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Abstract

Estimates of the generalized Stokes resolvent system, i.e. with prescribed
divergence, in an infinite cylinder = ¥ x R with ¥ € R™!, a bounded
domain of Cl!-class, are obtained in the space LI(R;L*(%)), ¢ € (1,00).
For the preparation, spectral decompositions of vector-valued homogeneous
Sobolev spaces are studied. The main theorem is proved using the tech-
niques of Schauder decompositions, operator-valued multiplier functions and
R-boundedness of operator families.
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1 Introduction

In this paper we study the generalized Stokes resolvent system

Me—Au+Vp = f inQ
(R») divu = ¢g inQ
u = 0 on 0},

where 2 = ¥ x R is an infinite straight cylinder with cross-section ¥ C R*~! n > 3,
a bounded domain of C%!'-class. This system is a key problem for the study of
instationary Stokes and Navier-Stokes equations. The case of g = 0 in (R)) was
studied in [16]. In this paper the general case g # 0, i.e. generalized Stokes resolvent
systems in an infinite cylinder, is studied to deal with Stokes systems in more general
unbounded cylindrical domains such as cylindrical domains with several outlets to
infinity using a cut-off procedure.
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There are many papers dealing with generalized Stokes resolvent systems for half
spaces, bounded and exterior domains, aperture domains and layer-like domains (see
e.g. [1] - [5], [12] - [14], [17], [18] and the Introduction of [16] for more details), but
no result for unbounded cylindrical domains has been known up to now. Here we
study the solvability of the system (R,) in the space L¢(R; L*(X)) for 1 < ¢ < occ.
The main result of this paper is the following Theorem.

Theorem 1.1 Let X C R™ ' n > 3, be a bounded domain of C*'-class, ag > 0 the
smallest eigenvalue of the Dirichlet Laplacian in X, let 0 < e < 5 and 1 < g < oo.

If f € LY(R; LA(Y)) and g € WE2(Q) N W592(Q), then for every o € (0, ) and
A € —a + S. there exists a unique solution (u,p) to (Ry) satisfying u, V*u,Vp €
LY(R; L*(X)) and the estimate
(A + )u, V2u, Vpl| L2
< €1 Flinrzon + Nalbwrazia + (M + Dlal-sasey):

where the constant C' is independent of A and depending only on «,e,q and 3. In
particular, if fz g(a',x,)dx’ =0 for almost all x,, € R, a stronger estimate

(1.1)

1A + @), V2, Vpl asray) < CUf lzamzzey) + N9llwiaz@) + IMIgIH -1z @)
(1.2)
holds with C' = C(a,e,q,%).

We use the following notations. For ¢ € (0, ), let S. denote the sector of the
complex plane

{AeCA#0,|arg)| < § +¢<}.

We do not distinguish among spaces of scalar and vector-valued functions as long as
no confusion arises. In particular, given a norm in some Banach function space, we
use the short notation ||u,v|| for ||u|| + ||v]|, even if u and v are tensors of different
order. For a Banach space X let X* denote its dual space and L1(R; X),1 < g < o0,
the Bochner space of all X-valued measurable functions with finite norm

1/
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Let 2 = ¥ xR be an infinite cylinder of R” with bounded cross section ¥ C R*~!
and with generic point 2 € ) written in the form = = (2, z,,) € 2, where 2’ € ¥ and
r, € R. Similarly, differential operators in R™ are splitted, in particular, A = A’+9?
and V = (V',0,).

Let r € (1,00) and s € (0,00). Then, L"(X) and W*" (%) are the usual Lebesgue
and Sobolev spaces with norm || - ||,.x, and || - ||s.x, respectively. Moreover, W“(Z)
is the homogeneous Sobolev space, i.e.,

WH(S) = {u € Lio(Z)/R; V'u € L'(2)}, Nullgun sy = IV ullrx,

and W-1r(2) = (WY'())* is the dual space of W'(%), v/ = -, with norm

|+ [l -1r(xy- We denote by Wher(Q), k € N,q € (1,00), the Banach space of all
functions on €2 whose derivatives of order up to k belong to LY(R; L"(X)) with norm
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[ellwrser ) = (Zlalﬁk ||Dau||%q(R;LT(E)))1/q;

here D = 07" - ... 0%"u for a multi-index o € Ny of order |o| < k. Moreover,
Wy (Q) is the completion of the set CS°()™ in W57 (Q). Finally, let W4 ()
be the Banach space defined by

Wer(Q) = {u € Lj,o(Q)/R; Vu € L(R; L' (2))}

endowed with the norm ||ullg10. ) = VUl Ls@;Lr(s)); its dual space is denoted by
W=h4(Q) = (W (Q))*, where ¢ = q/(q—1),7" = r/(r —1). For notational
convenience, as long as no confusion arises, we denote constants ¢, C, ... appearing

in the proofs by the same symbol even though they may be different line by line.

In an n-dimensional infinite layer the Stokes resolvent system is reduced by the
(n — 1)-dimensional partial Fourier transform to a system of ordinary differential
equations with the Fourier phase variable as a parameter; in [2], [3] and [5] the
authors applied Fourier multiplier theorems to the explicit solution of the reduced
system of ordinary differential equations to get the final Stokes resolvent estimates.

However, in an n-dimensional infinite cylinder 2 = ¥ x R the Stokes resolvent
system (Ry) is reduced by the application of the one dimensional partial Fourier
transform F = "along the axis of {2 to the parametrized Stokes system (R)¢) on
the cross-section X

A+E-AVU'+V'P = F in ¥

A+ & - AU, +iéP = F, in ¥

(Re) div'U' +i€U, = G in X
U=0 U, =0 on 0%,

which is elliptic in the sense of Agmon, Douglis and Nirenberg [6]; here U = 4, P =
p,and U = (U, U,), F = (F', F,) etc. In [16] the authors obtained the estimate

I(A+ a)U,&U,6V'U, V2U, P, V' Pllos < | F,V'G, GG |2z + -

of the solution {U(&), P(§)} to (Ry¢) where some terms for G have been omitted;
see (3.3) — (3.5) below and [16], Theorem 3.4, for details. Then Fourier multiplier
techniques are used to get the final estimate of (u,p) when g = 0. However, the
estimate of {U (&), P(&)} for (R ¢) involves the function G with {-dependent param-
eters as well as with norms in the sum and intersection of several Sobolev spaces.
Therefore, the Fourier multiplier technique cannot directly be applied to the case
g #0.

To get an estimate for (R)) from the estimate for (R)¢), we use the uncondi-
tionality of dyadic Schauder decompositions of L¢(R; L?(X)) for 1 < ¢ < oo, vector-
valued homogeneous Sobolev spaces and the R-boundedness of operator families.
Having obtained Stokes resolvent estimates in the straight cylinder 2 = ¥ x R, one
can get resolvent estimates in unbounded cylindrical domains with several outlets to
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infinity; at the end of the paper, we briefly mention the main idea using the method
of cut-off functions.

This paper is organized as follows. Section 2 is devoted to some preliminaries for
the proof of the main theorem including dyadic spectral decompositions of vector-
valued homogeneous Sobolev spaces. Section 3 includes the proof of Theorem 1.1
and a remark concerning the application to unbounded cylindrical domains with
several outlets to infinity (Remark 3.1).

2 Preliminaries

First let us consider vector-valued homogeneous Sobolev spaces. Let X be a reflexive
Banach space and 1 < ¢ < co. We define the space WH4(R; X) by

WH(R; X) = {u € Liyo(R; X); Du € L*(R; X)}
endowed with the (semi-)norm

||U||/m71,q(R;X) = ||D“||LQ(R;X)7

where D is the derivative of first order; here we neglect the technicality that
Wh4(R; X) should be defined as a quotient space (of functions modulo constants).

Using the one-dimensional Fourier transform F = * the space /Wl’q(]R; X) may be
rewritten as

WUI(R; X) = {u € LL(R: X); FL(€a) € LI(R; X)}
with norm

lullragx) = 17 (@) | o).

where ¢ is the phase variable of the Fourier transform. It is easy to see that
Wh(R; X),1 < q < o0, is a reflexive Banach space.

Let D(R; X)) be the space of all compactly supported and infinitely differentiable
X-valued functions and D’(R; X*) the space of X*-valued distributions. Moreover,
S(R; X) is the Schwartz space of all rapidly decreasing X-valued functions, with
dual space §'(R; X*), the space of tempered X*-valued distributions.

Lemma 2.1 (i) D(R; X) is dense in Wl’q(R;X) for each q € (1,00).
(i) C°(Q) is dense in W5 (Q) for each q,r € (1, 00).

Proof: (i) Let f € (Wl’q(]R; X))* vanish on D(R; X). Then, due to the Hahn-
Banach theorem, there exists h € L (R; X*), ¢ = q/(q — 1), such that

0={(f,¢) = (h,D¢) V¢ € D(R;X).
In particular, for all ¢ € D(R) and x € X, we have
0= (h, Dy~ x) = ((h("),2)x*x, DP)p/(),p(R)
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which together with (h(-),z)x- x € L?(R) yields
(h(),z)x+x =const =0 forall z € X.

Hence h =0, and f = 0.

(ii) Given u € Wher(Q) define ug(z,) = Ell Js u(a’, x,,)dx’ where || denotes the
(n — 1)-dimensional Lebesgue measure of ¥. Since uy € Wha (R;R), we may apply
part (i) and assume that u € W1¢7(Q) has vanishing means on 3 for almost all x,, €
R. Then by Poincaré’s inequality applied to u(-, z,) on X it is easy to see that u may
be approximated by elements of the space {v € W (Q); supp v is compact in Q}.
Finally, a standard approximation argument proves that C§°(€2) is dense in the latter
space with respect to the norm || - H/WLW(Q)‘ u

By the Hahn-Banach theorem, for every f € (Wl’q(]R;X))* there is some h €
LY (R; X*) such that

f=Dh and Hf”(ﬁ/l»Q(R;X))* - HhHLq’(R;X*)>

cf. Lemma 2.1. Conversely, it is obvious from Lemma 2.1 (i) that, if » € L¢ (R; X*),
then Dh € (WH(R; X))*. Thus we conclude that
(WHa(R; X))* = {f € S'(R; X*); FU(Lf) € L7 (R; X*)}, o)
I Wl 10 ey = Hf_l(%f)HLq'(R;X*)' .

In consideration of (2.1) we shall denote the space (WU (R; X))* by W17 (R; X*)
for 1 < ¢ < o0.

Now we introduce the notions of UMD-spaces, Schauder decompositions of Ba-
nach spaces and R-boundedness of operator families.

Definition 2.2 A Banach space X is called a UMD-space if the Hilbert transform
1
Hf(t)=—-— PV / &ds, feSR;X),
s R t—s

extends to a bounded linear operator in L4(R; X) for some q € (1, 00).

It is well known that, if X is a UMD space, then X is reflexive (see e.g. [9]) and the
Hilbert transform is bounded in LY(R; X) for all g € (1,00) (see e.g. [23], Theorem
1.3, [21], Proposition 2.3). Closed subspaces of, the dual of, and the quotient of
UMD spaces are UMD spaces as well. If X is a UMD space, then LI(G; X) for
1 < ¢ < oo and for any open set G of R%,d € N, is also a UMD space.

Definition 2.3 Let X be a Banach space and (x,)02, C X. A series Yy -, 1y,
is called unconditionally convergent if > " | To(m) is convergent in norm for every
permutation o : N — N.

Note that if >, , is unconditionally convergent, then the sum > 7| Zy(n) is
independent of the permutation o, see e.g. [10], §3.2.
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Definition 2.4 A sequence of projections (A;)jen C L(X) is called a Schauder
decomposition of a Banach space X if

AA; =0 forall i+# 7

and

ZAJ-:E::U for each x € X.
j=1

A Schauder decomposition (Aj)jen is called unconditional if the series 22| Ajx
converges unconditionally for each x € X.

If (Aj)jen is an unconditional Schauder decomposition of a Banach space X,
then there is a constant ¢ > 0 such that

N N
” Zsjij ’X < CH Z Ajx
7j=1 7j=1

see e.g. [10], Proposition 3.14. Moreover, there is a constant ca > 0 such that for
all z; in the range R(A;) of A; the inequalities

k k
> R H > eils)z;
=l

j=I
are valid for any sequence (¢;(s)) of independent, symmetric {—1, 1}-valued random
variables defined on (0,1), for all [ < k € Z and for each p € [1,00), see e.g. [10],
(3.8). Given an interpolation couple X, Xy of Banach spaces, it is easily seen that a
Schauder decomposition of both A} and A, is a Schauder decomposition of X} N X,
and X} + X5 as well. We note that in the previous definitions and results the set of
indices N may be replaced by Z without any further changes.

Let X be a UMD space and X[, denote the characteristic function for the
interval [a,b). Let R be the Riesz projection, i.e.

) foral NeN,z€ X, g, € {-1,1},  (2.2)
X

-1

CA (2.3)

k
<c H X,
Lr(0,1;X) — A ; Ha

R:=F 'Xpo,00)F,

and define
A= f_1X[2j’2j+l)F, Jj € Z.

It is well known that R and A, j € Z, are bounded in L(R; X) for each ¢ € (1, 00)
and that {A;;j € Z} is an unconditional Schauder decomposition of RLI(R;X),
the image of LY(R; X)) by the Riesz projection R, see [10], proof of Theorem 3.19.
Furthermore, {A;;j € Z} is an unconditional Schauder decomposition of both
Rwl’q(R; X) and R/W_lvq(R; X) for each ¢ € (1,00) since for every permutation
ogof N,every | <k € Z and any u € R/WI’Q(R; X)

k k
Hu B ZZAG(j)uHWLq(R;X) B HDU B ZZAU(j)Du’ LIR;X)
j= j=
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as well as for any v € Rﬁ/\*l’q(R; X)

HU a Z Ao HW La(R;X) H}—_l(g_lﬁ) N zk: A<7(J')‘7'—_1<f—1@)

La(R;X)
g=l

Definition 2.5 Let X,Y be Banach spaces. An operator family T C L(X;Y) is

called R-bounded if there is a constant ¢ > 0 such that for all Ty,--- TN € T, all
x1, -, ey € X and N € N

N
H > i) Ty,
j=1

for some p € [1,00); here (¢;(s)) is a sequence of independent, symmetric {—1,1}-
valued random variables on [0,1], e.g. the Rademacher functions

(2.4)

N
< cH gi(s)x;
Lr(0,15Y) ~ ; i(s); L7(0,15X)

ri(s) = sign sin(2/ws), jeN.
The smallest constant ¢ for which (2.4) holds is denoted by R, (T ).

Due to Kahane’s inequality ([11]) for all py, ps € [1,00) and for any Banach space
X there exists a constant ¢ = ¢(py, pa, X) > 0 such that for all zy,..., 2y € X, N €

N,
| Zsj 5)z;

hence, if (2.4) holds for some p € [1,00), then it does for all p € [1, c0).

(2.5)

s)T;

LP1(0,1;X) LP201X)

Lemma 2.6 Let (H, (-,-),| - ||x) be a Hilbert space and let 1 < q < co. Then there
is a constant ¢ > 0 such that for all v; = Ajz; € LY(R; H) the inequalities

1 k k k
N 2l e < 1132 @il ooy < el Iasll) Pl (2:6)
j=l j=l j=l

hold for alll < k € Z.

Proof: Choose a sequence (g;(s)) of {—1, 1}—valued symmetric, independent ran-
dom variables on [0,1]. Then by (2.3), Fubini’s Theorem and Kahane’s inequality

(2.5)
k k
HZ%HMR;H) = CAHZ€j<8)xj||Lq(0,1;Lq(RsH))
j=l j=l
k
= CAHZ€j<s)xj||Ll1(R;Lq(0,1;H)) (2.7)

j=l
k

SN DO L "
=l



Since fol £j(s)ei(s) ds = &;; by the assumption on (g,(s)), we get due to the Hilbert
space structure of H

HZ% IJHL2(01H Z” ]HH 1/2-

Therefore (2.7) leads to the estimate

k k
I ijHLq(R;H) <c[ (X Hxﬂ‘H%{)l/z”q;R' (2.8)
= =1

Since in (2.7) the reversed inequality holds as well, (2.6) is proved. n

Lemma 2.7 Let X be a UMD space, 1 < q < oo and Rqp = f‘lx[a,b)}" for

—o<a<b<oo. Ifge ﬁ/\_l’q(R; X), then Rqpg € LY(R; X) and there exists a
constant c¢(q, X) > 0 such that

[ RapgllLe@x) < (g, X) max{|al, [b]} || Rapgll-1.0.x)-
In particular, if a > 0, then

1 c(q, X)
mHRa,bgHLq(R;X) < [Rapgllg-ramx) < —

1 Rapg | La:x).

Proof: Let m;(&) be a continuously differentiable function on R such that my(§) = ¢
n (a,b) and
iﬂ£{|m1(€)|, [§m1 ()]} < 2max{|al, [b]}.
S

Then, by [26], Proposition 3, m; is a Fourier multiplier in L¢(R; X'), and we get

|Rapgllomxy = I1F (M€ Xaw )|l Lamsx)
< c(q, X) max{|al, [b[ }| Rap 9l -1.0(z.x):

If @ > 0, we define a C'—function my (&) on R such that my(€) = £ in (a,b) and

E
, 2
sup{|ma(§)], [Ems (€[} < ~
£ER a
Then we get for g € LY(R; X)
[Rapdll-ramyy = IFE Xand)llzamx)

17 (m2(&) Xay @) | o)
SCESYTY: S
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Lemma 2.8 Let X be a UMD space and q € (1,00). There is a constant ¢ > 0 such
that for all g € L1(R; X) and for any | < k € Z the following two formulae hold:

_ koo k ko o

I 28G9l ey < 13050 Ajallamxy < ol 250 2 A5l erx)  (2.9)

_ kooo—j k kEooo—j

2= 27789l ey < 1 252 A9l -ra@x) < €l 2252277 A9 Lo x)-

(2.10)
Proof: Define the functions mq, ms by
27 19
my(§) = Z zX[QJ'QHl)(g)a ma(§) = Z =X ,2+1)(§)-
JEZ jEz

Obviously sup;cz Var(x[o 2i+1ym;) < oo for i = 1,2, where "Var’ means the total
variation on R. Note that for ¢ = 1,2,

m;(§) = ZX[zjgﬂl)(f)mi(é) VeeR and my(§) =0 for & <.

JET
Then by [25], Theorem 3.2, m;,i = 1,2, is a Marcinkiewicz type multiplier in
L9(R; X), that is, there is a constant ¢ > 0 satisfying

IF (mif ) o) < el fllpogrx)  for all f € LYR; X).
Consequently, we get for each g € LI(R; X)

I35 289l emxy = IIF (5o % Xpas,20)(€) Dg ()l zae )
= |F (i F(D]-, 859)) o)
< el 5 As9llras -

The second inequality of (2.9) is proved using the multiplier mo, that is, we have

135 Aol gramxy, = 125 F (€ X 20 (©)3(E)) sy
= 17 (m2F (5 2859)) |l aesx)
< ol i P A9l emix)-
The formula (2.10) is proved similarly. ]

Now let & be a bounded Lipschitz domain of R*!. Then, L"(X) and WL (%)
for all r € (1, 00) are UMD spaces, see e.g. [7], Theorem I11.4.5.2.

Lemma 2.9 Suppose m : R\ {0} — R satisfies

sup [m(§)| <co,  sup [Em'(§)] < co.
£eR\{0} £eR\{0}

Then the multiplier operator defined by
Mfi=FH(mf)

is bounded in LUR; W=L7(X)) and W14(R; L7 (X)), respectively, with bound ¢ =
C(Qa r, Z)CU fOT q,r € (17 OO)



Proof: Tt is trivial from [26], Proposition 3, to show that M is bounded in
LY(R; W=L(%)) since W=17(3) is a UMD space. Moreover, considering (2.1), we
get for f € W H(R; L™ (X))

IM i@y = IMFHE Pllzamere) < el fliromnr )
which completes the proof of this lemma. ]

Lemma 2.10 Let 1 < g,7 < co. Then the operator family {R,p; —00 < a < b <
oo} is R-bounded in LI(R; L7 (X)).

Proof: In the proof of [10], Theorem 3.19, the R-boundedness of the operator family
{Rap;a,b € R} in LY(R; X) for UMD spaces X is shown. n

3 Generalized Resolvent Estimate

In this section we study the Stokes resolvent system (R)) on € (see Introduction),
where 2 = ¥ x R is an infinite straight cylinder with cross-section ¥ C R"~!, n > 3,
a bounded domain of C'!-class. Let a generic point x € Q be written in the form
r = (2/,z,) € Q, where 2/ € ¥ and z,, € R. Similarly, differential operators in R”
are split, in particular, A = A’ + 92 and V = (V’,9,). The Fourier transform in
the variable x,, is denoted by F or ~ and the inverse Fourier transform by F~! or V.
First, we consider the spaces concerning the divergence equation. If u €
W2 (Q) N W, (Q) for some ¢, 7 € (1, 00) solves the divergence equation of (Ry),

then .
g € Wher(Q) n W her(Q). (3.1)

In fact, given ¢ € /Wl;q/”"/(Q) and a sequence (¢,) C C™(Q) converging to ¢ in
Wha'r'(Q), see Lemma 2.1 (ii), we have for all k € N

<9780k>:/diVUtpkdxz—/u-Vgokdx.
0 0

Hence (g, ¢) is well defined and |g[|57-1.4. 5y < [[ull Loz ()-
Moreover, we shall show that

Wl (Q) = LIR; W () + W (R; L7(3)) (3.2)

with equivalent norms. In fact, if g € Wﬁl;q’r(Q), then there exist functions fi, fo €
L9(R; L" (X)) such that for all ¢ € W47 (Q)

o) = / fi-Vids + / fobupdr and  |gll—sar = 11, foll o )
Q Q

where (-, -} denotes the duality product between W17 (Q) and W' (Q). Now,
defining g1, g2 by

(g1,) = /f1 Viode, (g¢ /f2 O i,
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we get g = g1+ g2, 01 € LI(R;WH(2)), g2 € WH9(R; L7 (5)) and
||91||Lq(R;W71,r(z)) < | fillze@izr ey, ||92||/v[771,q(R;Lr(z)) < |l fellLoszr -

Hence W17 (Q) is continuously embedded in LI(R; W17 (X)) + W-L(R; L7 (%)).
The continuity of the other embedding is trivial.

Proof of Theorem 1.1: To prove the existence of a solution, it is enough to
consider the case f = 0, g € S(R; WH?(X)) N W~142(Q). Actually, the theorem
is already proved for the case f # 0, g = 0, see [16], Theorem 1.1. Moreover, we
mention that S(R; W12(2)) N W=192(Q) is dense in W192(Q) N W142(Q); for the
proof standard techniques as in [24], Ch. I, 1.2, may be used.

By [16], Theorem 3.4, for every £ € R* and A € —a+ S the parametrized Stokes
system (Ry¢) with F = f = 0 and G = § € W'2(%), see the Introduction, has a
unique solution

(Us, Pe) = (Ug(§), Po(€)) € (W2(2) nWy2(8)) x WH(E)

such that
(A + @) Ug, €2Uq, EV'Ug, V2Ug, £Pg, V' Pg|2:s
< (VGG Gl + (M + DIG I+ Till)
and, by [16], Corollary 3.6,
€48 (A + )Uq, §2Uq, EV'Uq, V?Us, EPa, V' o) ||2;E 5

< c(IV'G, G, &G o + (1N + DIG; L7, + LY ello);
here the constant ¢ = ¢(a, g,%) > 0 is independent of A € —a + 5., £ € R*, and
IG5 Ly, + L3 ello (35)
= inf {||Goll-rais) + [G1/Ellzm; G = Go+ G, Go € L2(2),Gr € ()},

Moreover, if [, Gdx' = 0, on the right-hand sides of (3.3) and (3.4) the factor |A|+1
may be replaced by |A|. Therefore, the operator M (£) : WH?(X) — L2(X), defined
for £ € R* by

M(g)G = ((A + OZ)UG, §2UG’a gv/UGy V,2UG'7 fPGa V,PG)a
is Frechét differentiable in & € R* and satisfies the estimates
IM(&)G,EM' ()G 2z < c(a,e, D) (IV'G, G, EG o + (Al + DIIG; L7, + Lijello)
(3.6a)
and, if fz Gdx' =0,
IM ()G, EM'(€)Gll2x < cla,e, D) (IV'G. GG o + MG Ly, + Lijello). (3.6b)
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Let
= fglUg(g), p = fglpg(g). (3.7)

We shall show that {u,p} is the unique solution to (R,) satisfying (1.1). Obviously
{u,p} solves (R,) with right-hand side (0, ¢) in the sense of distributions. For the
proof of (1.1), we may assume without loss of generality that supp g C [0, 00) due
to the relation

9@’ xn) = (Xp0.00)9(8))" (¢, 20) +
= (Xw0.00)9(6)" (@, 2n) +

and due to the linearity of the problem (R,). Since (()\ + a)u, V*u,Vp) =

(M(£)g(&))Y, our aim is to estimate ||(M(£)g(&))" ||Lar, 2=
For notational convenience, we introduce the space

(X(=00,019(£))" (", )
(X10.00)9(=8))" (2", =)
)-

)Y

X = Whe2(Q)nW-le2(Q)
= (WM(R; L2(%)) N LYR; WA(X))) N (WH4(R; LX(X)) + LUR; W12(%))).
As mentioned in Section 2 the operator family {A; = F ' xps 041 (&) F;j € Z} is

easily seen to be a Schauder decomposition of RX, the image of X by the Riesz
projection R; hence g = ZjeZ Aj;g in X. Moreover, for s € R we define

Ry = F ' Xs.00F-
Note that M(£) = M(27) + fzj M'(7)dr for £ € [27,27%1) j € Z, and that
obviously (M (29)A,g)" = M(23)Ajg, furthermore,
I3 , o y 27 +1 , - y
([ ar@arse©) = ([ MEeoEEd)
27

2j

— (/0 29 M (2 (1 + 1)) Xpas.6) (2 (1 + 1)) X 201y (€)9(€) dt)”

1 27 +1
= / 20M'(27(1 + 1)) / G(&)e™ns d¢ dt
0 27 (1+t)
1
== /0 2JM/<2J(1 + t))(RQj(1+t) - R2j+1)Ajg dt
Thus we get
(M(©)3(9)" = (D X2+ (©M(€)A9)"
jez
. £ —y
— Z ((M(23) + , M'(7)dr) Ajg)
e (3.8)
=Y (M@)A;9)" + > ( / M'(7) dr Ayq)"
JEL _]EZ
- ZMQJ 39+ Z/ 27 M (27 (1 + 1)) (Ras140) — Rorr)Ajg dt.
JEL JEZ

12



To estimate the first term on the right-hand side of (3.8) in LY(R; L*(X)), note
that for each j € Z the operator M (27) commutes with A; and that {A;;j € Z} is
a Schauder decomposition of RLI(R; L?(X)). Then Lemma 2.6 and (3.3) yield the
estimate

k
H Z M(zj)Ajg||Lq(R;L2(E))
j=l

k
<e[[(X1M@) A1) g

" (3.9)
< (103 10l ) [l + IIC Zz%HAJ Bs)"*
7=l
+(AL+ )| ZIIAgg,LQ +L3013) "], z)
7=l

with ¢ = ¢(a, €, ¢, X).
Now, let us estimate each term on the right-hand side of (3.9). Again, using
Lemma 2.6, we get

k k
(185013 25) 2 < @ DD 250l gy (3.10)
=

j=I

By analogy, exploiting also Lemma 2.8,

(320 2% 2913, z)l/QH < e, ®) X5 T[T,

(3.11)
o) 5 TANT/| T,

IN

In order to get an estimate of the last term on the right-hand side of (3.9), let

k
ST A= g+ g, g0 € LR IA(R)), g1 € W (R LA(X)),
j=l
be any splitting of Zle A,g. Note that Ajg = Ajgo + Ajgy for all j =1,... )k,
and moreover, by Lemma 2.7, that Ajg; € LY(R; L*(X)) and consequently even
Ajgo € LYR;W12(X) N LA(X)) = LYR; L2,(X)). By the triangle inequality and
Lemma 2.6 applied also in the Hilbert space W~12(X) we get that

ZHAJQ,Lz + L2513

7=l

Z||Aggo||212z)”2uqk+}| 22 %8501 135) "l

j= l

= C(H ZAJ'QOHLQ(R;W—L2(2)) + ” Z 2_jAj91HL'1(]R;L2(Z))>'
j=l

J=l
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Then Lemma 2.8, Lemma 2.10 and (3.2) imply the estimate

k
1O 180 L2, + L2, 12) 7)),

j=l

k k
< C(H Z AngHLq(R;W*LQ(Z)) + H Z Ajgl”W*l’q(]R;L?(E)))
=l

i=l

— (3.12)
< C(HQOHLq(R;W—Lz(z)) + HngWfl,q(R;B(z)))

k
S C(Qa 2) || Z AJ'QHW—MM(Q)'
=l
with ¢ = ¢(q, X) independent of [, k € Z. Summarizing (3.9)-(3.12), we get that
1325 MW)AMHLQ(R;LQ(E))
< el et A5 llwrinaay + (A + DI 5= 2301l 5-s02())

with ¢ = ¢(a,e,¢, %) for all [,k € Z and for all A € —a + S.. Since (A;);ez defines
unconditional Schauder decompositions of RW'2(Q) and of RW~1%2(Q), (3.13)
implies that the series .., M(2/)A;g converges in L(R; L*(X)) and

| > M)

JEZ

(3.13)

La(R;L2(X)) = C(HgHWl;q’Q(Q) + (|>‘| + 1)”9”W71;q,2(9))

with ¢ = ¢(a, €, q,%). This is the desired estimate of the first term on the right-hand
side of (3.8).

Next let us estimate the second term on the right-hand side of (3.8). Note that
the operator family

{R2j(1+t) — Ry :jeNt e (0, 1)} C E(Lq(R; L2(2>>>

is R-bounded, cf. Lemma 2.10. Moreover, for ¢ € (0, 1), the operator M (27(1 + t))
commutes with the operator Bj; := Ryj(144)— I+1 and the range of B;; is contained
in the range of A;. Hence it follows from (2.3), (2.4) that for any independent
symmetric {—1, 1}-valued random variables {e;(s)} on (0, 1)

k 1
IS / 2021+ D) Byudigdt] 1 opace
j=l
1 k
< /0 IS 2B M @ (14 )| poy
K (3.14)
< ca /0 1> ei(s)2? Bj,tM/(zyu+t))AjgHLq(M;Lq(R;LQ(E))) dt
=l

1 k
= C/o (DILIOLECIIE SN e ——
=L
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By similar arguments as in the proof of Lemma 2.6 we proceed in (3.14) as follows:

1 k

< C/ I Z £5(s)2 M'(2(1 + t))AngLQ(R;LQ(O,l;LQ(E))) dt
0o

i=! (3.15)

1 k
< c/o ||(ZH23(1+t)M’(23(1+t))Ajg||§7E)1/2||q7Rdt
j=l

with ¢ = ¢(q,%). Therefore it follows from (3.6a) and the arguments leading from
(3.9) to (3.13) that

the r.h.s. of (3.15)

(e, . l/’HE:HAﬂmwz + 22 (14 12 D92

HA TPIA g L2+ L2y ﬂ}F”MRﬁ)

ca,e,q, % (H§ijwwm 1”MR+H§:?WAmﬁﬂ”Wm

7=l

A+ 1||( ZHA]g,L2 + 12 ]|!2)”2Hq,R)

< c(a,e,¢,2) (lgllwraze) (|A| + Dllglli-1a2(0y)-

Thus we finally proved the existence of a solution satisfying the estimate (1.1). It
is clear that, if [ g(a',-)dz’ = 0, the solution satisfies the estimate (1.2); for the
proof (3.6b) is used in place of (3.6&).

The uniqueness of solution is obvious from the uniqueness result for f # 0,9 = 0,
see [16]. The proof of the theorem is complete. n

Remark 3.1 Theorem 1.1 may be applied to obtain resolvent estimates of the
Stokes system for more general domains, e.g. for unbounded cylindrical domains
with several outlets to infinity. Let Q = (JI~, €; be a cylindrical domain of C'*!-class

such that €y is a bounded domain and €2;,7 = 1,...,m, are semi-infinite straight
cylinders with boundaries of C'!-class; to be more precise, for each i = 1,...,m,
we may find orthogonal coordinates z = (%, ...,z ) such that

Q= {a' e R 2! >0,(z},...,2° ) € 5}

and Q;NQ,; =0 fori,j=1,...,m with ¢ # j. Without loss of generality we may
assume that there exist cut-off functions {¢;}*, such that

Yomowilxr) =1, 0<gi(z) <1 forxeQ,
i € C=(), suppp; €\ (04,NQ), i=0,...,m.
Now consider the resolvent system
Me—Au+Vp = f inQ
(Ry) divu = 0 inQ
u = 0 on 0
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and let {u,p} be a solution to (R)). Then we are led to a resolvent system with
unknown {pou, pop} on €y,

Apou) — Alpou) + V(pep) = [ inQ
(Rx)o div (pou) = ¢° inQy
wou = 0 on 08y,

where
FO = wof + (Veo)p — (Apo)u —2Vy - Vu,  ¢° := Vg - u,

and a finite number of resolvent systems with unknowns {p;u, @;p} on Qi =
1,...,m,
Alpiu) — Apiu) +V(gp) = f° in
(Bx): div(pu) = g inQy
o = 0 on 0%,

where () is the infinite straight cylinder extending the semi-infinite cylinder €2;
moreover, p;u, o;p, f*,g¢ are zero extensions onto €2; of functions p;u, v;p,

fr=oif + (Ve — (Ap)u— 2V - Vu, ¢':= Vi -u,

respectively. Obviously fQo g’ dx =0, fﬁ G'dr =0,i=1,---,m. Then, under ade-
quate assumptions on f, using the results for Stokes resolvent systems on bounded
domains (see e.g. [12]) for (Ry)o and Theorem 1.1 for (Ry);, ¢ = 1,...,m, we may
obtain a priori estimates for {pou, pop} and {p;u, p;p},i =1,--- ,m with norms of
lower order terms on the right-hand side. Finally we get estimates for u = >"."  p;u
and p = >_"" @;p using a well known contradiction argument, see [12].
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