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Abstract

In an infinite cylinder Q = ¥ x R, where ¥ C R* ', n > 3, is a bounded
domain of C1! class, we study the unique solvability of Stokes resolvent sys-
tems in L4(R; L*(X)) for 1 < ¢ < oo and in vector-valued homogeneous Besov
spaces B;q(R; L"(X)) for 1 < p,g < o0, s € R, 1 < r < oo. By a partial
Fourier transform along the axis of the cylinder €2 the given system is reduced
to a parametrized system on X, for which parameter independent estimates
are proved. For further applications we obtain even parameter independent
estimates in L"(X),1 < r < oo, in the non-solenoidal case prescribing an ar-
bitrary divergence g = divu. Then operator-valued multiplier theorems are
used for the final estimates of the Stokes resolvent systems in 2.
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1 Introduction and Main Results

In this paper we study the Stokes resolvent system

M—Au+Vp = f inQ
(R») divu = 0 in©Q
u = 0 on 0f,

where 2 = ¥ x R is an infinite straight cylinder with cross-section ¥ C R"~!, n > 3,
a bounded domain of C*! class.

Much efforts have been made to study Stokes and Navier-Stokes systems in un-
bounded cylindrical domains due to their great importance for practical application
(see e.g. [7], [16], [17], [21] - [30]). Most of these papers are restricted to stationary
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systems, whereas instationary systems have been less studied. As is well known,
the analytic semigroup approach to Stokes and Navier-Stokes equations is a very
convenient tool to get existence, uniqueness and decay of strong solutions; to this
end, resolvent estimates of the Stokes operator have to be obtained.

Up to now the Stokes resolvent system has been analyzed e.g. in [1] - [5], [9] - [11],
[14] and [15]. Resolvent estimates for the Stokes operator in Li-spaces in the case
of divu = 0 or divu # 0 in (R)) were obtained for bounded and exterior domains
as well as for bent and perturbed half spaces in [9], [10] and [18] (see Introduction
and References in [10] for more details); corresponding results in weighted L9-spaces
can be found in [11], [14], [15]. In [2], [3] and [5], L%resolvent estimates of the
Stokes operator in an infinite layer R"~1 x (0,1) are considered; the main idea is to
apply the classical Fourier multiplier theorem directly to an explicit representation
of solutions to a boundary value problems of ordinary differential equations in (0, 1)
which are obtained by the application of the (n — 1)-dimensional Fourier transform
to the original resolvent system. Recently Stokes resolvent estimates in layer-like
domains were obtained in [4] using the theory of pseudo-differential operators.

For Stokes resolvent estimates in cylindrical domains 2 = ¥ x R we follow in
principle the approach in [2], [3] and [5] by applying a partial Fourier transform.
However, the corresponding differential equations are elliptic boundary value prob-
lems in ¥ and the Fourier multipliers are operator—valued. For a different result on
resolvent estimates in the Bloch space of uniformly square integrable functions on a
cylinder we refer to [28].

In this paper we use the following notations. Let {2 = ¥ xR be an infinite cylinder
of R™ with bounded cross section ¥ C R"~! and with a generic point €  written
in the form x = (2/,2,) € Q, where 2/ € ¥ and z,, € R. Similarly, differential
operators in R™ are splitted, in particular, A = A’ + 92 and V = (V’,9,). For
e € (0,%), let S denote the sector of the complex plane

{AeCA#0,|arg)| < § +¢e}.

The partial Fourier transform in the variable z,, is denoted by F or”and its inverse
by F~tor .

Let r € (1,00) and s € Ry. Then L"(X) and W#"(X) are the usual Lebesgue
and Sobolev spaces with norm || - [|,.x and || - ||s 5, respectively. Moreover, W (%)
is the homogeneous Sobolev space, i.e.,

W (S) = {u € L, (8)/R; Viu € L'(R)}, ullyprogsy = IV 4]l

and W17 (2) = (WH(X))* is its dual with the norm |- ||_; . We do not distinguish
among spaces of scalar functions and vector-valued functions as long as no confusion
arises. In particular, we use the short notation ||u, v||, for ||ul, + [|v||., even if u and
v are tensors of different order.

For g € (1,00) and a Banach space X, let LI(R; X) be the Bochner space of all
X-valued measurable functions with finite norm

ull oy = (Je lu®)|%dt)s.
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Then L?(L?), is defined as the completion of the set C§% () in LY(R; L*(X)), where
C5o(Q) = {u € C7()";  divu = 0}.

Finally, W*%2(Q), k € N, denotes the Banach space of all functions in € whose
derivatives of order up to k belong to L4(R; L*(X)) with norm

[ul[wriaz = (ngk ||Dau||%q(R;L2(E))>1/2>

where D%y = 0% - .. .- 0% for a multi-index o € N? of order |a| < k, and W, *(Q)
is the completion of the set C5°(2)™ in W42(Q).

For p,q € [1,00] and s € R, we use the notation B;’q(]R; X) for the homogeneous
Besov space of X-valued distributions on R with norm

By x) = N2 IF 7 WOnFu) oo ezl

where (11,)rez is a dyadic resolution of the identity on R such that (&) = @(27%¢)
for k € Z with some function ¢ € C3°(R); here ¢ satisfies

I

1

5,2], g0(§)>0for%<|§|<2 anngp(Q‘k{):l, EF£0,

k=—o00

supp ¢ € [

and [, is the space of scalar sequences (ay)rez such that |[(ag)rezls,
(X5 lael?) " < o,

For notational convenience, as long as no confusion arises, we denote constants
appearing in the proofs by the same symbol, say ¢ or C, even though they may be
different line by line.

The main results of this paper are as follows.

Theorem 1.1 Let ¥ be a bounded domain of Ct-class, oy > 0 the smallest eigen-
value of the Dirichlet Laplacian in 3, let 0 < e < 5 and 1 < g < oo. Then for every
f € LIR; LA(X)), every a € (0,a9) and X € —a+ S., there exists a unique solution
{u,p} to (Ry) satisfying u, V*u,Vp € L1(R; L*(X)) and the estimate

I\ + a)u, VZu, Vol L2y < C\l fllLam,c2s)) (1.1)

where the constant C' is independent of A\ and dependent only on o, e,q and 3.

In particular we obtain from Theorem 1.1 the following corollary about resolvent
estimates of the Stokes operator in the cylinder (2.

Corollary 1.2 Let A= A,,,1 < q < 00, be the Stokes operator on ) defined by
D(A) = W%2(Q) N Wy Q) N LY(L?), € LY(L?),, Au=—PAu, (1.2)

where P is the Helmholtz projection in LY(R; L*(X)) (see [12]). Then, for every

e€(0,%) and a € (0,09), —a+ S; is contained in the resolvent set of —A, and the

estimate

IO+ A) sy < VA€ —a+ 5. (13)

A+ «f
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holds with C' = C(a, q,,3%).
As a consequence, the Stokes operator generates a bounded analytic semigroup
{e=taz;t > 0} on Li(L?), satisfying for all a € (0, q) the estimate

||6_tAq’2||£(Lq(L2)U) S C’e_o‘t, 0 S t < o0, (14)
with C = C(a, q,&,%).

Moreover, we have a corresponding result in vector-valued homogeneous Besov
spaces for which the space L*(X) may be replaced by L"(2) for any 1 < r < cc.

Theorem 1.3 Assume for ¥, ag > 0 and 0 < e < § the same as in Theorem 1.1;
furthermore, let 1 < p,q < 00, s E Rand 1 <r < oco. Given f € B;q(R; L"(%)),
a € (0,a0) and A € —a+ S, there exists a unique solution {u,p} to (R)) satisfying
u, V3u, Vp € B;q(]R; L™(X)) and the estimate

IO\ + @)u, V2u, Vg, @orsy < Ol s, @ore): (1.5)

where the constant C' > 0 is independent of A and dependent only on a,e,p,q,r,s
and 3.

For the proof of the above Theorems we apply to the system (R,) the par-
tial Fourier transform along the axis of the cylinder €2 to reduce the problem to a
parametrized system on the cross-section Y with Fourier phase variable £ € R as a
parameter, for which we will obtain parameter independent estimates of the solution.
To this end, in principle, we follow the argument in [10] using perturbation and local-
ization techniques. Therefore, we need to consider also the non-solenoidal case in the
parametrized systems for the whole space R"~! (Theorem 2.1), the half space Ri‘l
(Theorem 2.2) and bent half spaces ¥, (Theorem 2.3 ) (see (2.2) below for the def-
inition of 3,). Note that even for bounded domains (Theorem 3.4) we consider the
non-solenoidal case and show Fréchet differentiability of operator-valued multiplier
functions concerned with (R)¢) (Corollary 3.6). This more general approach allows
to analyze the so-called generalized Stokes resolvent system, i.e. with prescribed di-
vergence ¢, in an infinite straight cylinder with application to unbounded cylindrical
domains with several exits to infinity, see a forthcoming article [13]. Hence (R)) will
be replaced by the {-dependent elliptic system in the sense of Agmon, Douglis and
Nirenberg [6]

A+ 2N +Vp = f iny
A+ &= A, +ip = fu X
(Re) div'a’ +iu, = g in ¥
=0 u, = 0 on 0.
The proofs for the cases ¥ = R" ! and & = R’"" are based on the theory

of Fourier multipliers and elliptic boundary value problems. A consideration of the
sum of negative homogeneous Sobolev spaces and L" spaces with weight 1/[£], & # 0,
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is needed concerning the divergence ¢, and some scaling arguments are used for &-
independent estimates of solutions to (R¢). For bounded X the Hilbert space
setting of (Ry¢) in LA(X) x W2(X) is studied first (Lemma 3.2); for general r €
(1,00) mapping properties of the parametrized Stokes operator (see (3.1) for the
definition) (Lemma 3.3) are shown which enable us to obtain the final estimate.
Having obtained parameter independent estimates of the system (R, ¢) in 3, we use
operator-valued multiplier theorems (see [8] and [32]) for the estimates of solutions
to (R,) in the whole cylinder €.

We acknowledge our thanks to C. Kaiser for a result on operator-valued Fourier
multiplier theory in vector-valued homogeneous Besov spaces [19].

This paper is organized as follows. In Section 2 we obtain the estimates for (R, ¢)
on whole, half and bent half spaces. Section 3 is devoted to obtain the estimate for
(Ry¢) on bounded domains. In Section 4 the proofs of Theorems 1.1 and 1.3 are
given.

2  The Problem (R)¢) in Half Spaces

Consider the parametrized resolvent problem (Ry¢) for all £ € R and all A € S,
0 <& < 7. In this section ¥ denotes R™! or the half space

Y=R' = {2 = (21,2");2" € R"* 2, > 0}, (2.1)
or a bent half space
Ew — {33/ — ($17x//>;x1 > w(x//>,$// c Rn72}7 (2.2)

where w is a CY-function. For notational convenience we omit the symbol” for the
one-dimensional Fourier transform; thus

u= (u,u,),p, f,g stand for @ = (12’,11?”),]5, f,g.

~ For the divergence g (=g) we need for r € (1,00) the definition of the space
W=t"(X) + L"(X)1 /¢ parametrized by £ € R* := R\ {0}. Consider the direct sum
L™ &R (we omit the symbol of the underlying domain ) and its quotient space

L' = (L' ®R)/R.

Since ¥ has unbounded measure, L” equipped with | - || is isometric to L". This
isomorphism allows to define the intersection of the Banach spaces W™ and L,
namely,

WA LE, s W0 L] = xR, (A1),

which for fixed ¢ € R* is isomorphic to W, Obviously C§°(2) ¢ W (£) N L(%)
is dense in both W' () and L{(¥), see e.g. [14], Corollary 4.1. This observation
implies that, if ' =r/(r — 1),

W—l,r + Lg/g _ (Wl,r’ N Lg’)* o (WLT,)*,
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see e.g. [8], Theorem 2.7.1. The norm of this space is given by

|h; Wb+ L7 | ) (2.3)
— inf{||hol| 1, + || /Elly; b = ho + ha, ho € W7, By € L7,
Assume that
feL(¥), gewW" (D).
Note that W7 () is obviously contained in the sum W17 () + Ly e (%).

Now we start with the case ¥ =R . If g =go+ g1, go € W' and ¢, € LY e
is any splitting of g, Hahn-Banach’s theorem implies the existence of a vector field
h € L" such that

go =div'h, lgoll-1, = [[2]:-
An elementary calculation shows that p in (R, ¢) satisfies the equation
(6 = A)p=(A+¢& = A)g — (div'f' + i fa)- (24)

Introducing the (n — 1)-dimensional Fourier transform ~ with respect to 2’ and
with phase variable s € R"™! we get that

. A s o i€ -
BRARGE e A v
. Ais 7 AE . B 15 o 1€ ~
St e RE O T Ea e T Ea e

Obviously the functions

S;Sk s;& &2
me(s) = 2 2 2 27 2 2
E2+[s[27 E2+1s]2 2 +]s]

1§j7k§n_17

are classical multiplier functions satisfying the pointwise Hormander-Michlin condi-
tion
|15]°Vome(s)]| < oy 0#s€R™ M ae Nyl |a] <n—1, (2.5)

with constants ¢, > 0 independent of £ € R*. Then the multiplier theorem [31]
applied to V'p and to &p yields the estimate

IV'p, &plle - < c(ll.f, Vg, Egllr + [|AR, Agr /€]]r)
< cll£,V'9,€gllr + Agoll -1 + [[Ag1/€]l)-

By (Rx¢) v and u,, solve the resolvent problems
A+ AW =f~-Vp in R (2.6)

and
A+& = Ay = fo—ifp in R (2.7)

of the Laplacian A’ with resolvent parameters \+£2, respectively. Classical resolvent
estimates based on multiplier theory, see [10], Theorem 1.3, for corresponding results
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on the Stokes resolvent, show the existence of a solution u = (u/, u,) to (2.6), (2.7)
satisfying
1A+ €)u, VA + V0, V2l < el f, V'p, €pll,-

Defining p = |\ + €2|'/2, we get from the above estimate for p

I, u¥"u, V20, V', Eplle < (1, Vg, €9l + [Agoll -1 + [Ag/E]lr)-

Now we can prove the following theorem.

Theorem 2.1 Let ¥ =R" ! 1 <r < oo and
fer ™, gewh(x). (2.8)

Then for every A € S;,0 <e < %, and § € R* (Ry¢) has a unique solution (u,p) €
W2 (3) x Whr(%) satzsfymg

1w, 1V, V2, V', &pllr < c(I1f, Vg, €glls + IAgs W + L7 ), (2.9)

where pn = [N+ E2|V2. If the assumptions (2.8) on f, g are satisfied for an additional
exponent s € (1,00), then even (u,p) € W*(X) x Wh5(Z) and (2.9) holds with s

replacing r as well.

Proof: For the existence of a solution it is enough to show that (u,p), the solution
of (2.4), (2.6) and (2.7), which was shown to satisfy (2.9), solves the divergence
equation
div'u + i€u, = g.
A simple calculation with (2.4),(2.6) and (2.7) yields
A+& — A)(div'd +iéu, —g) =0 in R"

from which it follows by standard Fourier multiplier techniques that
div'v’ + iu, = g¢g. This technique also yields uniqueness of solutions, i.e., if
(u,p) is a solution to (Ry¢) with f = 0,9 = 0, then u satisfies (2.6) and (2.7) with
f=0and (£ — A')p =0, which imply p = 0 and v = 0. The uniqueness argument
also yields the additional L*-regularity when (2.8) is satisfied for an additional

s € (1,00)\ {r}. [

The next main step concerns the half space ¥ = R see (2.1). Just as for
' = (z1,2") we write v’ = (uy,u”), f' = (f1, f”). A simple symmetry argument as
follows will reduce (Ry¢) to the case f = 0, ¢ = 0 but with nonzero boundary values
of u.

For a function h : ¥ — R define the even extension h. by

"
e O

h(—zy,2")  for z; <0,



while the odd extension h, of h is defined by
ho(xq,2") = —=h(—z1,2") for z; <O0.

Given (R)¢) in X, take the even extension f! of f”, f.. of f, and g. of g, but the
odd extension fi, of fi, and solve (R)¢) with right-hand side (fio, f”, fne), ge in the
whole space R""!. By the uniqueness assertion it is easily seen that the solution
(U, P) of this extended problem is even with respect to z; except for the component
U; which is odd with respect to z;. In particular U; = 0 for ;1 = 0 and, due to

(2.9),
112U, pV'U, V22U, V' P, P, s,
< C(Hflm s Jnes V/geaégeHr‘R" 1 H>\967 1T(Rn 1) + LT(Rn 1>1/£H)

<c(If,V'g. &gl + [Ags W=t + L ),
where p = |A+€2|'/2. The second part of this estimate is an easy consequence of the
elementary inequalities ||he; W= (R Y)|| < cf|h; W= ()| and [|ho, helpmn <
e[l
In general U” and U,, do not vanish for z; = 0, but by the trace theorem we may
estimate Upy; in the trace space W2~1/""(9%). Let (-);_1/, denote the homogeneous

trace seminorm, i.e.
(W)l v
— dy dy’) .
1 1/r
/ (/az /az ly — y\” st

Then, by a simple scaling argument,

| U, YN U s + (WU, V" U1y < cl|p?U, pV'U, VU s

leading to
H,UQ_I/TUa /LI_I/TV”UHT.aE 4 <NU V”U>1 1/r
<c(I£, Vg, gllr + IAgs W + LT )

with a constant ¢ = ¢, independent of A € S., £ € R*. Subtracting (U, P) in (Ry¢),
the parametrized resolvent problem (R, ¢) is reduced to the homogeneous system

A+E-AYW+Vp = 0 in Y=R?!
A+ A, +iép = 0 in ¥ (2.11)
div'e' +i€u, = 0 in X

(2.10)

with inhomogeneous boundary values
u =0, v =U", u,=U, on 0X. (2.12)

In the following we will prove that the problem (2.11), (2.12) has a unique
solution (u, p) satisfying

H/’L2u7 ILLV/U, V/2'LL, v/pu fp”r;E
< c(|w?U p VU g + (pU, V'U)ioayy).-
Then, summarizing (2.10) and (2.13), we will get the following theorem.

(2.13)
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Theorem 2.2 With ¥ = Ri‘l the assertions of Theorem 2.1 remain true. In
particular the a priori estimate (2.9) holds.

Proof: It remains only to show (2.13), the proof of which is essentially based
on multiplier theory with respect to the variable 2” € R"2. With the splittings
A =97+ A" div'v = dyuy + div”u” and V' = (91, V") elementary operations, see
(2.11), (2.12), yield the fourth order equation

A+ -AYNE-A)uy = 0 in by
u, = 0 on oY (2.14)
Oy = —div'U" — iU, on 0.

Then we introduce the additional partial Fourier transform ~ with respect to the
variable 2”7 € R"? and with phase variable o € R"2. Applying ~ to (2.14) we get
the fourth order ordinary differential equation (s = |o|)

()\—1—524—82—8%)(52—1—52—812)&1 = 0 for 513'1>O
le = 0 ~ ~ at T = 0 (215)
(911;1 = —io-U" - ZgUn at T = 0.

For fixed A € S.,& € R* and 0 € R"2 (2.15) has a unique bounded solution @, in
(0, 00), namely ) )
y(z1,0,8) = mo(xy,s,8)(io - U" +iEU,), (2.16)

where

e~ VAT +sPa =/ 4s%m
\/)\+€2+82_\/£2+82'

Furthermore (2.11), (2.16) yield after some elementary operations

mo(ﬁl,S,f) =

1 -
—m()\ + 52 + 82 - 0%)811“

)\ 2 2 2 2 ~ ~
—'L \/ + 5 ;;;2\/5 + S 6_ /§2+52x1 (0_ . U/l + gUn)
+ s

so that p satisfies the boundary condition

_Z.\/)\+§2+s2+\/§2+32

p(r1,0,8)

I

plox = p(2",€) = F! ( (o-U" + gU@) . (2.17)

On the other hand, (2.11) yields
(A" +Hp=0 in % (2.18)

Now we will obtain the estimate of the solution p to the elliptic boundary value
problem (2.17), (2.18). Let

m(a)—ﬂ M(U)——@'\/)\+£2+52+\/£2+52
R

(s = lol),



and define the functions [ and b by their Fourier transforms

i(0) = ma (o) ( gﬂgg ) (o) = VA &+ 2(0), (2.19)

Then ¢ defined by (2.17) satisfies

(o) = my(o) bo). (2.20)
To control the dependence of the following estimates on the parameter p = |A\+£2'/2,
we introduce for functions h(-) on R™"? the scaling transform h,(y) = h(%),y €

R"2. If m(o) is a multiplier function on R"2 and ¢, r are functions with Fourier
transforms ¢, 7, respectively, such that

g(o) = m(o)r (),

then obviously

Gu(0) = m(po)7(o).
Since my (po) satisfies the Hormander-Michlin condition uniformly with respect to
p > 0, the Fourier multiplier theorem applied to [, see (2.19), yields

1l rn—2 < clUullirmnz [lullzrmn-z < Ul rgn-2-

Thus, by real interpolation, cf. [31], Ch. 2.4.2,

||lu||2—1/r,r;R"*2 < C||Uu||2—1/r,r;R"*2 (2-21)

with a constant ¢ independent of p. With the scaling b,(y) := b(3) the equation

b
b(o) = V12 + s21(0), see (2.19), reduces to b, (o) = uv/1+ s21,(0). Therefore, it

follows from the definition of Bessel potential spaces that

1Bullren—2 < cplllullvrmn2, [[bull1rmn—2 < cplllu]|2rmn—2

with ¢ independent of . Thus by interpolation

|‘buH1—1/r,r;R"‘2 < CUW#H2—1/T,T;R"‘2' (2.22)
It is also easy to see that mo(uo) satisfies the Hérmander-Michlin condition, in

particular
k

)] < (o), 0<ksn—2
with ¢, (e) independent of A € S, € R*. Therefore, it follows from (2.20) that

[@ulliayrrmn-2 < cellbullia/rrmn-2.

Combining this inequality with (2.21), (2.22) yields
||90u||1—1/T,T;R"*2 < 06M||Uu||2—1/r,r;R"*2- (2-23)
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|N

By the additional scaling transforms p¢(z) = p(

g0(|§| £),z € R"2 for £ € R*, the boundary problem (2
to a problem 1ndependent of f that is,

| ),z € X, and @¢(z) =
A7), (2.18) is transformed

e “/‘f}

(-A"+1)pe = 0 in X
Pelos = @e € WV (98).

It is well known that the above elliptic boundary value problem has a unique solution
pe € WH(X) satisfying the estimate

IV'De, pellr < cllpelli-ajma

with a constant ¢ depending only on r,n, see [6]. An elementary calculation shows
that this estimate is equivalent to

IV'p, &pll, < c(l€]* "Nl + (Dh1-1pr), € R,
which with (2.23), (2.10) implies

IV'p,&pllr < c(lgl = llell + ()i-1r)

< el + ()i
= cau“ ||171/r,r
< cp

= it l(IIUmV”U e+ (V" Udi-1/r)
c( U+ pt 1/THV”UH (V' U)1oay)
S CE(“f7V/g 59” +||)‘ga 1T+LT£/£")

Now it remains to get the estimate of the velocity u. The transform w =u — U
reduces (2.11) to the system

(> —AYw =-Vp—(u?—ANU'  in X
(@? — Aw, = —ifp— (p> — AU, in X (2.24)
w =0, w,=0 on 0%,

for which we have to estimate the terms pw, uV'w, V?w in L™-norm. It is easily
seen by the reflection argument as in [10] that the Laplace resolvent equation

(> —Aw=FeLR"™), v|gnz=0,
has a unique solution v satisfying
v, V"0, V20|, < e[| F|,
Therefore, we see that
| Pw, 1 V'w, V2w, < e||V'p, Ep, ?U, VU,
<c(Ilf; V', &gl + NG W+ L)),
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which completes the proof of the theorem. [ ]

The third main step of Section 2 concerns (Ry¢) in a bent half space ¥ = X,
see (2.2). Note that u, p etc. stand for the Fourier transforms 1, p etc.

Theorem 2.3 Letn > 3,1 <r <o00,0<e<7m/2 and
Y =%, ={2 = (2,2"); 2, > w(z"), 2" € R"?}

for given w € CY(R"2). Then there are constants Ky = Koy(r,e) > 0 and Ny =
Xo(r,e) > 0 such that provided |V'w||oo < Ko for every A € Se, |\ > Ao, every
& e R and

fer (™), gewh(x), (2.25)

the parametrized resolvent problem (Ry¢) has a unique solution (u,p) € (W>"(X)N
Wy (8)) x WH(8). This solution satisfies the estimate (p = |\ + £2|1/?)

| 1w, 1fV'u, V2u, V'p, Epll,
<clr,e)(IIf, V'g,€qllr + I Ag; W1 () + L7 () 1e])).

If (2.25) is satisfied for an additional exponent s € (1,00), s # 1, and ||V'w||o < Ko
for some Ky = Ko(r,s,e) > 0, then the assertion (2.26) with L*-norms holds true
for all X € S., |\ > Ao for some Ao = \o(r,s,€) >0 as well.

(2.26)

Proof: By the transformation
P:3, - R = (3,7") =) = (1 —w(2"),2”),

the problem (R ¢) in 3, is reduced to a modified version of (R ¢) in the half space
H = ]R”’l. Note that ® is a bijection with Jacobian equal to 1. For a function u
on X, define @ on H by a(z') = w(®~(#')) = u(a’). Further let 0; = 0/0%;,i =

1,-- —1,V = (81, V") etc. denote standard differential operators acting on the
varlable T e H. 3
Since diu = (9; — (Qw)dy)i for i = 1,--- ,n — 1, we easily get
Au(r',€) = (A + |V'w]Pd? — 2V'w - (V') — (A"w)0y ) (@', €)
Vip(a',§) = (V' = (V'w)d)p(#, &) (2.27)
div'u/ (2, §) = (dlv V’w-él)ﬂ’(i’,f)

and a similar formula for V?u(z/,£). Hence for u € W2"(X)

[ull: =@l
IV'ull, < e(1+ K)[V'alvn (2.28)

IV2ll, < e+ K22l + cLl il

where K = ||V’u)||OO and L = ||V?w||s. Furthermore ||f gllr = |If,€5|lmm and
IV'gll» < ¢(1+ K)||V'§|l.z. Concerning the norm of g in W1 () + L"(X)1/¢ note

12



that for a function gy € W=1"(2) N L"(X) we have [, gow da’ = [, jop d#' for all
test functions ¢ € C5°(X). Since C5°(X) is dense in W' (), we get

190l —1.r () < e+ K)l|Goll -1,

Then for every § € R* and every decomposition of g into g = go + g1 with go €
W-tr(%), g1 € L™ (%)

g0l -1 + llg2 /€Nl < (U + K)(goll -1 + 11/ llrerr);

note that § = go+g; gives all admissible decompositions of g € W_I’T(H)—i—LT(H)l/g.
Consequently

lg: Wb () 4 LM (S)ygell < o1+ K) g W () + L (el (2:29)

To apply Kato’s perturbation theorem we introduce for every & € R* on X the
&-dependent Banach spaces (u = |\ + 52‘1/2)

X =W AWy x WY, lu,pllx = 0w, uV'u, V720, V'p, &),
Y= (L) x Wi, 1, 9lly = I1f: V'g. &gl + [Ag: WH" + L ],

and on R"! similar spaces (X, | - || 3), (Y, ]| - |y). Further define the operators
()\ + 52 _ A/)ul + v/p
S:X =Y, S(up)=| A+&=ANu,+ip |,
div'u + i&u,
and analogously S : X — ). By (2.27) we get the decomposition
S(u.p) = S(,p) + R(a, p)
with a remainder term R : X — Y,
— ! 3,5 ~ ~ ~ ~
B (V(;U)(%p N ( —|V/w|26fﬂ 1+ 2V'w - V'O + (A”w)@lﬂ )
—(VIUJ) . 51'&/ 0

not depending explicitly on A and &. Since i|yy = 0 and 91 (V'w) = 0, we have

/ —(V'w) - 0y pdi = / (V'w) - @ Dy di’
H

H

for all € C$°(H); consequently, we see that

| = (V'w) - i@ W (H) + L' (H)yjell < | = (V') - 0@ | -ver < Kl
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Hence
(K + K?)||\@, EV'a, V20, V'Pll s + cL||V'd|
(K + K?+ L/p)||(a, p)|| 5-

IR(@, p)ly

VAR VAN

Due to Theorem 2.2 S : X — Y is an isomorphism such that ||(,p)|s <
c||S(w,p)||y with a constant ¢ = ¢(r, €) independent of A € S, § € R*. Thus, if K is
sufficiently small and A € S¢, |\| > A, with some \g = A\g(L, 7, ), we get that

IR(@5)lly < 51S@p)lly  for all (a,5) € X

Hence S + R is an isomorphism from X to ) satisfying

(@9l % < cl(S +R) (@ p)ly,

where ¢ = ¢(r,¢) is independent of A € S, |A] > X, and & € R*. Using (2.28),
(2.29), we get

1(w, p)llac < €ll(@ )l & < eill(S + R)(@ Py < el S(u, )y,

where the constant ¢y = co(r, e, K, L/)\g) is independent of A € S, |\| > Ao, and
& e R

Assume that (2.25) is satisfied for an additional s # r. Repeating the above
argument for the index s, we see S to be an isomorphism from X; N &, to YV, N Y,
for [A| > Ao = Ao(, s,¢) under the given smallness conditions on K. Now the proof
of Theorem 2.3 is complete. [ |

3 The Problem (R),) in Bounded Domains

Let ¥ C R™ ! be a bounded domain of C''-class and let o denote the smallest
eigenvalue of the Laplacian on ¥, i.e.

0 < ag = inf{||V'ul[3;u € Wy*(2), [Jull> = 1}.

Recall that u = (v, u,), p etc. stand for the Fourier transforms @ = (u/, 1), p etc.
For fixed A € C\ (—o0, —ap] and & € R we introduce the parametrized Stokes
operator S = S, \¢ by

A+ =AW +V'p
S(u,p) = | (A+& = Au, +ip (3.1)
—diveu

defined on D(S) = D(AL) x W', where D(AL) = W2 (L) N W, (X) and

diveu := div'u’ + ifu, € WH(2).

14



Further, define the restriction S = S7, . by

A+ E =AW +Vp
SO<U7P) - ( ()\+€2 . AI)Un—I—’pr )

on D(S°) = {(u,p) € D(S);diveu = 0}. For £ € R* note that W (X) C L7 (X) +
L"(X)1 ¢, where and in what follows

L(%) = {ue L'(S): / wd' = 0},
b
In the following we use the norm
g L1, + Lt sello := inf{llgoll 1 + l91/€llr:9 = g0 + 91, 90 € Lo g1 € L7};

note that this norm is equivalent to the operator norm || - || ( 5y where W; (%)

Wl,r'/(
¢
equals W' (X) endowed with the equivalent norm HuHWg’H(Z) = |[Vu, &ul|,.

First, we need a preliminary to deal with the Hilbert space setting of (R ). For
¢ € R* define the closed subspace V¢ of VVO1 ’2(2) by

Ve = {u € W, *(2); diveu = 0}.

Lemma 3.1 Suppose that ¢ = (¢, ) € W2(Z) := (W, ()" satisfies (@, v) =
0 for all v € V. Then there is some p € L*(X) such that

@ = (V'p,ilp).

Proof: It follows from the assumption that < ¢’ v’ > -1yl = 0 for all v/ €
W,y * (%) satisfying div’v’ = 0. Therefore, by [16], Corollary III 5.1, we get

¢ = V'p with some p € L*(X). (3.2)

Then, for all v = (v',v,) € Ve 1= {u € C3°(X)™; diveu = 0}, by assumption

0 = <V'p > 12, w2 + < ©n, Un >t
d' 1,/
—= < v/p’ ”Ul >W_1’2,W01'2 + < SOH, _ l‘ilgv >W_1’2,W01’2 (33)

= <V'(p— %),V >ps)p() -

Since v' € C§°(X) in (3.3) can be chosen arbitrarily due to the structure of Ve, we get
V'(p—£¢) = 0 in the sense of distributions yielding p — £& = const and ¢, € LA(%).
Thus, choosing p in (3.2) such that [(p— %) dz’ =0, we get p— <& = 0. The proof
of this lemma is complete. [ ]

In the following we consider the resolvent problem (R, ¢) for arbitrary A € —ao+
S.. We start with the case r = 2.
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Lemma 3.2 (i) For every g € WH(X) and § € R* the divergence problem diveu = g
has at least one solution u € W*2(2) N Wy*(X) such that

é /E gda’ ) . (3.4)

Here ¢ > 0 is a constant independent of & and g.

(i) For every f € L*(X) and g € WY(X) and every A € —ag + S.,§ € R*
(€ e Rif g =0), there exists a unique solution (u,p) of (Rx¢) such that (u,p) €
(W22(2) N Wy*(2)) x WH(Z).

lullos < c <H9H1,2 ;

Proof: (i) Choose an arbitrary, but fixed w = (0,---,0,w,) € C§(X) with
Jgwnda’ = 1. Given g € Wh? with a = [, g da’ such that consequently g — aw, €
W12N L2, there exists by [10], Theorem 1.2, a velocity field u = (u/,0) € W22NW,"?
satisfying divu = g—aw, and [|ul22 < ¢[[V'(g—aw,)[|2 < c[|gl1,2. Then v = u+Fw
solves the divergence problem and satisfies the estimate (3.4).

(ii) In consideration of (i) we may assume without loss of generality that g = 0.
Define, for A € —ap + S: and £ € R*, the bilinear form a(-,-) : Ve x Ve — C by

a(u,v) :/E((A+£2)U-U+V’u-V’v) dx’.

Obviously a is continuous and elliptic in the sense that [a(u,u)| > aful7, for all
A€ —ap+ 5:,¢ € R* and u € Vg with a constant a = (), §) > 0. By the Lemma
of Lax-Milgram the variational problem

a(u,v) = /Ef-vdx' Vo € Ve
has a unique solution u € Vg, that is,
<A+ -A)u~—fv Sypozpi2=0 Vo€ Ve
Moreover, by Lemma 3.1 there is some p € L*(X) such that
A+E AW +Vp=f A+ —A)u, +ilp = fn.

Then standard regularity results for the Stokes and Poisson equation applied to the
problems

—AU+Vp=f = A+, diviu = —ifu, ¥, ulpn =0,

and —A'v, = fo — A+ Eu, — i€p in X, wuylos = 0, yield (u,p) €
(W22(8) N WyA(8)) x WH2(Z).  Since the uniqueness of (u,p) is obvious,
the proof of the lemma is complete. [ ]

The next lemma gives a preliminary a priori estimate for a solution (u,p) of

S(u,p) = (f,—9)-
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Lemma 3.3 Let ¢ € (0,7/2) and 1 <r < 0.
(i) There exists a constant ¢ = c(e,r, %) > 0 such that for every a € (0,a9), A €
—a+ 5.,& € R* and every (u,p) € D(Syae),

2, 14 V', VP, V', Eplle < e F, Vg, 9, €l + [N lg5 Ly, + L7 el

(3.5)
197w, €0, Pl + I\l ),

where jiy = [N+ a+ V2 (f,—g) = S(u,p) and (W')* denotes the dual space of
Wwhr'().

(ii) For every A € —ag+ Se, the operators S = S, \¢ and SO = 5797)\’5 are injective
for £ € R, and the ranges R(S) and R(S°) are dense in L™ x WL and in L",
respectively, for & € R*.

Proof: The proof of (i) is based on a partition of unity in 3 and on the localization
procedure reducing the problem to a finite number of problems of type (R, ¢) in bent
half spaces and in the whole space R"~!. Since 9% € C'*!, we can cover OX by a finite
number of balls Bj, 7 > 1, such that, after a translation and rotation of coordinates,
YN Bj locally coincides with a bent half space X; = ¥, where w; has a compact
support, w;(0) = 0 and V"w;(0) = 0. Choosing the balls B; sufficiently small (and
its number sufficiently large) we may assume that |V"w;|loc < K¢ = Ky(r,¢) for
all 7 > 1 where K, was introduced in Theorem 2.3. According to the covering
0% C | B; there are cut-off functions 0 < ¢, ¢; € C°(R™!) such that

Yo + Zgoj =1in 3, suppy; C B; and supp ¢ C 2.
Jj=>1
Given (u,p) € D(S) and (f, —g) = S(u,p) we get for each ¢;,7 > 0, the local
(R).¢)-problems
(A48 = A)(pju) + V'(@;p) fi
(A + &% = &) (pjun) + i (w5p) fin (3.6)
dive(pju) = g

for (¢ju, ¢;p),j >0, in R*"! or ¥;; here

i = wif =2V'p; - V'u' — (Agj)u’ + (V'p;)p
9 = @ig+Vie;-u
To control f; and g; note that u = 0 on 9%; hence Poincare’s inequality yields
for all 7 > 0 the estimate

“fja v,gj7§gj||7'§2j < C(Hf: V'Q,Q,SQHT + Hv,% guvaT)a (3'8)

where 3y = R"'. Moreover, let g = go + g1 denote any splitting of g € L7 + L7 Je-
Defining the characteristic function yx; of XN 3; and the scalar

1

o= - 4 "'V dr
T EA Ja, PR VR
= o= (i€un — g1)p; da’,
‘Em2]|/2023 !
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we split g; in the form

9i = gjo + gi1 = (@ig0 +u' - V'o; —myx;) + (001 +mjx;)-

Obviously [|gj1llrs; < c(llgillr + [Ell|ullp1.7). ). Furthermore, for every test function
U e C(%)) let
~ 1

V=v - —— U dz’.
|ZQE]| Eﬁzj

Since by the definition of m;y; we have f2~ gjodz’ =0,
J

/ gjo\Ildx’:/ gjo\ifdx’:/go(goj@) dw’—i—/u'-(V’gpj)\i/dx’.
. > b D)

J J

Hence Poincare’s inequality yields

/ gjg\];’ d.ﬁ(}/
2

Summarizing the previous inequalities we get that

< cllgoll -1 + llell iy IV |5,

1g;; W (25) + L7 () 1yell < ellull oy + llgs Ly, + L elo) - (3.9)

To complete the proof of (i) apply Theorem 2.1 to (3.6), (3.7) when j = 0.
Further use Theorem 2.3 in (3.6), (3.7) for j > 1, but with A replaced by A + M
such that A\ + M satisfies the assumptions of Theorem 2.3; for example we may take
M = ag + Ao with A in Theorem 2.3. This shift in A implies that f; has to be
replaced by f; + M;u and that (2.26) will be used with A replaced by A + M.
Summarizing (2.9), (2.26) as well as (3.8), (3.9) and summing over all j we arrive
at (3.5) with the additional terms

[ Mul|, + [[Mg; Ly, + L jello

on the right-hand side of the inequality. However | Mu||, < ¢||V'u||,, and using the
canonical splitting ¢ = div’u’ + i€u,,, also

lg: Ly + Liello < cllV'ull,

with ¢ depending only on r, ¢, %. Thus (3.5) is proved.

(ii) To prove the injectivity of S, ¢ let S, \¢(u,p) = 0. By the regularity asser-
tions in Theorem 2.1 and Theorem 2.3 it can be proved in a finite number of steps
using Sobolev’s embedding theorem that (u,p) € D(S25¢). We note that in order
to apply Theorem 2.3 the partition of unity of ¥ has to be refined, if necessary, such
that all crucial smallness assumptions on ||V'w;||o are fulfilled. Thus by Lemma
3.2, (ii), (u,p) = 0.

Let us show that R(S,,¢) for £ € R* is dense in L" x W'". Note that
Cee(X) x C°(X) is dense in L" x W', By Lemma 3.2, (ii), there is a unique

18



solution (u,p) of Syre(u,p) = (f, —g) with (f,g) € CF(X) x C*(X). Moreover,
this solution can be shown to be in D(S, 5 ¢) for every r € (1,00) thus proving the
denseness of R(S) in L™ x W Tt is obvious from the above arguments that R(Sy)
is dense in L". |

Now we are in a position to prove the main theorem of this section.

Theorem 3.4 Let 1 < r < oo, € € (0,7/2) and o € (0,c). Then for every
feL(X),geWh(X) and A € —a+S., £ € R* (£ € R if g =0) (Rrg) has
a unique solution (u,p) satisfying (u,p) € (W™ (2) N Wy () x W (Z) and the
estimate

Hu7 /Jliua u+V’u, V/QU, V'p, é‘pHr

(3.10)

where i = |A 4 a + €2|V2 and the constant ¢ = c(a,r,6,%) > 0 is independent of

NE f and g.
In particular if g € LI (3), then the solution satisfies the stronger estimate

[, i, oy V', V20, V' Epll < e(I: Vg, €9l + INNlgs L, + L7 jello) — (3.11)
with ¢ = c¢(a,r,e,%).

Remark 3.5 We note that the estimate (3.11) does not hold for A = 0 and for
any f € L',g € W'(X) with [, gdz’ # 0. In fact, let us assume (3.11) to be
true even for A = 0 and for some f € L",g € W' and let S, \¢(u,p) = (f, —g).
Then there exists a constant ¢ > 0 such that for all £ € R* there is an element
Up = Upe € W2 MW, satisfying

g —iun € Ly, lunllr < cllf, Vg, Eglls-
Moreover,
‘/gdm’| = \fH/und:C" —0as&—0
b by
implies that g € L.

Proof of Theorem 3.4: The existence of a unique solution (u,p) € D(S) is a
direct consequence of Lemma 3.3. In fact, due to [20], Chap.2, Lemma 5.1, the a
priori estimate (3.5) of Lemma 3.3 implies the Fredholm property of the operator
S considering the compact embedding D(S) cC W () x L"(X). Thus R(S) is
closed in L"(X) x W(X). Then by Lemma 3.3 (ii) R(S) = L"(Z) x W' (X), and
the solution is unique by the injectivity of the operator S.

Now let (u,p) € D(S) and S(u,p) = (f, —g). We shall prove the estimate (3.10)
for general g € W (X) and (3.11) for g € WH(X) N L7 (X).

Based on a contradiction argument assume that there are sequences {\;} C
—a+ S, {¢} C R* and {u;, p;} with (u;,p;) € D(S,,,) for all j € N such that

IO+ o+ EDuyg, (N + o+ E)Y2V 0y, VP05, Vipy &l = 1 (3.12)
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and for (fj, =g;) = Sra,.¢ (15, 0;)
115, V'93 955 €395l + (A1 + Dllgss L + Lije llo = 0 as j — o0, (3.13a)
or if {g;} € W(S) 1 L1, (5),
175> V'3, &9illr + [Alllgs5 Ly, + L e llo — 0 as j — oo. (3.13b)
Without loss of generality we may assume that as j — oo,

A= AE—a+S. or |\ — o0
& —0 or & —E6#0 or |§] — oo,

Thus we have to consider six possibilities.

(i) First assume that \; — A € —a + 5. and & — £ # 0. Then due to (3.12)
{u;} € W?" and {p;} C W' are bounded sequences. Instead of introducing
subsequences we may assume without loss of generality that

uj — u, Vu; — V', in L" (strong convergence)
V72u; — V"2 in L" (weak convergence)
’ _ (3.14)
p;—p in L (strong convergence)
V'p; = V'p in L"  (weak convergence)

for some (u,p) € D(S,r¢) as j — oo. Here we used several times the compact
embedding W (¥) cC L"(X) on a bounded domain X. By (3.13) we see that
Srae(u,p) = (0,0), which implies due to Lemma 3.3 that « = 0, p = 0. Summarizing
these facts, (3.12) and (3.5) we are led to the contradiction 1 < 0 since u; — 0 in
(WL")* due to the compact embedding L™ cC (Wh)*

(ii) We assume that \; — X € —a+ 5., but that & — 0. Although A+ a may be
equal to 0, the properties |[V"?u;||, <1 and u;|ps = 0 yield the convergence (3.14)

for some u € W2"NW,". Concerning p we get the existence of p € W' and ¢ € L"
such that

V'p; = V'p, &pj—q inlL"

as j — oo. Obviously ¢ is a constant and

AN=AN+V'p = 0
A—=ANu,+ig = 0
Vidivid' = 0.

The last equation shows div’u’ to be a constant with vanishing mean on ¥ since
(S VVO1 . Thus (v, p) solves the homogeneous Stokes system

A=A 4+Vp=0, divu'=0 inX
yielding (v, V'p) = (0,0), cf. Lemma 3.3, (ii).
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For general {g;} C W'"(X) by (3.13a) there exists a sequence of splittings g; =
gjo+ g with gjo € L., gj1 € L™, such that (|[A\;|+1)gjo — 0 in W~ and moreover
(|Aj] +1)gj1/& — 0in L. Due to the divergence equation dive, u; = g; we get

, Al +1
(|Aj|+1)\/ujndxy:! ]\'
> 191

and consequently [, u, dz’ = 0. Now we test the equation (A — A’)u, 4 ig = 0 with
up, to see that X [§ |un|® da’ + [ |V'u,|*dz’ = 0. Thus u, = 0 and also ¢ = 0. For
{g;} c WH(E)N L (%), it follows from the divergence equation and [, g; dz’ = 0
that fz wjn, dz’ = 0; thus we get u,, = 0 and ¢ = 0 as well.

To come to a contradiction we replace p; by p; — pjm where pj,, = ﬁ fz p; da’.

Then we use (3.5) for S, ¢, (v, pj — Pjm) = (fj — i;pjmen, —g;) yielding

hdr'| —0 asj— oo,
‘/Eg] ‘ J

|13 055 4 V', V25, VD, (D — Djm) [l
< c(£5: V95,95, &5l + (N1 + Dllgys Li, + LY jello (3.15)
HNEipimllr + 1V g, Eug, pj — pimllr + [ Ausll gy
SAince &p; — q = 0, we have &pj, — 0. And, due to the compact embedding
Whtrn L cc Ly, we get for a suitable subsequence {p;} that p; — pj,, — 0in L".

Thus, by (3.12), (3.13a) and (3.13b), for a suitable subsequence we are led to the
contradiction 1 < 0 as j — oo.

iii) Next we consider the case \; — A € —a + S.,|&;| — oo. Obviously, we get
j j

from (3.12) [|V'uy, §uy, pjll- — 0, and further [|Aju;l| g1y — 0 since [Ju;l, — 0 as
j — oo. Thus we come to a contradiction to (3.5), (3.12).

(iv) Let [Aj| — 00,& — £ # 0. Then in L”

u; — 0,V'u; =0 and  V7?u; = 0, \ju; — v,
p;—p and  V'p; = V'p,

yielding v + V'p = 0,v, + i{p = 0. To discuss the divergence equation let g; =
gjo + g1, 950 € LI, g;1 € L", be such that by the assumption (3.13a), (3.13b)

[Ajgjoll =1, + 1 Njg51/&llr — 0.

Testing the divergence equation with ¢ € C*(X) we have

- Noas
—/ )\]’LL; : VIQD dx' + ij / Ajujn@ di’ =< )\jgjO; ©p > +§] < jggjl , o>
by bY J

Thus, in the limit — [ v - Vg da’ + i€ [ v,@da’ = 0, in particular,

div'v’ = —i€v,, v - N|ss =0.
Consequently
0
~Ap+&p=0in X, 8_]]\)f =0 on 0%,
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yielding p = 0, and finally v = 0. Again we are led to a contradiction to (3.5),

(3.12).
(v) The case |\j| — 00,& — 0. It follows from (3.12) that in L"

u; — 0,V'u; = 0 and V7?u; — 0, \ju; — v,
Vip; = V'p, &pi =4,
which, looking at (R ), yields in the weak limit
vV +V'p=0, wv,+ig=0.

By testing the divergence equation with functions in C*(X), as in the case (iv), we
get fz v -V da' = 0 for all p € C=(X) yielding div’'v' = 0,v" - N|sz = 0. Thus we
see that v' + V'p = 0 is just the Helmholtz decomposition of the null vector field;
therefore, v’ = 0, V/p = 0. On the other hand, by (3.13a), (3.13b) there is a splitting
g; = gjo + gj1 such that

\g; |
90 € Ly g5 € L7 and Asgiollay 1722 — 0 as j — oo
J
Then, since i§u;, = g; — div'uj, u; € Wol’r, we get
g
/)\jug'nd:l:' = /ﬂdaz’ — 0,
by b) 5]’

which together with A\ju;, — v, yields fz v, dr’ = 0. Since v, +ig = 0 and ¢ is a
constant, we get ¢ = 0, and finally v,, = 0. Now we define p;,, = ﬁ fz p; dx’ and,
by repeating some arguments as in the case (ii), we obtain (3.15) and are led to the
contradiction 1 < 0.

(vi) The case |\;| — o0, |£;| — oco. Then (3.12) yields the convergences

uj — 0,V'u; — 0 and V2u; =0, (A + §J2)u3 -
p; — 0 and v/pj — 0, é-jpj —q

in L" with some v,q € L". An inspection of (R)¢) and of (3.13a), (3.13b) shows
that

v =0, wv,+ig=0.
Since [|Aju;lly < col|(N; + &5 )uyllr, there exists w = (w',w,) € L such that for a
suitable subsequence \ju; — w and {;u; — 0in L" as j — oco. By (3.13a), (3.13b)
there is a splitting of g; such that

9i = gjo + g1, [1Njgjoll-1,, — 0 and [[A;9;1 /&l — 0.
Therefore, from the divergence equation, we get
< Wy, ¢ > = llmjﬂoo < )\jan, ¢ >
Ajgi

1 1
J J J

22



for all ¢ € C®(X) yielding w, = 0. Finally, due to the compact embedding
L' cc (WY')* we get, as j — oo, that M\juj, — 0 in (W'')* and also
Nl iy < el + E)U |y — 0, since v = 0. Again (3.5) and (3.12)
lead to the contradiction 1 < 0.

Now the proof of the theorem is complete. [ ]
Let us define the operator-valued functions

a1 : R — L(L"(D); W () n Wi (),
by : R — L(L7(X); W (%))
by
a1 (§)f = wi(§), bi(§)f == pi(§), (3.16)

where (u1(€),p1(€)) is the solution to (Ry¢) when f € L"(X) is arbitrary and g = 0.
Further, define
ay : R* — LOWE(2); W (2) n W (),
by : R* — LW (X); Wh(2))
by
az(§)g = u2(§),  b2(§)g = p2(§)- (3.17)
with (ug(€), p2(€)) the solution to (Ry¢) when f =0 and g € W7 (X) is arbitrary.
Corollary 3.6 For every a € (0, ) and A € —a+ 5. the operator-valued functions
ay, by and ay, by defined by (3.16), (3.17) are Fréchet differentiable in & € R and
¢ € R*, respectively.
Given f € L"(X) and g € W' (X), the derivatives wy = d%al & f, 1= digbl &) f
and wy = d%ag(f)g, Go = d%bg(f)g satisfy the estimates

|| (A + a)£w17 §3w17 £V/2w17 é-VIQI? £2q1||7'§2 S CHf”T?Z: (318)
and

|| ()\ —+ Oé)fwz, §3w27 gvlzw% gv/qQa £2q2 ||7"§Z

(3.19)
< c(IIV'9,9,€9llrs + (I +D)llgs Ly, + L jello),

with constants ¢ = c(a,r,e, X)) independent of A € —a+ S and of £ € R (€ € R*).
In particular, if g € WY N LT | the stronger estimate for ws, s

| + @)&wa, E3wa, EVwo, EV g2, E2¢2 ]| -5

o (3.20)

is valid with ¢ = c(a, 1, e,%) independent of A € —a + Se.
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Proof: Since ¢ enters in (Ry¢) in a polynomial way, it is easy to prove that
a;(§),b;(€),7 = 1,2, are Fréchet differentiable operators and their pointwise deriva-
tives wj, g; solve the system

(A +&2 —Aw; +V'g; = —28u]
A+ & — Awj, +1i€q; = —2uj, — ip; (3.21)
div§w]~ = —inn,

where (uy,p1), (u2, p2) are the solutions to (Ry¢) for f #0,g =0 and f =0,9 # 0,
respectively.
We get from Theorem 3.4 for j = 1,2,

(A + e)8w;, Ew;, V2w, EV'qj, 4|z
< c(1€%u}, €pss V', Eujnllris + (Il + D[i€ujn; Ly, + L clo)
< c(1€%u;, €ps, V'€usllvie + (N + Dlwyllrs)
< clluj, A+ a4+ E)uj, A+ a+ EVuji, Epjllrs,

with ¢ = c(a,r,¢,2); note here that €2 + |A + o] < A + a + &% for all X €
—a+ 5., ¢ € R. Therefore, by Theorem 3.4, we get (3.18)-(3.20). n

(3.22)

Remark 3.7 In the remainder of this paper the result corresponding to the
operator-valued multipliers as, by will not be used. However, in the forthcoming
paper [13], using as, by, we will analyze the generalized Stokes resolvent system with
prescribed divergence ¢ in an infinite cylinder of R", which can be applied to study
the Stokes resolvent system on unbounded cylindrical domains with several outlets
to infinity.

4 The Proof of the Main Results

In Section 3 we obtained estimates of solutions to the parametrized Stokes resolvent
system (R)¢) in Fourier space on the cross-section ¥ of the cylinder ¥ x R. Based
on the estimates we can prove Theorem 1.1.

Proof of Theorem 1.1: The proof is based on the Fourier multiplier theory.
Considering the denseness of S(R; L*(X)) in LY(R; L*(X)) for 1 < ¢ < oo, it suffices
to prove the theorem for f € S(R; L*(X)). Let us define u,p in the cylinder Q =
> x R by

(@) = F @@ /), pla)=F " Bu() (), (4.1)
where a1, by are the operator-valued multiplier functions defined by (3.16) with r = 2.
We will show that the pair {u, p} is a unique solution of (R)) satisfying

u, V*u,Vp € LY(R; L*(X))

and the estimate (1.1). It is obvious that {u,p} satisfies (R)). For £ € R define
m(€) : L*(X) — L*(Z) by

m(€) = (A + a)ar(§), EV'a1(€), V™ a1(€), €a1(€), V'bi(€), £b1(€)). (4.2)

24



By Theorem 3.4 and Corollary 3.6 one sees that m is a L£(L?*(X))-valued Fourier
multiplier functions satisfying the Hormander-Michlin condition

suPeer|lm(&), Em/(§) || ey < A (4.3)

with a constant A depending only on £, and o € (0,q9) and independent of
A€ —a+S.. Since )

(A + a)u, V2u, Vp) = ((m(&)f)", (4.4)
Michlin’s multiplier theorem (see e.g. [8], Theorem 6.1.6 or [32], Theorem 3.4) yields
(A + a)u, V2u, Vp € LY(R; L*(X)) and the estimate

(A + a@)u, V2u, V| ragz2cs)) < Cllflpa@rzs)

with a constant C' depending only on ¢, o, €, 3.

For the proof of uniqueness let {u,p} with u, V?u,Vp € LU(R; L*(X)) satisfy
(Ry) with A € —a + S., f =0. Fix h € LY (L?) := L7 (R; L*(X)) arbitrarily and let
(v,2) € (W29 2(Q) N WEHT2(Q)) x WH2(Q) be a solution to (R3) with right-hand
side h. Then, using the denseness of C§ (£2) in Wy 9*(Q) N LI(L?), for 1 < q < oo,
we get

0 = (Mu—Au+Vp,v) o2y 1o 12) = (, S‘U_AU“‘VZ)Lq(L?),Lq’(B) = (u, h) a2y Lo (12)

yielding u = 0, and consequently, Vp = 0. The proof of Theorem 1.1 is complete.
[ |

Proof of Corollary 1.2: Defining the Stokes operator A = A, by (1.2), we easily
see that for F' € L9(L?), the equation

A+Au=F in LIL%, (4.5)

is equivalent to (Ry) with right-hand side f = F, g = 0. Therefore, by Theorem 1.1,
for every A € —a+ S, there exists a unique solution u = (A\+ A)~'F' € D(A) to the
equation (4.5) satisfying the estimate

[N+ a)ullpoz2y, < C||F]rara),

with C' = C(q, o, ¢,X) independent of A, which yields (1.3). Then (1.4) is a direct
consequence of (1.3) due to classical semigroup theory. |

Proof of Theorem 1.3: Defining multipliers in L"(X) for r € (1,00) by (4.2), we
see that (4.3) holds with norms taken in £(L"(X)) in place of £(L*(X)). Next we
note that the classical Hormander-Michlin multiplier theorem may be generalized
without any additional assumption to homogeneous Besov spaces of distributions

with values in uniformly convex Banach spaces ([19]). Hence, the functions (u, p)
defined by (4.1) satisfies the assertion of Theorem 1.3 due to (4.4). n
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