| = max, lz; — yil.

The proofs of the Lemmata and of the Propositions of §1 (except 1.4) yield very
general ‘calculus-like’ rules to construct programs for computing functions. To obtain
more rules for this purpose we further deal with programs for computing functions
of type A — IR with A C IR”. Such a function is simply said to be computable iff it
is IR”, IR-computable.

A1.1 Proposition: The following functions are computable: Addition, subtrac-
tion, multiplication, and division of real numbers, the functions max, min: IR?> — IR,
hence the usual norm |.|: IR — IR, and hence the distance d;.

By the 1.2 and 1.3 it is sufficient to show that the following holds for all r,s €
P(RR):

|(#r £ 8s) — (re £ s)| < a™  for k=n+min{jeZ:2aj§1}

. a”
r-fs —r.-si| <" for k:min{'EZ:oﬂ< }
Frofs el = S R PR,

1 . ,
— ——|<a" for f#r#0, k:min{jEZ:o/§Oz"(|rj]—a3)]rj|}
| max(fr, fs) — max(r,, s,)| < o™

[er] = Il

S a”. ]
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Remark: By applying the proofs of the Propositions A1.1, 1.1, 1.5, 1.7 - 1.9, and
1.12 we can now construct programs to compute functions like exp, sin, tan, In,
arctan H — 1, 1], arcsin H — 1,1[, and the square-root, e.g. - To generalize this we

define:
Definition: For A = (Ay,...,\,) € N* and z = (21,...,2,) € R" let

A=A +...+ ), and 2* —xi\l---xl’)“.

We easily obtain:

A1.2 Proposition (Corollary): For each 1 € INt and each (ay)aene €
cp.(IN* — IR), the following function sequence is computable:

n  n—>X\ n—A1—...—Au_1
(n,x) — g ayz g E E art.
IAl<n A1=0 A2=0 Au=0

Concerning the computability of power series we have:

A1.3 Proposition (Corollary): Let f :] —r,r[* — R,

f(z) = Z az’ == lim Z az® for all x €] —r,r[",

n—oo

AEIN# IAI<n

where (ax)xenr € cp.(IN" — R); 7,c € cp.RT, and 33, _, |ax] < 5 for all n.
Then f is computable

Proof: For z €] —r,r[* we have

k
Yoot <Y D] lenézq%ﬂnzc‘(@) '1_1x|_>0

N>k n>k \|\=n n>k

as k — oo. By 1.12 and A1.2 it follows that f is computable. —

The following proposition is concerned with the computability of inverse func-
tions.

A1.4 Proposition: If a,b € ¢p.R, a < b, and if f € ¢p.([a,b] — R) is strictly
monotonic, then the inverse function f~! is computable. (Cf. [5], Chap.5, §4.)

Proof: Assume that f is strictly monotonic increasing, for instance. Let F €
P(f), and ¢ € P(f[a,b]). We recursively define two sequences p., 7, : IN — P([a, b])
such that #p, < f~'(fq) < fr, and

[~ (ta) = Jim tp, = lim r,.
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Let po € P({a}), ro € P({b}), and if p,,r, € P([a,b]) have been defined, let

b2 1 12
= =Pp+ =Tn, T, = =Dn+ =Tn
Pn == 3Pn T 3 3P T3

(i.e., for all k € Z, ply, = 2pui + 57k €.8.)
k, = min{k‘ €Z FlphHr+2"<q vV g <F(r;),— 2@”“}
(for the existence of k,, see below),
Ay i= F(p ) + 20", B, = F(r; )y, — 20,

(p:,ﬂ:), if An S 4k, S Bm

(anrl; 7an+1> = (p:{ﬂan)a lf An S kan > Bn7
(P, 1), if Ap > qr, < By

(A distinction of 5 corresponding cases would be more suitable for actual computa-
tions of f~!(#q).) We use, moreover, the abbreviations

Ay ‘= ijm bn = Ijrm CL: = ij:7 bT_L = JjT;

Inductive hypothesis: Assume that
(IH) pn7rn € P([a7b])7 Qn, < bna f(an) S ﬂq S f(bn)7 bn — Qp é (%)n (b - (1,).
Then we have f(a) < f(b,), and hence
1F(py) = flay) <fq V g < f(b,) =4F(r,).

Accordingly, k, exists, and thus p,.; and r,,, are defined as elements of P([a,b]). It
follows that

92 n+1
Qp, S Ap41 < anrl S bn> anrl — Qn+1 S (g) (b - a)'

If A, = F(p )i, +2a* < q,, we have
flansa) = f(a)) < F(p) )k, + o™ < g, — o™ <tq,
for instance. Accordingly, in every case,

flani1) < g < fbnya).

We have shown that (IH) holds for all n. Thus a, < f~'(fq) < b,, hence

60 ol < (2) 6= < (3) o= 4207
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and hence (by the triangle inequality), for all m € Z,
-1 2 ! n m
’f (qu) _pnm‘ < g (TOn—p0n+2a )—i—a .

Setting n; := min {n €IN: (%)n (Ton — Pon + 2a™) < %ak} , and
my =min{m € Z : o™ < 10"}, we obtain

£ (89) — Pogomy| < .

However, p, and r, depend on ¢. Accordingly, we we can specify a program G €
P(Z x P(f[a,b]) — ) such that

[f7H(ta) — G(k,q)] < o”.
It follows by 1.2 that f~! is computable. —

In Appendix 2 we also show that certain integral functions are computable (see

A2.5).

Appendix 2: Moduli of continuity for ‘real functions’

By 2.1 - 2.7 or their proofs we can specify ‘calculus-like’ rules to construct moduli
of continuity. To obtain more rules for this purpose, we shall especially deal with
d,., di-moduli of continuity for functions of type A — IR (4 C R, u € N*). (For d,
see Appendix 1.)

A2.1 Proposition: The functions d;, described by the following equations are
moduli of continuity (or even of uniform continuity) for the cited funtions h of type
IR? — IR or (C) R — IR, respectively:

(
: (
Ol (50,9) = (VT T TP+ 2= = (|l + ly)))
ddiv(e,m) = 1if:‘2x| (div(z) = 1/x, x #0)
(
(

5max(€ = £
5norm(5) =£
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A2.2 Proposition: If a,b € ¢p.R, a < b, and if f € ¢p.([a,b] — IR) is strictly
monotonic increasing and continuous, then the function d : IR* x [a, ] — IRT defined
as follows is a modulus of continuity for f:

((min{z — f7(f(z) — &), fTH(f(z)+¢)—a},
if f7H(f(a)+8) <z < fH(f(b) —&),
5(8 .I'): min{fﬁl(f(a)—}-é)—a, fﬁl(f(x)—‘f_é)_x}
’ if a<wz<f(f(a)+6),
mm{x—f_l(f(x _é)a b_f_1<f(b)_é>}7
| it G —g e <

where ¢ := min{e, 1(f(b) — f(a))}.
To prove the computability of §, we show:

Lemma: If f € cp.(41 — R), g€ cp.(A2 - R), A} C ] —00,a], Ay C [a,o0],
a€c€cpRNA NAy f(a)=g(a), and if h: A; U Ay — IR is defined by

| fz), if € Ay,
hw) = { g(x), if x € A;

then h is computable. (Here, A; can also be replaced by A; x B (i = 1,2).)

Proof: h(z) = f(min(z,a)) + g(max(z,a)) — f(a). —

In many cases we can find moduli of continuity by the following proposition in
which we use the definition B(z,r) :={y € R" : |y — x| <r} (for x € R*,r > 0).

A2.3 Proposition: Let A C IR" be open, and f: A — IR be partially differen-
tiable. Let o0 € cp.(A — IRT) satisfy B(xz, o(z)) C A for all x € A. Let, moreover,
g € cp.(A — R) such that

o
9(33) Z Z |-sz(y17 e Y1, %5, Tig1y - - 7xll)|7 g(ﬂ:) > 0
i=1

forallz € A, y,z € B(x, o(x)) witha; < z; < yiory; < z; < ;. Let 6 : RTxA — RT
be defined by
€
oe,x :min{g x ,—}.
(©,2) (@), ==
Then ¢ is a modulus of continuity for f.

Proof: For all z,y € A such that |z — y| < d(e,x), € > 0 we have

’f(ajlﬁ"'?xu)_f(yla"'7y#)|

< |f(z,2e,...) = flyr, xo, - )+ | f(y1, 22, 23, .. .) — f(y1, Y2, 23, .. )| + ...
+|f(y17"‘7y,u—17x#)_f(yh'”ay,u—l?y#)'

< v =il - [Dif(2, 20, )| + (22 — 2| - [Daf (Y1, 22,23, )| + ..
+|$u - yu| : |Duf(?/1a e 7?/u—1vzu)|

< d(e,x)-g(x) <e
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for proper zi, ..., z, such that z; between z; and y;. —
Moduli of continuity for power series:

A2.4 Proposition: Let f:] —rr[* — IR,

f(a:):Za,\x’\ for xe]—rr*

where r € ¢p.RT and ay € R for all A € IN*. Let, moreover, ¢ € cp.Rt and
> njen laa] <55 for all n € INT. Assume that § € cp.(RTx | —r,r[* — IRT) satisfies

)=z e [r—|z] 2
(5(6,3:)—m1n{ 5 ’cr( 5 ) :

Then ¢ is a modulus of continuity for f. If even ZIAI lay| < —= for all n € INT,

then 6(g,z) can be replaced by 5= - min {1, £}.

Proof: Let z,y € ] — r,r[* and |$ —y| <o) := ijl. Then we have

| < el + |y — 2] < |x|+r—|$’ _ |z| + 7
2 2
Let, moreover, & := "3 and ¢ := } (hence 0 < ¢ < 1), and 3\ [as] < 5. It

follows that

D)<Y 0> Mla’y <D ) A laale

n>1 |\=n n>1 |A|=n

Z\Dif(y)! <D nlae! SZ”T% an 1+q)2'

n>1|\=n n>1 n>1

It follows by A2.3 that a modulus of continuity 0 for f is defined by

The remainder can be proved similarly. —

Now we investigate integrals:
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A2.5 Proposition: Let f € ¢p.(I x A — IR), where [ is a (finite or infinite)
intervall, I C [a,©[C IR, a € ¢p.I, ACIR" (e.g.), and let g : I x A — IR be defined
by

ﬂ%w=/mﬂtm#

Assume that there exists a modulus of continuity, dy, for f such that, for all ¢ €
RT, 2o €1, y,yo € A, and all s,t € I, we have

a<st<wzo N |(t,y) = (s,90)] < 0(e,20,90) = [f(ty) = [(s, )] <e

Then g is computable (cp. [5], p.226) and has a modulus of continuity of the same
kind. (This proposition can also successively be applied to proper multiple integrals).

Proof: 1. Computability of g: By 2.1 there also exists a modulus Ay : Z x P(I) x
P(A) — Z such that, for all k € Z, p € P(I), g€ P(A), y € Aand all s,t € I, we
have

a<st<tp Aty — (sfq) <a™EPD = |f(ty) - f(s,4q)] < oF.

We may assume that a = 0. Let p € P(I), g € P(A), k€ Z, ¢(p) :=pm+a™
(for some m € Z),

k
E:=min{i € Z:a' < a—}, n ;= min {j €IN: M < ozAf(k/’p’q)} :
¢(p) j
and s; :=1 - %p (for i = 0,...,n). We successively obtain for i = 0,...,n — 1:

0< 841 —58; = ﬂ_p M < qPrEpa),
n

IA

It follows by 1.10 that ¢ is computable.
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2. Now we specify a modulus of continuity, §,, for g. Let M : IR x I x A — IR*
be defined by

3

Mg, z0,90) = [£(0,90)| + (L + 1) —

6f<26707x0>y0) 2':CO.

M is computable, and it can be shown that M (e, zo,y0) > |f(¢,y)| for all € € RT,
xg €1, yyy0 € A, 0 <t < xg and |y — yo| < @v(ﬁ,xo,yo). - Now we assume,
moreover, that 0 < s,z < zy and

. £ £
|($,y) - ($7y0)| S 5g(€’x07y0) = mln{2 ] M(c‘:,xo,yo)’éf(Q_xO7ajo,y0)} .

Then we obtain

l9(z,y) — g(s, )| + |9(s,y) — g(s, %)
7 F(E )] + | o (F(ty) = f(t o))t

|z — s| - M(e, o, 90) + 20 - 5o- < €. O

0o —

l9(z,y) — 9(s,90)

IAIAIA
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