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Abstract

We prove an implicit function theorem for C*-maps from arbitrary topo-
logical vector spaces over valued fields to Banach spaces (for k > 2). As a
tool, we show the C*-dependence of fixed points on parameters for suitable
families of contractions of a Banach space. Similar results are obtained for
k times strictly differentiable maps, and for k times Lipschitz differentiable
maps. In the real case, our results subsume an implicit function theorem for
Keller C*-maps from arbitrary topological vector spaces to Banach spaces.

Introduction

Generalizations of the implicit function theorem for mappings from suitable real
or complex topological vector spaces to Banach spaces have been obtained in
various settings of analysis. Hiltunen ([18],[19]) studied implicit functions in the
framework of Keller’s Cf-theory [23] (cf. also [20] for recent generalizations to
non-Banach range spaces). Teichmann [32] proved an implicit function theorem
in the “convenient setting” of analysis, under more restrictive conditions. In the
framework of Keller’'s C*-theory, implicit functions from real and complex topo-
logical vector spaces to Banach spaces were discussed in [12].

The notion of a Keller C*-map can be generalized to a notion of C*-map between
open subsets of topological vector spaces over an arbitrary (non-discrete) topo-
logical field [2]. For mappings between open subsets of an ultrametric field, these
C*-maps coincide with those usually considered in Non-Archimedian Analysis
(as in [31]). On the basis of [2], the paper [12] also provided an implicit function
theorem for C*-maps from metrizable topological vector spaces over complete
valued fields to Banach spaces, with a possible loss of one order of differentiabil-
ity in the case of an infinite-dimensional range space.

In the present paper, we discuss implicit functions from topological vector spaces
over valued fields to Banach spaces by a different method, which enables us to
remove the metrizability condition. We can also avoid the former loss of one
order of differentiability. Thus, local solutions to C*-equations are always C*,
as they should be (if £ > 2). Stimulated by discussions of mappings between
real Banach spaces in [22], our new strategy of proof now is to discuss, in a first



step, the existence of fixed points for families of contractions of a Banach space
and their differentiable dependence on parameters. Next, we prove a suitable
Lipschitz Inverse Function Theorem (which varies a result from [35]). The de-
sired implicit function theorem is then an immediate consequence. In fact, the
Lipschitz Inverse Function Theorem entails that, locally, an implicit function A
exists and that its value A(z) at = can be constructed as a fixed point of a suit-
able contraction g, (if k& > 2, say). By the C*-dependence of fixed points on
parameters, A(z) is a C*-function of z.

It useful to work with several variants of C*-maps, because the mere C*-property
(notably, the C'-property) is slightly too weak for some of our purposes, and
envisaged applications. We therefore introduce so-called k times strictly dif-
ferentiable mappings (SC*-maps) between open subsets of topological K-vector
spaces (and subsets with dense interior), as well as k times Lipschitz differentiable
maps (LC*-maps). Our definition of SC*-maps generalizes an earlier definition
for mappings from normed spaces to polynormed vector spaces from [12]. Fur-
thermore, a mapping between open subsets of Banach spaces is once strictly
differentiable in our sense if and only if it is strictly differentiable at each point
in the sense of Bourbaki [3, 1.2.2] (cf. also [25] and [5]). We also mention the
“r-Lipschitz maps” O — K studied by Barsky [1], where K is a local field and O
its maximal compact subring. The differentiability properties just described are
related as follows:

CHl — [0F = SCF = CF.

Thus C*°-maps, SC*°-maps and LC*°-maps all coincide, but we have a certain
range of finite-order differentiability properties.

Among our main results is the following generalization of the Implicit Function
Theorem (Theorem 5.2).

Generalized Implicit Function Theorem. Let K be a valued field, E be a
topological K-vector space, F' be a Banach space over K, and f: U xV — F be
a map, where U C E is a subset with dense interior and V C F is open. Given
x € U, abbreviate f, = f(x,4): V — F. Assume that K, F, k € NU {o0}
and f have properties as shown in the following table. Furthermore, assume that
f(zo,y0) = 0 for some (x0,y0) € U x V and f, (yo) € GL(F). Then there exists
an open neighborhood Uy C U of xg, an open neighborhood Vo C V' of yo, and a
map A: Uy — Vg such that

{(z,y) € Up x Voo: f(x,y) =0} = graph X,

where \ has the differentiability property shown in the table:



I K | £ [ & [ F 2]

arbitrary arbitrary arbitrary | LC* | LC*
arb. arb. arb. SCF | SCF

arb. arb. >2 CF CF
locally compact | dim F' < oo arb. CcF CF

The generalized implicit function theorem is deduced from a suitable “Inverse
Function Theorem with Parameters” (Theorem 5.13), dealing with families of lo-
cal diffeomorphisms. This theorem is our actual main result. As a technical tool,
in Theorem 4.7 we prove differentiable dependence of fixed points on parameters,
for uniform families of contractions in the sense of Definition 4.4:

Theorem (on the Parameter-Dependence of Fixed Points). Let E be
a topological K-vector space, F be a Banach space over K and f: Px U — F
be a map, where P C E is a subset with dense interior and U C F is open.
Given p € P, abbreviate f, := f(p,+): U — F. Assume that (fp)pep is a uni-
form family of contractions and assume that f is C%, SC*, resp., LC* for some
k € NoU{oo}. Let Q be the set of all p € P such that f, has a fized point x,,.
Then the following holds:

(a) Q is open in P;
b) The map ¢: Q — F, p— x, is C*, SC*, resp., LC*.
P

Applications. It is clear that generalizations of such basic and central results
as the inverse- and implicit function theorems have immediate implications.

e In [13], the ultrametric inverse function theorem with parameters in a
Fréchet space is used to prove that the inversion map Diff (M) — Diff (M),
v+ v~ 1 of the diffeomorphism group of a paracompact, finite-dimensional
smooth manifold over a local field is smooth. Also composition being
smooth, Diff (M) is a Lie group (see also [12] for an outline of the proof).!

e Irwin [21] explained how to construct stable manifolds around hyperbolic
fixed points for discrete dynamical systems modeled on real Banach spaces,
with the help of the implicit function theorem (see also [35]). In [14], the
C*-, SC*- and LC*-versions of our inverse function theorem are used to
adapt Irwin’s method to dynamical systems modeled on Banach spaces
over valued fields. Stable manifolds around hyperbolic fixed points of the
respective differentiability class are constructed (and also analytic ones).
Furthermore, the LC*-inverse function theorem with parameters is used in
[14] to study the dependence of the stable manifolds on the non-linearity
(cf. also [12] for an outline of the smooth case).

LCf. also [26], [27] for certain diffeomorphism groups for char K = 0.



e Adapting Irwin’s discussion of pseudo-stable manifolds ([22]; see also [9]),
one can also construct pseudo-stable manifolds around hyperbolic fixed
points for dynamical systems modeled on Banach spaces over valued fields
(see [15]). At the heart of these studies is a refined analysis of the depen-
dence of fixed points on parameters (in specialized situations).

e Varying a classical idea by Chow and Hale [6], C**"-solutions to (systems
of) p-adic differential equations of the form y*) = f(z,y,9/,...,y*=V) for
f an LC™-map and k € N, n € Ny can be constructed using our inverse
function theorems (with and without parameters), which depend on initial
conditions and parameters in a controlled way (work in progress; cf. [31,
§65] for Cl-solutions to scalar-valued first order equations).

e Various applications of the Inverse Function Theorem with Parameters in
the structure theory of infinite-dimensional real Lie groups can be found in
[17]. For example, as shown by Neeb, it can be used to prove that locally
compact subgroups of locally exponential Lie groups are Lie subgroups (as
in the classical case of Banach-Lie groups).2

The stable, unstable and center-stable manifolds available through the preceding
constructions are useful for the theory of finite-dimensional Lie groups over local
fields. In [16], they are used to generalize structure theorems for p-adic Lie groups
and their automorphisms (as in [33] and [10]) to the case of Lie groups over local
fields of positive characteristic (under suitable hypotheses). Further applications
of the generalized implicit function theorems provided here (and their precursors
from [12]) are summarized in the introduction of [12].

Structure of the article. In Section 1 (as well as Appendix A), we compile
definitions, notation and basic facts concerning the differential calculus of C*-
maps over topological fields. We also introduce a certain concept of a “gauge” as
a convenient substitute for seminorms when dealing with arbitrary (not neces-
sarily polynormed) topological vector spaces over valued fields. In Section 2, we
discuss Lipschitz continuous maps between subsets of topological vector spaces
over valued fields and Lipschitz differentiable maps between subsets with dense
interior. Next, we define and discuss strictly differentiable maps and clarify their
relations to C*-maps and LC*-maps (Section 3). Fixed points of contractions
and their dependence on parameters are discussed in Section 4, and the results
obtained are then used in Section 5 to deduce implicit function theorems as well
as inverse function theorems with and without parameters. Appendix B records
a variant of a technical lemma, which is not needed in the main text.

2A smooth Lie group G modeled on a real locally convex space is called locally exponential
if it has an exponential function expg: L(G) — G which induces a local C'°°-diffeomorphism
from an open 0O-neighborhood in L(G) onto an open identity neighborhood in G.



1 Preliminaries and basic facts

The general framework for our studies is the differential calculus of C*-maps
between open subsets of topological vector spaces over non-discrete topological
fields developed in [2]. In this section, we first recall basic definitions and facts
from this theory, which applies to arbitrary topological ground fields, and slightly
extend them by replacing open sets by sets with dense interior. We then intro-
duce various concepts which are important when dealing with valued fields. In
particular, we shall define certain generalizations of seminorms, which we call
“gauges”. With the help of these gauges, we can treat general topological vector
spaces as though they were locally convex. Many definitions, results and proofs
will look exactly as in the locally convex (or polynormed) case, except that con-
tinuous seminorms have been replaced with gauges.?

All topological fields are assumed Hausdorff and non-discrete; all topological
vector spaces are assumed Hausdorff. In Definition 1.1-Lemma 1.13, we shall
assume that K is a topological field; in Definition 1.14-Lemma 1.32, we assume
that (K,|.]) is a (non-trivial) valued field.

C*-maps over topological fields

Let E and F be topological K-vector spaces, and f: U — F be a mapping,
defined on a subset U C E with dense interior. Then the directional difference

quotient
flx+ty) — fz)
t

M, y,t) =
makes sense for all (x,y,t) in the subset
UM = {(z,y,t) eUX ExK*: x+ty e U}

of £ x E x K. To define directional derivatives, we must enlarge this set by
allowing also the value t = 0. Hence, we consider now

UM = {(z,y,t) eUXExK:x+tyecU}.
Thus UM = UM U (U x E x {0}), as a disjoint union.

Definition 1.1 f: U — F is called continuously differentiable (or C1) if f is
continuous (C°) and there exists a continuous map fI1: UM — F which extends
AL uhl - F.

Thus, we assume the existence of a continuous map fI: UM — F such that

flz+ty) — f(x)

; for all (z,y,t) € UM such that t # 0.

f (@, y,t) =

3A similar idea is also implicit in Lang’s definition of total differentiability in general real
topological vector spaces [24, I, § 3].



If it exists, then f[U is unique, by part (a) of the following lemma:

Lemma 1.2 Let E be a topological K-vector space, and U C E be a subset with
dense interior U°. Then the following holds:

(a) UM is a dense open subset of UM;
(b) UMW is a subset of E x E x K with dense interior.

(c) Wtlis open in E x ExK and dense in UM, for each dense subset W C U
which is open in E (e.g., for W := U").

Proof. Clearly Ul'l = UM N (E x E x K*) is open in UM, Furthermore, W'l
(and hence (U°)']) is open in E x E x K, as a consequence of the continuity of
the maps (z,y,t) — x and (z,y,t) — z +ty on E x E x K. All other assertions
will follow readily if we can show that W'l is dense in UM, To this end, let
(z,y,t) € UM and X C E, Y C F and S C K be open neighborhoods of z, ¥
and t, respectively.

If t # 0, then 2+tY is a neighborhood of z+ty € U C W, whence (z+tY)NW #
(. We therefore find 3’ € Y such that z +ty’ € W. Then (W —ty') N X
is a neighborhood of z and hence has non-empty intersection with W. We pick
z' € WN(W —ty')NX. Then ' € W and 2’ +ty’ € W and thus (z',y/,t) € WL
Furthermore, (z/,y',t) € X XY x S.

If t = 0, we pick an element '’ € X N W. By openness of W and continuity of
scalar multiplication, after shrinking Y and S we may assume that '’ +SY C W.
Thus {2’} x Y x § € W'l We choose ¢ € Y and s € S\ {0}. Then (2/,¢/,s) €
WA (X xY x9).

We have shown that W'l is dense in UMM, which completes the proof. O

Lemma 1.2 (b) facilitates to define C*-maps by recursion.

Definition 1.3 Let E and F be topological K-vector spaces and f: U — F
be a map, defined on a subset U C E with dense interior. Given k € N with
k > 2, we say that f is k times continuously differentiable (or C*) if f is C! and
U Ul — Fis C*=1. The map f is called C* (or smooth) if it is C* for all
k € Np.

1.4 For example, every continuous linear map A: E — F' is smooth [2], with
MU(z,y,t) = A(y) for all (z,y,t) € E x E x K (thus A is again continuous
linear).
1.5 The domain of the mapping £ := (f[1)[1 is the set

Ul = (il ¢ ExExKxExExKxK.

We write UK := (UM)E=1 for the domain of fI¥, and set UL .= (UIthIE-1L,



Remark 1.6 Applying Lemma 1.2 (c) to UM and its dense open subset W :=
(UMM, we find that (U?)lis dense in UP!, and inductively that (U°)*! is dense
in U, for each k € N. Hence (f|yo)* uniquely determines fI* in particular
(if it exists). This enables us to extend all relevant results and proofs from [2]
(where only open domains were considered) to the case of non-open domains,
by trivial arguments based on continuous extension. We shall therefore cite (and
apply) results from [2] freely also for mappings on non-open domains. We remark
that, if one is working exclusively with Hausdorff topological vector spaces over
Hausdorff topological fields (in contrast to [2], where the scope was wider), it
can be convenient to replace the somewhat technical axioms from [2] by simpler
ones. Such variants are suggested in Appendix A.

Remark 1.7 A trivial induction shows that U = (U*~1)1 and that f is C*
if and only if fis C*~! and fl*=1 is C' (cf. [2, Rem.4.2]). In this article, we
shall avoid to use fI¥! for higher k as far as possible. Usually, we only need fI.

1.8 Given a C'-map f: U — F as before, we define its directional derivative at
2 € U in the direction y € F via

(Dyf)(x) = df(z,y) = fM(x,y,0).
If x € U°, then

Glay) = May.0) = tm eyt = 2+ ) - @),

07
and thus df (x,y) can be interpreted as a limit of difference quotients. The map
df: U x E — F is continuous, being a partial map of f[l], and it can be shown
that the “differential” f'(z) := df (z,+): E — F of f at z is a continuous K-linear
map, for each x € U (cf. [2, Proposition 2.2]). If f is C?, we define a continuous
map d*f: U x E? — F via da f(z,y1,92) := (Dy,(Dy, f))(z). Thus

&P f(x,y1,y2) = lim L(df (x + tya, 1) — df (z,31)) = F2 (2, 51,0), (y2,0,0), 0).

Similarly, if f is C*, we obtain continuous maps d/ f: U x EJ — F for all j € N
such that j < k via d f(x,y1,...,y;) := (Dy, -+~ Dy, f)(2). It can be shown that
& f(x,s): B9 — F is a symmetric j-linear map (cf. [2, Lemma 4.8]).

Remark 1.9 We remark that, in the real locally convex case, our C*-maps
coincide with Keller’s C¥-maps (as used, e.g., in [11], [17], [28]). More precisely,
let E be a real topological vector space, F' be a locally convex real topological
vector space, U C E be open, f: U — F be a map, and k € NgU {oco} Then f is
C* if and only if f is continuous, the limits d’ f (x, y1, . .., y;) := (Dy, -+ Dy, f)(x)
described in 1.8 exist for all j € N with j < k, and the maps d/ f: U x E‘j — F
so obtained are continuous (see [2, Proposition 7.4]). We mention that if also E
is locally convex, then this characterization remains valid for mappings on locally
convex subsets U C E with dense interior (as considered in [17]).



1.10 (Chain Rule). If E, F', and H are topological K-vector spaces, U C E and
V' C F are subsets with dense interior, and f: U — V C F, g: V — H are
C*-maps, then also the composition go f: U — H is C*. If k > 1, we have
(f(z), fM(z,y,t),t) € VI for all (z,y,t) € UM, and

(g0 N z,y,t) = gV (f (), U, y.8),0). (1)

In particular, d(g o f)(z,y) = dg(f(x),df (x,y)) for all (z,y) € U x E (cf. [2,
Prop. 3.1 and 4.5]).

We recall from [2, La. 4.9] that being C* is a local property.

Lemma 1.11 Let E and F be topological K-vector spaces, and f: U — F be a
map, defined on an open subset U of E. Let k € Ng U {oo}. If there is an open
cover (Uy)ier of U such that f|y,: U; — F is C* for each i € I, then f is C*.O

Symmetry properties of f

The map 1! and also the higher different quotient maps satisfy various identities,
which we need to exploit occasionally. We now describe some properties of f.
A symmetry property of f1? is described in Appendix B. Slightly less explicit
(and more complicated) results concerning f (] for arbitrary k can be found in
[13, La.6.8]. They are also essential for the construction of invariant manifolds
in [14] and [15].

Lemma 1.12 Let E, F be topological K-vector spaces, U C E be a subset with
dense interior and f: U — F be C'. Then (z + tyz,y1 — y2,t) € UM for all
x €U, y1,y2 € E and t € K such that (z,y1,t), (z,y2,t) € UM, and

f[l](z7y17t) - f[l](‘ray27t) = f[l](x +ty27y1 - y27t) . (2)

Proof. The first assertion is clear since x + typ € U (because (z,y2,t) € UM)
and x + tys +t(y1 — y2) = x + tyr € U (because (z,y;1,t) € UM). If t # 0, then

U@,y t) — F (2,0, t) = flae+ty) — fl@)  flz+tys) — fz)

t t
_ fletty) - f@ +tys)
t
_ ettty + ity —y2)) — @+ tyo)
t

= f[l](x"_tyZvyl_vat)a
as desired. If ¢ = 0, then (2) turns into the identity df(x,y1) — df (z,y2) =
df (x,y1 — y2), which is valid by linearity of df (z,.). O

Also the following slightly more complicated symmetry properties will be used.
They shall enable us to shrink certain entries of f[! while inflating others in a
controlled way.



Lemma 1.13 Let E and F be topological vector spaces over a topological field K,
and f: U — F be a C'-map, defined on a subset U C E with dense interior. If
fis C', t € KX, and (x,y,s) € E x E x K such that (z,y,ts) € UMY, then also
(z,ty,s) € UM, and

tfU(z,y,ts) = (2, 1y, s). (3)

Proof. Since z + (ts)y = x + s(ty), it is obvious that (x,ty, s) € UM if and only
if (z,y,ts) € UM In this case, we have

tfW @,y ts) = L(f (2 + tsy) — f(a) = [ (a, ty, )

provided s # 0; if s = 0, then fl(z,ty,s) = fM(z,ty,0) = df(z,ty) =
tdf (x,y) = tf(x,y,0) = tfl(z,y,ts). Thus (3) holds. O

Vector spaces over valued fields, seminorms and gauges

We now fix terminology and notation concerning topological vector spaces over
valued fields, and compile some simple observations which are analogous to well-
known facts concerning locally convex spaces.

Definition 1.14 A wvalued field is a field K, together with an absolute value
[.|: K — [0,00[ (see [36]); we require furthermore that the absolute value be
non-trivial (meaning that it gives rise to a non-discrete topology on K). An
ultrametric field is a valued field (K, |.|) whose absolute value satisfies the ultra-
metric inequality

|z + y| < max{|z|,|y|} for all z,y € K.

Locally compact, totally disconnected, non-discrete topological fields will be re-
ferred to as local fields. It is well known that every local field K admits an
ultrametric absolute value defining its topology [34]. Fixing such an absolute
value on K, we can consider K as an ultrametric field.

Remark 1.15 Note that we do not require that valued fields (nor ultrametric
fields) be complete (with respect to the metric induced by the absolute value).
Of course, we are interested exclusively in complete valued fields — but none of
our results will depend on completeness of K.

Given a valued field (K, |.|), we can speak of seminorms on K-vector spaces (as
in [4, Ch.II, §1, no.1, Defn.1}). If (K,|.|) is an ultrametric field, we can also
speak of ultrametric seminorms (Bourbaki’s “ultra-semi-norms”), satisfying the
ultrametric inequality.

1.16 Recall that a topological vector space E over an ultrametric field K is called
locally convez if every O-neighborhood of E contains an open Q-submodule of F,
where O := {t € K: || < 1} is the valuation ring of K. Equivalently, E is locally



convex if and only if its vector topology is defined by a family of ultrametric
continuous seminorms v: E — [0,00[ on E (cf. [29] for more information, or also
the discussions of Minkowski functionals given below). Let K be a valued field.
We call a topological K-vector space polynormed if its vector topology is defined
by a family of continuous seminorms (which need not be ultrametric seminorms
if K is an ultrametric field).

1.17 A Banach space over a valued field K is a normed K-vector space (E, ||.||)
(see [4, Ch.I, §1, no.2]) which is complete in the metric associated with |.||.

1.18 We shall not presume that normed spaces (nor Banach spaces) over ultra-
metric fields be ultrametric, unless saying so explicitly. For example, /1(Q,) is a
non-ultrametric (and non-locally convex) Banach space over Q,.

We are mainly interested in mappings between polynormed (or even locally con-
vex) spaces, but all of our results can be proved just as well for mappings on
arbitrary topological vector spaces over valued fields, without (or with very lit-
tle) additional effort. To make the general proofs look like those for polynormed
vector spaces, we now introduce a convenient replacement for continuous semi-
norms, namely the more general concept of a gauge.

Definition 1.19 Let E be a topological vector space over a valued field (K, |.|).
A gauge on E is an upper semicontinuous map v: E — [0,00[ (also written
II.|l := ~v) which satisfies y(tz) = |t|y(z) for all t € K and x € E.

Remark 1.20 (a) The upper semicontinuity of a gauge v: E — [0, co[ means
that y~1([0,r[) is open in E, for each r > 0. This is equivalent to the following
condition: For each z € F and net (z,,) in F that converges to x, we have
limsup,, [zally < [l (4)
(b) Every gauge is continuous at 0. Indeed: Since v(0) = 0 and v > 0 pointwise,
this follows from the upper semicontinuity.
(c) Sums of gauges and non-negative multiples ry of gauges are gauges.

Remark 1.21 Typical examples of gauges are Minkowski functionals of bal-
anced, open 0-neighborhoods. We recall: If F is a topological vector space over a
valued field K, then a subset U C F is called balanced if tU C U for all t € K such
that [t| < 1. It is easy to see that the filter of O-neighborhoods of E has a basis
of balanced, open 0-neighborhoods. For any balanced, open 0-neighborhood U,
we define its Minkowski functional py: E — [0, 00[ via

pup () = inf{|t|: ¢ € K* such that z € tU}.

Clearly py(sz) = |s|uy(x) for all x € E and s € K. To see that uy is a gauge,
it only remains to check its upper semicontinuity. To this end, let * € E and
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€ > 0. There is t € K* such that € tU and |t| < uy(z) +e. Then tU is a
neighborhood of x such that py(y) < |t| < py(z) +e for all y € tU.
For later use, we observe that

{zeE: pylx) <1} CU C{zeE: py(zx)<1} C tU (5)

for each ¢ € K such that |t| > 1. Note that, in contrast to the familiar real case,
tU on the right hand side of (5) cannot be replaced by the closure U in general,
as the example E := K :=C,, U := {z € C,: |z| < 1} shows. In this case, U is
closed, and it is a proper subset of {x € C,: |z| < 1}.

Definition 1.22 Given a topological K-vector space FE, x € F, r > 0 and a
gauge v on E, we set B)(z) == {y € E: |y — z||, < r} and B, (z) := {y € E:
ly —z|ly < r}. If (E,|.||) is a normed space over K and the norm v := .||
is understood, we simply write BF(z) := B)(z) and Ef(x) .= B)(x). We

abbreviate B,.(r) := BE(x) when no confusion is possible, and B,(z) := BZ(z).

Given a balanced, open 0-neighborhood V' C E and ¢ € K such that |¢| > 1, the
set U := t~1V is a balanced, open 0-neighborhood. The right hand side of (5)
being V, we deduce that the balls B7 (0) form a basis of 0-neighborhoods for E,
if v ranges through the set of all gauges on F.

Definition 1.23 Let E be a topological vector space over a valued field K. A
set I' of gauges on E is called a fundamental system of gauges if

{B}(0): y€T,r€]0,00[}
is a basis for the filter of 0-neighborhoods in E.
It is useful to single out a simple argument which will be used repeatedly.

Lemma 1.24 Let E be a vector space over a valued field K and v,n: E — [0, 00]
be mappings such that y(tz) = |t|y(x) and n(tx) = |tIn(x) for allz € E, t € K.
We assume that there are r,s > 0 such that B?(0) C B (0), using notation as in
Definition 1.22. Then

v < rs”Hal iy

for each a € K* such that |a| < 1.

Proof. Let x € E. If n(z) # 0, pick k € Z such that |a/**! < s71n(x) < |a|*. If
n(x) = 0, pick any k € Z. Then n(a=*z) < s and thus |a| *y(z) = v(a *x) < 7,
whence

(@) < rlal®. (6)
If n(z) > 0, then the right hand side of (6) is < rs~!|a|~!n(z), as required. If
n(z) = 0, we can choose k arbitrarily large, and thus (6) entails that y(z) =0 <
rs~1|a|~n(x) also in this case. g

11



Remark 1.25 If v is a gauge on E, a € K* such that |a| < 1, and U := B‘Va‘(O),

then BV (0) C U by (5), whence v < uy by Lemma 1.24. Therefore Minkowski
functionals form a fundamental system of gauges in particular.

Remark 1.26 If I' is a fundamental system of gauges for F, and v is a gauge
on FE, then there exists a gauge n € ' and ¢ > 0 such that v < ¢n. In fact,
there exists n € ' and 7 > 0 such that B7(0) C B](0). Then v < r~Ya|~1n, by
Lemma 1.24.

Lemma 1.27 Let E be a topological vector space over a valued field K, and ' be
a fundamental system of gauges on E. Then the following holds:

(a) The set of balls {BY)(x): v € T, r € ]0,00[} is a basis for the filter of neigh-
borhoods of x in E, and so is {E(x vy €T, re]0,00[}. If]0,00[T CT,
then also {B](x): v € T} and {B, (z): v € '} are bases.

(b) A map f: X — E from a topological space to E is continuous at x € X if
and only if, for each gauge v € T' and € > 0, there exists a neighborhood
U of x in X such that ||f(y) — f(z)|, < e for ally € U. Or equivalently:
| f(xza)—f(2)]ly — 0, for each v € T and each net (z4) in X that converges
to x.

(¢) Suppose that also Ey is a topological K-vector space, T'1 a fundamental set
of gauges on Fq, and a: E — Eq a linear map. Then o is continuous if
and only if, for each v € 'y, there exists n € T' and a constant ¢ € [0, 00[
such that

la(z)]ly < dlzll, forall x € E.

If [0,00[T C T and « is continuous, then n and c¢ can always be chosen
such that ¢ = 1.

Proof. (a) Given z € E, the map F — E, y — z + y is a homeomor-
phism. Hence, if T is a fundamental system of gauges on E, then {B}(x) =
x4+ BY(0): v €T, rel0,o00[} is a basis for the filter of neighborhoods of z in E.
Similarly, so is {B, (z) = = + B)(0): y € T, r €]0,00[}. Since Bf/r(x) = BJ(z)
and PY/T(Q:) = B, (z) for each v € I" and r > 0, the final assertions follow.

(b) As a consequence of (a), the map f is continuous at x if and only if
FHBY(f(x) ={y e X: ||f(y) — f(z)|ly <r}is a neighborhood of z, for each
v €T and r > 0. Hence the first assertion holds. It also follows from (a) that
f(zo) — f(x) if and only if f(zy) € BY(f(x)) eventually for all v € " and r > 0.
Since f(zq) € BY(f(x)) if and only if || f(za) — f(z)||y < r, the second assertion
follows.

(¢) Suppose that, for each v, a gauge 1 can be chosen as described. Then
a(B!_,,(0)) C B}(0) for each r > 0, entailing that « is continuous at 0 and hence
continuous. If « is continuous and 7 is a gauge on Fj, then U := a~!(B](0)) =
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B7°%(0) is a balanced open 0-neighborhood in E. There exists n € I' and r > 0
such that B7(0) C U. Applying Lemma 1.24 to v o  and 7, we obtain yo o <
r~ta|=tn = en with ¢ :=r~']a| L. O

Definition 1.28 In the situation of Lemma 1.27 (¢), we set
ll|ly,5 == min{c > 0: |ja(z)||y < c||z||, for all z € E}.

Note that the triangle inequality need not hold for gauges. The following lemma
provides a certain substitute.

Lemma 1.29 If E is a topological vector space over a valued field K and U,V C
E are balanced open 0-neitghborhoods such that V 4+ V C U, then

pu(z+y) < max{py(2),pv(y)} forallz,y € E. (7)

As a consequence, for each gauge ||.||, on E, there is a gauge ||.||l,, on E such that

lz+ylly < max{[lzlly, [ylly} forallz,y € E. (8)

Proof. Let 2,y € E. Given € > 0, there exists ¢t € K* such that [t| < py(z) +¢
and = € tV, and s € K* such that |s| < py(y) + € and y € sV. Assume that
|s| < [|t] (the case |s| > |t| is similar). Then z,y € tV and thus x +y € tV +tV =
t(V + V) C tU, entailing that uy(z + y) < [t < max{uv(x), pv(y)} +e. As
€ > 0 was arbitrary, (7) follows.

Given ~, by Remark 1.25 there exists U such that v < puy. Choosing V as
before we then have (8) with 7 := uy. O

Recall that a subset B C F of a topological vector space E over a valued field K
is called bounded if, for each 0-neighborhood U C FE, there exists t € K* such
that B C tU.

Definition 1.30 If E and F are topological vector spaces over a valued field K,
we equip the space L(E, F') of continuous K-linear maps E — F with the topology
of uniform convergence on bounded subsets of E. Thus, we equip L(E, F') with
the unique vector topology which has the sets

[B,U] :={a € L(E,F): a(B) CU}

as a filter basis of 0-neighborhoods, where B ranges through the bounded subsets
of E and U through the 0-neighborhoods of F (it easily follows from [4, Ch.I,
81, no.5, Prop. 4] that such a vector topology exists). As usual, we abbreviate
L(E):=L(E,E) and set

GL(E) := L(E) =={a€e L(E): B L(E)st.aof=Poa=idg}.
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Remark 1.31 Note that the gauges
[lly.8: £(E, F) = [0,00[, [lally,5 := sup{[|a(z)]ly: = € B}

define the vector topology on L(E, F'), for B and « ranging through the bounded
subsets of F and the gauges on F, respectively. If F' is polynormed (resp., locally
convex), then also L(E, F) is polynormed (resp., locally convex), because ||.||,,5
is a seminorm (resp., an ultrametric seminorm) if so is v. If (E, ||.||g) is normed
and F' is polynormed, then the vector topology on L(FE, F') arises from the family
of continuous seminorms ||.||y: £L(E, F)) — [0, 0o defined for a € L(E, F) via

ledly := sup{fla(v)ll - loll 5" 0 # v € E} € [0, 00] 9)

where 7 ranges through the continuous seminorms on F (see Lemma 1.32 below;
cf. also [30, note on p.59]). By definition, we have

le(@)ll, < llafl,[lzlz  forall z € E. (10)
If both (E, ||.||g) and (F, ||.||) are normed, then L(E, F) is normable; its vector
topology arises from the operator norm ||.|| := ||.||, defined in (9), with v := ||.|| 7.
It is easy to see that the operator norm ||.|| is ultrametric if the norm ||.|z is

ultrametric. If F is a Banach space here, then also £(FE,F) is complete and
hence a Banach space (this can be shown as in the real case). It easily follows
from the definition of the operator norm on £(E) that ||ao 8| < |la| - ||8]| for all
a,p € L(E).

The following observation is occasionally useful.

Lemma 1.32 Let a: E — F be a linear map, v be a gauge on F and n be a
gauge on E such that

lallz = sup{laully: v € BY < oo,
where B := BY(0). Then

ladly.s < llellyy < lal™ ol

7B (11)
for each a € K* such that |a| < 1. If |[K*| is dense in [0,00[, then |||, =

leell -

Proof. For each x € B, we have |a(z)|y < [y qnllzll, < llaly,, and thus
lally,B == sup{a(x)||y: € B} < |la||,,,. Hence the first half of (11) holds. To
prove the second, let 7 > |la|ly,g. Then a(B) C B} (0) and thus B C B}°*(0).
Then v o a < r~!a|~'n, by Lemma 1.24, entailing that ||y, < rla|~!. Let-

ting 7 — ||a||,, the second half of (11) follows. The other assertions are now
immediate. O

Note that the notation |||,z is abused in Lemma 1.32 for a set B which need
not be bounded (unless E is normed).

If E is a Banach space, then GL(FE) is open in L(F) and is a topological group.
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Proposition 1.33 If (E,|.||) is a Banach space, then GL(E) is open in L(E)
and the inversion map v: GL(E) — GL(E), t(a) := a~! is continuous. For each
a € L(E) with operator norm ||a|| < 1, we have idg —a € GL(E),

(idg —a)™t = i % (12)
k=0

and
1

el [ ——
1=«
If K is an ultrametric here and the norm ||.|| on E is ultrametric, then the set

Q = {idg —a: a € L(E) such that ||a|| < 1}

[ (idg —a) (13)

is an open subgroup of GL(E) and each o € Q is an isometry. As a consequence,
in the ultrametric case also the set

Iso(E) := {a € GL(E): (Vu € E) [a(u)[| = [Ju]}

of surjective linear isometries is an open subgroup of GL(E).

Proof. Since ||o*| < |la|* and £(E) is complete, the Neumann series Yo, o

converges for all & € L£(F) such that [Ja| < 1. Then (idg —a) Y je, o* =idp =
(>peoa®)(idg —«), showing that (12) holds. The convergence of the Neumann
series being uniform on the set {a € L(E): ||a|| < 1}, we see that ¢ is continuous
on an identity neighborhood and hence continuous (since GL(E) is a topological
monoid). The calculation

s o = [ o] < ot -
k=0 k=0

establishes (11). In the ultrametric case, given « € L(F) with ||«|| < 1 we have
la(z)]] < ||=|| and hence ||(idg —a).z|| = ||z|| for all 0 # x € E, whence idg —«
is an isometry. Furthermore, idg —« is invertible by the preceding, with inverse
(idg —a) ' =idp — (=Y 10, a¥) € Qas |- 12, oF|| < max{|a*||: k € N} < 1.
Given idg —a,idg —f € Q, we have (idg —a) o (idg =) = idg —(a+F—aof) €
Q. Thus 2 is an open subgroup of GL(FE). Since Q C Iso(E), also Iso(F) is an
open subgroup. O

Actually, GL(E) is a Lie group, by [13, Proposition 2.2].

Lemma 1.34 Let E1, E5 and F be topological vector spaces over a valued field
and \: E1 — Fy be a continuous linear map. Then the mappings

L F): L(E2, F) — L(E1,F), a—aoA

and
L(F,\): L(F,Ey) — L(F,E3), ar— Ao«

are continuous and linear.
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Proof. Clearly both maps are linear. If B C FE; is a bounded set and U C F a
0-neighborhood, then A(B) C FEs is bounded and L(X, F)(|A(B),U]|) C |B,U].
Hence L(\, F') is continuous at 0 and hence continuous.

If B C F is bounded and U C E, a 0O-neighborhood, then A\=1(U) is a 0-
neighborhood in E; and L(F,\)(|B,A\"1(U)]) C | B,U]. Hence L(F,\) is con-
tinuous at 0 and hence continuous. O

2 Lipschitz continuous and Lipschitz differentiable
mappings

In this section, we set up our terminology and prove basic facts concerning Lip-
schitz conditions, Lipschitz continuity and Lipschitz differentiability.

Lipschitz conditions and Lipschitz continuity

We first consider functions between normed spaces that satisfy a global Lipschitz
condition.

Definition 2.1 Let F and F be normed spaces over a valued field K and U C FE
be a subset. We say that a map f: U — F is Lipschitz if there exists L € [0, 00
such that

[f(z)=fWI < Llz—yl| forallz,yeU. (14)
In this case, we define
Lip(f) := sup{W:x,yeU,x#y} € [0, 00]. (15)

Thus Lip(f) is the smallest possible choice for the Lipschitz constant L.

Lemma 2.2 Let E and F be normed spaces over a valued field K, U C E be
a subset with dense interior, and f: U — E be a mapping which is C' and
Lipschitz. Then || f'(z)|| < Lip(f) for each xz € U.

Proof. Given z € U° and y € E, we have
IF@al = lm )~ )
Lip(f)llyll

because | f(z +ty) — f(z)| < Lip(f)[tyll = [t Lip(f)]ly[. Hence |f'(z).yll =
|\df (z,y)|| < Lip(f)||y|| for all x € U, because df is continuous and U° is dense

in U. As a consequence, || f/(z)]| = sup{||f'(x).yll/Ilyll: 0 # y € E} < Lip(f). O

While the Lipschitz maps just introduced satisfy a quite restrictive condition,
we shall use the term “Lipschitz continuity” for a much weaker property, which
amounts to a local Lipschitz condition in the case of mappings between normed
spaces.

= lim [t f (@ + ty) = f()]

IN
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Definition 2.3 Let E and F be topological vector spaces over a valued field K,
and U C F be a subset. A map f: U — F is called Lipschitz continuous if, for
every zo € U and gauge v on F', there exists a gauge n on F and § > 0 such that

1F ) = F@)ly < lly =l forall z,y € Bj(zo) NU.

After replacing n with a suitable multiple, we may always assume that § = 1.
If U is open, we may also assume that Bj(zg) C U, whenever this is convenient.

Remark 2.4 For example, every continuous linear map is Lipschitz continuous,
by Lemma 1.27 (c).

Lemma 2.5 Let E, F and H be topological vector spaces over a valued field K,
UCEFE andV C F be subsets, and f: U —V C F and g: V — H be mappings.
Then the following holds:

(a) If f is Lipschitz continuous then f is continuous.

)
(b) If f and g are Lipschitz continuous, then g o f is Lipschitz continuous.
(c) If U has dense interior and f is C', then f is Lipschitz continuous.

)

(d) If f is Lipschitz continuous and both E and F are Banach spaces, then
every point x € U has a neighborhood W in U such that f|w is Lipschitz.

Proof. (a) Given zy € U and a gauge v on F, choose a gauge n on E and
§ €]0,1] as in Definition 2.3. Then f(U N B}(z0)) C B, (f(z0)) C B, (f(0)),
whence f is continuous at xp by Lemma 1.27 (a).

(b) Let € U. Given a gauge ¢ on H, there exists a gauge v on F and
6 > 0 such that [|g(z) — g(y)llc < ||z =yl for all y,z € V.1 Bj(f(z)). There
exists a gauge n on E and § € ]0,6] such that ||f(z) — f(y)|ly < ||z — yll, for
all z,y € UN BJ(xz). Then f(y) € VN B, (f(x)) for all y € BJ(x) and thus

lg(f (=) = g(fWDllc < 1f(2) = FW)lly < 2 = yll, for all 2,y € By(x).
(¢) We use the first order Taylor expansion

flx+ty) = f(x) = tdf (z,y) + tR(z,y,1)

of the C'-map f: E D U — F (cf. [2, Theorem 5.1]). Here Ry: Ul — Fis a
continuous map and

Ri(z,y,1) = tRy(z,t 'y, t) for t € K* and (z,y) € U x E such that z +y € U.

Fix zy € U. Let v be a gauge on F. Pick a € K* such that |a| < 1, and a
gauge 7 on F such that [|u + v|, < max{|ul,,|v|,} for all u,v € F. Since

df (x9,0) = 0, using the continuity_of df we find a gauge ¢ on E such that
ldf (z, )|l < |al for all € Bf (x0)NU and y € Bf(0), whence ||df (z,y)l, < |lyc

for all # € B$(x9) NU and y € E (cf. Lemma 1.32). Since Ri(0,0,0) =
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0, we find a gauge o on E and r €]0,1] such that ||Ry(z,y,t)|, < 1 for all
x € BI(xo), y € BJ(0) and t € B,(0) C K such that (z,y,t) € UM; we
may assume that ¢ > (. Let 7 be a gauge on E such that 7 > |a|"lr~1o
and |lu + v, < max{||ull;,|[v||;} for all u,v € E. Define § := ir%|al. Given
z,y € Bl (z9) NU, set z :=y —z. If ||z, > 0, there is k € Z such that |a|**! <
1~ zllo < la*. Then |la=*z|, < r and |a*| < |a|~tr7Y||2]lo < |a|~2r71 < 7,
whence [|Ry(z, 2, 1)l = |a*| [ Ri(z,a”*2,a")|l, < [a*] < |a|7'r7Yz]lo < ||z,
and thus [[£(y) — F@)lly = (2 +2) — F@)lly = 4. 2) + a5 1) <
max {||df (z, )|y, | R1(x, 2, 1)lln } < [|2]|-. Hence

1) = f@)ly < lly ==l (16)

If ||z]l, = 0, given € > 0 pick ¢ € K* such that |t/ < min{r,e}. Then
||df(:L‘7Z)H7] = 0 and HRl(CC,Z,l)Hn = |t| ||R1(x,t_1z,t)||,, < |t| < €, whence
|Ri(x,2,1)||, =0 (as € was arbitrary). Thus (16) also holds if ||z||, = 0.

(d) Let ||.|| g and ||.|| » be the norms on the normed spaces E and F, respectively.
Given zy € U, by Lipschitz continuity there exists a neighborhood W C U of xg
and a gauge v on E such that ||f(z) — f(y)llr < ||z —y||5 for all z,y € W. Since
{Il-lg} is a fundamental system of gauges for F, Remark 1.26 provides L > 0
such that v < L||.||g. Thus || f(2)— f(y)|lFr < L||z—yl|/g for all z,y € W, showing
that f|w is Lipschitz. O

Lipschitz differentiable maps

We now strengthen the C*-property by imposing Lipschitz continuity of the
extended difference quotient maps. The LC*-maps so obtained are valuable, for
example, in the context of p-adic differential equations. They are also used in
[14] to study the parameter dependence of stable manifolds.

Definition 2.6 Let K be a valued field, £ and F' be topological K-vector spaces,
U C FE be a subset with dense interior, and f: U — F be a mapping. Let
k € NgU{oco}. We say that f is k times Lipschitz differentiable (or an LC*-map)
if fis C* and fU!: UUl — F is Lipschitz continuous for all j € Ny such that
§ <k (where fI0 .= f).

Note that the Lipschitz continuity of fU! is automatic for j < k, by Lemma 2.5 (c).
In particular, f is LC™ if and only if f is C*°. Also note that LC%-maps are
precisely the Lipschitz continuous maps (on subsets with dense interior).

Proposition 2.7 Let K be a valued field, E, F and H be topological K-vector
spaces, U C E and V C F be subsets with dense interior, and f: U — V as well
as g: V. — H be LC*-maps. Then also go f: U — H is LC*.

Proof. In [2], so-called “C%-concepts” were introduced, dealing (in particular)
with mappings between open subsets of Hausdorff topological vector spaces. As
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mentioned before, this idea can directly be adapted to mappings between subsets
with dense interior (cf. also Appendix A). It is clear that Lipschitz continu-
ous maps between subsets with dense interior of Hausdorff topological K-vector
spaces define a C%-concept, and that LC*-maps are precisely the C¥-maps with
respect to this C%-concept. We now use that compositions of C*-maps are always
CF (cf. [2, Proposition 4.5]). O

Lemma 2.8 Let E and F be topological vector spaces over a complete valued
field K and f: U — F be an LC'-map on a subset U C E with dense interior.
Then the following holds:

(a) The map f': U — L(E,F), x — f'(x) = df(x,.) is Lipschitz continuous
and hence continuous.

(b) For each gauge v on F and x € U, there exists a gauge & on E such that
1£'(z) = £ @)llve < llz=wlle forall z,y € Bi(x)nU.  (17)

Proof. (a) Given x € U, let vy be a gauge on F and B C E be a bounded set.
Since fMU is Lipschitz continuous, also its partial map df : U x E — F is Lipschitz
continuous. As a consequence, there exists a gauge 1 on E such that

ldf (z,v) = df (y, w)ll,, < max{]|z =y, [ = ull,} (18)

for all (y,u), (z,v) € (UN B(x)) x B](0). By boundedness of B, there exists

t € K* such that tB C B} (0). We may assume that |t| < 1. Then also ¢ := |t| "1

is a gauge on E. Given z,y € UN Bf(ac) C BY(z) and u € B, we then have

1£/(2)-u = f'(m)ully = I (2)-tu = f/(y)tully < 42— ylly = 2 = ylle.

Hence ||f'(2) — f'()llv.5 < ||z — yllc for all z,y € U N Bf(x). As the gauges

|.Il4,5 form a fundamental system, we deduce that f’ is Lipschitz continuous.
(b) Taking u = v in (18), we see that

df (z,u) = df (y, w)lly < llz=wylly (19)

for all z,y € U N BY(z) and all u € B}(0). Pick a € K* such that |a| < 1. Then
(17) is satisfied with & := |a|~1n. This follows from (19) and Lemma 1.32. O

The following technical lemma will be needed when we consider families of con-
tractions of a Banach space and study differentiable dependence of fixed points
on parameters.

Lemma 2.9 Let K be a valued field, E and F be topological vector spaces over K
and f: U — F be an LC '-map on a subset U C E with dense interior. Let
x9 € U, yo € E and v be a gauge on F. Then there exists a gauge n on E with
the following property: For each € > 0, there is § > 0 such that

£ (@, g1, ) = 0, y2,t) = f(@0)-(g1 = w2)lly < € llon — 2l (20)
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for all elements x € Bi(x0) N U, y1,y2 € By(yo) and t € Bs(0) C K satisfying
(mvylat)7 (xayQat) S U[ﬁ

Proof. We shall prove the following stronger assertion, from which the Lemma
readily follows by taking 0 := min{p, §}:

2.10 There exists a gauge n on E and p,C > 0 such that

1P (g, ) = U@ y2,1) = ' (20)- (1 = w2)
< C-max {|lyr — Yolln: ly2 — volln: Iz = zolln: [t} - lyr — w2, (21)

for all elements x € B))(x0) NU, y1,y2 € B)l(yo) and t € B,(0) C K satisfying
(:Eyylat)7 (xva,t) (S U[l]

Let ¢ be a gauge on F such that || u+v|, < max{|u||¢, ||v|¢}. Given any elements
z €U, y1,y2 € F and t € K such that (z,y1,1t), (z,y2,t) € UM, we have

M @y, t) = U (g, 1) = F(0)- (1 — w2)ll+
= M@+ ty2, 51 — y2. ) — £ (0)-(1 — v2) I+
1M @+ tya, 1 — o, 1) — (2 + tya) (1 — 2)
+(f' (= +tya) — f'(20))-(y1 — y2)ll
max {Hfm(x +ty2, Y1 — Y2, t) — fm(x +ty2,y1 — y2,0)]l¢,
(' (2 + ty2) = f'(20))-(y1 — w2)llc} (22)

using Lemma 1.12 to obtain the first equality.

IN

By Lemma 2.8 (b), there exists a gauge £ on E such that
1 (1) = f'(@2)llce < llwn —aalle for all 21,25 € Bi(z0) NU. (23)

There exists r € ]0,1] and a gauge k£ on E such that ||u+v|¢ < max{||uls, ||v||«}
for all u,v € E, and such that a + sb € B%(z) for all a € B (x¢), b € B (yo)
and s € BX(0). As & is upper semicontinuous, after shrinking r we may assume
that k(b) < k(yo) +1 =: Cy for all b € Bf(yop). Then

[(f' (2 + ty2) = f'(z0)-(y1 — y2)ll¢

1" (@ +ty2) = f'(wo)llc.ellyr — valle

lz — 0 + ty2llellyr — yalle

max{ ||z — zol|x, [y2lllt[} - ly1 — yallx
Crmax{||z — zol|w, [t]} - [ly1 — y2llx (24)

VAN VAN VAN VAN

whenever x € B (zq), y2 € Bf(yo) and t € BX(0) in the above situation. Hence,
we have established estimates of the desired form for the second term in (22).
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By Lipschitz continuity of f[ll, there exists a gauge # > x on E, L > 0 and
o €10,7] such that

1M (@ un,t) = fP@e,un, )|l < Lmax{||lzy — 22lo, ur — uzllo, [t1 — t2|}

for all x1,z9 € BY(xo) N U, uy,uz € BY(0), and t1,t2 € BX(0). We choose
a € K* such that |a] < 1. There exists a gauge n on E and p € 0, o] such that
llu+ vllo < max{|ul,,||v],} for all u,v € E and

BJl(z0) + By (0)B](yo) € B(x). (25)

To see that 17 and p have the desired properties, let , y1, y2 and t be as described
in 2.10. If ||y1 — y2]l¢ # 0, we let k& € Ny be the unique element such that
lal* T < p7Hlyr — y2lle < |al*. If |ly1 — y2lle = 0, we let k € Ny be arbitrary. In
either case, we abbreviate s := a¥. Then |s| < 1. Using the difference quotient
identity (3) from Lemma 1.13, we obtain the following estimates for the first term
in (22):

£ (@ + tya,y1 — yo, 1) — FU (@ + ty2, y1 — 12, 0) ¢

= sl [l (@ + tya, s w1 — y2), st) — (@ + tya, s Hyr — y2),0)|l¢
< Js|Llst| = |sPLlt| < |s]’L = |a**L (26)

because ||s~(y1 — y2)|lg < p by definition of s, and z + tyo € B?(z¢) by (25). If
ly1 = y2llo # 0, then
jal**L < Lla|2p~?|lyr — w2l
< Llal"*p max{[lyr — yolly, ly2 = volly} - lyr — v2llo

and thus

1M (@ + tyz, g1 = ya, ) — fU (@ + tya, 11 — 2,0l
< Comax{|lyr — yolly: ly2 — volly} - ly1 — vally (27)

with Cy := Lla|™2p~2. If ||y1 — y2|l¢ = 0, then k can be chosen arbitrarily large
in (26). Hence || fM (2 + tya, y1 — y2,t) — fM (2 + tya, y1 — y2,0)[|¢c = 0, and thus
(27) also holds in this case. Since p < r and 7 > &, we deduce from (24) and (27)
that (22) holds, with C := max{Cy, Cs}. O

3 Strictly differentiable mappings

In this section, we discuss a second class of maps which are k-times differentiable
in a stronger sense then mere C*-maps, namely k times strictly differentiable
maps (SC*¥-maps). These SC*-maps resemble to some extent the familiar contin-
uously Fréchet differentiable mappings between real Banach spaces (for example,
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it is known that a map between real Banach spaces is once strictly differentiable
if and only if it is continuously Fréchet differentiable, see [5]). The SC*-property
is weaker than the LC*-property, but yet sufficiently strong for many purposes.
For example, because mere C'-maps need not be approximated well enough by
their linearization around a given point, we shall not be able to prove inverse
function theorems for C'-maps in general (only for C*-maps with k& > 2, or in
the presence of locally compactness). Strict differentiability, by contrast, pro-
vides exactly the quality of approximation needed to make the construction of
inverse functions work.

Definition of strictly differentiable maps

Before we define strictly differentiable maps in general, let us consider the simpler
special case of mappings between normed spaces.

Definition 3.1 Let K be a valued field, £ and F' be normed K-vector spaces,
U C FE be a subset with dense interior, and f: U — F be a map. Given z € U,
we say that f is strictly differentiable at x if there exists a continuous linear map
f'(z) € L(E, F) such that, for every £ > 0, there exists ¢ > 0 such that

1£(2) = f(w) = f'(@)(z = p)| < ellz—yl (28)

for all y,z € U such that ||z — x| < § and ||y — x| < §. The map f is called
strictly differentiable if it is strictly differentiable at each = € U.

Remark 3.2 Clearly strict differentiability at x implies total differentiability
at x in the conventional sense (fixing z = x). But it is a stronger condition, as
we are even allowed to let two elements z and y pass to x simultaneously.

Remark 3.3 It is illuminating to interpret strict differentiability in terms of
Lipschitz conditions. Writing f: U — F,~f(y) = fly) = flx) = f'(z).(y — x),
we have f(y) = f(z) + f'(z).(y — z) + f(y), i.e., f is the remainder term of
the affine linear approximation (first order Taylor expansion) of f at x. Strict
differentiability at « means that, for each € > 0, we can find § > 0 such that
f|35(m)nU is a Lipschitz map with Lip(f|35(r)nU) < e. To see this, note that the

left hand side of (28) can be written as ||f(z) — f(y)]|.

We now state the appropriate generalization of Definition 3.1 for mappings be-
tween arbitrary topological vector spaces over valued fields.

Definition 3.4 Let K be a valued field, £ and F be topological K-vector spaces,
U C E be a subset with dense interior, and f: U — F be a map. Given z € U,
we say that f is strictly differentiable at x if there exists a continuous linear map
f'(z) € L(E, F) such that, for each gauge .|, on F there exists a gauge ||.|,
on E with the following property: For each € > 0, there exists § > 0 such that

1f(2) = f(y) = f'(@)-(z = y)lly <ellz —ylly (29)
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for all y,z € U such that ||z — z||, < 0 and ||y — x|/, < §. The map f is called
strictly differentiable if it is strictly differentiable at each = € U.

Lemma 3.5 f'(z) is uniquely determined in the preceding situation.

Proof. Suppose that also o € L(E, F) satisfies the property of f'(x). If a #
f'(x), we find uw € E such that f'(z).u # a(u), whence |a(u) — f'(z).ullc # 0
for some gauge ||.||c on F'. By Lemma 1.29, there exists a gauge .||y on F such
that ||Jv + wll¢ < max{||v||5, [|w],} for all v,w € F. Choose a gauge ||.|,, on E
as in Definition 3.4, which works for both f’(z) and a. Pick € > 0 such that
ellull, < |la(u) — f'(x).ul|¢ and let § > 0 be such that (29) and its analog with
« in place of f’(x) hold. Since U is dense in E, we find y € U° N B{(0). By
openness of U N BJ(0), there exists ¢t € K* such that y+tu € U°NBJ(0). Then

[t - Nle(u) = f/(@)ulle = llo(tu) = f'(x)-tullc

< max{||f(y +tu) — f(y) — f'(2)-tu)l,,
1f(y + tu) = f(y) — altu)ll,}
< elitully = [tleully
and thus [[a(u) — f'(z).ull¢ < ellull,, contradicting our choice of €. O

Remark 3.6 Of course, equivalently we can use gauges in any given fundamental
systems 'y and I'p of gauges for E and F' in Definition 3.4. In particular, if F

(resp., F') is polynormed, we may replace ||.||, (resp., |.||y) in the definition by
a continuous seminorm. If (E,||.||g) is a normed space, we can always take
Il.ll, = IIl.Ile, and if (F,|.||r) is normed, we only need to test the condition for
[l = 11l 7

Strictly differentiable maps are C*

We now verify that strict differentiability is a stronger differentiability property
than being C*.

A simple lemma by Bourbaki and Dieudonné [7] (see also [8, Exercise 3.2 A (b)])
will be useful:

Lemma 3.7 Let X be a topological space, Xg C X be a dense subset and
f: Xo =Y be a continuous map to a regular topological space Y. Then f has a
continuous extension to X if and only if f has a continuous extension to XoU{z}
for each x € X. O

Lemma 3.8 Let K be a valued field, E and F be topological K-vector spaces,
U C E be a subset with dense interior, and f: U — F be a strictly differentiable
map. Then f is C1, its strict differential is given by f'(x) = df(x,s) for all
x €U, and the map f': U — L(E,F), x — f'(x) is continuous.
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Proof. f' is continuous at each x € U. To see this, given x let B C E be bounded
and |[.||¢ be a gauge on F. Choose a gauge ||.||, on F such that |[u + v||¢ <
max{|uly,||v],} for all u,v € F. Pick |.||,, as in Definition 3.4. The set B being
bounded, M, := supn(B) is finite. Given &’ > 0, set € := ¢'/(1 + M,). Choose
d > 0 such that (29) holds. Let y € B(z) N U be arbitrary; we show that

1£'@) = f'@les < € (30)

(with notation as in Remark 1.31). By strict differentiability of f at y, there
exists a gauge £ > n on E such that, for each €” > 0, there exists p > 0 such that

1f(w) = f(v) = f'()-(w=v)lly < "llw—vle

for all v,w € Bg(y) NU. We set M, :=sup{(B) < oo and choose p as before for
¢” :=¢'/(M¢ +1). There exists z € BJ(z) N Bg(y) NU° and t € K* such that
z+tB C Bi(x) N BS(y) NU®. For u € B, we then have

1/ () u = f'()-ulle

T (y) b — f () tull¢

< tilmaX{”f(ZﬁLtU) — f(2) = f'(y)-tull,
1F (2 + tw) = f(2) = f' () tull, }

< 7 max {"[[tulle, el tull, }

< max {e"M,eM,} < €.

Hence (30) holds. The continuity of f” at x follows.

f is Ci. Note first that f is continuous. In fact, given € U and a gauge ¢ on F,
we let v be a gauge on F such that ||y + z||¢ < max{|y|, ||z|l+} for all y, z € F.
Choose a gauge ||.||; as in Definition 3.4. After replacing |.||,, by a larger gauge,
we may assume that || f'(z).w|ly < |lw|, for all w € E. Given € > 0, there is
0 € ]0,min{e, 1}] such that (29) holds. Then

1f@) = F@)llc < max{|[f(y) = f(x) = F'(@).-(v = 2) |5, [1F"(2)-(y — 2) |5}
<

max{elly — x|y, ly — zll,} < e

for all y € B{(z) N U. We deduce that f is continuous.

Next, let W := {(x,y,t) € U: t # 0}. Define g: UMl — F via g(x,y,t) :=
1(f(z + ty) — f(z)) for (z,y,t) € W, while we set g(z,y,0) = f'(z).y for
(z,y) € U x E. Then g|w is continuous since f is continuous. Hence, by
Lemma 3.7, g will be continuous if we can show that g(za, Yo, ta) — g(z,y,0),
for each net (o, Ya,ta))acs in W which converges to some (z,,0) € U, To
this end, given a gauge ||.||c on F let ||.||, be a gauge on F such that ||y + z||¢ <
max{||y||5, ||z]ly}. Let ||.|l, be a gauge on E as in Definition 3.4. After replac-
ing ||.||;, by a larger gauge if necessary, we may assume that || f'(z).wl||, < ||wl,
for all w € E. Given € > 0, let § € ]0,¢] be such that (29) holds. Since z, — =
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and o + taYa — x, we have 2, € UN B (z) and 4 + taya € U N B (x) even-
tually. Furthermore, ||yl < ||ylln +1 and ||y — yl|, < € eventually, as yo — .
For any such «, we obtain

||g($aa youta) - g(x,f% O)HC

_ "f(xa+tatya)_f(xa) _f/(x)yH

@ ¢
< max {ﬁ”f(ma +taYa) = f(2a) — f/(x)~taya||'yv ||f/(x)(ya - y)“'y}
< max{e||yally, [va —lls} < e(llylly +1),

which can be made arbitrarily small. Thus ¢g(za, Ya,ta) — g(z,y,0) in F, which
completes the proof. O

LC'-maps are strictly differentiable

We now show that every Lipschitz differentiable map is strictly differentiable. As
a consequence, every C?-map is strictly differentiable.

Proposition 3.9 Let E and F be topological vector spaces over a valued field K
and f: U — F be an LC*-map on a subset U C E with dense interior. Then f
is SC, with strict differential f'(z) = df (z,s) at z € U.

Proof. Let zp € U and ||.||, be a gauge on F. Abbreviate f'(z¢) := df (2o, ).
Choose a gauge ||.||¢c on F such that ||[v+wl|, < max{||v]|¢, |lw|¢} for all v,w € F.
Then

1f(2) = f(y) = f'(wo)-(z =)y < max {[If(z) = f(y) = f'()-(z = y)llc.
17w~ @)~} (3D
The first order Taylor remainder Ry : UY) — F (as in the proof of Lemma 2.5 (c))
being Lipschitz continuous (cf. proof of Proposition 2.7 and [2, Theorem 5.1]),

there exists an open neighborhood V' C Ul of (x0,0,0), a gauge ||.||¢ on E and
L > 0 such that

[R1(21, 91, t1) — Ra(@2, Y2, t2)ll¢
< Lmax{|zy — 22le, [ly2 — valle, [t — t2[} (32)
for all (z1,y1,%1), (x2,y2,t2) € V. After replacing £ by a larger gauge if necessary,
there exists r > 0 such that UM N (BE(z0) x B(0) x BX(0)) C V. After replacing
& with a larger gauge, by Lemma 2.8 (b) we may assume that

1) = f'Wllce < llz—ylle  forall 2,y € Bi(xo).
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There exists a gauge ||.|[, on E such that ||u + v||¢ < max{||ul,,[|v]],} for all
u,v € E. Pick a € K* such that |a|] < 1. Given ¢ > 0, let p := min{l,r,c}.

Choose § € |0, min{p?|al, %}[ For all z,y € B} (x9) N U, we then have

I W) = f1@o))-(z =)l < IF' W) = f@o)llcellz = wlle
< Ay —zollellz —wlle < ellz—ylle,
whence the second term of on the right hand side of (31) is no larger than €. We
have ||z — y|le < max{||z — xo|ly, ly — zolly} < < p. If |z —y|le #0, let k € Ny
be the unique element such that |a|*+! < @ < lak. If ||z — y|le = 0, let

k € N be arbitrary. Set t := a*. Then [t| < |a| 7!z —ylle p~F < |a|1op~! < p.
Hence

1F) = f) = Pz =9l = IRalyz =9 Dl = - [Raly. 1),
= o] |[Ra (v, 352 0) — Ra(y, 52,0)]),
< LR,

by (32). If ||z — y|l¢ # 0, then

LIt < Lla|7?p7?z = yllf < Llal=*p7?||z — ylle max{|lz — @olly. lly — @olln}

< Lla|?p 28z —ylle < ellz—ylly-

If |z — yl|e = 0, then L|t|*> = L|a|?*, where k can be chosen arbitrarily large, and
thus || f(2) — f(y) — f'(v).(z—y)|lc =0 < €||z—yl|,, also in this case. Hence both
terms on the right hand side of (31) are < ¢||z — y|,;, and thus

1f(2) = f(y) = f'(z0)-(z = »)lly < ellz=ylly

for all y,z € BJ(xo) NU. Thus f is strictly differentiable at zq, with f'(zo) as
before. O

Corollary 3.10 Let E and F be topological vector spaces over a valued field and
f: U — F be a C?*-map on a subset U C E with dense interior. Then f is LC!
and hence also SC*.

Proof. Applying Lemma 2.5 (c) to f and fI!, we find that f is LC" and hence
SC*, by Proposition 3.9. O

Strictly differentiable maps on locally compact domains

For mappings on open subsets of finite-dimensional topological vector spaces
over locally compact topological fields, the preceding result can be strengthened:
such a map is C! if and only if it is strictly differentiable. More generally, this
conclusion remains valid for mappings on locally compact domains.
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Lemma 3.11 Let K be a locally compact field, E be a finite-dimensional K-
vector space, F be a topological K-vector space, U C E be a locally compact
subset with dense interior, and f: U — F be a map. Then f is C' if and only if
f is strictly differentiable.

Proof. We already know that every strictly differentiable map is C'*. Conversely,
assume that f is C!. Let |.| be an absolute value on K defining its topology,
Il be a norm on E, and 0 # a € K such that |a| < 1. Given zy € U, let
V C U be an open neighborhood of zg with compact closure V' C U. Define
amap f': U — L(E,F) via f'(z) := df(z,s) = fll(z,.,0). Given a gauge
v on F, choose gauges n and ¢ on F such that ||u +vlly < |lully + [|v]l, and
lur + - 4 unlly < Yoiy willc for all w,v,uq, ..., u, € F, where n := dimg (E).
Given € > 0, consider the continuous function

g: UM = F, g(a,yt) = fU(z,y,t) — fU(2,9,0).
Then V x BE ( ) x {0} C U x E x {0} € UM is a compact subset on which

g vanishes 1dentlcally Using a compactness argument, we find ¢ > 0 such that
lg(z,y, )|, < § for all (x,y,t) € utn (V x B‘%(O) x BX(0)). Let e1,..., e, be

a basis of E, and €7, ..., e} € E' be its dual basis.

Given a € L(E, F), for each v € E we have ||a(v)||, = || X ef(v)ale)], <
Yima ler @) - lleed)lle < 32520 lled I - lleed)llclvll. Thus

lally = sup{lla(o)l/llvll: 0 # v € B} <> flef| - laed) ¢ (33)

i=1

for all « € L(E,F). Let i € {1,...,n}. Themap V — F, z — df(x €;) being

uniformly continuous, we find d; > 0 such that ||df(y,el) —df(z,e)lc < Tl

for all z,y € V such that ||z —y|| < &;. Define § := 3 min{c,d1,...,8,}. By (33)

and the choice of §;, we have [|df (y,+) — df (z,s)||, < 5 for all z,y € V such that
[ =yl < 26.

Let x,y,z € V be given such that y # z, [|ly — || < 6, and |z — z|| < 6.

There exists k € Z such that |a[**! <[]z — y|| < |a[*. We set s := a*™1. Then
11z —y)|l < ﬁ, |s| = |a[**! < ||z —y|| < 26 < o, and |z — y|| < 2. Thus

1f(z) = fly) = f'(@).( = y)ll5
Iz = yll
() = f) = F'@W)-(z = )l | () = f1(@)-(2 = )l
Iz =yl Iz =yl

AR~ fw) £ W), + 5
1/ (5 22 = ), 8) = FU (. 22 = ), 0) ], + 5
lo (v, 3z =) 9)l, + 5 <<

IN
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Hence f|y is strictly differentiable at each x € V. As the proof shows, given 7
and € we can even choose § independently of x € V. O

Also a variant of Lemma 3.11 involving parameters will be needed later.

Lemma 3.12 Let K be a locally compact topological field and |.| be an absolute
value on K defining its topology. Let E be a finite-dimensional normed K-vector
space, U C E be a locally compact subset with dense interior, F' be a topological
K-vector space, and P be a topological space. Let f: P x U — F be a continuous
map such that f, := f(p,«): U — F is C* for all p € P, and such that the map

PxUM S FE  (ny) — (f)My)

is continuous. Let p € P and u € U be given. Then, for every e > 0 and gauge
~v on F, there is a neighborhood Q of p in P and 6 > 0 such that

1fa(2) = fa(y) = fo(w)-(z = »)lly <ellz =yl
for all g € Q and y,z € Bs(u) N U, where f(u) = d(f,)(u,.).

Proof. Given € > 0 and -, let n and ¢ be as in the preceding proof. Pick
0 # a € K such that |a] < 1. Let V' C U be an open neighborhood of u with
compact closure V' C U. Consider the continuous mapping

g: Px UM = F glga,y.t) = fN(z,yt) - f{z,9,0).

Then {p}xVxBE BE (0)x {0} C Px U x Ex {0} C Px UM is a compact subset

on which g vanlshes identically. Using a compactness argument, we find ¢ > 0
and a neighborhood P of p in P such that

lga. @, y,t)ll, < 5 for all (¢,z,y,t) € Py x (UM N (V x BE (0) x BE(0))).
la]

Let e1,...,e, be a basis of E, and ej,...,e} be its dual basis. Using the
compactness of V, we find a neighborhood Q C Py of pand k > 0 such that
dfq(z,e:) — dfg(y,ei)lly < 2n\|6*\| forallge Q,ie{l,...,n}, and all y,z € V
such that ||z — y|| < x. Let § := min{§,5}. Re-using the estimates from the
proof of Lemma 3.11, we see that the current assertion holds for @) and 4. O

Recall that on a finite-dimensional vector space F' over a topological field K, of
dimension n, there is a unique Hausdorff vector topology making F' isomorphic
to the direct product K" as a topological vector space. It is called the canonical
vector topology on F'.

In the context of our current discussions, the following observation is useful.

Lemma 3.13 Let E and H be topological vector spaces over a valued field K,
and F be a finite-dimensional K-vector space, equipped with its canonical vector
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topology. LetU C E andV C F be subsets with dense interior and f: UXV — H
be a Ct-map. Then the map

UxV = LIFH), (2,y)— fi(y)=df((2,9),(0,))

18 continuous.

Proof. Let ej,...,e, be a basis of F and e},...,eX € F’' be its dual basis,
determined by e} (e;) = d;;. Then

fry)w = Ze;‘(w) df(z,y,0,¢€) (34)
j=1

forall zx € U, y € V and w € F. The assertion can now easily be derived. In
fact, if ||.||, is a gauge on H and B C F a bounded subset, choose a gauge ||.||¢
on H such that |lug + -+ + up|y, < max{||u|l¢c: j=1,...,n}. Pick C €]0,00]
such that

lej(w)] < € forallwe Band j=1,...,n. (35)

By continuity, for (zg,y0) € U x V there exist neighborhoods Uy C U of 2y and
Vo C V of yo such that

1
||df($,y,0,€_]) - df(x(%yo’o)ej)nc S 5 for all (Jj,y) € UO X ‘/O (36)
Combining (34), (35) and (36), we see that ||(f.(y) — fz,(y0))-wl[¢ < 1 for all
(x,y) € Up x Vp and w € B, and thus | f(y) — fi (yo)llc,p < 1 (using the

o
notation from Remark 1.31). As a consequence, the map under consideration is

continuous at (xo, yo). O

Remark 3.14 In the situation of Lemma 3.12, we can achieve that furthermore

1fa(2) = faly) = f(w)-(z = y)]ly <ellz =yl
for all ¢ € Q and y, 2z € Bs(u) NU.

Indeed, given ¢ > 0 and a gauge ||.|, on F, let |.||¢ be a gauge on F such
that [Ju + v||y < max{||ull¢,||v|¢} for all u,v € F. By Lemma 3.12, there is a
neighborhood @ of p in P and § > 0 such that

1fa(2) = fa(y) = fo(w)-(z = )lle <ellz =yl

for all ¢ € Q and y,z € Bs(u) NU. By Lemma 3.13, after shrinking ) we may
assume that || f;(u) — fy(u)lle,, < € for all ¢ € Q, where v := ||.|| is the norm
on F'. Hence

1fa(2) = fa(y) = f(w)-(z = y)lly
max { [ fy(2) = fo(y) = fo(w)-(z = y)lle, [1(£5(w) = f(w)-(z = )¢}

<
< max {ellz =yl If5(w) = frWleollz =y} < elz—yl-
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Strict differentiability of higher order

We now define and discuss k times strictly differentiable mappings between sub-
sets of topological vector spaces over valued fields.

Definition 3.15 Let K be a valued field, E and F be topological K-vector
spaces, and U C F be a subset with dense interior. A map f: U — Fis called an
SCO-map if it is continuous; it is called an SC*-map is it is strictly differentiable
(and hence C! in particular). Inductively, having defined SC*-maps for some
k € N (which are C* in particular), we call f an SC**1-map if it is an SC*-map
and the map fI¥: UM — F is SC'. The map f is SC* if it is an SC*-map for
all k£ € Np.

Remark 3.16 In other words, f is SC* if and only if f is C* and fU!: UVl — F
is strictly differentiable for all j € Ny such that j < k. It follows from this and
Remark 1.7 that f is SC* if and only if f is SC* and f[I is SC*—1.

Remark 3.17 If f: E D U — F is C**! in the preceding situation, then f is
an SC*-map. In fact, for every j € Ny such that j < k, the map fUl is CF+1-7,
where k + 1 —j > 2. Thus fU is strictly differentiable, by Corollary 3.10. It is
also clear from the definitions that every LC* map is SC*, since every LC'-map
is SC'. Hence, the relations between the various differentiability properties can
be summarized as follows:

CHl — [OoF = SCF = CF.

Remark 3.18 If K is a locally compact topological field, then a mapping from
an open subset of a finite-dimensional K-vector space to a topological K-vector
space is C* if and only if it is an SC*-map, by a simple induction based on
Lemma 3.11 and Remark 3.16. The same conclusion holds for mappings on
locally compact subsets with dense interior.

Compositions of composable SC*-maps are SC*.

Proposition 3.19 Let K be a valued field, E, F and H be topological K-vector
spaces, and U C E, V C F be subsets with dense interior. Let k € NgU{oco} and
suppose that f: U —V C F and g: V — H are SC*. Then also go f: U — H
is SC*.

Proof. The case k = 0 is trivial. The case k = 1 can be shown as follows:
Given z € U, let v be a gauge on H. There exists a gauge £ on H such that
lu+v|ly < |lulle + ||v]l¢ for all u,v € H. By strict differentiability of g at f(x),
there exists a gauge ¢ on F' such that, for each € > 0, there exists § > 0 such
that

lg(z) —g(y) — g (f(@).(z=y)lle <ellz—yllc forall y,z € Bg(f(x))NV. (37)
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Let k be a gauge on F such that ||u + v||¢ < max{||ul,||v|.} for all u,v € F.
After increasing r if necessary, we may assume that ||¢g'(f(z))||¢,x < 1, using the
notation from Definition 1.28. By strict differentiability of f at x and continuity
of f at x, there exists a gauge n on E such that, for each 6 > 0, there exists § > 0

such that
1£(2) = f(y) = f'(@)-(z = y)llx < Ollz —yll, forall z,y € B(z)nU. (38)

After increasing 7, we may assume that || f'(z)||.x,, < 1. Given € > 0, choose 0 €
10, min{1,e}] and § €]0, 6] such that (37) and (38) hold. Given y, z € B (z)NU,
we have

1f(2) = F(@)lle max{||f(z) = f(z) = f'(2)(z = )|l [| /' (2)-(z = 2)l|.c}

max{0||z — x|y, ||z — zll,} < 0

IAIA

and likewise || f(y) — f(z)||c < 6. Hence

lg(f(2)) = g(f(v) — g'(f(x))-f' (x).(z = y)l
lg(f(2)) = g(f(y) = g'(f(x)-(f(2) = F()e
()).(f

<

+ lg'(f(@))-(f(2) = fy) — ' (2)-(z = y))le
< ellf(2) = fFWllc + Mg (Fle e - 1£(2) = Fy) = f(2).(z = 9)llx
< ellf(2) = fly) = fl(@).(z = y)lle +ellf(2).(z = 9)lls + 02 = ylly
< ez —ylly +ellz —ylly +0llz —ylly < 3ellz—ylly

Hence indeed g o f is strictly differentiable at x, with differential (g o f)'(x) =
g'(f(x)) o f'(x).

The case k > 2. Let us call a map between subsets with dense interior of
Hausdorff topological K-vector spaces CY if it is SC!. Tt is clear from the case
k = 1 that we obtain a C%-concept in the sense of [2] in this way (suitable adapted
to non-open sets, e.g. as in Appendix A). Furthermore, SC**!-maps are precisely
the C*-maps for this C%-concept, for each k € Nog U {oc}. The assertion therefore
reduces to the Chain Rule for C¥-maps (cf. [2, Proposition 4.5]). O

4 Dependence of fixed points on parameters

We now study the dependence of fixed points of contractions on parameters.
In particular, we shall establish C*-, SC*- and LC*-dependence under natural
hypotheses. These results will be used in Section 5 to prove generalizations of
the inverse- and implicit function theorems.

We recall the notion of a contraction.
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Definition 4.1 A mapping f: X — Y between metric spaces (X,dx) and
(Y,dy) is called a contraction if there exists 6 € [0, 1] (a “contraction constant”)
such that

dy (f(z), f(y)) < Odx(z,y) for all z,y € X.

Banach’s Contraction Theorem (see, e.g., [31, Appendix A]) is a paradigmatic
fixed point theorem for contractions. We recall it as a model for the slight
generalizations which we actually need for our purposes:

Lemma 4.2 Let (X,d) be a (non-empty) complete metric space and f: X — X
be a contraction, with contraction constant 6 € [0,1[. Thus

d(f(x), f(y)) < Od(z,y) foralz,yeX.

Then f(p) = p for a unique point p € X. Given any zy € X, we have
limy, oo f™(x0) = p. Furthermore, the a priori estimate

9 n

d(fn(xO)’p) < 1-6

d(f(xo),z0)

holds, for each n € Ny. O

Unfortunately, we are not always in the situation of this theorem. But the simple
variants compiled in the next proposition are flexible enough for our purposes.

Proposition 4.3 Let (X, d) be a metric space, U C X be a subset and f: U — X
be a contraction, with contraction constant 6. Then the following holds:

(a) f has at most one fized point.

(b) If zo € U is a point and n € Ny such that " (xg) is defined, then
d(f* (@), f*(x0)) < 6% d(f(x0),x0) (39)

for all k € {0,...,n}, and d(f"*(x0),x0) < 1_19_ne+1 d(f(zo),z0)-

(¢) If zo € U is a point such that f"(xo) is defined for all n € N, then
(f™(x0))nen is a Cauchy sequence in U, and

o™ (1 — oF)

A" ), M (w0)) £ o d(f(wo),wo) for all n,k € No. (40)

If (f™(x0))nen converges to some x € U, then x is a fized point of f, and

en

de, " (@0) < 7=

d(f(zo),z) for all n € Ny. (41)

If f™(xo) is defined for allmn € N and f has a fixed point x, then f™(z) — x

asn — Q.
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(d) Assume that U = B,.(x¢) is a closed ball of radius r around a point xo € X,
and d(f(xo),x0) < (1 —0)r. Then f™(xq) is defined for all n € Ny. Hence
f has a fived point inside B, (xo), provided X is complete. Likewise, f has
a fized point in the open ball B,.(xq) if X is complete, U = B,.(x¢), and

d(f(wo),z0) < (1 —0)r.

Proof. (a) If z,y € U are fixed points of f, then d(x,y) = d(f(x), f(y))
0d(x,y), entailing that d(z,y) = 0 and thus z = y.

(b) For k = 0, the formula (39) is trivial. If k < n and d(f***(z0), f¥(x0)) <
0% d(f(z0), z0), then d(f**(zo), 1 (z0)) = d(f(FF* (x0)), f(FH(z0)) <
Od(f* 1 (x0), f¥(x0)) < 0¥ d(f(20),20). Thus (39) holds in general.

Using the triangle inequality and the summation formula for the geometric
series, we obtain the estimates d(f"*1(z¢),z0) < > op_o d(f* 1 (z0), fF(20)) <

>0 0% d(f(20), z0) = 1_19:;r1 d(f(z0),20), as asserted.
(c) Using both of the estimates from (b), obtain

IA

_ pk — 6
AP o), M w0) € S o), M) € S 0 o), ).

Thus (40) holds, and thus (f™(zo))nen is a Cauchy sequence. If f"(xo) — =
for some x € U, then z = lim, .o f" ! (20) = f(lim, o f"(z0)) = f(z) by
continuity of f, whence indeed z is a fixed point of f. Letting now k — oo in
(40), we obtain (41).

To prove the final assertion, assume that f has a fixed point = and that f™(z)
is defined for all n. We choose a completion X of X (with X C X) and let U be
the closure of U in X. Then f extends to a contraction U — X, which we also
denote by f. Since (f"(z0))nen is a Cauchy sequence in U and U is complete,
we deduce that f(xg) — y for some y € U. Then both y and x are fixed points
of f and hence z = y.

(d) We show by induction that f™(z¢) is defined for all n € N. For n = 1, this
is trivial. If f™(xg) is defined, then
1—-6m 1—-6m
- d(f(zo),z0) < =0

and thus f"(zo) € B,(7g), whence also f"*1(zg) = f(f"(x¢)) is defined. Then
f™(z0) € By(x0) for each n € N. By (c), (f"(x0))nen is a Cauchy sequence. If
X is complete, then so is B,.(zo) and thus (f™(x¢))nen converges to some point
r € B,(xg), which is a fixed point of f by (c). Finally, if U = B,(x) and
d(f(zg),z0) < (1 — O)r, there exists s € ]0,r[ such that d(f(zo),z0) < (1 —0)s.
By the preceding, f"(z¢) € Bs(zo) C B, (z0) for all n € N, and f has a fixed
point in By(xg) C B,(x0). O

d(f"(z0), o) < (1—6)r <r

We are interested in uniform families of contractions.

Definition 4.4 Let F' be a Banach space over a valued field K, and U C F be
a subset. A family (f,)pep of mappings f,: U — F is called a uniform family
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of contractions if there exists 6 € [0,1] (a “uniform contraction constant”) such
that
1fo(2) = o)l < Ollz —yl| forallz,y €U andpe P.

If U is closed and each f, is a self-map of U here, then Banach’s Contraction
Theorem ensures that, for each p € P, the map f, has a unique fixed point z,,.
Our goal is to understand the dependence of x, on the parameter p. In partic-
ular, for P a subset of a topological K-vector space, we want to find conditions
ensuring that the map P — F', p — z,, is continuously differentiable. We discuss
dependence of fixed points on parameters in two steps.

Proposition 4.5 Let P be a topological space and F be a Banach space over a
valued field K. Let U C F be a subset with dense interior and f: P x U — F
be a map such that (fp)pep is a uniform family of contractions, where f, =
f(p,e): U — F. We assume that f, has a fized point x,, for each p € P.
Furthermore, we assume that U is open or f(P x U) C U (whence every f, is a
self-map of U). Then the following holds:

(a) If f is continuous, then also the map ¢: P — F, ¢(p) := x, is continuous.

(b) If P is a subset of a topological K-vector space E and f is Lipschitz con-
tinuous, then also ¢ is Lipschitz continuous.

(¢) If P is a subset with dense interior of a topological K-vector space E and
f is SC, then also ¢ is SC*.

(d) If P is a subset with dense interior of a topological K-vector space E and
f is C', then also ¢ is C*.

Remark 4.6 We shall see that the differential of ¢ at p € P is given by
¢'(p) = (idp —f2) "' o (42)

in the situation of Proposition 4.5(c) and (d), where 81 = dif(p,zp,s) =
df (p, 2p,,0) € L(E,F) and B2 := da f(p, Tp, ) := df (p, zp,0,s) € L(F).

Proof. Let 6 € [0,1] be a uniform contraction constant for (fp)pep.

(a) If f is continuous, p € P and € > 0, we find a neighborhood Q C P
of p such that ||z, — fy(z,)|| < (1 —0)e for all ¢ € Q. If f(P xU) C U, then
|y — 24| < 5 llzp— folap)| < €, by (41) in Proposition 4.3 (c). If U is open, we
may assume that B.(x,) C U after shrinking . Then Proposition 4.3 (d) applies
to f, as a map B.(z,) — E for each q € @, showing that fq (zp) is defined for
each n € N and x4 = lim, .o f]'(2p) € Be(xp), that is, ||z, — z4]] <e.

(b) Given s € P, there exists a gauge v on E and R, L > 0 such that

1fp(2) = foW)Il < Lmax{|lp - qll5, [l — yll} (43)
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for all p,q € PN BY(s) and x,y € U N B, (x5). Let n be a gauge on E such
that ||u 4+ v|y < max{||u|l,, ||v|,} for all u,v € E. If U is open, we assume that
Bogr(rs) CU. Set r := min{(1 — 0)R, (1 — )R/L}. Given p € PN Bl(s), we
have [ fp(zs) — 25|l = [fp(xs) = fs(@s)ll < Lllp — slly < (1 = )R by (43) and

hence z, € Br(xs), by the proof of (a). Given p,q € P N BJ(s), we either have

lp = ally = 0; then |[fo(zp) — @pll = [l fg(xp) — fp(zp)l| = 0 by (43), whence
fq(zp) = zp. Hence x4, = x,, whence ||z, — ]| = 0 and thus
L
[2p — x4l < 1-0 P —ally (44)

in particular. Otherwise, 0 < ¢ := ||p — ¢l|, < max{||p — sl|», [l¢ — s||,} < r and
1fq(@p) = zpll = [Ifq(xp) = fo(ap)ll < Lllp — qlly = €L, by (43). If U is open,
then eL < eL/(1 —0) <rL/(1 —0) < R and thus B.r/1—¢)(zp,) € U. Hence
llzp — x4l <eL/(1—6)=|p—qll+L/(1—8), by the proof of (a). Thus (44) holds
for all p,q € PN Bl'(xs). We deduce that ¢ is Lipschitz continuous.

(c) Assume that f is strictly differentiable. Given s € P, by strict differentia-
bility of f at (s,xs), there exists a gauge v on F such that, for each & > 0, there
exists § > 0 such that

1f(p,2) = fla.y) = f'(s,20).(p = gz = y)l| < e max{|lp—qlly, |z — g} (45)

for all p,q € PN BJ(s) and =,y € U N Bf (x5). Since f is strictly differentiable,
it is Lipschitz continuous, whence also ¢ is Lipschitz continuous, by (b). Hence,
after replacing v by a larger gauge, we may assume that

[z = z4ll < [lp—gll for all p,g € P B (xy). (46)

Given € > 0, choose ¢ € ]0,1] such that (45) holds. Taking ¢ = s in (46), it
follows that x, € U N BE () for each p € B} (s).

It is useful to write f'(s,zs)(u,v) = fi(u) + G2(v) in terms of the partial
differentials £y := di f(z,xs,+): E — F and fo := daf(x,2s,s): ' — F. Then
|B2]] <6 < 1by Lemma 2.2. Abbreviate

R(p.q) = f(p,xp) — f(q:2q) = f'(5,25)-(p — @, 7p — @)
for p,q € PN B (s). Combining (45) and (46), we find that

[R(p, @)l < emax{llp —qlly, [lzp — z4ll} < ellp —all (47)
for all p,q € PN Bj(s). Now

xpfzq = f(paxp) 7f(Qan) = f/(saxs)'(pftbzp*‘rq)+R(paq)
= Bi(p—q) + Ba(xp — 74) + R(p, )
and therefore z, — x, — (idr —(2) " 1.B1(p — q¢) = (idr —B2) "' R(p,q), where
I(idr =B2) ' R(p, @)|| < l(idr —B2) " |1R(p, @) < e(1 = 0)Hlp — glly, by (13)
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in Proposition 1.33 and (47). We have shown that ¢ is strictly differentiable at s,
with the desired differential.

(d) Being C!, f is Lipschitz continuous, whence ¢ is Lipschitz continuous,
by (b). Thus ¢!l is continuous. To see that ¢ is C, it only remains to show
that, for all py € P and ¢y € E, there exists an open neighborhood W C P of
(po, qo, 0) and a continuous map ¢g: W — F which extends the difference quotient
map ¢/t |me : W NP1 — F. Then ¢!l has a continuous extension ¢! to all
of P!, by Lemma 3.7, and thus ¢ will be C''. Our strategy is the following: We
write

(fdrg(ap) —zp)/t = Z(ffith( p) = Fprq(p))/t (48)
k=0

for (p,q,t) in a suitable neighborhood W of (pg, go,0). For W sufficiently small,
P(p+ta) —¢(p)
t

the left hand side converges to “2+e—"r — as n — oo. Furthermore,
we can achieve that each term on the right hand side extends continuously to all
of W, and that the series converges uniformly to a continuous function on W.
This will be our desired continuous extension g.

Let us carry this out in detail. Case 1. If f(P x U) C U, we set Wy := pll.

—=F
Case 2. Otherwise, U is open, whence there exists ¢ > 0 such that By _(z,,) CU.

Since f and ¢ are continuous and fp,(zp,) = *p,, we find an open neighbor-
hood @ C P of py such that ||z, — fy(zp)]| < (1 — @)e for all p,g € Q. Then

fF(zp) is defined for all k € No, f¥(z,) € BF (,), and 2, € Ef(xp) (cf. proof

of (a)). In particular Tp € EF(ach) We now set Wy := Q! and note that, if
(p,q,t) € QU then p,p +tq € Q, whence f +tq(xp) is defined for all k € Ny and
limy, oo f +tq(a:p) = 2144 (by the preceding considerations).

In either case, we define

hO: WO - F7 ho(paq7t) = f[l](pv xp7q707t)

and note that hg is a continuous map such that

ho(ps @) = (fprtq(@p) = fp(wp)) [t = (Fpteq(xp) —2p)/t if T #0. (49)
For all kK € N and (p, ¢,t) € Wy, we have

f;]fith( p) — f;’f+tq (zp)

t
-1
_ f(p+tQ7fp+tq(xp)+t p+tq( p)t p+tq( p)) *f(ertq,fg_:th(Ip))
4
k _ pk-1
= fi (p+tq, (), 0, f”tq(xp)t p+tq(xp)7t)- (50)

Recursively, we define

hk WO e F hk‘(p7 q, t) = f[l] (p + tq, f;’f-:th(‘rp)voa hk‘—l(pa qvt)7t)
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for k € N. A simple induction based on (49) and (50) shows that the definition
of hj, makes sense for each k € Ny, and that

f;lfith( p) — f;?thq(xp)
t

hi(p,q,t) = for all (p,q,t) € Wy with ¢ 0. (51)

The function ho: Wy — F, (p,q,t) — fH(p, Zp,q,0,t) being continuous, we find
an open neighborhood W C Wy of (pg, go,0) and C € [0, 0o such that
1M (p, Zp, ¢, 0,8)|| < C for all (p,q,t) € W.
For all (p,q,t) € W such that ¢ # 0, we have
£, k-tth(xp) f§+tq(xp)” = ||f§+tq(fp+tq(xp)) - fz}f—&-tq(zp)”
ngprrtq(wp) — |

|t|‘9/l€ H(fp+tq(xp) - fp(xp))/tH
0% fM (p, 2, 4,0,8)|| < [t]0*C

IA

Combining this with (51), for each k € Ny we see that |hx(p,q,t)|| < 0*C for all
(p,q,t) € W such that t # 0, and thus

[hk(p.q,t)|| < 6FC  for all (p,q,t) € W, (52)

because hy, is continuous and W N PRl is dense in W. As a consequence,
o lhklwllee € Doy 0°C = 15;C < oo, whence the series Y77 hi|w of
bounded continuous functions converges uniformly and absolutely. Thus

p7q7 Z hk p7q7

exists for all (p,q,t) € W, and g: W — F is continuous. It only remains to
observe that
1 k+1
f;::&q( p) — Tp Z fpitq( p) —
t

f+t €T
o 1 f P thpvq’

for all (p,q,t) € W such that ¢ # 0. Since the left hand side converges to “2+—=e
and the right hand side converges to g(p, ¢,t), we obtain

¢p+w -
( th p,qa - g(paqvt)
k=0

Thus g: W — F is a continuous map which extends ¢]1[|Wnp]l[, as desired. This
completes the proof. O

We now state and prove the main result of this section.
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Theorem 4.7 (Dependence of Fixed Points of Parameters) Let K be a
valued field, E be a topological K-vector space, and F be a Banach space over K.
Let P C E be a subset with dense interior, U C F be open, and f: P x U — F
be a continuous map such that fp == f(p,+): U — F defines a uniform family
(fp)pep of contractions. Then the following holds:

(a) The set Q of all p € P such that f, has a fized point x, is open in P.

(b) If f is C* for some k € Ny U {oco} (resp., SC*, resp., LC*), then also
¢: Q — U, ¢(p) =z, is C*, SC*, resp., LC*.

Proof. Let 6 € [0, 1] be a uniform contraction constant for (f,)pep.

(a) If p € Q, there is r > 0 such that B, (z,) C U. There is a neighborhood
S C @Q of p such that || fy(zp) — 2y = [[fq(zp) — fp(zp)|| < (1 —6)r forallg € S.
Now Proposition 4.3 (d) shows that f, has a fixed point z, in B,(x,), for each
g € S. Thus S C @ and we deduce that @ is open.

(b) We may assume that k& < oo. The proof is by induction on k € Ny. The
case k = 0 is covered by Proposition 4.5 (a) and (b). Now assume that our
assertion holds for some k € Ny and assume that f is C**1 (resp., SC**1 resp.,
LC**1). Then ¢ is C* (resp., SC¥, resp., LC*) by the induction hypothesis.
Furthermore, ¢ is C! by Proposition 4.5(d), and if f is SC*, then ¢ is SC*,
by Proposition 4.5 (c). If k = 0, this already completes the induction step for
continuously differentiable and for strictly differentiable maps. If f is C**! or
SCk+1 with k > 1 (whence f is LC' in particular) or if k € Ny and f is LC¥ 1
it remains to show that ¢! is C*, SC* and LC¥, respectively. It suffices to prove
that ¢ll|, is C* (resp., SC¥, resp., LC*) for Z ranging through an open cover
of QM (cf. [2, Lemma 4.9]). Because

o(p +tq) — ¢(p)

; for (p,q,t) € Q1L (53)

oM(p,q,t) =

we observe first that ¢! is C* (resp., SC*, resp., LC*) on the open subset QI
of QU. Given (pg, qo) € Q x E, let us find a description of ¢!l on a neighborhood
of (po, qo,0) in QM. Given (p,q,t) € Q*, we have

d(p+tq) —d(p)  flo+tq,é(p+1tq) — f(p,o(p))

(p.q.t) = ; = :
o+ tg, 6(p) + PR — f(p, 6(p))
t
and thus
oM, q,t) = fM(p, 6(p),q, 0" (p, g, 1), 1) (54)

for all (p,q,t) € Q'l. As both the left and right hand side of (54) make sense for
all (p,q,t) € QM and are continuous there, they coincide on all of Q.

Observe that (54) means that, for each parameter (p,q,t) € QM the element
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#M(p,q,t) € F is a fixed point of the function fI(p, ¢(p), q,»,t). We make this
more precise now and show that we are dealing with a C*- (resp., SCk-, resp.,
LC*-) family of uniform contractions, which will enable us to deduce from the
induction hypothesis that ¢!!! is C* (resp., SC*, resp., LC*).

Abbreviate vy := ¢(po) and wo := ¢! (po, qo, 0). Because UM is open in Fx F xK
and (v, wo, 0) € UM, there exist open neighborhoods V' C U of vy, W C F of wy
and a 0-neighborhood S C K such that V x W x S C U and thus V+SW C U.
Then P, := (QMN(Qx Ex S))xV is a subset of Ex ExKx F with dense interior,
W is an open subset of the Banach space F, and (p,v,q,w,t) € (Q x U)1 for
all (p,q,t,v,w) € P, x W. We can therefore define a C*¥-map (resp., SC*-map,
resp., LC*-map)

g: PLx W —F, g(p,gt,v,w) = fH(p,v,qw,t). (55)

Choose ¢ € ]0,1—0[. Because f is LC?, Lemma 2.9 entails that there exists s > 0
such that Bf (wg) € W and an open neighborhood Py C P; of (po, o, 0, vg) such
that

||f[1] (p7U7Qaw1at) - f[l](p7U7Qa ’UJQ,t) - fII)O(UO)'(wl - w2)|| < Ele - 'UJQ” (56)

Whenever (p7Q7taan1)? (p7Qat7U7w2) S P2 X BgF(wO) Since ||f]/)0(v0)|| S 9 by
Lemma 2.2, (56) entails that
Hf[l] (p,v,q7w17t) - f[l] (p, U, qvw?vt)” (Hf;l;o (UO)” + 5) : ||’LU1 - w2||

<
< (0+¢) - [wr —wel (57)

whenever (p, q,t,v,w), (p, q,t,v,w2) € Py x BE (wg). Since 0+¢ < 1, we see that
the restriction of g to a map g: P, x B (wg) — F is a uniform family of con-
tractions. The map g being C* (resp., SC*¥, resp., LC*), we know by induction
that the set Q2 C P, of all (p,q,t,v) € P, such that g(p,q,t,v,4): B (wg) — F
has a fixed point ¥(p,q,t,v) is open in P, and that the map ¥: Q2 — F so
obtained is C* (resp., SC*, resp., LC*). By continuity of ¢ and ¢!, there exists
an open neighborhood Z of (pg, qo,0) in P! such that (p,,q,t, ¢(t)) € Q, for all
(p,q,t) € Z, and ¢! (p,q,t) € BF (wg). Then (54) entails that

oM (p,q,t) =v(p,q.t,p(p))  forall (p,q,t) € Z,

whence ¢!|; is C* (resp., SC*, resp., LC*). This completes the proof. O

5 Inverse and implicit function theorems
In this section, we prove inverse- and implicit function theorems for mappings

into Banach spaces over valued fields. In particular, we obtain the following
analog of the classical Inverse Function Theorem:
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Theorem 5.1 (Inverse Function Theorem) Let E be a Banach space over
a valued field K and f: U — E be a mapping on an open subset U C E which
is CF, SC* and LCO*, respectively, where k € N U {oo}. In the C*-case, we
require that k > 2 or that K is locally compact and E has finite dimension. If
f'(z) € GL(E) for some x € U, then there exists an open neighborhood V. C U
of x such that f(V) is open in E and fly:V — f(V) is a C*-diffeomorphism
(resp., an SC*-diffeomorphism, resp., an LC*-diffeomorphism).

While the classical implicit function theorem deals with functions between real
Banach spaces, we can discuss implicit functions from arbitrary topological vector
spaces to Banach spaces:

Theorem 5.2 (Generalized Implicit Function Theorem) Let K be a val-
ued field, E be a topological K-vector space, F be a Banach space over K, and
f:UXxV — F be a mapping, where U C E is a subset with dense interior and
V C F is open. We assume that f is C*, SC*, respectively, LC* for some
k€ NU{oo}. In the C*-case, we require that k > 2 or that K is locally compact
and F has finite dimension. Given x € U, abbreviate f, := f(x,¢): V — F. If
f(zo,y0) = 0 for some (xo,y0) € U x V and f; (yo) € GL(F), then there exist
open neighborhoods Uy C U of xy and Vo CV of yo such that

{(z,y) € Uo x Vo: f(z,y) =0} = graph A
for a map \: Uy — Vi which is C*, SC*, resp., LC*.

We shall deduce the Generalized Implicit Function Theorem from an “Inverse
Function Theorem with Parameters.” It is useful to get an idea of the main steps
of the proof (for SC*-maps, say) before we carry them out in detail.

Strategy of the proof. Since f; (yo) € GL(F'), where GL(F) is open in L(F')
and the map U — L(F), z — f.(yo) is continuous, we see that f(yo) € GL(F)
for o close to zg. Then f, ! exists locally around f,(yo), by the Inverse Function
Theorem (Theorem 5.1). Now the essential point is that the map

(z,2) = (fo)7'(2) (58)

actually makes sense on a whole neighborhood Uy x W of (z¢,0) in U x F, and is
SC* there. This assertion is the main content of the “Inverse Function Theorem
with Parameters” just announced. Once we have this, the rest is easy: The map

ANUyg— F, Mzx):= (f.)"1(0)
is SC*, and f(x, \(z)) = 0. O

Motivated by these considerations, we now proceed as follows: First, we formulate
and prove versions of the inverse function theorem which provide quantitative
information on the “size” of the domain of the local inverse f~!, and the size of
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the images of balls (under f). These studies can be carried out under quite weak
hypotheses (for Lipschitz maps). They will enable us to see that the domain
of definition in (58) is a neighborhood. The second step, then, is the exact
formulation and proof of the Inverse Function Theorem with Parameters.

Lipschitz Inverse Function Theorems

We now prove a Lipschitz Inverse Function Theorem for self-maps of general
Banach spaces, and a variant for ultrametric Banach spaces. As a rule, inverse
function theorems are available in much stronger form in the ultrametric case.
This is a general phenomenon which we shall encounter repeatedly.

Theorem 5.3 (Lipschitz Inverse Function Theorem) Let (E,||.||) be a Ba-
nach space over a valued field (K,|.|). Letr >0, x € E, and f: BE(z) — E be
a mapping. We suppose that there exists A € GL(E) := L(E)* such that

o = sup { If(z) - f(y)_— Az =y
Iz =yl

: y7zeBT($)7y7éZ}<”1411 (59)

Then the following holds:
(a) f has open image and is a homeomorphism onto its image.
(b) The inverse map f=1: f(B,(x)) — B,(x) is Lipschitz, with

1
Lip(f 7)Yy < ——— .
S Ve R
(c) Abbreviating a == |A7Y|7t — o >0 and b := || A|| + o, we have
allz—yll < 1£(z) = fWIl < bllz—yll forally,z € By(x).  (61)

(d) The following estimates for the size of images of balls are available: For
every y € B.(x) and s €0, — |ly — z||],

Bas(f(y)) € f(Bs(y)) € Bus(f(y)) (62)
holds. In particular, Bu,(f(z)) C f(B.(x)) C By (f()).
Remark 5.4 Note that the condition (59) means that the remainder term
f:Bi(x) = B, fy)=f(y) - f(z) - Aly — x)

in the affine-linear approximation f(y) = f(x) + A.(y — z) + f(y) is a Lipschitz
map, with Lip(f) = o < ||[A7Y|7L.
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Remark 5.5 To understand the constants in Theorem 5.3 better, we recall that
|A=1||7! can be interpreted as a minimal distortion factor, in the following sense:
For each u € E, we have ||jul| = ||[A7L.(A.u)|| < ||A7Y] - ||A.u|| and thus

|Aal > [JA7Y 7Y ul| for allu € E. (63)

Thus A increases the norm of each element by a factor of at least ||A=1[|~L.

Furthermore, ||[A~1||~! is maximal among such factors, as one verifies by going
backwards through the preceding lines. Similarly, since A= B,(0) C Bjja-1)5(0)
and thus B,(0) € A.Bjj4-1)5(0) for each s > 0, we find that

ABS(O) D) BHA71H—1S(O) for all s > 0. (64)
Remark 5.6 The proof of Theorem 5.3 also provides the following information.
Set a := al|A7Y| =1—0||A7Y| €]0,1] and B := 1 + o||[A7!|| € [1,2[. Then
B < b||A7Y|| and
allz =yl < IA7Vf(2) = AL f ()l < Bllz — gl forally,z € Br(x).  (65)
For every y € B,(z) and s € ]0,r — ||y — z||], we have
fy) + A.Bas(0) € f(Bs(y)) € f(y)+ A-Bgs(0). (66)

Here o, — 1 as 0 — 0.

Proof of Theorem 5.3. (c¢) Given y,z € B,(z), we have

1f(z) = fWl = If(2) —fly) —A(z —y) + A(z —y) |
< fGz) = fly) — Az =yl + [A(z = y)||
< (o+[ADlz =yl = bllz —yll
and
lz=yl = IAT(f(z) = f(y) — A(z —y)) — (A" f(z) — A" F(w) |

< AT G) = £) = Az =l + AT f(2) = AL f ()]
< oA llz =yl + AT 1£G2) = f)ll

whence (61) holds. Likewise, (65) from Remark 5.6 follows from
IATEf(2) = A7)l AT (F(2) = fy) = Az = y) + 2 —yll

< AT IF(2) = fly) = Az =)l + 12 = wll
< (@l AT+ Dz -yl = Bllz —
and
[z =yl JATH -1 () = fFly) = Az =) + [A71f(2) = AL ()l

INIA

AT -z =yl + AT f(2) = A7L )] -
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(b) As a consequence of (61), f is injective, a homeomorphism onto its image,
and Lip(f=!) <a ! = (|47 - o)~ .

(d) Suppose that y € B,(z) and s € |0,r — |ly — z||]. By (61), we have
f(Bs(y)) C Bus(f(y)), proving the second half of (62). The second half of (66)
can be shown similarly: By (65), we have A=1.f(Bs(y)) € A71.f(y) + Bgss(0)
and thus f(Bs(y)) C f(y)+A.Bgs(0). We now show the first half of (66), namely

f(y) + A.Bos(0) C f(Bs(y))- (67)

Then also the first half of (62) will hold, as A.Bqs(0) 2 Bjja-1-145(0) = Bas(0)
by (64). To prove (67), let ¢ € f(y) + A.Bas(0). There exists ¢ € ]0,1[ such that

¢ € f(y) + A.Bias(0). For v € By (y), we define
g(v) == v— A" (f(v) —c).
Then g(v) € B (y), because

lg(w) =yl < Jlv—y— A" f(w) + AT f ()] + A e — AT f(y)l]

<A Hellv—yl|<[| A~ [ost Stas

< ([A7 o +a)st = st.

Thus g(Bsi(y)) € Bsi(y). The map g: By (y) — B (y) is a contraction, since

llg(v) = g(w)]] lv—w—ATL(f(v) = f(w))]
AT - 1 (v) = f(w) = A(v = w)]
o AT - flv = w] (68)

IA A

for all v,w € Bg(y), where o||A7!|| < 1. By Banach’s Contraction Theorem
(Lemma 4.2), there exists a unique element vy € By (y) such that g(vg) = v and
hence f(vg) = c.

(a) We have already seen that f is a homeomorphism onto its image. As a
consequence of (d), the image of f is open. O

Remark 5.7 Let E be a Banach space, U C E be an open subset, x € U
and f: U — E be a map which is strictly differentiable at z (for example, an
SC'-map, LC'-map or C%-map). If f/(z) € GL(E), then the hypothesis of
Theorem 5.3 is satisfied on B, (x) for some r > 0, with A := f'(x).

Stronger results are available for ultrametric Banach spaces. In this case, f
behaves like an affine-linear map, as far as the distortion of balls is concerned:

Theorem 5.8 (Ultrametric Lipschitz Inverse Function Theorem)  Let
(E, |I-ID) be an ultrametric Banach space over an ultrametric field (K,|.|). Let
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r>0,2 € E, and f: By(x) — E be a mapping. We suppose that there exists
A € GL(E) such that

o = sup { I1f(z) = fly) — Az — 9
Iz =yl
Then the following holds:

1
: Y,z € By(x), y;éz} < AT (69)

(a) A™lo f: B.(z) — E is an isometry onto an open subset of E.

(b) f is Lipschitz, with Lip(f) < ||A|l, and f~': f(B.(x)) — B,(x) is Lip-
schitz, with Lip(f=1) < ||[A7Y.

(¢c) For ally,z € By(x), we have

ATz =yl < 1) = fWll < NAl- = =yl (70)
(d) For each y € B,(x) and s €]0,r], we have Bs(y) C B, (x) and
f(Bs(y)) = f(y) + A.B;(0). (71)

Proof. (a) For all y,z € B,(z) with y # z, we have
AT f () = AT ) = =)l < AT 11 (2) = fy) — Az =yl

using (69) to obtain the final inequality. Hence, the norm ||.|| being ultrametric,
we must have ||A~1.f(2)—A~L. f(y)|| = ||z—y||. Thus A='of is in fact isometric.
As a consequence of Theorem 5.3, A~! o f has open image.

(b) Since f = Ao (A=t o f) where A=! o f is an isometry, f is Lipschitz with
Lip(f) < Lip(A) = ||A]|. Likewise, f~! = (A7to f)~1 oA_1|f(Br(m)) is Lipschitz,
with Lip(f~1) < Lip(A~1) = [|A~1]].

(c) is a mere reformulation of (b).

(d) If y € By(x) and s €]0, r|, then Bs(y) C B,(y) = Br(x), as ||| is ultramet-
ric. The map A~!o f being isometric, we have f(Bs(y)) = A.(A71o £)(Bs(y)) C
A.Bs(A7Y f(y)) = f(y) + A.Bs(0). If c € f(y) + A.B5(0) is given, define

g(z) == z— A7 (f(2) — ¢) for z € B,(y).
Then
lo=) =yl = I(z—9) — (A"1(s) = AL f () + A7 e — Fw)]
max{||z — yl, A7 f(2) = AT F @)L AT (e = f))II} <

for z € Bs(y), whence ¢g(z) € Bs(y). The map g: B;s(y) — Bs(y) is a contraction,
by the calculation from (68). Recall that, the norm on E being ultrametric, the
open ball By(y) is also closed and therefore complete in the induced metric. By
Banach’s Contraction Theorem (Lemma 4.2), there is a unique element zy €
B (y) such that g(z9) = 2o and thus f(z) = c. O

The following consequence of Theorem 5.8 (a) and (d) is particularly useful.

IN
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Corollary 5.9 If A is an isometry in the situation of Theorem 5.8 (for exam-
ple, if A= idg), then f(B,(x)) = By(f(x)) and f: By(x) — B,(f(z)) is an
1sometry. O

We are now in the position to formulate the first version of an inverse function
theorem with parameters. The result, and its proof, can be re-used later to prove
the corresponding results for C*-maps, SC*-maps, and LC*-maps.

Theorem 5.10 (Lipschitz Inverse Function Theorem with Parameters)
Let (F,||.||) be a Banach space over a valued field K, and P be a topological
space. Letr >0, z € F, and f: P x B — F be a continuous mapping, where
B := BF(z). Given p € P, we abbreviate f, := f(p,+): B — F. We suppose
that there exists A € GL(F') such that

{ 1/p(2) = fo(y) = A.(z =y
Iz = yll

1
0 = sup :pGP,y,zEB,y;«éz}<HA_1”.
(72)
Then the following holds:

(a) fp(B) is open in F and f,|p is a homeomorphism onto its image, for each
peP.

(b) The set W :=J,cp {p} x fp(B) is open in P x I, and the map ¢p: W — F,

P(p,z) = (fp QP(B))_l(z) s continuous.

(¢c) The map &: P x B— W, &(p,y) := (p, f(p,y)) is a homeomorphism, with
inverse given by £ (p, z) = (p, ¥(p, 2))-

If P is a subset of a topological K-vector space E here and f is Lipschitz continu-
ous, then also 1, &, €1 and each of the maps (f,|5)~" are Lipschitz continuous.

Proof. (a)-(c): By Theorem 5.3, applied to f,, the set f,(B) is open in F' and
fplB a homeomorphism onto its image. Define o :== 1 — g||A7!||. Let us show
openness of W and continuity of h. If (p,z) € W, there exists y € B such that
fp(y) = z. Let € €]0,r — ||y — z||] be given. There is an open neighborhood Q
of p in P such that f(q,y) € f(p,y) + A.Bac (0) for all ¢ € @, by continuity of f.
Then, as a consequence of Remark 5.6, Equation (66),

fa(Be(y)) 2 f(a,y) + A.Bac(0) 2 f(p,y) + ABaz (0) = 2 + A.B: (0).

By the preceding, Q x (z+A.§a75 (0)) € W, whence W is a neighborhood of (p, z).
Furthermore, 9(q,2") = (f;)~'(2') € Be(y) = B:((fp)"'(2)) = B:(¢(p, 2)) for

all (¢, 2') in the neighborhood @ x (z 4 A.Bez (0)) of (p, z). Thus W is open and
1) is continuous. The assertions concerning £ follow immediately.

Final assertions. Assume now that P is a subset of a topological K-vector
space F and f is Lipschitz continuous. We only need to show that ¢ is Lip-

schitz continuous (the remaining assertions are then immediate). To this end, let
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(p,z) € W. Let y, ¢ and Q be as before. By continuity of f, after shrinking @
and €, we may assume that

147 W) = )l < 2505 forallge Qand ve Byly). ()

Abbreviate 6 := g||A71|| < 1. Our goal is to see that ¢ is Lipschitz continuous
on the neighborhood Q x (z + AB(1_g)c/4(0)) of (p,z), where 1 — 6 = « from
above. To achieve this, for each (g, ¢) in this neighborhood we interpret ¢(q, ¢) as
a fixed point of a suitable contraction g(, .y and then apply Proposition 4.5 on the
Lipschitz continuous dependence of fixed points on parameters. The Lipschitz
continuous map

g: Q x (z +A§(1,9)5/4(0)) X E% (y) = F, g(gcv) =v— A_l.(fq(v) )

will serve our purpose. Note first that for all (¢,¢) € Q x (z + AB(1_9)c4(0)),
the map g(q.¢) == g(q,¢,.): E% (y) — F satisfies

Hg(q,C)(v) _g(q,(')(w)H = Hg(Q7Ca ’U) _g(q,cv ’lU)H
= AT Sy (v) = AT fo(w) = (v = w)|
AT fa(v) = fo(w) = Au(v — w)|

<
< A7 lollv —w] = 0o —wl|; (74)

we are thus dealing with a uniform family of contractions. Each g(, ) is a self-map
of E% (y), because, for each v € Eg (v),

Hg(%ca U) - y”
= ||g(q,C,U) 7g(pvzay)||

S ||g(q,C7'U) - g(pa C,U)” + ||g(pa C7U) - g(p,Z,U)” + ||g(p,z,'U) - g(paz7y)||
< AT (fo(0) = fo)] + [A7 (e = 2)]| + bllv — y]|
< L8e Uofe L ge <k (75)

Here, we used (74) to pass to the penultimate line and then (73). By Banach’s
Contraction Theorem (Lemma 4.2) and Proposition 4.5, g, ) has a unique fixed
point ¢(q,c) for each (g,c), and the map ¢: Q x (z + A§(1_9)5/4(0)) — Fis
Lipschitz continuous. But g(4.c)(v) = v if and only if f;(v) = ¢, i.e., if and only
if v = ¥(q,c). Thus ¢(q,¢) = ¥(q,c) and thus 1) is Lipschitz continuous on
Q % (2 + AB(1-6)c/4(0)). 0

Remark 5.11 Note that if ¢’ € [5,¢], ¢ € Q and ¢ € 2 + A§(1_9)81/4(0), then
the calculation (75) shows that ||g(g,c,v) — y|| < % This will be useful later.

As an immediate consequence, we obtain an implicit function theorem.
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Corollary 5.12 (Lipschitz Implicit Function Theorem) In the situation
of Theorem 5.10, let (po,yo) € P x B. Then there exists an open neighbor-
hood Q@ C P of po such that zo :== f(po,yo) € fp(B) for all p € Q. The mapping
A Q — B, X(p) :=¥(p, 20) is continuous (resp., Lipschitz continuous if so is f),
satisfies A(po) = yo, and

{(p,y) €@ x B: f(p,y) = 20} = graph()).

Proof. Because W is an open neighborhood of (pg, z0) in P X F, there exists an
open neighborhood @ of pg in P such that Q x {20} C W. Then A(p) := ¥(p, 20)
makes sense for all p € Q). The rest is now obvious from Theorem 5.10. O

Inverse Function Theorem with Parameters

We are now in the position to formulate and prove our main result, an Inverse
Function Theorem with Parameters for various types of differentiable mappings.

Theorem 5.13 (Inverse Function Theorem with Parameters) LetK be a
valued field, k € NU {co}, E be a topological K-vector space, and F be a Banach
space over K. Let Py C E be a subset with dense interior, U C F be open, and
f:PyxU — F be a map. Assume that

(i) f is LC*, respectively, SC*; or:

(i) f is C* and k > 2, or f is C*, K is locally compact and F has finite
dimension.

Abbreviate fp == f(p,«): U — F for p € By. Suppose that (po,x0) € Po x U
is given such that f, (zo) € GL(F). Then there exists an open neighborhood
P C Py of po and r > 0 such that B := B,.(xg) C U and the following holds:

(a) fp(B) is open in F, for each p € P, and ¢p: B — fp(B), ¢p(x) := fp(x) =
f(p,z) is an LO*-diffeomorphism (resp., an SCF-diffeomorphism; resp., a
C*-diffeomorphism).

b) W := pt X fr(B)) is open in Py X F', and the map
peEP p
G W =B, 9(p.2) = 65(2)
is LC* (resp., SC*, resp., C*). Furthermore, the map

§:PxB—W, &(p,x):=(p f(p,7))

is an LO*-diffeomorphism (resp., an SC*-diffeomorphism, resp., a C*-
diffeomorphism), with inverse £~ *(p, z) = (p, ¥ (p, 2))-

(¢) P x Bs(fpy(x0)) CW for some d > 0.
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In particular, for each p € P there is a unique element \(p) € B such that
f(p, A(p)) = f(po,x0), and the map A\: P — B so obtained is LC* (resp., SC*,
resp., C*).

Remark 5.14 Given o, € R such that 0 < a < 1 < 8 in the situation of
Theorem 5.13, one can furthermore achieve that

fo(®) + A.Bas(0) C fp(Bs(x)) € fp(x) + A.Bps(0) (76)
forallpe @, x € B and s €]0,r — ||z — x¢]|]

Proof. Given «, 3 € R such that 0 < a < 1 < 3, define

— ; B—1 l—o 1
T = Imin
{HA*IH7 HA*IH} < AT

where A := f] (z0). Then 1 — 7|[A™'| > o and 1 + 7|A™"|| < 3. By strict
differentiability of f at (po,xo) (resp., by Remark 3.14), there exists an open
neighborhood P C Py of py and r > 0 such that B := B,.(z) C U and

1£p(2) = fo(y) = fp,(@)-Cz =)l < 7llz =yl (77)
for all p € P and y # z € B. Hence

W { 1/p(2) = fo(y) — f (0)-(z — 9
Iz =yl

:p€P7Z7éy€B}

1

< r< . 78)
AT (

Thus Theorem 5.10 applies to f|pxp with A := f] (20), whence f,(B) is open

in F' and ¢, := f, JI;I B a homeomorphism onto its image, for each p € P; the
set W= J cp{p} % fp(B) is open in Py x F; the map ¢: W — B, ¢(p, z) =
¢, (2) is continuous; and the mapping £: P x B — W, &(p,y) := (p, f(p,y)) is a
homeomorphism, with inverse given by ¢~1(p,z) = (p,¥(p,2)). In view of (78),

Lemma 5.3 applies to f,|p, for all p € P, whence (76) in Remark 5.14 holds.

Also (c) is easily established: we set § := ||A~![|7' 4L, After shrinking P, we may
assume that || f(p, o) — f(po, xo)|| < 0 for all p € P. Then, using (76) with z := x¢
and s .= r, we get fy(B) 2 f,(20) + A.Bar(0) 2 Bas(fo(20)) 2 Balfpo(x0)), for
all p € P. Thus (c) holds.

(a) and (b): If can show that 1 is LC* (resp., SC*, resp., C¥), then clearly all
of the maps ¥, £, A and ¢, will have the desired properties. Given (p,z) € W,
we let A := f, (x0) as before and define y, 6, Q, € and the map

g: Q X (Z +"4B(1—9)5/4(0)) X B%(y) - Fa g(qa va) = U= Ail'(fq(v) - C)

48



as in the proof of Theorem 5.10 (using now open balls instead of closed balls).
Because the arguments from the proof of Theorem 5.10 apply to the restriction
of g to Q x (z + AE(l,g)el/4(O)) X E% (y) for each ¢" € [, [ (see Remark 5.11),
we deduce that g(g,c,+) has a fixed point in Bz (y), for each ¢ € @ and each
c € z+ AB(1_g)/4(0). Repeating the arguments used in the proof of Theo-
rem 5.10, we see that (g(q,c,s))q,c is a uniform family of contractions for ¢ € @,
c € z+ AB(1_9)-/4(0), and that v(q, c) is the unique fixed point of the contrac-
tion g(g, ¢,+): Bz (y) — Bg(y). Since g is LC* (resp., SC*, resp., C*), Proposi-
tion 4.5 shows that 1) is LC* (resp., SC*, resp., C*) on the open neighborhood
Q x (z + AB(1_9)8/4(0)) of (p,z) in W. This completes the proof. O

Remark 5.15 If f is C*! in the situation of Theorem 5.13 but K is not locally
compact or F' is infinite-dimensional, then the conclusions of the theorem still
remain intact if we assume that (72) is satisfied by f with A := f (2o). This
ensures that we are in the situation of Theorem 5.10, and we can now complete
the proof (with o :=1—0o||A7!|| and 8 = 14 o||A7"||) as before, noting that the
C'-dependence of fixed points on parameters established in Theorem 4.7 requires
neither local compactness of K nor finite-dimensionality of F.

The same reasoning shows that if f is C*, SC* or LC* for some k € NU {co}
in the situation of the Lipschitz Inverse Function Theorem (Theorem 5.3), then
f~: f(B.(z)) — B.(x) is C* (resp., SC*¥, resp., LC¥).

Remark 5.16 Note that Theorem 5.13 subsumes as its final assertion the Gen-
eralized Implicit Function Theorem announced above (Theorem 5.2). Using a
singleton set of parameters, we also obtain the ordinary Inverse Function Theo-
rem (Theorem 5.1) as a special case.

For ultrametric Banach spaces, the Inverse Function Theorem with Parameters
attains a simpler form:

Theorem 5.17 Let (K, |.|) be an ultrametric field, k € NU{co}, E be a topolog-
ical K-vector space, and F be an ultrametric Banach space over K. Let Py C E
be a subset with dense interior, U C F be open, and f: Py x U — F be a map.
Assume that

(i) f is LC*, respectively, SC*; or:
(i) f is CF and k > 2, or f is C*, K is locally compact and F has finite
dimension.

Abbreviate f, := f(p,«): U — F for p € Py. Suppose that (po,zo) € Po x U is
given such that A := f, (xo) € GL(F). Then there exists an open neighborhood
P C Py of po and r > 0 such that B := B.(xg) C U and the following holds:

(a) fp(B) = f(po,x0) + A.B.(0) =: V, for each p € P, and ¢,: B — V,
bp(y) = f(p,y) is an LC*-diffeomorphism (resp., an SC*-diffeomorphism,
resp., a C*-diffeomorphism).
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(b) fp(Bs(w)) = fp(y) + A.Bs(0) for allp € P, y € B and s €10, r].
(¢) The map v: P xV — B, ¢(p,v) := ¢, (v) is LC*, SC*, resp., C*.

(d) &: Px B — PxV, &y = (p,f(p,y)) is an LCF-diffeomorphism
(resp., SCk-diffeomorphism, resp., C*-diffeomorphism), with inverse given
by £ (p,v) = (p, ¥ (p,v))-

Proof. We let P and r be as in the proof of Theorem 5.13, choosing P so small
that

IA™Y f(p, o) — A7V f(po,@o)|| < 7 (79)
for all p € P. Since (b) holds by Theorem 5.8 (d), taking s := r we deduce that
fo(Br(z0)) = fp(zo) + A.Br(0) = fp,(20) + (fp(z0) — fpo(20)) + A.B,(0)

= fpo(x0) + A.B.(0) =: V.

The final equality holds because f,(zo) — fp, (z0) € A.B,(0) by (79) and B,(0)
is an additive subgroup of F. Thus (a) holds by Theorem 5.13 (a). Further-
more, W = {,cp{p} X fp(B) = P x V by (a), whence (c) and (d) hold by
Theorem 5.13 (b). O

A  Appendix: C%concepts

In this appendix, we describe a version of the notion of “C°-concept” introduced
in [2]. While only mappings between open sets were considered in [2], we now
define C°-concepts for mappings between subsets of topological vector spaces with
dense interior. In other respects, our C%-concepts are more restrictive than those
from [2]. In particular, we are working only with Hausdorff topological vector
spaces over Hausdorff topological fields, whereas suitable topologized modules
over suitable topologized rings provided the general framework in [2].

Definition A.1 Let K be a (non-discrete, Hausdorff) topological field and € be
a class of (Hausdorff) topological K-vector spaces satisfying the following axioms:

(E1) K € & and {0} € &€ hold:
(E2) If E € € and F is a topological K-vector space isomorphic to F, then F € &;

(E3) If Ey,E, € &, then also Fy x Fy € £ (when equipped with the product
topology).

A C%-concept over K (with underlying class of topological vector spaces £) assigns
aset CO(U,V) C C(U,V) of continuous maps to all E, F € £ and subsets U C E
and V C F with dense interior, such that the following axioms are satisfied:
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(Co1)

(C02)

(C03)

(C04)

(C05)

(C06)

IHfE,FFHe and U CE,V CF,W C H are subsets with dense interior,
then go f € CO(U, W) for all f € CO(U,V) and g € C°(V,W). Furthermore,
idy € CO(U, U).

For each E € £ and subset U C E with dense interior, the inclusion map
iv: U — E is CO.

For all E,F € £ and subsets U C E, V C F with dense interior, a map
f: U — Vis C%if and only if it is C° as a map into F, i.e., if and only if
ivofeCUF).

IfneN, Ey,....,E,,F € £ and B: E; X --- x B, — F is a continuous
n-linear map, then 8 € CO(E;y x -+- x E,, F).

Given F, Fy,F, € £ and a subset U C F with dense interior, a mapping
f=(f1,f2): U— E; x Ey is C° if and only if both components f; and fy
are C°.

(Locality). If E, F € £, U C FE is a subset with dense interior and f: U — F
a mapping such that f|y, € C°(U;, F) for an open cover (U;);cs of U, then
fec(U,F).

Remark A.2 Whenever a C%-concept is used in the present article, £ simply is
the class of all Hausdorff topological K-vector spaces. But, of course, there are
other interesting classes of topological K-vector spaces, for example the classes
of locally convex (polynormed, normable, resp., complete normable) spaces over
valued fields, or classes of spaces with certain completeness properties, etc.

Remark A.3 Here are some consequences of the axioms.

(a)

(b)

Property (C01) means that the pairs (E,U), where £ € £ and U C E is
a subset with dense interior, form a category with Hom((U, E), (V, F)) =
C°(U,V) as respective set of morphisms.*

Properties (C01) and (C02) guarantee in particular that f|y = foiy €
Co(U, F) for each C%-map f: E — F and subset U C F with dense interior.

(C04) ensures that continuous linear maps and continuous bilinear maps
are C°. Hence the addition map E x E — E and the scalar multiplication
map K x £ — E are C°, for each E € &.

Note that if U C K has dense interior and ¢ € K, then U \ {t} is dense
in U, whence a C’-map f: U — F is uniquely determined by its restriction
to U \ {t}. This property (“determination axiom”) plays an essential role
in the discussions of [2] (in the case of open subsets).

4We prefer to suppress E and F in the notation C° (U, V), with little risk of misunderstanding.
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(e) Given a C°-concept in the present sense, restricting attention to mappings
between open subsets we obtain a C%-concept in the sense of [2].

(f) In [2], Property (C04) is not required in full, but it is satisfied by all in-
teresting examples of C-concepts based on topological vector spaces, and
makes it unnecessary to distinguish between continuous linear maps and
linear maps which are C° (and similar nuisances).

(g) Usually, one only specifies the C°-maps U — F on subsets U C E with dense
interior, for all E, F € £. One then tacitly uses (C03) as the definition of
Co-maps to a subset V C I’ with dense interior.

Definition A.4 Given a C’-concept over a topological field K based on a class £
of topological K-vector spaces, we define C'-maps as follows: Let E,F € £ and
f: U — F be a C%map on a subset U C E with dense interior. We say that f is
C' if there exists a CO-map fIU: UM — F which extends fI'l: U'l — F (where
Ul and f1'l are as in Section 1). Recursively, we say that f is C* if f is C* and
filis k=1,

Then all relevant results from [2] (and their proofs) remain valid. In particular,
the Chain Rule holds for C*-maps; being C* is a local property; finite-order Taylor
expansions are available, etc.

B Appendix: A variant of Lemma 2.9

In this appendix, we prove the following variant of Lemma 2.9 for C'-maps (which
is not needed in the main text).

Lemma B.1 Let K be a locally compact field, E and H be topological K-vector
spaces and F be a finite-dimensional normed K-vector space. Let U C E and
V C F be subsets with dense interior and f: U x V. — H be a C'-map. Let
ug € U, vg €V, g € E, yo € F, v be a gauge on H, and € > 0. Then there
exist neighborhoods Uy C U of ug, Vo CV of vg, Xo C E of xg, Yo C F of yo
and a 0-neighborhood Sy C K such that

Hf[l](uavaw7y17t> - f[l](uvvaw7y27t> - f;O(U0>-(91 - y2)||V <e ||y1 - y2|| (80)

for all elements uw € Uy, v € Vg, x € Xo, y1,y2 € Yy and t € Sy such that
(u, v, 2,y1,1), (u, v, 2,y2,t) € (U x V)1,

The proof of Lemma B.1 uses a variant of Lemma 1.13 for f[2:

Lemma B.2 Let E and F be topological vector spaces over a topological field K,
and f: U — F be a C%-map, defined on a subset of E with dense interior. If
te K*, z,x1,y,y1 € E and s, s1, 82 € K such that

((fE,y,tS), (Jfl,ylytﬁ), t$2) (S U{Q] s
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then also ((z,t%y, ) (txy,t3y1, 51), s2) € UP, and

t3 f[2]<(xa Y, tS)a (Ih Y1, tsl)a t82) = f[Q]((xa t2ya %)7 (txla t391, 31)7 52) . (81)
Proof. See [12, Lemma 3.3 (b)] for the case of open domains. The proof carries
over verbatim. O

Proof of Lemma B.1. We may assume that ||F| C |K| (because all norms
on F are equivalent, and we can take a maximum norm with respect to some
basis). Let Q be the set of all (u,v,z,t,y1,y2) € U XV x Ex K x F x F such
that (u,v,2,y1,t), (u,v,2,y2,t) € (U x V). We choose a gauge ||.|c on H such
that [|a+0b||, < max{||all¢, ||b]|¢} for all a,b € H. Given (u,v,z,t,y1,y2) € 2, we
have

1AM v, 2,91, 8) = fU (w0, 2,90, 8) = £ (v0) (w1 — w2)ll
= M (u+ tz,v + tys, 0,1 — Y2, t) — fl (vo)-(y1 — y2)|l4
= M+t v+ tye, 0,01 — Yo, t) — fliyrn(v)- (11 — 2)
+(f’tll.+ta‘,’(v) - fqio (v0))-(y1 — yQ)H'y
max { || f (u+ tw, v + ty2, 0,51 — y2,) = e (0)-(01 — w2)
1(frsta () = Fup (0))-(y1 —w2)llc} 5 (82)

using Lemma 1.12 to obtain the first equality. Abbreviate

IA

Q1 = {(u, v, t,y1, Y2, w,7) € AX F xK: (u+tx,v+tys,0,w,r) € (U x V)3,
The function
g: 0 — H, glu,v,z,t,y1,y2,w,7) := f[l](u—l—ta:,v—i—tyg,o,w,r) — firta (V)W

is continuous and vanishes on the compact set {(uo, vo, Z0,0,y0,y0)} x K x {0},
where K := Ef(O). Hence, there exist neighborhoods Uy C U of ug, Vy C V
of vy, Xg C E of xg, Yo C F of yp and a balanced 0-neighborhood Sy C K such
that
||g(u7vvx7t7y17y27w7r)”< S €

for all (u, v, z,t,y1,y2, w,r) € QN (U x Vo X X x Sp x Yo x Yy x K x Sp) =: Qo.
Given (u,v,z,t,y1,y2,w,7) € Qg and s € K* such that |jw| < |s| < 1, we have
(u, v, 2,t, 91, Y2, 8 1w, s7) € Qo and

||g(u,v,x,t7y1,y2,w,r)||<
£ (u + ta, v + tyo, 0,w, 1) — Tz (v)0]l¢
!

|S| . ||f[1](u + t.’l?,’l} + ty2a078_1w?87a) - fu+tw<v)'s_1w||g
|S| . ||9(U7U7xat»y1792, S_lwvs’r)H( S |S| £ (83)
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If |w|| > 0, we can choose s such that |s| = |Jw|; if ||w] = 0, we can let s
pass to 0. In either case, (83) entails that ||g(u,v,z,t,y1,y2, w,7)|lc < ellw|.
After shrinking Yy, we may assume that Yo — Yy C K. For all (u,v,x,t,y1,y2) €
QN (U x Vo x Xg x So x Yo x Yy), we then have (u,v,z,t,y1,y2,y1 — ya2,t) € Qo
and

1M (At 0+ by, 0,51 — Y2, 8) = flp e (0). (01 — w2) ¢
= |g(u,v,2,t, 91,92, 91 — y2,t)ll¢c < ellyr — 2| - (84)
By Lemma 3.13, after shrinking Uy, Vi, Xo, Yo and Sy, we can achieve that also

[(fogta(0) = fug(00))-(y1 —y2)llc < ellyr — wall (85)
for all (w,v,z,t,y1,92) € QN (Uy x Vo x Xg X Sy x Yy x ). Combining (82),
(84) and (85), we now see that (80) holds. O
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