Very Weak Solutions to the Stokes and Stokes-Resolvent Problem in Weighted Function Spaces

Katrin Krohne

Abstract We investigate very weak solutions the stationary Stokes- and Stokes resolvent problem in function spaces with Muckenhoupt weights. The notion used here is similar but even more general than the one used in [1] or [12]. Consequently the class of solutions is enlarged. To describe boundary conditions we restrict ourselves to more regular data. We introduce a Banach space admitting a restriction operator and containing the solutions according to such data.

As a preparation we prove a weighted analogue to Bogowski’s Theorem and extension theorems for functions defined on the boundary.

Keywords: Stokes equations, Muckenhoupt weights, very weak solutions, nonhomgeneous data 2000 Mathematics Subject Classification 35Q30, 35D05, 76D07, 35J25

1 Introduction

We consider the generalized Stokes resolvent problem on a bounded C^{1,1}-domain Ω ⊂ R^n, n ≥ 2

λu − Δu + ∇p = F, in Ω (1.1) div u = K, in Ω (1.2) u|_{∂Ω} = g (1.3)

for λ ∈ Σ_ε ∪ {0} where Σ_ε := {λ ∈ C \ {0} | | arg λ| < π 2 + ε}, 0 < ε < π 2 . Multiplication of (1.1) with a test function ϕ with div ϕ = 0 and ϕ|_{∂Ω} = 0 and of (1.2) with a test function ψ and formal integration by parts yields −⟨u, Δϕ⟩ = ⟨F, ϕ⟩ − ⟨g, N · ∇ϕ⟩ and − ⟨u, ∇ψ⟩ = ⟨K, ψ⟩ − ⟨g, Nψ⟩, (1.4) where N stands for the unit outer normal vector. These or similar equations have been used by in [1], [3] [4], [12] for the definition of very weak solutions.

One obtains a further generalization of this definition if one considers each right hand side of (1.4) as one functional f = [ϕ → ⟨F, ϕ⟩ − ⟨g, N · ∇ϕ⟩] and k = [ψ → ⟨K, ψ⟩ − ⟨g, Nψ⟩].

Taking such f and k in appropriate spaces of functionals enlarges the class of solutions to the whole space L^q_w(Ω). However, the data is in general no longer given by distributions on Ω and ∂Ω.

We consider the above resolvent problem in function spaces with general Muckenhoupt weights w. This is a large class of locally integrable weight-functions defined in (2.1). Their good properties concerning harmonic analysis [13], [17] where the base to treat the solvability of the Stokes and Navier Stokes equations [5], [8], [7], [9].

We consider the following spaces of functions and functionals:

Y := Y_q′_{,w}′ := Y_q′_{,w}′ (Ω) := {u ∈ W^{2,q′}_w′ (Ω) | u|_{∂Ω} = 0} and W^{−1,q}_{w,0} (Ω) := (W^{1,q′}_w′ (Ω))^′.

Then our main result on the very weak solutions to the Stokes equations is the following.

Theorem 1.1. Let f ∈ Y^′_q′_{,w}′ , k ∈ W^{−1,q}_{w,0} (Ω) with ⟨k, 1⟩ = 0 and let λ ∈ Σ_ε ∪ {0} with 0 < ε <^π_2 . Then there exists a unique very weak solution u ∈ L^q_w(Ω) to the Stokes resolvent problem in the sense of Definition 5.2.2. It fulfills the a priori estimate λ‖u‖_Y ′_{q′,w′,σ} + ‖u‖_{q,w} ≤ c(‖f‖_Y ′_{q′,w′} + ‖k‖_W −1,q_{w,0 (Ω)}) (1.5) with c = c(Ω, q, w, ε) depending A_q consistently on w.

The outline of the paper is as follows.

Because needed in several steps of the theory in Section 3 we prove a weighted analogue to Bogowski’s Theorem.

In Section 4 we establish an extension theorem for functions on the boundary. This theorem uses weaker assumptions to the regularity of the boundary than the well-known unweighted version in [14].

Section 5 is devoted to very weak solutions. We introduce the notion of the very weak solutions and give the proof of Theorem 1.1 in 5.1. Moreover, in 5.2 we prove regularity of the solution in the case of more regular data. In particular we obtain strong solutions to the Stokes resolvent problem with inhomogeneous boundary conditions and divergence. In Section 5.3 we return to data more regular data given by distributions on Ω and ∂Ω. In this context we return to a situation similar to the one considered in [3], [12]. We show how the theory presented there is contained in the one presented in Section 5.1. To treat the boundary conditions we find a Banach space W̃^{q,r}_{w,w̃} containing all very weak solutions with respect to appropriate data and a restriction operator tr : W̃^{q,r}_{w,w̃} → T^{0,q}_w (Ω) to the boundary which coincides with the usual trace on smooth functions.

2 Preliminaries

Let A_q, 1 < q < ∞ be the set of Muckenhoupt weights which is given by all 0 ≤ w ∈ L^1_{loc}(R^n) for which

A_q(w) := sup_Q ( 1 |Q| ∫ Q w dx ) ( 1 |Q| ∫ Q w^{− 1q−1} dx )_{q−1} < ∞ (2.1)

The supremum is taken over all cubes in R^n and |Q| stands for the Lebesgue measure of Q. A constant C = C(w) is called A_q-consistent if for every c_0 > 0 it can be chosen uniformly for all w with A_q(w) < c_0.

The the A_q consistence is of great importance when shoving the maximal regularity of an operator. (See [9] or [6] for details)

For w ∈ A_q and an open set Ω we define L^q_w(Ω) := {f ∈ L^1_{loc}(Ω) | ‖f‖_{q,w} := (∫ Ω |f|^qw dx ) 1_q < ∞}. It is easily seen that (L^q_w(Ω))^′ = L^{q′}_w′ (Ω) with^1_q +^1_{q′} = 1 and w^′ = w^{− 1q−1} . By [17] and [13], if w ∈ A_q then the maximal operator

M : L^q_w(R^n) → L^q_w(R^n), (Mf)(x) = sup_{r>0} 1 |B_r| ∫ |y|≤r |f(x − y)|dy is continuous.

Moreover, we introduce the weighted Sobolev spaces

W^{k,q}_w (Ω) = { u ∈ L^q_w(Ω), | ‖u‖_{k,q,w} := ∑ |α|≤k ‖D^αu‖_{q,w} < ∞ }

and W^{k,q}_{w,0}(Ω) = C^∞_0 (Ω)^{‖·‖k,q,w} as well as its dual space W^{−k,q}_w (Ω) := (W^{k,q}_{w,0}(Ω))^′.

Since for k ≥ 1 one has W^{k,q}_w (Ω) ⊂ W^{k,1}_{loc} (Ω) the restriction u → u|_{∂Ω} is well-defined. Thus we may define T^{k,q}_w (∂Ω) := (W^{k,q}_w (Ω))|_{∂Ω} equipped with the norm ‖ · ‖_T k,q_w of the factor space ‖g‖_T k,q_{w (∂Ω)} := inf{u ∈ W^{k,q}_w (Ω) | u|_{∂Ω} = g}. Moreover, we set T^{0,q}_w (∂Ω) = (T^{1,q}_w (∂Ω))^′. Then L^q_w(Ω), W^{k,q}_w (Ω), W^{k,q}_{w,0}(Ω) and T^{k,q}_w (∂Ω) are reflexive Banach spaces in which C^∞(Ω) (C^∞(Ω)|_{∂Ω}, respectively) is dense.

We also use the divergence-free version of the spaces W^{k,q}_{w,0,σ}(Ω) := {u ∈ W^{k,q}_{w,0}(Ω) | div u = 0} and C^∞_{0,σ}(Ω), the space of smooth and divergence-free functions with compact support in Ω.

By [8] the following weighted analogue of the Poincaré inequality holds ‖u‖_{q,w} ≤ c‖∇u‖_{q,w} for every u with ∫ Ω u = 0 (2.2)

3 The Problem div u = k

Throughout this section let 1 < q < ∞ and w ∈ A_q.

Theorem 3.1. Let Ω ⊂ R^n, n ≥ 2, be a bounded and locally lipschitzian domain. Assume f ∈ W^{k,q}_{0,w}(Ω) such that ∫ f = 0. Then there exists a function u ∈ W^{k+1,q}_{w,0} (Ω) such that div u = f and ‖u‖_{k+1,q,w} ≤ c‖f‖_{k,q,w}, where c = c(Ω, q, w, k). Moreover u can be chosen such that it depends linearly on f and such that u ∈ C^∞_0 (Ω) if f ∈ C^∞_0 (Ω).

The proof follows the same lines as the unweighted case [11, chapter III.3]. It uses nontranslation-invariant singular integral operators. Thus we apply the following theorem proved in [17, V.6.13] which ensures the continuity of a certain class of such operators.

Theorem 3.2. Let T be a bounded operator from L^2(R^n) into itself that is associated to a kernel K in the sense that

(T f)(x) = ∫ R^n K(x, y)f(y)dy for all compactly supported f ∈ L^2(R^n) and all x outside the support of f. Suppose that for some γ > 0 and some A > 0, K satisfies the inequalities |K(x, y)| ≤ A|x − y|^{−n} (3.1) and |K(x, y) − K(x^′, y)| ≤ A |x − x^′|^γ |x − y|^{n+γ} , if |x − x^′| ≤ 1 2 |x − y| (3.2) as well as the symmetric version of the second inequality in which the roles of x and y are interchanged. Writing

(T_εf)(x) = ∫ |x−y|>ε K(x, y)f(y)dy and (T_∗f)(x) = sup_{ε>0} |(T_εf)(x)|, we have that ∫ [(T_∗f)(x)]^qw(x)dx ≤ c ∫ [(Mf)(x)]^qw(x)dx, (3.3) where f is bounded and has compact support, w ∈ A_q, and 1 < q < ∞.

Since the maximal operator M : L^q_w(R^n) → L^q_w(R^n) is continuous, the inequality (3.3) guaranties the continuity of T_∗.

However, to make use of the above theorem we have to modify the singular integral operator which appears in the proof of Lemma 3.3 outside the bounded set Ω such that it possesses the properties assumed in 3.2.

In the proof of the following Lemma the occurring integral operators have to be understood in the Cauchy principle value sense lim_{ε→0} T_εf.

Lemma 3.3. Let Ω ⊂ R^n, n ≥ 2, be bounded and star-shaped with respect to every point of some ball B with B ⊂ Ω. Then for every f ∈ W^{k,q}_{w,0}(Ω) with ∫ f = 0 there exists a v ∈ W^{k+1,q}_{w,0} (Ω) with div v = f and ‖v‖_{k+1,q,w} ≤ c‖f‖_{k,q,w}, c = c(Ω, q, w, k), v depending linearly on f and f ∈ C^∞_0 (Ω) implies v ∈ C^∞_0 (Ω).

Proof. Without loss of generality we may assume, using a coordinate transformation, that B = B_1(0).

First we assume that f ∈ C^∞_0 (Ω). We choose a ∈ C^∞_0 (B_1(0)) such that ∫ a = 1 and define

v(x) := ∫ Ω f(y)(x − y) (∫_∞ 1 a (y + ξ(x − y)) ξ^{n−1}dξ ) dy. (3.4) In the proof of [11, Lemma III.3.1] it is shown that v ∈ C^∞_0 (Ω) and div v = f.

It thus remains to prove the weighted estimates. Therefore we use the following representation of ∂_j v also shown in the proof of [11, Lemma III.3.1]:

∂_j v_i(x) = ∫ Ω K_{i,j}(x, x − y)f(y)dy + f(x) ∫ Ω (x_j − y_j)(x_i − y_i) |x − y|^2 a(y)dy =: F_1(x) + F_2(x), (3.5)

where K_{i,j}(x, x − y) = δ_{i,j} |x − y|^n ∫_∞ 0 a ( x + r x − y |x − y| ) (|x − y| + r)^{n−1}dr + x_i − y_i |x − y|^{n+1} ∫_∞ 0 ∂_j a ( x + r x − y |x − y| ) (|x − y| + r)^ndr, (3.6)

for every x, y ∈ R^n. To show the continuity of the integral operator f → F_1 its kernel must be modified. Set

E := {z ∈ Ω | z = λz_1 + (1 − λ)z_2, z_1 ∈ supp f, z_2 ∈ B_1(0), λ ∈ [0, 1]}.

Since Ω is star-shaped, E is a compact subset of Ω. For x ∉ E and y ∈ supp f we have x + r x − y |x − y| ∉ B for all r > 0.

Thus, if we choose a cut-off function ψ ∈ C^∞_0 (R^n) with ψ(x) = 1 on Ω and supp ψ ⊂ B_R(0) for some R > 0, and set φ(x, y) = ψ(x)ψ(y) we obtain f(y)K_{i,j}(x, x − y) = f(y)φ(x, y)K_{i,j}(x, x − y) =: f(y)K̃_{i,j}(x, x − y), for x, y ∈ R^n, if f is assumed to be extended by 0 to R^n. Moreover, for x ∈ B_R(0) we have r > R + 1 ⇒ a ( x − r^{x−y}_{|x−y|} ) = 0. Thus for x ∈ Ω one has ∫ Ω f(y)K_{i,j}(x, x − y)dy = ∫ Ω f(y)K̃_{i,j}(x, x − y)dy = ∫ Ω f(y)φ(x, y) [ δ_{i,j} |x − y|^n ∫_{R+1} 0 a ( x + r x − y |x − y| ) (|x − y| + r)^{n−1}dr + x_i − y_i |x − y|^{n+1} ∫_{R+1} 0 ∂_j a ( x + r x − y |x − y| ) (|x − y| + r)^ndr ] dy,

Now we have to prove that K̃_{i,j} satisfies the assumptions of Theorem 3.2. By the proof of [11, Lemma III.3.1] and the Calderon-Zygmund Theorem [11, Theorem II.9.4] we find that f → ∫ Ω K_{i,j}(x, x − y)f(y)dy : L^2(R^n) → L^2(R^n)

is continuous. Since the multiplication M_ψ with the C^∞_0 -function ψ is a continuous operator on L^2(R^n) we obtain the continuity of f → ∫ Ω K̃_{i,j}(x, x − y)f(y)dy = M_ψ ∫ Ω K_{i,j}(x, x − y)M_ψf(y)dy : L^2(R^n) → L^2(R^n).

It remains to prove the estimates (3.1) and (3.2). For (3.1) we may assume |x|, |y| < R. One has |x − y|^n|K̃_{i,j}(x, x − y)| = | | | |φ(x, y)δ^{i,j} ∫_{R+1} 0 a ( x + r x − y |x − y| ) (|x − y| + r)^{n−1}dr + φ(x, y) x_i − y_i |x − y| ∫_{R+1} 0 ∂_j a ( x + r x − y |x − y| ) (|x − y| + r)^ndr | | | ≤ c (∫_{R+1} 0 (2R + r)^{n−1}dr +

∫_{R+1} 0 (2R + r)^ndr ) = c. To prove (3.2) we take x, x^′, y ∈ R^n with |x − x^′| ≤^1_2 |x − y|. If (x, y), (x^′, y) ∉ supp φ nothing is to prove. Thus, without loss of generality we may assume that y ≤ R and x ≤ 3R. Then using the triangle inequality together with the fact that a, φ and (|x − y| + r)^n are Lipschitz continuous on compact sets a straight forward calculation shows (3.2).

Combining the above and using Theorem 3.2 we obtain ‖F_1‖_{q,w} ≤ ‖T^∗f‖_{q,w} ≤ c‖Mf‖_{q,w} ≤ c‖f‖_{q,w} where T^∗ is the operator given by Theorem 3.2 and associated to the kernel K̃_{i,j}. F_2 is easily estimated, since ∫ Ω (x_j −y_j )(x_i−y_i) |x−y|^2 a(y)dy is bounded. Thus using the Poincaré

inequality (2.2) we obtain ‖v‖_{1,q,w} ≤ c‖f‖_{q,w}. Now the general case with f ∈ L^q_w(Ω) follows easily, since we can approximate f by C^∞_0 -functions (f_n) with ∫ f_n = 0.

It remains to prove the estimate in the spaces W^{k,q}_w (Ω). By [11, Remark III.3.2] we have ∂^αv(x) = ∑ β≤α ( α_n β_n ) ∫ Ω N_β(x, y)∂^{α−β} f(x, y)dy, where N_β(x, y) = ∫_∞ 1 ∂^β a(y + r(x − y))r^{n−1}dr. Clearly ∂^β a ∈ C^∞_0 (B_1(0)). Hence the same proof as above yields ‖D^αv‖_{1,q,w} ≤ c‖f‖_{q,w} for f ∈ C^∞_0 (Ω). Approximating an arbitrary f ∈ W^{k,q}_{0,w} by C^∞_0 -functions (f_n) with ∫ f_n = 0 finishes the proof.

Using a decomposition of the unity one obtain Theorem 3.1 from Lemma 3.3.

4 Extension Theorems

4.1 Appropriate Charts

A domain Ω is called a C^{k,1}-domain, if the boundary can be locally expressed as the graph of a C^{k,1}-function, i.e for every x_0 ∈ ∂Ω we can rotate the coordinate system such that in a neighborhood U(x_0) of x_0 one has

∂Ω ∩ U(x_0) = {(x^′, a(x^′)) | x^′ ∈ V (x_0)}, (4.1)

where V (x_0) is an appropriate ((n − 1)-dimensional) neighborhood of 0 and a : V (0) → U(x_0) ⊂ R is a C^{k,1}-function. The function a and the coordinate system can be chosen such that ∇a(0) = 0.

For the definition of the boundary values of a very weak solutions we need appropriate extension theorems. The proof of them requires a chart α for which one has^∂_{∂xn} α(x^′, 0) = −N(x^′), i.e. normals to the boundary of the half space are mapped to normals to ∂Ω. The natural mapping with this property would be x = (x^′, x_n) → ( x^′ a(x^′) ) + x_n · N(x^′). Such charts are used by Nečas [14]. However, if a is a C^{k,1}-function, then this chart is only of class C^{k−1,1}. For this reason we introduce a different chart which conserves the regularity and still has the mentioned property.

Lemma 4.1. Let Ω ⊂ R^n be a C^{k,1}-domain. Then for every x_0 ∈ ∂Ω there exists a neighborhood U of x_0 and a neighborhood V of 0 and a bijective map α : V → U such that α(0) = x_0, α(V ∩ R^{n−1}) = U ∩ ∂Ω and α(V ∩ R_+) = U ∩ Ω

and with the following properties: 1. α ∈ C^{k,1}(V, U) 2.^∂_{∂xn} α(x^′, 0) = −N(x^′) and (_∂ ∂x_n )_j α(x^′, 0) = 0, (j = 2, ..., k). Proof. We use the notation x = (x^′, x_n) with x^′ ∈ R^{n−1} and x_n ∈ R.

Let 0 ≤ ρ ∈ C^∞_0 (R^{n−1}) radial symmetric such that supp ρ ⊂ B_1(0) and ∫ ρ = 1. Set ρ_t(x^′) =^1_{tn−1} ρ(^{x′}_t ). We define the function α as follows:

α(x^′, x_n) = ( x^′ a(x^′) ) − (x_nρ_{xn} ∗ N)(x^′).

Then one has for every multi index γ = (γ^′, γ_n), with |γ| ≤ k and |γ^′| < k

∂^γ (x_nρ_{xn} ∗ N)(x^′) =∂^{γn} (x_nρ_{xn} ∗ N^{(γ′ )}(x^′)) =∂^{γn} x_n ∫ ρ(ξ)N^{(γ′)}(x^′ − x_nξ)dξ =γ_n(−1)^{γn−1} ∫ ρ(ξ)∇^{γn−1}N^{(γ′ )}(x^′ − x_nξ) (ξ, ..., ξ) γ_n−1 dξ

+ x_n ∂ ∂x_n (−1)^{γn−1} ∫ ρ(ξ)∇^{γn−1}N^{(γ′ )}(x^′ − x_nξ) (ξ, ..., ξ) γ_n−1 dξ

=(−1)^{γn−1} ∫ ((−n + 2)ρ(ξ) − ∇ρ(ξ) · ξ) · ∇^{γn−1}N^{(γ′)}(x^′ − ξx_n) (ξ, ..., ξ) γ_n−1 dξ. (4.2)

Still we have to consider the case |γ^′| = k. Then the situation is easier:

∂^γ (x_nρ_{xn} ∗ N)(x^′) = ∫ ρ^{(β1)}(ξ)N^{(β2)}(x^′ − x_nξ)dξ (4.3)

where γ = β_1 + β_2 and |β_1| = 1.

The map x → (_{x′} a(x^′) ) is of type C^{k,1} because a is. It remains to show that ∂^γ (x_nρ_{xn} ∗ N(x^′)) is Lipschitz continuous for every γ ∈ N^n, |γ| ≤ k. This is an easy consequence of the representations (4.2) and (4.3) and of N ∈ C^{k−1,1}, e.g. |∂^γ (x_nρ_{xn} ∗ N(x^′)) − ∂^γ (y_nρ_{yn} ∗ N(y^′))| ≤ ∫ B_1(0) |c_nρ(ξ) − ∇ρ(ξ) · ξ| |∇^{γn−1}N^{(γ′)}(x^′ − ξx_n) − ∇^{γn−1}N^{(γ′ )}(y^′ − ξy_n)|dξ ≤ cL_γ sup_{ξ∈B1(0)} |x^′ − y^′ + ξ(x_n − y_n)| ≤ cL_γ |x − y|. A similar calculation shows that the expression in (4.3) is Lipschitz continuous.

The representation (4.2) and a straight forward calculation shows that for 1 < j ≤ k ( ∂ ∂x_n )_j α(x^′, 0) = (−1)^{γn−1}∇^{j−1}N(x^′)2 ∫ ρ(ξ)(ξ, ..., ξ)dξ = 0, since ρ is rotation symmetric and ξ → (ξ, ..., ξ) is an odd function. Moreover, ∂ ∂x_n α(x^′, 0) = −N(x^′) ( (2 − n) ∫ ρ(ξ)dξ − n−1∑ i=1 ∫ ∂_iρ(ξ)ξ_idξ ) = −N(x^′). This shows 2.

Using without loss of generality ∇a(0) = 0 and the representation formulas (4.2) and (4.3) shows ∇α(0) = id . Thus the Implicit Function Theorem shows that α is locally invertible and the proof is complete.

4.2 Extension of Normal Derivatives

Our next objective is to construct a linear extension operator. A good way to do this is to consider solutions to the resolvent problem of the Dirichlet-Laplacian.

The following Theorem is proved in exactly the same way as in the classical unweighted case. (see e.g. Evans [2] 6.3. Thm. 5). For the existence of weak solutions in weighted spaces see [9].

Theorem 4.2. (Regularity of the Dirichlet Problem) Let 1 < q < ∞, k ∈ N, let f ∈ W^{k,q}_w (R^n_+) and u ∈ W^{1,q}_w (R^n_+) be the weak solution of

(1 − Δ)u = f and u|_Rn−1 = 0. Then u ∈ W^{k+2,q}_w (R^n_+) with ‖u‖_{k+2,q,w} ≤ c‖f‖_{k,q,w}. The same is true for the solution u of (1 − Δ)u = 0, u|_Rn−1 = g, if g ∈ T^{k+2,q}_w (R^{n−1}).

Theorem 4.3. Let 1 < q < ∞, w ∈ A_q and k ∈ N. Then there exists a continuous linear operator T : k−1∏ j=0 T^{k−j,q}_w (R^{n−1}) → W^{k,q}_w (R^n_+)

such that^{∂j}_{∂xjn} T (g_0, ..., g_{k−1})|_{xn=0} = g_j.

Proof. It suffices to show that for every g ∈ T^{k−j,q}_w (R^{n−1}), j = 1, ..., k − 1 there exists a u ∈ W^{k,q}_w (R^n_+) depending continuously and linearly on g such that^{∂j}_{∂xjn} u = g and ∂^i ∂x^i_n u = 0 for every i = 0, ..., j − 1.

To show this weaker assertion let v ∈ W^{k−j,q}_w (R^n_+) with (1 − Δ)v = 0 and v|_Rn−1 = g which is uniquely defined by [9, Theorem 4.4.] and Theorem 4.2. Let ζ ∈ C^∞(R_+) be a cut-off function with ζ(t) = 1 for t < 1 and ζ(t) = 0 for t > 2. We set

ϕ(x) = ϕ(x_n) = x^j_n · ζ(x_n) and u(x) = ϕ(x)v(x).

We want to show that ϕu solves the problem. More precisely we prove the following:

If ϕ ∈ C^∞(R^n_+) with ϕ(x) = ϕ(x_n), supp ϕ ⊂ R^{n−1} × [0, 2) and (^∂_{∂xn} )^mϕ|_{xn=0} = 0 for m = 0, ..., l and v ∈ W^{k,q}_w (R^n_+) with (1 − Δ)v = 0 then ϕv ∈ W^{k+l,q}_w (Ω) with ‖ϕv‖_{k+l,q,w} ≤ c‖v‖_{k,q,w}. To prove this we use mathematical induction with respect to l and assume that we already know the assertion is true for l − 1, l − 2 and all k.

Since (1 − Δ)v = 0 we obtain

(1 − Δ)(ϕv) = Δϕv + 2∇v∇ϕ. (4.4)

As (^∂_{∂xn} )^mΔϕ|_{xn=0} = 0 for m = 0, ..., l − 2, (^∂_{∂xn} )^m∇ϕ|_{xn=0} = 0 for m = 0, ..., l − 1 and (1 − Δ)∇v = 0, (4.4) and induction yields (1 − Δ)(ϕv) ∈ W^{k+l−2,q}_w (Ω). Thus and since ϕv|_Rn−1 = 0, one has ϕv ∈ W^{k+l,q}_w (Ω) by the regularity of the Laplace resolvent problem. Moreover ‖ϕv‖_{k+l,q,w} ≤ c‖Δϕv + 2∇v∇ϕ‖_{k+l−2,q,w} ≤ c(‖v‖_{k,q,w} + ‖∇v‖_{k−1,q,w}) ≤ c‖v‖_{k,q,w}.

For the start of induction we need the cases l = 0 and l = 1. However they are proved in the same way as the induction step.

Thus we have shown u ∈ W^{k,q}_w (Ω). Moreover ∂^l ∂x^l_n u(x^′, 0) = l∑ ν=0 ( l ν ) ∂^ν ∂x^ν_n v ∂^{l−ν} ∂x^{l−ν}_n ϕ(x^′, 0) = { 0 if l < j g(x^′) if l = j.

This shows the assertion about the boundary values.

Lemma 4.4. Let Ω and O be two domains in R^n and α : O → Ω a bijective C^{k−1,1}- mapping, k ≥ 1. Then the operator T : u → u ∘ α : W^{k,q}_w (Ω) → W^{k,q}_{w∘α}(O) is continuous with ‖T u‖_{k,q,w∘α,O} ≤ c‖u‖_{k,q,w,Ω}, c = c(k, q, α). The same is true for the operator S : g → g ∘ α : T^{k,q}_w (∂Ω) → T^{k,q}_{w∘α}(∂O). Proof. The case k = 1 has been proved in [7] Lemma 3.17. Assume α ∈ C^{k−1,1}(O) and the asserted continuity holds for k replaced by j, j < k. Then ‖∇(u ∘ α)‖_{j,q,w∘α,O} = ‖((∇u) ∘ α) · ∇α‖_{j,q,w∘α,O} ≤ c‖(∇u) ∘ α‖_{j,q,w∘α,O} ≤ c‖u‖_{j+1,q,w,Ω}. Thus T u ∈ W^{j+1,q}_{w∘α} (O) with ‖(u∘α)‖_{j+1,q,w∘α,O} ≤ c‖u‖_{j+1,q,w,Ω}. This proves the assertion. The second statement follows from the continuity of T and the identity S(g) = T (u)|_{∂O}, where u ∈ W^{k,q}_w (Ω) is an extension of g.

Theorem 4.5. Let Ω ⊂ R^n be a bounded C^{k−1,1}-domain, k ≥ 1. Then there exists a continuous linear operator L : k−1∏ j=0 T^{k−j,q}_w (∂Ω) → W^{k,q}_w (Ω) such that^{∂j}_{∂N j} L(g) = g_j, where g = (g_0, ..., g_{k−1}).

Proof. We choose the collection of charts (α_i, V_i, U_i)^m_{i=1} according to Lemma 4.1 and a decomposition of the unity (ϕ_i)^m_{i=1} subordinate to the U_i. Step 1: (Construction of L) To simplify the notation we fix i and set γ = α_i, U = U_i, V = V_i and ϕ = ϕ_i. Moreover we set g̃_j = (g_j · ϕ) ∘ γ and g̃ = (g̃_0, ..., g̃_{k−1}). By Lemma 4.4 we know g̃_j ∈ T^{k−j,q}_w (R^{n−1}). Thus we may apply the operator T from Theorem 4.3 and set v := v_i := L_i(g_0, ..., g_k) := ψ_iT (g̃_0, ..., g̃_k) ∘ γ^{−1} and L(g_0, ..., g_k) = ∑_∞ i=1 ψ_iL_i(g_0, ..., g_k), where (ψ_i)_i ⊂ C^∞_0 (Ω) with ψ_i = 1 in a neighborhood of supp ϕ_i ∩ ∂Ω and supp ψ_i ⊂ U_i. Step 2: We show that^{∂j}_{∂N j} L(g_0, ..., g_{k−1}) = g_j . We have

g̃_j (x^′) = ∂^j ∂x^jn T (g̃)(x^′, 0) = ∂^j ∂x^jn (v ∘ γ)(x^′, 0) = ∂^{j−1} ∂x^{j−1}n (∇v ∘ γ)∂_nγ(x^′, 0) = ∇^j v ∘ γ(∂_nγ, ..., ∂_nγ)(x^′, 0) + Terms containing ∂^i_nγ, i ≥ 2 = ∇^j v(γ(x^′, 0)(N(x^′), ..., N(x^′) j ) = ∂^j ∂^j N v(γ(x^′, 0)) by the choice of γ cording to Lemma 4.1. Finally we obtain ∂^j ∂^j N L(g_0, ..., g_{k−1}) = ∞∑ i=1 ψ_i ∂^j ∂^j N L_i(g_0, ..., g_{k−1}) = ∞∑ i=1 ϕ_ig_j = g_j.

Step 3: (Continuity of L)

‖L(g_0, ..., g_{k−1})‖^q_{k,q,w,Ω} = ‖ m∑ i=1 ψ_iT (ϕ_ig_0, ..., ϕ_ig_{k−1}) ∘ γ^{−1}‖^q_{k,q,w,Ω}

≤ c m∑ i=1 k−1∑ j=0 ‖ϕg_j‖^q_{T k−j,qw (∂Ω)} ≤ k−1∑ j=0 ‖g_j‖^q_{T k−j,qw (∂Ω)} using Lemma 4.4 and Theorem 4.3.

5 The Stokes Problem with Irregular Data

Let Ω be a bounded domain in R^n, n ≥ 2 with C^{1,1}-boundary and let 1 < q < ∞ and w ∈ A_q. The aim of this section is to find a class of solutions to the Stokes problem in weighted Lebesgue- and Sobolev-spaces, where the divergence and exterior force are so irregular that it is impossible to speak of boundary values. Moreover it will be shown that this class of solutions includes strong solutions.

In the case that the data is regular enough such that it can be described by distributions on Ω and on ∂Ω we describe in which sense boundary values can be explained.

5.1 Very Weak Solutions Concerning Non-Distributional Data

Let w ∈ A_q. We consider exterior forces f in Y_w′_{,q}′ (Ω)^′, the dual space of Y = Y_w′_{,q}′ (Ω) = {u ∈ W^{2,q′}_w′ (Ω) | u|_{∂Ω} = 0}, and assume the divergence k to be contained in the space

W^{−1,q}_{w,0} (Ω) = (W^{1,q′}_w′ (Ω))^′.

Lemma 5.1. C^∞(Ω) is dense in Y^′ and in W^{−1,q}_{w,0} (Ω).

Proof. Y is reflexive being a closed subspace of the reflexive space W^{2,q′}_w′ (Ω). Let x ∈ Y^{′′} = Y such that ⟨ϕ, x⟩ = 0 for all ϕ ∈ C^∞(Ω). This yields x = 0 and the assertion is proved. The assertion about W^{−1,q}_{w,0} (Ω) is proved in the same way.

Note that these spaces do not consist of distributions on Ω since C^∞_0 (Ω) is neither dense in Y_q′_{,w}′ nor in W^{1,q′}_w′ (Ω). This leads to some difficulties when talking about derivatives. However restricting f or k to test functions φ ∈ C^∞_0 (Ω) one obtains an element of W^{−2,q}_w (Ω) or W^{−1,q}_w (Ω), respectively. If we say that equations are fulfilled in the distributional sense, we consider these restrictions. Our space of test functions will be Y_q′_{,w}′_{,σ} := Y_σ := {φ ∈ Y_w′_{,q}′ (Ω) | div φ = 0}, which is by no coincidence equal to the domain of definition of the Stokes operator in L^{q′}_w′ (Ω).

Definition 5.2. Let f ∈ Y_w′_{,q}′ (Ω)^′ and k ∈ W^{−1,q}_{w,0} (Ω). A function u ∈ L^q_w(Ω) is called 1. a very weak solution to the Stokes problem with respect to the data f and k if ⟨f, φ⟩ = −⟨u, Δφ⟩, for all φ ∈ Y_σ and (5.1) ⟨k, ψ⟩ = −⟨u, ∇ψ⟩, for all ψ ∈ W^{1,q′}_w′ (Ω). (5.2) 2. a very weak solution to the Stokes resolvent problem with respect to the data f and k and λ ∈ C, if ⟨f, φ⟩ = ⟨λu, φ⟩ − ⟨u, Δφ⟩, for all φ ∈ Y_σ and (5.3) ⟨k, ψ⟩ = −⟨u, ∇ψ⟩, for all ψ ∈ W^{1,q′}_w′ (Ω). (5.4) Setting ψ = 1 in (5.2) and (5.4) it follows that a necessary condition for the existence of such a very weak solution u is ⟨k, 1⟩ = 0. This condition is the analogue to the compatibility condition ⟨k, 1⟩ = ⟨g, N⟩_{∂Ω} between divergence and boundary values in the case of weak solutions.

Remark 5.3. Two comments about the missing boundary values:

1. For every u ∈ L^q_w(Ω) one has [φ → ⟨u, Δφ⟩] ∈ Y^′ and [ψ → ⟨u, ∇ψ⟩] ∈ W^{−1,q}_{w,0} (Ω).

Thus any u ∈ L^q_w(Ω) appears as a very weak solution to the Stokes problem with respect to appropriate data. However, since C^∞_0 (Ω) is dense in L^q_w(Ω), it is impossible to define boundary values for arbitrary L^q_w-functions in the sense of a continuous linear operator from L^q_w(Ω) into some boundary space which coincides with the usual trace on smooth functions.

2. Dealing with very weak solutions one can define boundary values as described in (1.4). This is done in [12, 3] in the case of more regular data. However one easily sees that if g ∈ T^{0,q}_w (∂Ω) then G = [φ → ⟨g, N · ∇φ⟩_{∂Ω}] ∈ Y^′ and K = [ψ → ⟨g, N · ψ⟩_{∂Ω}] ∈ W^{−1,q}_{w,0} (Ω), the spaces of exterior forces and divergences, respectively. This means −⟨u, Δφ⟩ = ⟨f, φ⟩ + ⟨g, N · ∇φ⟩_{∂Ω} = ⟨f + G, φ⟩ and −⟨u, ∇ψ⟩ = ⟨k, ψ⟩ + ⟨g, N · ψ⟩_{∂Ω} = ⟨k + K, ψ⟩. Hence, since the data is so irregular, it is impossible to distinguish between force or divergence and boundary value.

Proof of Theorem 1.1.

Step 1 Let v ∈ L^{q′}_w′ (Ω). By the existence of strong solutions to the Stokes resolvent problem ([8, Theorem 3.3] in the case of weighted and [11, 16] in the case of un-weighted spaces) there are unique functions ϕ ∈ W^{2,q′}_w′ (Ω) and ψ ∈ W^{1,q′}_w′ (Ω) such that

λϕ − Δϕ + ∇ψ = v and div ϕ = 0 in Ω, ϕ|_{∂Ω} = 0 and ∫ ψ = 0. (5.5)

This solution satisfies λ‖ϕ‖_q′_{,w}′ + ‖ϕ‖_{2,q}′_{,w}′ + ‖ψ‖_{1,q}′_{,w}′ ≤ c‖v‖_q′_{,w}′ with an A_q consistent constant c.

Step 2 (Existence and a priori estimates) Setting for v ∈ L^{q′}_w′ (Ω) ⟨u, v⟩ := ⟨f, ϕ⟩ − ⟨k, ψ⟩, with (ϕ, ψ) as in (5.5) we obtain |⟨u, v⟩| = |⟨f, ϕ⟩| + |⟨k, ψ⟩| ≤ ‖f‖_Y ′ ‖ϕ‖_{2,q}′_{,w}′ + ‖k‖_W −1,q_{w,0 (Ω)}‖ψ‖_{1,q}′_{,w}′ ≤ c(‖f‖_Y ′ + ‖k‖_W −1,q_{w,0 (Ω)})‖v‖_q′_{,w}′ . Thus u ∈ (L^{q′}_w′ (Ω))^′ = L^q_w(Ω) and fulfills ‖u‖_{q,w} ≤ c(‖f‖_Y ′ + ‖k‖_W −1,q_{w,0} ) with c independent of λ and depending A_q-consistently on w.

We now show that u is a very weak solution to the Stokes problem with respect to f and k. Choose test-functions ϕ ∈ Y_σ and ψ ∈ W^{1,q′}_w′ (Ω). Then setting v = λϕ−Δϕ+∇ψ we obtain from the uniqueness of strong solutions ⟨u, λϕ − Δϕ + ∇ψ⟩ = ⟨u, v⟩ = ⟨f, ϕ⟩ − ⟨k, ψ⟩. Since ϕ and ψ were chosen arbitrarily (5.3) and (5.4) are fulfilled. Step 3 (Uniqueness) Assume U ∈ L^q_w(Ω) is a very weak solution to the Stokes resolvent problem with respect to f and k. As above for every v ∈ L^{q′}_w′ (Ω) we find ϕ ∈ Y_σ and ψ ∈ W^{1,q′}_w′ (Ω) such that λu − Δϕ + ∇ψ = v. If we add the equations (5.3) and (5.4) we obtain ⟨U, v⟩ = ⟨U, λϕ − Δϕ + ∇ψ⟩ = ⟨f, ϕ⟩ − ⟨k, ψ⟩ = ⟨u, v⟩. Since v ∈ L^{q′}_w′ (Ω) was arbitrary we obtain u = U. Moreover let ϕ ∈ Y_q′_{,w}′_{,σ}. Then we obtain from the equation |⟨λu, ϕ⟩| ≤ |⟨u, Δϕ⟩| + |⟨f, ϕ⟩| ≤ (‖u‖_{q,w} + ‖f‖_Y ′_{q′,w′} )‖ϕ‖_{2,q}′_{,w}′ ≤ c(‖f‖_Y ′ + ‖k‖_W −1,q_{w,0 (Ω)})‖ϕ‖_{2,q}′_{,w}′ . This proves (1.5)

Theorem 5.4. Let f and k be chosen as in Theorem 1.1 and let u ∈ L^q_w(Ω) be the associated very weak solution to the Stokes problem. Then there exists a unique pressure functional p ∈ W^{−1,q}_{0,w} (Ω) (unique modulo constants) such that (u, p) solves −⟨u, Δϕ⟩ − ⟨p, div ϕ⟩ = ⟨F, ϕ⟩ for all ϕ ∈ Y_q′_{,w}′ .

In particular −Δu + ∇p|_C∞_{0 (Ω)} = f|_C∞_{0 (Ω)} in the sense of distributions. The functions (u, p) fulfill the inequality ‖u‖_{q,w} + ‖p‖_W −1,q_{w,0} ≤ c(‖f‖_Y ′ + ‖k‖_W −1,q_{w,0} ), (5.6) where c = c(Ω, q, w).

Proof. By Lemma 5.1 there exist sequences (f_n)_n, (k_n)_n ⊂ C^∞(Ω) such that f_n^Y ′ q′,w′ −−−→ f and k_n^W −1,q 0,w (Ω) −−−−−→ k. Then by [8, Theorem 3.3] there exist unique solutions (u_n, p_n) ∈ W^{2,q}_w (Ω) × W^{1,q}_w (Ω) such that −Δu_n + ∇p_n = f_n, div u_n = k_n, u_n|_{∂Ω} = 0, ∫ p_n = 0.

Integration by parts immediately yields that u_n is a very weak solution with respect to f_n, k_n. Now the a priori estimate (5.2) yields u_n^{Lqw (Ω)}−−−→ u. For ϕ ∈ W^{1,q′}_w′ (Ω) with ∫ ϕ = 0 let ζ ∈ Y_q′_{,w}′ with −Δζ + ∇π = 0 and div ζ = ϕ and ‖ζ‖_{2,q}′_{,w} ≤ c‖ϕ‖_{1,q}′_{,w}′ .

Thus we obtain |⟨p_n − p_m, ϕ⟩| = |⟨p_n − p_m, div ζ⟩| = |⟨∇(p_n − p_m), ζ⟩| ≤ |⟨Δ(u_n − u_m), ζ⟩| + |⟨f_n − f_m, ζ⟩| ≤ c(‖u_n − u_m‖_{q,w} + ‖f_n − f_m‖_{(Yq′,w′ )}′ )‖ϕ‖_{1,q,w}. Thus ‖p_n − p_m‖_{−1,q,w,0} ≤ c(‖u_n − u_m‖_{q,w} + ‖f_n − f_m‖_Y ′ )^{n,m→∞}−−−−→ 0 and (p_n)_n is a Cauchy sequence converging to some p ∈ W^{−1,q}_{0,w} (Ω). For this p −⟨u, Δϕ⟩ − ⟨p, div ϕ⟩ = lim_{n→∞}(−⟨u_n, Δϕ⟩ − ⟨p_n, div ϕ⟩) = lim_{n→∞}⟨f_n, ϕ⟩ = ⟨f, ϕ⟩ holds for every ϕ ∈ Y_q′_{,w}′ . The estimate (5.6) follows from the estimates for p_n.

5.2 Regularity

The following theorem describes how strong solutions fit into the context of very weak solutions considered in the previous section. Moreover it prepares further considerations about boundary values in the weakest possible sense.

From now on we assume the following situation: Let 1 < r < ∞ and w̃ ∈ A(r) such that L^{r′}_{w̃}′ (Ω) → L^{q′}_w′ (Ω). (5.7) Then by duality it follows L^r_{w̃}(Ω) → W^{−1,q}_{w,0} (Ω) and W^{−1,r}_{w̃} (Ω) → Y^′_q′_{,w}′ .

The reason why we require these embeddings is that Sobolev-like inequalities in weighted spaces need strong assumptions on the weight-functions. In [10] sufficient conditions for such embeddings are shown using the continuity of singular integral operators shown in [15].

Theorem 5.5. Assume that f ∈ Y^′_q′_{,w}′ and k ∈ W^{−1,q}_{w,0} (Ω) allow a decomposition into ⟨f, ϕ⟩ = ⟨F, ϕ⟩ − ⟨g, N · ∇ϕ⟩_{∂Ω} for all ϕ ∈ Y_q′_{,w}′ , ⟨k, ψ⟩ = ⟨K, ψ⟩ − ⟨g, N · ψ⟩_{∂Ω} for all ψ ∈ W^{1,q′}_w′ (Ω) (5.8)

with g ∈ T^{0,q}_w (∂Ω), F ∈ W^{−1,r}_{w̃} (Ω), K ∈ L^r_{w̃}(Ω), where 1 < r < ∞ and w̃ ∈ A(r) are chosen according to (5.7). Then one has

1. Such a decomposition is uniquely defined by f and k.

2. For λ ∈ Σ_ε ∪ {0} every strong solution u to the Stokes resolvent problem corresponding to the data g ∈ T^{2,q}_w (∂Ω), F ∈ L^q_w(Ω) and K ∈ W^{1,q}_w (Ω) is a very weak solution corresponding to the data f and k with the notation of (5.8).

3. If g ∈ T^{2,q}_w (∂Ω), F ∈ L^q_w(Ω) and K ∈ W^{1,q}_w (Ω), then the very weak solution u to the Stokes resolvent problem with respect to f and k is a strong solution with respect to F, K and g. In particular u ∈ W^{2,q}_w (Ω) and |λ|‖u‖_{q,w} + ‖u‖_{2,q,w} ≤ c(‖F ‖_{q,w} + ‖K‖_{1,q,w} + ‖λK‖_W −1,q_{w,0} + ‖g‖_T 2,q_{w (∂Ω)} + ‖λg‖_T 0,q_w ). (5.9)

Proof. 1. Let ⟨f, ϕ⟩ = ⟨F_i, ϕ⟩ − ⟨g_i, N · ∇ϕ⟩_{∂Ω} for i = 1, 2. This means ⟨F_1 − F_2, ϕ⟩ = ⟨g_1 − g_2, N · ∇ϕ⟩_{∂Ω} for ϕ ∈ Y_{q,w}. The latter functional vanishes on C^∞_0 (Ω) and since F_1 − F_2 is a distribution on Ω, it follows that F_1 − F_2 = 0 and hence ⟨g_1 − g_2, N · ∇ϕ⟩ = 0 for every ϕ ∈ Y_q′_{,w}′ . By Theorem 4.3 the mapping ϕ → N · ∇ϕ : Y_q′_{,w}′ → T^{1,q′}_w′ (∂Ω) is surjective, hence g_1 = g_2. Analogously for the divergence. 2. Follows immediately from Green’s Theorem.

3. By Theorem 4.3 there exists v_1 ∈ W^{2,q}_w (Ω) with v_1|_{∂Ω} = g and ‖v_1‖_{2,q,w} ≤ c‖g‖_T 2,q_w and one has ⟨K − div v_1, 1⟩ = ⟨K, 1⟩ − ⟨g, N⟩_{∂Ω} = ⟨k, 1⟩ = 0, since ⟨k, 1⟩ = 0 is a necessary condition for the existence of a solution.

Hence, by [8, Theorem 3.3] there exists a strong solution v_2 ∈ W^{2,q}_w (Ω) with respect to the exterior force f − λv_1 + Δv_1 and divergence K − div v_1. It fulfills the estimate |λ|‖v_2‖_{q,w} + ‖v_2‖_{2,q,w} ≤ c(‖F ‖_{q,w} + ‖Δv_1‖_{q,w} + |λ|‖v_1‖_{q,w} + ‖K − div v_1‖_{1,q,w} + |λ|‖K − div v_1‖_W −1,q_{w,0} ). ≤ c(‖F ‖_{q,w} + |λ|‖v_1‖_{q,w} + ‖K‖_{1,q,w} + |λ|‖K − div v_1‖_W −1,q_{w,0} + ‖g‖_T 2,q_w ). (5.10)

Thus u = v_1 + v_2 is a strong solution to the Stokes resolvent problem with respect to the given data. Moreover, in the case λ = 0, also the estimate is proved.

Now we repeat the above arguments with v_1 replaced by the solution to the Stokes problem −Δv_1 + ∇p = 0, div v_1 = 0 and v_1|_{∂Ω} = g.

Then v_1 fulfills the estimate ‖v_1‖ ≤ c‖g‖_{2,q,w}. In addition, by 2. we know that v_1 is also a very weak solution with respect to the data f̃ = [ϕ → ⟨g, N · ∇ϕ⟩] and k̃ = [ψ → ⟨g, N · ψ⟩]. Thus we obtain the estimate ‖v_1‖_{q,w} ≤ c(‖f̃‖_Y ′_{q′,w′} + ‖k̃‖_W −1,q_w ) ≤ c‖g‖_T 0,q_w . Inserting this in (5.10) we obtain (5.9).

Thus there exists a strong solution to the Stokes resolvent problem with respect to the given data which fulfills the estimate.

The uniqueness of very weak solutions proved in Theorem 1.1 together with 2. yields that u coincides with the very weak solution. In particular the very weak solution is regular according to the data.

Remark 5.6. If there exist decompositions for the data f and k as in (5.8) even with smooth functions F, K, g this does not mean that f and k are smooth. The reason is, that if g ≠ 0, then ϕ → ⟨g, N · ∇ϕ⟩ is never more regular than Y^′_q′_{,w}′ since it is a functional supported by the boundary and depending on derivatives.

Vice versa, if f and k are regular, e.g. f ∈ W^{−1,q}_w (Ω) and k ∈ L^q_w(Ω) allowing a decomposition according to (5.8), then we automatically obtain g = 0, which means that the very weak solution with respect to f and k has zero boundary values.

5.3 Boundary Values in Case of More Regular Data

Our next aim is to define boundary values for very weak solutions to the Stokes problem presumed the data is sufficiently regular. To this aim we find a Banach space containing all these solutions and a continuous linear operator on this space coinciding with the usual trace on C^∞(Ω).

From now on let 1 < r < ∞, w̃ ∈ A_r such that (5.7) is fulfilled. As a large space of functions in which the definition of tangential boundary conditions is possible we define

W̃^{q,r}_{w,w̃}(Ω) := {u ∈ L^q_w(Ω) | |(Δu)|_{C∞0,σ(Ω)} can be extended to an element of (W^{1,r′}_{w̃′,0,σ}(Ω))^′}.

We will omit the Ω and write W̃^{q,r}_{w,w̃} if no confusion can occur.

Since Δ : L^q_w(Ω) → W^{−2,q}_w (Ω) is continuous, it follows that W̃^{q,r}_{w,w̃} is a Banach space equipped with the norm ‖u‖~_W q,r_{w,w̃} = ‖u‖_{q,w} + ‖Δu|_C∞_{0 (Ω)}‖_{(W} 1,r′_{w̃′,0,σ (Ω))′} . Lemma 5.7. Let f ∈ (Y_q′_{,w}′_{,σ})^′ with ⟨f, ϕ⟩ = 0 for every ϕ ∈ C^∞_{0,σ}(Ω). Then there exists an extension F ∈ (Y_q′_{,w}′ )^′ such that ⟨F, ϕ⟩ = 0 for every ϕ ∈ C^∞_0 (Ω) and with ‖F ‖_{(Yq′,w′ )}′ ≤ c‖f‖_{(Yq′,w′,σ )}′ .

Proof. First we show that f̃ defined by ⟨f̃, ϕ⟩ = { ⟨f, ϕ⟩ if ϕ ∈ Y_q′_{,w}′_{,σ} 0 if ϕ ∈ W^{2,q}_{w,0}(Ω)

is a continuous functional on Y_q′_{,w}′_{,σ} + W^{2,q}_{w,0}(Ω). Well-definedness and linearity is clear

since ⟨f, ϕ⟩ = 0 on Y_q′_{,w}′_{,σ} ∩ W^{2,q′}_w′_{,0}(Ω) = W^{2,q′}_w′_{,0,σ}(Ω) = C^∞_{0,σ}(Ω)^{2,q′,w′} .

Thus it remains to prove continuity. By Theorem 3.1 there exists a continuous linear operator T : {v ∈ W^{1,q′}_w′_{,0}(Ω) | ∫ v = 0} → W^{2,q′}_w′_{,0}(Ω) such that div (T v) = v.

Let ϕ ∈ Y_q′_{,w}′_{,σ} + W^{2,q′}_w′_{,0}(Ω). Then div ϕ ∈ W^{1,q′}_w′_{,0}(Ω), ∫ div ϕ = 0 and we may write ϕ = (ϕ − T div ϕ) + T (div ϕ). Thus we obtain |⟨f̃, ϕ⟩| = |⟨f̃, ϕ−T (div ϕ)⟩+⟨f̃, T (div ϕ)⟩| = |⟨f, ϕ−T (div ϕ)⟩| ≤ c‖f‖_{(Yq′,w,σ )}′ ‖ϕ‖_{2,q}′_{,w,σ} and ‖f̃‖_{(Yq′,w′ ,σ+W} 2,q_{w,0(Ω))′} ≤ c‖f‖_{(Yq′,w,σ )}′ . By the Hahn-Banach Theorem we may extend f̃ to an element F ∈ (Y_q′_{,w}′ )^′ with ‖F ‖_{(Yq′,w′ )}′ = ‖f̃‖_{(Yq′,w′ ,σ+W} 2,q_{w,0(Ω))}′ . This finishes the proof.

The following Lemma is crucial when proving the well-definedness of the tangential component of the trace on W̃^{q,r}_{w,w̃}.

Lemma 5.8. C^∞(Ω) is dense in W̃^{q,r}_{w,w̃}.

Proof. Let u ∈ W̃^{q,r}_{w,w̃}. Then by the definition of W^{q,r}_{w,w̃} we have Δu|_C∞_{0,σ} ∈ (W^{1,r′}_{w̃}′_{,0,σ}(Ω))^′ → Y^′_q′_{,w}′_{,σ}. The Hahn-Banach-theorem yields the existence of some f ∈ (W^{1,r′}_{w̃}′_{,0}(Ω))^′ such that ⟨f, ϕ⟩ = ⟨Δu, ϕ⟩ for all ϕ ∈ C^∞_{0,σ}(Ω). By Lemma 5.7 there exists an extension F ∈ Y^′_q′_{,w}′ of (⟨u, Δ·⟩ − f)|_{Yq′,w′,σ} vanishing on C^∞_0 (Ω). Analogously to the Stokes equations but easier one can prove existence and uniqueness of very weak solutions to the Laplace equation. Thus there exists a v ∈ L^q_w(Ω) such that ⟨v, Δϕ⟩ = ⟨F, ϕ⟩ for all ϕ ∈ Y_q′_{,w}′ . This v is harmonic on Ω because ⟨F, ϕ⟩ = 0 for all ϕ ∈ C^∞_0 (Ω).

Now we assume temporarily that Ω is star-shaped with respect to some ball B_r(0) with center 0 and radius r. So we may set v_λ(x) := v(λx), where λ ∈ (0, 1). We show that v_λ^{λ→1}−−→ v in L^q_w(Ω).

Note that the following argumentation strongly relies on the fact that v is harmonic. For arbitrary u ∈ L^q_w(Ω) the conclusion u(λ·) ∈ L^q_w(Ω) is in general wrong.

Let d = sup_{x∈Ω} |x| and K <^r_d . Then for every λ with^1_2 < λ < 1 one has B_{K(1−λ)|x|}(λx) ⊂ Ω for every x ∈ Ω.

Now let ṽ be the extension of v by 0 to the whole of R^n. Take x ∈ Ω and λ < 1 fixed. Since v is harmonic we have by the mean value property |v_λ(x)| = |v(λx)| = 1 |B_{K(1−λ)|x|}(λx)| | | | | ∫ B_{K(1−λ)|x|}(λx) v(x)dt | | | | ≤ 1 |B_{K(1−λ)|x|}(λx)| ∫ B_{|x|((1−λ)+K(1−λ))}(x) |ṽ(t)|dt ≤ (K + 1)^3

K^3 1 |B_{(K+1)(1−λ)|x|}(x)| ∫ B_{|x|(1−λ)+K(1−λ))}(x) |ṽ(t)|dt ≤ cMṽ(x). Since M, the maximal operator in L^q_w(Ω) is continuous, one has Mṽ ∈ L^q_w(R^n). Thus, we have found a majorant. Moreover, since the harmonic function v ∈ C^∞(Ω), the convergence v_λ → v is point-wise. By Lebesgue’s Theorem we find v_λ → v in L^q_w(Ω).

For a general bounded C^{1,1}-domain we use decomposition of the unity. Moreover, since every v_λ is harmonic we have Δv_λ − Δv = 0 for all λ ∈ (0, 1) which yields the convergence in W̃^{q,r}_{w,w̃}.

Moreover we have ⟨u − v, Δϕ⟩ = ⟨f, ϕ⟩ + ⟨F, ϕ⟩ − ⟨F, ϕ⟩ = ⟨f, ϕ⟩ for ϕ ∈ Y_q′_{,σ,w}′ ⟨u − v, ∇ψ⟩ =: ⟨k, ψ⟩ for ψ ∈ W^{1,q′}_w′ (Ω). Let (f_n)_n, (k_n)_n ⊂ C^∞(Ω) such that f_n^{n→∞}−−−→ f in W^{−1,r}_{w̃} (Ω) and k_n^{n→∞}−−−→ k in W^{−1,q}_{0,w} (Ω). The embedding W^{−1,r}_{w̃} (Ω) → Y^′_q′_{,w}′ and the a priori estimate for very weak solutions to the Stokes equations (1.5) yields that the sequence of very weak solutions (u_n)_n to the Stokes problem w.r.t. f_n and k_n converges to u − v in L^q_w(Ω). By the regularity of the data and of the boundary (Theorem 5.5) one has u_n ∈ W^{2,q}_w (Ω).

We show that u_n tends to u − v in W̃^{q,r}_{w,w̃}. The convergence in L^q_w(Ω) is already shown. Moreover for ϕ ∈ C^∞_{0,σ}(Ω) one has ⟨u_n, Δϕ⟩ = ⟨f_n, ϕ⟩^{n→∞}−−−→ ⟨f, ϕ⟩. Thus the sequence (u_n + v_{λn} )_n ⊂ W^{2,q}_w (Ω) approximates u in the norm of W̃^{q,r}_{w,w̃} where (λ_n) ⊂ (0, 1) is a sequence converging to 1. However, since C^∞(Ω) is dense in W^{2,q}_w (Ω), the assertion is proved.

It is not difficult to see that if ϕ ∈ W^{2,q}_w (Ω) with ϕ|_{∂Ω} = 0, then N · ∇ϕ is purely tangential. The next Lemma shows that vice versa every purely tangential function on the boundary is a normal derivative of such a function. This ensures that the amount of test functions is sufficient.

Lemma 5.9. Let Ω be a bounded C^{1,1}-domain, 1 < q < ∞ and w ∈ A_q. For every h ∈ T^{1,q}_w (∂Ω) with N · h = 0 there exists a function φ_h ∈ W^{2,q}_w (Ω) such that

φ_h|_{∂Ω} = 0, N · ∇φ_h = h and div φ_h = 0.

Moreover φ_h can be chosen depending linearly on h and fulfilling the estimate ‖φ_h‖_{2,q,w} ≤ c‖h‖_T 1,q_{w (∂Ω)} with a constant c = c(Ω, q, w).

Proof. For h ∈ T^{1,q}_w (∂Ω) there exists by Theorem 4.3 a function ψ_h ∈ W^{2,q}_w (Ω) depending linearly on h such that ψ_h|_{∂Ω} = 0, N · ∇ψ_h = h and ‖ψ_h‖_{2,q,w} ≤ c‖h‖_T 1,q_{w (∂Ω)}. Since h = N · ∇ψ_h is purely tangential, one can show (see [12]) that div ψ_h ∈ W^{1,q}_{0,w}(Ω). Thus by Theorem 3.1 there exists a function ζ ∈ W^{2,q}_{w,0}(Ω) with div ζ = div ψ_h depending linearly on ψ_h and satisfying the estimate ‖ζ‖_{2,q,w} ≤ c‖div ψ_h‖_{1,q,w} ≤ c‖ψ_h‖_{2,q,w}.

Now φ_h := ψ_h − ζ solves the problem.

Using this lemma we define the tangential component of u ∈ W̃^{q,r}_{w,w̃} on the boundary as follows.

Theorem 5.10. There exists a continuous linear operator

γ : W̃^{q,r}_{w,w̃} → T^{0,q}_w (∂Ω), such that ⟨γ(u), h⟩_{∂Ω} = ⟨u, Δφ_h⟩ − ⟨Δu, φ_h⟩ if N · h = 0, ⟨γ(u), h⟩_{∂Ω} = 0 if N × h = 0

(5.11)

for h ∈ T^{1,q′}_w (∂Ω) where φ_h is given by Lemma 5.9. Moreover this tangential trace is independent of the choice of the extension φ_h and coincides with the tangential component of the usual restriction if u ∈ C^∞(Ω).

Proof. Assume that γ is defined by (5.11). Let m ∈ T^{1,q′}_w (∂Ω). The function m can be decomposed into normal and tangential component m = (N · m)N + (N × m) × N = (N · m)N + h with ‖h‖_T 1,q′_{w′ (∂Ω)} ≤ c‖m‖_T 1,q′_{w′ (∂Ω)}. Then one obtains |⟨γ(u), m⟩_{∂Ω}| = |⟨γ(u), h⟩_{∂Ω}| = |⟨u, Δφ_h⟩ − ⟨Δu, φ_h⟩| ≤ ‖u‖_{q,w}‖φ_h‖_{2,q}′_{,w}′ + ‖Δu‖_{(W} 1,r′_{w̃′,0,σ )′} ‖φ_h‖_{1,r}′_{,w̃}′ ≤ c‖u‖~_W q,r_{w,w̃} ‖m‖_T 1,q′_{w′ (∂Ω)}. Thus γ is continuous.

By Gauss’ Theorem we know that for u ∈ C^∞(Ω) we have γ(u) is equal to (N × u|_{∂Ω}) × N, the tangential component of u|_{∂Ω} which is in particular independent of the extension of h. Since by Lemma 5.8 the space C^∞(Ω) is dense in W̃^{q,r}_{w,w̃} the same is true for u ∈ W̃^{q,r}_{w,w̃}. The definition of tangential traces is easier. If u ∈ E^{q,r}_{w,w̃} := {v ∈ L^q_w(Ω) | div v ∈ L^r_{w̃}(Ω)} then we can define the normal trace as in unweighted spaces: Using convolutions one shows that C^∞(Ω) is dense in E^{q,r}_{w,w̃} and we can define the normal trace u → N · u|_{∂Ω} using Green’s formula by ⟨N · u|_{∂Ω}, Nv⟩_{∂Ω} := ⟨div u, v⟩ + ⟨u, ∇v⟩ for all v ∈ W^{1,q′}_w′ (Ω). (5.12) Using the above theorem we say that u|_{∂Ω} = g if ⟨γ(u), h⟩_{∂Ω} = ⟨g, h⟩_{∂Ω} for h · N = 0 and u · N|_{∂Ω} = g · N.

Proposition 5.11. Let u be a very weak solution to the Stokes problem corresponding to the data ⟨f, ϕ⟩ = ⟨F, ϕ⟩ − ⟨g, N · ∇ϕ⟩_{∂Ω} and ⟨k, ψ⟩ = ⟨K, ψ⟩ − ⟨g, N · ψ⟩_{∂Ω} with F ∈ W^{−1,r}_{w̃} (Ω), K ∈ L^r_{w̃}(Ω), g ∈ T^{0,q}_w (∂Ω). Then u ∈ W̃^{q,r}_{w,w̃} and u|_{∂Ω} = g. Proof. u is the solution of −⟨u, Δϕ⟩ = ⟨F, ϕ⟩ − ⟨g, N · ∇ϕ⟩_{∂Ω}, for all ϕ ∈ Y_q′_{,w}′_{,σ} and −⟨u, ∇ψ⟩ =⟨K, ψ⟩ − ⟨g, N · ψ⟩_{∂Ω}, for all ψ ∈ W^{1,q}_w′ (Ω). Inserting ϕ ∈ C^∞_{0,σ}(Ω) into the first equation we obtain that ϕ → [⟨Δu, ϕ⟩ = −⟨F, ϕ⟩] is extendable to an element of (W^{1,r′}_{w̃,0,σ}(Ω))^′. Thus u ∈ W̃^{q,r}_{w,w̃} and by the definition of the tangential trace we have ⟨γ(u), N · ∇ϕ⟩_{∂Ω} = ⟨u, Δϕ⟩ − ⟨Δu, ϕ⟩ = ⟨u, Δϕ⟩ + ⟨F, ϕ⟩ = ⟨g, N · ∇ϕ⟩_{∂Ω} for all ϕ ∈ Y_q′_{,w}′_{,σ}. Using the second equation one shows that N · u|_{∂Ω} = N · g. Remark 5.12. 1. It is not difficult to see that the space W̃^{q,r}_{w,w̃} is equal to the space of very weak solutions to the Stokes problem with respect to data f = [ϕ → ⟨F, ϕ⟩ − ⟨g, N · ∇ϕ⟩] with F ∈ W^{−1,r}_{w̃} (Ω) and g ∈ T^{0,q}_w (∂Ω) and k ∈ W^{−1,q}_{w,0} (Ω). Indeed let u ∈ W̃^{q,r}_{w,w̃} and let F ∈ W^{−1,r}_{w̃} (Ω) be an extension of −Δu|_C∞_{0,σ (Ω)}. Then g := tr u ∈ T^{0,q}_w (Ω) and by definition −⟨u, Δϕ⟩ = ⟨F, ϕ⟩ − ⟨g, N · ∇ϕ⟩ for every ϕ ∈ Y_q′_{,w}′_{,σ}. 2. In [12] the space in which the traces are well-defined is given by

^W^{1,q}(Ω) := W 1,q(Ω)^{‖·‖^W 1,q (Ω)} where ‖u‖_{^W 1,q(Ω)} := ‖u‖_q + ‖A^{− 1}2_r P_rΔu‖_r,

where A_r stands for the Stokes operator in L^r(Ω),^1_r ≤^1_n +^1_q . For u ∈ C^∞(Ω) one has

‖Δu‖_{(W} 1,r′_{0,σ )′} = sup ϕ∈C^∞_{0,σ} ,‖ϕ‖_{1,r}′ =1 ⟨Δu, ϕ⟩ ∼ sup ϕ∈C^∞_{0,σ} ,‖ϕ‖_r′ =1 ⟨P Δu, A^{− 12}_r′ ϕ⟩ = ‖A^{− 12}r P Δu‖_r Thus in the unweighted case these norms are equivalent and the spaces are equal.

Acknowledgements. A part of this paper was developed during the author’s stay at the Tohoku University in Sendai, Japan supported by the DAAD.

References

[1] H. Amann. Nonhomogeneous Navier-Stokes equations with integrable lowregularity data. Int. Math. Ser. Kluwer Academic/Plenum Publishing, New York, pages 1–26, 2002.

[2] L. C. Evans. Partial Differential Equations. American Mathematical Society, Providence, 1998.

[3] R. Farwig, G. P. Galdi, H. Sohr. Very weak solutions of stationary and instationary Navier-Stokes equations with nonhomogeneous data. Priprint TU Darmstadt No. 2349, 2004.

[4] R. Farwig, G. P. Galdi, H. Sohr. Large existence, uniqueness and regularity classes of stationary Navier-Stokes equations in bounded domains of R^n. Preprint TU Darmstadt No. 2403, 2005.

[5] R. Farwig, H. Sohr. Weighted L^q-theory for the Stokes resolvent in exterior domains. J. Math. Soc. Japan, 49:251–288, 1997.

[6] R. Farwig, Ri Myong-Hwan. Resolvent estimates and maximal regularity in weighted L^q-spaces of the Stokes operator in an infinite cylinder. Preprint Nr 2431, FB Mathematik, TU Darmstadt, 2005.

[7] A. Fröhlich. Stokes- und Navier-Stokes-Gleichungen in gewichteten Funktionenräumen. Shaker Verlag, Aachen, 2001.

[8] A. Fröhlich. The Stokes operator in weighted L^q-spaces II: Weighted resolvent estimates and maximal L^p-regularity. Preprint Nr 2173, FB Mathematik, TU Darmstadt, 2001.

[9] A. Fröhlich. The Stokes operator in weighted L^q-spaces I: Weighted estimates for the Stokes resolvent problem in a half space. J. Math. Fluid Mech., 5:166–199, 2003.

[10] A. Fröhlich. Solutions of the Navier-Stokes initial value problem in weighted L^qspaces. Math. Nachr., 269-270:150–166, 2004.

[11] G.P. Galdi. An Introduction to the Mathematical Thoery of the Navier-Stokes Equations, Volume I. Springer-Verlag, New York, 1994.

[12] G.P. Galdi, C.G. Simader, H. Sohr. A class of solutions to stationary Stokes and Navier-Stokes equations with boundary data in W^{− 1q ,q}. Math. Ann., 331:41–74, 2005.

[13] J. Garcia-Cuerva, J.L. Rubio de Francia. Weighted norm inequalities and related topics. North Holland, Amsterdam, 1985.

[14] J. Nečas. Les Méthodes Directes en Théorie des Équations Elliptiques. Masson et Cie., 1967.

[15] E. Sawyer, R.L. Wheeden. weighted inequalities for fractional integrals on eucidean and homogenous spaces. Amer. J. Math., 114:813–874, 1992.

[16] H. Sohr. The Navier-Stokes Equations. An Elementary Functional Analytic Approach. Birkhäuser Advanced Texts, Birkhäuser Verlag, Basel, 2001.

[17] E. Stein. Harmonic Analysis. Princeton University Press, 1993.

Adress:

Katrin Krohne Department of Mathematics Darmstadt University of Technology Schlossgartenstraße 7 64289 Darmstadt email: krohne@mathematik.tu-darmstadt.de