Odd-dimensional orthogonal groups as amalgams of unitary groups.

Part 1: general simple connectedness

C. Bennett^∗, R. Gramlich, C. Hoffman, S. Shpectorov^†

February 26, 2006

Abstract

We extend the Phan theory described in [BGHS] to the last remaining infinite series of classical Chevalley groups over finite fields. Namely, we prove that the twin buildings for the group Spin(2n + 1, q^2), q odd, admit a unique unitary flip and that the corresponding flipflop geometry is simply connected for almost all finite fields F_q2 . Applying standard methods from amalgam theory, this results in a characterization of central quotients of the group Spin(2n + 1, q) by a Phan system of rank one and rank two subgroups. In the present first part of a series of two articles we present simple connectedness results for sufficiently large fields or sufficiently large rank. To be precise, the result stated in the present paper is proved for all cases but n = 3 and q ∈ {3, 5, 7, 9}, the remaining cases are dealt with in the sequel [Part2] computationally.

1 Introduction

The purpose of this paper is to establish the analog of Phan’s theorems (cf. [P1] and [P2]) for the groups Spin(2n + 1, q), q odd. To state these results we need some definitions, starting with the concept of standard pairs in the groups SU(3, q^2) and Spin(5, q).

Definition 1.1 Let G ∼= SU(3, q^2) and V be the natural G-module over F_q2 . Subgroups U_1 and U_2 isomorphic to SU_2(q^2) of G ∼= SU(3, q^2) form a standard pair whenever each U_i is the stabilizer in G of a nonsingular vector v_i ∈ V and, moreover, v_1 and v_2 are perpendicular. If U_1 and U_2 form a standard pair in G, and π describes a quotient map whose kernel is a subgroup of the center of G, then π(U_1) and π(U_2) are called a standard pair in π(G).

Definition 1.2 Let G ∼= SΩ(5, q) and V be its natural module, where the invariant form is chosen to be of discriminant one. Subgroups U_1 and U_2 of G ∼= SΩ(5, q) form a standard pair if there is an orthogonal decomposition V = V_2 ⊕ V^′_2 ⊕ V_1,

(i) with V_2 being 2-dimensional of minus type, such that U_1 is the vector-wise stabilizer of V_2;

(ii) where V_2 ⊕ V^′_2 is 4-dimensional of plus type, such that U_2 is one of the two direct factors in the vector-wise stabilizer of V_1.

We remark that here U_1 ∼= SΩ(3, q) ∼= PSL(2, q) and U_2 ∼= SL(2, q). For ^G ∼= Spin(5, q) and the natural homomorphism from π : ^G → G, subgroups U_1, U_2 ∼= SL(2, q) of ^G form a standard pair if π(U_1) and π(U_2) form a standard pair in G.

∗Partially supported by an NSA grant. †Partially supported by an NSA grant.

Definition 1.1 repeats the definition in the introduction of [BS], while Definition 1.2 can be shown equivalent to the definition in [G1], Section 3, of the standard pairs in Sp(4, q) ∼= Spin(5, q). We use diagrams to describe configurations involving standard pairs. In such a diagram an edge i ∘_j∘ represents the fact that a suitable group G contains subgroups U_i and U_j such that

U_{ij} := ⟨U_i, U_j ⟩ is isomorphic to SU(3, q^2) (or its central quotient PSU(3, q^2)) and that U_i and U_j form a standard pair in U_{ij} . Similarly, the edge_i∘ >_j∘ requires that U_{ij} be isomorphic to

Spin(5, q) (or its central quotient SO(5, q)) and that U_i and U_j again form a standard pair in U_{ij} . Note that Definition 1.1 is symmetric with respect to U_1 and U_2, whereas in Definition 1.2 the order of U_1 and U_2 matters, and so the diagram in this case is asymmetric. Notice also that our definition works well for all values of q, except q = 2, where the standard pair does not generate the entire SU(3, q^2) or Spin(5, q); recall that in this paper we are only interested in the case q odd, and so this complication does not arise. In addition to the above two types of edges we will need the “empty” edge_i∘_j∘ which means that U_{ij} is a central product of U_i and U_j .

With this notation in place we can now give our main definition.

Definition 1.3 Let n ≥ 2. A group G contains a weak Phan system of type B_n over F_q2 if G is generated by a family of subgroups U_i, i ∈ I = {1, . . . , n}, so that, for 1 ≤ i < j ≤ n, the subgroups U_i and U_j form a standard pair in U_{ij} := ⟨U_i, U_j ⟩ according to the Dynkin diagram B_n: 1 ∘_2∘ · · ·_{n−2}∘_{n−1}∘ > n ∘. Our main result consists of the following two theorems.

Main Theorem A For n ≥ 3 and q ≥ 5 an odd prime power, let G be a group containing a weak Phan system of type B_n over F_q2 . Then G is isomorphic to Spin(2n + 1, q) or a central quotient thereof.

There exists a counterexample to the statement of Main Theorem A for n = 3, q = 3, cf. Section 4 of [Part2]. However, the following statement is true in case q = 3.

Main Theorem B For n ≥ 4, let G be a group containing a weak Phan system of type B_n over F_9 . In addition, assume that ⟨U_{i−1}, U_i, U_{i+1}⟩ is isomorphic to a central quotient of SU(4, 9) (if 2 ≤ i ≤ n − 2) or Spin(7, 3) (if i = n − 1). Then G is isomorphic to Spin(2n + 1, 3) or a central quotient thereof.

We remark that the cases of diagrams A_n, C_n, and D_n have been dealt with previously (see [P1], [P2], and also [BS], [GHS], [G1], [H], [GHN], [GHNS]). So our present result completes the last series of Phan-type results for classical groups, see details below. We turn now to the motivation and history of the field and also outline how we approach the proof of Main Theorems A and B.

In 1977 Phan published two papers, [P1] and [P2], in which he stated and proved theorems giving presentations for some Chevalley groups, that were similar in spirit to the Curtis-Tits presentations for the groups with simply laced diagrams A_n, D_n, and E_n. Instead of the subgroups SL(2, q) and SL(3, q), as in the Curtis-Tits presentation, he used subgroups isomorphic to SU(2, q^2) and SU(3, q^2). Phan’s results, along with the Curtis-Tits theorem, proved to be fundamental for the original classification of the finite simple groups announced in 1981, especially for Aschbacher’s paper [A]. The current revision of the classification, lead by Lyons and Solomon, also requires a revision of Phan’s results. Such a revision was started by Bennett and Shpectorov in [BS]; see [BGHS] for a survey.

It was soon discovered that Phan’s results are not just similar to the Curtis-Tits theorem, but rather these theorems are much more closely related to each other (see [BGHS]). It turned out that the Curtis-Tits theorem is equivalent, via a certain reduction, to the simple connectedness of the so-called opposites geometry of the spherical twin buildings associated with the corresponding Chevalley group, cf. [M], also [AM]. When the Chevalley group is of untwisted type and is defined over a field F_q2 , the twin buildings have a class of automorphisms that we call unitary flips. The subgeometry of the opposites geometry, consisting of all objects fixed by the flip, is called the flipflop geometry. It turned out that Phan’s theorems, in essence (that is, again modulo some reduction), are the statements that the flipflop geometries of rank at least three for the simply laced diagrams A_n (Phan’s first paper [P1]), D_n and E_n (Phan’s second paper [P2]) are simply connected with some exceptions when q equals to 2 or 3. Thus, Phan’s theorems can be viewed as twisted versions of particular cases of the Curtis-Tits theorem.

As we have already mentioned, unitary flips exist for all untwisted Chevalley groups over F_q2 . On the other hand, Phan treated only the simply laced diagrams. So, naturally, it is interesting to ask whether the flipflop geometries for the diagrams B_n, C_n, n ≥ 3, and F_4 are simply connected for sufficiently large q. The positive answer for the diagram C_n was obtained in [GHS] and refined in [H], see also [GHN]. Main Theorems A and B finish the last infinite series of Dynkin diagrams, B_n. Notice that in this case we only need to consider the case where q is odd, because B_n and C_n are the same when q is even.

We now outline how Main Theorems A and B are proved. The proof consists of two stages. At stage one let X be a group with a weak Phan system. Define the amalgam A = ⋃ 1≤i<j≤n Uij , as found in X. For the general concept of a group amalgam see [S]; we deal with a more restricted notion, as described, e.g., in [BS]. The goal of the first stage is to establish the uniqueness of the amalgam A, that is, that it is essentially the same for all groups X with a weak Phan system of type B_n. This step is proved uniformly for all Dynkin diagrams. The first occurrence of this proof was in [BS], where the case of weak Phan systems of type A_n was dealt with. That original proof applies to all simply-laced diagrams. The proof was modified in [G1] to include the double bonds, and in this modified form it applies also to the diagrams B_n, C_n, and F_4. There is also an even more general treatment in [D]. Because of all of this, we do not include details of the first stage in the present paper.

Once the uniqueness of A is known, it must be the amalgam found in the known example, Spin(2n + 1, q). We observe that an arbitrary group X, having a weak Phan system of type B_n, contains a copy of A, and so X must be isomorphic to a factor group of the universal completion U(A) of A. Thus, the main result follows if we prove that A contains enough relations to define Spin(2n + 1, q). More precisely, it needs to be shown that the universal completion U(A) of A coincides with Spin(2n + 1, q); for the definition of the universal completion see, for example, [BS]. This is the second stage, and the proof here consists of two steps. First we define D_i = N_{Ui} (U_j ), where j is a neighbour of i in the diagram (it turns out that D_i is independent of the neighbour j). Let D = D_1D_2 · · · D_n (e.g., as subgroups of Spin(2n + 1, q), where this product is direct). Let also ^U_i = U_iD and ^U_{ij} = U_{ij} D for all 1 ≤ i < j ≤ n. It turns out that the amalgam ^A = ⋃_{1≤i<j≤n} ^U_{ij} has exactly the same universal completion as A. The proof of this step is again identical for all diagrams; in fact, it is a very general statement, cf. Lemma 29.3 of [GLS]. So we again skip the details of this step in the present paper. It remains to show that the universal completion of ^A coincides with Spin(2n + 1, q), which is the second step of the second stage. For this, we observe that ^A is the amalgam of rank one and two parabolics for Spin(2n + 1, q) acting flagtransitively on the corresponding flipflop geometry Γ. (For the geometric terminology see Section 3; for an overview over the topic of flipflop geometries see [BGHS] or [G2].) By Tits’ Lemma (see [T], also Corollary 1.4.6 of [IS], or, in a more general form, Corollary 3.2 of [GVM]) the group Spin(2n + 1, q) is the universal completion of ^A if and only if Γ and all its residues of rank at least three are simply connected. Thus, the proof is achieved via the study of Γ. This part is the only part that is individual for each diagram; and this is exactly what we do in the present paper for the case of the diagram B_n. (We would like to mention that recently a building-theoretic method has been found to treat all spherical diagrams simultaneously, including the exceptional ones, over sufficiently large finite fields, see [DM] and [GHMS].)

We now define Γ and state the result that we prove about Γ. Since Γ is the flipflop geometry related to a unitary flip, the initial setup involves the field F_q2 . Let V be the natural module of the group G ∼= SΩ(2n + 1, q^2), q odd, with the nondegenerate symmetric bilinear form (·, ·) and the corresponding quadratic form f. Let σ be an involutory semilinear transformation of V , satisfying (σ(u), σ(v)) = (u, v) = (u, v)^q . We will show, see Proposition 2.10, that G_σ = C_G(σ) is isomorphic to SO(2n + 1, q). The flipflop geometry Γ consists of those singular subspaces of V that trivially intersect the polar of their images under σ; see Proposition 3.1 for an alternative description of Γ. Clearly G_σ acts on Γ and this also leads to the action of Spin(2n + 1, q) on Γ, since the latter group is a double cover of the index two subgroup G^′_σ ∼= SΩ(2n + 1, q) of G_σ .

Theorem Let q ≥ 3 be odd and let n ≥ 2. Then the following hold.

(i) Γ is a rank n geometry, on which G_σ ∼= SO(2n + 1, q) and its index two subgroup G^′_σ ∼= SΩ(2n + 1, q) act as flag-transitive groups of automorphisms.

(ii) Γ is residually connected for q ≥ 5.

(iii) Γ is simply connected for n ≥ 4 and for n = 3 and q ≥ 5.

This theorem, together with the results of [BS], implies that all residues of Γ of rank at least three are simply connected, provided that q ≥ 5. For q = 3, it implies that all residues of rank at least four are simply connected, leading to Main Theorem B. The cases n = 3 and 5 ≤ q ≤ 9 are dealt with in the second part [Part2] computationally. In the present paper we thus assume that q ≥ 11 if n = 3. For n = 3 and q = 3 there exists a counterexample to the conclusion of part (iii) of the Theorem. Namely, the universal cover of Γ is finite of degree 3^7, see [Part2] for the details.

Acknowledgements: The research for this article was finished during an RiP-stay at the Mathematisches Forschungsinstitut Oberwolfach (MFO), and the authors would like to express their gratitude for the hospitality of the MFO. The authors would also like to express their gratitude to Max Horn for a careful proof-reading of the present paper.

2 Unitary flips

Let G = SΩ(2n + 1, q^2), q odd, let V be its natural module, and let (·, ·) be the symmetric bilinear form on V . Let¯: a → ā = a^q be the involutory automorphism of F_q2 . By a unitary flip we mean a semilinear transformation σ of V satisfying the following conditions:

(F1) σ(av) = āσ(v) for all a ∈ F_q2 and v ∈ V ;

(F2) σ semi-preserves (·, ·) up to a scalar; that is, (σ(u), σ(v)) = a(u, v) for some a ∈ F_q2 and all u, v ∈ V ; (F3) σ^2 is a scalar transformation; that is, σ^2(v) = bv for some b ∈ F_q2 and all v ∈ V .

The following is the main result of this section.

Proposition 2.1 Up to conjugation with an element of ΓO(2n + 1, q^2) and multiplication with a scalar, there exists a unique unitary flip σ of V . This σ has the additional property that σ(U)∩U = {0} for at least one maximal totally singular subspace U of V .

Let σ be a semilinear transformation of V satisfying (F1), (F2) and (F3). Clearly, every scalar multiple of σ also satisfies these conditions.

Lemma 2.2 There exists c ∈ F_q2 such that (cσ)^2 = Id.

Proof. By (F3) we have that σ^2 = b · Id for some b ∈ F_q2 . We claim that, in fact, b ∈ F_q . Indeed, on one hand, σ^3(v) = σ^2(σ(v)) = bσ(v), where v ∈ V \{0}. On the other hand, σ^3(v) = σ(σ^2(v)) = σ(bv) = b̄σ(v). Since σ(v) ≠ 0, we conclude that b ∈ F_q . By surjectivity of the norm map F_q2 → F_q , there exists c ∈ F_q2 , such that b^{−1} = c^{q+1} = cc̄. Let σ^′ = cσ. Then (σ^′)^2(v) = cσ(cσ(v)) = cc̄σ^2(v) = b^{−1}bv = v for all v ∈ V . □

Because of this lemma we assume from now on that

(F3’) σ^2 = Id.

Notice that this condition does not specify σ uniquely among its scalar multiples. More precisely, (cσ)^2 = Id if and only if cc̄ = 1. Since cc̄ = c^{q+1}, the field F_q2 contains exactly q + 1 such scalars c. Next, we choose among the scalar multiples of the form (·, ·), one that fits our σ best. For d ∈ F_q2 \{0} let (·, ·)^′ := d(·, ·). Clearly, (·, ·)^′ can be used in place of (·, ·), as it defines the same building geometry and the same orthogonal group. Furthermore, σ semi-preserves (·, ·)^′, up to a scalar.

Lemma 2.3 There exists d ∈ F_q2 such that the corresponding form (·, ·)^′ = d(·, ·) is semi-preserved by σ; that is, (σ(u), σ(v))^′ = (u, v)^′ for all u, v ∈ V .

Proof. Since σ semi-preserves (·, ·) up to a scalar, there exists a ∈ F_q2 such that (σ(u), σ(v)) = a(u, v) for u, v ∈ V . Notice that (u, v) = (σ^2(u), σ^2(v)) = a(σ(u), σ(v)) = aa(u, v) = aā(u, v). Hence aā = 1, that is, a^{q+1} = 1. This means that there exists d ∈ F_q2 such that a = d^{q−1} =^{d̄} . For the corresponding form (·, ·)^′ we have (σ(u), σ(v))^′ = d(σ(u), σ(v)) = (da)(u, v) = d̄(u, v) = (u, v)^′. □ In view of this lemma we assume in what follows that

(F2’) (σ(u), σ(v)) = (u, v) for all u, v ∈ V .

Notice that a multiple cσ of σ semi-preserves this (·, ·) if and only if c^2 = 1. Thus, −σ is the only other multiple of σ that semi-preserves (·, ·). Notice also that −σ squares to the identity, just like σ. Finally, σ semi-preserves a nonzero multiple d(·, ·) of (·, ·) if and only if 1 =^{d̄} = d^{q−1}, that is, if and only if d is a nonzero element of F_q .

Definition 2.4 For u, v ∈ V , let ((u, v)) := (u, σ(v)). Moreover, let f(v) := (v, v) and g(v) := ((v, v)).

Clearly, ((·, ·)) is a nondegenerate sesquilinear form on V . Perpendicularity with respect to (·, ·) will be denoted by ⊥, while perpendicularity with respect to ((·, ·)) will be denoted by ⊥⊥. A subspace of V degenerate (respectively, nondegenerate) with respect to (·, ·) and f will be called f-degenerate (respectively, f-nondegenerate), and similarly for ((·, ·)) and g. Notice that a σinvariant subspace is f-degenerate if and only if it is g-degenerate, so for such a subspace we can speak simply of degeneracy or nondegeneracy.

Lemma 2.5 The form ((·, ·)) is Hermitian. It is semi-preserved by σ in the sense that ((σ(u), σ(v))) = ((u, v)). Proof. Indeed, ((v, u)) = (v, σ(u)) = (σ(v), σ^2(u)) = (σ(v), u) = (u, σ(v)) = ((u, v)). Thus ((·, ·)) is Hermitian. Since ((σ(u), σ(v))) = (σ(u), σ^2(v)) = (u, σ(v)) = ((u, v)), we also see that σ semi-preserves ((·, ·)). □

Let V_σ = C_V (σ) = {v ∈ V | σ(v) = v}. We call V_σ the model space. If U is a σ-invariant subspace of V then U_σ = {u ∈ U| σ(u) = u} = U ∩ V_σ will be called the model of U.

Lemma 2.6 The map U → U_σ is a dimension-preserving bijection between all σ-invariant subspaces of V and all subspaces of the F_q -space V_σ .

Proof. Since σ is F_q -linear, V_σ is a vector space over F_q . Suppose u_1, . . . , u_k is the smallest linearly independent subset of V_σ that is linearly dependent over F_q2 , and let a_1u_1 +· · ·+a_ku_k = 0 be a nontrivial linear dependence. Notice that we can assume a_1 = 1 and, furthermore, that at least one coefficient a_i is not contained in F_q . Applying σ, we get a second relation ā_1u_1 +· · ·+ā_ku_k = 0, which is not a scalar multiple of the first relation. Using the second relation we can exclude at least one vector from the first relation, yielding a contradiction with the minimality of the set u_1, . . . , u_k. Thus, every linearly independent subset of V_σ is also independent over F_q2 . To complete the proof of the second claim, it remains to show that U_σ spans U. Let m be the dimension of U. Consider U as a vector space over F_q of dimension 2m and σ as an F_q -linear endomorphism of U. Since q is odd and σ^2 = Id, the subspace U is the direct sum of the eigenspaces of σ corresponding to the eigenvalues 1 and −1. The first eigenspace is U_σ, the second one is U_{−σ}. By the above, the dimension of U_σ is at most m. Since −σ semi-preserves (·, ·) and since (−σ)^2 = Id, we also have that the dimension of U_{−σ} is at most m. It follows that the dimensions of both eigenspaces are m. Thus, every basis of U_σ is a basis of U over F_q2 . □

In particular, the dimension of V_σ is 2n + 1 and every basis of V_σ is a basis of V over F_q2 . It follows from the definition of ((·, ·)) that its restriction to V_σ coincides with the restriction of (·, ·). Hence also the forms f and g agree on V_σ . Because of this, we can speak of singular vectors and subspaces instead of f- or g-singular, and similarly for all other properties of vectors and subspaces of V_σ .

The next two lemmas are consequences of Lemma 2.6.

Lemma 2.7 The restrictions of (·, ·) on V_σ is a nondegenerate bilinear form over F_q .

Proof. Clearly, (·, ·) is F_q -bilinear. For u, v ∈ V_σ , we have that (u, v) = (σ(u), σ(v)) = (u, v). Hence the values of (·, ·) on V_σ belong to F_q . Finally, the restriction of (·, ·) to V_σ is nondegenerate because V_σ contains a basis of V . □

Lemma 2.8 If U_1 and U_2 are σ-invariant subspaces of V with U_1 ⊆ U_2 then U_2 contains a σ-invariant complement to U_1.

Proof. Indeed, W can be chosen so that W_σ is a complement to (U_2)_σ in (U_1)_σ . □

Proof of Proposition 2.1. Suppose σ and σ^′ are two semi-linear transformations of V , satisfying (F1), (F2’), and (F3’) with respect to (·, ·) and (·, ·)^′, respectively. Suppose further that (·, ·)^′ is a scalar multiple of (·, ·). Since in odd dimension all nondegenerate symmetric bilinear forms are isometric, up to a possible non-square factor, cf. [C], [K], we can assume that we have a bijective linear map ψ : V_σ → V_σ′ , such that (ψ(u), ψ(v))^′ = c(u, v) for all u, v ∈ V_σ and a fixed c ∈ F_q . Extend ψ by F_q2 -linearity to the entire space V . The resulting mapping is a bijective endomorphism of V and it preserves (·, ·), up to a scalar. It also conjugates σ to σ^′.

Thus, all such σ’s are conjugate. It remains to show that σ takes some maximal totally singular subspace U to an opposite maximal totally singular subspace, that is, σ(U) ∩ U = 0. Since the dimension of V is odd, we may assume without loss of generality that the determinant of the Gram matrix of (·, ·) is a square. Then a basis e_1, f_1, . . . , e_n, f_n, x exists such that, for all 1 ≤ i, j ≤ n, we have (e_i, e_j ) = 0 = (f_i, f_j ) = (e_i, x) = (f_i, x), (e_i, f_j ) = δ_{i,j} , and (x, x) = 1. Set σ^′(e_i) = f_i, σ^′(f_i) = e_i, σ^′(x) = x, and extend by semi-linearity to the entire V . This σ^′ satisfies (F1), (F2’), and (F3’). By the above, our initial σ is conjugate to σ^′ up to a scalar factor. Since σ^′ manifestly takes U = ⟨e_1, . . . , e_n⟩ to σ^′(U) = ⟨f_1, . . . , f_n⟩, the last claim of Proposition 2.1 follows as well. □

A σ-point in V is a 1-dimensional subspace U = ⟨u⟩ such that u is f-singular and g-nonsingular.

Lemma 2.9 Suppose U is a σ-invariant nondegenerate subspace of V of dimension at least two. Then U contains no σ-point if and only if dim U = 2 and U_σ is of plus type in V_σ .

Proof. Suppose first that U is 2-dimensional. Since the restriction of (·, ·) to U_σ is a bilinear form over F_q , we have that U is of plus type. In particular, U contains exactly two 1-dimensional f-singular subspaces, and they are not perpendicular to each other. Since σ takes an f-singular vector again to an f-singular vector, U contains a σ-point if and only if σ interchanges the two f-singular subspaces. Equivalently, U contains no σ-point if and only if both f-singular subspaces of U are σ-invariant. The latter condition means that the intersections of the two f-singular subspaces with U_σ are nontrivial, that is, the restriction of (·, ·) to U_σ is of plus type. Thus, the claim of the lemma holds when dim U = 2.

If dim U ≥ 3 then U_σ contains a subspace X that is nondegenerate of minus type. By Lemma 2.6, we have X = W_σ for some σ-invariant subspace W ≤ U. By the above, W (and hence also U) contains a σ-point. □

Let us now return to the proof of Proposition 2.1. A basis e_1, . . . , e_n, f_1, . . . , f_n, x as in this proof is called a standard basis of V with respect to (·, ·) and σ. That is, a standard basis satisfies the following conditions: for all 1 ≤ i, j ≤ n, we have (e_i, e_j ) = 0 = (f_i, f_j ) = (e_i, x) = (f_i, x), (e_i, f_j ) = δ_{i,j} , and (x, x) = 1. Furthermore, σ(e_i) = f_i (and hence σ(f_i) = e_i for all i), and σ(x) = x. Suppose (·, ·) and σ satisfy (F1), (F2’), and (F3’). Does it mean that a standard basis exists in V ? Not necessarily. Indeed, given a standard basis, set E_i = ⟨e_i, f_i⟩, i = 1, . . . , f_i, and X = ⟨x⟩. Then V_σ decomposes as the orthogonal direct sum of all (E_i)_σ and X_σ . Since E_i contains σ-points (namely, ⟨e_i⟩ and ⟨f_i⟩), each summand (E_i)_σ is of minus type in V_σ . Notice that x ∈ X_σ . This means that the discriminant of (·, ·) on V_σ (determinant of the Gram matrix of (·, ·) with respect to an arbitrary basis of V_σ , taken modulo the squares in F^∗_q ) is congruent to (−ξ)^n. Here ξ is an arbitrary non-square in F_q . It is easy to reverse this argument and establish that standard bases exist if and only if the discriminant of (·, ·) on V_σ is congruent to (−ξ)^n. Since the dimension of V is odd, by taking, if necessary, (·, ·)^′ = ξ(·, ·) in place of (·, ·), we may assume without loss of generality that the congruence condition is satisfied for (·, ·) and σ, and hence standard bases exist. This assumption stays throughout the remainder of the paper.

Conjugation by σ is an automorphism of G = SΩ(2n + 1, q^2). Let G_σ be the centralizer of σ in G. The above setup gives us means to identify G_σ . Let H be the group of linear transformations of V_σ of determinant one, preserving (the restriction of) the form (·, ·). By Lemma 2.6, the group H is isomorphic to SO(2n+1, q). Since V_σ contains a basis of V , we can use F_q2 -linearity to extend the action of the elements of H to the entire V . This allows us to identify H with a subgroup of SO(V, f). Notice that under this identification H is contained in SΩ(V, f) = G. Indeed, every element of H can be written as a product of reflections in the nonsingular vectors v ∈ V_σ . Since f(v) ∈ F_q is a square in F_q2 , every element of H lies in SΩ(V, f).

Proposition 2.10 G_σ = H ∼= SO(2n + 1, q).

Proof. Choose a basis {w_1, . . . , w_{2n+1}} in V_σ . Then this set is also a basis of V . Let h ∈ H. If u =

∑_{2n+1} i=1 x_iw_i ∈ V then hσ(u) = h (∑_{2n+1} i=1 x̄_iw_i ) = ∑_{2n+1} i=1 x̄_ih(w_i). On the other hand, σh(u) = σ (∑_{2n+1} i=1 x_ih(w_i) ) = ∑_{2n+1} i=1 x̄_ih(w_i). Therefore, H ≤ G_σ . Now take h ∈ G_σ . If u ∈ V_σ then σh(u) = hσ(u) = h(u). This proves that h leaves V_σ invariant. Hence h induces on V_σ an F_q -linear transformation of determinant one, that preserves the restriction of (·, ·). That is, h ∈ H. □ In what follows, G^′_σ denotes the index two subgroup of G_σ isomorphic to SΩ(2n + 1, q).

3 The flipflop geometry

Geometries

In this section we give a brief rundown of the basic terminology of synthetic geometry. For a comprehensive introduction into the subject, refer to [BC].

Let I be a finite set, called the set of types. Its elements as well as its subsets are called types. Let Γ = (X, ∗, typ) be a triple where X is a set, ∗ ⊆ X × X is a symmetric and reflexive relation and typ : X → I is a map, such that, for x, y ∈ X we have x = y if and only if x ∗ y and typ(x) = typ(y). Then Γ is called a pregeometry over I. The elements of X are called the elements of Γ, the relation ∗ is called the incidence relation of Γ, the map typ is called the type function of Γ.

Let Γ = (X, ∗, typ) be a pregeometry over I. If A ⊆ X, then A is of type typ(A) ⊆ I, of cotype I\typ(A), of rank |typ(A)|, and of corank |I\typ(A)|. The rank of A is also denoted by rk(A). The cardinality |I| of I is called the rank of Γ.

A flag F of a pregeometry Γ is a set of mutually incident elements of Γ. Notice that typ_{|F} : F → I is a injection. A maximal flag of Γ is a flag that is maximal with respect to inclusion. Flags of type I are called chambers. A geometry over I is a pregeometry Γ over I in which every maximal flag is a chamber.

Let F be a flag of Γ, say of type J ⊆ I. Then the residue Γ_F of F is the geometry (X^′, ∗_{|X} ′_{×X} ′ , typ_{|X} ) over I\J, with X^′ := {x ∈ X | F ∪ {x} is a flag of Γ and typ(x) /∈ typ(F )}.

The geometry Γ is connected if the graph (X, ∗) is connected. The geometry Γ is residually connected if for any flag F of corank at least two the residue Γ_F is connected.

If Γ = (X, ∗, typ) and Γ^′ = (X^′, ∗^′, typ^′) are two geometries, over I and I^′, respectively, with I ∩ I^′ = ∅, then the direct sum Γ ⊕ Γ^′ is the geometry (X ∪ X^′, ∗^{′′}, typ ∪ typ^′) over I ⊔ I^′, with ∗^{′′}_{|X} = ∗, ∗^{′′}_{|X ′} = ∗^′ and (X × X^′) ⊆ ∗^{′′}.

A group G of automorphisms of some pregeometry Δ is called flag-transitive if for each pair F_1, F_2 of flags of the same type there exists a g ∈ G such that g(F_1) = F_2. Notice that for a geometry Δ this condition is equivalent to the condition that G is transitive on the set of chambers.

The flipflop geometry of type B_n

We will use the notation from Section 2. In particular, V is a nondegenerate orthogonal space over F_q2 , of dimension 2n + 1, with the bilinear form (·, ·) and quadratic form f. The semilinear map σ is a (unitary) flip with the corresponding Hermitian form ((·, ·)) and unitary form g. Also, G is isomorphic to SΩ(2n+1, q^2). Furthermore, G_σ is the centralizer C_G(σ) of σ in G. The group G_σ is isomorphic to SO(2n + 1, q) and G^′_σ is the index two subgroup of G_σ , isomorphic to SΩ(2n + 1, q).

Throughout this section, we assume n ≥ 2. Let B be the building geometry associated with G. The elements of B of type i = 1, 2, . . . , n are the f-singular subspaces of V of dimension i. Incidence is given by symmetrized containment. We will use the customary geometric terminology. In particular, points, lines, and planes are subspaces of a vector space of dimension 1, 2, and 3, respectively.

Let Γ be the pregeometry consisting of those nontrivial f-singular subspaces of V that do not intersect the polar of their image under σ. (See [BGHS] for an explanation why this is a natural object to consider.) The pregeometry Γ is called the flipflop geometry of B associated with σ. Alternatively, we can describe the flipflop geometry Γ as follows.

Proposition 3.1 The elements of Γ are all subspaces {0} ≠ U ⊊ V , which are f-singular and g-nondegenerate.

Proof. We have U^{⊥⊥} = σ(U^⊥). Hence, if X is the g-radical of U, we have X = U ∩ U^{⊥⊥} = U ∩ σ(U^⊥). Therefore X = {0} if and only if U ∩ σ(U^⊥) = {0}. □

We remark that the σ-points, as defined in the preceding section, are just the points of Γ. We now establish that Γ is, in fact, a geometry.

Proposition 3.2 The pregeometry Γ is a geometry of rank n. Moreover, G_σ and G^′_σ act flagtransitively on Γ.

Proof. For the first claim we need to show that a maximal flag F in Γ contains elements of all types. If F contains an element of type i then, clearly, it also contains elements of all types less than i. Suppose m is the highest type present in F , and let U be the element of type m in F . Let W = ⟨U, σ(U)⟩ and T = W^⊥. Since W is nondegenerate, so is T , and hence σ is a flip of T . Therefore, by Proposition 2.1 there exists a maximal f-singular subspace X in T , such that σ(X) ∩ X = {0}. The space X has dimension n − m and thus ⟨U, X⟩ is an element of Γ of type n incident to each element of F . This shows that Γ is a geometry.

For the second claim, let V_1, V_2, . . . , V_n and V^′_1 , V^′_2 , . . . , V^′_n be two chambers ordered by types. Choose a base e_1, . . . , e_n in V_n that is orthonormal with respect to ((·, ·)) and such that V_i = ⟨e_1, . . . , e_i⟩. Set f_i := σ(e_i), for i = 1, . . . , n, and let x be chosen in ⟨V_n, σ(V_n)⟩^⊥ so that g(x) = 1 and σ(x) = x. Such an x exists since the discriminant of (·, ·) on V_σ is congruent to (−ξ)^n, ξ a nonsquare in F_q (cf. the discussion after Lemma 2.9). Indeed, the discriminant of (·, ·) on ⟨V_n, σ(V_n)⟩_σ is also congruent to (−ξ)^n, which yields that the discriminant of (·, ·) on the 1-dimensional space (⟨V_n, σ(V_n)⟩^⊥)_σ is congruent to one. Hence x can be chosen as claimed.

Now, e_1, . . . , e_n, f_1, . . . , f_n, x is a standard basis for σ. Choose a similar standard basis e^′_1, . . . , e^′_n, f^′_1, . . . , f^′_n, x^′ for the second chamber. Let h be a linear transformation of V that sends every e_i to e^′_i, every f_i to f^′_i , and x to x^′. Clearly, h preserves (·, ·) and hence it is an orthogonal transformation. Substituting x^′ with −x^′, if necessary, we may assume that h has determinant one. Now observe that hσ and σh are both semilinear and their actions on the basis e_1, . . . , e_n, f_1, . . . , f_n, x coincide. This means that h commutes with σ. In particular, h acts on the model space V_σ as an orthogonal transformation of determinant one, and we conclude that h ∈ H = G_σ . Manifestly, h takes the first chamber to the second one. Hence G_σ is flag-transitive on Γ.

In order to show that G^′_σ is also flag-transitive on Γ it suffices to show that the stabilizer in G_σ of a chamber F_1 is not contained in G^′_σ . Let e_1, . . . , e_n, f_1, . . . , f_n, x be as above. Let U = ⟨e_1, . . . , e_{n−1}, f_1, . . . , f_{n−1}⟩. The centralizer L of U in G_σ is isomorphic to SO(3, q) (acting on U^⊥ = ⟨e_n, f_n, x⟩), while L ∩ G^′_σ is the index two subgroup isomorphic to SΩ(3, q). Let D consist of all linear transformations d_λ, λ ∈ F_q2 , λλ̄ = 1, centralizing U and acting on U^⊥ as follows: d_λ(e_n) = λe_n, d_λ(f_n) = λ̄f_n, and d_λ(x) = x. Then D is a cyclic group of order q +1 that stabilizes the chamber F_1. Clearly, D ≤ L, but D ≰ L ∩ G^′_σ ∼= SΩ(3, q) ∼= PSL(2, q). □

We now collect some useful lemmas to be applied later.

Lemma 3.3 Let p be a point of Γ and W ⊃ p be a 3-dimensional f-singular subspace of V of g-rank at least two. Let U be a 2-dimensional subspace of W that contains at least one point of Γ and does not contain p. Then U contains at least q^2 − 2q − 1 (respectively, q^2 − q − 1) points of Γ that are collinear with p if it is (respectively, is not) a line.

Proof. This is Lemma 4.4 of [GHNS]. □

Lemma 3.4 Let W be a 3-dimensional f-nondegenerate subspace of V that is not g-singular. Then W contains at least q^2 − 2q − 1 points of Γ.

Proof. Since (·, ·) is nondegenerate on W , we can choose a basis {e_1, f_1, x} in W for which either (·, ·) or (·, ·)^′ = ξ(·, ·) (ξ a non-square in F_q2 ) has the following Gram matrix:

0 1 0 1 0 0 0 0 1 .

A simple calculation shows that e_1 + af_1 + bx is f-singular if and only if a =^{−b2}_2 . The vector f_1 and the q^2 vectors e_1 −^{b2}_2 f_1 + bx represent all f-singular 1-dimensional subspaces of W . Now, g(e_1 −^{b2}_2 f_1 + bx) = 0 if and only if

((e_1, e_1)) − b̄2 2 ((e_1, f_1)) + b̄((e_1, x)) − b^2 2 ((f_1, e_1)) + b^2b̄^2 4 ((f_1, f_1)) + b^2b̄ 2 ((f_1, x)) + b((x, e_1) + bb̄^2 2 ((x, f_1)) + bb̄((x, x)) = 0.

Since b̄ = b^q and not all the inner products above can be 0 by hypothesis, the above yields that g(e_1 + −^{b2}_2 f_1 + bx) = 0 if and only if b satisfies a polynomial of degree 2q + 2 in b. Hence the number of 1-dimensional subspaces of W that are simultaneously f- and g-singular is at most 2q + 2. Consequently, there are at least q^2 + 1 − (2q + 2) = q^2 − 2q − 1 points of Γ in W . □

Lemma 3.5 Let W be a subspace of V containing a vector u such that g(u) ≠ 0. Define a unitary form g_1 on W via g_1(w) = g(pr_u⊥⊥ (w)), where pr_u⊥⊥ denotes the orthogonal (with respect to ((·, ·))) projection onto u^{⊥⊥}. Then for, w ∈ W \ ⟨u⟩, the 2-dimensional subspace ⟨u, w⟩ is g-nondegenerate if and only if g_1(w) ≠ 0.

Proof. Indeed, u and pr_u⊥⊥ (w) form an orthogonal basis of ⟨u, w⟩, and the Gram matrix of ((·, ·)) with respect to this basis has determinant g(u)g(pr_u⊥⊥ (w)) = g(u)g_1(w). □

Now we turn to the question of connectedness of Γ. In the case n = 2 we have B_2 = C_2, so we can apply the results from [GHS] and obtain that Γ is connected.

Lemma 3.6 Let q ≥ 5 and n = 3. Then the collinearity graph of Γ has diameter two.

Proof. Let p_1 and p_2 be points of Γ. If p_1 ⊥̸ p_2, then the 5-dimensional space ⟨p_1, p_2⟩^⊥ is fnondegenerate and has g-rank at least four. Hence ⟨p_1, p_2⟩^⊥ contains an f-isotropic 2-dimensional subspace that has g-rank at least one, cf. Lemma 6.2 of [GHNS]. By Lemma 3.3 this subspace contains q^2 − 3q − 2 points of Γ collinear to p_1 and p_2. If p_1 ⊥ p_2, then ⟨p_1, p_2⟩ is contained in an f-totally isotropic 3-dimensional subspace that has g-rank at least two, and again Lemma 3.3 applies. □

Proposition 3.7 Let q ≥ 5 and n = 3, or let n ≥ 4. Then the collinearity graph of Γ has diameter two.

Proof. The first case was covered by the preceding lemma. If n ≥ 4 and p_1, p_2 are two points of Γ then ⟨p_1, p_2, p^σ_1 , p^σ_2 ⟩^⊥ is at least 5-dimensional of rank at least three. Its radical is σ-invariant, so one can find a 3-dimensional subspace as in Lemma 3.4. That subspace contains a common neighbour of p_1 and p_2. □

4 Simple connectedness

Homotopies

Considering the flag complex of a geometry of rank n as an n-dimensional simplicial complex, we can use notions from combinatorial topology, cf. [ST].

Let G be a connected geometry. A path of length k in the geometry is a sequence of elements (x_0, . . . , x_k) such that x_i and x_{i+1} are incident, 0 ≤ i ≤ k − 1. A cycle based at an element x is a path in which x_0 = x_k = x. Two paths are homotopically equivalent if one can be obtained from the other via the following operations (called elementary homotopies): inserting or deleting a repetition (i.e., replacing x by xx or vice versa), a return (i.e., replacing x by xyx or vice versa), or a triangle (i.e., replacing x by xyzx or vice versa). The equivalence classes of cycles based at an element x form a group under the operation induced by concatenation of cycles. This group is called the fundamental group of G and denoted by π_1(G, x). A cycle based at x that is homotopically equivalent to the trivial cycle (x) is called null-homotopic. Every cycle of length two or three is null-homotopic.

Suppose G and ^G are geometries over the same type set and suppose ϕ : ^G → G is a homomorphism of geometries, i.e., ϕ preserves the types and sends incident elements to incident elements. A surjective homomorphism ϕ between connected geometries ^G and G is called a covering if and only if for every non-empty flag ^F in ^G the mapping ϕ induces an isomorphism between the residue of ^F in ^G and the residue of F = ϕ( ^F ) in G. Coverings of a geometry correspond to the usual topological coverings of the flag complex. It is well-known that a surjective homomorphism ϕ between connected geometries ^G and G is a covering if and only if for every element ^x in ^G the map ϕ induces an isomorphism between the residue of ^x in ^G and the residue of x = ϕ(^x) in G. If ϕ is an isomorphism, then the covering is said to be trivial.

Recall the well-known fact (see, e.g., Chapter 8 of [ST]) that if G is a connected geometry and x an element of G, then every covering of the geometry G is trivial if and only if π_1(G, x) is trivial. A geometry satisfying the above equivalent conditions is called simply connected. A geometric cycle in the geometry G is a cycle each element of which is incident with a common element x. A geometric cycle γ is null-homotopic, because γ and x form a cone.

Simple connectedness of the flipflop geometry

Retain the notation from Section 3. In particular, Γ denotes the flipflop geometry. By the following lemma, it suffices to study the collinearity graph of Γ instead of the incidence graph when proving simple connectedness.

Lemma 4.1 Let q ≥ 5 and n = 3, or let n ≥ 4. Then every cycle in the incidence graph of Γ is homotopically equivalent to a cycle in the incidence graph of Γ passing only through points and lines.

Proof. Identical to the proof of Lemma 5.1 in [GHS], which essentially requires a residually connected geometry with a string diagram. See also Lemma 5.4 in [GHNS]. □

Therefore, in order to prove simple connectedness of the geometry, it suffices to analyze the point-line incidence graph of Γ, and, thus, the collinearity graph of Γ. Since by Lemma 3.7 the collinearity graph has diameter two, we only have to study triangles, quadrangles and pentagons in it.

Let us first consider n ≥ 4. Recall that q is odd. Note that the space generated by the three points of a triangle is f-singular and of g-rank at least two. If the g-rank is three then the triangle is geometric.

Lemma 4.2 Any triangle can be decomposed into geometric triangles.

Proof. Let p_1, p_2, p_3 be a triangle. If ⟨p_1, p_2, p_3⟩ is nondegenerate then the triangle is geometric and there is nothing to prove. So we can assume that ⟨p_1, p_2, p_3⟩ is degenerate. Since ⟨p_1, p_2⟩ is a line, the g-radical r of ⟨p_1, p_2, p_3⟩ can only be 1-dimensional. We need to consider two separate cases.

If ⟨r⟩^σ = ⟨r⟩ then W = ⟨p_1, p_2, p_3, p^σ_1 , p^σ_2 , p^σ_3 ⟩ is 5-dimensional and W^⊥ is (2n − 4)-dimensional of g-rank 2n − 5 ≥ 3. Therefore, every σ-invariant complement W^⊥ to its radical satisfies the assumptions of Lemma 2.9. Hence, W^⊥ contains a point p of Γ. The geometric triangles p, p_1, p_2 and p, p_1, p_3 and p, p_2, p_3 decompose p_1, p_2, p_3.

If ⟨r⟩^σ ≠ ⟨r⟩ then let W = ⟨p_1, p_2, p^σ_1 , p^σ_2 ⟩, which is σ-invariant and nondegenerate. Both r and r^σ are in W^⊥, and the latter is a (2n − 3)-dimensional nondegenerate subspace. Consider U = W^⊥ ∩r^{⊥⊥}, which is a space of dimension 2n−4. Pick a a vector s ∈ U such that s is f-singular and ⟨s, r⟩ is f-nondegenerate. Then V^′ = ⟨p_1, p_2, p^σ_1 , p^σ_2 , r, r^σ , s, s^σ⟩ is an 8-dimensional σ-invariant nondegenerate subspace, on which σ acts as a flip (because ⟨p_1, p_2, r^σ , s⟩ satisfies condition (F4b) of Corollary 3.7 in [GHNS]) and so we can use the result in [GHNS] to see that the triangle can be decomposed in V^′, hence also in V . □

Lemma 4.3 All quadrangles are null-homotopic.

Proof. The proofs of Lemmas 6.4 – 6.6 of [GHNS] work in this case. □

Lemma 4.4 All pentagons are null-homotopic.

Proof. Let a, b, c, d, e be a pentagon. As in Lemma 6.7 from [GHNS], if a ⊥ c and a ⊥ d, then the line ⟨c, d⟩ contains q^2 − 2q − 1 > 0 points that are collinear to a.

We can therefore assume that a ⊥̸ d and c ⊥̸ e and conclude that the space ⟨a, b, c, d, e⟩ has f-rank at least four and g-rank at least two. Therefore the space W = ⟨a, b, c, d, e⟩^⊥ is a (2n − 4)- dimensional space of f-rank at least 2n − 6 and not g-singular. It will then contain a point w of Γ, and w will be collinear with at least one point on each of ⟨a, b⟩, ⟨b, c⟩, ⟨c, d⟩, ⟨d, e⟩, and ⟨e, a⟩, decomposing the pentagon into quadrangles. □

This completes the proof of the following

Proposition 4.5 Let n ≥ 4. Then the flipflop geometry Γ is simply connected.

Now consider the case n = 3. Again, we will first decompose the triangles.

Lemma 4.6 Every nongeometric triangle can be decomposed as a sum of triangles that have two g-orthogonal vertices.

Proof. Let p_1, p_2, p_3 be a triangle and let r be the g-radical of ⟨p_1, p_2, p_3⟩. Consider v ∈ p^{⊥⊥}_1 ∩ ⟨p_2, p_3⟩. If v is g-singular then the 2-dimensional subspace ⟨p_1, v⟩ is g-degenerate, so it must contain r, which implies that ⟨v⟩ = ⟨r⟩, contradicting the fact that ⟨p_2, p_3⟩ is a line of Γ. Therefore v must be g-nonsingular. As before, ⟨p_1, v⟩ is degenerate only if it contains r. However, that would mean that p_1 is in the g-radical of ⟨r, v⟩, a contradiction. Therefore, the initial triangle can be decomposed into the two triangles p_1, v, p_2 and p_1, v, p_3. □

Lemma 4.7 Let q ≥ 7. Then all triangles can be decomposed into geometric triangles.

Proof. By the preceding lemma we can restrict our attention to the triangles having g-orthogonal vertices. Since the group G_σ acts transitively on pairs of points that are orthogonal with respect to both forms, we may assume that our triangle has e_1 and e_2 as two of its vertices. It then follows that its g-radical ⟨r⟩ lies in the space ⟨e_3, f_3, x⟩. Let the third vertex of the triangle be ⟨v⟩, where v = αe_1 + βe_2 + r with α, β ≠ 0, and assume that r = γe_3 + δf_3 + εx. The conditions on r give 0 = (r, r) = 2γδ + ε^2 and 0 = ((r, r)) = γγ̄ + δδ̄ + εε̄. Recall that q is odd, whence 2 is invertible, and notice that δ = 0 would imply ε = 0 which is nonsense in view of the above choice for the radical r. So the first condition gives γ = −^{ε2}_{2δ} . Multiplying γ with γ̄ we get γγ̄ =^{(εε̄)2}_{4δδ̄} , and hence the second condition gives 0 =^{(εε̄)2}_{4δδ̄} + δδ̄ + εε̄ =^1_{4δδ̄} (εε̄ + 2δδ̄)^2, thus γγ̄ = δδ̄ = −^{εε̄}_2 . Note that the centralizer of the pair e_1, e_2 acts transitively on the f- and g-singular 1-dimensional subspaces of ⟨e_3, f_3, x⟩ and so we may assume that γγ̄ = δδ̄ is any fixed element of F_q while α and β remain constant.

We will decompose the triangle (e_1, e_2, v) into a sum of seven geometric triangles by constructing an octahedron whose vertices are ⟨e_1⟩, ⟨e_2⟩, ⟨v⟩, ⟨f_3⟩, ⟨f_3 −^γ_β f_2⟩, and ⟨f_3 −^γ_α f_1⟩ and in which all sides except (e_1, e_2, v) are geometric triangles.

The space ⟨f_1, f_2, f_3⟩ = ⟨f_3, f_3 −^γ_β f_2, f_3 −^γ_α f_1⟩ is obviously an element of our geometry. Thus, (f_3, f_3 −^γ_β f_2, f_3 −^γ_α f_1) is a geometric triangle, once it is a triangle. For that we need f_3 −^γ_β f_2 and f_3 −^γ_α f_1 to be points and ⟨f_3 −^γ_β f_2, f_3 −^γ_α f_1⟩ a line. These three conditions are equivalent to: αᾱ + γγ̄ ≠ 0, ββ̄ + γγ̄ ≠ 0, and αᾱ + ββ̄ + γγ̄ ≠ 0. Notice that (f_3, e_1, e_2), (e_1, f_3, f_3 −^γ_β f_2), and (e_2, f_3, f_3 −^γ_α f_1) are geometric triangles, if f_3 −^γ_α f_1 and f_3 −^γ_β f_2 are points. The vectors f_3 −^γ_β f_2, e_1, and αe_1 + βe_2 + r generate a totally (·, ·)-isotropic subspace, and the Gram matrix with respect to ((·, ·)) on it is

1 +^{γγ̄}_{ββ̄} 0 δ̄ 0 1 ᾱ δ α αᾱ + ββ̄ , whose determinant equals αᾱ + ββ̄ +^{γγ̄αᾱ}_{ββ̄} + γγ̄ − δδ̄ − αᾱ −^{γγ̄αᾱ}_{ββ̄} = ββ̄ ≠ 0 and so we only need to verify that the sides are lines of Γ. The only nontrivial condition comes from ⟨f_3 −^γ_β f_2, αe_1 + βe_2 + r⟩. Here the Gram matrix with respect to ((·, ·)) is ( 1 +^{γγ̄}_{ββ̄} δ̄ δ αᾱ + ββ̄ )

and so the condition is αᾱ + ββ̄ +^{αᾱ}_{ββ̄} γγ̄ + γγ̄ − δδ̄ = αᾱ + ββ̄ +^{αᾱ}_{ββ̄} γγ̄ ≠ 0.

Similarly the triangle (f_3 −^γ_α f_1, e_2, αe_1 + βe_2 + r) gives the condition αᾱ + ββ̄ +^{ββ̄}_{αᾱ} γγ̄ ≠ 0. The final triangle is (f_3 −^γ_α f_1, f_3 −^γ_β f_2, αe_1 +βe_2 +r). It is clear that under the above conditions the sides are lines of Γ, so we only need to verify that the whole subspace is ((·, ·))-nondegenerate. The corresponding Gram matrix is

1 +^{γγ̄}_{ββ̄} 1 δ̄ 1 1 +^{γγ̄}_{αᾱ} δ̄ δ δ αᾱ + ββ̄ .

Computing its determinant we obtain 2δδ̄ + αᾱ + ββ̄ +^{γγ̄αᾱ}_{ββ̄} + 2γγ̄ +^{γγ̄ββ̄}_{αᾱ} +^{(γγ̄)2}_{ββ̄} +^{(γγ̄)2}_{αᾱ} − αᾱ − ββ̄ −^{δδ̄γγ̄}_{ββ̄} −^{γγ̄δδ̄}_{αᾱ} =^{γγ̄}_{αᾱββ̄} (αᾱ + ββ̄)^2, as γγ̄ = δδ̄, and so the condition for this to be a geometric triangle is that αᾱ + ββ̄ ≠ 0 which is not a new condition.

To summarize, we can decompose the initial triangle into seven geometric triangles if there exists a γγ̄ ∈ F_q such that: γγ̄ ≠ 0; αᾱ + γγ̄ ≠ 0; ββ̄ + γγ̄ ≠ 0; αᾱ + ββ̄ + γγ̄ ≠ 0; αᾱ + ββ̄ + ββ̄ αᾱ γγ̄ ≠ 0; αᾱ + ββ̄ + αᾱ ββ̄ γγ̄ ≠ 0. If q ≥ 7, such a γγ̄ can be found. □ We now deal with quadrangles.

Lemma 4.8 Let q ≥ 5 and let (a, b, c, d) be a quadrangle with a ⊥ c and b ⊥ c. Then a, b, c, d can be decomposed into triangles.

Proof. The span ⟨a, b, c, d⟩ is f-totally isotropic, hence it is three-dimensional. By Lemma 3.3 there exist at least q^2 −3q−2 > 0 points on ⟨a, b⟩ collinear to c and d, decomposing the quadrangle. □ Lemma 4.9 Let q ≥ 11 and let (a, b, c, d) be a quadrangle with a ⊥̸ c and b ⊥̸ d. Then there exists a common neighbour of a, b, c, d.

Proof. Consider the space U = ⟨a, b, c, d⟩^⊥. Then U is a 3-dimensional space which is nondegenerate with respect to f. If R denotes the g-radical of U, then R = Rad_g(U) = Rad_g (U^{⊥⊥}) = Rad_g((U^⊥)^σ ) = Rad_g(⟨a, b, c, d⟩^σ ). The latter is at most 2-dimensional, so the g-rank of U is at least one. Consider ⟨U, a⟩ and define for u ∈ U, as in Lemma 3.5, the unitary form g_a(u) = g(pr_a⊥⊥ (u)), where pr_a⊥⊥ (u) denotes the projection of u onto a^{⊥⊥} via the direct sum decomposition V = ⟨a⟩ ⊕ a^{⊥⊥}. Note that U ∩ a^{⊥⊥} is at least 2-dimensional and cannot be equal to R. Indeed, dim R = 2 and a⊥⊥R imply a ⊥ R^σ, whence R^σ ⊆ a^⊥ ∩U^⊥ = a^⊥ ∩⟨a, b, c, d⟩ = ⟨a, b, d⟩, contradicting the fact that the g-rank of ⟨a, b, d⟩ is at least two, as it contains lines of Γ. Therefore g_a is nontrivial on U. Similarly, g_b, g_c, g_d are nontrivial on U, so using Lemma 3.4, there are at least q^2 − 10q − 9 > 0 points that are non-isotropic with respect to g, g_a, g_b, g_c, g_d and, thus, collinear to a, b, c, and d. Hence we are done. □

Lemma 4.10 Let q ≥ 5 and let (a, b, c, d) be a quadrangle with a ⊥̸ c and b ⊥ d. Then there exists a point p collinear to a, c, such that b ⊥̸ p and d ⊥̸ p.

Proof. Consider the space W = ⟨a, c⟩^⊥ which is an f-nondegenerate 5-dimensional space of g-rank at least four. Pick a point t ∈ Γ that is collinear with both a and c, but is different from b, d. Now pick s ∈ W such that s is f-singular, t ⊥ s, but b ⊥̸ s and d ⊥̸ s. Indeed, this is possible, because ⟨t⟩^⊥ ≠ ⟨b⟩^⊥ and ⟨t⟩^⊥ ≠ ⟨d⟩^⊥. Now Lemma 3.3 implies that the space ⟨s, t⟩ contains at least q^2 − 3q − 2 points of Γ, that are collinear to a and c. Moreover, since ⟨st⟩ ⊄ ⟨b⟩^⊥ and ⟨st⟩ ⊄ ⟨d⟩^⊥, it follows that ⟨s, t⟩ contains at least q^2 − 3q − 4 points satisfying the conclusion of the lemma. Since q ≥ 5, the conclusion follows. □

We have proved the following.

Lemma 4.11 Let q ≥ 11. Then any quadrangle can be decomposed into triangles. □

Finally we need to consider pentagons.

Lemma 4.12 Any pentagon (a, b, c, d, e) with a ⊥ c and a ⊥ d can be decomposed into triangles and quadrangles.

Proof. By Lemma 3.3, the line ⟨c, d⟩ contains q^2 − 2q − 1 points of Γ collinear to a, decomposing the pentagon. □

Lemma 4.13 Let q ≥ 5. Then any pentagon can be decomposed into triangles and quadrangles.

Proof. In view of Lemma 4.12, we will assume that the pentagon is a, b, c, d, e with a ⊥̸ d. The idea is to reduce to the case in Lemma 4.12. We construct a point d^′ collinear to both c and e and such that d^′ ⊥ a, decomposing the pentagon into the sum of the pentagon a, b, c, d^′, e and the quadrangle c, d, e, d^′.

Note that if X is the f-radical of ⟨a, c, d⟩ then X ∈ ⟨c, d⟩ and X is also the radical of ⟨a, c, d⟩^⊥. If X is also the g-radical of ⟨a, c, d⟩^⊥ then it would be the f-radical of ⟨a, c, d⟩^σ , which contradicts the fact that ⟨c, d⟩^σ is nondegenerate with respect to g.

We now want to construct a line of Γ that lies in ⟨a, c, d⟩^⊥ and contains X. If X is a point of Γ then X^{⊥⊥} ∩ ⟨a, c, d⟩^⊥ is a complement to X and so it is an f-nondegenerate three-dimensional space. It is not totally isotropic for g, because it lies in ⟨a, c, d⟩, which has rank at least three. Lemma 3.4 gives a point of Γ in this space, hence the required line of Γ. If X is not a point of Γ and if p is f-singular 1-dimensional subspace of ⟨a, c, d⟩^⊥ \ X^{⊥⊥} then ⟨X, p⟩ is a line of Γ.

Finally, if l is a line of Γ as above, Lemma 3.3 implies that l has at least q^2 − 3q − 2 points of Γ, that are collinear to both a and c, and if q > 3, there exists a point b^′ collinear to both a and c and such that d ⊥ b^′. We decompose the pentagon a, b, c, d, e as the sum of the quadrangle a, b, c, b^′ and the pentagon a, b^′, c, d, e, in which b^′ ⊥ d. If b^′ ⊥ e, we are done by Lemma 4.12. If b^′ ⊥̸ e, then we can repeat the argument above for b^′, e, d to get a point a^′ collinear to both e and b^′ and such that a^′ ⊥ d. □

Proposition 4.14 Let n = 3 and q ≥ 11 be odd. Then the flipflop geometry Γ is simply connected.

Proof of the Theorem. Part (i) follows from Proposition 3.2. Part (ii) follows from Proposition 3.7. Part (iii) follows from Propositions 4.5 and 4.14 plus [Part2], Proposition 3.2. □

References

[AM] P. Abramenko, B. Mühlherr, Présentations de certaines BN-paires jumelées comme sommes amalgamées, C. R. Acad. Sci. Paris 325 (1997), 701–706.

[A] M. Aschbacher, A characterization of Chevalley groups over fields of odd order, Parts I, II, Ann. of Math. 106 (1977), 353–468.

[BC] F. Buekenhout and A. Cohen, Diagram geometry, in preparation (version of 2 January 2006), http://www.win.tue.nl/∼amc/buek.

[BGHS] C. Bennett, R. Gramlich, C. Hoffman, S. Shpectorov, Curtis-Phan-Tits theory, in: Groups, combinatorics, and geometry (edited by A.A. Ivanov, M.W. Liebeck, J. Saxl), World Scientific, River Edge 2003, 13–29.

[BS] C. Bennett, S. Shpectorov, A new proof of a theorem of Phan, J. Group Theory 7 (2004), 287–310.

[C] P. Cameron, Projective and polar spaces, QMW Math. Notes 13, University of London, London 1991.

[DM] A. Devillers, B. Mühlherr, On the simple connectedness of certain subsets of buildings, Forum Math., to appear.

[D] J. Dunlap, Uniqueness of Curtis-Phan-Tits amalgams, PhD Thesis, Bowling Green State University 2005.

[GLS] D. Gorenstein, R. Lyons, R. Solomon, The classification of the finite simple groups. Number 2. Part I. Chapter G. General group theory, Mathematical Surveys and Monographs 40.2, American Mathematical Society, Providence 1995.

[G1] R. Gramlich, Weak Phan systems of type C_n, J. Algebra 280 (2004), 1–19.

[G2] R. Gramlich, Phan theory, Habilitationsschrift, TU Darmstadt 2004.

[GHN] R. Gramlich, M. Horn, W. Nickel, The complete Phan-type theorem for Sp(2n, q), J. Group Theory, to appear.

[Part2] R. Gramlich, M. Horn, W. Nickel, Odd-dimensional orthogonal groups as amalgams of unitary groups. Part 2: machine computations, submitted.

[GHMS] R. Gramlich, C. Hoffman, B. Mühlherr, S. Shpectorov, Phan presentations of Chevalley groups and Kac-Moody groups, preprint.

[GHNS] R. Gramlich, C. Hoffman, W. Nickel, S. Shpectorov, Even-dimensional orthogonal groups as amalgams of unitary groups, J. Algebra 284 (2005), 141–173.

[GHS] R. Gramlich, C. Hoffman, S. Shpectorov, A Phan-type theorem for Sp(2n, q), J. Algebra 264 (2003), 358–384.

[GVM] R. Gramlich, H. Van Maldeghem, Intransitive geometries, Proc. London Math. Soc., to appear.

[GLS] D. Gorenstein, R. Lyons, R. Solomon, The classification of the finite simple groups, Number 2, Part I, Chapter G: general group theory, Mathematical Surveys and Monographs 40.2, American Mathematical Society, Providence 1996.

[H] M. Horn, Amalgams of unitary groups in Sp(2n, q), Diplomarbeit, TU Darmstadt 2005.

[IS] A. Ivanov, S. Shpectorov, Geometry of sporadic groups II: representations and amalgams, Cambridge University Press, Cambridge 2002.

[K] M. Kneser, Quadratische Formen, Springer, Berlin 2002.

[M] B. Mühlherr, On the simple connectedness of a chamber system associated to a twin building, preprint.

[P1] K.-W. Phan, On groups generated by three-dimensional special unitary groups, I, J. Austral. Math. Soc. Ser. A 23 (1977), 67–77.

[P2] K.-W. Phan, On groups generated by three-dimensional special unitary groups, II, J. Austral. Math. Soc. Ser. A 23 (1977), 129–146.

[ST] H. Seifert, W. Threlfall, Lehrbuch der Topologie, Chelsea Publishing Company, New York 1934.

[S] J.-P. Serre, Arbres, amalgames, SL_2, Soc. Math. France, Paris 1977.

[T] J. Tits, Ensembles Ordonnés, immeubles et sommes amalgamées, Bull. Soc. Math. Belg. Sér. A 38 (1986), 367–387.

Authors’ addresses:

C. Bennett:

Department of Mathematics Loyola Marymount University 1 LMU Drive, Suite 2700 Los Angeles, CA 90045 USA

cbennett@lmu.edu

R. Gramlich: TU Darmstadt FB Mathematik Schloßgartenstraße 7 64289 Darmstadt Germany

gramlich@mathematik.tu-darmstadt.de

C. Hoffman, S. Shpectorov:

Department of Mathematics and Statistics Bowling Green State University Bowling Green, OH 43403 USA

hoffman@bgnet.bgsu.edu
sergey@bgnet.bgsu.edu