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Let D be an exterior domain in R? with smooth boundary dD. We consider
the motion of a viscous incompressible fluid filling the domain D when the
obstacle R?\ D, which consists of a finite number of rigid bodies, is rotating
about an axis with constant angular velocity w. Without loss of generality,
we may assume that w = |wles = (0,0, |w|)T. The fluid at space infinity is
assumed to be at rest. Our aim is to solve the Navier-Stokes system in the
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time-dependent domain

cost —sint 0

D(t) ={y = O(|w|t)z; x € D}, where O(t)= | sint cost 0
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subject to the non-slip boundary condition on the surface 9D(t), so that the
fluid velocity attains w Ay there. Here, A denotes the usual exterior product
of three-dimensional vectors; thus,

d
wAY = |w|(—y2,11,0)" = EO(MWU

which describes the velocity at a point y of the rotating rigid body. By using
a coordinate system attached to the obstacle (see [25]), one can reduce the
problem to an equivalent one in the fixed exterior domain D; that is,

@—i—u-Vu:Au—i-(w/\x)'Vu—w/\u—ijLf,

ot
divu =0,
in D x (0,00) subject to
U|8D:W/\5Ua u— 0 as |x|—>OO, U|t:0:a>

where u = (uy,us,u3)’ and p are the unknown velocity and pressure of
the fluid, respectively, while the external force f and initial velocity a are
prescribed.

A significant feature which distinguishes the problem above from the usual
Navier-Stokes system (w = 0) is the presence of the first order term with
unbounded coefficients, viz.

ou ou ou
(wWAz) Vu=|w| (—:L‘ga—xl +$18—$2) = |w|%,

where, in the final representation, § = tan™!(xy/z;) is the angular variable
in a cylindrical coordinate system. Even though |w| > 0 is small, this term
is not subordinate to the viscous term Aw in the sense that some properties
of the linear operator

L=—-A—-(wAzx) - V+wA

are worse than those of the Laplacian. In fact, by [25], we know that the
generated semigroup e~ for the whole space problem does not map Ly(R?)
into the domain D(L) for ¢ > 0, and that

0(—L) 2 0ess(—L) = {A=a+iklw| €C;, « <0,k € Z},

see [16] for the operator —PL where P is the Helmholtz projection on Ly(€2).
Hence e~ is not an analytic semigroup. Moreover, by [14], the fundamental
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solution I'(z,y) of the operator L cannot be dominated by |z — y|~!; more

precisely, its component I's3(z,y) satisfies
(1.1)

when, for example, z = pe; and y = pey with large p > 0. These observations
tell us that the operator L cannot be treated by means of any perturbation
argument and could cause some mathematical difficulties.

In the last decade a lot of effort has gone into analyzing nonstationary as
well as stationary problems for the nonlinear and linearized system in either
an exterior domain or the whole space; moreover, Ly theory and L, theory
were used for problems without as well as with translation of the obstacle.
We refer to [3], [9], [10], [12], [13], [14], [15] [16] [18], [19], [20], [21], [23],
[24], [25], [26], [27], [28], [32], [33] and [35]. Nevertheless, our mathematical
understanding is still far from complete. There are also some other studies, to
which we don’t refer here, such as moving bodies in a bounded or unbounded
fluid region, rotating fluids without bodies in the whole space, etc.

The present paper is devoted to the study of the nonlinear stationary
problem in exterior domains:

Lu+Vp+u-Vu=f, divu=0 in D (1.2)

subject to

ulop = w Az, u—0 as |z| — oo. (1.3)

Note that the stationary motion in the frame attached to the obstacle corre-
sponds to a time-periodic one in the original frame; in fact, given a solution
(u, p) of (1.2), (1.3), the pair of O(|w|t) u(O(|w|t)"z) and p (O(|w|t)"z) pro-
vides a periodic solution of the original problem in the domain D(t) with
external force O(|w|t) f(O(|w|t)Tz). It is possible to construct solutions of
class Vu € Ly to (1.2), (1.3) by means of the Galerkin method in the Lo—
framework for arbitrary w and f = div F', F' € L, see Borchers [3], Galdi
[18], Serre [33] and Silvestre [35]. When w is small enough and f = div F
satisfies the decay estimates

[2?|F ()] + 2P |f ()] + Jo[*]div f(2)] < c
for some small ¢y > 0, Galdi [19] derived the pointwise estimates

|zllu(@)] + [z *(|Vu(@)] + [p@)]) + [2]*|Vp(2)| < C (1.4)



of a unique solution. These decay properties are important in the study of
stability ([3], [20]), but, at first glance, rather surprising in view of (1.1).
In [21] Galdi and Silvestre have recently extended a part of [19]; that is,
they have shown |z|lu(z)| < C for a small force f = div ' € L, with
|z|?| F(z)] < ¢y when the translation of the obstacle is also taken into account.
We may expect an anisotropic decay structure of solutions similar to the
Oseen case ([11], [17]), but as far as simple isotropic decay estimates are
concerned, the result of Galdi [19] shows that the rate of decay of Navier-
Stokes flow at infinity is the same as in the usual case w = 0 in spite of the
slightly worse behavior (1.1) of the fundamental solution.

The purpose of the present paper is to provide another outlook on the
pointwise estimate (1.4) in a different framework by use of special function
spaces. To be more precise, we show in the class L33 ., the existence of a
unique solution (Vu, p) to (1.2), (1.3) with force f € Wg’/ém when both f and
w are small enough; here Lj/; o is the weak-Ls/, space, one of the Lorentz
spaces. We note that f € W3_/;OO if and only if f = div F' with F' € L33 ,
see Lemma 2.2 (i) below. For more precise definitions, in particular of weak
solutions to (1.2), (1.3), see Section 2.

Now our main theorem reads as follows.

Theorem 1.1 There is a constant n = n(D) > 0 such that for f € W?;é (D)
with
ol + 1y oy <

problem (1.2), (1.3) possesses a unique weak solution (u,p) with
Vu,p € Lz o0(D)

subject to the estimate
IVulls/z0 + lullse + Ipllsjz0 < € (Il + 1f s _y):  (15)
with some C > 0 independent of |w| and f.

Our class of solutions is consistent with (1.4), and our class of external
forces is larger than in [19], [21], though one cannot expect explicit pointwise
estimates as in (1.4) for such external forces. For the case w = 0, a result
analogous to Theorem 1.1 has been proved by Kozono and Yamazaki [31].

In [28], based on an idea from [14], one of the present authors has estab-
lished the existence, uniqueness and L, estimate

IVully + Iplla < CllF i oy (1.6)

4



of weak solutions to the linearized problem
Lu+Vp=f, divu=0 in D; ulop =0, (1.7)

provided that (n/(n — 1) =)3/2 < ¢ < 3(= n). This result is regarded
as a generalization of [4], [22], [29], [30] in the usual case w = 0, since the
restriction on the exponent ¢ is the same. Since the case ¢ = 3/2 (= n/2)
needed to estimate the nonlinearity w - Vu is missing in [28], an L, theory
does not help to solve the nonlinear problem (1.2), (1.3). Note that L, is
too restrictive at infinity to expect Vu € Lg)s for (1.7) even if f = div F with
F € Cg°. Therefore, we have to replace Ls/, by a larger space. To do so, we
follow Kozono and Yamazaki [31] who for the first time used Lorentz spaces
in the case w = 0. This paper shows that the right class to find a solution
(Vu, p) to (1.2), (1.3) is L3z, as well.
An important step is to derive, instead of (1.6), the a priori estimate

[Vullsjz,e0 + IPll3/2,00 < Cllf i () (1.8)

3/2,00

for the linearized problem (1.7); in fact, once this is established, a fixed
point argument yields a unique solution (Vu,p) of (1.2), (1.3) in the class
L3200 In the proof of the solvability of (1.7) for all f € V'V?;;OO, a duality
argument due to Kozono and Yamazaki [31] does not seem to be applicable
to our problem because of lack of homogeneity of the equation, unlike the
usual case w = 0. We thus follow, in principle, the argument of Shibata
and Yamazaki [34], in which the solution is constructed without any duality
argument for the Oseen problem. Note that one cannot use any continuity
argument since C§° is not dense in L, . So, as in [34], given f € W3_/;,oo7
we try to construct directly the solution to (1.7). Though cut-off procedures
were carried out twice in [34], we use such a procedure only once to obtain
the solution; in this point, the proof of [34] is simplified in the present paper.
In fact, a parametrix (v, ), an approximation of the solution, constructed
by use of solutions in the whole space and in a bounded domain combined
with the Bogovskii operator [2] satisfies

Lv+ V7 =f+ Rf, dive =0 in D; vlop =0,

where Rf is a remainder term with compact support. We show that the

operator 1+ R has a bounded inverse in W3_/§ - In the proof, the embedding

ng,1 — Ly ([31, Lemma 2.1]) and the fact that the dual space of I/V311 is

W:,:/;OO play a fundamental role.
We would like to mention an advantage of the method of [34] (rather than

the simplified one of this paper) from the viewpoint of linear theory. In the
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case f € ij;o, 1 < g < 3/2, the argument above does not lead to any result.
For such an external force, among other techniques, Proposition 3.3 (without
the term (w A z) - Vu) for the whole space case, see Section 3 below, was
important in [34].

This paper is organized as follows. In the next section we start with some
preliminaries. To prove our main theorem on the stationary Navier-Stokes
problem (1.2), (1.3) in Section 6, we carry out the analysis of the linearized
equation (1.7) in the following order: the whole space problem in Section 3,
the interior problem in Section 4 and finally the exterior problem in Section

D.

2 Preliminaries

Given any smooth domain Q C R? such as Q2 = D, Q = R? or a bounded
domain we introduce the following function spaces. By C§°(€2) we denote the
class of smooth functions with compact support in €2. For 1 < ¢ < oo, the
usual Lebesgue spaces are denoted by L,(£2) with norm || - ||, 0. We need the
Lorentz spaces L, ,(€2), with norm || - ||,,q: for 1 < ¢ < oo and 1 <r < o0,
the Lorentz spaces can be constructed via real interpolation

Lyr(2) = (L1(2), Loo(S1))1 1/,
for details, see Bergh and Lofstrom [1]. Note that
Lyr(2) C Ly () ifrg <rp; Lgg(R) = Ly(2),
and, if € is bounded, that
L, () CLus(Q) foralll<g<p<oo,rsell, o0, (2.1)

with continuous embeddings. For

1

1
I<g<oo, 1<r<oo, —+-
T q

we have the duality relation
Lqp(82) = Lo o (82)".

In particular, L, (2) = Ly1(€2)* is well known as the weak-L, space, in
which C§°(Q2) is not dense; moreover, f € L, (?) if and only if

sup o |{z € Q; | f(z)] > o}V < o0,
o>0
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where | - | stands for the Lebesgue measure. In what follows, we adopt the
same symbols for vector and scalar function spaces as long as there is no
confusion, and we use the abbreviations || - ||, = || - |l¢.0 and || |lgr = || - llg.r.0
for the exterior domain D.

Furthermore, we need homogeneous Sobolev spaces. For 1 < ¢ < 00, let
W;(Q) be the completion of C§°(€2) with respect to the norm ||V (+)]4.0, and

let qul(Q) be the dual space of qu,(Q) where 1/¢' +1/g =1. Let

Il<q@<qg<q@<oo, 1/g=01-0)/q+0/q, 1<r<o0. (2.3)

We then define . ‘ .
Wi (@) = (Wi (), W (@)

0,r
which is independent of the choice of (o, 1), with norm ||V (-)|lsr0. Note
that C§°(Q) is not dense in W, (Q).
For (q,r) satisfying (2.2), the space Wq}l(Q) is defined as the dual space

of qu,’,,,(Q); by the duality theorem for interpolation spaces ([1, 3.7.1]), we

see that

WolQ) = (W*I(Q), W*l(@)) (2.4)

r
q, q1 0’71

for q, qo, 1, r satisfying (2.3) but r # 1. For later use we cite the following
results.

Lemma 2.1 Let Q C R3 be a bounded domain.

(i) The embedddings W;T(Q) — L, (), 1 <g<o0,1<7r <00, and
L, () — Wq_’rl(Q), 1 <g<oo,1<r<o0, are compact.

(i7) Let 1 < g < 00 and 1 <r < oco. Then

Wi (9) = {u € Ly, (); Vu € Lyp(9), ulan = 0},
and for all u € quT(Q) holds the Poincaré inequality

[ullgro < ClIVullgr.o- (2.5)

Proof (i) follows from (2.1), classical embedding theorems, duality and in-
terpolation, see [1, 3.14.8]. (ii) is based on the classical Poincaré inequality
and interpolation. |



Lemma 2.2 (i) [31, Lemma 2.2] Let Q C R3 be any domain and let 1 <
q < 00,1 <r <oo. Then there exists a constant C' > 0 such that for every
f e W, Q) there is F € Ly, () satisfying

divF = f, 1F g0 < OHfHV'quTl(Q)‘

(ii) [31, Lemma 2.1] Let D C R? be an exterior domain. Then for any
1 <gq<3andr € [l,00] we have, with 1/q, := 1/q—1/3, the characterization

W, (D) ={u€ Ly, (D); Vu € Ly, (D), ulop = 0}, (2.6)

together with the embedding estimate

[ullg..r < ClIVullg,- (2.7)

(iii) [31, Lemma 2.1] Let D C R? be an exterior domain. Then for ¢ =3
we have the embedding W4 (D) — Lo (D) N C(D) and the estimate

1
lullee < SlIVulls1- (2.8)

(w) [5, Theorem 5.9] Let D C R3 be an exterior domain, let 1 < q < 3,

r € [1,00], and let uw € Lyo.(D) satisfy Vu € Ly.(D). Then there is a
constant k = k(u) such that w+k € L, (D) and

|lu+ k

gor < C[Vullgs,
with some C' > 0 independent of u; here 1/q. = 1/q —1/3.

For given 1 < g < 00,1 <r <ooand f € Wq}l(D) let us first consider
the boundary value problem for the linearized equation

—Au—(wAz) - Vu+wAu+Vp = f inD,
divu = 0 1in D, (2.9)
v = 0 ondD.

Then the pair of functions (u, p) is called (g, 7)-weak solution (qg-weak solution
when ¢ =) of (2.9) if

1. (u,p) € W}.(D) x Ly, (D);
2. divu=0 in L, (D);

3. (wWAz) - Vu—wAue qurl(D);



4. (u,p) satisfies (2.9), in the sense of distributions, that is,
holds for all ¢ € C§°(D), where (-, -) stands for various duality pairings.

By continuity (note r > 1), (u,p) satisfies (2.10) for all ¢ € W;,’T/(D).
When 1 < ¢ < 3, we have u € L, ,(D) by (2.6), so that u — 0 at infinity in
this weak sense.

Choose a cut-off function ¢ € C§°(R?;[0,1]) satisfying ¢ = 1 near the
boundary 9D, and set

b(x) = —%rot (¢(2)|z|*w) . (2.11)

Obviously divb = 0 and b|lsp = w A x. We thus intend to find the solution to
(1.2), (1.3) as u = v + b, so that (v, p) should obey

—Av—(wAz)-Vo+wAv+Vp = f—&(v,b) in D,

dive = 0 in D,
v = 0 on 0D, (2.12)
v — 0 at oo,
with
O(v,b)=(v+0b)-V(v+b)+ Lb (2.13)

=diviv+b)®@Ww+b) —Vb— (wAz) @b+ bR (wA )],
where w ® w = (w;wy); here, note that
(wWAz)-Vb=div[(wAz) Db, wAb=div[b® (w A x)].

Let f € Wg_/éoo(D) Since v € W31/2,00(D) implies ®(v,b) € W?:/;,oo(D)’

see Section 6, one can define the weak solution (v, p) € Wy,l/z,oo(D> X L3/2.00(D)
of (2.12) as the (3/2, 0o)-weak solution of (2.9) with f replaced by f—®(v,b).
In this sense (u = v+ b, p) is the weak solution of the original problem (1.2),
(1.3).

3 Linearized problem in the whole space

Let us consider the whole space problem

—Au—(wAz) - Vut+wAu+Vp=f divu=g in R3. (3.1)
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In the first half of this section we recall the L,~theory developed in [2§]
and extend it to the case of Lorentz spaces. The second half is devoted
to a proposition concerning the class of solutions when the support of f is
compact.

We begin with the L,-estimate of weak solutions.

Proposition 3.1 ([28]) Let 1 < g < oo and suppose that
fe W;l(Ri’*), /S Lq(R3), (wAz)g € W;l(RE’).

Then problem (3.1) possesses a q-weak solution (u,p) € W;(R?’) x L,(R?)
subject to the estimate
IVullges + [Ipllgzs + 1w A 2) - Vi = w Aully 1 g 52
3.2
< C (I iy + Ngllgs + 1w A 29l sy )

where C' > 0 is independent of |w|, f and g. The solution is unique in the
class above up to a constant multiple of w for u.

Although this result was proved in [28] only for the case |w| = 1, a scaling
argument implies that the constant C' > 0 in (3.2) is independent of |w|. By
real interpolation we obtain the estimate of weak solutions in Lorentz spaces.

Proposition 3.2 Let 1 < g < oo and suppose that
FEWLRY), g€ LR, (wAx)ge W, LRY).

Then problem (3.1) possesses a (q,00)-weak solution (u,p) € qu’oo(R:”) X
Ly (R3) subject to the estimate

IVullgoors + [[Pllgoors + (WA Z) - Vi —w A u||WC;§o(R3)

(3.3)
< C (If izt o)+ Ngllgoes + 1@ A Dgllirs )

where C' > 0 is independent of |w|. The solution is unique in the class above
up to a constant multiple of w for u.

Proof. We first obtain the pressure written formally by

p=—div(=A)'[f + Vg + (w A z)g];
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here, (—A)~! can be considered as a bounded operator from W, !(R%) to
WE(R®) ([22], [30]). By real interpolation it is bounded from W, L (R?) to
Wl (R?), see (2.4). Therefore,

[pllg.ccps < CIIf + Vg + (WA 2)glli, 1wy (3.4)

We next consider the equation Lu = f — Vp. As shown in the proof of
Proposition 3.1, the operator L~ is bounded from W, (R?) to W/ (R?); thus

it is bounded from WL (R?) to W} (R®) by real interpolation. Hence we
obtain a solution u € W;OO(R?’) with

”VUHq,OO,R3 <C|f- VP||W[;§O(R3)’

where C' > 0 is independent of |w|, which combined with (3.4) implies (3.3).
Finally, applying div to the first equation of (3.1), we get L(divu —g) =0
yielding div u = g, see below.

Let (u,p) € W} (R®) x Lyoo(R?) satisfy Lu + Vp = 0, dive = 0 in
R3. We immediately obtain p = 0, since Ap = 0, so that Lu = 0. Since
Vu € Lyoo(R?) C 8 and consequently also u € &', see [8, Proposition 1.2.1],
we get suppu C {0} as shown in [14], [28]. Hence u is a constant vector,
which should be a constant multiple of w because w A u = 0. This completes
the proof. O

The final proposition on the linear whole space problem gives a heuristic
argument why in spite of the negative result (1.1) the pointwise estimate
(1.4) may hold. We note that this proposition will not be used later on,
but it would be essential when employing a cut-off procedure as in [34]. It
extends a similar result from [34] where w = 0.

Proposition 3.3 Let 1 < q < oo and suppose that
f€L,R?, suppfCBr  g=0.

Then a representative (u,p) of the strong solution to (3.1) obtained in [14]
enjoys (u,p) € VV31/2 o(R?) X L35 oo(R?) and the estimates

| Vul|3/2,00r3 4 [|P]]3/2,00,88 < CRI| f|lgr3: (3.5)
ess supiysap (2] [u(@)| + [z (|Vu(@)| + [p(@)]) + [2]*|Vp(z)]) < Crllfllgzs,

(3.6)
with some Cr > 0 independent of |w|.
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Proof. Since Ap = div f, it follows from the Hausdorff-Young inequality that

1pll3/2,00%2 < Cll fll1,z5, (3.7)
for p(z) = —ﬁVﬁ * f and # € L3 (R?). We also find

€8 SUP|y>op ([2°p(2)| + 2’| Vp(2)]) < Clfllze, (3-8)

because of supp f C Bg.

By the relation L,(R?) — W:,;] /3 (]R3), where we may assume ¢ < 3,
Proposition 3.1 implies Vu € Lgg - )(R3). Since 3¢/(3 — ¢q) > 3/2, we
obtain

IVulls/2.00 8 < ClIVullsg/a—q)es < Cll fllyir,:

30/ (3—q)(B?) < CHquJRi*, (3.9)

where C' = Cg > 0 is independent of |w|. For the proof of (3.5) and (3.6),
therefore, it suffices to show

ess SuPlyan |21 Vu(@)] < Crll [l 1, (3.10)

with some Cr > 0 independent of |w|. To prove (3.10), we decompose u =
v + w where v, w are defined by Lv = —Vp and Lw = f in R3, respectively.
Using the fundamental solution matrix

K(z,y) = /000(4m)3/2 exp (— 'O“‘”"Zf il > O(|w|t) " dt

of the operator L, see [14], [28], we first consider

Vo(z) = / K(z,y)Vyp(y) dy

N =: Io(7) + Iso().
/|y|<|m/2 /||>x|/2 dy =: Io(x) + Loo()

It is easily seen that

00 2
Io(x) :/ (47Tt)_3/2/ exp (——lx Yl )
0 lyl>e/2 4

< [0(llt) (Vp)(O(wlt)y)] © =7 dy dt.

Since |y| > |z|/2 > 2R for |z| > 4R, one can use (3.8) to obtain

Ix—y|/°° 52 |z —y]?
Io(z)| < C|f / 7 exp | — dt dy.
| ( )| || ||1,R wi>lel/2 |y|3 o At

12




Recall

* . |z T (a—1)
/0 t €xXp (—F dt—w, .T%O, o > ]_, C>07 (311)

where I'(+) is the Gamma function, so that
1
@] <Ol [ oy
ly|>|x|/2 ly[*lr —y|?

Using the change of variable y' = %, it is easily seen that the integral above
is bounded by # We thus obtain

Cllf 1.z

|z

[ ()| < : |z| > 4R. (3.12)

Integration by parts yields

with

oo _ 2
Ini(2) :/ (47rt)_3/2/ exp <——’$ il )
0 lyl=lzl/2 4t

(0wl ) @ (@~ y)
x - p(O(wlt)y) dar, dt,

and

0o 2
Ia () —/ (47”5)_3/2/ exp <_—|x il )
0 lyl<lzl/2 4t

(S DY ottt dyar,

where I = (d;;). For |y| = |z]/2 > 2R, we have [p(O(t)y)| < Clz| 2| f]|1 rs
by (3.8). This together with (3.11) implies

C||f||1,R3/ doy _ C|fllves
|2[2 wielzl2 1T —yl2 T |zf?

Since |z|/2 < |z —y| < 3|z|/2 for |y| < |x|/2, it follows from (3.11) and (3.8)
that

o1 (z)] <

. |zl > 4R (3.13)

0o |l‘|2
0

In(z)] < C / (72l + ) exp () at / 1p(y)] dy
16t lyl<lel/2

C dy
< & Iplisn + Ol s / @
|x|3< . B‘z‘/Q |y|2
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By (3.7) we find ||p||1,8,r < Crl|Pll3/2,002 < Cr||fl]1,r3. As a consequence,

Cllf Nl

I <
| 02(‘7:)| = |ZE|3

(Cr+|z]),  |z| >4R. (3.14)

We collect (3.12), (3.13) and (3.14) to get
€8S SUDP|z>4R |2 *[Vu(@)] < Crllfll1zs, (3.15)

with some Cr > 0 independent of |w|.
Finally, we see from supp f C By that

00 2
vutl <0 [T [ oo (20 1 yiroguondyar

Since |y| < R < |z|/2, we have |z|/2 < |z — y| < 3|z|/2, so that

fe'e) 2
V()| < Cle] / 1572 exp (—ﬂ) at / ()] dy,

yielding with the help of (3.11) the estimate
ess Sup|,sar [2[Vw(@)] < O fllype.

This inequality combined with (3.15) implies (3.10). By analogy, we get the
estimate |z||u(z)| < C||f||1rs. Now we have completed the proof. O

4 Linearized problem in bounded domains

Given a bounded domain Q C R? with smooth boundary 9Q we consider
weak solutions to the boundary value problem

—Au—(wAz) - Vu+wAu+Vp=f in Q,
divu =g in €, (4.1)
u=>0 on 0.

For the usual Stokes problem, the case w = 0, the following results are
known, see Cattabriga [7], Solonnikov [36], Kozono and Sohr [29] and Kozono
and Yamazaki [31]. The second part (ii) follows from (i) by real interpolation.

Lemma 4.1 Let Q C R? be a bounded domain with smooth boundary, let
1 < g < oo and consider problem (4.1) with w = 0.

14



(1) ([7], [36], [29]) Suppose that
fe Wq_l(Q), g € L,(9), /Qg(x)dx = 0.

Then there exists a unique q-weak solution (u,p) € qu(Q) X Ly(S2) (up to an
additive constant for p) subject to the estimate

IValla + oo + 0 = Bllae < C (Il + lolee) . (42)

where p = 1 [ p(z)da.
(#) ([31, Lemma 2.7]) Suppose that

FEWA®), g€ Ln®, [ glade=0.
Q

Then there exists a unique (g, 00)-weak solution (u,p) € qum(Q) X Ly oo (£2)
(up to an additive constant for p) subject to the estimate

IVtllgoot + ltullgos + 1 = Bllases < € (1 iy + lgllgoe) - (43)

In bounded domains, the operator L can be treated as a perturbation
to the Laplace operator. For the argument in the next section it suffices to
consider the case divu = g = 0.

Proposition 4.1 Let Q C R3 be a bounded domain with smooth boundary,
and let 1 < g < oo. Suppose that f € qujo(Q) and g = 0. Then problem

(4.1) possesses a unique (q,00)-weak solution (u,p) € quoo(Q) X Lgoo(€2)
(up to an additive constant for p) subject to the estimate

IVullgoo0 + [[ullgoce + [P = Pllgoon < OH]CHW(;;(Q)v (4.4)

with some C' = C(M) > 0 uniformly in |w| € [0, M], M > 0, where p is as
in Lemma 4.1.

Proof. Set
Du=(e3sNz) - Vu—ezgANu=div[(esNz) @u—u® (e3 A x)].
Then (4.1) can be rewritten as

—Au+ Vp = f + |w|Du, divu = 0.

15



Let T : W, L(Q) — W} (), f — u, be the solution operator defined by
Lemma 4.1 (i) with ¢ = 0. Given f € Wq’(}O(Q), we intend to solve

(1 —|w|TDyu=Tf
in W} (). Lemma 4.1 together with (2.5) yields

IVTDollge00 < CllDi 1 0) < Cllvllgen < e[ VUllgeon

for some ¢ = ¢(q,2) > 0 independent of v € quoo(Q) Therefore, the
operator TD : L, (2) — quoo(Q) is bounded and, due to Lemma 2.1,
even compact as an operator from quoo(Q) into itself. Moreover, we use the
injectivity of the operator 1 — |w|T'D : Wl () — W2, (Q): In fact, the
equation (1 — |w|T'D)u = 0 is equivalent to the Stokes system —Au + Vp =
\w|Du, divu = 0 where |w|Du € L, «(€2). Then a bootstrapping argument
yields u € W (Q), and testing the equation with u itself shows that u = 0.

Now Fredholm theory proves that the operator 1 — |w|T'D has a bounded
inverse. Hence the unique solution u to (4.1) satisfies the estimate

IVullg oo < Coll Fllvirg 1)
We also obtain an associated pressure p from Lemma 4.1 satisfying
lp = DPllgoc. < Cullf + lwlDullyi1 @) < Cull fllvw 2 @)

So far the constant C, will depend somehow on w. However, an argument
by contradiction as at the end of Section 5 will easily prove that C,, = C (M)
uniformly in |w| € [0, M], M > 0, where (4.3) is used instead of (5.12). This
completes the proof. O

Finally we mention a well-known result on the divergence problem.

Lemma 4.2 ([2], [6], [17]) Let Q@ C R™ be a bounded domain with Lipschitz
boundary. Let 1 < q < co and k > 0 integer. Then there is a linear operator
B : Ce(Q) — C§°(2)™ such that

IVEBf o0 < CIIV fllan

with some C' = C(Q,q,k) > 0 and that
div(Bf)=f if /f(:z:)dx = 0.
Q
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By continuity, B is extended uniquely to a bounded operator from Wq’“(Q)
to Wq’““(Q)”, where Wf(ﬂ) is the completion of C§°(S2) with respect to the
norm ||V*()||q. Furthermore, by real interpolation, it is extended uniquely
to a bounded operator from Wq’foo(Q) to Wq'fjol(Q)”, where

W) = (Wi (@), W5 (@)

0,00

with qo,q1 and 0 satisfying (2.3).

5 Linearized problem in exterior domains

This section establishes Theorem 5.1 below on existence, uniqueness and
L3/ -estimate for solutions of the boundary value problem

Lu+Vp=f, divu=0 inD; wu|gp =0, (5.1)
in an exterior domain D.

Theorem 5.1 Let f € W?T/;oo(D)' Then problem (5.1) possesses a unique
(3/2, 00)-weak solution

(t,p) € Wy o (D) X Lsja00(D)
subject to the estimate
[V, Dl + 1@ A2) - Fu=w Al o) < Clflhis oy (52
with some C' = C(M) > 0 uniformly in |w| € [0, M], M > 0.
We begin with the question of uniqueness.

Proposition 5.1 Let f = 0. Then the only (3/2,00)-weak solution (u,p) €
W?}/Q,OO(D) X Lgjo.00(D) of (5.1) is the trivial one, that is, (u,p) = (0,0).
Proof. We use the cut-off procedure, as in [28, Lemma 5.2], to show the
regularity (5.3) below. We fix p > py > 0 so large that R* \ D C B,,, and
take a cut-off function ¢ € C§°(B,; [0, 1]) such that ¢ = 1 on B,, and also
supp (Vo) C A= {z € R3 py < |z| < p}. The solution (u,p) is decomposed
as

{u:U~|—V7 U= (1-¢)u, V = ¢u,

p=o+T, o=(1-9¢p, T = ¢p.

17



Then (U, 0) is a distribution solution to
LU +Vo=F, divU =—-u-Vo¢ in R3,

where

F=2V¢-Vu+[A¢p+ (wAzx) Volu— (Vo)p.

Similarly, (V, 1) is a distribution solution to the usual Stokes problem
—AV +Vr =G, divV=u-V¢ inD,; Vl]sp,=0,
where D, = D N B, and
G=0¢[(wAzx) Vu—wAu] —2V¢-Vu— (Ap)u+ (Vo)p.
By the embedding relation (2.6) and by duality we have
Wzal/z,oo(D) — L3 (D), L33 00(D) — W3_,<>10(D)a
from which it follows that
ula € Ly(A), pla € qul(A) Vqe(L,3),

where A is the annulus above. Let v € C§°(R3). If ¢ > 3/2, so that
¢ =q/(q—1) < 3, then we see

[Pllga < Clitllna < Cllelligrs < ClIV]lg ps,
where 1/r = 1/¢' — 1/3. We thus assume 3/2 < ¢ < 3. Then
[(F,9)] [(2Ve - Vu+[Ad + (w A z) - Volu = (Vo)p, ¥)
< 0 (lulloa+ ol i) I79la + 10)
< O (lullga + Iplhi o)) 198 gm0,

which implies F' € Wq_l(R?’). Furthermore,
[{(wAz)(u- Vo), ¥)| < Cllullgalllly.a < Cllullgal Vel ps,

so that (w A x)(u- V) € W, (R?) as well as u - V¢ € Ly(R?). In view of
Proposition 3.1 we find (VU,0) € L,(R?) for all ¢ € (3/2,3). In the same
way, Lemma 4.1 implies (VV,7) € L,(D,) for all ¢ € (1, 3).

Therefore, Vu € L,(D) for 3/2 < g < 3, which yields u — a € L,, (D) for
some a € R3 where 1/q, = 1/q — 1/3 (see also Lemma 2.2 (iv)); but, since
u € L oo(D), we find a = 0. As a consequence,

we W)(D), peLyD), Vqe(3/23). (5.3)
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Due to Proposition 5.1 of [28], a g-weak solution to (5.1) is unique provided
1 < ¢ < 3. We thus obtain (u,p) = (0,0). O

For given f € Wg’/;OO(D) we will construct the solution of (5.1) by means
of a cut-off technique, using the solutions in the whole space (Section 3) and
in a bounded domain (Section 4).

Fix p > 0 so large that R* \ D C B, 5, and choose cut-off functions
¢; € C°(R3[0,1]), 7 =0, 1,2, satisfying

_ O? ’$‘§p_57 _ 17 ]$|§p—3—|—], .
¢1(x>_{1 2] > p—4, ‘bf(“”)_{o, 2> p—2+j 1= 0%

)

We set
D,=DnNBkB, A, ={zeR%p—4<|z|<p—1}

Consider (3.1) with f replaced by ¢ f and g = 0 in the whole space R?. We
see that ¢, f € Wg_/;OO(RS) with

||¢1f||w37;m(R3) < Clflhi=r (py- (5.4)

3/2,00

This is observed by using Wi (R%) < Ly (R%), see (2.8); in fact, for all
Y € C5°(R?), we find

[(D1f, )] ||f||v’v?;g’oo(p)||v(¢1¢)||3,1
Cliflliys,_ (Illooa, + [ 9ll5,)

C'||f||W—1 (D)|‘va3,l,R3-

3/2,00

(VAN VAR VAN

Let (Uso, Poo) be the solenoidal solution obtained in Proposition 3.2 for the
external force ¢ f, and let

(So0r o) Wg_/l (D) 3 f = (Uoos Poo) € W31/2,00<R3> X L3/2,M(R3)

2,00
denote the solution operator. Here, 1., is uniquely chosen in such a way that
Uso € Lg,oo(]Rg).
We also consider (4.1) with f replaced by ¢of and g = 0 in the bounded
domain © = D,. We easily see that ¢,f € Wg—/é,oo(Dp) with

lo2f it (o) < Cllf by () (5.5)

3/2,00 3/2,00

Let (ug, po) be the solution obtained in Proposition 4.1 for the external force
oo f, and let

(S0, o) Wy (D) > [+ (uo,po) € Wsl/zoo(Dp) X Ls2,00(Dp)

3/2,00
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denote the solution operator. Here, py is chosen such that f D, po(z)dz = 0.

As a parametrix (an approximation of the solution) for the exterior prob-
lem, we take

{ Sf = (1= 0)Secf + ¢oSof + Bl(Secf — Sof) - Vo],

If = (1 = ¢o)lleo f + ¢ollof, (5:6)

where B is the operator defined by Lemma 4.2 in the bounded domain A,.
Note that

JRESEENR Y
Ap
which implies div (Sf) = 0. Concerning the class of (Sf,I1f), we have

Proposition 5.2 Let f € Wg’/;m(D) be given. Then (Sf,11f) € W31/2,00(D)X
Lg/gjoo(D> (I’ﬂd

IVSFllssze0 + 1T llssz00 < Clifllvig o) (5.7)
for some C' = C(M) > 0 uniformly in |w| € [0, M], M > 0.
Proof. By Lemma 4.2 we obtain
[VSfllz200 < [VUsoll3/2,00r3 + VUollz/2,00,0, + Clltice — toll3/2,00,4,
ITLf 37200 < [Pooll3/2,00k3 + [IPoll3/2,00,D, 5

where (Uoo, Poo) = (Soofs oo f) and (ug,po) := (Sof,of). The Sobolev
inequality (2.7) in R?® and the Poincaré inequality (2.5) in D, lead us to the
estimates

||uoo||3/2,oo,Ap S CHUOOH3,OO,R3 S C||vuoo’|3/2,oo,R37

|2oll3/2,00,4, < [|@oll3/2,00,0, < Cl|Vugl|3/2,00,0,-

Thus Propositions 3.2 and 4.1 imply

19 llsse + T 200 < CI0nT ity + 162y ),

3/2,00

which together with (5.4) and (5.5) gives the estimate (5.7). We also have
Sf+a € Lz (D) for some a € R3, see Lemma 2.2. But since Sf = S, f
for large |z| and Swf € Wy,  (R?) — Ly oo(R?), we find a = 0. We have

proved Sf € W§/27W(D). O
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We see that (v, 7) = (Sf,I1f) is a distribution solution to
Lv+Vrn=f+Rf divv=0 inD; wvlgp =0, (5.8)
where the remainder term Rf is defined as

Rf = —2V6o - V(Saf — Sof) — [Ado + (0 A 2) - Vol (S f — Sof)
— LB[(Seof — Sof) - Vo] + (Vo) f — o f).

Lemma 5.1 Suppose that f € W3_/§OO(D) Then we have Rf € Lg/so0(A,)N
Wg—/é,oo(D) and

IR flls 2o, + IRy o < Clflhircs, o (5.9)

3/2,00

Proof. We start with the estimate of Rf in Wg; (D). Let ¥ € C5°(D). By
(2.8) we have, for any r € (1, 00),

[&llr1.4, < Clllloc,a, < CllYlloep < ClIVY 51,0,

from which together with Lemma 4.2 it follows that

<C (HVUOO”3/2,OO,R3 + [[uoo 53,0088 + HpooH3/2,oo7]R3) 1Y lo0,4,
<C (HVUOO”3/2,OO,R3 + ”poo||3/2,oo,R3) INEZERW22

and that

[(LBluoo - V|, )| < C||LBluoe - Voll[3/2,00,4, [|¥]]3,1,4,
< O (IVussllsfa.co., + ltcolls/ze0.,) 111004,
< O([|Vucoll3/2,0082 + [[tiso|l3,0083) [V l3,1,0
< O Vusollz /2,002 [V l3,1,0,

where (oo, Poo) = (Seof, Hoof). The terms including (Sof, o f) can easily
be estimated. As a result, we obtain Rf € Ws_/é (D) and, by Propositions
3.2 and 4.1,

IRl

3/2,00(D)

C (HvuooH?,/2,<><>,JR3 + [|Poo||3/2,00,83 + | Vo ||3/2,00,0, + ”p0H3/2,oo,Dp)
C(H¢1f“W3—/;m(R3) + H¢2f”W;/;,OO(D,J))'

This together with (5.4) and (5.5) implies the estimate of Rf in W?ﬁoo(D)
in (5.9).

<
<

21



Since the support of Rf is contained in A, we get as in the first part of
the proof the estimate of Rf in Lz/s o0(A,). O

By Lemma 5.1 and Proposition 5.2, we find that (v,7) = (Sf,1If) is a
(3/2, 00)-weak solution of (5.8).

Proposition 5.3 The operator R is compact from W,k

. 3/27OO(D) into itself, and
14+ R has a bounded inverse in Ws_/; (D).

Proof. By Lemma 2.1 and (5.9) the operator R is compact in Wg_/l (D). To

2,00
complete the proof, owing to the Fredholm theorem, it suffices to show that

1 + R is injective in Wiém(D) Suppose that (1 + R)f = 0. Then, in view

of (5.8), the pair (v, m) = (Sf,I1f) for such f is a (3/2, c0)-weak solution to
Lv+Vr=0, divi=0 in D; v|sp=0.
From Proposition 5.1 it follows that (v, 7) = (0,0), which yields
(Soof Moo f) = (0,0), |zl =p=1;  (Sof,Ilof) =(0,0), € Dy

Therefore, from the equations in R3 and in D, we find supp f C A,. Both
(Seof, Moo f) and (Sof,Iof) are of class Wy, . (B,) X La/2,00(B,) and they
are (3/2, 00)-weak solutions to

Lu+Vp=f, divu=0 in B,; ulsp, =0,

where now (Syf, Il f) is understood as its extension by zero on the region
B,\ D, =R3\ D. By the uniqueness of solutions on B,, see Proposition 4.1,
we obtain (So f, oo f) = (Sof, o f) in B,, which implies

Seof=Sf=v=0, Hof=1llf=n=0 1in B,.

Returning to the equation in the whole space R?, we obtain f = 0 in D. This
completes the proof. O

Proof of Theorem 5.1. By Propositions 5.2 and 5.3 the pair of
u=S(1+R)f, p=1II(1+R)'f,

provides a (3/2, c0)-weak solution of (5.1) with f € Wg’/;OO(D) and the es-
timate (5.2) holds. This shows the existence part. Uniqueness follows from
Proposition 5.1.
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Finally, we show that the constant C' > 0 in (5.2) is independent of
jw| € [0, M], M > 0. Suppose the contrary. Then there are sequences (w,)
with |w,| € [0, M] and (f,,) C WB_/éoo(D> such that

nh_{{.lo anHW3‘/127OO(D) =0,

Hvun”3/2,00 + ”an3/2,00 + [(wn AZ) - Vi, — wp A un”W‘l

3/2,00

where (uy, p,) € W?}/QW(D) X Lgj2.00(D) is the corresponding weak solution.
Hence there are subsequences, which we denote by the same symbols, so that

w* — lim (u,, p,) = (u,p) in W?}/ZOO(D) X L3 /2.00(D), lim w, = aes.

n—oo n—o0

Let p > 0 be arbitrarily large and set
W3)9.00(Dy) = {t € Lyjp.00(D,); Vu € Lyjs06(D,)}, D, = DN B,

Since this space is compactly embedded into L3z o(D,) and so is L2 oo (D))

in Wg—/é,oo(Dp)v we have

lim (u,, pn) = (u,p) 0 Lz (D,) x Wik (D,). (5.11)

N—00 3/2,00
On the other hand, it is possible to derive the a priori estimate
IVtnll3/2,00 + IPnlls/2.00 + [[(wn A 2) - Vin — wn Aty

3/2,00

<C {||fn||w3j/12m(p) + (1 + |wn)ltnll3/2,00,0, (5.12)

Lot ‘ /D ¢(x)pn(:c)dx)}

(D)

+ llpnllyir,

for the weak solutions (u,,p,) € W?}/Q’oo(D) X Lgj2.00(D), where the cut-off
function ¢ is as in the proof of Proposition 5.1 and C' > 0 is independent
of |wy|. In fact, using Proposition 3.2, Lemma 4.1 and (2.8), we follow the
cut-off argument in the proof of [28, Lemma 5.2] to obtain (5.12).

By (5.10), (5.11) and (5.12), we find, as n — oo,

1< {1+ a)ullszoon, + 1Pl

3/2,00

(Dp>+‘ /D ¢(x)p(ﬂ:)dm‘}. (5.13)

However, the limit (u, p) is a weak solution to (5.1) with angular velocity w =
aes and f = 0, so that Proposition 5.1 implies (u, p) = (0,0), contradicting
(5.13). O
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6 Navier-Stokes problem

This section is devoted to the proof of Theorem 1.1. We begin with the
uniqueness.

Proposition 6.1 For each M > 0 there is a constant 1 = (M) > 0 such
that for |w| € [0, M] the weak solution of (1.2), (1.3) in the class

(Vu,p) S L3/2,OO<D>7 UAS L3,oo<D>7 ||uH3,00 < ﬁ: (61)
1S UNLQUE.

Proof. Let (u,p) and (@, p) be solutions of (1.2), (1.3) in the class (6.1). Set
(w,m) = (u—u,p — p), which obeys

Lw+Vr4+w-Vu+u-Vw =0 in D,
divw =0 in D,
w =0 on 0D,

w —0 as |r| — oo.

Since w = 0 on 0D, it follows from (2.6) that w € W§/27OO(D). By Theorem
5.1, the weak Hélder inequality ([5, Lemma 2.1]) and (2.7), we see that

IVw|ls/2,00 + [|7ll3/2,00 < Cllw - V4 - Vo ||y

3/2,00

< C(l[ullz.oo + llulls.co) [1w]l3,00
< ¢([lullsco + 1ulls.00) [[Verlla/a,co-

(D)

One may take 17 < 1/2¢, so that the condition (6.1) yields w = 0 in W31/2,oo<D)7
and thus 7 = 0 in L33 (D).

Let
T: Wy oo(D) D [ u € Wy (D)

be the solution operator defined by Theorem 5.1 for the linearized problem
(5.1). By (5.2) we have

IVT fll/2,00 < ClI f Iy

3/2,00

(D)- (6-2)
Given v € W31/27OO(D) and b defined by (2.11), we have

2
I(v+0) ® (v+)ll3/2.00 < IV +bll5 00 < C (IVV]l3/2.00 + [w])
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by (2.7). Since b € C5°(R?), we also have
IVb+ (wA2)®b—b® (wAZ)|3/200 = Clw] + |w]?).

Thus, ®(v,b) € W, (D) satistying

3/2,00
. D)llis oy < CUTO e+ Oll] + 1l (63)
Therefore, given f € W?)_/;’OO(D), we define the operator S from Wg}/zm(D)

into itself by
Sv = T[f - (I)(U7 b)]
so that problem (2.12) is reduced to the fixed point problem
v=_Sv inWl, (D).

3/2,00

Once we find a fixed point v of the operator S, we obtain the associated
pressure p as well by Theorem 5.1 with f replaced by f — ®(v,b), and the
pair (v, p) is actually a weak solution to (2.12).

Proof of Theorem 1.1. It follows from (6.2) and (6.3) that
IVSvlls/2.00 = [IVT[f = @(0,b)]]l3/2.00

(6.4)
< o (If i oy + 1903200 + > + o)
Put p = QCO(HJCHW;/;()O(D) + |w|? + |w|) and define the closed ball
B, = {v € Wy oo (D); | Vllsj200 < p}
in W?}/Q,OO(D)' Assume that
1
2
HfHW;/;,OO(D) + |wl” + [w] < 8_cg’ (6.5)

or equivalently, p < 1/4co. Then we see by (6.4) that v € B, implies
IV.S0]l3/2,00 < Cop” + g < p.

Similarly, we have

IV(Sv = Sw)ll3/2.00 = [VT[®(v,0) = ®(w, b)]l|3/2,00
< C[[(v,0) = D(w, b) Iy,

3/2,00
<Clv—w)® (v+b)+ (w+b) @ (v —w)|3/200
< o ([IVolls/2,00 + [VWll3/2,00 + |w]) [V (0 = w)]]3/2,00
< co(2p + W]V (v = w)||3/2,00

(D)
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for v,w € B,, where ¢y > 0 is the same constant as in (6.4). By (6.5) we
find ¢o(2p + |w|) < 1, so that S is contractive from B, into itself. We thus
obtain a solution by Banach’s fixed point theorem. By Proposition 6.1, the
obtained solution (u,p) = (v + b, p) provides a unique solution of (1.2), (1.3)
in the class (6.1) as long as [|[v + b||3.00 < 7. O
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