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Abstract

Extending the notion of very weak solutions, developed recently in the
three-dimensional case, to bounded domains Q C R? we obtain a new class
of unique solutions w in L(2), ¢ > 2, to the stationary Navier-Stokes
system —Au+4u-Vu+Vp = f,divu =k, Ul =9 with data f, k, g of low
regularity. As a main consequence we obtain a new uniqueness class also
for classical weak or strong solutions. Indeed, such a solution is unique if its
L%morm is sufficiently small or the data satisfy the uniqueness condition
of a very weak solution.
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1 Introduction and Main Results

Throughout this paper, 2 C R? denotes a bounded domain with boundary 0% of
class C*! and unit outer normal vector N(z) = (Ny(z), No(z)) at z = (x1,22) €
0f). Then we consider the stationary Navier-Stokes system

—Au+u-Vu+Vp=f, divu==kin €, u, =49 (1.1)

oN
with nonhomogeneous data f = div F', k and ¢ satisfying

F = (Ej)@jzl,g € LT(Q), ke LT(Q), g c W_l/q’q(OQ),

(1.2)
/kdx:/ g - N do,
Q o9

where 2 < ¢ < 00, ¢ = q%’l <r <gq, % —1—5 > %; the surface integral in (1.2) is
well defined in the generalized sense [,, g Ndo = (g, N)sa = (N - g, 1)aq-
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Definition 1.1 Given data F)k and ¢ as in (1.2) a vector field u = (ug,u) €
L9(Q) is called a very weak solution of (1.1) if and only if for every test function

we C§,(Q)={veC*(Q): divu =0, Vg = 0}
the well defined relation
—(u, Aw) + (g, N - Vw)gq — (uu, Vw) — (ku,w) = —(F, Vw) (1.3)

and the equations

divu=%kin Q, N- N-g (1.4)

Yoo =
are satisfied.

Here C2(Q)) = {vjg:ve C2(R?)}, (-,-) denotes the usual L¢— L7 —pairing on {2
and (g, N - Vw)sq means the value of the boundary distribution g € W=/249(9(2)
applied to the test function N - Vw; for more details see §2.1. The relation
(1.3) is formally obtained from (1.1) by applying the test function w € C’&U(Q),
using integration by parts and the equation u - Vu = div (uu) — ku where uu =
(witj)ij=12. The boundary condition N - ul, = N - g is well defined since
u € L(Q) and k = divu = L"(2). On the other hand, an elementary calculation

proves that -
N - Vw = (rotw)7 on 9Q for all w € C§ (),

where 7 = (=N, N7) L N is the unit tangential vector at z € 9 and rotw =
01wy — Orwq. Hence, the term

(g, N - Vw)gq = (g, (rot w)7)sa

in (1.3) contains only the tangential component g -7 = U™ T of g. Therefore,
the condition on the normal component of u on 99 in (1.4) must be prescribed
in addition to (1.3). In principle, we follow the notion of very weak solutions
introduced by Amann [3], [4] for the three-dimensional nonstationary case with
k = 0 and extended in [10], [14] to the stationary and nonstationary 3D-case with
k # 0.

To prove the main existence result for the Navier-Stokes equations we first
consider the stationary Stokes system

—Au+Vp=f, divu=Fkin Q, u, =49 (1.5)

> 1
_T'

[2}9]

with data f = div F, k and g as in (1.2) where now 1 < r < g < oo, %+

Q=

Theorem 1.2 Suppose the data f = div F, k, g satisfy (1.2) with 1 <r < ¢ < o0,
%+% > % . Then there exists a unique very weak solution u € LI(Y) of the Stokes
system (1.5), i.e.,

—(u, Aw) + (g, N - Vw)oq = —(F,Vw)  for all w € C§ ()

(1.6)
divu =k in Q, N~u|8Q:N-g.
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Moreover, there exists a pressure p € W=54(Q) such that —Au + Vp = f in the
sense of distributions, and (u,p) satisfy the estimate

lullg + llpll-1q < CUFN + 1Bl + ll9ll-1/q.900) (1.7)
with a constant C = C(2,q,r) > 0.

For the Navier-Stokes system the nonlinear term v - Vu causes the additional
restrictions ¢ > 2 and ¢’ < r. Now our main result reads as follows:

Theorem 1.3 Suppose the data [ = div F k, g satisfy (1.2) with 2 < ¢ < o0,
qd <r<gqand % + % > % There exists a constant K = K(,q,r) > 0 such that
if

1E[lr + &l + Nlgll-1/gq.00 < K, (1.8)

then the Navier-Stokes system (1.1) has a unique very weak solution u € L%(52).
Moreover, there exists a pressure p € W=14(Q) such that (1.1) is satisfied in the
sense of distributions.

Furthermore, under the smallness condition (1.8) the solution pair (u,p) of
(1.1) satisfies the a priori estimates

lully < CEN + 1kl + lgll-1/0.0.00) (1.9)
lpll-1a < C(IFN+ llully + lullg + lully 1%]l,) (1.10)

with C = C(,q,7) > 0.

As an application we consider the classical Navier-Stokes equations with data
F e L*(Q), k =0 and g € W'22(9Q) such that [,,g- Ndo = 0 and a weak
solution u € W2(Q), i.e.,

—Autu-Vu+Vp=divF, divu=0inQ, u, =g (1.11)

o0

in the usual weak L?-sense. As is well known, see [13], VIII, Theorem 4.1, there
exists at least one weak solution v € WH2(Q) if Q is simply connected or if
fFi g- N do = 0 for every boundary component I'; of 9€2 in the case of a multiply-
connected domain. Moreover, there exists a constant K; = K;(€2) > 0 such that
the smallness assumption

[ Ell2 + lglli/2200 < Ki (1.12)
guarantees the uniqueness of the weak solution u, cf. [13], VIII, Theorem 4.2.

The following corollaries are an obvious consequence of Theorem 1.3. First
we obtain a weaker uniquenenss condition and therefore a larger uniqueness class

for weak solutions u € WH%(Q) of (1.11).



Corollary 1.4 Let F € L*(Q2), g € WY22(99), and let u € WH2(Q) be a weak
solution of (1.11) in the weak L*-sense. Moreover, let 2 < q < 0o, ¢ < r < 2
and % + % > % . There exists a constant K = K(Q,q,r) > 0 such that if

1E]l: =+ gl -1/g.0.00 < K, (1.13)

then u 1s unique in the class of such weak solutions with the same data f = div F’
and g.

Note that the weakest integrability condition on F' in (1.13) is obtained when
g = 4 and 7 > 2 is chosen arbitrarily close to %; concerning g the embedding
L2(0Q) ¢ W~1/44(9Q) shows that a weak solution of (1.11) is unique provided
that [[ull4 or |[F||; + [|g]l2.00 with > 3 are sufficiently small.

Corollary 1.4 on weak L2-solutions may easily be extended to weak L9-
solutions. As in (1.11) a vector field u € WH4(Q) is called a weak Li-solution of
(1.1) if

—Au+u-Vu+Vp=divF, divu==kin ()

holds with some p € L?(£2) in the sense of distributions and if U gy =9 is satisfied
in the sense of classical trace theorems.

The next corollary follows from Theorem 1.3 and the regularity property in
Proposition 2.4(1).

Corollary 1.5 Assume that the data f = div F\ k and g from (1.2) additionally
satisfy the conditions I € LY(Q), k € LY(Q) and g € W'=1%9(9Q). Then there
exists a constant K = K(§,q,r) > 0 such that the smallness condition

LE 4+ 11Kl + N9l -1/g.0.00 < K

implies the existence of a unique weak solution u € WH(Q) in the usual weak
Li-sense.

The proofs in Subsection 2.3 below will show that the previous results can be
improved concerning the assumptions on f = div F":

Remark 1.6 The condition f =div F, F' € L"(f2), in (1.2) may be replaced by
the slightly weaker condition A;'P,f € Li(€) in the sense of (2.10) below. In
this case, the term —(F, Vw) = (div F,w) in (1.3) and (1.6) is replaced by

<Aq_1qu, Ayw), we C&U(ﬁ).

Then both Theorem 1.2 and Theorem 1.3 remain valid if we replace ||F||, by
|A; 1P, fllq in the smallness assumption (1.8) and in the a priori estimates (1.7),
(1.9) and (1.10). This extension follows from the proofs in Subsections 2.2 and
2.3 and the explicit representation formulae (2.12) using (2.13), (2.18), (2.22)
which are written in a form easily leading to this more general result.



2 Proofs

2.1 Preliminaries

Let 1 < g < ooand ¢ = q—Ll' For the bounded domain Q C R? with bound-

ary 99 of class C*! we need the usual Lebesgue and Sobolev spaces L7(€),
wma(), We™(€), m = 1,2, with norms [|-{| o) = [|[lg and [|-[lwm.a@) = [ m.q:
respectively. The space W™"4(Q) = W" ’q,(Q)’ denotes the dual space of
W4 (Q) with pairing (f,v) for any functional f € W~™4(Q) and test func-
tion v € W™ (Q); the norm in W~"4(Q) is denoted by - lw-ma@) = ||| =m.q-
Analogously, on the boundary 02 we introduce the spaces L(0%2), W*4(0Q)
and W=*4(9Q) = W (9Q)" with pairing (-, -)sq, 0 < a < 2. The correspond-
ing norms are ||-||,00, ||‘||lago0 and ||-||—a.q00. Note that we will use the same
notation for function spaces of scalar-, vector- or matrix valued fields.

The spaces of smooth functions on € are denoted by C*(€2), C™(92), C™(Q)
form=0,1,2,... and m = co. Moreover,

CMQ) ={ve ™) : Vg = 0}, Cyn(2) ={ue Cy(Q) : divu = 0},
and — as the main space of test functions —
Cie(Q) = {u e Ci*(Q) : divu = 0}.

Concerning distributions d € C§°(2)" on Q we again use the symbol (-,-) for
the duality pairing; on the boundary the test function space C™(92), m = 1,2,
allows for distributions in C™(9€)" with pairing (-, -)sq.

For 1 < g < oo let LZ(€2) be the closure of Cg (€2) with the norm |[[-[|,. As is
well known, L2((2) is the space of solenoidal vector fields in L?(£2) with vanishing
normal trace on 9. Then the dual space LZ(92)’ can be identified with L% ()
using the canonical pairing (f, v) = [, f-v da; thus we will write L1(Q) = LT ().
Similarly we use the space L?(0€2)" with canonical pairing (f,v)aq = [, f - vdo
where [, a0 - - - do denotes the boundary integral on J€2 with surface measure do.

Let us recall some classical trace and extension properties for Sobolev spaces.
For m = 1,2 there exists a well defined boundary trace operator from W™(€)
onto W™m=/24(9Q). Conversely, there exist linear bounded extension operators

By WYe1(9Q) — whe(Q), (2.1)
By : W He1(90) x We1(90) — W24(Q)
such that
El(h)|8§2 =h and Eg(hl, h2)|89 = hl, N - VEQ(hl, hg) = hg. (23)

We note that the operator norms of £y and E5 depend only on 2 and q.



Let 1 <r <gq, %4—5 > 1 andlet f € L9Q), div f € L"(2). Then by Green’s
identity (div f, E1(h)) = (N-f, h)oa — (f, VEi(h)) and the embedding estimate
HEl(h>||T’ S C(||E1 h)Hq/ + ||VE1(h)||q/)7 we obtain that

(N-f, Yool < c(Ifllg+ lIdiv fll,) 17llijgq00. B € W (09),

with ¢ = ¢(€Q,q,r) > 0. Hence the normal component N-f‘aQ of f at 0f2 is well
defined in W~/99(992) and satisfies the estimate

INfll-1/g000 < c(Ifllg+ Idiv £]l,). (2.4)
Conversely, there exists a bounded linear extension operator
E W Y(9Q) — {f € LYQ) : div f € L"(Q)}

such that N - E(h)’aﬂ = h; in particular,

IER)llg + lidiv EA)» < ellAll-1/q.0.00 (2.5)

with ¢ = ¢(Q, q,7) > 0; cf. [22], Corollary 4.6, (4.10).
By analogy, for f € L9(€Q) such that rot f = Oif — Oof1 € L7(Q), ie,
div f € L™(Q2) for f = (fa,—f1), we conclude that the tangential component

7o feWTVOUOQ), T = (=Ny, Ny),
of f at 09 is well defined; moreover, by (2.4)

17+ Fl-1/q.0.00 < c(llfllq + [[xot £]I.). (2.6)

We recall that there exists a linear bounded operator

B: LiQ) :={f € LYQ) : /fdx =0} — W,9(Q),
Q
B: L) nWy'(Q) — Wg(Q),
satisfying div B(f) = f; in particular, there exists ¢ = ¢(£2, ¢) > 0 such that

BN g < cllfllg 1BUll2q < cllfllig (2.7)

for f € L{(Q) and f € LL(Q) N W, 9(Q), resp.; see [6], [12], Theorem III 3.2, [24],
p. 68.

Let f € L), 1 < g < co. Then the weak Neumann problem AH = div f
inQ, N-(VH — f)|(99 = 0, has a unique solution VH € L(Q2) such that

IVHlg < c|[fllg; ¢ =c(@2,q) > 0; (2:8)



cf. [11], [22]. Setting P,f = f — VH we get the bounded Helmholtz projection
P, : L9(Q) — L) with range R(P,) = LL(Q), satisfying P} = P, and P, = Py
for the dual operator.

The Stokes operator

A, = —P,A :D(A,) = LLQ) N W (Q) N TW4(Q) — LL(Q)

is a closed bijective operator on the dense domain D(A,) C LZ(£2) with the
following properties: The fractional powers Aqﬁ : D(Ag) — L1(),0 < [ <1,
with dense domain D(AF) C L&(2) are well defined and injective, and A 7 =
(AZ)"1: Le(Q) — Li(Q) are bounded operators with range R(A_?) = D(AZ).
The norms ||u||;, and HA;/Qqu are equivalent for u € D(Ay?), and the norms
|ull24 and [[Aqu||, are equivalent for u € D(A,); in particular, Cg% (€2) is dense
in D(A?) with norm ||Aé/2||q, and C3,(Q) is dense in D(A,) with norm || A,
Moreover, the embedding estimate

1 1
ully < cl|APull,, uweDAD), 1<r<gqpf+->-, (2.9)
q T

holds with a constant ¢ = ¢(Q, 3,¢,7) > 0. Finally, Aju = A,u for u € D(A,) N
D(A,), 1 < ¢, r < oo, and (A,) = Ay for the dual operator of A,; cf. [2], [5],
[12], [13], [15], [16], [17], [20], [22], [24], [25], [26].

To solve the Stokes and Navier-Stokes equations in their very weak formu-
lation we introduce a generalized meaning of the operator A;ﬁPq, 0<p3< 1,
1 < g < 00. Given a distribution u = (uy, us) € C3°(2)' we say that its restriction
Pu = u|cg° satisfies

APPue LLQ) : < (Pyu,w) is well defined for all w € D(Aqﬁ,w) (2.10)
and [(Pyu, w)| < C||AS/W||¢ ‘

with a constant C' = C'(u). In other words,
[(Pyu, A%0)| < Cllolly for all v € L ().

Hence there exists an element A_°Pju := u* € L1(Q) with norm [|A;° Pyull, < C
such that formally

(A7 Pyu,v) = (u',0) = (Pau, A v) = (u, Py A o), v e LE(Q). (2.11)

2.2 Proof of Theorem 1.2

The idea of the proof is based on an explicit representation of the very weak
solution v in the form

uw=R+S+VH, (2.12)
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where VH = (I —P,)u carries the information of k = divu and g-N = Ul N see
(2.13) below, where S = Aq’qudiv F solves a homogeneous Stokes equation with
external force f = div F' and R mainly carries the information of the tangential
component of g (plus a correction due to VH), see (2.21) below.

In the following we construct R, S and VH step by step using only the data
f,k,g; then we show that u = R+ S 4+ VH is the desired very weak solution.
First we define VH as a solution of the weak Neumann problem

AH=kinQ, N-VH|_ =N-g. (2.13)
o0

For this purpose we define v = E(N - g) as in §2.1 satisfying v € L4(Q), dive €
L7(Q) and N -v|, = N -g. Moreover, since Jo(dive —k)dz = [, N - gdo—
Jo kdx =0by (1.2), we find b = B(divo—k) € Wy () satisfying div b = divo—k
and

I6lly < exI VBl < ex(lldiv ol + 1) (2.14)

with ¢; = ¢;(Q,¢q,7) > 0, j = 1,2, see (2.7). Then we solve the weak Neumann
problem

AH =div(v—0b), N-(VH=v+b) =0 (2.15)

and obtain by (2.5), (2.8), (2.14) the estimate
IVH|lg < erllv = blly < 2 (lgll-1/0.0.00 + [1%[lr) (2.16)

with ¢; = ¢;j(Q2,¢,7) > 0, j = 1,2. For later use, we remark that VH’aQ €

W~1449(9Q) is well defined. Actually, div(VH) =k € L"(Q) and rot (VH) = 0;
hence by (2.4), (2.6), (2.16)

IVH|—1/q900 < ¢ (IN-VH| 1000+ |7 VH|-1/q400) 2.17)
< ¢ (llgll-1/q.000 + %]
with ¢; = ¢;(2,¢,7) >0, j =1,2.
Next we define
S=A'P,divF. (2.18)

Note that for all w € D(A4,)

[(div F,w)| = | = (F,Vw)| < NFIVw],

1/2
< allFl Al < ellFl. | Agwl,

with ¢; = ¢;(Q,¢,7) > 0, j = 1,2. Hence A;'P,divF € Li(R) is well defined
and satisfies
HA;IPQ div Flg < e2||[F[s, (2.19)



cf. (2.10). Moreover, by (2.11), for all w € CZ ()
—(S, Aw) = (A" P, div F, Ayw) = (P, div F,w) = —(F, Vw). (2.20)

Comparing this identity with (1.6) we conclude that S = A;qu div F' is a very
weak solution of the Stokes system with S oo = 0, divS = 0 in  and external
force div F'.

Now it remains to find the remainder term R (= v — S — VH) as the very
weak solution of the Stokes system

—AR+Vp=0, divR=0inQ, R| =g-VH| . (2.21)
Thus for all w € CZ,(Q)
—<R, Aw) + (g - VH, N - VUJ)aQ = 0. (2.22)

By (2.17) and using properties of the trace map we get for § = g — VH and all
w e D(Aq/)

|<§7N'vw>89| < C”QH—l/q,q,@Q||vw||1/q,q’799

IA

cllgll-1/q.q00llwll2.q
< c(llgll-r/qq00 + I&ll:) [Agwly -
Since R(A,) = L (Q), this inequality may be written in the form
5.3 - T (A 0))onl < ¢ (gl -vyaaon + IF1) ol v e LT(R).

Hence there exists a unique R € LZ(2) satisfying (R, v) = (g, N - VA;%)) for all
v € LI (Q) and consequently also (2.22); moreover,

IRllq < e (llgll-1/qq00 + I1kl:) . c=c(Q,q,7) > 0. (2.23)

Finally we have to show that u := R+ S + VH is a very weak solution of (1.5).
By (2.13), (2.20), (2.22) it suffices to show the identity

(VH,Aw) = (VH,N - Vw)aq for all w € CF (). (2.24)

For its proof we approximate k, g in (2.13) by smooth functions k,, g,, n € N,
such that ||k — &,|, — 0, [|g — gnll-1/g.900 — 0 as n — oo, and let VH,, € LI(£2)
be the solution of (2.13) with k, g replaced by k,, g,. Then, by (2.16), (2.17) we
obtain [|[VH — VH, |, — 0, |VH — VH,||—1/g400 — 0 as n — o00; hence the
identity

(VH,,Aw) = (VH,, N -Vw)sq— (V(VH,), Vw)
= <VHn, N - VQU){)Q + < (VH ) >
= (VH,, N -Vuw)sq — (AH,,divw)
= <VHn, N - Vw>ag



converges to (2.24) as n — oc.

Note that a very weak solution u € L?(2) of (1.5) is unique. Indeed, in the
case F' =0, k = 0, g = 0 the defining identity (1.6) implies that v € LZ(Q)
satisfies —(u, Aw) = (u, Ayw) = 0 for all w € C¢,(Q); since R(Ay) = L1(Q)
we conclude that u = 0. Moreover, in the general case, (2.12) and (2.16), (2.19),
(2.23) yield the a priori estimate (1.7) for w.

Concerning the pressure, we consider test functions w € C§%(£2) in (1.6) and
are led to the identity

(div F + Au,w) =0

in the sense of distributions. Then de Rham’s argument proves the existence of
a distribution p € C§°(2) satisfying div F' + Au = Vp. Furthermore, we get
Vp € W=24(Q) and ||Vp||_24 < a(|F|l» + |Jully). From [24], TI, (2.3.3) we get
that there exists M € R such that

lp = Mll-14 < 2| Vpll-2q < e5 (1F [l + £l + 9]l -1/g.0.00)

with ¢; = ¢;(Q,¢,7) >0, j = 1,2,3. Replacing p by p— M we complete the proof
of Theorem 1.2. [ ]

2.3 Proof of Theorem 1.3

We write the Navier-Stokes system (1.1) in the form
—Au+ Vp = f(u), divu =k in €, Uy, = 95 (2.25)

where

flw)=f—u-Vu=f—div(uu) + ku, (2.26)
and use the representation formula (2.12) in the form
u=F(u)=VH+ R+ A'P,f(u); (2.27)

here VH, R are defined by (2.13), (2.22), resp. At this point, it is necessary to
show that A1 P, f(u) € LU(Q) for u € LI(Q), see (2.10).

Lemma 2.1 Let 2 < g < oo, ¢ <r < q and %+% > %, and let u,v € LI(S2),
ke L"(Q).

(i)  There exists a constant ¢ = ¢(€2,q,7) > 0 such that
HA;qudiV (wo)lly < cllullg llvllg,

1A Py(kully < ellullg (K]l
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(i) Let w € L*(), qo > 2 and ¢ = L. Then there exists a constant ¢ =
c(Q,q,q0) > 0 such that

—1/2 . —1/2 .
1A; 12 Py div (vw)]|g + | A7 2 Py div (wo)ll; < clfolly [1w]lg,

1A 2Ry (ku)]ls < ey [IK]]-

Proof (i) For ¢ € C3,(Q) C D(Ay)

[(div (wv), @) = [(uo, V)| < lullg v]lq [Vellg/2y

1/2
< cillully 1vlly 1ALy @llqr2y

A

< callullg fvllg [Ag@lly

by (2.9) with 3 = 1 and ¢, replaced by (£), ¢. Hence (2.10) yields the first
estimate of (i). To prove the second estimate, define s = (1 — 1 — %)’1 € (1,00)
and use (2.9) with 8 =1 and ¢, r replaced by s, ¢ to get that

(R, @) < [l [[ullg [[ells < esllkllr lullg | Ag@lly-

(ii) For € Cg%,(§2) Holder’s inequality yields the estimate

(div (vw), 9)| = |(vw, V)]
< cflvllg wllg 1470 ll7 -

The term |(div (wv), p)| will be estimated similarly. Since Cg5,(€2) is dense in
D(A}j,/ 2), the first inequality is proved, see (2.10). Moreover, using the continuous
embedding D(A;ﬂ) C L:(9) for every s € (1,00), the estimate

1/2
[k, @) < Rl Nullg lllls < e[kl lTullg 11451l

1

1 1\—1 . .
where - = (1 -1 — E) , proves the second inequality. [

By Lemma 2.1 a vector field u € L9(Q) is a very weak solution of (1.1) if and
only if u is a very weak solution of (2.25). Moreover, u may be found as a fixed
point of the nonlinear equation (2.27). To solve (2.27), we use (2.16), (2.19),
(2.23) and Lemma 2.1 to get the inequality

17l < Co (lully + Nullq &l + 1E - + 1kl + ll9]-1/0.0.00) (2.28)

where Cy = Cy(2,q,7) > 0. Setting a = Cy, § = Cyl|k||, and v = Co(||F||, +
|E]l» + l|9ll-1/4.9,00), the previous inequality may be written in the form

1F)lly < allullg + Bllully +7, u € LU(Q).
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Analogously, we obtain that
17 () = F@)llg < (allully + allvlly + B)llu = vllg, w0 € LY(Q).

Now Banach’s fixed point theorem applied to F on a closed ball B,(0) C
LP(Q), p > 0, proves the existence of a unique fixed point v € B,(0) of (2.27)
provided that the data F k, g satisfy the smallness condition (1.8) with a suitable
constant K = K(Cp), Cp as in (2.28). Moreover, the unique solution u € B,(0)
satisfies the a priori estimate (1.9) with C' = 2Cp; for more details of this stan-
dard procedure see e.g. [14], Proof of Theorem 4. As in the proof of Theorem 1.2
we get a pressure p € W14(Q) such that (1.1) holds in the sense of distributions
and satisfying (1.10).

It remains to prove the uniqueness of u in the class of all very weak solutions
of (1.1). Assume that u,v € L9(2) are very weak solutions of (1.1) with the same
data f, k, g. Then the representation formula (2.27) (with VH = 0, R = 0) yields
for u — v the identity

u—v=A"Pydiv (v(v —u) + (v —uu) + A Py (k(u —v)), (2.29)

which can be considered as a linear equation in u — v keeping u, v fixed. Applying
Aé/ 2 formally we get for w = u — v that

AYPw = —A;"? P, div (vw + wu) + A2 Py(kw). (2.30)

Actually, if ¢ > 4, then Lemma 2.1 (ii) shows that both terms Az_l/QPg div (vw +
wu) and A, Y *Py(kw) are well defined elements in L2(Q) yielding w = u — v €
D(AY?) in (2.29). However, if 2 < ¢ < 4, then A;"/?Py(kw) € L2(Q) as before,
but by Lemma 2.1 (ii) using go = ¢ > 2 we only get that Aq_l/zpq div (vw +wu) €

L{ where ¢ = -5 < 2. Hence by (2.29)

- 1 1 1 1 1 1
we DA cWH(Q) C L (©Q), —=--7=—— (‘ B ‘) |

‘ o q % \2 ¢
This step will be repeated finitely many times implying that
1 1 1 1
we Lo(9), _:__j<___>, j=1.2...
4G o 2 q

until % > 2 will be guaranteed. Then the case ¢ > 4 considered just before
J

applies and proves w € D(Aé/ %) and (2.30).

Next take the L%-scalar product of (2.30) with Aé/ w and note the identity
Jo AV 2w A7V Py div (vw) do = — Jo(v-Vw)-wdz = 5 [, klw|*dz. Then Lemma
2.1 (ii) and (1.9) imply that

1/2 1/2
1A *w]2 < Cy(flullg + |1l [|AY w)2
1/2
< Co(||F |l + 1Kllr + N1l -1/q.0.00) || A5 *w] |2

12



with C; = Cy(2,¢,7) > 0, i = 1,2. Assuming that the smallness condition (1.8)
even implies KC5y < 1, we conclude that Aé/ 2w =0 and that u = v.

Now Theorem 1.3 is completely proved. [ |

2.4 Further results

Remark 2.2 (Representation Formula) (1) The representation u = R+ .S+
VH, see (2.12), of the very weak solution u of the Stokes system (1.5) describes
u as the sum of three terms each of which is a very weak solution of a related
Stokes system. Concerning V H, note that by (2.13) v = VH solves the equation

—Av+Vp=0, divv==Fkin Q, U)o = VH|aQ’
where VH| € W=129(9Q) is well defined, cf. (2.17).

(2) Consider a very weak solution u € L%(2) of the Navier-Stokes system
(1.1), (1.2). By (2.26), (2.27) u has a representation

u:R+S+VH—Aq_1Pqu-Vu
where R, S and VH are defined by (2.21), (2.18) and (2.13), respectively. Let
E=E(f,k,g)=R+S+VH e L1(Q),

i.e., F is a very weak solution of the inhomogeneous Stokes system (1.5). Then
U =u — FE is a very weak solution of the nonlinear system

—AU+Vp+ (U+E) - V(U+E)=0, divU=0, U, =0 (2.31)

of Navier-Stokes type with homogeneous data; here Definition 1.1 must be mod-
ified correspondingly. We may solve (2.31) directly with Banach’s fixed point
theorem when E is considered to be known. In this case the weaker smallness
condition

1Ellq + 1kl < Ky = K1(€,q,7) (2.32)

instead of (1.8) yields existence and (global) uniqueness of the very weak solution
of (2.31) and therefore also of (1.1).

(3) The term || F||; +||g|| -1/q.q,00+||k]|» in the smallness condition (1.8) may be
arbitrarily large even when the smallness condition (2.32) is satisfied. Actually,
we consider data of the type F,, = Vp,, p, € C5(2), and k, = 0,9, = 0,n € N,
only. Obviously the unique very weak solution of the Stokes system (1.5) is
E,, = —p, so that we have to compare the norms

“Fn”T = |[Vpnll» and HEn”q = HanQ'
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To be more precise, let 0 # p € Cg%,(B1(0)) be fixed and assume that for every
n € N the domain Q admits the choice of n? points {2\, .. xq(;)} C Q2 such that
the balls B; /n(a:,(gn)), 1 < k < n?, are pairwise disjoint. Now define

Zp x—:ck ), €.

Then [|pn 4 = 32, lo(n(- — 2"™))||§ = Mg where My = ||pl|, > 0 and
IV pnll; =n" > (V) (n(- = &)y = n" My
k

where M; = ||Vp||7 > 0. Hence ||E, ||, /|| Evnlly ~ n as n — oo.

Remark 2.3 (Traces) Consider a very weak solution u € L4(2) of the Stokes
system (1.5). Then the normal component N - Uy, = N -9 € W—1e1(9Q) is

well defined, cf. (2.4). Since there is no trace theorem of the type "u € L?(£2)
= U, € W—Y44(9Q)“, we have to consider the tangential component 7 - Ul =

—Nsg1 + N1go more carefully.
Let h € W44 (9§)) with N - h = 0 be given and define using (2.2), (2.7)

w=w(h) = — Bdiv) - E»(0,h).

Obviously divw = 0 in €, w|,, =0 and N - Vw|m = h, since div F5(0, h)|aQ =
N -h = 0; note that here h and E5(0, k) are vector-valued. Moreover, w(-) defines
a bounded linear operator from the space {h € W9 (9Q) : N -h = 0} into
W24 (Q) satisfying the estimate

lw(h)lloq < cllbllijqq00, €= c(,q) > 0.

Inserting w as a test function into (1.6) we get the well defined relation
(9. Bon = (. Aw(B) + (A P, f. Aguw(h). (2.33)

Since N -h = 0, we may replace (g, h)sq by ((7-¢)T, h)aq and interpret the right-
hand side of (2.33) as the precise meaning of the tangential component 7 - U,
of the very weak solution u. Moreover, 7 - U, satisfies the estimate

I ull-1ygq00 < er(llully + 145" Pofllg)
3 (2.34)

(Il + 1kl + llgll-1/4.0.09)

with ¢; = ¢;(,¢,7) >0, j =1,2.
Analogously, for a very weak solution u € L4(2) of the Navier-Stokes system
(1.1), (1.2), the tangential component 7 - Uy =T 9 € W—Y24(Q) is well defined

and satisfies (2.33), (2.34) with f replaced by f —u - Vu.
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Proposition 2.4 (Regularity) (1) Assume that the data f = divF,k,g in
Theorems 1.2 and 1.3 satisfy

FelYQ), kelL¥Q), gecW' Y pq).

Then the very weak solution u tn Theorems 1.2 and 1.3 has the reqularity property
u € WH(Q) and there exists a corresponding pressure p € Li(2). Moreover,
estimate (1.7) in Theorem 1.2 can be replaced by

lullig + [Pl < e(1F Nl + 1&g + llgll-1/0.00) (2.35)

with ¢ = ¢(€2, q) > 0.
(2) Assume that

FeWwh(Q), keWh(Q), geW>1e1Q).

Then v € W4(Q) and p € W4(Q) in Theorems 1.2 and 1.3. Moreover, in
Theorem 1.2

lullag + llPll1g < e(I1F g + 15llq + I9ll-1/q.0.00)- (2.36)

Proof (1) Concerning the linear case of Theorem 1.2 let w = Fy(g) € W4(Q),
and b = B(k—divw) € W, 9(Q), see (2.1) and (2.7); note that Jo(k—divw)dz =
Jokdr— [, N-gdo=0. Then & = u —w — b solves the Stokes system

—ANi+Vp=f, divi=0inQ, 0 (2.37)

Yoo =

with f = f+ Aw + Ab € W=14(Q) in the usual weak Li-sense. Using the
estimates of §2.1 we obtain the well defined equation

A= AJVPP,f € LL(Q) (2.38)

leading to a unique solution 4 € D(Afl/z) C W, 9Q). Thenu=a+w+be
Wha(Q) is the (unique) very weak solution of (1.5) satisfying the estimate (2.35).
Moreover, de Rham’s argument yields the existence of a unique pressure p €
LY () satistying (2.35) as well.

In the nonlinear case we formally get that @ = u — w — b satisfies the identity

A= AJPP(f —u- Vu), (2.39)

cf. (2.38). However, we need an argument as at the end of the proof of Theorem
1.3 to show that all terms in (2.39) are well defined, i.e., that u € L9(Q) yields
Vu € L)) under the assumptions given on f,k and g.

(2) The proof follows the same lines as before. In this case u € W*(Q) is a
(classical) strong L9-solution. u
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