A Weighted Li-approach to Stokes
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Abstract

Considering time-periodic Stokes flow around a rotating body in R?
or R? we prove weighted a priori estimates in L9-spaces for the whole
space problem. After a time-dependent change of coordinates the
problem is reduced to a stationary Stokes equation with the additional
term (w X x) - Vu in the equation of momentum, where w denotes the
angular velocity. In cylindrical coordinates attached to the rotating
body we allow for Muckenhoupt weights which may be anisotropic or
even depend on the angular variable and prove weighted L%-estimates
using the weighted theory of Littlewood-Paley decomposition and of
maximal operators.
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1 Introduction

The problem of the motion of a rigid body in a liquid has attracted the at-
tention of scientists since more than a century. The first systematic study
of this subject was initiated by the pioneering works by Kirchhoff [13] and
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Lord Kelvin [26], regarding the motion of one or more bodies in an inviscid
liquid. After that many mathematicians have furnished significant contribu-
tions to this fascinating field under different assumptions on the body and
on the fluid. We would like to quote the work of Brenner [3] concerning the
steady motion of one or more bodies in a linear viscous liquid in the Stokes
approximation as well as Weinberger [27], [28], Serre [23] regarding the fall of
a body in an incompressible Navier-Stokes fluid under the action of gravity
and Borchers [2] for the existence of weak solutions. Among more recent
articles we refer to Farwig, Hishida and Miiller [7], Farwig [5], [6], Galdi [8],
9], Gunther, Hudspeth, Thomann [11], Martin, Starovoitov and Tucsnak [17]
and references in these papers.

In this paper we consider a (two- or) three-dimensional rigid body rotating
with angular velocity w = (0,0,1)” and assume that the complement is filled
with a viscous incompressible fluid modelled by the Navier-Stokes equations.
Given the coefficient of viscosity ¥ > 0 and an external force f = f (y, 1), we
are looking for the velocity v = v(y,t) and the pressure ¢ = ¢(y,t) solving
the nonlinear system

vy —vAv+uv-Vo+Vqg=f in Q(t), t >0,
dive =0 in Q(t), t >0, (11)
v(y,t) =w Ay on 0Q(t), t >0,
v(y,t) — 0 as |y| — .

Here the time-dependent exterior domain €)(t) is given, due to the rotation
with the angular velocity w, by

Q) = O(1)%,

where @ C R? is a fixed exterior domain and O(t) denotes the orthogonal

matrix
cost —sint 0

O(t) = | sint cost O]. (1.2)
0 0 1

In the two-dimensional case £ C R? is a fixed exterior planar domain and

O(t) = (CO” ‘Smt) . (1.3)

sint cost
After the change of variables
r=0(t)"y (1.4)
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and passing to the new functions

(e, t) = 0(t) v(y. 1), plx,t) =qly.1), (1.5)

as well as to the force term f(z,t) = O(t)” f(y,t) we arrive at the modified
Navier-Stokes system

u—vAu+u-Vu—(wAz) - Vu+wAu+Vp=f in €,
divu =0 in €2,
(1.6)
u(z,t) =wAx on IS,
u(z,t) — 0 at 0o,

for all £ > 0 in the exterior time-independent domain 2. Note that because of
the new coordinate system attached to the rotating body (1.6) contains two
new linear terms, the classical Coriolis force term wAu (up to a multiplicative
constant) and the term (wAz)-Vu which is not subordinate to the Laplacean
in unbounded domains. Linearizing (1.6) in u at u = 0 and considering only
the stationary whole space problem we arrive at the modified Stokes system

—vAu— (wAz) - VutwAu+Vp=f inR?
divu =0 in R?, (1.7)

u—0 as|z| — oo,

where n = 2 or n = 3; in the two-dimensional case plainly w A x = (—xq, x1)
for x = (21, 22) and w A u = (—ug, uy) for u = (uy, us).

The linear system (1.7) has been analyzed in L%-spaces, 1 < ¢ < oo, in
(7], proving the a priori-estimate

V2%l + @A) -u—wAul, + I Vplly < cllfll (18)

Similar results were obtained in the case of a rotating body with constant
translational velocity u., parallel to w, leading to an Oseen system like (1.7)
in which the additional term u., - Vu has to be added in the equation of the
balance of momentum, see [5], [6]. For related L9-results on weak solutions
we refer to [12], for the investigation of several auxiliary linear problems to
[19], [20], and for weak solutions to an Oseen system of type (1.7) in L? with
anisotropic weights see [15].

The aim of this paper is to generalize the a priori-estimate (1.8) to
weighted L4-spaces. For this reason we shall consider the weighted Lebesgue



space

1/q
LI(R™) =L = {u € L. (R") : qw = (/ |u(z)|%w(x) dx) < oo},
where w € L] is a weight function. A weight or a weight function will be
always an a.e. nonnegative and locally integrable function. In order to apply
estimates for singular integral operators, multiplier operators and maximal
operators, the weight function w will be supposed to satisfy the Muckenhoupt
A,-condition.

Definition 1.1. A weight function 0 < w € L] _ belongs to the Muckenhoupt
class A,;, 1 < q < 00, if there exists a constant C' > 0 such that

L[ 1 >q_1
sup<|Q|/ w(z )d:c)<|Q|/w dx < C < +o0,

if 1 < ¢ < oo, and
sup 0] / r)dr < Cw(zy), for a.a. zyp € RY,

if ¢ = 1, respectively. In the first case, the supremum is taken over all cubes @
in R” with edges parallel to the coordinate axes, in the second case over those
of such cubes which contain x¢; here |@Q| denotes the n-dimensional Lebesgue
measure of (). The least constant C' above is called the A,-constant of the
weight. We note that in the second case we may restrict ourselves to cubes
@ centered at x. Since the A Weights satisfy the doubling property, that
is, w(2Q) < cw(Q), where w( fQ x) dz and 2Q is the cube with the
same center as () but with double side length one can consider balls instead

of cubes; the observation on centres of cubes applies to balls as well (see e.g.
[10]).

Theorem 1.2. (i) Let w be a weight in R", n = 2 or n = 3, and assume
that w is independent of the angular variable 6 in a cylindrical coordinate
system attached to the axis of revolution (0,0,1)T. Moreover, let w satisfy
the following condition depending on q € (1,00): either

2<qg<ooandw" € Ay for somer € [1,00) (1.9)



or

g=2andw" €A, or w €A forsomere][l,oc0) (1.10)
or
2 2
1<g<2andw" € Aygp for somer € S5 (1.11)
q 2—4¢g

Given f € LL(R™)" there exists a solution (u,p) € Li (R™)" x L (R") of
(1.7) satisfying the estimate

||VV2U||q,w + H(W AT)-u—wA UHq,w + HVP”q,w < CHqu,w (1.12)

with a constant ¢ = c¢(q,w) > 0.

(ii) Let f € LE (R")" N LE (R")", n = 2 or n = 3, such that both (qi,w)
and (g, wq) satisfy the conditions (1.9) — (1.11), and let uy,us € Li (R™)"
together with corresponding pressure functions p1,ps € Li. (R™) be solutions
of (1.7) satisfying (1.12) for (q1,w1) and (ge,ws), respectively. Then there
are o, 3,7 € R such that uy coincides with us up to an affine linear field
aw + Bw Az + (21, 22, —223)T. For n =2 obviously u; = uy up to the field
6(-%‘2, (L’l)T.

As an example we consider power weights of the type |z|* and (1 + |z|)?,
a € R, as well as weights of the type (1 + |z])*(1 + 7)?, o, 8 € R, where
r = /2?4 23 is the radial distance of x = (xy,x9,x3) from the axis of
revolution.

Corollary 1.3. (i) The a priori estimate (1.12) holds for power weights
w(z) = |z|* and  w(z) = (1+ [z])%,

where na
2<qg<o0 @ —n<a<F
q=2 o n<a<n

I<g<2 : —F<a<n(g—-1).

(ii) The a priori estimate (1.12) holds for the anisotropic, azially symmetric
weight w(z) = (1 + |z))*(1 + 1) on R3 provided that

2<qg<oo . —2<f<q and —3<a+ﬁ<%
qg=2 D =2< <2 and -3 <a+pF<3
l<g<2 : —q<p<2q—-1) and —%<Oz+ﬁ<3(q—1).



Actually Theorem 1.2 holds also for §-dependent weights w provided that
w(z) = w(r, s, 0) satisfies an additional one-dimensional Muckenhoupt con-
dition with respect to the angular variable § € [0,27) and with an A, (6)-
constant independent of (7, z3), see Corollary 1.4 and its proof in §3 below.
As an example we consider the anisotropic weight functions

w(e) = (@) = (14 |o)" (1 +s(2))°, s(x) =r —an,
introduced in [4] to analyze the Oseen equations.

Corollary 1.4. The a priori estimate (1.12) holds for the anisotropic,

0-dependent weights
w(z) = o5(x) = |2]°s(z)?

and
w(z) = n§(z) = (1 + [2z[)*(1 + s(x))”
provided that

2<qg<oo @ —3<f<? and n<a+p<H
q=2 : —%<ﬁ<% and —n<a+p<n
l<g<?2 _%<5<q;_1 and —5 <a+p <n(qg—1).

2 Preliminaries

To prove Theorem 1.2 we need several properties of Muckenhoupt weights.

Lemma 2.1. (1) Let p be a nonnegative reqular Borel measure such that the
centered Hardy-Littlewood maximal operator

Mp(x) = sup — /du
@z Q)

1s finite for almost all x € R™; here () runs through the set of all cubes in R™
centered at x (with edges parallel to the coordinate azes) and |Q| denotes the
Lebesgue measure of Q. Then (Mu)Y € Ay for all v € [0,1).
(2) Let wy,wy € Ay and 0 < 0 < 1. Then wi %w§ € A,.
(8) Foralll <q<r,
A C Ay CA,.



(4) Let 1 < g < oo and w € A,. Then there are wy, wy € Ay such that

w1y

Conversely, a weight w = wlw%_q belongs to A, if wi,wy € Aj.

Proof. (1) See [10, Theorem II 3.4].

The claims (2), (3) and the second part of (4) are simple consequences
of Hoélder’s inequality. The first part of (4), the factorization of A,-weights,
can be found e.g. in [25, V 5.3, Proposition 9]. O

For a rapidly decreasing function v € S(R") let

Fu(€) =€) = W /R ) dr, £ R

be the Fourier transform of u. Its inverse will be denoted by F~!. Moreover,
we shall use the centered Hardy-Littlewood maximal operator

1
Mu(z) = sup ~ / u(y)|dy, =€ R,
Q3 |Q| Q

for u € L] _(R™), where again @ runs through the set of all cubes centered
at x.

Theorem 2.2. Let 1 < g < oo and w € A,. Then the following statements
hold true:

(i) The operator M, defined e.g. on S(R™), can be extended to a bounded
operator from LI to LY.

(ii) Let m € C™(R™\ {0}) satisfy the pointwise Hérmander-Mikhlin mul-
tiplier condition

€ D m(€)] < co for all € € R™\ {0}

and all multi-indices o € Nj with |a] < n. Then the multiplier operator
u — F Y (mu), u € S(R"), can be extended to a bounded linear operator
from L% to L.

Proof. (i) See [10, Theorem IV 2.8].
(ii) See [10, Theorem IV 3.9] or [16, Theorem 4]. Note that the pointwise
condition on m implies the integral condition in [10], [16]. O
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Due to the geometry of the problem it is reasonable to introduce (polar
or) cylindrical coordinates (r,z3,6) € (0,00) x R x [0,27). Then the term
(WA ) Vu = —x901u + 2102u may be rewritten in the form

(wAz)- Vu = Ogu,

using the angular derivative dp applied to u(r, 3, 6).

Now we will solve (1.7) explicitly using Fourier transforms and multiplier
operators. Working first of all formally or in the space S&’(R") of tempered
distributions we apply the Fourier transform F, denoted by ~, to (1.7). With
the Fourier variable & = (&1, &, &) € R? and s = [¢] we get from (1.7)

vs?l— Oy +w X U+ ip=f, i&-u=0. (2.1)

Here (w x &) - Ve = —£0/0& + £,0/082 = 0, is the angular derivative in
Fourier space when using (polar or) cylindrical coordinates for £ € R™. Since
i€ - u = 0 implies i€ - (8¢ﬁ —w X ﬂ) = 0, the unknown pressure p is given by
_’6‘2@\:Z§f7 i'e'a A

= Lo~ NS

Vp(§) =i§-p= ( |§|2) :
Then the Hérmander-Mikhlin multiplier theorem in weighted L%-spaces (The-
orem 2.2 (ii)) yields for every weight w € A,(R"™) the estimate

IVPllgw < ell fllguw (2.2)

where ¢ = ¢(q, w) > 0; in particular Vp € L. Hence v may be considered as
a (solenoidal) solution of the reduced problem

—vAu —Opu+wAu=F:=f—-Vp in R" (2.3)

or — in Fourier space — as a solution of the second order ordinary differential
equation

~

—3¢ﬂ+w/\ﬂ+V32ﬂ:F

with respect to ¢. As deduced in [7] this equation has the unique solution

U(e) = /0 h e o) T F(¢ +t) dt,

using the 2m-periodicity of u with respect to ¢. In this way we arrive at the
solution

ae) = / T O RO(0)E) de (2.4)

0
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of (1.7). Note that F' = f — Vp is solenoidal so that the identity ¢ - F=0
implies that also u is solenoidal. Since eIt multiplied by (27r)_”/ 2 is the
Fourier transform of the heat kernel

we get the formal solution
u(z) = /OOO OM)'E, x F(O(t)-) () dt
= /OOO Ot (B, F)(O(t)x) dt .

Remarks 2.3. (i) In the case n = 3 and F € S(R?)3, the integrals in (2.4)
and (2.5) converge absolutely and define a solution u € §'(R3)? of (2.3).

(ii) In the case n = 2 both integrals (2.4), (2.5) do not converge in S’ (R?)2.
Therefore, we modify the solution formula (2.5) by means of the convergent
integrals

(u,6) = (@,3) = /5 . / T e HO@TRO0E)TE) - 3(¢) di de

(2.5)

+/|5|<1/0 e O)TF(O)E)" - (9(€) — 6(0)) dt dE

for all € S(R?)?, here ~ denotes the inverse Fourier transform F~! on R?.
(iii) In the case n = 3 we arrive at the identity

uw) = [ Tau)sw)dy
with the fundamental solution
D(z,y) = /000 OM)TE(O(t)x — y) dt.
Further, —Au(z) can be expressed as [pq K(x,y)F(y) dy, where
K(z,y) = —A0(x,y)

oL 3 _ 0®)x —yf’ —0@®)x — y|”
:/0 o) (4mwt)3/2 (Q_Vt_ (21/t)2y Jexp ( 4vt ’ ) dt 20

= Kl(xay) + K2<x7y)'



Proposition 2.1 in [7] indicates that Awu is not defined by a classical Calderén-
Zygmund integral operator, since both kernels K; and K, fail to be bounded
c

by = actually, for certain x,y € R3 with |z|, |y| — oo

8]
lz —y|

|K1(x,y)], ‘K2<x7y)‘ >

The main ingredients of the proof of Theorem 1.2 are a weighted version
of the Littlewood-Paley theory and a decomposition of the integral operator

Tf(x) = / T CAOWT(E* HOW)dt = | K@yf)dy (27)

RTL
in the Fourier space. Note that by virtue of the formula m(ﬁ) = —§&u=

ﬁfgli’“ (—/A\u(f)), 1 <j, k <n, and Theorem 1.2 it suffices to find an estimate

of ||Aul|4w in order to estimate arbitrary second order derivatives 0;0,u of
u. Since

F((~)0()" (B » )(0()))(€) = 0 (1) e S FlO(e)
we define ¢ € S(R™) by its Fourier transform

D(E) = (2m) g e = (ZAE)(©)

and for all £ > 0,

bla) = % (%) Bu(E) = DIVEE) = (2m) " PelePer R (2.8)

Thus the kernel K(x,y) in (2.6), (2.7) may be rewritten in the form
K(z,y)= [ O@) %(Ot)z —y) .
0

To decompose IZt choose x € Cgo(%, 2) satisfying 0 < ¥ < 1 and

Z X(277s)=1 forall s>0.

j=—o0

Then define x; for { € R" and j € Z by its Fourier transform
Xi(§) =x27kl), €eRn
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vielding 323 ¥; =1 on R"\ {0} and
suppX; C AL 2 = {e e R": 271 < J¢] < 27H1

Using x; we define for j € Z

, 1 ~ o~
W:Wm“? (W:Xj'lﬁ)~

Obviously, Z;’;_m )7 = 1) on R"™. Moreover, define the kernel

Kjw) = [ 0" o0 -0 T iez,

where ¥/, t > 0, is defined by ¢/ applying the scaling transform as in (2.8).
Then the kernels K; define the linear operators

Tif) = [ Kjw.y)f(y)dy = / T o Wi+ o) X

R~ t

Since formally 7" = Z;’i_ooTj, we wish to prove that this infinite series

converges even in the operator norm on L%
For later use we recall the following lemma, see [7].

Lemma 2.4. The functions v, 1Z)§, J € Z,t >0, have the following proper-
ties:
. -~ -1 oj+1
(i) suppf € A (27,27,
(ii) Form > let h(z) = (1 + |2[2)™ and hy(x) = t~"/2h (%) 1> 0.
Then there exists a constant ¢ > 0 independent of j € Z such that

[Wi(z)] < 272l hysy(x), z€R,
I/l < 27?0l

N To obtain a weighted Littlewood—Paley decomposition of LY let us choose
¢ € C5°(%,2) such that 0 < ¢ < 1 and

29
T pds 1
/0 o(s) S T3
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Then define ¢ € S(R") by its Fourier transform ¢(¢) = ¢(|¢]) yielding for
every s > 0

5.(6) = S5, suppds C A( (2.9)

1 2 )
222
and the normalization [~ b5 (£)? 4 =1 for all £ € R"\ {0}.

Theorem 2.5. Let 1 < g < oo and w € A,(R"™). Then there are constants
c1,c2 > 0 depending on q,w and ¢ such that for all f € L1,

> ds\1/2
il < | ([ 1005707 L)) <l
0 § qw
where ¢s € S(R™) is defined by (2.9).
Proof. See [21], Proposition 1.9, Theorem 1.10, and also [16], [24]. O

3 Proofs

As a preliminary version of Theorem 1.2 we prove the following proposition.
The extension to more general weights based on complex interpolation of
L1 -spaces will be postponed to the end of this section.

Proposition 3.1. Assume that the weight w satisfies
w € Ay if q> 2,
weA orwteA if ¢=2, (3.1)
WY e Ao,y if 1<g<2.

Then the linear operator T defined by (2.7) satisfies the estimate

1T fllgw < ellfllguw, — f € L,

with a constant ¢ = ¢(q, w) > 0 independent of f.

Proof. First we consider the case ¢ > 2 and w € Ay/» C A, and define the
sublinear operator M7, a modified maximal operator, by

Mig(z) = sup / (147 % lg1) (O(t) ") &

)
s>0 t

12



where A; = [, 165]. Then we will prove the auxiliary estimate

162

1/2 inl/2 .
1T g < el 02 IMIN o |l € 2, (3:2)

where v denotes the weight

—(2) /(2 __2_
v=w (/) =0 € Ay = Ay (3.3)
To prove (3.2) we use the Littlewood-Paley decomposition of L%, see
Theorem 2.5, that is,
ds
Aes |([Closor )| s, oo
@ _ (L)

q/2w

By a duality argument there exists a function 0 < g € Ly
with ||gl|(q/2),» = 1 such that

JRCRE0
0 q/2w
To estimate the right-hand side of (3.5) note that

|2 ds

— [ [ mr@pe i )

b0 x Ty f(2) = / 0 (6 + i % P OWR) L

t

where ¢, * ¢ = 0 unless t € A(s, j) := [2%15,2%45]. Since fteA(Sj) 4 —
log 28 for every j € Z, s > 0, we get by the inequality of Cauchy-Schwarz

and the associativity of convolutions that

o< TI@P < [ (604 1) (O

A(s,7)

&

)

dt
t

<l | (1=l P00

here we used the estimate \( *(ds % ) (y)]* < HMHI(W?’ * | s *f|2) (y) and
the identity ||¢7]|1 = ||¢7]1, see (2.8). Thus

T3l < 'l [ [ [ el g0 e T

' ~ : dt ds
<l [ [Tl e [ il g 0070 L
| (3.6)
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since wg is radially symmetric. By definition of M7 the innermost integral
is bounded by M7g(z) uniformly in s > 0. Hence we may proceed in (3.6)
using Holder’s inequality as follows:

o ds .
1351 < el [ ([ locx 1@ S ) Mgt o
. d3q2 2/(] .
<elwle( [ ([ oo s2@ D) uwrds) 1M gl

Now (3.4) and the normalization |/g||(4/2),c = 1 complete the proof of (3.2).
In the next step we estimate ||M7g]|(g/2) 0. Since & € (1, 00) is arbitrary,

we have to consider ||M/|| rz for arbitrary p € (1,00) and 6-independent

weights p € A,,. For this reason we define the “angular” maximal operator

Myg(z —sup/ lg(O

s>0

where A, = [ 165} Then we claim that

16°
Mig(z) < 272 M(Myg) () for a.a. © € R", (3.7)
M gl < C272|j|H9Hp,p for 1 <p <oo, p€ A,

To prove (3.7) invoke the pointwise estimate |1 (x)] < 2729 hyy-2; (),
see Lemma 2.4 (ii) and (2.8). We get

Migla) < 2 sup [ (s« g (O ) T
As

s>0 t

Moreover, there exists a constant ¢ > 0 independent of s > 0, j € Z, such
that hy-25 < chgy-2; for all t € A,. Consequently

Migla) < 27 suphig s + / 191(0

< 27 sup hy ¥ Myg(x)
>0

Since h is nonnegative, radially decreasing, and |||l = [|k][1 = ¢o > 0 for
all ¢ > 0, a well-known convolution estimate, see [25, IT §2.1], yields the
pointwise estimate (3.7). Note that up to now we have not used any special
properties of the weight p € A,,.
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Concerning (3.8) note that for arbitrary but fixed radial distance r =
(22 4+ 22)'/2, and x3 € R for n = 3,
16s

16
Mﬁg(ra I‘370) < Sup — |g|(7’7$3,9)|dt
s>0 S J-16s

S CMlg(r7 £3, 9) )

where M is the classical maximal operator on L{ (R). Since p(z) =
p(r,x3,0) is independent of #, Fubini’s theorem and the boundedness of M
on LP-spaces of 2m-periodic functions imply that

[e.e]
Mgl < [ [T IMglr0 O, gy 7

<C// "grx37 HL o(r 23, )0271_ erdeg

- C||g||p,p

Finally, since M is bounded on L?, see Theorem 2.2 (i), (3.7) yields (3.8).
Summarizing (3.2), Lemma 2.4 (ii) and (3.8) we get that

Hij“q,w < CQ?QU'Hf“q,w for ¢>2, we Ayn.

Hence T' =Y 2 j=—oo Ij converges on L, and defines a bounded linear operator
thus proving Prop081tion 3.1 for g > 2.

Now let ¢ = 2 and w € A;. In this case the Littlewood-Paley decomposi-
tion (3.4) in L? implies that

o d
T <e [ [ 1o TP @ot T,

where )
ge LY, v= - and  ||glco = esssupgn [gv| = 1,
cf. (3.3)—(3.5). By the same reasoning as before we arrive at (3.2), that is,
1T f 2w < 27 VHIMI G fll2w (3.9)

Since |g(r)| < - = w(z) for a.a. 2 € R” and ¢ is radially symmetric, the

— wv(x)
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operator M/ satisfies the pointwise estimate

Migla) < Miw(z) = sup / (167] % w(O(t)") (x) &

s>0 t

< 27l sup b, * Moyw(x)
>0

< 27 M(Myw) ().

Exploiting as before that w is f-independent, we know that Mjw(r,z3) =
w(r, z3). Moreover, the assumption w € A; implies that Mw < cw. Hence
Mig(z) < 272Uy (z) and consequently

IMIg(2)]|oow < 2729, (3.10)

Now (3.9) and (3.10) lead to the operator bound ||T}|z2 < ¢272! and the
boundedness of T on L2

The remaining estimates are proved by duality arguments. Obviously the
dual operator to T is defined by

7f(w0) = [ (A)0WE + 50T dt = [ K@) f)d

where the kernel K™ has the same structure as K. Hence T is bounded on L%
for ¢ > 2 and w € Aq/2. Now let 1 < ¢ < 2 and w9 ¢ Aq/(Q,q) = A(q//g)/
or equivalently w’ = w=7/? € A(g/2)- Then

(TL 9l = KET 9 < fllawll T gllgwr < ellfllguwl TGllgw

since ¢ > 2 and w' = w9/9 € Algr/2)-
Finally let ¢ = 2 and % € A;. As before, since % € Ay,

(TL 9l < 1Azl T gll2aw < ellfllzullgllzayw -

Now Proposition 3.1 is completely proved. O

To extend the results of Proposition 3.1 to further weight functions as
described in Theorem 1.2 we recall a well-known theorem on complex inter-
polation of L?-spaces, see [1]. Note that we use a different definition of the
weighted space LI than in [1].
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Lemma 3.2. Let 1 < py,ps < 00, let 0 < wy,wy be weight functions, 6 €
(0,1), and

p2
° ’LU2 .

Then

w1 ?

[Lpl Lipi)22:|6 - Lﬁf
in the sense of complex interpolation.

Proof of Theorem 1.2 (i). Let ¢ € (1,00) and w € A, such that the LZ-
estimate of Vp holds, see (2.2). Hence it suffices to consider u defined by
(2.3)—(2.5). Choose arbitrary ¢, g2 with

l<qgp<qg<g@p<oco and ¢ <2< (3.11)
and § € (0,1) satisfying
1 1-6 ¢
- + = (3.12)
q il 42

as well as weights wq, wy such that

(2—q1

wf/ ) = A(h/(Q—ql) and  w; € ‘4(12/27

cf. (3.1) in Proposition 3.1. By Lemma 2.1 there exist uy, vy, ug, v9 € Ay with

2/(2-q1) W U
wy = =e= and wy = —q2;2
2—
vy " Uy

Since the linear operator 7" is bounded on both L and L#, Lemma 3.2
shows that it is bounded on L as well, where

_s\2-a g8
a(1—6) 5 uq(l %) 291 w2
~ _ q1 2 1 2
w = Wy s Wy™ = —1 —2
q(1-6)% 8%
q1 a2
Uy Ugy

Note that the sum of the exponents of the numerators equals 1 — @ =

w. Therefore, taking the Wth root of the previous identity, and
choosing u; = us and v; = vy, we arrive with an elementary calculation at

72 21 5 U
w —q(1-9) = 7 3
2—q(1-9)
Uy
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which by Lemma 2.1 is a weight in Ag/2_q1-s). Since uj,v; € A; are
arbitrary, we proved the boundedness of 7" on L for arbitrary w = w if

2

re Ay r=
R )

Now we have to find all admissible r subject to the restrictions given by
(3.11), (3.12). For this reason consider the easier term

1 1_ 1
T:2<1——):q(1—(5):q‘11 z.
" o »

First Case 1 < ¢ < 2, in which 1 < ¢; < g and g2 > 2. Due to monotonicity
properties of 7 as a function of qil and of q% it suffices to check 7 at the
corners of the rectangle (%, 1) x (0, %] The corresponding function values are
q,1 and 2 — ¢q. Hence the range of 7 equals the interval (2 — ¢, q) yielding for
r= % the condition

2 e 2
—<r< —.
q 2—q
Note that the limiting value r = ﬁ is allowed due to Proposition 3.1.

Finally the condition w” € A,q/s, 3 <r< Q—Eq, easily implies that w € Ag:
By Lemma 2.1 there exist vy, vy € Ay such that

, (3.13)

1 q_ 1 _

where v{ € A; and 1 — % < ¢ — 1 yielding vég DD Ay

Second Case q¢ > 2, in which 1 < ¢; < 2 and ¢» > ¢. In this case the values
of 7 at the corners of the rectangle [1,1) x (0, é) in the (1 1 >-plane are

27 )
0,1 and 2. Hence
1 <r <oo,

and we observe that » = 1 is admissible due to Proposition 3.1. Finally note
that the condition w” € A,,/» implies also w € A,: There exist v, vy € A;
such that w satisfies (3.13), where again £ — 1 +1 < ¢ for all r € (1, 00).
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Third Case g = 2. In this case it suffices to interpolate between L2 and
L? . where w; € A; and w% € A;, see Proposition 3.1. Then T is bounded

wa?

on L2 for all
1-6
wy
ws

0<d<l.

w =

Then w09 = w, /w)/"™ or with r = = € (1,00),

w
W= —23 € Ay = Ay

r—1
2

(ii) Note that L% (R") C S'(R™), i = 1,2; indeed, w; € L (R") and
Jiaz1 wi(@)[z]7" dx < oo, see [10, IV.3 (3.2)]. Since the equation (1.7) is
linear, it suffices to consider f = 0 and a solution u € S'(R™)" of (1.7). In the
proof of [7], Theorem 1.1 (2), (3), it was shown that under these assumptions
w is a polynomial and that u(x) = aw+ BwAz+7(x1, 2, —223)T, @, 8,7 € R
(u(z) = B(—x9, 1) if n = 2). O

Proof of Corollary 1.3. (i) Let w(x) = |z|* or (1 + |z]|)*. As is well-known,
see e.g. [25, p. 218, w € A, iff —-n <a <n(¢—1),1 <qg< oo, and w € 4,
iff —n < o < 0. If ¢ > 2, then the condition w" € A,/ in (1.9) implies
that —n < ar < n(% — ), r € [1,00), or equivalently that —n < o < ng/2
by choosing r = 1 or r as large as possible. If 1 < ¢ < 2, then w" € A,/

in (1.11) is equivalent to —n < ar < n(% — 1) for r € (%,2%1] yielding

—5 < a <n(q—1) by choosing r = 2%1 orr — %. Finally, for ¢ = 2, (1.10)
immediately admits all weights w satisfying —n < a < n.

(ii) By Lemma 3.3 below w(z) = (1 + |z|)*(1 + |(z1,22)|)? € A, 1 < ¢ <
00, if =2 < f<2(¢q—1)and =3 < a+ [ <3(¢g—1). If ¢ > 2, the condition
w" € Ay, 7 € [1,00), implies that =2 < f < gand =3 < a+ f < %;
for the proof choose r = 1 or r — oo. For ¢ < 2 the condition w" € A,4/2,
r e (%,%_q], yields the restrictions —¢ < 8 < 2(¢— 1) and ¢ < a +f <
3(q — 1) for «, 8 by choosing r = 227(1 orr — %. For ¢ = 2 we obviously get
the bounds -2 < g <2and -3 < a+ (< 3. O
Lemma 3.3. Let w be the weight w(x) = (1+ |2|)*(1+7)?, where r = |2'| =
Va2 + 23 denotes the distance of x = (x1,xa,23) to the axis of revolution.
Then the following statements hold true:

(i) For all B € (—2,0] and =3 < a+ < 0 we have w € A;.

(i1) Given 1 < q < oo the weight w lies in A, if =2 < f <2(q¢—1) and
—3<a+pB<3(¢-1).
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Proof. (i) For b € (—1, 2] define the regular Borel measure

mm:/ lyal? dy
ANR

on R3 where AN R stands for AN {(0,0,y3) € R : y3 € R}; for a similar
ansatz see [4]. We claim that for the maximal operator M, see Lemma 2.1,

Mys() = W@z

TR T .

To prove the equivalence in (3.14) we consider an arbitrary x € R™ with
x3 > 0; let R > 0 denote the half of the side length of the cube @) centered at
x in the definition of Mpu(z). For simplicity assume that @) is closed. Then
we consider three cases:

First Case, 0 < R < %. Then y3 ~ x3 for all (0,0,y3) € QN R and

1(Q) _ R yb 5 < x5
QI 8R* Jom

since r = |2/| < R such that @ NR # () is possible.

Second Case, 2 < R < w3. Then

M(Q) 1 ol b b—2 b—2
|Q| Nﬁ R ‘y3| dy3NR ~ T3 .

Third Case, R > x3. Now

M(Q) 1 i b b—2 b—2
|Q—|Nﬁ _R\ysl dys ~ 777 < xy

since b > —1. This case also shows that b < 2 is needed to get Mu(z) finite
for a.a. x € R3.

Summarizing the previous three cases we now consider € R? with either
r <axz3orr>ux3 If r <xs, then x3 ~ |z| and due to the first case

l'b xb
M) ~ 23~ 12

r2 r2 ’
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Finally, if » > x3, then the third case applies with R = r ~ |z|. Hence

2
M,U(Z') ~ Tb 2~ 7

Now (3.14) is proved.

By Lemma 2.1 w(z) = (E—'j)”, 0<vy<1 —1<b<2 isan Aj-weight.
In other words, w(z) = |z|*r® € A, for all 8 € (—2,0] and a € (g,— ].
This set of admissible (a, 3) defines a half open triangle in the («, 3)-plane
with vertices (0,0), (—1,—2) and (2,—2). Eventually, since also |z|" € A;
for =3 < v <0, Lemma 2.1 implies that w € A; for all (a, 3) in the open
parallelogram

P:-2<p<0, 3<a+p<0,

plus the line segments —2 < <0, a=—-Fand =0, -3 <a+ 0 <0.

To prove the same result for nondegenerate weights, note that a = 0 is
allowed, i.e., 7 € A; for all 8 € (—2,0]. Moreover, since the sum of two
Aj-weights and also the minimum of two A;-weights is an A;-weight as well,
we conclude that w(z) = (1 + |z])*r® € A, for the same «, 3 as before.
Note that the same result will hold when the axis of revolution is parallel to
the third unit vector, but passes through (xj,0), |z5] = r < 1. Obviously
the corresponding Aj-constant is independent of zf,. Hence for all cubes @
centered at x € R3,

1 ! / /
-—/(/ u+WWW—%%m)@
1@l Jo \Jjzy <1
1 al, ! 1B /
= = [ (L+|y)*y — 25|” dy | day
< \ QI Jg

< [ rlalrle -l d,
EAES!
Since 3 > —2, we conclude that
/ (1+ [ |2" — |’ dag ~ (14 [a])*(1 + |2'])”
|zgl<1

is an Aj-weight for all § € (=2,0], -3 <a+ 4 <0.
(ii) Consider w;(z) = (1+ |x)* (1 +r)% € Ay, j = 1,2, where o, §; Tun
through all of the parallelogram P. By Lemma 2.1

wy(x)

W = (1 + ’x‘)%*(qfl)az(l + T)ﬂl*(qfl)ﬂg c Aq-
2
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Now it can easily be seen that w(x) = (1 + |z|)*(1 + r)? € A, for all o, 3
satisfying -2 < < 2(¢—1), -3 <a+ 5 <3(g—1). ]

Proof of Corollary 1.4. As to the weight w = nj we may proceed as in the
proof of Theorem 1.2 based on Proposition 3.1. Hence the operators T;
satisfy the estimate (3.9) and the maximal operators M/ satisfy the pointwise
estimate (3.7) just as before. However, we have to modify the proof of (3.8)
by analyzing My more carefully.

For the moment let p(x) := p1(r)pa(r, ) be an A,-weight on R? 1 < p <
00, such that ps(r, 8) is 2m-periodic with respect to 6 and satisfies a modified
Muckenhoupt condition for 2m-periodic weights, i.e.,

sup  sup  L,p(p2) < oo, (3.15)
r>0 0<|b—a|<2m
where

—1

1 b 1 b P
Lop(p2) = (m/ pa(r, 0) d@) . (m/ po(r, 0)7 /P d9> :

see [18, Corollary 4], without the additional parameter r. Then consider
for given g € L _(R") the restriction ¢.(0) = g(r,0). Obviously, My is
estimated by the one-dimensional Hardy-Littlewood maximal operator M}*

for 2m-periodic functions, see [18], i.e., for all § € (0, 27)
My g(r,0) < c(Mi%g,)(0), r>0.

Then by [18, Corollary 4], using polar coordinates and Fubini’s theorem,
Mgl < [ rmIME S e I

<cB, / P10 190102 ey A7
= cllgll2,

In the case n = 3 we proceed analogously for a weight p(z) :=
p1(r, x3)p2(r, x3,0), inserting the additional variable x3 in condition (3.15)
and by performing an additional integration with respect to x3 € R in the
last estimate.

Applying this general procedure we have to check for which a, 3 € R the
weights p = of and p = nj satisfy the condition (3.15). First let p(z) =
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of(x) = r*tP(1 — cos0)” yielding py(r,0) = ps(0) = (1 — cos0)”. Since
p2(0) ~ 0% near the origin and po(6) ~ (2k7 — 0)?° near 2kn, k € Z, we may
restrict ourselves to small |al,|b], b > 0, in (3.15). If 0 = a < b, then

1

L g a0 (X[ o200 gp)
[O,b(pQ) ~ E 0-" do 6 0 do =Ca
0 0

provided —3 < 3 < 5(p—1). For 0 < a < g, the term I,4(p2) may be

compared with Iy ,(p2), and for 0 < g < a < b both integrands in I, ,(p2)
may be compared with the constants b*? and b=2%/(P=1)  respectively. Finally,
if a <0 <b, |a| <b, then I,,(p2) ~ Iop(p2). Hence we proved

1 1
of:  sup  Iy(pp) <oo for —o <B<(p-1).
0<|b—a|<2m 2 2
r>0

)
|

Next we consider the weight p = 73 on R2. In this case

B (1+7)8, 0 ~ (2k + 1),
pa(r,0) = (14 7(1 = cos6))” ~ {u +r(2km — 0)%)%, 0 ~ 2k,

is r-dependent. Then, if 0 = a < b < m, using the change of variables
¥ = /rf and the notation B = by/T,

1 b 1 b
Ioy(p2) ~ E/o (14767 do (5/0 (1+ ro?) P/ d&)
-1

1 (B 1 [B P
~ —/ (1+9)% dy (—/ (14 9)~29/=1) dﬁ‘) (3.16)
B J, B/,

1 .
~ (LB (1 (1 B)'2/-0)r,

p—1

Now it is easy to see that the last term is uniformly bounded in B € (0, o)

provided that —% < B < Yp—1). In this way, omitting further cases, we

2
proved
a 1 1
p=rngn=2: sup  Ioy(pa(r,)) < oo for —=<f<=(p—1).

0<|b—al<2m 2 2
r>0
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Finally we investigate the weight p = 7§ on R®. Since |z| = /r? + 3,
we get p(z) = pr(r)pa(r, 73, 6), where

pa(r,x3,0) =1+ /12 + 23 — 1+ (1 — cosb)
/ 1 0~ (2k+1)m
~ 14+ 2+ 2 _ + ’ '
A (2km — 0)2, 0 ~ 2km.

If 0 =a < b < m we proceed as in the previous case and get with R =

14+ /r?+23—r>1and B =by/r/R that

1 b\/77 1 b\/;" p—1
I, ~— R+ 0)*2 46 - —/ R+ 0)~28/(=1) 49
oalpe) ~ o [ R0 (2 [T R

1 B 25 1 B 26/(p-1) p—1
= — 146 d9<—/ 1+ 0) 2P/ d@) )
B /0 ( ) B J, ( )

Comparing with (3.16) we see that we proved

1 1
p=ng,n=3: sup Iu(ps(r,as,-)) <oo for —-<f<=(p—1).
0<|b—a|<27 2 2
r>0,x3€R

Even in this final case (3.15) is satisfied (with an obvious modification for
T3 € R)

To complete the proof we look at Proposition 3.1 and its proof. Up to
now we showed that the linear operator 7', see (2.7), is bounded if (3.1) is
satisfied—with an obvious modification of the class A,. To be more precise,
A, is replaced by the class of weights

—~

Ap:{w:agz —n<a+p<n(p-1), —%<ﬁ<%(p—1)}

or

— 1 1
Ay ={w=mn5: —n<a+p<n(p-1), —§<ﬁ<§(p—1)};

for the bound on o +  we used the well-known result

n—1 n—1
< <
2 s 2

og,ng € Ay iff  — (p—1), n<a+p<n(p-1),
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see [4] for the case n = 3, p = 2 and [14] for the general case. If p = 1, then
a4+ 6 =0 and § = 0 are allowed as well in the previous characterizations.
Now we use Lemma 3.2 on interpolation within each class fip. Looking at
the proof of Theorem 1.2 we get a result analogous to (1.9)—(1.11), with A,
replaced by /Ip. Finally we repeat the proof of Corollary 1.3 (ii). The only
differences are due to the new upper and lower bounds on J and on a+4. [
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