Existence and Exponential Stability in L"-spaces of
Stationary Navier-Stokes Flows with Prescribed
Flux in Infinite Cylindrical Domains
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Abstract

We prove existence, uniqueness and exponential stability of stationary Navier-
Stokes flows with prescribed flux in an unbounded cylinder of R, n > 3, with
several exits to infinity provided the total flux and external force are suffi-
ciently small. The proofs are based on analytic semigroup theory, perturba-
tion theory and L™ — L9-estimates of a perturbation of the Stokes operator in
Li-spaces.
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1 Introduction

Let Q@ = (J2, € be a cylindrical domain of C'+'-class where € is a bounded domain
and €;,7 =1,...,m, are disjoint semi-infinite straight cylinders, that is, in possibly
different coordinates,
Q={o'=(2},...,00) e R": 2 >0,2" = (2},...,2"_|) € ¥},

where 3 € R"''n > 3,4 =1,...,m, is a bounded domain and ;N Q; = 0
for © # 7. Without loss of generality, we assume for each ¢ = 1,...,m that the
coordinate system which is fixed in Q; is such that 2/, 2!, denote the variables with
respect to the cross section X* and the axial direction of ;, respectively. Then
we consider the existence, uniqueness and stability of the stationary Navier-Stokes
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system

—Aw+ (w-Vyw+Vqg = f in Q
(SNS) divw = 0 in Q
(1.1)
w 0 on 0f)
W = Uy at oo,

where u. is a function depending on the variables 2 in the cross section ¢ of
Q;,i=1,...,m. It is well known that for the existence of a unique solution to (1.1)
some additional conditions, e.g. a flur condition in each exit, must be given, i.e.,

@i:/ w-n'ds, i=1,...,m, (1.2)
3

where n’ is the unit vector along the positive axial direction of €);, is prescribed.
Note that, due to the solenoidalness of the fluid, ®; = const in 2,7 =1...,m, and

zmjcbi = 0. (1.3)

Moreover, it is natural to assume that the velocity at infinity u., in each ;¢ =
1,...,m, equals the Poiseuille flow v; corresponding to the flux ®,.

The Poiseuille flow (vg, pg) corresponding to a given flux ®q in an infinite straight
cylinder ¥ x R with bounded cross section ¥ C R™~! is the solution to the stationary
Stokes system in 3 x R such that vy = vo(z')n, Vpy = —kn with constant k = k()

and
/ vy - nds = Py,
2

here n is the unit vector along the positive direction of the cylinder > x R. Then it
is easily seen that
—AUO = k, U0|32 = 0;

in particular, if ¥ is a Lipschitz domain, one gets the explicit representation vy =

%gwo(x’ ), k= %8, where wy is the unique solution to the Dirichlet problem —A'wy =

1, wolox = 0 and ko = [, |[V'wo|?* dz’. Moreover, if ¥ is of C"-'-class, then
vo € H** ()N Hy*(2),  |vollmzsmy < (s, 2)|®g| Vs € (1, 00), (1.4)

in particular, vy, Vug € L>(X) and [lvg, Vgl|ze(x) < ¢(X)|Po| due to the Sobolev
embedding theorem. Note that the Poiseuille solution (vg,pg) also solves the sta-
tionary Navier-Stokes system in > x R.

There is a number of papers dealing with stability of stationary Navier-Stokes
flows on various domains, see e.g. [21] for the whole space, [19] for the half space,
[16] for bounded domains and [14], [15], [27] for exterior domains and the references
therein.



The existence of stationary Navier-Stokes flows in domains with noncompact
boundaries has been studied in many papers, see e.g. [17], [18], [24], [25], [28] and
references cited in [25]. The existence of solutions with infinite Dirichlet integral
to stationary Navier-Stokes systems in unbounded domains with exits to infinity
for which the cross section of each exit is a ball of R*™! n = 2,3, is considered for
arbitrary fluxes in [18] for weak solution and in [24] for strong solution; it should be
noted that the existence for large data is obtained without imposing a priori that
the flow at infinity equals a Poiseuille flow, and it is not known whether the solutions
will tend to a Poiseuille flow as |z] — oo, see [25], §2.6 or [11], Ch. XI, Remark
3.1. Moreover, in [24], for stationary Navier-Stokes systems in infinite cylindrical
domains the existence of a strong solution which behaves at infinity like Poiseuille
flows corresponding to given fluxes ®;,7 = 1, ..., m, was shown under some smallness
condition on the total fluz

O =) |0y
i=1

It is not clear whether the method used there will be applicable to the case of the
unbounded cylinder Q with arbitrary cross section. We refer to [24], [28] and [10],
Ch. VI, for more details of solvability of stationary Navier-Stokes systems in domains
with noncompact boundaries. In the case of our cylindrical domain €2 the existence
of a weak solution to (SNS) was shown first in [2] under a smallness condition on the
flux, see also [11], Ch. XI. Recently, in [26] the instationary Navier-Stokes system in
2 with time-dependent prescribed flux has been considered in Hilbert spaces using
Galerkin approximation. For cylindrical domains with several exits to infinity and
with bounded varying cross sections the stationary Stokes system is considered in
[22].

In this paper we consider the existence, uniqueness and stability of a strong
solution to the stationary Navier-Stokes system (SNS) with prescribed flux via an
L"-space approach.

In order to prove existence and uniqueness to (SNS), first, a carrier a on ) of the
Poiseuille flows v;, corresponding to the given fluxes ®;,7 = 1,...,m, in each exit
of the domain €2 is constructed. The original system (SNS) is reduced to a modified
stationary Navier-Stokes system with respect to the new unknown v = w — a, see
the system (SNS') in (2.13), with zero flux. Our first main result gives the existence
of a stationary solution w to system (SNS) using Banach’s fixed point theorem, cf.
Theorem 2.4:

Theorem 1.1 Let § < r < oo and f € L"(S2). Furthermore, let the velocity s,
at infinity for each exit Q;,1 = 1,...,m, be the Poiseuille flow corresponding to the
given flur ®;,1 = 1,...,m, satisfying (1.3). Then for sufficiently small || f]|, and
total flur ® system (SNS) has a unique solution w = a + v satisfying v € H>"(Q)
and

loller@ < e(r, Q)71 + 2.

Next we consider the stability of stationary Navier Stokes flows in 2. If the
stationary solution {w, V¢} is perturbed by a velocity field uy at time ¢ = 0, then
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the corresponding perturbed instationary flow {u(t) + w, V(p(t) + q)} is governed
by the system

u—Au+ (u-Vw+ (w-Vu+(u-Vu+Vp = 0 in Qx(0,7)
divu = 0 in Qx(0,7)
u = 0 on 0Qx(0,7)
w(0) = wup in .

(1.5)

Hence the study of stability for (SNS) is reduced to the investigation of the behavior
of solutions to (1.5) for ¢t — oco. To this end, we consider an abstract formulation of
(1.5), namely,

u + Spu+ Po(u-Vu=0, te(0,T), u(0)=uo,

in L7 (), where S,u = A,u+ P((u-V)w+ (w- V)u) with w the solution to (SNS),
A, is the Stokes operator in L (Q2) and P, is the Helmholtz projection in L"(2).
Note that the Stokes operator in the cylindrical domain €2 generates a bounded and
exponentially decaying analytic semigroup in L7 (€2), see [9].

Using perturbation techniques we show that, if || f||, and the total flux ® are suf-
ficiently small, then the operator S, (depending on w) generates a bounded and ex-
ponentially decaying analytic semigroup in L[ (§2) and, moreover, admits a bounded
H*-calculus in Ly (€2) for 7 > % (Theorem 3.5). Then, based on L" — L? estimates
for the semigroups {e*},>¢ and {e7"},;5¢ (Lemma 3.9) and a standard fixed
point argument, we get our main result on exponential stability:

Theorem 1.2 Letn < r < oo, and let f € L"(€) and the total fluz ® be sufficiently
small. Then for all ug € L7 (Q) with sufficiently small norm ||ugl|, the system (1.5) —
with the unique solution w to (SNS) corresponding to f,®, ..., ®,, given by Theorem
1.1 — has a global strong solution u satisfying for certain o > 0

tlim e“|lu(®)]l, =0 forall q>r.
In particular, the stationary solution w of (SNS) is exponentially stable.

For the proof of this theorem we first prove the existence of a global mild solution
to (1.5) which decays exponentially as ¢ — oo (Theorem 4.6). Furthermore, L™ —
L9 estimates imply that the global mild solution has certain regularity properties
depending on r > n. Then sharp estimates for the nonlinear term (u - V)u, see
Lemma 2.1, combined with the theory of abstract parabolic equations imply that
this global mild solution is actually a strong solution to (1.5) in the sense of Definition
3.12, see Theorem 4.8. Finally, in Theorem 4.9, we consider the uniqueness of strong
solutions to (1.5). We note that, when w = 0, these results yield the existence and
uniqueness of a global in time strong solution with zero flux to the instationary
Navier-Stokes system in L"(€2) for r > n.

We use the following notation. Not distinguishing between spaces of vector
functions and scalar functions, L"(2), 1 < r < oo, may denote Lebesgue spaces
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of vector or scalar functions depending on the context. We denote by H*?(2) and
B;.(Q), for s > 0,p € (1,00), 1 < ¢,7 < oo Bessel potential and Besov spaces,
respectively. For 1 < r < oo let L7 (Q2) be the completion in L"-norm || - || of the set

gf’U(Q) ={p e C(Q)": dive = 0}.

Given a Banach space X and an interval J C R let BC(J, X) denote the space of all
uniformly bounded and continuous X-valued functions defined on J endowed with
norm

||U||BC(J,X) = sup [|u(s)]|x.
seJ

For linear normed spaces X,Y the notation X — Y means that X is continuously
embedded into Y. For 0 <6 < 1,1 <p < oo we denote by (+,)g, [, -]o the real and
complex interpolation functor, respectively. Throughout this paper we put

a=min{a?: i=0,...,m}, (1.6)
where a® > 0 and ¥ > 0, i =1,...,m, are the smallest eigenvalues of Dirichlet
Laplacians in €y and in X¢, i = 1,...,m, respectively.

We use the short notation ||u,v||x for ||u||x + ||v||x, even if u and v are tensors
of different order and, as long as no confusion arises, denote various constants in
estimates by the same symbol, say ¢, C etc..

This paper is organized as follows. In Section 2, existence and uniqueness of
solutions to the stationary Navier-Stokes system (SNS) with prescribed flux in
is shown, cf. Theorem 1.1 or Theorem 2.4. Section 3 is devoted to preliminaries
on modified Stokes operators, and Section 4 discusses the exponential stability of
(SNS), cf. Theorem 1.2 — or in more details — Theorems 4.6, 4.8 and 4.9.

2 Stationary Navier-Stokes Flows

Let the cylindrical domain €2 be given as in the Introduction. We consider the
system (SNS), see (1.1), with
Uso = Vj,

in each exit €2;,7 = 1,...,m, where v; is the Poiseuille flow corresponding to the flux
®; through the cross section X of ; and (1.3) is assumed. Note that v;, i =1,...,m,
depends only on the variable 2 € ¥,

First of all, we construct a carrier a of the Poiseuille flows v;,7 = 1,...,m. Let
1 <r < oo. A carrier a is defined as a function on §2 such that

ac H'(Q), diva=0inQ, a=00ndQ, a=v;inQ\Q,i=1...m.

loc

In [10], Ch. 6, §1, a carrier a for the case r = 2 is constructed. The idea used there
can be applied to the general case r € (1,00). Without loss of generality we may
assume that there exist cut-off functions {;}, such that

Yomowi(x) =1, 0<¢pi(z) <1 forxze,

pi € C(Q;), dist (suppyy, 02, NQ) >d >0, i=0,...,m.
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Fori=1,...,m let v; = x;v;, where Y; is the characteristic function of {2;, and set
v(x) = ngl(aﬁ)f/z(:ﬁ) for x € Q.
i=1

Then from the construction of {¢;} and (1.4) we get
Vo, € H(Q0),  [Mlaleray < Q0 Vre (o) (21)

where and in what follows we use the notation

O =) |2
i=1

for the total flux. Note that divv|q, € Hy"(Q) for all r € (1,00) and by (1.3)

/ divvdxr = Z/ V@'<l’/i) -n'ds" = Z(I)l =0,
Qo i=1 v i i=1

where n,i = 1,...,m, is the unit vector towards the positive direction of the axis of
Q;,i=1,...,m. Then, by [10], Ch. III, Theorem 3.2, Remark 3.6, (cf. [5], Theorem
2.4) there is a vector field z such that

z € H(Q) and divz = —divv|g, forallre (1,00)
and
||z||H§,7-(QO) < ¢(r, QO)||diVV|QO||Hé,r(QO) <c(r,Q)P Vre(l,00), (2.2)

where we used (2.1). Now extend the function z from 2y to 2 by 0 and denote it
again by z. Then
a=z+v (2.3)

is a carrier of the Poiseuille flows v;,i = 1,...,m, and, by (2.1), (2.2) satisfies the

estimate
lallm2r oy < c(r, Q)@ Vr e (1,00). (2.4)

In particular, we get a, Va € L>(Q2) and
lla, Val|re@) < (). (2.5)
Lemma 2.1 Letn > 3,1 <r < oo and let

n n
-2 Jorl<r<g3

)= o forr =3 (2.6)
0 forr> 3%,

with 0" > 0 arbitrarily small.



(1) For all uw € H*"(Q) and v € H*"(Q) we have (u - V)v, (v-V)u € L7 ()
and
I(w- Vv, (v-Vull, < ellullgrisr@llvllazr@ (2.7)
where ¢ = c(r, ) > 0 is independent of § unless r = 3.
(2) Let r € (1,00) and r > %. Then for all u,v € H*"(Q) we have (u-V)v €
H7%(Q) and

1w V)ullir-sney < cllulliar@lollar@). (2.8
3) Let
(3) .
oT r<n
n=4q 1+, r=n (2.9)
1, r>n

with &' > 0 arbitrarily small. Then for r € (1,00),7 > %, and £ € [n, 2]

I V)l e, < cllulmer@llol e (2.10)

H(l*é) 2_n,r(Q)
where ¢ = c(r,£,Q) > 0 is independent of 6 (0') unless v =% (r =n).

Proof: First of all, we note that for the unbounded domain €2 the usual Sobolev
embedding theorems hold since €2 has a minimally smooth boundary and hence,
extension theorems for Sobolev spaces hold for Q, c¢f. [1], Ch. V, Theorem 2.4.5 (cf.
[29], Theorem 3.21). In the proof we shall write shortly H*", L? in place of H*"(£),
L49(Q), respectively.

(1) First let 1 < 7 < §. Observe that for 6 = % — 2 the Sobolev embeddings
HYo s L™ and HY — L™/~ hold. Hence we get for all w € H'0" v € H>"
that

[(w - V)olly < lullallVoll 2 < cllullirer

UHH2,T

with ¢ = ¢(r,Q) > 0. Moreover, by the embeddings H?" < Lm/(n=2r)  [or —

n__
P2 s M2 we get

[ V)ull, < l[oll 2 [Vullnje < e(r, D)ol 2 [ull s

n—2r

Now let % < r < oo. Then
[(w- V)l < lullo[[Voll2r < elfull grvss ||v]] 2

with 6 = 0. Note that the embedding H?" < L holds for r > 5. Hence,
[(v- V)ully < cflvllsol[Vull, < clloll gz [lull s

with 6 = 0.
In the limit case 7 = % note that H*>" — L for all p € [r,0c0) and that for
all § € (0,1) there exists an € = &(r,5,Q) > 0 such that H*" — L™+ Hence for

we HTO v e H¥r

I )olly < ellullarlollzr < clfullne oller,
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and there exists p. > r such that

[ V)ully < [[Vullrellv

pe < Csllull sl o
(2) First observe that for all u € H?>*" v € H?"
|(v - V)u| g < c||ul| gzrsr||v] g2 (2.11)

Actually D(v - V)u = (Dv - V)u+ (v- V)Du, where D is any first order derivative.
By (2.7) we get that

[(Dv - V)ull, < cl[Vul s |[o] g2e < cllullzear vl a2,
(v V)Dull, < | Vallmsss ol < ellullass ol
proving (2.11). Note that 1 —¢ € (0,1] for » > % and that by complex interpolation
[HYor H*or), 5 = H?" and [L", HY],_5 = H'°" cf. [3], [30]. Therefore, by
complex interpolation of (2.7), (2.11) with the index 1 — ¢, we get for all u,v € H>"
that (v-V)u € H7%" and
It - V) Dullgr-or < cllullg2r|[v]| 2,

where ¢ = ¢(r,0,Q2) for r = § and arbitrarily small §. Thus (2.8) is proved.
(3) First let us prove for n given by (2.9) and for u,v € H"" that

(o - V)ully < elfullgorl|vl| e, (2.12)

with ¢ = ¢(r,Q) > 0 (¢ = ¢(r,¢',Q) > 0 for r = n). Actually, for 1 < r < n we get
with v = (1 — £) € (0, 1) that

[0 - Vully < o]l [Vull = < ellvl[anr[[ull -,
where we used that H"" < L7/® and H" %" «— L7/(1=%)_ For r = n
(v - Vull, < [Jollecl|Vullr < ellvl| grvsreull o,
and finally, for r > 5 we get
1(v- Vully < [[olleclVullr < cllvllarl[ull

thus proving (2.12). Now bilinear complex interpolation of (2.8) and (2.12) (see [30],
1.19.5) yields

|(v - V)u|l ga-ser < c||u|| gna-or20..||0|| gna-or20-, 0 € [0, 1],

which coincides with (2.10) for 6 = g:—z
The proof of the lemma is complete. |



Lemma 2.2 Let 1 < r < oo, let the constant § be given as in Lemma 2.1, and let
a be defined by (2.3).
(1) For all uw € H*"(Q) we have (a-V)u, (u-V)a € L"(Q) and

l(a- V)u, (u-V)al, < c(r,Q)®||ul| givsr.

(2) Let 1 < r < oo,r > %. For allu € H*"(Q) we have (a- V)u,(u-V)a €
H7%"(Q) and
l(a- V)u, (u-V)a| gi-s- < c(r, Q)P||u|| gz

Proof: Since Lemma 2.1 (1) holds for 2y as well in place of €2, we get by (2.4) that
(u-V)ae L"(Q), (a-V)ue L (Q)

and

[(u-V)a, (a- V)ul| L@ c(r, Qo) ||l grver o |2l 72 ()

<
< o(r, Q)@[ul| gr+or @)

Now it remains to show that (a- V)u, (u-V)a € L"(Q\ ) and

(2 V)u. (u- V)allzray < e(r. Q@ |ullyesr).

which is obvious since a|o,\o, = vi,4 = 1,...,m, due to the construction of a
and vi|o,\0o, VVilona, € L2(% \ Q),7 = 1,...,m due to the Sobolev embedding
H5(%%) «— L°(X%) for s > n — 1. Hence (1) is proved.

The proof of (2) is analogous to the proof of Lemma 2.1 (2) using complex
interpolation and will be omitted. |

Now we consider the system (SNS). Let 1 < r < co. By the transform v := w—a
the system (SNS) is reduced to

—Av+ (v-V)a+(a-V)v+(v-V)v+Vqg = F in Q
(SNS') dive = 0 in Q
(2.13)
v = 0 on 02
v(z) = 0 at infinity,
where F'= f — (a- V)a.
It is easily seen that the reduced system (SNS') is equivalent to
Gyv+ P.(v-V)v = P.F; (2.14)
where P, is the Helmholtz projection and the operator G, is defined by
D(G,) = D(A,) = H>"(Q) N Hy"(Q) N Ly(9),
Gy :=Av+ P ((v-V)a+ (a-V)v),
with the Stokes operator A, = —P,A in L7 (Q).
First we consider the linearization of (2.14):
Gy,v+ P.(y-V)v=P.F, (2.15)

for fixed y € D(A,).



Lemma 2.3 Let 1 < r < oo, r > %. There exists a constant Ko = Ko(r,§2) > 0
such that, if ® < Ko and ||y|| g2y < Ko, then problem (2.15) has a unique solution
vy, € H*>"(Q) satisfying the estimate

loyllzr2r@) < M([I ]l + %) (2.16)
with a constant M = M (r,Q) > 0.
Proof: For v € H>"(Q) let
Ep:=P.((v-V)a+(a-V)v+ (y-V)v)
so that (2.15) is equivalent to (A, + E,)v = P, F. By Lemma 2.1 and Lemma 2.2

| Eyv

Ci(r, D (® + lyllzrzr @) V] 52 ()

L) =
< Oy, Q)(q) + Hy“H?»T(Q)) A0l

here note that by [9], Theorem 1.1, A € L(LZ(Q), H*>"(Q)). Therefore, if
Nyl 20y < Ko, (2.17)

then |EyA |z 1) < 5 vielding the invertibility of I 4+ E, A" on L7 (€2). Hence
(A, + Ey)~h € L(LL(Q), H>(Q) and  |[(A, + Ey) le@p,meny < My (2.18)

with some My = My(r,2). Thus (2.15) has a unique solution v, = (4, + E,)'F €
H?7(Q) satisfying

/[l c(Il£ll- + I(a- V)al L)
(11l + llalieroy) < el fll-+ %)

with ¢ = ¢(r,Q) > 0, where we used (a-V)a =0 in Q\ Qp, Lemma 2.2 (1) for Q
and (2.4). u

“Uy”szT(Q))

< <
< <

Now we state the theorem on the existence of solutions for (SNS).

Theorem 2.4 Let 1 < r < oo, r > %, and let f € L"(Q2). Furthermore, let

the velocity us at infinity for each exit ;1 = 1,...,m, be the Poiseuille flow
corresponding to the given flur ®;,i = 1,...,m, satisfying (1.3). Then there is a
constant K1 = Ki1(r,Q) > 0 such that, if || f||» + ®* < Ki, then (SNS) has a unique
solution w = a + v satisfying v € H>" () and

0]l g2 @) < c(r, Q)| fI|- + ©?).

Proof: It is enough to show the unique solvability of (SNS') in a ball of H*"(().
Let Ky be the number given by Lemma 2.3 and let

Uk, = {v € H>(Q) ¢ [[v]uar < o).

10



Assuming ® < K, let us define the mapping
U Uk, — H*(Q), Uy=u,

where v, is the unique solution to the linearized problem (2.15). Then for v,y €
Uk,
Gy, + P (y; - Vv, = P.(f —(a-V)a), j=1,2,

which, by subtraction, yields

GT(Uyl - Uyz) + P.(y1 - V)(Uyl - Uyz) = —P.((11 — y2) - V)Uyza

ie.,
(Ar + By, ) (vy, = vy,) = =Pr((y1 — y2) - V)vy,.
Hence, (2.18), Lemma 2.1 (1) and (2.16) yield

[0y, = vpollmzr - < Mol Pr((y1 = 42) - Vv, |l
< MoCllog, lazrllyr = vl 2
< MM fll- + ) [lyr — yall 2

where C' = C(r,Q) > 0. Therefore, if

1 K
Hf”r‘i‘q)Q <K1 = miH{M—m,MO,Kg}, (219)
0

then W(Ug,) C Uk, due to Lemma 2.3 and ¥ : Uy, — Uk, is a contraction mapping.
Thus by Banach’s fixed point theorem there is a unique fixed point § € Uk, of W,
which implies that, if (2.19) is satisfied, (SNS’) has a unique solution v = v; €
H?"(Q). Moreover, this solution satisfies

[l 2@y < M £l + @%) (< Ko)

by Lemma 2.3. [ ]

3 Preliminaries on Linearized Instationary Problems

In this section we discuss some preliminaries on modified instationary Stokes prob-
lems which will be used in Section 4. Let us introduce the operator

S, := A, + B, (3.1)

with
Byu:= P, ((u-V)w+ (w- V)u), (3.2)

where w is the unique solution to (SNS) given by Theorem 2.4. It is easily seen that
B, with domain

D(B,)={ue L(2): (u-Vw+ (w-V)ue L' (Q)}
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is closed. Note that (1.5) is equivalent to

u+S,u+P(u-Viu = 0
t ( u(i)) = up. (3.3)
where P, is the L"-Helmholtz projection.
Lemma 3.1 Let 1 <r < oo and
D(A,) = H*(Q) N Hy" (), A= Au.
Then there is a continuous projection @), such that
Qr € LID(Ar), D(Ar)) NL(L" (), Lg (2)).
Proof: This lemma can be proved in the same way as [12], Lemma 6, using that
Pr =P, Ar = A, (see e.g. the proof of Theorem 1.1 of [9]) and Af = A/, 1 =
r/(r—1), for all r € (1, 00). u
Corollary 3.2 Let1 <r <oo,0< 0 <1. Then
[L1(Q), D(A,)]g = [L7(Q), H>"(Q) N Hy" (Q)]g N LL().

In particular, if 0 < %, then

[L5(), D(A,)]g = H*(Q2) N L (). (3.4)
Proof: Due to Lemma 3.1 we can apply [30], Theorem 1.17.1/1, that is,

[L5(), D(A)]le = [L7(Q) N L(2), H>(Q) N Hy" (2) N L)l
= [L(92), H>"(Q) N Hy" (Y)]o N Ly ().
It is well known that, if 6 < 2—1T, then
H*"(Q) = [L'(Q), Hy" (Q)]o = [L7(Q), H>"()]o

yielding H*"(Q) = [L"(Q), H>"(Q) N Hy" ()], cf. [30], 4.3.2. m

In [9], it is shown that the Stokes operator A, for all r € (1,00) admits a
bounded H*-calculus in L7(2) with H*-angle ¢ = 0. It is known that, if a
sectorial operator A admits a bounded H*-calculus in a Banach space X, then the
operator A has bounded imaginary powers and

D(A”) = [X,D(A)], V0 € (0,1). (3.5)

Moreover, if the H*-angle ¢ of A is less than 7/2, then it has maximal regularity.
For definitions and further results we refer to [6], [7]. In particular, the following
perturbation result holds.
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Theorem 3.3 ([7], Theorem 3.2) Let X be a UMD space and let A admit a bounded
H*>-calculus in X. Let B be a linear operator such that D(B) D D(A).
(1) Assume that there exists k > 0 such that

|Bul|x < k| Aullx, uwe D(A).
(11) Suppose that there exist v € (0,1) and C > 0 such that
B(D(A™) c D(AY) and | A"Bullx < C|| A" ullx  Vu € D(A™).

Then A+B admits a bounded H*-calculus provided k is sufficiently small. More-
over, for each ¢ > ¢ there is ko(¢) > 0 such that ¢%, 5 < ¢ if K < Ko(9).

To apply Theorem 3.3 to S, we need the following lemma.

Lemma 3.4 Let 1 <r < oo and let the assumption of Theorem 2.4 be satisfied.
(1) For all uw € H7(Q) N L1 ()

1Byullr < c(r, Q)(If [l + @ + D) [[ullmsor - (3.6)
(2) Let r > 3. For a € (0,&) we have —a + . C p(—S,) and

C
A+ «af

I+ S0)  Mler @) < (3.7)

with some constant C' = C(r,Q, o, €) > 0. In particular, —S, generates an analytic
semigroup {e~"" }1>0 satisfying the estimate

—tSr

le ™ lezn )y < Ce ™ Yt >0 (3.8)

with some constant C = C(r,Q, a) > 0.

Proof: (1) Since w = v+ a, Lemma 2.1 (1), Lemma 2.2 (1) and Theorem 2.4 yield
that

1Brull, < c(r,Q)(l(v- Vulls + |(w- V)oll, + l[(a- V)ul, + [[(u- V)al,)
c(r, Q) (vl a2 @) + P)l[ullgr+sr )

e, Q) (1 fll + @ + @) |Jul| grrsor e

for all u € H*o7(Q).

(2) In [9], Theorem 1.1, it was shown that for any r € (1,00), a € (0,@) (see
(1.6) for @) and € € (7/2, )

IN AN IA

[ull 27 (@) < e(r, 2, @, @) [|(A+ A u

L7(9) Yu € D(Ar) VA e —a+ ..

This inequality together with (3.6) where 6 < 1 since r > 7 vields the assertions, if
| fll- + @ + ®2 is small enough. .

In the next theorem we shall show that the operator S, r € (1,00), r > %, n > 3,
admits a bounded H*-calculus in L’ (£2) under smallness conditions on f and ®.
Note that L"(2) and L (£2) are UMD spaces, see e.g. [1].
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Theorem 3.5 Let r > % and let w = v + a be the solution to (SNS) given by
Theorem 2./. There is a constant Ky = Ky(r,Q) > 0 such that if || f||,+P+®? < Ko,
then the operator S, admits a bounded H*-calculus with H>-angle less than /2
in L7(Q). Moreover, the adjoint operator S% of S, in L7 (Q) has a bounded H>-
calculus with H*-angle less than w/2 as well.

Proof: Based on the fact that the Stokes operator A, admits a bounded H*-
calculus with H*-angle 0 in L!(Q2), see [9], Theorem 1.2, we shall use the pertur-
bation theorem 3.3. Hence, let us show that the operator B, given by (3.2) satisfies
the assumptions (i), (ii) of Theorem 3.3 with A = A,, B = B,. By Lemma 3.4 for
all u € D(A,),r € (1,00),

1Brullz ) < c(r, Q) fll- + P + D*)||ull 2 ()

proving (i) of Theorem 3.3.
In view of w = v + a, Lemma 2.1 (2), Lemma 2.2 (2) and Theorem 2.4 yield

o
o
o

for all u € D(A,). Note that for v € (0,1) the complex interpolation space
[L7(€2), D(A,)], coincides with the domain D(A7) of A) since A, has bounded imag-
inary powers, cf. [30], Theorem 1.15.3. Therefore, by (3.4), (3.9) we get that if
0 <y <min{5?, L}, then B.u € D(A}) for all u € D(A,) and

? 2r

H BT’LLHHl—zS,r(Q) <

N V)w + (w - V)ul| gr-s-o
)([v][ 2 (9) + @) |l r2r @) (3.9)
(

r,
r, 2
r, Q) ([ fllr + © + @2) ||l g2 )

<
<

|42 Boul 1y < (6,73, 7, Q) Brllin vy < o83, (1l + @ + 03[ Al 0

which is an even stronger estimate than needed in Theorem 3.3 (ii). Now fix suitable
0,7y depending on r,n. Thus Theorem 3.3 implies that there is a sufficiently small
number K5 depending only on r, Q2 such that, if || f||,+®+®* < Ky, then S, = A,+B,
admits a bounded H>-calculus in L] () with H*-angle less than 7/2.

Finally [6], Proposition 2.11, proves the assertion on the adjoint operator S¥. =

As important consequences of Theorem 3.5 we characterize domains of fractional
powers of S, and get maximal regularity for the linearization of (1.5), cf. [6].

Proposition 3.6 Letr > 2. If || f||, + @+ ®* is small enough depending on r, 9,4,
for 0 € (0,1) we have D(S%) = D(A?). In particular,

D(S7) = [L"(Q), H>"(Q) N Hy" ()]s N L () (3.10)
with equivalent norms, and
[ull 2oy < CllSTully)  Yu € D(SY) (3.11)

with C = C(r,0,Q) > 0. Moreover, for 0 < o=, the norms || - || psey = || - || 20 ()
are equivalent.
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Proof: By Theorem 3.5 S, has bounded imaginary powers so that (3.5) applies.
Hence by Corollary 3.2

D(Sp) = [L7(2), D(S,)o = [L7 (), D(A)]o = [L7(€2), H> () N Hy" ()]e N Ly ().
For 0 < 5= we additionally use (3.4). n

Proposition 3.7 Let 1 < p < oo, 3 <1 < 00, and let the smallness assumptions
of Theorem 3.5 be satisfied. Furthermore, let h € LP(0,00; L™(R2)) and uy € D(A,).
Then the linear system
u—Au+ (u-Vw+ (w-V)u+Vp = h in Qx(0,00)
divu = 0 in Qx (0,00)
u = 0 on 00 x(0,00)

w(0) = ug in Q,

where w € H*"(Q) is the solution to (SNS) given by Theorem 2.4, has a unique

solution
u € LP(0,00; H*"(Q)),u, € LP(0, 00; L.(Q))

satisfying
|| Lo (0,00 127 (2)) + ||t Lo (000527 (2)) < (1P| Lo (0,001 (2)) + |20l D(ALY)-

Let us have a closer look at the adjoint operator S of S, in L7 (€2) and charac-
terize the domains of its fractional powers. Note that for all p € Cg% (2)

(Brtt, @) e prr = /Q (w-V)u+ (u-V)w) - pdx

= —/Q((w~V)<p+ijVgoj)-udx,

J=1

n 2n

where we used that divw = divv+diva = 0. Let us prove that, if r > max{%, Sl

then (w-V)p + 377wV, € L"(Q) and

1w - V) + 377 wi Vsl < c(llvll e + lalle@) 1ol mror @y (3.12)

where § € [0,1) is given by (2.6). In fact, if max{%, 25} <r < 2, then H>"(Q) —
Ln-2(Q),-"2- > 1/ and there exists s > 1 such that =2 + 1 = L [orQ) =

H7=2"(Q) — L*(Q). Hence

10~ D)l < ol [Vl < clfollieel Vel o

n—2r

in the case r > % the inequality [|(v- V)|l < cl|v]| g2 ||Vl o can be proved in
a similar way as in the proof Lemma 2.1. The remaining estimate for (a - V) is
trivial since a € L>*(Q) (see (2.5)).
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Let B denote the adjoint of the (closed) operator B, in L (€2). Then (3.12)
and the embedding D(ASH)/Q) C H'7'(Q) imply that

146

D(A? ) C D(BY) (3.13)

1446

with Bl = —(w-V)p =377 w;jVe; for o € D(A,? ) and

1Billy ) < e(r 6, Q) (lvllmzr@ + lallize@) el msr q) (314
< C<T’57 Q)(Hf“?‘+CI)+<D2)H90||D(AS+5)/2)‘ .
Since L (€2) is reflexive, also S}, = A, + B}, generates a bounded analytic

semigroup in L7 (€), see [23], Ch. 1, Corollary 10.6. Note that (3.14) and an
interpolation inequality ([23], Ch. 2, Theorem 6.10) imply the A,.-boundedness of
B, with A,,-bound less than 1. Hence A,»+ B} is closed and D(A, +B},) = D(A,),
see [13], Ch. IV, Theorem 1.1. Moreover, (3.14) shows that A, + B}, is invertible if
|| f|l- and @ are sufficiently small. Since it is easily seen that A,»+ B} C S% and since
both operators A, + B}, and S}, are invertible, we conclude that D(A,/) = D(S}).
Now Theorem 3.5 and (3.5) imply for all 6 € [0, 1] that

D((S5)) = [Ly (), D(S:)]s = [Ly, (), D(Ay)]g = D(AL). (3.15)
In particular, for all r > max {g, n2_+n2} and 6 € (0,1)
[ll 200y < c(r, 0, DN(S2) ull oy Vu € D((S3)") = D(AL). (3.16)

In the remainder of this paper we shall assume that the constant K5 in Theorem
3.5 is so small that (3.15), (3.16) hold as well.

Remark 3.8 If max {%, nQ—fQ} < r < q < 0o, then obviously for all ¢ > 0

etp=crp Vpe Coo(§2).

t t

Therefore, we shall write e 5" ¢ for e "7 in the following.

Lemma 3.9 (L"-L7 estimates) Let § < r < q < oo,n > 3 and let a € (0,&) be
fized, where & is given by (1.6). Then the following estimates hold for all u € LL(£2)
and t > 0:

_nel_ 1

(2) |VSPetSrul|, < c(r,q,a, 3,Q) ¢ 5D 72 7 e=ot |y vg € (0,1).

For all o € L7 (Q) and € > 1’ the following estimates hold:

16



Proof: First let us prove (1). Let v = 2( — %) Obviously, v € (0,1). By the
embedding H*'"(2) — L(2) and (3.11) we get for all u € L” () that

le~®rully < ea(r,q, QeS| ganr
< oa(r,q, DS7e S ul,
= o, mnsve—%”re wrat |
< oyl on,q, Q)7 [|e” |,

where we used the well-known estimate ||S?e™" ||z 1z ) < c(r,0,Q)t7 for 6 €
(0,1), t > 0, for analytic semigroups. Thus by (3.8) with o replaced by 2 we get

(1).

The assertion (2) can be proved in a similar way as (1) using additionally that
[Vully < cllullgra < c||S7}/2u||q for all w € Cg,(92).

Using (3.16) the proofs of (1’) and (2') are similar and are omitted. n

4 Stability of the Stationary Navier Stokes Flows

In this section we fix r € [n,00) and an initial value uy € L ().

Definition 4.1 A function u is called a strong solution to (1.5) on [0,T), 0 < T <
0o, if

u € BO([0,T), Ly () N C*((0,T), Ly () N C((0,T), D(A,)) (4.1)
and u satisfies (1.5) pointwise in t € (0,T).

Remark 4.2 Due to the Sobolev embedding H*"(Q) — L%(Q) for q > r, any strong
solution to (1.5) on (0,T) belongs to C((0,T"), L4(2)) for any q > r.

If w is a strong solution to (1.5), then u satisfies the integral equation
t
u(t) = e Py — / e =9 P (4 - V)u(s)ds, t € (0,T), (4.2)
0

hence, in consideration of Remark 3.8, for all ¢ € C§%,(2) and ¢ € (0,7

W00 = S0) + [ (0 D ) ds (43)
Forr < ¢ < oo and o € [§, @) let
X, (a) :={u:e*u € BO([0,00), LL()),
1307 Devty € BO((0,00), LE(Q)), limyyo 230 |lu(t)]], = 0},
lullxote = lle™ull zoqooenczn + 112572l o000 a0
Obviously, X,(«) is a Banach space. Moreover, X, (o) — X, () for ¢1 > g2 and
Xy(ag) = X, (az) for ag > as. (4.4)
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Definition 4.3 A function u belonging to Xq(a) for any ¢ > r,a € [§,@) and
satisfying (4.3) for all t € (0,00) is called a global mild solution to (1.5).

For each u, z € X, define the functional F'(u, z)(t),t > 0, on Cg5,(€2) by

(F(u,2)(t),p) = /0 ((u(s) - V)e 7957 2(s)) ds. (4.5)
Then (4.3) can be rewritten formally as
u(t) = e ®rug + F(u,u)(t), t>0. (4.6)

Lemma 4.4 Letn <r <q<oo and o € [@/2,q).
(1) The operator F(-,-) is a bilinear continuous mapping from X (o) x X () to
X,(a), i.e.,
1P, 2) ey < cllully ol Va2 € Xy(a)

with ¢ = ¢(r, q,a, Q) > 0.
(2) For all q € (r,00) the operator F(-,-) is a bilinear continuous mapping from
Xor(a@) x Xop(a) to Xy(a), i.e.,

1 (u, 2) || xy(0) < ellullxar o) |2l xer ()
with ¢ = ¢(r,q,a, Q) >0 for all u, z € Xo. ().

Proof: (1) For simplicity we write X, = X (o) and v = %(l — %) € (O,%). For
u,z € Xy and ¢ € G2, (§2)

t

/”u(S)HrHVe(”)S*MlsHZ(S)quS

0 as as

sup {elu(s)],} - sup {e (=)} 4
0<s<t 0<s<t

t
></ s Ve 2| Ve (795 || ds,
0

[{F'(u, 2) (1), 9}

IN

IN

for all t > 0, where % =1-1- %. By Lemma 3.9 (2') with o replaced by ¢

Vet e < ot — 5)7 372 B gl = ot — 5) Bz HI g
with ¢ = ¢(r, q,,Q) > 0. Hence (4.7) yields for all ¢ > 0 that
[(F(u,2)(t), )| < c sup {e™[Ju(s)[l;} - sup {s7e™|[=(s)llg}e™ - L)l
0<s<t 0<s<t

where

&—a t n ata
L(t) = ea2t/ 3_7(15—5)7576_20‘4r 579 s
0
1



and B(-,-) denotes the Beta function; note here that —2a + 222 < 0 for all o €
[@/2,@). Therefore, for u, z € X, we have F(u, z)(t) € L. (§2) for all ¢ > 0 and

| F (u, 2) () < ¢ sup {e™[u(s)]- } - sup {s7e*[z(s)l}, (4.8)
0<s<t 0<s<t

where ¢ = ¢(r, ¢, a, Q) > 0.
Furthermore, for u, z € X, we have

F(u,2) € BO([0,00), L.(Q)), (4.9)

since t — F'(u, z)(t) is continuous from [0,00) to LL(£2). In fact, t — F(u,z)(t) is
continuous at t = 0 in L (§2) due to (4.8). Moreover, for 1,y € (0 00),t1 > tg,

(PG 2)(0) = P2, = | [ () 17, o) s

(4.10)
b [ () D D, ()
0
Then, by the same technique as in the proof of (4.8),
t1
[ () W) g () s
to t s (411)
<clullgllell, [ 570 =5 E B ds el
to
where .
/ st —s) B 2 ds < ety (t — 1) 3 — 0
to
as t; — ty or ty — t1. Moreover, we have
[
[ () Wy = ne 9 () d
0 (4.12)

[2)
<l el [ 5 IV - e o9 s
where % =1-1- 5. Note that 0 € p(S¥), and by [23], Ch. 2, Theorem 6.13 (d),
and Lemma 3.9 (2')
[ V(2% — D99 glle = [ Ve (e — Dem 55" g)

< ety —5) B (e — [em IS,

_n_1 to—s ax
< ety — )22 (8 — 15)¢[|(S*) e 5 |

where ( is arbitrarily fixed in (0, 3 — 2—q). Thus, from (4.12) we get

‘ /02 ((u(s) . V)(e_(tl_tQ)S* — ])e_(tQ_s)S*go, z(s)) ds

t2

< cilts =t Jull ey, [ 577t = ) E T ds ol
0
< Gta) (s — to) s 2 ol
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which together with (4.10), (4.11) and (4.12) implies that the function ¢t — F'(u, 2)(¢)
is continuous from (0, 00) to L% ().
By a similar technique as in the proof of (4.8) we get for all t > 0 that

t
lu() alIVe™ =% ll g2 ll2(s) 4 ds

0 as as
c sup {s7e®[Ju(s)ll¢} - sup {s7e**[2(s)ll¢}
0<s<t 0<s<t

B t
e [y dslel
0

IN

[(F'(u, 2)(t), 9}

IN

Hence for all t > 0 we have F(u, z)(t) € L2(Q2) and
17 (u, 2)(t)llg < e sup {s7e*[u(s)llq} - sup {s7e™[=(s)ll¢}
0<s<t 0<sst
~t_2+27;+5e_a-2mt/ (1 — 7')_2%_% dr,
0
yielding

vet||[F(u,2)(t)ly < e sup {s7e™|lu(s)]l,} - sup {s7e™z(s)] } t2 Fe 2"
0<s<t 0<s<t

¢y sup {87 [lu(s)[l} - sup {s7e™z(s)]lq},
0<s<t 0<s<t

IN

where ¢; = ¢;(r,q,,Q) > 0,7 = 1,2. In particular, (4.13) implies that
lm 7] F(u,2) (8, = .
Moreover, by a similar argument as in the proof of (4.9) we get that
t"e* F(u,2)(t) € BC((0,00), LY()).

Thus we proved (1).
(2) For u, z € Xy, and ¢ € C§%,(§2) we get

|<F(u,2)(t)790>|§/0 lu()ll2rll2(s) 12, [[Ve =% pl| = ds VE>0.  (4.14)

r—

By Lemma 3.9 (2)

lts)S* —y—l _atanp_g
Ve 0| = <elrq,a,9Q) (t—s5)2e 2 gy

— =

Hence (4.14) yields for all £ > 0 that

[(F(u, 2)(1), )] < sup {ste®||u(s)||a} - sup {ste®||2(s)]|ar}
0<s<t . 0<s<t
s73(t—5) 772 ds ||y

ata
. eth

e 0 s -y,
<c sup {ste™[u(s)|l2, } - sup {ste™[2(s)]l2r } e L)l
0<s<t 0<s<t
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where

for all t > 0. Therefore, for all ¢ > 0 we have F(u, 2)(t) € LL(2) and
nel_ 1 s o as
2 q)eo‘tHF(u,z)(t)Hq <c sup {sire®|u(s)|o} - sup {s3e||z(s)|2r}, (4.15)
0<s<t 0<s<t
where ¢ = ¢(r, ¢, a, ) > 0. It follows directly from (4.15) that

i 34D _
Jim 56D, 2) ()], = 0.

Moreover, as in the proof of (4.9), it is easily seen that the mapping t —
t%(%_%)F(u, z)(t) is continuous from (0,00) to L4(€2). Therefore, from (4.8) with
g =2r and (4.15) we get F'(u,z) € Xy, and the inequality in (2).

The proof of this lemma is complete. [ ]

Remark 4.5 Due to Lemma 4.4 (2) and Lemma 3.9 (1), it follows that, if a function
u satisfying u € Xy, () for all a € [@/2,@) solves the equation (4.6), then it is a
global mild solution to the system (1.5).

Theorem 4.6 (Ezistence of Global Mild Solutions) Let n < r < oo, f € L.(Q) and
let the fluxes ®4,..., P, € R satisfy

I fllr + @+ ®* < min{ K, K>},

where ® = 3" |®;] and K; = K;(r,Q),i = 1,2, are the constants in Theorem 2.4,
Theorem 3.5, respectively. Then there exists a constant &g = do(r, ) > 0 such that
for all ug € L7 () satisfying ||ugl|, < do the system (1.5) — with the unique solution
w to (SNS) corresponding to f,®q, ..., P, given by Theorem 2.4 — has a global mild
solution w which is unique in a small ball of Xo.(a/2). This solution u has the
following properties for all v € (0, &) and 6 € (0,5 + 2£):

tlggo e“lu@®)], =0  forall q>r, (4.16)

Jim ¢ D |u)l, =0 forall q>r (4.17)
ety € BO((0,00), D(SY)), (4.18)
Jim e lu(®)ll sy = 0, (4.19)

Jim, tlu(t)|| pesey = 0. (4.20)

In particular, the stationary solution w € L7 () of (SNS) is exponentially stable.

Remark 4.7 Tt follows from (4.18) that the global mild solution given by Theorem
4.6 solves the integral equation (4.2).
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Proof of Theorem 4.6: First we note that

lim t%(%_%)ﬂe’tsmoﬂq =0 forallg>r. (4.21)

t—+0

In fact, for v = 2(2 — %) € (0,3) and with the embedding H*"(Q) — L%(Q),

T ’2
Proposition 3.6 and [23], Ch. 2, Theorem 6.10, yield
e ™ruglly < et?|le ™ rug | v (o
< et||Sye Sy, (4.22)

< clle™rugll, 78S, e ruol,

where ¢ = ¢(r,q,Q) > 0. Since [|tS,e g, — 0 as t — 0 for ug € D(S,),
the denseness of D(S,) in L. () and the boundedness of the operator family
{tS, e} 50 in L(LD(2)) imply (4.21).

By [9], Theorem 1.1, Lemma 3.9 (1) and (4.21) we get for all a € [@/2, @) that

e Prug € X (), Vg>r (4.23)

and, in particular,

—tSr —tSr

e~ ol ) < D €™ e~ gl + sup e e S gz < Colluol,  (4.24)
t>0 t>0

with some constant C, = C,(r,a, ) > 0.
Now let us define the mapping ¥, ,,, : Xor (o) — Xo,(a) by
Uyt = e g + F(u,u)

for a fixed a € [@/2,@). Let Cy = Ci(1, o, 2) denote the constant in the inequality
of Lemma 4.4 (1) with ¢ = 2r. Then

W a0t x50 () < €7 o] X0 o) F I (1, u) | 00 (0) < Chlltto]lr+Clasltel|%,, (o) (4:25)

Note that, if

1
r ) ,Q = ) 4.2
Juoll- < Colr,,9) i= - (4.26)
then
1—-+/1—-4C.C., . 1
K = K(a, |Juol,) == v ol _ (4.27)

and the inequality C,||uo||, + Csx K? < K holds. Therefore, we get from (4.25) that

\Ija,uo(UK,a) C UK,a = {U S XQT(OZ) : ”UHXQT(Q) < K}
For any u,z € Uk

H\I[a,uou - \Ija,uo'ZHXQT(a) = ||F(u7 U — Z) - F(u -z Z)HXm(a)

IN

Cr (1l xo0(2) + 12l x20())[4 — 2 x00(a)
20**K||u — ZHXQT(Q).

IN
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Hence, in view of 2C,. K < 1, see (4.27), ¥, : Uk o — Uk o is a contraction mapping,
and by the Banach fixed point theorem it has a unique fixed point w in Uk 4.

Now let v € X5.(ar/2) be the unique fixed point of V5,5 in Uk (a/2,|uo|l,).a/2- We
shall show that u € Xy, («) for all @ € [@/2,@). Since ||u(t)||, decays as time tends
to infinity, for any o € (&/2, &) there is a (sufficiently large) ¢, («) > 0 such that

|lu(tr)|], < min{Cy(r,a/2,Q), Co(r,a, )}, (4.28)

see (4.26), and

Uk (afluttlla € Uk(@/2 ol a/2 (4.29)
due to (4.4) and the fact that K(a, ||u|l,) — 0 as ||lugll, — 0, see (4.27). Then
by (4.28) there is a fixed point @ € UK Ju)l)e C Xor(a) of Wy ). Note that
@ is also a fixed point of Wg/g ;) in UK(oc/ZIIuoHr ).a/2 due to (4.29). We shall show
that a(t) coincides with w(t + t1),t > 0. Obviously, u(- + t1) € Xo(@/2) and
u(- + )] xonar2) < K(@/2,||uoll;). Moreover, we can check that u(- + ¢;) solves
(4.3), hence (4.6), since for all t > ¢; and ¢ € C§%,(§2)

(w(t),p) = (cug, )+ / ((u(s) - V)e D 5, u(s)) ds

= (e~ Uty (ty), +/ Je I 5 u(s)) ds.

and limy_, 4, (t—11) " |u(t)||2» = 0. Therefore, in view of (4.28), u(-+t;) is the unique
fixed point of Wa/auy) 0 Uk(a/2,juol,).a/2- Consequently, we get @(-) = u(- + t1)
yielding u € Xo, (o).

Formulae (4.16) and (4.17) are direct consequences of u € X, () for all ¢ € (r, 00)
and « € [@/2, @), see Lemma 4.4 (2).

Now let 6 € (0,3 + 2) and fix p € (r, 00) such that
n n 1
- < —+=--0.
p  2r 2

It is enough to prove (4.18)-(4.20) for o € [@/2,@). By Lemma 3.9 (2/) with «
replaced by 22 we get for all ¢ € D(S?) that

(Fn) 0,52 )] = | [ () 9S50 u) s
< [ RIS el s
< e swp (e o)) [ 57— o) FE T e s

< ¢ sup {37 *lu(s ||p} t_ee_atfg( el
0<s<t

|—=

|

=
~—

for all £ > 0, where v = §(-

. 1 n
I3(t) = té_;re_a?t/ sH(1 — s)_E’LF_?_ ds <c Vt>0.
0



Therefore, in view of (S%) = (59)*, see [1], Ch. V, Lemma 1.4.11, we get
F(u,u)(t) € D(S?) for all t > 0 and

a nel 1 as 2
6| SOF (u, w) (b)), < cosugt{s2(r De|lus)|, ). (4.30)
<s<

On the other hand, by the same technique as in the proof of (4.9) we see that the
function t — S?F(u,u)(t) is continuous from (0, 00) to L% (£2), which together with
(4.30) yields (4.18), (4.19). Moreover, (4.30) implies (4.20) due to u € X,(a).

Finally let us prove that this fixed point is unique in the whole space Xy, ()
rather than only in Uk (a,[ju),),e- Given fixed points uy,us € Xo, () of ¥, ,, we get
from (4.15) with ¢ = 2r that for all £ > 0

SUPg et {577 €° [ (s) — ua(s)]|or }
< c sup {sie®(lus(s)llor + [[uz(s)ll2r) } - sup {sie*|lui(s) — ua(s)[l2r }-
0<s<t 0<s<t

Since st (||u1(s)|l2r + [luz(s)||2r) — 0 as s — 0, there exists ¢; = ¢;(us, uz) > 0 such
that u; = ug in [0,¢;]. Defining 7' = sup{t; > 0 : u; = uy on [0,%]}, a continuity
argument yields u; = wug on [0,T]. If T < oo, we repeat the above argument by
starting at T and conclude that u; = uy on [0,T 4 t5] for some to = to(uq, uz) > 0
in contradiction to the definition of 7.

The proof of this theorem is complete. |

Theorem 4.8 (Ezistence of Global Strong Solution) The global weak solution given
by Theorem 4.6 is a strong solution to (1.5).

Proof: Let u be the global mild solution to (1.5) given by Theorem 4.6. We shall
prove that for alle >0 and T > ¢

P(u-V)u € C([e,T], D(SS)) (4.31)
with some ¢ € (0,1). Then by well-known results on analytic semigroups (see e.g.
[23], Ch. 4, Theorem 3.6 or [1], Ch. II, Theorem 1.2.2)
t
u(t) = e Srug — / e =9 P (4 - V)u(s) ds
0

is a strong solution on (g, 7] to (1.5) for any 0 < e < T < o0, i.e.,
u € C([e,T), LL(Q) N C (e, T), LL(Q) N C((e, T), D(S,)) VYt € (e,T).

Note D(S,) = D(A,), see (3.1). Therefore, u € C*((0,00), LL(Q))NC((0,T], D(A,))
and consequently, u is a global strong solution to (1.5) since u belongs to

BC(]0,00), L1 (€2)) as a global mild solution.
Fix 0 € (3,4 + 5-), and let € = 26 and ¢ = ;5= where 7 > 1 is defined by (2.9)

1
2

(with ¢’ > 0 arbitrarily small when r = n) so that 2¢ < { —1 < . Then by Lemma

2.1 (3) (with 0 = 0) and Proposition 3.6

| Pr(u - Vvl geer ) < cllullger@ |Vl mer@) < cllull peseyllvllpesey-
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Since || - || p(sgy 1 equivalent to || - || g2 (q), see Proposition 3.6, we conclude that
P.(u(t) - V)u(t) € D(SS) for all t € [¢,T] and
1P (u(tr) - V)(ta) — (u(t2) - V)ut) s
< c(llu(ty)llpesey + llut2)llpese)) lu(t) — ult2) |l pess).
Hence (4.18) yields (4.31). u
Theorem 4.9 (Uniqueness of Strong Solution)
(1) Let r € (n,00). If ug € L7(Y), then the strong solution to (1.5) is unique.

(2) If up € H>™(Q) N L2(Q) for some s > 0, then the strong solution to (1.5) is
unique.

(3) Let ug € L(2) and let uy,us be strong solutions to (1.5) on [0,T) satisfying
lim ¢2 %w;(t) =0 in LI(Q), i = 1,2, (4.32)

t—+0

for some ¢ > n. Then uy = us.

Proof: (1) Let r > n. If uy, uy are strong solutions on [0,7), 0 < T < oo, to (1.5),
we have by Lemma 3.9 (2') for all ¢ € C§%,(2) and t € (0,7T') that

|(ua (1) = us(t ‘ / — us(s) - V)e_(t_s)s*go,ul(s)) ds
i ((UQ(S) V)e—(t—s)s*(p7 ui(s) — u2(s)) ds‘

< IIU1,UzIIBc<[o,T>,L;(m>/ Ve =95 o
0

r—2

Jus(s) = ua(s) ds

t
_n_1
Sc||ul,uQHBo([o,T),Lg(m)/(t—s) 2072 |ug (s) — ua(s)]| ds|l]-
0

Hence we get

lua () — ua ()] < 0/0 (t=s)"# 2 ur(s) = ua(s)llds Ve € (0,7),

which implies after a finite number of integrations and due to Gronwall’s lemma
that uy(t) = ua(t) on (0,7).

(2) Due to the Sobolev embedding H*"(§2) — L"(2) for some r > n, the asser-
tion (2) follows from (1).

(3) Let ug € L2(2) and let uy, us be strong solutions to (1.5) satisfying (4.32).
In view of the uniqueness results (1), (2) proved above and the fact that any strong
solution belongs to C([e, T], L"(2)) for any 0 < ¢ < T" and some r > n, it is enough
to show u(t) = uy(t) for some 6 > 0; for a similar proof we refer to [15], Lemma
3.2. By the same technique as above, see also (4.7), (4.8), we get for all t > 0 and
@ € C5%,(52) that

t
(un(t) — uslt), )| < / 17695 ollellr (5) — (3l (5)llg + lfua(s)]q) ds
t
< DK(1) / SEGD | e o) ds
0 1
< DMK [y s 200t —5) 752 p]l,



2

nel 1
D(t) = sup [[ur(s) = ua(s)n,  K(t) = sup 52077 Ju(s)],.
0<s<t i—1 0<s<t

Therefore, we get ||ui(t) — ua(t)]|, < CoK (t)D(t) with some Cy > 0 and even
D(t) < CoK(t)D(t)
for all t > 0. By assumption, lim;_q K () = 0; hence, there is some ¢ > 0 such that

CoK(t) < 1for all t € (0,0). Thus D(t) =0, i.e., uy(t) = ua(t) for t € (0,9). u
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