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Abstract

It is well known that the usual L%-theory of the Stokes operator valid for
bounded or exterior domains cannot be extended to arbitrary unbounded
domains 2 C R™ when g # 2. One reason is given by the Helmholtz pro-
jection which fails to exist for certain unbounded smooth planar domains
unless ¢ = 2. However, as recently shown [6], the Helmholtz projection
does exist for general unbounded domains in R? if we replace the space
Li,1 < q< oo, by L>N LY for ¢ > 2 and by L4+ L? for 1 < ¢ < 2. In this
paper, we generalize this new approach from the three-dimensional case to
the n-dimensional case, n > 2.
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1 Introduction

Let Q C R", n > 2, be a domain and let 1 < ¢ < oco. Then the classical Helmholtz
projection P, on L(Q2)" defines a topological and algebraic decomposition of
L9(Q2)™ into the direct sum of the solenoidal subspace

£8(©) = G @) = r(P),
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where 5% () = {u € Cg°(Q)" : divu = 0}, and the space of gradients
GUQ) ={Vpe LY(QY)": pe L] ()} = Ker(P,).

loc

Hence every vector field u € L7 (here L7 stands for L9(€2)™) has a unique decom-
position u = ug + Vp where uy = Pu € LL = L1(2) and

[uollg + [[Vpllg < cllullg (1.1)

with a constant ¢ = ¢(q,€) > 0. The existence of P, is well known for several
classes of domains with boundary of class C!, namely for bounded domains, for
exterior domains, aperture domains, layers, tubes, half spaces and perturbations
of them, see e.g. [3], [4], [5], [7], [8], [10]. However, the decomposition

LI)" =LI(Q) & G1(Q), 1<g<oo, (1.2)

no longer holds for infinite cones in R? with "smoothed vertex” at the origin and
of opening angle larger than 7 when ¢ # 2, see [2], [9].

On the other hand, an L?-theory works for every bounded and unbounded
domain without any assumptions on the boundary. Actually, the decomposition
u = ug + Vp can be found by solving the weak Neumann problem

0
Ap=divu in €, a—]zz[:u-N on 0f2,
where NV denotes the exterior normal unit vector on 0€2; i.e., Vp is determined
in G*(2) via the variational problem

(Vp, V) = (u, Vo) forall Vi € G*(Q)

using the Lemma of Lax-Milgram. Obviously, ||[Vp|l2 < |lu|lz and ug := u —
VpLVp leading to the a priori estimate

luoll2 + [[Vpll2 < 2[|ull2. (1.3)

Note that the constant C' = 2 in (1.3) is independent of the domain.
In a recent paper, the authors proved the existence of the Helmholtz projection

for general unbounded domains 2 C R? of uniform C?-class (cf. Definition 1.1
below) by replacing the space L by

- LYQ)NLAQ), 2<g< oo

py = [ HONE@), 254

LY+ L*(Q), 1<qg<?2

We may extend this definition to general unbounded domains @ C R", n > 2,
and equip L?($2) with the norm ||ul|z4q) = max(|[ullg, [[ull2) if ¢ > 2, and

ullzay = mf {Jlually + lluzlle : w=ui +us, uy € LY, up € L?} (1.4)
_ [uituz, )| . ! 2 .
= sup{ T 0#felf!NL }



if 1 < g <2 and where ¢ = ¢q/(¢ — 1). Note that for the second characterization
of || - [|za(q) in (1.4) we used the isomorphism

(L) = L7(Q),
see [1]. By analogy, we define the spaces
) LI N L2(Q), 2<q< oo
by - { BN, 2
Li(Q)+ L2(Q), 1<qg<?2

and ,
- G NG Q), 2<g<
qu:{ @NEQ), 25

GUQ) +G2(Q), 1<qg<2

For more properties of the intersection and sum of such compatible pairs of Ba-
nach spaces we refer to [6].

Definition 1.1 A domain Q C R™, n > 2, is called a uniform C'-domain of
type (o, B, K) (where « > 0, 8 > 0, K > 0) if for each xq € 02 we can choose

a Cartesian coordinate system with origin at xo and coordinates y = (y',yn),
v =1, Yn1), and a C'-function h(y'), |y'| < a, with Ct-norm ||h]|cr < K
such that the neighborhood

Ungn(o) = {(y,yn) €ER" 2 My') = B <yn <hy) + B, |y] < a}
of xqy satisfies

Uy sn(xo) =W yn) : h(y) =B <ya <h(y), [¥| < a} = QN Uasgn(zo),

and
AN Uapn(zo) = {(, MY)): Y] <a}.

Then our main theorem reads as follows:

Theorem 1.2 Let @ C R", n > 2, be a uniform Cl—domain of type (a, 3, K)
and let g € (1,00). Then each u € LI(Y) has a unique decomposition

w=1uy+Vp, wu€ LLQ), Vpe GUQ),
satisfying the estimate
luollze + [IVDllze < cllullze, ¢ = cla, 5, K, q) > 0. (1.5)

In particular, the Helmholtz projection 13q defined by ]Squ = ug s a bounded linear
projection on L1($2) with range L1(Q2) and kernel G4(2) and satisfies (Pq)l =P,.



Corollary 1.3 Let 1 < g < 0o and let Q C R™, n > 2, be a uniform C'—domain
of type (o, B, K).

(i) Iy(@) = G (@)

(ii) The following isomorphisms hold:

!

(LL() = LUQ), (GU) = G"(Q).

(iii) The annihilator identities

hold.

Besides the spaces Eg and G4 we consider the spaces

L£2(Q) ={ue LYQ)": divu=0 in Q,u-N=0 on 9Q}

and
— 'l 4

G'(Q) = Vi@ .
the closure in G9(Q) of its subspace VC5°(Q); here £4(€) is defined in the sense

of distributions, i.e., (u, Vi) = 0 for all ¢ € C§°(2). Hence by definition
L) = gU()*

and, due to reflexivity, G4(Q) = LI(Q)*.

As is well known, for bounded or exterior domains, see [10], £4 = L¢ and
G4 = G9. However, for an aperture domain, see [3], [5], [8], LY is a closed subspace
of Zg of codimension 1 if and only if ¢ > n’/, and G? is a closed subspace of GY
of codimension 1 if and only if 1 < ¢ < n. In an arbitrary unbounded domain
of uniform C'-type the same phenomena may occur; moreover, the codimensions
could equal an arbitrary positive integer or even infinity.

Corollary 1.4 Let1 < q < 0o and let Q C R"™, n > 2, be a uniform C*—domain

of type (a, B, K).
(i) The following isomorphisms hold:

(C2@)/ L) = GQ)/G7(9), (G1(2)/G(®)" = £4()/L5(©).
(ii) The space LL(Q) admits the following direct algebraic and topological de-
COmposition:

L) = LLQ) & (£L(2) N G1(9)).

By Corollary 1.4 (1) @g has a finite codimension in £¢ if and only if G has a
finite codimension in G¢; in this case the codimensions coincide.
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2 Proofs

2.1 Preliminaries

Concerning Definition 1.1 we introduce further notation and discuss some prop-
erties. Obviously, the axes e;, i = 1,...,n, of the new coordinate system (', y,)
may be chosen in such a way that ey, ..., e, 1 are tangential to 9€) at x,. Hence
at ' = 0 we have h(y') = 0 and V'h(y’) = 0. Since h € C', for any given con-
stant My > 0, we may choose a > 0 sufficiently small such that ||hlc1 < M) is
satisfied.

It is easily shown that there exists a covering of Q by open balls B; = B,(z;)
of fixed radius » > 0 with centers z; € Q, such that with suitable functions
h; € C' of type (o, 3, K)

Ej C Uaﬂ’hj(l’j) if T; € 89, Fj cQ if T; € Q. (21)

Here j runs from 1 to a finite number N = N(Q) € N if Q is bounded, and
j € N if Q is unbounded. The covering {B;} of € may be constructed in such
a way that not more than a fixed number Ny = Ny(a, 3, K) € N of these balls
can have a nonempty intersection. Moreover, there exists a partition of unity

{¢i}, v; € C5°(R™), such that

N 00
0<¢; <1, suppp; C B;, and Zgojzl or Zgojzl on Q. (2.2)

j=1 j=1

The functions ¢; may be chosen so that |Vy;(z)| < C uniformly in j and = € Q
with C' = C(«, 3, K).

If € is unbounded, then 2 can be represented as the union of an increasing
sequence of bounded domains €, C Q, k € N,

L CUC U T, Q= (2.3)
k=1

where each € is of the same type (o/, ', K’). Without loss of generality we
assume that o =o', g =0, K = K.

Using the partition of unity {¢;} the construction of the Helmholtz de-
composition will be based on well known results for certain bounded and un-
bounded domains. For this reason, we introduce for h € Cj(R™™!) satisfying
h(0) = 0, V'h(0) = 0 and supph C BL(0) CR" 1 0 <r =r(o,3,K) < a, the
bounded domain

H=H.gpr={yeR": h(y) — B <y, <h(y), [¥] <a}nB.(0);

here we assume that B,(0) C {y: |y, — h(y)| < 5, V| < a}.
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On H we consider the classical Sobolev spaces W4(H) and W, ?(H), the
dual space W—14(H) = (Wol’q/(H))/ and the space

Li(H) ={ue LY(H): / udr =0}
H
of Li-functions with vanishing mean on H.

Lemma 2.1 Let1 < qg<oo and H = Hgppy-

(i) Assume that |V'h|w < My for a sufficiently small constant M, =
Moy(q,n) >0, and let uw € LY(H)™ admit the Helmholtz decomposition u = uyg+Vp
with ug € LL(H), p € WH(H) and supp ug, suppp C B,(0). Then there exists a
constant C = C(«, 3, K, q) > 0 such that

lolly + 19pl, < Clluly 2.4)
(ii) There ezists a bounded linear operator
R Ly(H) — W (H)"
such that div o R =id on LI(H) and a constant C = C(«, 3, K, q) > 0 such that
IR lwe < CIflly for all f € L4(H). (2.5)
(111) There exists C = C(a, 3, K, q) > 0 such that for every p € L{(H)

[{p, div )]

Iplly < ClIVPlw-10 = Csup {
: [Volly

L 0£ve W&"]’(H)}. (2.6)
Proof: (i) Since supp ug, suppp C B,(0) and since h has compact support, the
decomposition u = ug+Vp on H may be considered as a Helmholtz decomposition
in the bent half space

H, = {y eER": y, <h(y),y € R”_l}.

Then Lemma 3.8 a) in [10] yields (2.4) provided that | V'h||« < M, is sufficiently
small.

(ii) It is well known that there exists a bounded linear operator R : L{(H) —
VVO1 “(H)™ such that u = Rf solves the divergence problem divu = f. Moreover,
the estimate (2.5) holds with C' = C(«, 3, K, q) > 0, see [8], III, Theorem 3.1.

(iii) The dual map R’ : W—'4(H)" — LI(H) of the map R in (2), replacing ¢
by ¢/, is continuous with bound C' = C(a, 8, K,q) > 0. Given p € LY(H), we get
that Vp € W-1(H)" using the definition (Vp,v) = —(p,div) for v € W2 (H).
Then for all f € LI (H),

(f, ®'(Vp)) = (Rf, Vp) = —(div Bf,p) = =(f,p)-
Hence R'(Vp) = —p, yielding (2.6). ]



2.2 The case () bounded, ¢ > 2

Assume that 2 C R" is a bounded uniform C'-domain of type (o, 8, K). Then
each u € LI1(2)", 2 < g < oo, has a unique decomposition v = uy + Vp, ug €
Li(QY), Vp € GUQ), satisfying (1.1) with constant ¢ = ¢(q,€2) > 0 depending
somehow on €2, see [7], [10].

Given the partition of unity {¢;},, the balls B; and the sets Uagn,(2;),

U s, (%), see Definition 1.1 and §2.1, we define the sets
Uj=U,gp,(x)) N B; if 2; €9Q and U;=B; if ;€Y

1 <5 < N. We may assume that in both cases Lemma 2.1 applies to the domain
H = U; (in Lemma 2.1 (1) the smallness assumption is satisfied if z; € 012,
whereas the case x; € ) is related to the Helmholtz decomposition in the whole
space). Moreover, at most Ny = Ny(a, 3, K) € N of these sets will have a
nonempty intersection. Multiplying v = up + Vp with ¢; we get that

piju = pjug+ V(e;(p— M;)) — (V) (p — M;)

where M; = ﬁ fUJ_ p dx yielding p — M; € L{(U;). Moreover, using the operator

R = R; in Uj, see Lemma 2.1 (2), we find w; = R;(ug - V;) € W, %(U;) such
that divw; = ug - Vi, in U; and pjug — w; € LZ(U;). Then

piu+ (Vo) (p — My) — w; = (pju0 — wy) + V(5(p — M;)) (2.7)
is the Helmholtz decomposition of the left-hand side ¢ u + (Vy;)(p — M;) — w,
in U;. To estimate ¢;u and ¢;Vp let s := max (n”—fq,Q) €1[2,q9),s =s/(s—1).

Then the Sobolev embeddings W, *(U;) < L%(U;) and Wol’q/(Uj) < L*(U;) hold
with embedding constants depending on «, 3, K and ¢, r only. Hence, by Lemma
2.1 (2) (with g replaced by s)

|wjllLaw;) < cllwjllwsw,;y < Clluollzswy), (2.8)

and by Lemma 2.1 (3)

Ug, U /
HU()Hw—l,q(Uj) = sup {|(O—)| 2 0 75 v e Wol’q (U])} < CHUO L3 (Uj)» (29)

IVl Lo )
where ¢ = ¢(a, 5, K) > 0 and C' = C(«, 5, K) > 0. By (2.9) we conclude that

Ip— MillLaw,y < cllVpllw-row,) < c(llullw-rew,) + lluollw-1aw,))

< C(llull Law,) + lluollzsw;)) (2.10)

with constants ¢, C' > 0 depending only on «, 3, K.



Now Lemma 2.1 (1) and (2.7) imply the estimate

oo — wjl| Law,) + IV (¢i(p — Mj)) | Law,) < clleju+ (Vo) — M)l o),

which may be simplified by virtue of (2.8), (2.10) to the inequality

Ls(U].)) (2.11)

lejuoll Lo,y + e Vol ow,) < C (I wllzew,) + lluol

with constants ¢, C' > 0 depending only on «, 3, K. Taking the gth power in
(2.11), summing over j = 1,..., N and exploiting the crucial property of the
number Ny we are led to the estimate

ol + Vol < [ ((Zostual)’ + (X i9ol)") da
J J
< [ 5 (Sl + X lesvolt) do - (212)
J J

9
7 q
LS(U;‘)>’

< ONG (3 Ml + 3
J J

The last sum on the right-hand side may be estimated by the reverse Holder

inequality >, |a;|? < (Zj |aj|5)Q/S since ¢ > s. Using again the property of the
number Ny and taking the gth root, (2.12) may be simplified to the estimate

Ls(Q)) (2.13)

luoll Loty + VPl o) < C([lullLa) + [luo

where C' = C(a, 3, K) > 0. To get rid of the term ||uo|
s > 2 we use the elementary interpolation inequality

Ls(@) in the case when

1 1/a

lolle@) < a(2) uollzz@ + (1 = @)/ uoll ), >0,

2
the new term |lug||Ls(q) on the right-hand side of (2.13) may be absorbed by the

same term on the left-hand side so that (2.13) leads to the inequality

where a € (0,1) is defined by % =2+ 1_70‘. Choosing ¢ > 0 sufficiently small,

luoll o) + VPl o) < C(llullza@ + lluollz2o)) (2.14)

with ¢ = C(«, 3, K) > 0. Finally we use the L*-estimate (1.3) for the term
o] £2(0) and add (1.3) to (2.14). This proves the estimate

ol Lanzz + || Vol Lanze < Cllu|| panze (2.15)

for every q > 2.



2.3 The case 2 bounded, 1 < ¢ < 2

For w € L7+ L? there exist u; € L9, uy € L? satisfying u = u; + us and
|u||lpasre = ||wi]lze + ||uz||2. Define ug and Vp by

uy = Pyuy + Pyuy € L+ L2, Vp= (I — P)uy + (I — Py)uy € G+ G*

yielding v = ug + Vp. Then, using duality arguments and (2.15) for ¢’ > 2,

P P /
ol pagre = sup{|< U1+ Potg, v)| S 04ve L ﬁL2}
”U”Lq’mL2
Pl /
— Sup{|‘<u1+u27 qv>|: O#UeLq mLQ}
||U||LQ’0L2

{(HulHq + ||uall2) max ([ Pyvlly [[Pov]]2)

”UHLfI'ﬂLQ

IN

: o7éveLq’mL2}
< Cllullposre

with the same constant C' = C(«, 3, K) as in (2.15) (with ¢’ instead of ¢). It
follows that Hu0||Lq+L2 + ||VpHLq+L2 < CHU||L’1+L2; i.e., (15) for qc (1,2)

Summarizing both cases we proved the existence of a bounded linear projec-
tion P on L for a bounded domain Q € R" of uniform C’- -type (a, 3, K) such
that Pu = Pyu for all uw € L¢ = L. Moreover, Vp = (I — P))u = (I — Pu €
G1 = Gq The crucial property of Pq is the fact that its operator norm on L9 is
bounded by a constant C' = C'(a, 3, K) > 0. Finally, the assertion (]5(]) = Pq
follows from standard duality arguments.

2.4 The case 2 unbounded

Let © C R™ be an unbounded domain of uniform C'-type (a,(, K). Given
w € LYN)" 1 < q < oo, define uy, = ulg,, k € N, where Q, C Q is the
bounded domain introduced in §2.1; note that €, C Q again is of uniform C'-
type (o, 8, K). Since obviously uy € Lq(Qk)” there exists a unique Helmholtz
decomposition uy, = uy o+ Vp, with ugo € LL(Qy), Vpi, € Gq(Qk) satisfying the
estimate

Huk,OHDI(Qk) + HVpkHZq(Qk) < CHukHDI(Qk) < CHquﬂ(Q) (2.16)
with a constant C' = C(a, 8, K) independent of k € N. Extending uy o and Vpy
by 0 from € to  we get bounded sequences in L9(Q)". Since L?(€) is reflexive,
there exist — suppressing the notation of subsequences — weak limits

up = (w—) ]}1_{210 uro € LY, Q= (w—) klggj Vpr € LYQ)", (2.17)

satisfying u = ug + @ and the estimate [|uol|zq(0) + [|Ql 7o) < Cllullzaq)- Since
Uk € Eg(Qk) C L1(Q) and since L4(Q) is closed with respect to weak conver-
gence, uy € L1(£2). Moreover, de Rham’s argument, see [11], [12], implies that
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there exists p € L _(Q) such that Q = Vp € G4(Q). Hence the pair (ug, Vp)
determines a Helmholtz decomposition of u in L?(Q)". The uniqueness of the
Helmholtz decomposition is proved by a classical duality argument and the weak
convergence properties (2.17). Now the existence of the Helmholtz projection Pq
on L9(Q)" with range L1 () and kernel G?(9) is proved. Moreover, the assertion

(Pq)/ = ]5q/ follows from standard duality arguments. |

Proof of Corollary 1.3: (i) Note that obviously C’gfa(Q)MEq C Li(N), 1< q < oo.

Now let u = ug € LL(). By the proof above, cf. (2.17), the sequence (ur,) con-
verges weakly in L9(Q)" towards P,u = u. By Mazur’s theorem there exists
a sequence of convex combinations of the elements (uy ), say (v,,), converging
strongly in Eg(Q) to u. Each element v, has its support in some bounded domain
Qi(my yielding vy, € LL(Qp(my). Since CF%, (Qi(my) is dense in LI (Qp(n)) and since
for a bounded domain the norms in L? and LY are equivalent, we conclude that
(Um) converges to u in L1(€2) as m — oo; hence u € C@(Q)”'H“.

(ii) The assertions (EQ(Q))/ = Ly(Q) and (]Sq)’ = P, follow from standard
duality arguments.

(iii) All claims are easily proved by duality arguments. [

Proof of Corollary 1.4. (i) By Corollary 1.3 (ii), (iii) both assertions are special
cases of the following general result and of the reflexivity of the space L?, 1 <
q < oo

Let Xy be a Banach space with dual space Yy = (Xj)" and let X, X, and
Y1, Y, be closed subspaces of X and Y, respectively, such that

X2CX1CX07 }/QC)/lc}/bu XQJ_:}/lu Xf_:}/é

Then
(X1/Xs) =Y/ Vs,

For the proof of this abstract result first consider arbitrary equivalence classes
Y=y + Yo eY)/Ysand T, = 21 + Xo € Xy /X5, Then ((y,, 71)) = (y1,21)
is well-defined and defines an injective map J from Y;/Y5 into (Xl / XQ)/. Next,
given any f € (Xl/Xz),, define f; € X| by (f1,z1) := ((f,Z1)) and use Hahn-
Banach’s theorem to extend f; € X7 to an element f, € X. Note that f, € Y7,
but that the map f — f, is not necessarily linear. Then define f := f, +
Y, € Y1/Y;. We note that the map (Xl/XQ)/ — Y1/Ysy, f ~— f, is linear (!)
and bounded. Since it is easily seen that this map is the inverse of the map J
constructed in the first part of the proof, the isomorphism is found.

(ii) By Theorem 1.2 LZ N (/fg N éq) = {0}. Bach v € £ has a unique
decomposition u = ug+ Vp, ug € ig, Vp € G4. Then Vp = u —ugy € Eg proving
the algebraic decomposition of ENg as stated. Moreover, by Theorem 1.2, this
decomposition is also a topological one. [ ]
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