Dynamical approach to Large Eddy Simulation of turbulent flows. Existence and compactness.

Agnieszka Świerczewska

Abstract

We consider the system of equations coming from turbulence modelled by Large Eddy Simulation (LES) technique. The idea of this approach bases on decomposing the velocity into a part containing large flow structures and a part consisting of small scales. The equations for large scale quantities are derived from the Navier Stokes equations with an additional constitutive relation for a contribution of small eddies into the flow. The difficulties focus on the nonlinear and nonlocal turbulent term.

AMS classification (2000): 76F65, 35Q35.

Keywords: nonlocal operators, large eddy simulation, Smagorinsky model, dynamic Germano model, Young measures.

1 Introduction

Turbulent flows occur in many natural and industrial processes. Describing them requires a good simulation. The wide range of scales of flow structures, which are typical for turbulent flows, prevent us from solving numerically the Navier- Stokes equations. Therefore turbulence models yield the equations which can be numerically approximated thanks to reducing the number of operations needed to compute the solutions. One of the approaches recently very popular is Large Eddy Simulation (LES). The LES technique bases on choosing the scales for which the exact solution is computed directly - the part denoting the large flow structures (large scales, resolved) and the scales for which the solution is modelled (small scales, subgrid). Therefore the quantity describing the flow, the velocity u, is decomposed into the mean part ū and turbulent fluctuations u^′, i.e., u = ū + u^′. The fluctuations are first smoothed out and then modelled. The selection of scales depends mostly on the computational possibilities of the hardware. The discretization scheme bases on choosing a computational mesh. Obviously all flow structures of size smaller than the mesh width will not be seen. Mathematically the scale choice is done by filtering, i.e., convoluting the quantities with some appropriate function - filter.

Only the large scales are computed as accurately as possible. In view of the reallife applications it seems acceptable to describe turbulent flows with this approach. Usually the behavior of large eddies is important and more significant than all the small eddies. However for determining this flow we also have to consider the interaction between the large and small eddies and the one only among the small eddies. All these interactions influence the behavior of the big eddies. Different filters based on convolutions can be used. Usually the convolution is done with respect to space variables, i.e., ū(t, x) = u ∗ φ_δ(t, x) = ∫ R^3 u(t, y)φ_δ(x − y)dy, where the index δ denotes the filter width (so-called cut-off length) and φ_δ is the filter. The filter is assumed to be a function of total mass one. In case of a bounded domain Ω ⊂ R^3 the problem of filtering near the boundary and of the boundary values of ū occurs. Choosing periodic boundary conditions in the previously considered case (cf. [Św05]) eliminated this difficulty. To provide that the filtering, i.e., the convolution is well defined in bounded domains, the functions (u, p) could be extended to the whole R^3 . The other possibility, which we choose in a present paper, is to consider the filter with a non-constant width δ(x) with δ(x) → 0 when x approaches the boundary. The precise description of the filters is contained in Section 1.1.2. Such choice of the filter is also convenient in view of denoting the boundary conditions ū. Note that when u = 0 on ∂Ω, consequently also ū = 0 on ∂Ω, which may fail in case of other kind of filters. For more details on filtering see [Sag01, Ald90].

The equations for evolution of the filtered quantities are derived from the Navier Stokes Equations. By convoluting them with a filter one obtains

ū_t + div (u ⊗ u) − νΔū + ∇p̄ = f̄, div ū = 0,

where u is a velocity, p a pressure, ν a positive constant viscosity and f an external force. Because of the nonlinearity in the equations the scales cannot be considered separately. Furthermore, looking for solutions representing the resolved scales, the interactions with the subgrid scales have to be taken into consideration. Therefore we express the convoluted convective term as a difference of the convective term in terms of ū and of a so-called subgrid stress tensor τ = ū⊗ ū − u ⊗ u representing the contribution of small scales into the system. There has to be added some constitutive relation closing the system. In LES we find a wide range of closure models for the tensor τ. The most classical one which is still often used is the Smagorinsky model where τ = (cδ)^2|Dū|Dū, and c > 0 is constant, Du is the symmetric part of the velocity gradient ∇u, i.e., Du = (D_{ij}u)^3_{i,j=1} , D_{ij}u =^1_2 (_{∂ui} ∂x_j + ∂u_j ∂x_i ) . This leads to the following initial boundary value problem

ū_t + div (ū ⊗ ū) − div (cδ^2|Dū|Dū) − νΔū + ∇p̄ = f̄,

div ū = 0, ū(0, x) = ū_0(x), ū_{|∂Ω} = 0. (1)

Existence and uniqueness to (1) have been shown with use of Galerkin approximation and monotone operator methods. For classical results in this field we refer to [Lio69, Lad70]. The Smagorinsky model with boundary conditions arising from a boundary-layer modelling has been studied by [Par92].

The Smagorinsky model has a lot of disadvantages, see [Joh03] for details. In order to adapt it better to local flow structures a dynamical procedure is applied - the Germano model. cf. [GPMC91], later modified by [Lil92]. Instead of finding one constant c for the whole flow, we want to find this coefficient dynamically. The idea bases on applying a second filter (test filter) to the Navier-Stokes equations. Denoting the width of the first filter (grid filter) by δ_1, the test filter φ_{δ2} must have a different width δ_2, with δ_2 > δ_1 usually chosen δ_2 = 2δ_1. Applying this second filter extracts a test field from the resolved scales. The idea is the following: The smallest resolved scales are sampled to give information for modelling the subgrid scales (notation: ũ = u∗φ_{δ2} ). The next step is to use the so-called Germano identity: L = T − τ̃, (2) where τ and T are the subgrid tensors τ = ū ⊗ ū − u ⊗ u and T = ~ū ⊗ ~ū − ~u ⊗ u (3) and L = ~ū ⊗ ~ū − ~ū ⊗ ū is a Leonard tensor. The Germano identity is simply obtained by applying the test filter to the first identity of (3) and subtracting it from the second. The tensor L can be computed from the resolved field since it is associated with scales of motion between the grid and test scales. In the next step both subgrid tensors are modelled in a similar way as in Smagorinsky’s model. The crucial simplification is that they will be modelled with the same c = c(t, x), i.e.,

τ = 2cδ^2_1 |Dū|Dū in T = 2cδ^2 |D~ū|D~ū. (4)

Notice that in place of c^2 from Smagorinsky’s model we now used c. The goal is to allow for the possibility of negative values corresponding to backscatter, i.e., the transfer of energy from subgrid scales to large scales. Substituting (4) into (2) L = 2cδ^2 |D~ū|D~ū − ( ~ 2cδ^2_1 |Dū|Dū )

(the filtering ∼ applies to the whole term in brackets) and assuming the additional simplification ~ (cδ^2_1 |Dū|Dū) = c ( ~ δ^2_1 |Dū|Dū ) (note that: c = c(t, x) is allowed!) the following equation is obtained L = 2cM with M = δ^2 |D~ū|D~ū − ~δ^2_1 |Dū|Dū. The above equation is in fact an overdetermined system of six equations for the coefficient c. Therefore, the error Q = |L − 2cM|^2 is minimized by the least squares method, i.e.,^{∂Q}_{∂c} = 0, yielding c = 1 2 L · M M · M ; (5)

here L · M =^3 ∑ i,j=1 l_{ij}m_{ij} . This c is substituted into the Smagorinsky system (1).

Then v = ū and q = p̄ define a solution to the model equations v_t + div (v ⊗ v) − div (c|Dv|Dv) − νΔv + ∇q = f̄, div v = 0,

v(0, x) = v_0(x), v_{|∂Ω} = 0.

For more details on modelling we refer to [GPMC91, Lil92, Jim95, Sag01, Joh03].

The above procedure can produce negative values of c. This has been conceived as an advantage, allowing to describe the backscatter. Nevertheless, the negative values of c may lead to numerical instabilities. Also numerical tests show that c can vary strongly. In practice, the nominator and denominator of c, cf. (5), are averaged to compute a smoother function (see [Sag01] for details).

We have analyzed the behaviour of the function c more precisely. To define c at those points, where the denominator becomes zero, it must be possible to estimate somehow the matrix L with help of the matrix M. We have found a counterexample, which presents the situation, when M = 0 but L ≠ 0 . This was a motivation to some necessary modifications of the turbulent term for the mathematical analysis. Its properties are clearly assembled in Section 1.1.1. We will not propose any new formula for c, but only describe in general the mathematical assumptions we put.

1.1 Filtering and properties of the turbulent term

In the following the subset of symmetric matrices in R^{n×n} will be denoted by S^n. Let D(Ω) be the space of all C^∞-functions with compact support in Ω. By D(−∞, T ; V) we mean the space of all C^∞-functions with compact support from (−∞, T ) to V. We will also work in spaces of divergence-free functions. Then

V = {u : u ∈ D(Ω), div u = 0}, V is the closure of V with respect to the norm ‖u‖_V = (∫ Ω |∇u|^3dx ) 1_3 , H is the closure of V with respect to the standard L^2− norm.

To simplify the notation, function spaces for vector valued functions are denoted in the same way as function spaces for scalar functions. Moreover, we use (throughout the whole paper) Einstein’s summation convention, i.e., a_ib_i :=

∑_3 i=1 a_ib_i.

1.1.1 Properties of the turbulent term By the turbulent term we mean the operator c(y)|Dv|Dv with the notation for nonlocal (filtered) variables y = (ṽ, ~vv, ~Dv, ~|Dv|Dv). The properties of the operator c are the following:

(C1) c : R^3 × S^3 × S^3 × S^3 −→ R is a continuous function with respect to y.

(C2) c satisfies the condition 0 < α ≤ c(y) ≤ β < ∞. (6) For later use we assemble also the properties of the operator η → |η|η for η ∈ S^3.

There exists a scalar function U ∈ C^2(S^3), U(η) =^1_3 |η|^3 such that for all η, ξ ∈ S^3 and i, j = 1, 2, 3 ∂U(η) ∂η_{ij} = |η|η_{ij} (7) ∂^2U(η) ∂η_{mn}∂η_{rs} ξ_{mn}ξ_{rs} ≥ |η||ξ|^2. (8) Moreover |η|η is strongly monotone, i.e. there exists a positive constant K_1 such that (|η|η_{ij} − |ξ|ξ_{ij}) · (η_{ij} − ξ_{ij}) ≥ K_1|η − ξ|^3 (9) for all η, ξ ∈ S^3. Obviously, the strong monotonicity implies the strict monotonicity, i.e., (|η|η_{ij} − |ξ|ξ_{ij}) · (η_{ij} − ξ_{ij} ) > 0 (10) for all η, ξ ∈ S^3, η ≠ ξ.

1.1.2 Filtering technique

In bounded domains the definition of the filtering is rather delicate. Filters are nonnegative C^∞-functions of compact support contained in Ω. The support shrinks to a one-point set near the boundary. Nevertheless, the mass of the filter remains one; thus the filters tend to Dirac δ−distributions on the boundary. To be more precise, let φ ∈ C^∞_0 (Ω) with supp φ ⊂ B_1 be non-negative such that ∫ Ω φ(y)dy = 1, φ(x) = φ(−x). Let δ(x) = dist(x, ∂Ω). Then we define the filter φ_{δ(x)} by

φ_{δ(x)}(y) = 1 δ(x)^3 φ ( y δ(x) ) . (11)

For a description of the application of filters with nonuniform filter width in numerical analysis we refer to [Ven95].

In LES for time-dependent equations the filtering is usually done only with respect to space variables. Nevertheless, the general definition of the filter (cf. [Sag01, p. 9]) admits also space-time filtering. In that case, also the problem of filtering near the initial value occurs. We will solve it in a similar way to the filtering near the boundary. However, to find the solution in time τ, we only want to consider times 0 ≤ t ≤ τ. Therefore, let φ^t ∈ L^∞((0, T )) be a non-negative function with ∫_T 0 φ^t(τ)dτ = 1. Moreover, let φ^t(τ) have compact support in [0, 1). The time- and space-dependent filter φ_{δ(t,x)} is defined by φ_{δ(t,x)}(τ, y) = φ^t_{δ(t)}(τ)φ^x_{δ(x)}(y), φ^t_{δ(t)}(τ) = 1 δ(t) φ^t ( τ δ(t) ) , δ(t) = t and φ^x_{δ(x)} corresponds to φ_{δ(x)} defined by (11). Given the space-time cylinder Q_T = (0, T ) × Ω we understand by filtering the process ṽ(t, x) = ∫ Q_T v(τ, y)φ_{δ(t,x)}(t − τ, x − y)dτdy. Remark On a level of modelling, the commutation of convoluting and differentiation is assumed. This property obviously holds for the filters with constant width. For the case of non-uniform filters used here this may fail. On the wider study of the so-called commutation error we refer to [BGJ04, BJ04, DJL04]. In the following the commutation error will be neglected.

1.2 Main results

Let Ω ⊂ R^3 be a bounded domain with a sufficiently smooth boundary ∂Ω. We are looking for a velocity v : Q_T −→ R^3 and a pressure q : Q_T −→ R solving in Ω the system v_t + v · ∇v − div [c(y)|Dv|Dv] − νΔv + ∇q = f, div v = 0,

v(0, x) = v_0(x),

(12) with boundary conditions v(t, x) = 0 on (0, T ) × ∂Ω. (13) As before, y = (ṽ, ~vv, ~Dv, ~|Dv|Dv). Definition 1.1 Given f ∈ L^32 (0, T ; V^′) and v_0 ∈ H a function v ∈ L^3(0, T ; V ) ∩ L^∞(0, T ; H) is a weak solution to problem (12), (13) if the equation ∫ Ω T∫ 0 (−vϕ_t + v · ∇v ϕ + c(y)|Dv|Dv · Dϕ + ν∇v · ∇ϕ) dtdx

= ∫ Ω v_0ϕdx + T∫ 0 ⟨f, ϕ⟩dt

is satisfied for all ϕ ∈ D(−∞, T ; V).

Theorem 1.1 (Existence) Let v_0 ∈ H, f ∈ L^32 (0, T ; V^′) and let the function c satisfy conditions (C1)-(C2). Then, for all T > 0, there exists a weak solution in the sense of Definition 1.1 to problem (12), (13).

Moreover, we will show, that the sequence of approximate solutions converges strongly in L^3(0, T ; V ). This result will be formulated in Theorem 3.1.

2 Proof of Theorem 1.1

Let y^n = ( ~v^n, ~v^nv^n, ~Dv^n, ~|Dv^n|Dv^n) and let {ω_r}^∞_{r=1} be an orthonormal basis of H consisting of eigenvectors of the Stokes operator. Let V^n = span{ω_1, ..., ω^n}. For u ∈ H define a projection P^nu = n∑ r=1 (u, ω_r)ω_r : H → V^n Notice that there exists k = k(Ω) > 0 such that (cf. [MNR93, MNRR96]) ‖P^nu‖_W 2,2_{(Ω)} ≤ k‖u‖_W 2,2_{(Ω)}.

We define v^n(t) =^n ∑ r=1 λ^n_r (t)ω_r, v^n ∈ V^n as a solution to

( d dt v^n, ω_r) + ⟨c(y^n)|Dv^n|Dv^n, Dω_r⟩ + ν(∇v^n, ∇ω_r) + b(v^n, v^n, ω_r) = ⟨f, ω_r⟩ v^n(0) = P^nv_0 (14) for all 1 ≤ r ≤ n. We use the notation for a trilinear form b(u, v, w) := ∫ Ω u_j ∂v_i ∂x_j w_i dx.

Notice that for divergence-free functions: b(u, v, v) = 0.

Before establishing existence of solutions to the approximated problem let us prove some a priori estimates. Multiplying equations (14) by λ^n_r and summing over r we obtain 1 2 d dt ‖v^n‖^2_H + ∫ Ω c(y^n)|Dv^n|^3 dx + ν‖∇v^n‖^2_L2_{(Ω)} = ⟨f, v^n⟩.

Estimating the l.h.s. with help of Korn’s inequality (cf. [Fu94]) and (6) yields ∫ Ω c(y^n)|Dv^n|^3 dx ≥ α ∫ Ω |Dv^n|^3 dx ≥ k_α‖v^n‖^3_W 1,3_{(Ω)} ≥ k_α‖v^n‖^3_V .

We estimate the r.h.s. with Young’s inequality |⟨f, v^n⟩| ≤ ‖f‖_V ′ ‖v^n‖_V ≤ k_α 2 ‖v^n‖^3_V + k 2 ‖f‖^{32}_V ′ , to obtain after integrating over (0, T )

‖v^n(s)‖^2_H + k_α s∫ 0 ‖v^n‖^3_V dt + ν s∫ 0 ‖∇v^n‖^2_L2_{(Ω)}dt ≤ k T∫ 0 ‖f‖^{32}_V ′ dt + ‖v^n_0 ‖^2_H ∀s. (15)

This allows to conclude that

v^n is bounded in L^∞(0, T ; H) ∩ L^3(0, T ; V ).

Let us now analyze v^n_t . Due to equation (14) we obtain after estimating all the other terms of the equation that

v^n_t is bounded in L^32 (0, T ; (W^{2,2}(Ω) ∩ V )^′).

For its proof take an arbitrary ϕ ∈ L^3(0, T ; W^{2,2}(Ω)∩V ) with ‖ϕ‖_L3_{(0,T ;W} 2,2_{(Ω)∩V )} ≤ 1 and estimate (v^n_t , ϕ) . Notice that (v^n_t , ϕ) = (v^n_t , P^nϕ) . Hence, due to equation (14), the four integrals below are finite. First, T∫ 0 ∫ Ω |v^n · ∇v^n P^nϕ|dxdt = T∫ 0 ∫ Ω |v^n ⊗ v^n · ∇P^nϕ|dxdt

≤ T∫ 0 ‖v^n‖^2_L4_{(Ω)}‖∇P^nϕ‖_L2_{(Ω)}dt ≤ k T∫ 0 ‖v^n‖^2_V ‖∇P^nϕ‖_W 1,2_{(Ω)}dt

≤ k T∫ 0 ‖v^n‖^2_V ‖P^nϕ‖_W 2,2_{(Ω)}dt ≤ k T∫ 0 ‖v^n‖^2_V ‖ϕ‖_W 2,2_{(Ω)}dt

‖v^n‖^2_L3_{(0,T ;V )}‖ϕ‖_L3_{(0,T ;W} 2,2_{(Ω))} ≤ k, and_T ∫ 0 ∫ Ω |∇v^n · ∇P^nϕ|dxdt ≤ T∫ 0 ‖∇v^n‖_L3_{(Ω)}‖∇P^nϕ‖_L 3_{2 (Ω)}dt

≤ k T∫ 0 ‖∇v^n‖_L3_{(Ω)}‖P^nϕ‖_W 2,2_{(Ω)}dt ≤ k T∫ 0 ‖∇v^n‖_L3_{(Ω)}‖ϕ‖_W 2,2_{(Ω)}dt

≤ k‖v^n‖_L 3_{2 (0,T ;V )}‖ϕ‖_L3_{(0,T ;W} 2,2_{(Ω))} ≤ k‖v^n‖_L3_{(0,T ;V )} ≤ k. Moreover, T∫ 0 |⟨f, P^nϕ⟩|dt ≤ T∫ 0 ‖f‖_V ′ ‖P^nϕ‖_V dt ≤ k T∫ 0 ‖f‖_V ′ ‖P^nϕ‖_W 2,2_{(Ω)}dt

≤ k T∫ 0 ‖f‖_V ′ ‖ϕ‖_W 2,2_{(Ω)}dt ≤ k‖f‖_L 3_{2 (0,T ;V ′)}‖ϕ‖_L3_{(0,T ;W} 2,2_{(Ω))} ≤ k, and, finally T∫ 0 ∫ Ω | |c(y_n)|Dv_n|Dv_n · ∇P_nϕ | | dxdt ≤ β T∫ 0 ∫ Ω |Dv^n|^2|∇P^nϕ| dxdt

≤ k T∫ 0 ∫ Ω |∇v^n|^2|∇P^nϕ| dxdt ≤ k T∫ 0 ‖∇v^n‖^2_L3_{(Ω)}‖∇P^nϕ‖_L3_{(Ω)}dt

≤ k‖v^n‖^2_L3_{(0,T ;V )}‖ϕ‖_L3_{(0,T ;W} 2,2_{(Ω))} ≤ ‖v^n‖^2_L3_{(0,T ;V )} ≤ k.

Theorem 2.1 For given f ∈ L^32 (0, T ; V^′) and v_0 ∈ H equation (14) possesses an absolutely continuous solution v^n on (0, T ).

Proof Let λ^n = (λ^n_1 , ..., λ^n_r ) and let n be fixed. We can rewrite the system (14) in the form d dt λ^n_r (t) = F_r(t, λ^n(t), y^n) λ^n_r (0) = (u_0, ω_r)

(16)

where 1 ≤ r ≤ n, F (·) = (F_1(·), ..., F_n(·)) and

F_r(t, λ^n(t), y^n) = (f, ω_r) − λ^n_i (t)λ^n_k (t) ∫ Ω ω^j_i ∂ω^l_k ∂x_j ω^l_rdx − νλ^n_r (t)‖∇ω_r‖^2_L2 −λ^n_i (t) ∫ Ω c(y^n)|λ^n_k (t)Dω_k| D_{lm}ω_i D_{lm}ω_rdx

with

y^n = ~ n∑ i=1 λ^n_i ω_i, ~ n∑ i=1 λ^n_i ω_i n∑ j=1 λ^n_j ω_j, ~ n∑ i=1 λ^n_i Dω_i, ~ | n∑ i=1 λ^n_i Dω_i| n∑ j=1 λ^n_j Dω_j .

Remembering that δ(t) = t, let us rewrite all filtered terms by changing the variables in the time-filtering, i.e., ~λn_i ω_i(t, x) = 1∫ 0 φ^t(s)λ^n_i (t − ts)ds ∫ Ω φ^x_{δ(x)}(x − y)ω_i(y)dy,

~ λ^n_i ω_iλ^n_j ω_j(t, x) = 1∫ 0 φ^t(s)λ^n_i (t − ts)λ^n_j (t − ts)ds ∫ Ω φ^x_{δ(x)}(x − y)ω_i(y)ω_j(y)dy,

~ λ^n_i Dω_i(t, x) = 1∫ 0 φ^t(s)λ^n_i (t − ts)ds ∫ Ω φ^x_{δ(x)}(x − y)Dω_i(y)dy, ~ |λ^n_i Dω_i|λ^n_j Dω_j(t, x) =

= 1∫ 0 ∫ Ω φ^t(s)φ^x_{δ(x)}(x − y)|λ^n_i (t − ts)Dω_i(y)|λ^n_j (t − ts)Dω_j(y)dyds. To find the value of λ^n at time t = t_1 we need the information on the values of λ^n in all 0 ≤ t ≤ t_1. Let λ_t ∈ C([0, 1]; R^n ) be defined by λ_t(s) = λ(t(1 − s)), 0 ≤ s ≤ 1. Taking into account all filtered terms it will be more convenient to specify the dependence of F on λ^n as F (t, λ^n(t), y^n) =: F(t, λ^n(t), λ^n_t ).

Therefore let describe the dependence on filtered terms with help of some function C, namely C(λ^n_t ) = c(y^n) and then

F_r(t, λ^n(t), λ^n_t ) = (f, ω_r) − λ^n_i (t)λ^n_k (t) ∫ Ω ω^j_i ∂ω^l_k ∂x_j ω^l_rdx − νλ^n_r (t)‖∇ω_r‖^2_L2 −λ^n_i (t) ∫ Ω C(λ^n_t )|λ^n_k (t)Dω_k| D_{lm}ω_i D_{lm}ω_rdx. First step: t_0 = 0.

Consider first local existence of solutions. Let there be given t_0 and a such that t ∈ (t_0, t_0 + a). The constant a = min{^1_{(2K1+1)3} ,^1_{2(K2+K3+K4)} }, where the constants K_i will be explained in the following estimates. Notice that the K_i’s depend on n and on the initial data λ^n(t_0) and are independent of t. Let also |λ^n(t)−λ^n(t_0)| ≤ 1, where for t_0 = 0 we defined λ^n(t_0) in (16). Observe for each 1 ≤ r ≤ n the following estimates: t_0+a∫

t_0 |(f, ω_r)|dτ ≤ t_0+a∫

t_0 |(f, ω_r)|^{32} dτ 2 3 t_0+a∫

t_0 1 dτ 1 3

≤ ‖f‖_L 3_{2 (0,T ;V ′)}‖ω_r‖_V · a^{13} = K_1 · a^{13}

(17)

and_{t0+a} ∫ t_0 | |λ^n_i (τ)λ^n_k (τ) ∫ Ω ω^j_i ∂ω^l_k ∂x_j ω^l_rdx | |dτ ≤ max_{1≤i≤n} ‖∇ωi‖^3_L2 t_0+a∫

t_0 |λ^n|^2 dτ ≤ (|λ^n(t_0)| + 1)^2 max_{1≤i≤n} ‖∇ω_i‖^3_L2 · a = K_2 · a

(18)

and ν t_0+a∫

t_0 | | |λ^n(τ)‖∇ωr‖^2_L2 | | |dτ ≤ ν(|λ^n(t0)| + 1)‖∇ωr‖^2_L2 t_0+a∫

t_0

1 dτ = K_3 · a. (19)

Moreover, since C is bounded from above by β, t_0+a∫

t_0 | | |λ^n_i (τ) ∫ Ω C(λ^n_τ )|λ^n_k (τ)Dω_k| D_{lm}ω_i D_{lm}ω_rdx | | | dτ

≤ β t_0+a∫

t_0 |λ^n(t)|^2 ∫ Ω |Dω_r|^3dx dτ ≤ β(|λ^n(t_0)| + 1)^2‖Dω_r‖^3_L3 t_0+a∫

t_0 1 dτ ≤ β (|λ^n(t_0)| + 1)^2‖Dω_r‖^3_L3 · a = K_4 · a.

(20)

Thus we can conclude that t_0+a∫

t_0 |F(τ, λ^n(τ), λ^n_τ )|dτ ≤ 1. (21)

We replace (16) by the integral equation

λ^n(t) = λ^n(t_0) + ∫_t t_0 F(τ, λ^n(τ), λ^n_τ )dτ and define the operator S by

S(λ^n) = λ^n(t_0) + ∫_t t_0 F(τ, λ^n(τ), λ^n_τ )dτ. Then (16) is equivalent to the fixed point problem λ^n = S(λ^n), λ^n ∈ B ⊆ X where X = C([t_0, t_0 + a]), ‖λ‖_X = max_{t∈[t0,t0+a]} |λ(t)|, B = {λ^n ∈ X : ‖λ^n − λ^n(t_0)‖_X ≤ 1}. First, see that S(λ^n) ⊆ B for λ^n ∈ B, namely |S(λ^n) − λ^n(t_0)| ≤ ∫_{t0+a} t_0 |F(τ, λ^n(τ), λ^n_τ )|dτ^{(21)}≤ 1. Aiming to prove compactness of the operator S, we show that S(λ^n) is uniformly bounded on B, i.e. for all t ∈ [t_0, t_0 + a] and λ^n ∈ B |S(λ^n(t))| ≤ |λ^n(t_0)| + ∫_t t_0 |F(τ, λ^n(τ), λ^n_τ )|dτ ≤ |λ^n(t_0)| + 1. Moreover, S(B) is equicontinuous, namely, with a slight generalization of estimates (17)-(20) we can show that for all t_1, t_2 ∈ [t_0, t_0 + a] and λ^n ∈ B if |t_1 − t_2| ≤ min {( ε 2K_1+1

)_3 ,^ε 2(K_2+K_3+K_4) } , then

|S(λ^n(t_1)) − S(λ^n(t_2))| = | | | ∫_{t1} t_0 F(τ, λ^n(τ), λ^n_τ )dτ − ∫_{t2} t_0 F(τ, λ^n(τ), λ^n_τ )dτ | | | ≤ | | | ∫_{t2} t_1 F(τ, λ^n(τ), λ^n_τ )dτ | | | ≤ K1|t1 − t2|^{13} + (K2 + K3 + K4)|t1 − t2| ≤ ε. (22) Hence by the Ascoli-Arzelà Theorem the set S(B) is relatively compact in X. To conclude the compactness of the operator S we only have to notice that S is continuous. Therefore let λ^n_j → λ^n uniformly in [t_0, t_0 + a] as j → ∞. Notice, since C is a continuous function of λ^n_t , that F is also continuous w.r.t. λ^n and λ^n_t . Hence we can conclude with help of the dominated convergence theorem that

S(λ^n_j (t)) − S(λ^n(t)) = t∫ t_0 [F(τ, λ^n_j (τ), λ^n_{τ,j}) − F(τ, λ^n(τ), λ^n_τ )] dτ converges poinwise to 0. Moreover, (22) provides the uniform convergence, thus S is continuous. Finally, as B is a nonempty, closed, bounded and convex subset of X and the operator S is compact, due to the Schauder Fixed Point Theorem there exists a solution to the equation λ^n = S(λ^n) for t ∈ [t_0, t_0 + a]. Second step. Global existence of solutions.

To obtain the global existence of solutions we will repeat the above procedure in further time intervals. Notice that the construction of solutions in the interval (t_0, t_0 + a) for t_0 ≠ 0 uses also the values of λ^n from the interval (0, t_0). These quantities do not influence the estimates (17)- (19). They only appear in estimate (20) as arguments of the function C. But since C is uniformly bounded by β, the proof follows the same lines.

Due to orthonormality of {ω_r} in H the a priori estimates, cf. (15), assure that λ^n(t) is uniformly bounded. Thus also the initial data for further existence problems are bounded implying that the value of the constants K_i will not increase; consequently, the length of existence intervals a will not decrease. Hence the proof can be done in a finite number of steps.

The equation (16) yields that for t ∈ (0, T ) the solution is absolutely continuous.

Using the information on the boundedness of the sequence (v^n) we can extract a subsequence, still denoted by v^n, such that

v^n ⇀ v in L^3(0, T ; V ), (23)

v^{n ∗}⇀ v in L^∞(0, T ; H), (24)

v^n_t ⇀ v_t in L^{32} (0, T ; (W^{2,2}(Ω) ∩ V )^′). (25)

Since V ⊂⊂ H ⊂ (W^{2,2}(Ω) ∩ V )^′, due to (23) and (25), using Aubin-Lions Lemma (cf. [MNRR96]) we conclude that

v^n −→ v in L^3(0, T ; H) and a.e. in Q_T . (26)

This strong convergence is needed to show that T∫ 0 b(v^n, v^n, ϕ)dt −→ T∫ 0 b(v, v, ϕ)dt. It is obtained as follows: T∫ 0 ∫ Ω (v^n∇v^n − v∇v) ϕdxdt

= T∫ 0 ∫ Ω (v^n − v)∇v^nϕdxdt + T∫ 0 ∫ Ω v(∇v^n − ∇v)ϕdxdt.

According to Hölder’s inequality the first integral can be estimated by | | | T∫ 0 ∫ Ω (v^n − v)∇v^nϕdxdt | | | ≤ T∫ 0 ‖v^n − v‖_L2_{(Ω)}‖∇v^n‖_L3_{(Ω)}‖ϕ‖_L6_{(Ω)}dt

≤ ‖v^n − v‖_L3_{(0,T ;H)}‖v^n‖_L3_{(0,T ;V )}‖ϕ‖_L3_{(0,T ;L}6_{(Ω))}.

And due to the strong convergence (26) this integral converges to zero. The convergence of the second integral to zero is achieved by the weak convergence of gradients. Finally, due to (23), there exist Ā, χ ∈ L^32 (Q_T ) such that

c(y^n)|Dv^n|Dv^n ⇀ Ā in L^{32} (Q_T ) (27) and |Dv^n|Dv^n ⇀ χ in L^{32} (Q_T ). (28) Hence we can state the limit identity T∫ 0 ∫ Ω ( v_t · ϕ + v · ∇v · ϕ + Ā · Dϕ + ν∇v · ∇ϕ ) dxdt = T∫ 0 ⟨f, ϕ⟩dt (29) for all ϕ ∈ D(−∞, T ; V). For later use we will show that the strong energy equality holds. To this aim we need to show that (29) holds for all ϕ ∈ L^3(0, T ; V ). We observe the following estimates T∫ 0 ∫ Ω |v · ∇v · ϕ|dxdt ≤ T∫ 0 ‖v‖_L3_{(Ω)}‖∇v‖_L3_{(Ω)}‖ϕ‖_L3_{(Ω)}dt ≤ k T∫ 0 ‖v‖^2_V ‖ϕ‖_V dt ≤ k‖v‖^2_L3_{(0,T ;V )}‖ϕ‖_L3_{(0,T ;V )} (30) and T∫ 0 ∫ Ω |Ā · Dϕ|dxdt ≤ T∫ 0 ‖Ā‖_L 3_{2 (Ω)}‖Dϕ‖_L3_{(Ω)}dt ≤ k‖Ā‖_L 3_{2 (QT )}‖ϕ‖_L3_{(0,T ;V )}. (31)

Moreover T∫ 0 ∫ Ω |∇v · ∇ϕ|dxdt ≤ T∫ 0 ‖∇v‖_L 3_{2 (Ω)}‖∇ϕ‖_L3_{(Ω)}dt ≤ k ∫_T 0 ‖v‖_V ‖ϕ‖_V dt ≤ k‖∇v‖_L3_{(0,T ;V )}‖ϕ‖_L3_{(0,T ;V )} (32)

and_T ∫ 0 |⟨f, ϕ⟩|dt ≤ T∫ 0 ‖f‖_V ′ ‖ϕ‖_V dt ≤ ‖f‖_L 3_{2 (0,T ;V ′)}‖ϕ‖_L3_{(0,T ;V )}. (33)

Collecting (30)-(33) allows to conclude that

F(ϕ) ≡ T∫ 0 b(v, v, ϕ) + ∫ Ω Ā · Dϕdx + ν(∇v, ∇ϕ) − ⟨f, ϕ⟩ dt (34)

is a linear bounded functional on L^3(0, T ; V ). From (29) it holds

F(ϕ) = T∫ 0 ∫ Ω v_tϕdxdt. (35)

Thus v_t belongs to L^32 (0, T ; V^′) = (L^3(0, T ; V ))^′, which provides that (29) holds for all ϕ ∈ L^3(0, T ; V ). This allows to test (29) against the solution v to obtain T∫ 0 ∫ Ω ( v_t · v + Ā · Dv + ν∇v · ∇v ) dxdt = T∫ 0 ⟨f, v⟩dt. (36)

Finally due to Proposition A.9, since v ∈ L^3(0, T ; V ) and v_t ∈ L^32 (0, T ; V^′) then for all 0 ≤ s ≤ t ≤ T it holds t∫ s ⟨v_t(τ), v(τ)⟩dτ = 1 2 ‖v(t)‖^2_H − 1 2 ‖v(s)‖^2_H (37)

and hence 1 2 ‖v(T )‖^2_H + T∫ 0 ∫ Ω Ā · Dvdxdτ + ν T∫ 0 ‖∇v‖^2_H dτ = 1 2 ‖v_0‖^2_H + T∫ 0 ⟨f, v⟩dτ. (38)

Next, we will formulate a lemma concerning convergence of filtered terms.

Lemma 2.2 Let the sequence (v^n)_{n∈N} converge weakly to v in L^3(0, T ; V ) and let χ ∈ L^32 (Q_T ) be as in (28). Then, for n → ∞, the following sequences converge almost everywhere in Q_T : ~v^n −→ ~v, ~v^nv^n −→ ~vv, ~Dvn −→ ~Dv. We can extract a further subsequence of (v^n) such that ~ |Dv^n|Dv^n −→ ~χ a.e. in Q_T .

Proof Since v^n is bounded in L^3(0, T ; V ), then also, for a subsequence, Dv^n ⇀ Dv in L^3(Q_T ), and v^n ⇀ v^n in L^3(Q_T ); hence ∫ Q_T v^nϕdydτ → ∫ Q_T vϕdydτ ∀ϕ ∈ L^{32} (Q_T ).

We choose as a test function ϕ(τ, y) = φ_{δ(t,x)}(t−τ, x−y) with parameters (t, x) ∈ Q_T , where φ_{δ(t,x)} is a filter. The filters are obviously in L^32 (Q_T ) except for the points x ∈ ∂Ω or t = 0. However, since Q_T is open, ∫ Q_T v^n(τ, y)φ(t − τ, x − y)dydτ → ∫ Q_T v(τ, y)φ(t − τ, x − y)dydτ for a. a. (t, x) ∈ Q_T ,

which is equivalent to ~v^n → ṽ a. e. in Q_T . (39)

In the same way from the information on the symmetric part of the gradients we conclude that ~Dvn → ~Dv a. e. in Q_T . (40) To analyze the limit of the sequence ~v^nv^n we deduce from the strong convergence of the sequence v^n in L^2(Q_T ) also the strong convergence of v^nv^n to vv in L^1(Q_T ). Of course the strong convergence implies the weak convergence. Thus, following analogous arguments as above, we get that ~ v^nv^n → ~vv a. e. in Q_T . (41)

The convergence (28) implies for the filtered terms ~ |Dv^n|Dv^n → χ̃ a. e. in Q_T which completes the proof of Lemma 2.2.

For the passage to the limit in the turbulent term we apply Lemma A.1 to the operator A(y, z) = c(y)|z|z : (R^3 × S^3 × S^3 × S^3) × S^3 → S^3.

Again let y = (~v, ~vv, ~Dv, ~|Dv|Dv), y^n = ( ~v^n, ~v^nv^n, ~Dv^n, ~|Dv^n|Dv^n), z^n = Dv^n. The function A does not depend directly on (t, x) and is continuous w.r.t. all other variables, which provides that the assumption (i) of Lemma A.1 is fulfilled. Next:

(ii) For all s ∈ R^{21} and ξ_1, ξ_2 ∈ S^3, ξ_1 ≠ ξ_2, by (10) (c(s)|ξ_1|ξ_1 − c(s)|ξ_2|ξ_2) · (ξ_1 − ξ_2) = c(s) (|ξ_1|ξ_1 − |ξ_2|ξ_2) · (ξ_1 − ξ_2) > 0.

(iii) From the assumptions (C1) − (C2) it holds c(s)|ξ|ξ · ξ ≥ α|ξ|^3 and | | |c(s)|ξ|ξ | | | ≤ β|ξ|^2. The assumption (iv) holds by Lemma 2.2, with ȳ = (~v, ~vv, ~Dv, ~χ), namely y^n → ȳ a. e. in Q_T .

Due to (23) and (27) the assumption (v) is satisfied. We only have to check the assumption (vi). To this aim we will prove the following claim Claim v^n(t) ⇀ v(t) in H for all t ∈ [0, T ]. (42)

Proof of the claim From (26) it holds v^n(t) → v(t) in H for a.a. t ∈ [0, T ]; (43) in particular, v^n(t) ⇀ v(t) in H for all t ∈ [0, T ] \ E, (44) where E is a set of measure zero. Let us first show that v^n(t) ⇀ v(t) in (W^{2,2}(Ω) ∩ V )^′ for all t ∈ [0, T ]. (45) Thus consider t ∈ E. For each such t choose (t_k) ⊂ (0, T ) \ E such that t_k → t as k → ∞. Then for all ϕ ∈ W^{2,2}(Ω) ∩ V |⟨v^n(t) − v(t), ϕ⟩_{(W} 2,2_{∩V )}′_{,W} 2,2_{∩V} | ≤ |⟨v^n(t) − v^n(t_k), ϕ⟩_{(W} 2,2_{∩V )}′_{,W} 2,2_{∩V} | +|⟨v^n(t_k) − v(t_k), ϕ⟩_{(W} 2,2_{∩V )}′_{,W} 2,2_{∩V} | + |⟨v(t_k) − v(t), ϕ⟩_{(W} 2,2_{∩V )}′_{,W} 2,2_{∩V} | = I_1 + I_2 + I_3.

(46)

Consider first the term I_1. Since v^n is bounded in L^3(0, T ; V ) and v^n_t is bounded in L^32 (0, T ; (W^{2,2}(Ω)∩V )^′) thus v^n is bounded in W^{1, 3}2 (0, T ; (W^{2,2}(Ω)∩V )^′). According to Morrey’s Theorem (cf. [Eva98, p. 266]) W^{1, 3}2 ⊂ C^{0, 1}3 ; thus

‖v^n(t_1) − v^n(t_2)‖_{(W} 2,2_{∩V )}′ ≤ m|t_1 − t_2|^{13} for all t_1, t_2 ∈ [0, T ].

This assures that (v^n) is an equicontinuous family of functions. Thus I_1 ≤ m|t − t_k|^{13} .

Moreover (44) with the embedding L^2(Ω) ⊂ (W^{2,2}(Ω) ∩ V )^′ implies that for n → ∞ and all t_k ∈ (0, T ) \ E v^n(t_k) ⇀ v(t_k) in (W^{2,2}(Ω) ∩ V )^′ and hence lim_{n→∞} I_2 = 0. Thus letting n → ∞ in (46) yields lim_{n→∞} |⟨v^n(t) − v(t), ϕ⟩_{(W} 2,2_{∩V )}′_{,W} 2,2_{∩V} | ≤ m|t − t_k|^{13} + |⟨v(t_k) − v(t), ϕ⟩_{(W} 2,2_{∩V )}′_{,W} 2,2_{∩V} |. According to Proposition A.9 we have v ∈ C([0, T ]; H) ⊂ C([0, T ]; (W^{2,2}(Ω) ∩ V )^′) and hence v is weakly continuous with values in (W^{2,2}(Ω) ∩ V )^′. Therefore letting k → ∞ allows to conclude that lim_{k→∞} I_3 = 0 and lim_{n→∞}⟨v^n(t) − v(t), ϕ⟩_{(W} 2,2_{∩V )}′_{,W} 2,2_{∩V} = 0 (47) which proves (45).

Since the embedding (W^{2,2}(Ω) ∩ V ) ⊂ H is dense and (v^n) is bounded in L^∞(0, T ; H), we conclude that (v^n(t), ϕ) → (v(t), ϕ) for all ϕ ∈ H, t ∈ [0, T ], hence (42) is proved.

From (14) it holds ∫ Q_T c(y^n)|Dv^n|Dv^n · Dv^ndxdt = 1 2 ‖v^n_0 ‖^2_H − 1 2 ‖v^n(T )‖^2_H − ν‖∇v^n‖^2_L2_{(QT )} + T∫ 0 ⟨f, v^n⟩dt.

Letting n → ∞ and using the lower semicontinuity of the norm w.r.t. the weak convergence (42) we obtain lim sup n→∞ ∫ Q_T c(y^n)|Dv^n|Dv^n · Dv^ndxdt

≤ 1 2 ‖v_0‖^2_H − 1 2 ‖v(T )‖^2_H − ν‖∇v‖^2_L2_{(QT )} + T∫ 0 ⟨f, v⟩dt. Inserting the energy equality (38) into the r.h.s. yields lim sup n→∞ ∫ Q_T c(y^n)|Dv^n|Dv^n · Dv^ndxdt ≤ ∫ Q_T Ā · Dv dxdt, which is exactly the desired inequality for assumption (vi). Now Lemma A.1 implies that Dv^n → Dv in measure, and thus for a subsequence Dv^n → Dv a. e. in Q_T . Hence |Dv^n|Dv^n → |Dv|Dv a.e. in Q_T which together with (28) implies that χ = |Dv|Dv a.e. in Q_T . Thus ȳ = y and y^n → y a.e. in Q_T .

Concerning the turbulent term we conclude that c(y^n)|Dv^n|Dv^n → c(y)|Dv|Dv a.e. in Q_T . As c(y^n)|Dv^n|Dv^n is bounded in L^32 (Q_T ) we apply Lemma A.8 and get that c(y^n)|Dv^n|Dv^n ⇀ c(y)|Dv|Dv in L^{32} (Q_T ). This convergence completes the proof of the theorem.

3 Compactness of solutions

In this short section we will observe additional property of solutions, which is formulated in the forthcoming theorem.

Theorem 3.1 Let all the assuptions of Theorem 1.1 be satisfied and let (v^n) be a sequence of solutions to approximate problem (14) and v the solution to (12). Then v^n → v in L^3(0, T ; V ). (48) Proof Since in the proof of Theorem 1.1 we showed that all the assumptions of Lemma A.1 are satisfied, then we can also apply Lemma A.2, which proves (48).

Appendix A Main technical lemmas

The current section contains two lemmas, which recall the result shown in [GŚ05]. Nevertheless, for completness of the paper, we provide also their proofs.

In the following C_0(R^d ) denotes the closure of the space of continuous functions on R^d with compact support with respect to the ‖ · ‖_∞-norm. Its dual space can be identified with M(R^d ), the space of signed Radon measures with finite mass. The related duality pairing is given by ⟨μ, f⟩ = ∫ R^d f(ξ) dμ(ξ).

Lemma A.1 Let Ω ⊂ R^{d′} be a measurable set of finite measure and let A(x, s, ξ) : Ω × R^m × R^d −→ R^d be an operator satisfying the following conditions:

(i) A(x, s, ξ) is a Carathéodory function (measurable w.r.t. x and continuous w.r.t. (s, ξ)).

(ii) For all x ∈ Ω, s ∈ R^m and ξ_1, ξ_2 ∈ R^d , ξ_1 ≠ ξ_2, [A(x, s, ξ_1) − A(x, s, ξ_2)] · [ξ_1 − ξ_2] > 0.

(iii) There exist positive constants c_1, c_2 such that for p > 1 it holds A(x, s, ξ) · ξ ≥ c_1|ξ|^p and |A(x, s, ξ)| ≤ c_2|ξ|^{p−1}. Let y^n : Ω → R^m and z^n : Ω → R^d be sequences of measurable functions such that (iv) y^n → ȳ a.e. in Ω, (v) z^n ⇀ z in L^p(Ω) and A(x, y^n, z^n) ⇀ Ā in L^{pp−1} (Ω), (vi) lim sup n→∞ ∫ Ω A(x, y^n, z^n) · z^n dx ≤ ∫ Ω Ā · z dx.

Then there exists a subsequence of (z^n) such that z^n → z in measure.

Proof We apply Lemma A.5 to the function A(x, y^n, z^n)·z^n. The coercivity condition from assumption (iii) of the theorem assures that the negative part of this function is equal to zero; thus it is certainly weakly relatively compact in L^1(Ω). This allows to conclude that

lim sup n→∞ ∫ Ω A(x, y^n, z^n) · z^n dx ≥ ∫ Ω ∫ R^m×R^d A(x, s, ξ) · ξ dμ_x(s, ξ)dx (49)

where μ_x is the Young measure generated by the sequence (y^n, z^n). However according to Lemma A.6, we are able to characterize this Young measure more precisely. The sequence y^n converges to ȳ a.e., and a subsequence of z^n generates a Young measure ν_x. Then the Young measure μ_x generated by this pair satisfies μ_x = δ_{ȳ(x)} ⊗ ν_x. Therefore, due to Fubini’s theorem ∫ Ω ∫ R^m×R^d A(x, s, ξ) · ξ dμ_x(s, ξ)dx = ∫ Ω ∫ R^d A(x, ȳ(x), ξ) · ξ dν_x(ξ)dx. (50)

In the same way we obtain ∫ Ω ∫ R^m×R^d A(x, s, ξ) dμ_x(s, ξ)dx = ∫ Ω ∫ R^d A(x, ȳ(x), ξ) dν_x(ξ)dx. (51)

Since the sequence |A(x, y^n, z^n)| is bounded in L^{pp−1} (Ω), it is weakly relatively compact in L^1(Ω). Thus we can use Lemma A.5 again, which allows to conclude that the weak limit Ā(x) = ∫ R^d A(x, s, ξ)dμx(s, ξ). From Corollary A.4, taking q = 1, g = id,

we can conclude that z^n ⇀ z = ∫ R^d ξdνx(ξ) in L p(Ω). Then the assumption (vi) can be formulated as follows

lim sup n→∞ A(x, y^n, z^n)z^ndx ≤ ∫ Ω ∫ R^d A(x, ȳ(x), ξ)dν_x(ξ) ∫ R^d ξ^′dν_x(ξ^′)dx. (52)

Thus, from (49), (50) and (52), the following inequality holds ∫ Ω ∫ R^d A(x, ȳ(x), ξ) dν_x(ξ) · ∫ R^d ξ^′dν_x(ξ^′) dx ≥ ∫ Ω ∫ R^d A(x, ȳ(x), ξ) · ξ dν_x(ξ) dx. (53)

The above inequality will be used soon. Next, we can deduce from the monotonicity of A w.r.t. the last variable that ∫ Ω ∫ R^d h(x, ξ)dν_x(ξ)dx ≥ 0, (54)

where h is defined by

h(x, ξ) := [ A(x, ȳ(x), ξ) − A(x, ȳ(x), ∫ R^d ξ ′dν_x(ξ^′)) ] · [ ξ − ∫ R^d ξ ′dν_x(ξ^′) ] . Since the sequence (z^n) is bounded in L^p, then the tightness condition is satisfied and ‖ν_x‖_{M(R}d_) = 1. Simple calculations imply that ∫ Ω ∫ R^d h(x, ξ)dν_x(ξ)dx = ∫ Ω ∫ R^d A(x, ȳ(x), ξ) · ξdν_x(ξ)dx − ∫ Ω ∫ R^d A(x, ȳ(x), ξ)dν_x(ξ) · ∫ R^d ξ^′dν_x(ξ^′)dx,

which, together with (53), assures that ∫ Ω ∫ R^d h(x, ξ)dν_x(ξ)dx ≤ 0. (55)

Then, (54) and (55) imply that ∫ R^d h(x, ξ)dνx(ξ) = 0 for a.a. x ∈ Ω. Moreover, since

ν_x ≥ 0 is a probability measure and A(x, s, ·) is strongly monotone, we conclude that

supp{ν_x}^{a.e.}= {∫ R^d ξ^′dν_x(ξ^′) } , where the right-hand side is equal to z(x), which is the weak limit of the sequence (z^n). Finally we conclude that ν_x = δ_{z(x)} a.e.. A direct application of Lemma A.7 implies that z^n → z in measure.

Proposition A.2 With the assumptions of Lemma A.1 there exists a subsequence of (z^n) such that z^n → z in L^p(Ω).

Proof Since z^n converges in measure, then at least for a subsequence z^n → z a.e.. Using the information that ν_x = δ_{z(x)} together with Lemma A.5 and assumption (vi) yields

lim sup n→∞ ∫ Ω A(x, y^n, z^n) · z^n dx ≤ ∫ Ω A(x, ȳ, z)zdx ≤ lim inf_{n→∞} ∫ Ω A(x, y^n, z^n) · z^n dx. Hence the limit exists and lim_{n→∞} ∫ Ω A(x, y^n, z^n) · z^n dx = ∫ Ω A(x, ȳ, z)z dx.

We can set a^n = A(x, y^n, z^n) · z^n, a = A(x, ȳ, z)z and claim that

a^n ≥ 0, a ∈ L^1(Ω), ∫ Ω a^n dx → ∫ Ω a dx, a^n → a a.e. in Ω. Noticing that ∫ Ω |a^n − a| dx = ∫ Ω (a^n − a) dx + 2 ∫ {x: a^n≤a} (a − a^n) dx we conclude by Lebesgue’s Dominated Convergence Theorem that A(x, y^n, z^n)z^n → A(x, ȳ, z)z in L^1(Ω). Thus, by Vitali’s Theorem, the sequence A(x, y^n, z^n)z^n is uniformly integrable. Due to the coercivity condition also the sequence |z^n|^p is uniformly integrable. Using again Vitali’s Theorem yields that z^n → z in L^p(Ω), which completes the proof.

Some facts concerning Young measures

For the proof of fundamental theorem on Young measures we refer the reader to [Bal89, Mü99].

Theorem A.3 (Fundamental theorem on Young measures) Let Ω ⊂ R^d be a measurable set of finite measure and let z^j : Ω → R^d be a sequence of measurable functions. Then there exists a subsequence z^{jk} and a weakly* measurable map ν : Ω → M(R^d ) such that the following holds:

(i) ν_x ≥ 0, ‖ν_x‖_{M(R}d_) = ∫ R^d dν_x ≤ 1 for a.a. x ∈ Ω. (ii) For all g ∈ C_0(R^d ) g(z^{jk} )^∗⇀ ḡ in L^∞(Ω) where ḡ(x) = ⟨ν_x, g⟩. (iii) Let K ⊂ R^d be compact. Then supp ν_x ⊂ K if dist(z^{jk} , K) → 0 in measure.

(iv) Additionally ‖ν_x‖_{M(R}d_) = 1 for a.a. x ∈ Ω if and only if the ’tightness condition’ is satisfied, i.e. lim_{M→∞} sup_k |{|z^{jk} | ≥ M}| = 0. (v) If the tightness condition is satisfied and moreover if A ⊂ Ω is measurable, g ∈ C(R^d ) and g(z^{jk} ) is relatively weakly compact in L^1(A), then g(z^{jk} ) ⇀ ḡ in L^1(A), ḡ(x) = ⟨ν_x, g⟩. (vi) If the tightness condition is satisfied, then in (iii) one can replace ’if’ by ’if and only if’.

Remark The map ν : Ω → M(R^d ) is called the Young measure generated by the sequence z^{jk} . Every (weakly* measurable map) ν : Ω → M(R^d ) that satisfies (i) is generated by some sequence z^k.

Remark If, for some s > 0 and all j ∈ N holds ∫ Ω |z^j |^s ≤ k then the tightness condition is satisfied.

The straightforward consequence of the assertion (v) is the following corollary.

Corollary A.4 [Mü99, Remark 5, p. 33] Let Ω, z^{jk} , ν be as in Theorem A.3, with (z^j ) bounded in L^p(Ω). Then for all g ∈ C(R^d ) satisfying the growth condition |g(ξ)| ≤ k(1 + |ξ|)^q ∀ξ ∈ R^d for some 0 < q < p it holds g(z^{jk} ) ⇀ ḡ in L^{pq} (Ω), ḡ(x)^{a.e}= ⟨ν_x, g⟩.

Lemma A.5 [Mü99, Cor. 3.3] Suppose that the sequence of maps z^j : Ω → R^d generates the Young measure ν. Let f : Ω×R^d → R be a Carathéodory function and let us also assume that the negative part f^−(x, z^j (x)) is weakly relatively compact in L^1(Ω). Then

lim inf j→∞ ∫ Ω f(x, z^j (x))dx ≥ ∫ Ω ∫ R^d f(x, λ)dν_x(λ). If, in addition, the sequence of functions x → |f|(x, z^j(x)) is weakly relatively compact in L^1(Ω), then f(·, z^j(·)) ⇀ ∫ R^d f(x, λ)dν_x(λ) in L^1(Ω).

Remark In an obvious way the second part of the above theorem can be extended to vector valued functions f.

Lemma A.6 [Mü99, Cor. 3.4] Let u^j : Ω → R^d , v^j : Ω → R^{d′} be measurable and suppose that u^j → u a.e. while v^j generates the Young measure ν. Then the sequence of pairs (u^j, v^j) : Ω → R^{d+d′} generates the Young measure x → δ_{u(x)} ⊗ ν_x.

Lemma A.7 [Mü99, Cor. 3.2] Suppose that a sequence z^j of measurable functions from Ω to R^d generates the Young measure ν : Ω → M(R^d ). Then z^j → z in measure if and only if ν_x = δ_{z(x)} a.e..

Other preliminaries

Lemma A.8 Let Ω be an open bounded subset of R^d , let g^n, g be the functions from L^p(Ω), with 1 < p < ∞, such that ‖g^n‖_Lp_{(Ω)} ≤ c, g^n → g a.e. in Ω. Then

g^n ⇀ g in L^p(Ω).

For the proof see [Lio69, Lemma 1.3, p. 12]. The assertion of Lemma A.8 is also true if the sequence (g^n) converges locally in measure, see [Els02, p. 264].

Before stating the next proposition (cf. [Zei90a, Prop. 23.23, p. 422]) we introduce the notion of an evolution triple ’V ⊆ H ⊆ V^′’ as follows: V is a real, separable, and reflexive Banach space, H is a real, separable Hilbert space with the dense and continuous embedding V ⊂ H. Then set W^1_p (0, T ; V, H) = {u ∈ L^p(0, T ; V ) : u_t ∈ L^q(0, T ; V^′)}, where 1 < p < ∞, p^{−1} + q^{−1} = 1. By (·, ·)_H we mean the scalar product in H and by ⟨·, ·⟩_V the dual pairing between V and V^′.

Proposition A.9 Let ’V ⊆ H ⊆ V^′’ be an evolution triple, and let 1 < p < ∞, p^{−1} + q^{−1} = 1, 0 < T < ∞. Then the following hold:

(i) The set of all functions u ∈ L^p(0, T ; V ) that have generalized derivative u_t ∈ L^q(0, T ; V^′) forms a real Banach space with the norm

‖u‖_W 1_p = ‖u‖_Lp_{(0,T ;V )} + ‖u_t‖_Lq_{(0,T ;V} ′_).

(ii) The embedding W^1_p (0, T ; V, H) ⊆ C([0, T ]; H)

is continuous.

(iii) For all u, v ∈ W^1_p (0, T ; V, H) and arbitrary t, s, 0 ≤ s ≤ t ≤ T, the following generalized integration by parts formula holds:

(u(t), v(t))_H − (u(s), v(s))_H = t∫ s ⟨u_t(τ), v(τ)⟩_V + ⟨v_t(τ), u(τ)⟩_V dτ. (56)

References

[Ald90] Aldama, A.A., Filtering Techniques for Turbulent Flow Simulation, Springer-Verlag Berlin Heidelberg 1990

[Bal89] Ball, J.M., A version of the fundamental theorem for Young measures, in:

PDEs and Continuum Models of Phase Transitions, Lecture Notes in Physics, Vol. 344, Rascle, M., Serre, D., Slemrod, M. (eds.), Springer-Verlag Berlin Heidelberg New York, 207-215

[BGJ04] Berselli, L.C., Grisanti, C.R., John, V., On commutation errors in the derivation of the space avaraged Navier-Stokes equations, 2004, preprint

[BJ04] Berselli, L.G., John, V., On the comparison of a commutation error and the Reynolds stress tensor for flows obeying a wall law, 2004, preprint

[DJL04] Dunca, A., John, V., Layton, W.J., The commutation error of the space avaraged Navier-Stokes equations on a bounded domain, in: Contributions to Current Challenges in Mathematical Fluid Mechanics, Galdi G.P., Heywood, J.G., Rannacher, R., (eds.), Advances in Mathematical Fluid Mechanics 3, Birkhüser Verlag Basel, 53 - 78, 2004

[Els02] Elstrodt, J., Maß- und Integrationstheorie, Springer-Verlag, 2002

[Eva98] Evans L. C., Partial Differential Equations, American Mathematical Society 1998

[Fu94] Fuchs, M., On Stationary Incompressible Norton Fluids and some Extensions of Korn’s Inequality, Zeitschr. Anal. Anwendungen 13(2), 191-197.

[GPMC91] Germano, M., Piomelli, U., Moin, P. and Cabot, W., A dynamic subgridscale eddy viscosity model, Phys. Fluids A, 3, (1991) 1760-1765

[GŚ05] Gwiazda, P., Świerczewska, A., Large Eddy Simulation Turbulence Model with Young Measures, Appl. Math. Lett., (to appear), 2005

[Jim95] Jiménez, J., On why dynamic subgrid-scale models work, Center for Turbulence Research Annual Research Briefs, 1995

[Joh03] John, V., Large Eddy Simulation of Turbulent Incompressible Flows: Analytical and Numerical Results for a Class of LES Models, Lecture Notes in Computational Science and Engineering, Springer-Verlag Berlin Heidelberg 2004.

[Lad70] Ladyženskaya, New equations for the description of motion of viscous incompressible fluids and solvability in the large of boundary value problems for them. In: Boundary Value Problems of Mathematical Physics V, 102(1967), American Mathematical Society, Providence, Rhode Island.

[Lil92] Lilly, D.K., A proposed modification of the Germano subgrid-scale closure method, Phys. Fluids A, 4, (1992) 633-635

[Lio69] Lions, J.L., Quelques méthodes de résolution des problèmes aux limites non linéaires, Dunod, Paris 1969

[MNRR96] Málek J., Nečas J., Rokyta, M., Růžička M., Weak and Measure-valued Solutions to Evolutionary PDEs, Chapman & Hall 1996

[MNR93] Malek, J., Nečas, J., Růžička M., On the non-newtonian incompressible fluids, Mathematical Models and Methods in Applied Sciences, Vol. 3, No. 1 (1993), 35-63.

[Mü99] Müller, S., Variational models for microstructure and phase transitions, in:

Calculus of Variations and Geometric Evolution Problems, Hildebrandt, S., Struwe, M. (eds.), Lecture Notes in Math. 1713 Springer-Verlag Berlin Heidelberg 1999.

[Par92] Parés, C., Existence, Uniqueness and Regularity of Solutions of the Equations of a Turbulent Model for Incompressible Fluids, Appl. Anal. 43 (1992), no. 3-4, 245-296.

[Sag01] Sagaut, P., Large Eddy Simulation for Incompressible Flows, Springer- Verlag, 2001

[Św05] Świerczewska, A., Large Eddy Simulation. Existence of Stationary Solutions to the Dynamical Model, ZAMM, (to appear), 2005

[Ven95] van der Ven, H., A family of large eddy simulation (LES) filters with nonuniform filter widths. Phys. Fluids 7 (5), 1171-1172, 1995

[Zei90a] Zeidler, E., Nonlinear Functional Analysis II/A: Linear Monotone Operators, Springer Verlag Berlin Heidelberg 1990