An L^q–approach to Stokes and Navier-Stokes Equations in General Domains

R. Farwig, H. Kozono, H. Sohr

Abstract It is known by counter-examples that the usual L^q-approach to the Stokes equations, well known e.g. for bounded and exterior domains, cannot be extended to general domains Ω ⊆ R^3 without any modification for q ≠ 2. In the present paper we will show that important properties like Helmholtz decomposition, analyticity of the Stokes semigroup, and the maximal regularity estimate of the nonstationary Stokes equations remain valid for general domains even for q ≠ 2 if we replace the space L^q for 2 ≤ q < ∞ by the intersection L^2 ∩ L^q and for 1 < q < 2 by the sum space L^2 + L^q. As an application we prove the existence of a (suitable) weak solution u of the Navier-Stokes equations with pressure term ∇p ∈ L^{5/4}_{loc} , conjectured by Caffarelli-Kohn-Nirenberg [8], and satisfying both the local and strong energy inequality.

2000 Mathematics Subject Classification: Primary 76D05, Secondary 35Q30, 76D07

Keywords: Helmholtz decomposition, Stokes resolvent system, Stokes semigroup, instationary Stokes and Navier-Stokes equations, suitable weak solutions, local and strong energy inequality, general unbounded domains, sum and intersection spaces

1 Introduction

Throughout this paper, Ω ⊆ R^3 means a general three-dimensional domain with uniform C^2-boundary ∂Ω ≠ ∅, where the main interest is focussed on domains with noncompact boundary ∂Ω. As is well known, the standard approach to the Stokes equations in L^q-spaces, 1 < q < ∞, cannot be extended to general unbounded domains in L^q, q ≠ 2; for counter-examples concerning the Helmholtz decomposition, see [6], [26]. However, to develop a complete and analogous theory of the Stokes equations for arbitrary domains, we replace the space L^q(Ω) by

L̃^q(Ω) = { L^2(Ω) ∩ L^q(Ω), 2 ≤ q < ∞ L^2(Ω) + L^q(Ω), 1 < q < 2 .

First, we prove the existence of the Helmholtz projection P on the space L̃^q(Ω) yielding the decomposition f = f_0 + ∇p, f_0 = P f, with properties corresponding to those in L^q(Ω).

In the next step we consider in L̃^q(Ω) the usual resolvent equation

λu − Δu + ∇p = f, div u = 0 in Ω, u|_{∂Ω} = 0, (1.1)

with λ in the sector S_ε := {0 ≠ λ ∈ C ; |arg λ| <^π_2 + ε}, 0 < ε <^π_2 . We prove an L̃q-estimate similar to that in Lq(Ω), i.e., |λ| ‖u‖~_Lq + ‖∇^2u‖~_Lq + ‖∇p‖~_Lq ≤ C‖f‖~_Lq , 1 < q < ∞, (1.2) at least when |λ| ≥ δ > 0, C = C(Ω, q, ε, δ) > 0.

The Stokes operator A = −P Δ is well defined in L̃^q_σ(Ω), 1 < q < ∞, and the semigroup {e^{−At}; t ≥ 0} is (locally in time) bounded and analytic in some sector {t ∈ C : |arg t| < ε^′, 0 < ε^′ <^π_2 }, of the complex plane.

Further, we prove the maximal regularity estimate of the nonstationary Stokes system u_t − Δu + ∇p = f, div u = 0 in Ω × (0, T ), u|_{∂Ω} = 0, u(0) = u_0,

(1.3)

with 0 < T < ∞. To be more precise, if u_0 = 0 for simplicity, then ‖u_t‖_{Yq} + ‖u‖_{Yq} + ‖∇^2u‖_{Yq} + ‖∇p‖_{Yq} ≤ C‖f‖_{Yq} , (1.4) where Y_q = L^q(0, T ; L̃^q(Ω)) and C = C(T, q, α, β, K) > 0 depends on T, q, and the type α, β, K of Ω, see Section 2.3.

As an application of these linear results we obtain the existence of a so-called suitable weak solution u of the Navier-Stokes system

u_t − Δu + u · ∇u + ∇p = f, div u = 0 in Ω × (0, T ), u|_{∂Ω} = 0, u(0) = u_0

(1.5)

with special regularity properties which are new up to now for general domains, see the conjecture in [8], p. 780. In particular, we get for general domains the regularity property ∇p ∈ L^{5/4}_{loc} ( (0, T ) × Ω ) , (1.6) which is needed in the partial regularity theory of the Navier-Stokes equations. Moreover, u satisfies the local energy inequality, see (2.26) below and [8], (2.5), as well as the strong energy inequality 1 2 ‖u(t)‖^2 + ∫_t s ‖∇u‖^2 dτ ≤ 1 2 ‖u(s)‖^2 + ∫_t s ⟨f, u⟩dτ (1.7) for a.a. s ∈ [0, T ) including s = 0 and all t with s ≤ t < T , see [27]. This result is essentially known for domains with compact boundaries; see [33], V. Thm. 3.6.2 and Thm. 3.4.1 for bounded domains, [16], [28], [32] for exterior domains.

2 Preliminaries and Main Results

2.1 Sum and Intersection Spaces

We recall some properties of sum and intersection spaces known from interpolation theory, cf. [4], [5], [29], [36].

Consider two (complex) Banach spaces X_1, X_2 with norms ‖·‖_{X1} , ‖·‖_{X2} , respectively, and assume that both X_1 and X_2 are subspaces of a topological vector space V with continuous embeddings X_1 ⊆ V , X_2 ⊆ V . Further, we assume that the intersection X_1 ∩ X_2 is a dense subspace of both X_1 and X_2 in the corresponding norms.

Then the sum space

X_1 + X_2 := {u_1 + u_2; u_1 ∈ X_1, u_2 ∈ X_2} ⊆ V

is a well defined Banach space with the norm

‖u‖_{X1+X2} := inf{‖u_1‖_{X1} + ‖u_2‖_{X2} ; u = u_1 + u_2, u_1 ∈ X_1, u_2 ∈ X_2}.

Another formulation of that norm is given by

‖u_1 + u_2‖_{X1+X2} = inf{‖u_1 − v‖_{X1} + ‖u_2 + v‖_{X2} ; v ∈ X_1 ∩ X_2}.

The intersection space X_1 ∩ X_2 is a Banach space with norm ‖u‖_{X1∩X2} = max(‖u‖_{X1} , ‖u‖_{X2} ), which is equivalent to ‖u‖_{X1} +‖u‖_{X2} . Note that the space X_1+X_2 can be identified isometrically with the quotient space X_1 × X_2/D where D = {(−v, v); v ∈ X_1 ∩ X_2}, identifying u = u_1 + u_2 ∈ X_1 + X_2 with the equivalence class [(u_1, u_2)] = {(u_1 − v, u_2 + v); v ∈ X_1 ∩ X_2}.

Next we consider the dual spaces X^′_1, X^′_2 of X_1, X_2, resp., with norms

‖f‖_X′_i = sup {|⟨u, f⟩| ‖u‖_{Xi} ; 0 ≠ u ∈ X_i } , i = 1, 2. In both cases ⟨u, f⟩ denotes the value of some functional f at some element u, and ⟨·, ·⟩ is called the natural pairing between the space X_i and its dual space X^′_i. Note that ‖u‖_{Xi} = sup {|⟨u, f⟩| / ‖f‖_X′_i ; 0 ≠ f ∈ X^′_i}. Since X_1 ∩X_2 is dense in X_1 and in X_2, we can identify two elements f_1 ∈ X^′_1, f_2 ∈ X^′_2, writing f_1 = f_2, iff ⟨u, f_1⟩ = ⟨u, f_2⟩ holds for all u ∈ X_1 ∩ X_2. In this way the intersection X^′_1 ∩ X^′_2 is a well defined Banach space with norm ‖f‖_X′_{1∩X}′_2 = max(‖f‖_X′_1 , ‖f‖_X′_2 ). The dual space (X_1 + X_2)^′ of X_1 + X_2 is given by X^′_1 ∩ X^′_2, and we get (X_1 + X_2)^′ = X^′_1 ∩ X^′_2 with the natural pairing ⟨u, f⟩ = ⟨u_1, f⟩ + ⟨u_2, f⟩ for all u = u_1 + u_2 ∈ X_1 + X_2, f ∈ X^′_1 ∩ X^′_2. Thus it holds

‖u‖_{X1+X2} = sup {|⟨u_1, f⟩ + ⟨u_2, f⟩| ‖f‖_X′_{1∩X}′_2 ; 0 ≠ f ∈ X^′_1 ∩ X^′_2 }

and ‖f‖_X′_{1∩X}′_2 = sup {|⟨u_1, f⟩ + ⟨u_2, f⟩| ‖u‖_{X1+X2} ; 0 ≠ u = u_1 + u_2 ∈ X_1 + X_2 } ; see [4], p. 32, [36], p. 69. Therefore, |⟨u, f⟩| ≤ ‖u‖_{X1+X2} ‖f‖_X′_{1∩X}′_2 .

By analogy, we obtain that

(X_1 ∩ X_2)^′ = X^′_1 + X^′_2

with the natural pairing ⟨u, f_1 + f_2⟩ = ⟨u, f_1⟩ + ⟨u, f_2⟩.

Consider closed subspaces L_1 ⊆ X_1, L_2 ⊆ X with norms ‖·‖_{L1} = ‖·‖_{X1} , ‖·‖_{L2} = ‖·‖_{X2} and assume that L_1 ∩ L_2 is dense in both L_1 and L_2 in the corresponding norms. Then ‖u‖_{L1∩L2} = ‖u‖_{X1∩X2} , u ∈ L_1 ∩ L_2, and an elementary argument, using the Hahn-Banach theorem shows that also

‖u‖_{L1+L2} = ‖u‖_{X1+X2} , u ∈ L_1 + L_2. (2.1)

In particular, we need the following special case. Let B_1 : D(B_1) → X_1, B_2 : D(B_2) → X_2 be closed linear operators with dense domains D(B_1) ⊆ X_1, D(B_2) ⊆ X_2 equipped with graph norms ‖u‖_{D(B1)} = ‖u‖_{X1} + ‖B_1u‖_{X1} , ‖u‖_{D(B2)} = ‖u‖_{X2} + ‖B_2u‖_{X2} . We assume that D(B_1) ∩ D(B_2) is dense in both D(B_1) and D(B_2) in the corresponding graph norms. Each functional F ∈ D(B_i)^′, i = 1, 2, is given by some pair f, g ∈ X^′_i in the form ⟨u, F ⟩ = ⟨u, f⟩ + ⟨B_iu, g⟩. Using (2.1) with L_i = {(u, B_iu); u ∈ D(B_i)} ⊆ X_i × X_i, i = 1, 2, and the equality of norms ‖ · ‖_{(X1×X1)+(X2 ×X2)} and ‖ · ‖_{(X1+X2)×(X1 +X2)} on (X_1 × X_1) + (X_2 × X_2), we conclude that for each u ∈ D(B_1) + D(B_2) with decomposition u = u_1 + u_2, u_1 ∈ D(B_1), u_2 ∈ D(B_2),

‖u‖_{D(B1)+D(B2)} = ‖u_1 + u_2‖_{X1+X2} + ‖B_1u_1 + B_2u_2‖_{X1+X2} . (2.2)

Suppose that X_1 and X_2 are reflexive Banach spaces implying that each bounded sequence in X_1 (and X_2) has a weakly convergent subsequence. This argument yields the following property: Given u ∈ X_1 + X_2 there exist u_1 ∈ X_1, u_2 ∈ X_2 with u = u_1 + u_2 such that

‖u‖_{X1+X2} = ‖u_1‖_{X1} + ‖u_2‖_{X2} . (2.3)

2.2 Function Spaces

Let D_j = ∂/∂x_j , j = 1, 2, 3, x = (x_1, x_2, x_3) ∈ Ω ⊂ R^3 , ∇ = (D_1, D_2, D_3), and ∇^2 = (D_jD_k)_{j,k=1,2,3}. The spaces of smooth functions on Ω are denoted as usual by C^k(Ω), C^k(Ω), C^k_0 (Ω) with k ∈ N_0 = N ∪ {0} or k = ∞. We set C^∞_{0,σ}(Ω) = {u = (u_1, u_2, u_3) ∈ C^∞_0 (Ω); div u = 0}.

Let 1 < q < ∞ and q^′ =^q_{q−1} such that^1_q +^1_{q′} = 1. Then L^q(Ω) with norm ‖u‖_Lq = ‖u‖_q = ‖u‖_{q,Ω} denotes the usual Lebesgue space for scalar or vector fields. Each f = (f_1, f_2, f_3) ∈ L^{q′} (Ω) = L^q(Ω)^′ will be identified with the functional ⟨·, f⟩ : u → ⟨u, f⟩ = ⟨u, f⟩_Ω = ∫ Ω u · f dx on L^q(Ω). Let L^q_σ (Ω) = C_{0,σ}(Ω)^{‖·‖q} ⊂ L^q(Ω) denote the subspace of divergence-free vector fields u = (u_1, u_2, u_3) with zero normal component N · u|_{∂Ω} at ∂Ω; here N means the outer normal at ∂Ω. The usual Sobolev spaces W^{k,q}(Ω) are mainly used for k = 1, 2 with norms ‖u‖_W 1,q = ‖u‖_{1,q} = ‖u‖_{1,q,Ω} = ‖u‖_q + ‖∇u‖_q and ‖u‖_W 2,q = ‖u‖_{2,q} = ‖u‖_{2,q,Ω} = ‖u‖_{1,q} + ‖∇^2u‖_q, resp. Further, we need the subspaces W^{1,q}_0 (Ω) = C^∞_0 (Ω)^{‖·‖1,q} ⊂ W^{1,q}(Ω) and W^{1,q}_{0,σ} (Ω) = C^∞_{0,σ}(Ω)^{‖·‖1,q} ⊂ W^{1,q}(Ω).

For simplicity, we will write C^k, L^q, W^{1,q}_σ etc. instead of C^k(Ω), L^q(Ω), W^{1,q}_σ (Ω), resp., when the underlying domain is known from the context. Moreover, we will use the same notation for spaces of scalar-, vector- or matrix-valued functions.

The sum space L^2 + L^q is well defined when V in § 2.1 is the space of distributions with the usual topology. We obtain that

(L^2 + L^q)^′ = L^2 ∩ L^{q′} , (L^2 ∩ L^q)^′ = L^2 + L^{q′} ,

where ‖u‖_L2_{∩L}q = max(‖u‖_2, ‖u‖_q) and

‖u‖_L2_{+L}q = inf {‖u_1‖_2 + ‖u_2‖_q ; u = u_1 + u_2, u_1 ∈ L^2, u_2 ∈ L^q}

= sup {|⟨u_1 + u_2, f⟩| ‖f‖_L2_{∩L}q′ ; 0 ≠ f ∈ L^2 ∩ L^{q′} } . For the nonstationary problem on some time interval [0, T ), 0 < T ≤ ∞, we need the usual Banach space L^s(0, T ; X) of measurable X–valued (classes of) functions u with norm ‖u‖_Ls_{(0,T ;X)} = ( ∫ T 0 ‖u(t)‖^s_X dt ) 1_s , 1 ≤ s < ∞, where X is a Banach space. For s = ∞ let ‖u‖_L∞_{(0,T ;X)} = ess sup {‖u(t)‖_X ; 0 ≤ t < T }. If X is reflexive and 1 < s < ∞, then the dual space of L^s(0, T ; X) is given by L^s(0, T ; X)^′ = L^{s′} (0, T ; X^′), s^′ =^s_{s−1} , with the natural pairing ⟨u, f⟩_T = ∫_T 0 ⟨u(t), f(t)⟩ dt.

Let X = L^q(Ω), 1 < q < ∞. Then we use the notations ‖u‖_Ls_{(0,T ;L}q_) = ( ∫_T 0 ‖u‖^s_q dt )_{1/s} ; moreover, the pairing of L^s(0, T ; L^q) with its dual L^{s′} (0, T ; L^{q′} ) is given by ⟨u, f⟩_T = ⟨u, f⟩_{Ω,T} = ∫_T 0 ∫ Ω u · f dx dt. Let Y_1 = L^s(0, T ; L^2), Y_2 = L^s(0, T ; L^q) with 1 < q, s < ∞. Then we see that

(Y_1 + Y_2)^′ = Y^′_1 ∩ Y^′_2 = L^{s′} (0, T ; L^2 ∩ L^{q′} ) = L^s(0, T ; L^2 + L^q)^′,

where the pairing between Y_1 + Y_2 and Y^′_1 ∩ Y^′_2 is given by ⟨u_1 + u_2, f⟩_T = ⟨u_1, f⟩_T + ⟨u_2, f⟩_T for u_1 ∈ Y_1, u_2 ∈ Y_2, f ∈ Y^′_1 ∩ Y^′_2 . Furthermore, we can choose the decomposition u = u_1 + u_2 ∈ L^s(0, T ; L^2 + L^q) in such a way that

‖u‖_{Y1+Y2} = ‖u_1‖_{Y1} + ‖u_2‖_{Y2} . (2.4)

We conclude that

‖u_1 + u_2‖_{Y1+Y2} = sup {|⟨u_1 + u_2, f⟩_T | ‖f‖_Y ′_{1 ∩Y} ′_2 ; 0 ≠ f ∈ L^{s′} (0, T ; L^2 ∩ L^{q′} ) } . (2.5)

2.3 Structure Properties of the Boundary ∂Ω

We recall some well known technical details on the uniform C^2–domain Ω ⊆ R^3 , see e.g. [1], p. 67, [20], p. 645, [33], p. 26. By definition, this means that there are constants α, β, K > 0 with the following properties:

For each x_0 ∈ ∂Ω we can choose a Cartesian coordinate system with origin x_0 and coordinates y = (y_1, y_2, y_3) = (y^′, y_3), y^′ = (y_1, y_2), obtained by some translation and rotation, as well as some C^2-function h(y^′), |y^′| ≤ α, with C^2-norm ‖h‖_C2 ≤ K, such that the neighborhood U_{α,β,h}(x_0) := {(y^′, y_3); h(y^′) − β < y_3 < h(y^′) + β, |y^′| < α} of x_0 satisfies U^−_{α,β,h}(x_0) := {(y^′, y_3); h(y^′) − β < y_3 < h(y^′), |y^′| < α} = Ω ∩ U_{α,β,h}(x_0), and ∂Ω ∩ U_{α,β,h}(x_0) = {(y^′, y_3); h(y^′) = y_3, |y^′| < α} . Without loss of generality we may assume that the axes of y^′ = (y_1, y_2) are contained in the tangential plane at x_0. Thus at y^′ = (0, 0) we have h(y^′) = 0 and ∇^′h(y^′) = (∂h/∂y_1, ∂h/y_2) = (0, 0). Therefore, for any given constant M_0 > 0, we may choose α > 0 sufficiently small such that a smallness condition of the form ‖∇^′h‖_C0 = max{|∇^′h(y^′)|; |y^′| ≤ α} ≤ M_0 is satisfied. It is important to note that the constants α, β, K > 0 do not depend on x_0 ∈ Ω. We call α, β, K the type of Ω.

Let Ω be the closure of Ω and let B_r(x) = {w ∈ R^3 ; |w − x| < r} be the open ball with center x ∈ R^3 and radius r > 0. Then we can choose some fixed r ∈ (0, α) depending only on α, β, K, balls B_j = B_r(x_j ) with centers x_j ∈ Ω, and C^2-functions h_j (y^′), |y^′| ≤ α, where j = 1, 2, . . . , N if Ω is bounded and j ∈ N if Ω is unbounded, such that Ω ⊆ N⋃ j=1 B_j or Ω ⊆ ∞⋃ j=1 B_j , respectively, (2.6) B_j ⊆ U_{α,β,hj} (x_j) if x_j ∈ ∂Ω, B_j ⊆ Ω if x_j ∈ Ω. Moreover, we can construct this covering in such a way that not more than a fixed finite number N_0 = N_0(α, β, K) ∈ N of these balls B_1, B_2, . . . can have a nonempty intersection. Thus if we choose any N_0 + 1 different balls B_1, B_2, . . ., then their common intersection is empty. If Ω is bounded, let N_0 = N.

Concerning the {B_j} there exists a partition of unity φ_j ∈ C^∞_0 (R^3 ) with 0 ≤ φ_j ≤ 1, supp φ_j ⊆ B_j , j = 1, . . . , N or j ∈ N, satisfying N∑ j=1 φ_j(x) = 1 or ∞∑ j=1 φ_j (x) = 1, respectively, for all x ∈ Ω, (2.7)

and the pointwise estimates |∇φ_j(x)|, |∇^2φ_j (x)| ≤ C uniformly with respect to j where C = C(α, β, K). If Ω is unbounded, we can represent Ω as a union of countably many bounded C^2-subdomains Ω_j ⊆ Ω, j ∈ N, such that

Ω_j ⊆ Ω_{j+1} for all j ∈ N, Ω = ∞⋃ j=1 Ω_j , (2.8)

and such that each Ω_j has some fixed type α^′, β^′, K^′ > 0. Without loss of generality we may assume that α = α^′, β = β^′, K = K^′: each subdomain Ω_j , j ∈ N, has the same type α, β, K as Ω, see [20], p. 665. Obviously each compact subset Ω_0 ⊆ Ω is contained in some Ω_j and therefore in each Ω_k, k ≥ j; see [33], p. 56, Remark 1.4.2.

Finally we need a technical property in subsequent proofs. Given a ball B_r(x) ⊂ R^3 consider some Cartesian coordinate system with origin x and coordinates y = (y^′, y_3). Then B^−_r (x) := {y = (y^′, y_3); |y| < r, y_3 < 0} is called a half ball with center x and radius r. We may assume without loss of generality that there are appropriate half balls B^−_j = B^−_r (x_j ) of the balls B_j in (2.7) such that

supp φ_j ⊆ B^−_j if x_j ∈ Ω where j = 1, . . . , N or j ∈ N. (2.9)

2.4 Main Results on the Stokes Equations

We can extend several important L^q-properties of the Stokes equations known for special domains such as bounded or exterior domains, to general domains Ω if we replace the usual L^q-space by the (smaller) space

L̃^q = L̃^q(Ω) = L^2(Ω) ∩ L^q(Ω) for 2 ≤ q < ∞,

and by the (larger) space

L̃^q = L̃^q(Ω) = L^2(Ω) + L^q(Ω) for 1 < q < 2.

Analogously, we define the subspace L̃^q_σ = L̃^q_σ(Ω) ⊂ L̃^q(Ω) by setting L̃^q_σ = L^2_σ(Ω) ∩ L^q_σ(Ω) for 2 ≤ q < ∞, and L̃^q_σ = L^2_σ (Ω) + L^q_σ(Ω) for 1 < q < 2.

In the same way we modify the L^q–Sobolev spaces W^{k,q}(Ω) and the spaces G^q(Ω) = {∇p ∈ L^q ; p ∈ L^q_{loc}(Ω)}, ‖∇p‖_Gq = ‖∇p‖_Lq , D^q(Ω) = L^q_σ(Ω) ∩ W^{1,q}_0 (Ω) ∩ W^{2,q}(Ω), ‖u‖_Dq = ‖u‖_W 2,q ,

1 < q < ∞, as follows: For 2 ≤ q < ∞ let W̃ k,q(Ω) = W k,2(Ω) ∩ W k,q(Ω), G̃q(Ω) = G2(Ω) ∩ Gq(Ω), D̃q(Ω) = D2(Ω) ∩ Dq(Ω),

and for 1 < q < 2 let W̃ k,q(Ω) = W k,2(Ω) + W k,q(Ω), G̃q(Ω) = G2(Ω) + Gq(Ω), D̃q(Ω) = D2(Ω) + Dq(Ω),

k = 1, 2. Then the norms ‖·‖~_W k,q , ‖·‖~_Gq and ‖·‖~_Dq are well defined. If Ω is bounded, then L̃^q = L^q, L̃^q_σ = L^q_σ , G̃^q = G^q, D̃^q = D^q and W̃^{k,q} = W̃^{k,q} hold with equivalent norms. Thus the introduction of ”∼”–spaces is reasonable only for unbounded domains.

Our first result yields the existence of the Helmholtz projection in L̃^q(Ω). The counter-examples in [6], [26], show that the usual L^q-theory for special domains cannot be extended to Ω for arbitrary q ≠ 2. It is important to note that the constants C = C(q, α, β, K) > 0 below only depend on q and the type α, β, K of the domain Ω.

Theorem 2.1 (Helmholtz decomposition) Let Ω ⊆ R^3 be a uniform C^2- domain of type α, β, K > 0 and let 1 < q < ∞, q^′ =^q_{q−1} . Then for each f ∈ L̃^q there exists a unique decomposition f = f_0 + ∇p with f_0 ∈ L̃^q_σ , ∇p ∈ G̃^q satisfying the estimate ‖f_0‖~_Lq + ‖∇p‖~_Lq ≤ C‖f‖~_Lq , C = C(q, α, β, K) > 0. (2.10)

The Helmholtz projection P = P̃_q defined by P̃_qf = f_0 is a bounded operator from L̃q onto L̃q_σ satisfying P̃_qf = f if f ∈ L̃q_σ and P̃_q(∇p) = 0 if ∇p ∈ G̃q. Moreover, ⟨P̃_qf, g⟩ = ⟨f, P̃_q′ g⟩ for all f ∈ L̃^q, g ∈ L̃^{q′} . Remark 2.2 By Theorem 2.1 we conclude that P̃^′_q = P̃_q′ for the dual operator P̃ ′_q = (P̃_q)′ of P̃_q, 1 < q < ∞, and (L̃q_σ)′ = L̃q^′_σ with pairing ⟨·, ·⟩. We also get that the norm defined by

‖u‖^∗_{L̃}q_σ = sup {|⟨u, f⟩| ‖f‖_{L̃}q′_σ ; 0 ≠ f ∈ L̃^{q′}_σ } , u ∈ L̃^q_σ, (2.11)

is equivalent to the norm ‖u‖~_Lq_σ = ‖u‖~_Lq in the sense that ‖u‖^∗_{L̃}q_σ ≤ ‖u‖~_Lq_σ ≤ C‖u‖^∗_{L̃}q_σ with C = C(q, α, β, K) > 0 from (2.10).

The usual L^q-Stokes operator A = A_q with domain D(A_q) = D^q = L^q_σ ∩ W^{1,q}_0 ∩ W^{2,q} ⊂ L^q_σ and range R(A_q) ⊆ L^q_σ defined by A_qu = −P_qΔu is meaningful if the Helmholtz projection P_q : L^q → L^q_σ is well defined. Thus, because of the counter-examples, see [6], [26], we cannot expect that this theory is extendable to general domains Ω for q ≠ 2 without modification of the L^q-space.

Next we will show that the usual Stokes estimate, at least for |λ| ≥ δ > 0, remains valid for Ω when we replace the L^q-theory by the L̃^q-theory. More precisely, let the Stokes operator A = Ã_q be defined as an operator with domain D(Ã_q) = D̃^q ⊆ L̃^q_σ into L̃^q_σ, by setting Ã_qu = −P̃_qΔu, u ∈ D̃^q . Let I be the identity and S_ε = {0 ≠ λ ∈ C ; | arg λ| <^π_2 + ε}, 0 < ε <^π_2 . Theorem 2.3 (Stokes resolvent) Let Ω ⊆ R^3 be a uniform C^2-domain of type α, β, K > 0 and let 1 < q < ∞, q^′ =^q_{q−1} , 0 < ε <^π_2 , δ > 0. Then

Ã_q = −P̃_q Δ : D(Ã_q) → L̃^q_σ, D(Ã_q) ⊂ L̃^q_σ ,

is a densely defined closed operator, the resolvent (λI + Ã_q)^{−1} : L̃^q_σ → L̃^q_σ is well defined for all λ ∈ S_ε, and for u = (λI + Ã_q)^{−1}f, f ∈ L̃^q_σ, the estimate |λ| ‖u‖~_Lq_σ + ‖u‖~_W 2,q ≤ C‖f‖~_Lq_σ , |λ| ≥ δ, (2.12) with C = C(q, ε, δ, α, β, K) > 0, is satisfied. Further, it holds the duality relation ⟨Ã_qu, v⟩ = ⟨u, Ã_q′ v⟩, u ∈ D(Ã_q), v ∈ D(Ã_q′ ). (2.13) Remark 2.4 a) From (2.12) we conclude that −Ã_q generates a C^0-semigroup {e^{−tÃq} ; t ≥ 0} which has an analytic extension to some sector {0 ≠ t ∈ C ; | arg t| < ε^′}, 0 < ε^′ <^π_2 , satisfying the estimate ‖e^{−tÃq} f‖~_Lq_σ ≤ Me^{δt} ‖f‖~_Lq_σ , f ∈ L̃^q_σ , t ≥ 0, (2.14) with M = M(q, δ, α, β, K) > 0. Note that δ > 0 may be chosen arbitrarily small, but we cannot prove up to now whether (2.14) holds with δ = 0 for the general domain Ω.

b) Let f ∈ L̃^q, 1 < q < ∞, λ ∈ S_ε, |λ| > δ, and set u = (λI + Ã_q)^{−1}P̃_qf, ∇p = (I − P̃_q)(f + Δu). Then we obtain a unique solution pair u ∈ D(Ã_q), ∇p ∈ G̃^q of the equation λu − Δu + ∇p = f, and by (2.12) |λ| ‖u‖~_Lq + ‖∇^2u‖~_Lq + ‖∇p‖~_Lq ≤ C‖f‖~_Lq , (2.15) where C = C(q, ε, δ, α, β, K) > 0. c) Due to (2.15) the graph norm ‖u‖_{D(}~_{Aq)} = ‖u‖~_Lq_σ + ‖Ã_qu‖~_Lq_σ on the Banach space D(Ã_q) satisfies the estimate C‖u‖~_W 2,q ≤ ‖u‖_{D(}~_{Aq)} ≤ C^′‖u‖~_W 2,q , u ∈ D(Ã_q), (2.16) with constants C = C(q, α, β, K) > 0, C^′ = C^′(q, α, β, K) > 0. Hence the norms ‖u‖~_W 2,q and ‖u‖_{D(}~_{Aq)} are equivalent.

Another important property is the maximal regularity estimate of the nonstationary Stokes equation (1.3) which can be written, applying the Helmholtz projection, in the form u_t + Ã_qu = f, u(0) = u_0. (2.17)

For simplicity, we do not use the weakest possible norm for the initial value u_0, see Remark 2.6, a).

Theorem 2.5 (Nonstationary Stokes system) Let Ω ⊆ R^3 be a uniform C^2- domain of type α, β, K > 0, and let 0 < T < ∞, Y_q = L^q(0, T ; L̃^q_σ), 1 < q < ∞.

Then for each f ∈ Y_q and each u_0 ∈ D(Ã_q) there exists a unique solution u ∈ L^q ( 0, T ; D(Ã_q) ) , u_t ∈ Y_q, of the evolution system (2.17), satisfying the estimate ‖u_t‖_{Yq} + ‖u‖_{Yq} + ‖Ã_qu‖_{Yq} ≤ C ( ‖u_0‖_{D(}~_{Aq )} + ‖f‖_{Yq} ) (2.18) with C = C(q, T, α, β, K) > 0. Remark 2.6 a) The assumption u_0 ∈ D(Ã_q) in this theorem is not optimal and may be replaced by the weaker properties u_0 ∈ L̃^q_σ and ∫_T 0 ‖Ã_qe^{−tÃq} u_0‖^q_{L̃}q_σ dt < ∞. Then the term ‖u_0‖_{D(}~_{Aq )} in (2.18) may be substituted by the weaker norm ( ∫^T 0 ‖Ã_qe^{−tÃq} u_0‖^q_{L̃}q_σ dt ) 1_q , 1 < q < ∞. (2.19)

Furthermore, by (2.16), the estimate (2.18) implies that

‖u_t‖_{Yq} + ‖u‖_Lq_{(0,T ;}~_W 2,q_) ≤ C ( ‖u_0‖_{D(}~_{Aq )} + ‖f‖_{Yq} ) , (2.20) where C = C(q, T, α, β, K) > 0. b) Let f ∈ Y_q = L^q(0, T ; L̃^q_σ) in Theorem 2.5 be replaced by f ∈ Ŷ_q = L^q(0, T ; L̃^q), 1 < q < ∞. Then u ∈ L^q ( 0, T ; D(Ã_q) ) , defined by u_t + Ã_qu = P̃_qf, and ∇p, defined by ∇p(t) = (I − P̃_q) ( f + Δu ) (t), is a unique solution pair of the system

u_t − Δu + ∇p = f, u(0) = u_0,

satisfying ‖u_t‖_{Yq} + ‖u‖_{Yq} + ‖∇^2u‖_{Ŷq} + ‖∇p‖_{Ŷq} ≤ C ( ‖u_0‖_{D(}~_{Aq )} + ‖f‖_{Ŷq} ) (2.21) with C = C(q, T, α, β, K) > 0. Using (2.3) we see that in the case 1 < q < 2 the solution pair u, ∇p possesses a decomposition u = u^{(1)} + u^{(2)}, ∇p = ∇p^{(1)} + ∇p^{(2)} such that

u^{(1)} ∈ L^q(0, T ; W^{2,2}), u^{(1)}_t ∈ L^q(0, T ; L^2_σ), u^{(2)} ∈ L^q(0, T ; W^{2,q}), u^{(2)}_t ∈ L^q(0, T ; L^q_σ), (2.22) ∇p^{(1)} ∈ L^q(0, T ; L^2), ∇p^{(2)} ∈ L^q(0, T ; L^q), and ‖u_t‖_{Yq} + ‖u‖_{Yq} + ‖∇^2u‖_{Ŷq} + ‖∇p‖_{Ŷq} = ‖u^{(1)}_t ‖_Ŷ (1)_q + ‖u^{(1)}‖_Ŷ (1)_q + ‖∇^2u^{(1)}‖_Ŷ (1)_q + ‖∇p^{(1)}‖_Ŷ (1)_q +

‖u^{(2)}_t ‖_Ŷ (2)_q + ‖u^{(2)}‖_Ŷ (2)_q + ‖∇^2u^{(2)}‖_Ŷ (2)_q + ‖∇p^{(2)}‖_Ŷ (2)_q

where Ŷ^{(1)}q = L^q(0, T ; L^2), Ŷ^{(2)}q = L^q(0, T ; L^q).

2.5 Applications

As an application we construct a so-called suitable weak solution u of the instationary Navier-Stokes system

u_t − Δu + u · ∇u + ∇p = f, div u = 0 in Ω × (0, T ) u(0) = u_0, u|_{∂Ω} = 0 (2.23)

for the general domain Ω ⊂ R^3 with important additional properties. In particular we are interested in estimate (2.21) for q =^5_4 . The reason is that the energy properties u ∈ L^∞(0, T ; L^2_σ), ∇u ∈ L^2(0, T ; L^2) imply that u · ∇u ∈ L^q(0, T ; L^q) with q =^5_4 . Hence, shifting u · ∇u in (2.23) to the right-hand side and considering for simplicity u_0 = 0, we get from (2.21) that ∇p ∈ L^q(0, T ; L^2 + L^q) and ∇p ∈ L^q_{loc} ( (0, T ) × Ω ) . This property is needed in the local regularity theory as well as in the proof of the local energy estimate. It was conjectured in [8], p. 780, and open up to now for general domains.

Moreover, we prove that u satisfies the strong energy inequality, see [16], [28], [33], which was open for general domains as well. A consequence is Leray’s structure theorem [25] for general domains; note that the proof in [25] concerns the entire space R^3 only.

We recall some definitions, see, e.g., [33], [35]. The space C^∞_0 ([0, T ); C^∞_{0,σ}) consists of smooth solenoidal vector fields v defined on [0, T ) × Ω with compact support supp v ⊆ [0, T ) × Ω.

Let f ∈ L^{5/4}(0, T ; L^2), 0 < T ≤ ∞, u_0 ∈ L^2_σ. Then a function u ∈ L^∞(0, T ; L^2_σ) ∩ L^2_{loc} ( [0, T ); W^{1,2}_{0,σ} ) is called a weak solution of (2.23) iff −⟨u, v_t⟩_{Ω,T} + ⟨∇u, ∇v⟩_{Ω,T} + ⟨u · ∇u, v⟩_{Ω,T} = ⟨u_0, v(0)⟩_Ω + ⟨f, v⟩_{Ω,T} (2.24) is satisfied for all v ∈ C^∞_0 ( [0, T ); C^∞_{0,σ} ) . We may assume without loss of generality that u is weakly continuous as a function from [0, T ) to L^2_σ.

We know that for each weak solution u there exists a distribution p in (0, T )×Ω such that u_t − Δu + u · ∇u + ∇p = f holds in the sense of distributions, see [33]; p is called an associated pressure of u. However, for general Ω it is crucial whether p is contained in any L^q−type space; the problem in this context is the validity of the maximal regularity estimate (2.21) for q =^5_4 .

The following result is essentially known for domains with compact boundaries; see [33], V. Thm. 3.6.2, for bounded domains, and [28], [32] for exterior domains.

Theorem 2.7 (Suitable weak solution) Let Ω ⊆ R^3 be a uniform C^2-domain of type α, β, K, let 0 < T ≤ ∞, q =^5_4 , f ∈ L^q(0, T ; L^2) and u_0 ∈ L^2_σ. Then there exists a weak solution u ∈ L^∞(0, T ; L^2_σ)∩L^2_{loc} ( [0, T ); W^{1,2}_{0,σ} ) (called a suitable weak solution) of the system (2.23) and an associated pressure p with the following additional properties:

(a) Regularity:

u_t, u, ∇u, ∇^2u, ∇p ∈ L^q(ε, T^′; L^2 + L^q) (2.25) with 0 < ε < T^′ < T. If u_0 ∈ D(Ã_q), then (2.25) holds for ε = 0, 0 < T^′ < T.

(b) Local energy inequality: 1 2 ‖ϕu(t)‖^2 + ∫_t s ‖ϕ∇u‖^2 dτ ≤ 1 2 ‖ϕu(s)‖^2 + ∫_t s ⟨ϕf, ϕu⟩ dτ (2.26) − 1 2 ∫_t s ⟨∇|u|^2, ∇ϕ^2⟩ dτ + ∫_t s ⟨ 1 2 |u|^2 + p, u · ∇ϕ^2⟩ dτ for a.a. s ∈ [0, T ), all t ∈ [s, T ), and all ϕ ∈ C^∞_0 (R^3 ).

(c) Strong energy inequality: 1 2 ‖u(t)‖^2 + ∫_t s ‖∇u‖^2 dτ ≤ 1 2 ‖u(s)‖^2 + ∫_t s ⟨f, u⟩ dτ (2.27) for a.a. s ∈ [0, T ) including s = 0, and all t ∈ [s, T ).

Remark 2.8 a) From (2.25) we obtain the existence of some pressure p satisfying p ∈ L^q ( ε, T^′; L^r_{loc}(Ω) ) , 0 < ε < T^′ < T, q = 5 4 , r = 15 7 , (2.28)

and we get that u ∈ L^2 ( 0, T^′; L^6(Ω) ) , 0 < T^′ < T . This shows that (2.26) is well defined. As in (2.22) we obtain decompositions u = u^{(1)} + u^{(2)}, p = p^{(1)} + p^{(2)} satisfying

u^{(1)}_t , u^{(1)}, ∇u^{(1)}, ∇^2u^{(1)}, ∇p^{(1)} ∈ L^q(ε, T^′; L^2) for 0 < ε < T^′ < T (2.29) and u^{(2)}_t , u^{(2)}, ∇u^{(2)}, ∇^2u^{(2)}, ∇p^{(2)} ∈ L^q(ε, T^′; L^q) for 0 < ε < T^′ < T, (2.30)

which holds with ε = 0 if additionally u_0 ∈ D(Ã_q). Note that we may choose T^′ = T in (2.25) if T < ∞.

b) To obtain Leray’s structure theorem, see [25], let T = ∞ and assume for simplicity that f = 0. Then u in Theorem 2.7, also called a turbulent weak solution of (2.23), has the following properties: There exists a countable disjoint family {I_k}^∞_{k=0} of intervals in (0, ∞) such that

(1) I_1 = (0, T_1), I_0 = [T_∞, ∞) with some 0 < T_1 ≤ T_∞ < ∞, (2) |(0, ∞)\ ∪^∞_{k=0} I_k| = 0, ∑_∞ k=1 |I_k|^12 < ∞ where | · | denotes the Lebesgue measure, (3) u(·, t) ∈ C^∞(Ω) for every t ∈ I_k, k = 0, 1, . . .

These properties imply that the^1_2 −dimensional Hausdorff measure of the singular set ∑ = {t ∈ (0, ∞); u(·, t) ∉ C^∞(Ω)} is zero, see [8].

3 Proofs

3.1 Preliminary Local Results

Using the structure properties of the given uniform C^2–domain Ω ⊆ R^3 of type α, β, K > 0, see § 2.3, we are able to reduce our results by the localization principle to a standard domain of the form H = H_{α,β,r,h} = {(y^′, y_3); h(y^′) − β < y_3 < h(y^′), |y^′| < α} ∩ B_r ; (3.1) here h : y^′ → h(y^′), |y^′| ≤ α, is a C^2-function and B_r = B_r(0) a ball with radius 0 < r = r(α, β, K) < α such that B_r ⊆ {(y^′, y_3); h(y^′) − β < y_3 < h(y^′) + β, |y^′| < α}.

Further, we may assume that h(0) = 0, ∇^′h(0) = (0, 0), h(y^′) = 0 for r ≤ |y^′| ≤ α, and that h satisfies the smallness condition ‖∇^′h‖_C0 = max{|∇^′h(y^′)|; |y^′| ≤ α} ≤ M_0, (3.2) where M_0 > 0 is a given constant. Recall that ∇^′ = (D_1, D_2).

In the subsequent proofs we can treat each problem for the standard domain (3.1) as a problem in the domain H_h = {(y^′, y_3) ∈ R^3 ; y_3 < h(y^′), y^′ ∈ R^2 } with h ∈ C^2_0 (R^2 ); H_h is called a bent half space, see [11]. Then, using the smallness condition (3.2), an equation in H_h is considered as a perturbation of some equation in the half space H_0 = {(y^′, y_3) ∈ R^3 ; y_3 < 0}.

The following estimates in H = H_{α,β,h,r} are well known. However, we have to check that the constants in these estimates depend only on q, α, β, K; here we need the smallness condition (3.2) on h.

Let 1 < q < ∞. First we consider the Helmholtz decomposition in H. Let f ∈ L^q(H), f_0 ∈ L^q_σ(H), p ∈ W^{1,q}(H) satisfy f = f_0 + ∇p and supp f_0 ∪ supp p ⊆ B_r. Then ‖f_0‖_Lq_{(H)} + ‖∇p‖_Lq_{(H)} ≤ C‖f‖_Lq_{(H)}, C = C(q, α, β, K) > 0, (3.3) cf. [31], p. 12, and Lemma 3.8, a).

Next let f ∈ L^q(H), u ∈ L^q_σ (H) ∩ W^{1,q}_0 (H) ∩ W^{2,q}(H), p ∈ W^{1,q}(H) satisfy λu − Δu + ∇p = f with λ ∈ S_ε, see Theorem 2.3, and with supp u ∪ supp p ⊆ B_r. Then there are constants λ_0 = λ_0(q, α, β, K) > 0, C = C(q, α, β, K) > 0 such that |λ| ‖u‖_Lq_{(H)} + ‖u‖_W 2,q_{(H)} + ‖∇p‖_Lq_{(H)} ≤ C‖f‖_Lq_{(H)} (3.4) if |λ| ≥ λ_0. To prove this estimate we use [11], p. 624, and apply [11], Theorem 3.1, (i), and (1.2).

The next estimate concerns the nonstationary Stokes equation in H. As usual the Stokes operator is defined by A_q = −P_qΔ with domain D(A_q) = L^q_σ(H) ∩ W^{1,q}_0 (H) ∩ W^{2,q}(H). Let 0 < T < ∞, u_0 ∈ D(A_q), f ∈ L^q ( 0, T ; L^q(H) ) , and let u ∈ L^q ( 0, T, D(A_q) ) , p ∈ L^q ( 0, T ; W^{1,q}(H) ) satisfy supp u_0 ∪ supp u(t) ∪ supp p(t) ⊆ B_r for a.a. t ∈ [0, T ]. Moreover, assume that

u_t − Δu + ∇p = f, u(0) = u_0 or − u_t − Δu + ∇p = f, u(T ) = u_0,

resp. Then there is a constant C = C(q, α, β, K, T ) > 0 such that

‖u_t‖_Lq_{(0,T ;L}q_{(H))} + ‖u‖_Lq_{(0,T ;W} 2,q_{(H))} + ‖∇p‖_Lq_{(0,T ;L}q_{(H))} (3.5) ≤ C ( ‖u_0‖_W 2,q_{(H)} + ‖f‖_Lq_{(0,T ;L}q_{(H))} ) . In the case u(0) = u_0 this estimate follows from [34], Theorem 4.1, (4.2) and (4.21’). The second case −u_t − Δu + ∇p = f, u(T ) = u_0, can be reduced to the first case by the transformation ũ(t) = u(T − t), f̃(t) = f(T − t), p̃(t) = p(T − t).

The relatively strong assumption u_0 ∈ D(A_q) is used for simplicity and can be weakened as in Remark 2.6, a). Note that the conditions u(0) = u_0 or u(T ) = u_0, resp., are well defined since u_t ∈ L^q(0, T ; L^q_σ).

Finally, we consider the divergence problem

div u = f in H, u|_{∂H} = 0 ,

and let L^q_0(H) = {f ∈ L^q(H); ∫ H f dx = 0}. Then from [14], III, Theorem 3.2, we obtain the existence of some linear operator R : L^q_0(H) → W^{1,q}_0 (H) satisfying div Rf = f and

‖Rf‖_W 1,q_{(H)} ≤ C‖f‖_Lq_{(H)} if f ∈ L^q_0(H), (3.6) ‖Rf‖_W 2,q_{(H)} ≤ C‖f‖_W 1,q_{(H)} if f ∈ L^q_0(H) ∩ W^{1,q}_0 (H)

with C = C(q, α, β, K) > 0; moreover, Rf ∈ W^{2,q}_0 (H) if f ∈ L^q_0(H) ∩ W^{1,q}_0 (H).

The dual operator R^′ of R maps W^{−1,q′} (H) into L^{q′}_0 (H). Thus for each p ∈ L^{q′} (H) we find a unique constant M = M(p) satisfying p−M = R^′(∇p) ∈ L^{q′}_0 (H) and the estimate ‖p−M‖_Lq′_{(H)} ≤ C‖∇p‖_W −1,q′_{(H)} = C sup {|⟨p, div v⟩| ‖∇v‖_q ; 0 ≠ v ∈ W^{1,q}_0 (H) } (3.7) with C = C(q, α, β, K) > 0. Now let Ω ⊆ R^3 be a bounded C^2-domain ∂Ω. Obviously, such a domain is of type α, β, K. We collect several results on the Helmholtz projection P = P_q and the Stokes operator A = A_q, 1 < q < ∞. In this case the constant C below may depend also on Ω except for q = 2 where Hilbert space arguments are applicable.

It is known, see [13], [31], [34], that each f ∈ L^q has a unique decomposition f = f_0 + ∇p, f_0 ∈ L^q_σ, ∇p ∈ G^q, and that P_q : L^q → L^q_σ defined by P_qf = f_0 satisfies the estimate ‖P_qf‖_Lq + ‖∇p‖_Lq ≤ C‖f‖_Lq with C = C(q, Ω) > 0; however, it is not clear whether C depends only on the type α, β, K. We obtain (P_q)^′ = P_q′ and ⟨P_qf, g⟩ = ⟨f, P_q′ g⟩ for all f ∈ L^q, g ∈ L^{q′} . If q = 2, a Hilbert space argument yields the estimate ‖P_2f‖_L2 + ‖∇p‖_L2 ≤ 2‖f‖_L2 , f ∈ L^2, ∇p ∈ G^2, (3.8) with C = C(2, Ω) = 2 not depending on Ω.

The Stokes operator A_q = −P_qΔ : D(A_q) → L^q_σ where D(A_q) = L^q_σ ∩ W^{1,q}_0 ∩ W^{2,q}, satisfies the resolvent estimate |λ| ‖u‖_Lq + ‖A_qu‖_Lq ≤ C‖f‖_Lq , C = C(ε, q, Ω) > 0, where u ∈ D(A_q), λu + A_qu = f, λ ∈ S_ε, 0 < ε <^π_2 , and the estimate ‖u‖_W 2,q ≤ C‖A_qu‖_Lq , C = C(q, Ω).

Furthermore, A^′_q = A_q′ implying that ⟨A_qu, v⟩ = ⟨u, A_q′ v⟩ for all u ∈ D(A_q), v ∈ D(A_q′ ); see [11], [17], [34]. If q = 2, we obtain by a Hilbert space argument that u ∈ D(A_2) with λu + A_2u = f ∈ L^2_σ, λ ∈ S_ε, satisfies the estimate

|λ| ‖u‖_L2 + ‖A_2u‖_L2 ≤ C‖f‖_L2 , C = 1 + 2/ cos ε, (3.9)

with C independent of Ω. Moreover, since A_2 is selfadjoint,

⟨A_2u, u⟩ = ‖A^{12}_2 u‖^2_L2 = ‖∇u‖^2_L2 , u ∈ D(A_2) . (3.10)

Let 1 < q, r < ∞, 0 < T < ∞ and f ∈ L^r(0, T ; L^q_σ), u_0 ∈ D(A_q). Then the semigroup operators e^{−tAq} and the operators J_{q,r}, J^′_{q,r} given by (J_{q,r})f(t) = ∫_t 0 e^{−(t−τ )Aq} f(τ)dτ, (J^′_{q,r}f)(t) = ∫_T t e^{−(τ −t)Aq} f(τ)dτ, are well defined for 0 ≤ t ≤ T , see [11], [17]. Setting u(t) = e^{−tAq} u_0 + (J_{q,r}f)(t) we obtain the unique solution u ∈ L^r ( 0, T ; D(A_q) ) , u_t ∈ L^r(0, T ; L^q_σ), of the nonstationary Stokes system u_t + A_qu = f, u(0) = u_0, satisfying the estimate ‖u_t‖_{q,r} + ‖u‖_{q,r} + ‖A_qu‖_{q,r} ≤ C( ‖u_0‖_{D(Aq )} + ‖f‖_{q,r}) (3.11) with C = C(q, r, T, Ω) > 0. For our application it is important that C = C(2, r, T, Ω) = C(r, T ) does not depend on Ω if q = 2, see [33], IV, 1.6. Analogously, u(t) = e^{−(T −t)Aq} u_0 + (J^′_{q,r}f)(t) is the unique solution of the system −u_t + A_qu = f, u(T ) = u_0, in L^r ( 0, T ; D(A_q) ) with u_t ∈ L^r(0, T ; L^q_σ) satisfying the estimate (3.11) with the same constant C; this result follows from the transformation ũ(t) = u(T − t), f̃(t) = f(T − t). Further, we obtain the duality relation (J_{q,r})^′ = J^′_q′_{,r}′ . (3.12)

Finally we mention some well known embedding estimates for Sobolev spaces on bounded C^2–domains Ω of type α, β, K, see [1], IV, Theorem 4.28, [12], [33], II.1.3. Given 1 < q < ∞, 0 < M ≤ 1, there exists some C = C(q, M, α, β, K) > 0 such that ‖∇u‖_Lq ≤ M‖∇^2u‖_Lq + C‖u‖_Lq (3.13) for all u ∈ W^{2,q}. If 2 ≤ q < ∞, 0 < M ≤ 1, then there exists some C = C(q, M, α, β, K) > 0 such that ‖u‖_Lq ≤ M‖∇^2u‖_L2 + C‖u‖_L2 (3.14) for all u ∈ W^{2,2}. Finally, let 1 < q, γ < ∞, 1 < r ≤ 3 and 0 ≤ α ≤ 1 such that α(^1_r −^1_3 ) + (1 − α)^1_γ =^1_q . Then ‖u‖_Lq ≤ C‖∇u‖^α_Lr ‖u‖^{1−α}_Lγ (3.15) for all u ∈ W^{1,r}_0 ∩ L^γ with C = C(r, q, γ) > 0.

3.2 Helmholtz Projection in L̃^q; Proof of Theorem 2.1

The proofs of the main theorems rest on the localization principle using the structure of the domain Ω of the type α, β, K > 0, see § 2.3, and the local estimates in § 3.1. In the first step of each proof we assume that Ω is bounded. In this case cover Ω by domains of the form U_j = U^−_{α,β,hj} (x_j ) ∩ B_j , j = 1, 2, . . . , N, (3.16) with B_j = B_r(x_j ), 0 < r = r(α, β, K) < α, x_j ∈ Ω, functions h_j ∈ C^2 where h_j ≡ 0 if x_j ∈ Ω, and use the cut-off functions φ_j as in (2.6), (2.7). We may assume that each U_j has the standard form H = H_{α,β,r,h}, see (3.1) and (2.9). In the second step of each proof we consider the sequence of bounded subdomains Ω_j ⊆ Ω of the same type α, β, K, see (2.8), and treat the limit j → ∞.

Step 1. Ω bounded

Let f ∈ L^q, 2 ≤ q < ∞, and f_0 = P_qf ∈ L^q_σ, ∇p = f − f_0 ∈ G^q. Then f ∈ L^2, and we obtain, see § 3.1, that ‖f_0‖_L2_{∩L}q + ‖∇p‖_L2_{∩L}q ≤ C‖f‖_L2_{∩L}q (3.17) with C = C(q, Ω) > 0. First we show that the constant C in (3.17) can be chosen depending only on q, α, β, K. For this purpose consider in U_j the local equation

φ_j f = φ_jf_0 + ∇ ( φ_j (p − M_j) ) − (∇φ_j)(p − M_j ) with the constant M_j = M_j(p) such that p − M_j = R^′(∇p) ∈ L^q_0(U_j ), see (3.7). Furthermore, we use the solution w = R ( (∇φ_j) · f_0 ) ∈ W^{1,q}_0 (U_j ) of the equation div w = div (φ_jf_0) = (∇φ_j ) · f_0 ∈ L^q_0(U_j ), see (3.6). Then

φ_jf + (∇φ_j )(p − M_j ) − w = (φ_jf_0 − w) + ∇ ( φ_j (p − M_j ) ) is the Helmholtz decomposition of φ_j f + (∇φ_j)(p − M_j ) − w in L^q(U_j), and we may use estimate (3.3).

First let 2 ≤ q ≤ 6. Then (3.6), (3.15) with r = γ = 2, and Poincaré’s inequality imply that ‖w‖_Lq_{(Uj )} ≤ C‖f_0‖_L2_{(Uj )} with C = C(q, α, β, K) > 0. Further, considering p − M_j , we apply (3.7), (3.15) and Poincaré’s inequality to obtain with ∇p = f − f_0 that

‖p − M_j ‖_Lq_{(Uj )} ≤ C(‖f‖_Lq_{(Uj )} + ‖f_0‖_L2_{(Uj )})

where C = C(q, α, β, K) > 0. Combining these estimates we get the inequality ‖φ_jf_0‖^q_{Lq (Uj )} + ‖φ_j ∇p‖^q_{Lq (Uj )} ≤ C(‖f‖^q_{Lq (Uj )} + ‖f_0‖^q_{L2(Uj )}) (3.18) with C = C(q, α, β, K) > 0. Next we will take the sum for j = 1, . . . , N, and use the number N_0 = N_0(α, β, K) ∈ N introduced in § 2.3, Hölder’s inequality, and the reverse Hölder’s inequality ( ∑_N j=1 |a_j |^q )_{1/q} ≤ ( ∑_N j=1 |a_j|^2 )_{1/2} . This leads to the crucial estimate ‖f_0‖^q_{Lq (Ω)} + ‖∇p‖^q_{Lq (Ω)} = ∫ Ω (^N∑ j=1 φ_j|f_0| )_q dx + ∫ Ω (^N∑ j=1 φ_j |∇p| )_q dx

≤ ∫ Ω N q q′ 0 (^N∑ j=1 |φ_jf_0|^q ) dx + ∫ Ω N q q′ 0 (^N∑ j=1 |φ_j∇p|^q ) dx (3.19) = N q q′ 0 (_N ∑ j=1 ‖φ_j f_0‖^q_{Lq (Uj )} + N∑ j=1 ‖φ_j ∇p‖^q_{Lq (Uj )} )

≤ C_1 (_N ∑ j=1 ‖f‖^q_{Lq (Uj )} + (^N∑ j=1 ‖f_0‖^2_L2_{(Uj )} ) q_2 )

≤ C_2 ( ‖f‖^q_{Lq(Ω)} + ‖f_0‖^q_{L2(Ω)} ) with C_i = C_i(q, α, β, K) > 0, 2 ≤ q ≤ 6; this kind of estimate will be used in an analogous way also in subsequent proofs in § 3.3 and § 3.4.

In the case 6 < q < ∞ we obtain the estimate (3.19) in the same way as above with ‖f_0‖^q_{L2(Ω)} replaced by ‖f_0‖^q_{L6(Ω)}. Now we use the elementary interpolation estimate

‖f_0‖_L6_{(Ω)} ≤ α (1 ε )_{1/α} ‖f_0‖_L2_{(Ω)} + (1 − α)ε^{1/(1−α)}‖f_0‖_Lq_{(Ω)},

where 0 < α < 1 is defined by^1_6 =^α_2 +^{1−α}_q , and where ε > 0 is chosen sufficiently small. Then the absorption principle yields the estimate

‖f_0‖_Lq_{(Ω)} + ‖∇p‖_Lq_{(Ω)} ≤ C ( ‖f‖_Lq_{(Ω)} + ‖f_0‖_L2_{(Ω)} ) , C = C(q, α, β, K) > 0, (3.20) also for q > 6. Therefore, (3.20) holds for all 2 ≤ q < ∞. Combining (3.20) with (3.8) we get (3.17) with C = C(q, α, β, K) > 0 for all 2 ≤ q < ∞.

Next we consider the case f ∈ L^2 + L^q, 1 < q < 2. Choose f_1 ∈ L^2, f_2 ∈ L^q with f = f_1 + f_2, ‖f‖_L2_{+L}q = ‖f_1‖_L2 + ‖f_2‖_Lq , and define

f_0 = P_2f_1 + P_qf_2 ∈ L^2_σ + L^q_σ, ∇p = (I − P_2)f_1 + (I − P_q)f_2 ∈ G^2 + G^q

yielding f = f_0 +∇p. Then we use the dual representation of the norm ‖f_0‖_L2_{+L}q , see § 2.2, and obtain with (3.17), q^′ > 2, that

‖f_0‖_L2_{+L}q = sup {|⟨P_2f_1 + P_qf_2, g⟩| ‖g‖_L2_{∩L}q′ ; 0 ≠ g ∈ L^2 ∩ L^{q′} } (3.21)

= sup {|⟨f_1 + f_2, P_{q′} g⟩| ‖g‖_L2_{∩L}q′ ; 0 ≠ g ∈ L^2 ∩ L^{q′} }

≤ sup {(‖f_1‖_{L2} + ‖f_2‖_{Lq} )‖P_{q′} g‖_{L2∩Lq′} ‖g‖_L2_{∩L}q′ ; 0 ≠ g ∈ L^2 ∩ L^{q′} } ≤ C‖f‖_L2_{+L}q with the same C = C(q, α, β, K) > 0 as valid for (3.17). It follows that ‖f_0‖_L2_{+L}q + ‖∇p‖_L2_{+L}q ≤ C‖f‖_L2_{+L}q with C = C(q, α, β, K) > 0. Summarizing we obtain for every 1 < q < ∞ and f ∈ L̃^q the estimate ‖f_0‖~_Lq + ‖∇p‖~_Lq ≤ C‖f‖~_Lq , C = C(q, α, β, K) > 0 (3.22) where P̃_qf = f_0 is defined by f_0 = P_qf if f ∈ L̃^q = L^2 ∩ L^q, 2 ≤ q < ∞, and by f_0 = P_2f_1 + P_qf_2 if f = f_1 + f_2 ∈ L̃^q = L^2 + L^q, 1 < q < 2. Moreover, ∇p = (I − P̃_q)f ∈ G̃^q = G^2 ∩ G^q if 2 ≤ q < ∞ and ∇p = ∇p_1 + ∇p_2 = (I − P_2)f_1 + (I − P_q)f_2 ∈ G̃^q = G^2 + G^q when 1 < q < 2. Thus we proved (2.10) for bounded domains Ω, and we may conclude that P̃_qf = P_qf holds for 1 < q < ∞. Therefore, the other assertions of Theorem 2.1 are obvious for bounded domains. Note that the choice of C = C(q, α, β, K) in (2.10) is the only new property in this case. Step 2. Ω unbounded

Let f ∈ L̃^q(Ω), 1 < q < ∞, and let f_j = f|_{Ωj} ∈ L̃^q(Ω_j), j ∈ N, be the restriction to the subdomain Ω_j ⊆ Ω, see (2.8). Our aim is to construct a unique solution pair f_0 ∈ L̃^q_σ(Ω), ∇p ∈ G̃^q(Ω) satisfying f = f_0 + ∇p. For this purpose we use Step 1 with the decomposition f_j = f_{j,0} + ∇p_j , where f_{j,0} = P̃_qf_j , ∇p_j ∈ G̃^q(Ω_j ), and the uniform estimate ‖f_{j,0}‖~_Lq_{(Ωj )} + ‖∇p_j‖~_Lq_{(Ωj )} ≤ C‖f_j‖~_Lq_{(Ωj )} ≤ C‖f‖~_Lq_{(Ω)} (3.23)

with C > 0 as in (3.22). Here consider L̃^q(Ω_j ) as a subspace of L̃^q(Ω) by extending each function on Ω_j by zero to get a function on Ω. Since (L̃^q)^′ = L̃^{q′} , (L̃^{q′} )^′ = L̃^q, cf. § 2.2, we may assume, suppressing subsequences, that there exist weak limits f_0 = w − lim_{j→∞} f_{j,0} ∈ L̃^q_σ(Ω), ∇p = w − lim_{j→∞} ∇p_j ∈ G̃^q(Ω)

satisfying f_0 + ∇p = f. Note that ∇p_j treated as an element of L̃^q(Ω) when extended by zero need not be a gradient; however, by de Rham’s argument, cf.

[35], Ch. I, (1.29), or [33], p. 73, we see that w −lim_{j→∞} ∇p_j is indeed a gradient. From (3.23) we obtain the estimate

‖f_0‖~_Lq_{(Ω)} + ‖∇p‖~_Lq_{(Ω)} ≤ C‖f‖~_Lq_{(Ω)} (3.24)

with C as in (3.23). To prove the uniqueness of the decomposition f = f_0 + ∇p assume that f_0 +∇p = 0, f_0 ∈ L̃^q_σ(Ω), ∇p ∈ G̃^q(Ω). Then we use the construction above for any g = g_0 + ∇h ∈ L̃^{q′} (Ω), g_0 ∈ L̃^{q′}_σ (Ω), ∇h ∈ G̃^{q′} (Ω), and obtain that ⟨f_0, g⟩ = −⟨∇p, g_0⟩ = 0. Hence f_0 = ∇p = 0, and P̃_qf = f_0 ∈ L̃^q_σ is well defined. Now the assertions of Theorem 2.1 and of Remark 2.2 are easy consequences. This completes the proof.

3.3 The Stokes Operator in L̃^q; Proof of Theorem 2.3

Step 1. Ω bounded.

First we consider the Stokes equation −Δu + ∇p = f with f ∈ L^q_σ , u ∈ D(A_q) = L^q_σ ∩ W^{1,q}_0 ∩ W^{2,q}, 1 < q < ∞, which is equivalent to the equation A_qu = f, and prove the preliminary estimate

‖∇^2u‖_Lq_{(Ω)} + ‖∇p‖_Lp_{(Ω)} ≤ C( ‖f‖_Lq_{(Ω)} + ‖u‖_Lq_{(Ω)}) (3.25)

with C = C(q, α, β, K) > 0 depending only on q and the type α, β, K.

This estimate has the important implication that the graph norm ‖u‖_{D(Aq )} = ‖u‖_Lq + ‖A_qu‖_Lq is equivalent to the norm ‖u‖_W 2,q on D(A_q) with constants only depending on q, α, β, K. More precisely, C_1‖u‖_W 2,q ≤ ‖u‖_{D(Aq )} ≤ C_2‖u‖_W 2,q , u ∈ D(A_q), (3.26) with C_1 = C_1(q, α, β, K) > 0, C_2 = C_2(q, α, β, K) > 0.

To prove (3.25) we use U_j , φ_j, j = 1, . . . , N, as in § 3.2, and consider in U_j the local equation

λ_0(φ_ju − w) − Δ(φ_j u − w) + ∇ ( φ_j(p − M_j ) ) = φ_j f + Δw − 2∇φ_j · ∇u − (Δφ_j)u + (∇φ_j)(p − M_j ) + λ_0(φ_ju − w).

Here λ_0 means the constant in (3.4), M_j = M_j (p) is a constant such that p−M_j = R^′(∇p) ∈ L^q_0(Ω), see (3.7), and w = R ( (∇φ_j ) · u ) ∈ W^{2,q}_0 (U_j ) is the solution of the equation div w = div (φ_j u) = (∇φ_j) · u, see (3.6). Then we apply (3.4) with λ = λ_0, and use the estimates ‖w‖_W 1,q_{(Uj )} ≤ C‖u‖_Lq_{(Uj )}, ‖w‖_W 2,q_{(Uj )} ≤ C‖u‖_W 1,q_{(Uj )}, ‖p − M_j ‖_Lq_{(Uj )} ≤ C( ‖f‖_Lq_{(Uj )} + ‖∇u‖_Lq_{(Uj )}) with C = C(q, α, β, K) > 0, following from (3.6) and (3.7) applied to ∇p = f +Δu in U_j . Combining these estimates we are led to the local inequalities ‖φ_j∇^2u‖^q_{Lq(Uj )} + ‖φ_j∇(p − M_j)‖^q_{Lq (Uj )} ≤ C( ‖f‖^q_{Lq(Uj )} + ‖u‖^q_{W 1,q (Uj )}) (3.27) with C = C(q, α, β, K) > 0. Taking the sum over j = 1, . . . , N in the same way as in (3.19), and using the absorption argument to remove ‖∇u‖^q_{Lq (Ω)} with (3.13), we obtain the desired inequality (3.25).

Next we consider the resolvent equation λu + A_qu = λu − Δu + ∇p = f in Ω with f ∈ L^q_σ, where 1 < q < ∞, λ ∈ S_ε, 0 < ε <^π_2 . Our first purpose is to prove for u ∈ D(A_q) and ∇p = (I − P_q)Δu, 2 ≤ q < ∞, the estimate |λ| ‖u‖_L2_{∩L}q + ‖∇^2u‖_L2_{∩L}q + ‖∇p‖_L2_{∩L}q ≤ C‖f‖_L2_{∩L}q (3.28) with |λ| ≥ δ > 0, where δ > 0 is given, and C = C(q, ε, δ, α, β, K) > 0. Note that this estimate is well known for bounded domains with C = C(q, ε, δ, Ω) > 0, see § 3.1. In this case we obtain the local equation λ(φ_ju − w) − Δ(φ_ju − w) + ∇ ( φ_j(p − M_j ) ) (3.29) = φ_jf + Δw − 2∇φ_j · ∇u − (Δφ_j)u − λw + (∇φ_j )(p − M_j ) with p − M_j = R^′(∇p) and w = R ( (∇φ_j) · u ) as above.

First let 2 ≤ q ≤ 6. Concerning w, we use the estimates above and the inequality ‖w‖_Lq_{(Uj )} ≤ C_1‖w‖_W 1,2_{(Uj )} ≤ C_2‖u‖_L2_{(Uj )}, C_i = C_i(q, α, β, K) > 0. For p − M_j we use the above estimate and the inequality ‖p − M_j ‖_Lq_{(Uj )} ≤ C ( ‖f‖_Lq_{(Uj )} + |λ| ‖u‖_L2_{(Uj )} + ‖∇u‖_Lq_{(Uj )} ) , C = C(q, α, β, K) > 0. Further, we apply to the local resolvent equation (3.29) the estimate (3.4) with λ replaced by λ+λ^′_0 where λ^′_0 ≥ 0 is sufficiently large such that |λ + λ^′_0| ≥ λ_0 for |λ| ≥ δ, λ_0 as in (3.4). Then we combine these estimates and are led to the local inequality ‖λφ_j u‖^q_{Lq(Uj )} + ‖φ_ju‖^q_{Lq (Uj )} + ‖φ_j∇^2u‖^q_{Lq(Uj )} + ‖φ_j∇p‖^q_{Lq (Uj )} (3.30) ≤ C ( ‖f‖^q_{Lq (Uj )} + ‖u‖^q_{Lq (Uj )} + ‖∇u‖^q_{Lq (Uj )} + ‖λu‖^q_{L2(Uj )} ) with C = C(q, δ, ε, α, β, K) > 0. Next we take the sum over j = 1, . . . , N in the same way as in (3.19). This leads to the inequality

|λ| ‖u‖_Lq_{(Ω)} + ‖u‖_Lq_{(Ω)} + ‖∇^2u‖_Lq_{(Ω)} + ‖∇p‖_Lq_{(Ω)} (3.31) ≤ C ( ‖f‖_Lq_{(Ω)} + ‖u‖_Lq_{(Ω)} + ‖∇u‖_Lq_{(Ω)} + |λ| ‖u‖_L2_{(Ω)} ) with C = C(q, δ, ε, α, β, K) > 0, |λ| ≥ δ, 2 ≤ q ≤ 6. Applying (3.13) we remove the term ‖∇u‖_Lq_{(Ω)} in (3.31) by the absorption principle.

If q > 6, estimate (3.31) holds in the same way with the term |λ| ‖u‖_L2_{(Ω)} on the right-hand side replaced by |λ| ‖u‖_L6_{(Ω)}. Now use the elementary estimate |λ| ‖u‖_L6_{(Ω)} ≤ α (1 ε )_{1/α}( |λ| ‖u‖_L2_{(Ω)}) + (1 − α)ε^{1/(1−α)} (|λ| ‖u‖_Lq_{(Ω)} )

with 0 < α < 1 such that^1_6 =^α_2 +^{1−α}_q , with sufficiently small ε > 0, and use the absorption principle. This proves (3.31) for all q ≥ 2 without ‖∇u‖_Lq_{(Ω)}. Moreover, due to (3.14), the term ‖u‖_Lq_{(Ω)} may be removed on the right-hand side of (3.31). Now we combine this improved inequality (3.31) with estimate (3.9) for |λ| ≥ δ and we apply (3.25) with q = 2. This proves the desired estimate (3.28) for 2 ≤ q < ∞.

Now let 1 < q < 2 and consider in Ω the (well defined) equation λu − Δu + ∇p = f with f ∈ L^2_σ + L^q_σ, where u ∈ D(A_2) + D(A_q), ∇p = (I − P̃_q)Δu and λ ∈ S_ε, |λ| ≥ δ. Using f = λu − P̃_qΔu and (3.28) with q^′ > 2 we first obtain that

‖f‖_L2_{σ+L}^q_σ = sup {|⟨λu − P̃_qΔu, v⟩| ‖v‖_{L2σ∩L}q′_σ ; 0 ≠ v ∈ L^2_σ ∩ L^{q′}_σ }

= sup {|⟨u, λv − P̃_{q′} Δv⟩| ‖v‖_{L2σ∩L}q′_σ ; 0 ≠ v ∈ L^2_σ ∩ L^{q′}_σ }

= sup { |⟨u, g⟩| ‖(λI − P̃_q′ Δ)^{−1}g‖_{L2σ∩L}q′_σ ; 0 ≠ g ∈ L^2_σ ∩ L^{q′}_σ } (3.32) ≥ |λ|C^{−1} sup { |⟨u, g⟩| ‖g‖_{L2σ∩L}q′_σ ; 0 ≠ g ∈ L^2_σ ∩ L^{q′}_σ }

= |λ|C^{−1} ‖u‖^∗_L2_{σ∩L}q_σ with C as in (3.28); see (2.11) concerning ‖u‖^∗_{L2σ∩L}q_σ . Hence also |λ| ‖u‖_L2_{σ+L}^q_σ ≤ C‖f‖_L2_{σ+L}^q_σ and even |λ| ‖u‖_L2_{σ+L}^q_σ + ‖u‖_L2_{σ+L}^q_σ + ‖A_qu‖_L2_{σ+L}^q_σ ≤ C‖f‖_L2_{σ+L}^q_σ , λ ∈ S_ε, |λ| ≥ δ. (3.33) From the equivalence of norms ‖ · ‖_{D(Aq )} and ‖ · ‖_W 2,q , cf. (3.26), and from (2.2) with B_1 = A_2, B_2 = A_q, we conclude that

C_1‖u‖_W 2,2_{+W} 2,q ≤ ‖u‖_L2_{σ+L}^q_σ + ‖A_qu‖_L2_{σ+L}^q_σ ≤ C_2‖u‖_W 2,2_{+W} 2,q

where C_i = C_i(q, ε, α, β, K), i = 1, 2. Then (3.33) and the identity ∇p = f − λu + Δu lead to the estimate |λ| ‖u‖_L2_{σ+L}^q_σ + ‖u‖_W 2,2_{+W} 2,q + ‖∇p‖_L2_{+L}q ≤ C‖f‖_L2_{σ+L}^q_σ (3.34) with C = C(q, δ, ε, α, β, K) > 0. Since Ω is bounded, we easily conclude that Ã_qu = −P̃_qΔu = A_qu for u ∈ D(Ã_q) = D(A_q), 1 < q < ∞. The only new result in this case is the validity of the estimate |λ| ‖u‖~_Lq_σ + ‖u‖~_W 2,q + ‖∇p‖~_Lq ≤ C‖f‖~_Lq_σ , u ∈ D(Ã_q) , (3.35) with C = C(q, δ, ε, α, β, K) > 0 when |λ| ≥ δ > 0. Thus the proof of Theorem 2.3 is complete for bounded Ω. Step 2. Ω unbounded.

In principle we use the same arguments as in Step 2 of § 3.2 with the bounded subdomains Ω_j ⊂ Ω, j ∈ N, see (2.8).

Let f ∈ L̃^q_σ(Ω), 1 < q < ∞ and λ ∈ S_ε, 0 < ε <^π_2 . Our aim is to construct a unique solution u ∈ D̃^q(Ω) of the equation λu − P̃_qΔu = λu − Δu + ∇p = f, ∇p = (I − P̃_q)Δu in Ω satisfying estimate (2.12). For this purpose set f_j = P̃_qf|_{Ωj} and consider the solution u_j ∈ D̃^q(Ω_j ) of the equation

λu_j + Ã_qu_j = λu_j − Δu_j + ∇p_j = f_j, ∇p_j = (I − P̃_q)Δu_j in Ω_j. From (3.35) we obtain the uniform estimate |λ| ‖u_j‖~_Lq_{σ (Ωj )} + ‖u_j‖~_W 2,q_{(Ωj )} + ‖∇p_j‖~_Lq_{(Ωj )} ≤ C‖f‖~_Lq_{σ(Ω)} (3.36) with |λ| ≥ δ > 0, C = C(q, δ, ε, α, β, K) > 0. The same weak convergence argument as in Step 2 of § 3.2 yields, suppressing subsequences, weak limits u = w − lim_{j→∞} u_j in L̃^q_σ(Ω), ∇p = w − lim_{j→∞} ∇p_j in L̃^q(Ω)

satisfying u ∈ D̃^q(Ω), λu − Δu + ∇p = λu − P̃_qΔu = f in Ω and (2.12).

To prove the uniqueness of u we assume that there is some v ∈ D̃^q(Ω) and λ ∈ S_ε satisfying λv − P̃_qΔv = 0. Given f^′ ∈ L̃^{q′} (Ω) let u ∈ D̃^{q′} (Ω) be a solution of λu − P̃_q′ Δu = P̃_q′ f^′. Then 0 = ⟨λv − P̃_qΔv, u⟩ = ⟨v, (λ − P̃_q′ Δ)u⟩ = ⟨v, P̃_q′ f^′⟩ = ⟨v, f^′⟩ for all f^′ ∈ L̃^{q′} (Ω); hence, v = 0. Thus we get that the equation λu + Ã_qu = f, λ ∈ S_ε, has a unique solution u = (λI + Ã_q)^{−1}f satisfying (2.12).

3.4 Maximal Regularity in L̃^q for the Nonstationary Stokes System;

Proof of Theorem 2.5

Step 1. Ω bounded

In principle we use the same arguments as in the previous proofs. Given 0 < T < ∞ and 1 < s, q < ∞ let ‖ · ‖_Ls_{(X(Ω))} = ‖ · ‖_Ls_{(0,T ;X(Ω))} = ( ∫_T 0 ‖ · ‖^s_X dt)^{1/s} where X(Ω) is a Banach space of functions in Ω; furthermore, we use the operators J_{q,s}, J^′_{q,s}, see § 3.1, and define J̃_{q,s}, J̃^′_{q,s} for f ∈ L^s(0, T ; L̃^q_σ) by (J̃_{q,s}f)(t) = ∫_t 0 e^{−(t−τ )Ãq} f(τ) dτ, (J̃^′_{q,s}f)(t) = ∫_T t e^{−(τ −t)Ãq} f(τ) dτ, 0 ≤ t ≤ T . Since Ã^′_q = Ã_q′ , we obtain for all f ∈ L^s(0, T ; L̃^q_σ), g ∈ L^{s′} (0, T ; L̃^{q′}_σ ) that ⟨J̃_{q,s}f, g⟩_T = ⟨f, J̃^′_q′_{,s}′ g⟩_T . First consider the case u_0 = 0 and let s = q. Then u = J̃_{q,q}f solves the evolution system u_t + Ã_qu = f, u(0) = 0, and u = J̃^′_{q,q}f is the solution of the system −u_t + Ã_qu = f, u(T ) = 0. Our aim is to prove in both cases the estimate

‖u_t‖_Lq_(~_Lq_{σ (Ω))} + ‖u‖_Lq_(~_W 2,q_{(Ω))} + ‖∇p‖_Lq_(~_Lq_{(Ω))} ≤ C‖f‖_Lq_(~_Lq_{σ (Ω))} (3.37) with ∇p = (I − P̃_q)Δu and C = C(T, q, α, β, K) > 0. Observe that it is sufficient to prove (3.37) for the case u = J̃_{q,q}f only. The other case follows using the transformation ũ(t) = u(T − t), f̃(t) = f(T − t). Further, it is sufficient to prove (3.37) when 2 ≤ q < ∞. For, using (J̃^′_{q,q})^′ = J̃_q′_{,q}′ and the duality principle in the same way as in (3.32), the case 1 < q < 2 is reduced to the case 2 < q^′ < ∞. In this context we note that it is sufficient to prove instead of (3.37) the estimate ‖u_t‖_Lq_(~_Lq_{σ (Ω))} ≤ C‖f‖_Lq_(~_Lq_{σ (Ω))}. Actually, (3.37) follows using Ã_qu = f −u_t, the simple identity u(t) = ∫_t 0 u_t(τ)dτ leading to the estimate ‖u‖_Lq_(~_Lq_{σ (Ω))} ≤ C‖u_t‖_Lq_(~_Lq_{σ (Ω))}, C = C(T ) > 0, and the equivalence relation (3.26).

Thus it remains to prove (3.37) with 2 ≤ q < ∞ where u = J̃_{q,q} solves

u_t + Ã_qu = u_t − Δu + ∇p = f ∈ L^q(0, T ; L̃^q_σ), u(0) = 0

and ∇p = (I −P̃_q)Δu. Using the well known estimate (3.11) for bounded domains we know that u = J̃_{q,q} satisfies (3.37) with C = C(T, q, Ω) > 0. Thus it remains to prove that C in (3.37) can be chosen depending only on T, q, α, β, K.

To prove this result consider the local equation

(φ_ju − w)_t − Δ(φ_j u − w) + ∇ ( φ_j (p − M_j) ) = φ_jf − w_t + Δw − 2∇φ_j · ∇u − (Δφ_j )u + (∇φ_j )(p − M_j )

in U_j where w = R ( (∇φ_j ) · u ) ∈ L^q ( 0, T ; W^{2,q}_0 (U_j ) ) solves the equations div w = (∇φ_j) · u and div w_t = (∇φ_j ) · u_t for a.a. t ∈ (0, T ). Here U_j , φ_j, 1 ≤ j ≤ N, have the same meaning as in the previous proofs and M_j = M_j (p) is a constant depending on t defined by p − M_j = R^′(∇p) ∈ L^q ( 0, T ; L^q_0(U_j ) ) . First let 2 ≤ q ≤ 6. Then from (3.6), (3.7) using ∇p = f − u_t + Δu we obtain the estimates

‖w_t‖_Lq_{(L}q_{(Uj ))} ≤ C‖u_t‖_Lq_{(L}2_{(Uj ))},

‖∇^2w‖_Lq_{(L}q_{(Uj ))} ≤ C ( ‖u‖_Lq_{(L}q_{(Uj ))} + ‖∇u‖_Lq_{(L}q_{(Uj ))} ) , (3.38) ‖p − M_j ‖_Lq_{(L}q_{(Uj ))} ≤ C ( ‖f‖_Lq_{(L}q_{(Uj ))} + ‖u_t‖_Lq_{(L}2_{(Uj ))} + ‖∇u‖_Lq_{(L}q_{(Uj ))} ) with C = C(q, α, β, K) > 0. Applying the local estimate (3.5) and using (3.38) we are led to the inequality ‖φ_ju_t‖^q_{Lq (Lq (Uj ))} + ‖φ_ju‖^q_{Lq (Lq (Uj ))} + ‖φ_j ∇^2u‖^q_{Lq (Lq (Uj ))} + ‖φ_j ∇p‖^q_{Lq (Lq (Uj ))} (3.39) ≤ C ( ‖f‖^q_{Lq (Lq (Uj ))} + ‖u‖^q_{Lq (Lq (Uj ))} + ‖∇u‖^q_{Lq(Lq (Uj ))} + ‖u_t‖^q_{Lq (L2(Uj ))} ) with C = C(T, q, α, β, K) > 0. Next we argue in principle in the same way as in Step 1 of § 3.3: Take the sum over j = 1, . . . , N, remove the term ‖∇u‖_Lq_{(L}q_{(Ω))} with the absorption argument using (3.13), then apply the estimate (3.11) to ‖u_t‖_Lq_{(L}2_{(Ω))} with C = C(q, T ) > 0. If q > 6, we have to replace the term ‖u_t‖_Lq_{(L}2_{(Ω))} by the term ‖u_t‖_Lq_{(L}6_{(Ω))}, and use the interpolation inequality

‖u_t‖_Lq_{(L}6_{(Ω))} ≤ α (1 ε )_{1/α} ‖u_t‖_Lq_{(L}2_{(Ω))} + (1 − α)ε^{1/(1−α)}‖u_t‖_Lq_{(L}q_{(Ω))}

with sufficiently small ε > 0. This leads to the inequality

‖u_t‖_Lq_{(L}2_{σ (Ω)∩L}^q_{σ (Ω))} + ‖u‖_Lq_{(W} 2,2_{(Ω)∩W} 2,q_{(Ω))} + ‖∇p‖_Lq_{(L}2_{(Ω)∩L}q_{(Ω))}

≤ C‖f‖_Lq_{(L}2_{σ (Ω)∩L}^q_{σ (Ω))}

for all 2 ≤ q < ∞ with C = C(T, q, α, β, K) > 0 and completes the proof of (3.37) for 1 < q < ∞. In particular, this proves inequality (2.18) for the bounded domain Ω when u_0 = 0. To prove (2.18) with u_0 ∈ D(Ã_q) we solve the system ũ_t + Ã_qũ = f̃, ũ(0) = 0, with f̃ = f − Ã_qu_0. Then u(t) = ũ(t) + u_0 yields the desired solution with u_0 ∈ D(Ã_q). This proves Theorem 2.5 for bounded Ω.

Step 2. Ω unbounded

Using the same arguments as in Step 2 of § 3.3, let f ∈ L^q ( 0, T ; L̃^q_σ(Ω) ) , 1 < q < ∞, and consider the solution u_j ∈ L^q ( 0, T ; D(Ã_q) ) of the system

u_{j,t} + Ã_qu_j = f_j, u_j(0) = 0,

with f_j = P̃_qf|_{Ωj} , j ∈ N, following Step 1. Then (3.37) applied to the domains Ω_j yields the uniform estimate

‖u_{j,t}‖_Lq_(~_Lq_{σ (Ωj ))} + ‖u_j‖_Lq_(~_W 2,q_{(Ωj ))} + ‖∇p_j‖_Lq_(~_Lq_{(Ωj ))} ≤ C‖f‖_Lq_(~_Lq_{σ (Ω))} (3.40) with ∇p_j = (I − P̃_q)Δu_j, C = C(T, q, α, β, K) > 0. Suppressing subsequences we obtain by the weak convergence argument the weak limits u = w − lim_{j→∞} u_j ∈ L^q ( 0, T ; L̃^q_σ(Ω) ) , ∇p = w − lim_{j→∞} ∇p_j ∈ L^q ( 0, T ; L̃^q(Ω) ) , satisfying u ∈ L^q ( 0, T ; D̃^q(Ω) ) , u_t + Ã_qu = u_t − Δu + ∇p = f, u(0) = 0, and the estimate

‖u_t‖_Lq_(~_Lq_{σ (Ω))} + ‖u‖_Lq_(~_W 2,q_{(Ω))} + ‖∇p‖_Lq_(~_Lq_{(Ω))} ≤ C‖f‖_Lq_(~_Lq_{σ (Ω))}, (3.41)

with C as in (3.40), which is equivalent to inequality (2.18).

The uniqueness of u follows in the same way as in Step 2 of § 3.3, and the case u(0) = u_0 ∈ D(Ã_q) is treated as above in Step 1. The other properties in Theorem 2.5 are obvious. This completes the proof.

3.5 Suitable Weak Solutions, Strong Energy Inequality, and Leray’s Structure Result for General Domains; Proof of Theorem 2.7

To construct a suitable weak solution u in the general uniform C^2–domain Ω of type α, β, K we use approximate solutions u_k and the key estimate (2.18) in the formulation (2.21) with the exponent q =^5_4 ; the reason for this exponent is the structure of the nonlinear term. Except for this estimate, all the other approximation arguments are well known in principle; here we follow the construction in [33], Chapter V. However, it is easier, first to consider a bounded domain Ω and then to treat the subdomains Ω_j with j → ∞ as in the previous proofs. Furthermore, we may assume without loss of generality that 0 < T < ∞ and consequently that T^′ = T in (2.25); if T = ∞ we consider a sequence 0 < T_1 < T_2 < . . . with lim_{j→∞} T_j = ∞ and continue the construction of u step by step.

Moreover, we may assume that u_0 = 0 in the following proof. The case u_0 ≠ 0 will be reduced to this case in two steps: If u_0 ∈ D(Ã_q), we replace u(t) by û(t) = u(t) − e^{−A2t}u_0 in the linear part of the equation (2.23). Hence û(0) = 0, and the argument for u_0 = 0 yields (2.25) with ε = 0 and u replaced by û. Since u_0 ∈ D(Ã_q), we conclude that (2.25) holds for u with ε = 0. If u_0 ∈ L^2_σ only, we choose any 0 < ε < T, use that e^{−A2t}u_0 = e^{−A2(t−ε)}u_{0,ε} with u_{0,ε} = e^{−A2ε}u_0 ∈ D(A_2) ⊂ D(Ã_q), q =^5_4 , and conclude from the validity of (2.25) for û, ε = 0, that (2.25) holds for u in the restricted interval (ε, T^′). This information is sufficient to prove (2.26), (2.27).

Thus we may assume that u_0 = 0, 0 < T^′ = T < ∞, and we prove (2.25) with ε = 0. Further let f ∈ L^q(0, T ; L^2(Ω)), q =^5_4 .

Step 1. Ω bounded.

Following [33], V.3.3, we use Yosida’s approximation operators J_k = (I + k^{−1}A_2)^{−1}, k ∈ N, and find solutions u = u_k of the approximate Navier-Stokes system

u_t − Δu + (J_ku) · ∇u + ∇p = f, div u = 0, u|_{∂Ω} = 0, u(0) = 0 (3.42) on (0, T ). Further, we recall the following estimates: 1 2 ‖u_k‖^2_L∞_{(L}2_{σ (Ω))} + ‖∇u_k‖^2_L2_{(L}2_{(Ω))} ≤ C_0‖f‖^2_L1_{(L}2_{(Ω))}, C_0 > 0, (3.43) ‖u_k‖_Lγ_{(L}δ_{(Ω))} ≤ C‖f‖_L1_{(L}2_{(Ω))}, where δ ≥ 2 , γ ≥ 2 ,^2_γ +^3_δ =^3_2 , C = C(γ, δ) > 0, and

‖J_ku_k · ∇u_k‖_Lγ_{(L}δ_{(Ω))} ≤ C‖f‖^2_L1_{(L}2_{(Ω))},

where 1 < γ, δ < 2,^2_γ +^3_δ = 4, C = C(γ, δ) > 0; see [33], V.2.2, (2.2.3), and V.2.6 concerning these properties.

Moreover, due to (3.37),

‖u_{k,t}‖_Lq_{(L}q_{(Ω))} + ‖u_k‖_Lq_{(W} 2,q_{(Ω))} + ‖∇p_k‖_Lq_{(L}q_{(Ω))} (3.44) ≤ C ( ‖f‖_Lq_{(L}2_{(Ω))} + ‖f‖^2_L1_{(L}2_{(Ω))} ) , q = 5 4 , C = C(T, α, β, K) > 0. Using these uniform boundedness properties we conclude letting k → ∞ (and suppressing subsequences) that there exists a weak solution u of the system (2.23) with the following weak (“⇀”) and strong (“→”) convergence properties, resp.: u_k ⇀ u in L^2 ( 0, T ; W^{1,2}_0 (Ω) ) u_k → u in L^2 ( 0, T ; L^2(Ω) ) (since Ω is bounded) ∇u_k ⇀ ∇u_k in L^2 ( 0, T ; L^2(Ω) ) u_k(t) → u(t) in L^2_σ(Ω) for a.a. t ∈ [0, T ) and (u_{k,t}, u_k, ∇u_k, ∇^2u_k, ∇p_k) ⇀ (u_t, u, ∇u, ∇^2u, ∇p) in L^q ( 0, T ; L^q(Ω) ) , where q =^5_4 . Moreover, Poincaré’s inequality shows that ‖p_k − M_k‖_Lq_{(L}r_{(Ω))} ≤ C‖∇p_k‖_Lq_{(L}q_{(Ω))} (3.45) where q =^5_4 , r =^{15}_7 , M_k = M_k(p_k) =^1_{|Ω|} ∫ Ω p_k dx and C = C(T, Ω) > 0.

Hence we conclude that the estimates (3.43), (3.44) also hold with u_k, ∇p_k replaced by u, ∇p and that p_k − M_k ⇀ p̂ in L^q ( 0, T ; L^r(Ω) ) for some p̂ ∈ ( 0, T ; L^r(Ω) ) satisfying ∇p̂ = ∇p. Choosing M = M(t) such that p̂ = p − M, (3.45) holds with p_k − M_k, ∇p_k replaced by p − M, ∇p.

Let ϕ ∈ C^∞_0 (R^3 ). Then an elementary calculation yields for all 0 ≤ s ≤ t ≤ T the equality 1 2 ‖ϕu_k(t)‖^2_L2 + ∫_t s ‖ϕ∇u_k‖^2_L2 dτ (3.46) = 1 2 ‖ϕu_k(s)‖^2_L2 + ∫_t s ⟨ϕf, ϕu_k⟩dτ − 1 2 ∫_t s ⟨∇|u_k|^2, ∇ϕ^2⟩dτ + ∫_t s ⟨ 1 2 |u_k|^2, (J_ku_k) · ∇ϕ^2⟩dτ + ∫_t s ⟨p_k, u_k · ∇ϕ^2⟩dτ.

By the convergence properties above and writing the most problematic term in (3.46) in the form ⟨p_k, u_k · ∇ϕ^2⟩ = ⟨p_k − M_k, u_k · ∇ϕ^2⟩ we may let k converge to infinity in each term, using Lebesgue’s dominated convergence theorem. Because of the weak convergence property concerning ∇u_k, inequality (3.46) yields (2.26) for a.a. s ∈ [0, T ) and all t ∈ [s, T ). Finally the strong energy inequality (2.27) is a consequence of (2.26) with ϕ ≡ 1 on Ω. Recall that the restriction concerning ε in (2.25) is needed only for technical reasons if 0 ≠ u_0 ∈ L^2_σ \ D(Ã_q).

Step 2. Ω unbounded.

Consider the bounded subdomains Ω_j ⊆ Ω, j ∈ N, as in (2.8), and let u_j be a weak solution in Ω_j according to Step 1 with associated pressure term ∇p_j , satisfying

u_{j,t} − Δu_j + u_j · ∇u_j + ∇p_j = f_j, div u_j = 0, u_j(0) = 0, u_j|_{∂Ωj} = 0,

(3.47)

where f_j = f|_{Ωj} . Applying the diagonal principle in the same way as in [33], V.(3.3.17), we find a subsequence {ũ_j} of the sequence {u_j} and a weak solution u with pressure term ∇p of the system (2.23) with the following convergence properties as j → ∞ (assuming for simplicity ũ_j = u_j):

u_j converges to u weakly in L^2 ( 0, T ; W^{1,2}(Ω_{j0} ) ) and strongly in L^2 ( 0, T ; L^2(Ω_{j0} ) ) for each fixed j_0, ∇u_j converges to ∇u weakly in L^2 ( 0, T ; L^2(Ω_{j0} ) ) , u_j(t) converges to u(t) strongly in L^2(Ω_{j0} ) for a.a. t ∈ [0, T ).

Furthermore, uniformly in j ∈ N, 1 2 ‖u_j‖^2_L∞_{(L}2_{σ (Ωj ))} + ‖∇u_j‖^2_L2_{(L}2_{(Ωj ))} ≤ C_0‖f‖^2_L1_{(L}2_{(Ω))}, C_0 > 0, (3.48)

‖u_j‖_Lγ_{(L}δ_{(Ωj ))} ≤ C‖f‖_L1_{(L}2_{(Ω))},

where γ ≥ 2 , δ ≥ 2 ,^2_γ +^3_δ =^3_2 , C = C(γ, δ) > 0, and

‖u_j · ∇u_j‖_Lγ_{(L}δ_{(Ωj ))} ≤ C‖f‖^2_L1_{(L}2_{(Ω))},

where 1 < γ, δ < 2,^2_γ +^3_δ = 4, C = C(γ, δ) > 0.

Using the maximal regularity estimate (2.18) in the form (2.21) combined with the last estimate we are led to the inequality

‖u_{j,t}‖_Lq_{(L}2_{+L}q_{(Ωj ))} + ‖u_j‖_Lq_{(W} 2,2_{+W} 2,q_{(Ωj ))} + ‖∇p_j‖_Lq_{(L}2_{+L}q_{(Ωj ))} (3.49) ≤ C ( ‖f‖_Lq_{(L}2_{(Ω))} + ‖f‖^2_L1_{(L}1_{(Ω))} ) with q =^5_4 and C = C(T, α, β, K) > 0 not depending on j ∈ N. Thus we may conclude without loss of generality, see the previous proofs, that (u_{j,t}, u_j, ∇u_j, ∇^2u_j, ∇p_j) ⇀ (u_t, u, ∇u, ∇^2u, ∇p) in L^q ( 0, T, L^2(Ω) + L^q(Ω) ) as j → ∞, and that (3.49) holds with u_j, Ω_j replaced by u, Ω. This proves (2.25) for u_0 = 0; the general case u_0 ∈ L^2_σ requires introducing ε > 0.

To prove the local energy inequality (2.26) choose j_0 in such a way that Ω ∩ supp ϕ ⊆ Ω_{j0} , use (2.26) from Step 1 for Ω_j and u_j, j ≥ j_0, and let j → ∞ using the convergence properties above. This proves (2.26) for u, Ω.

To prove (2.27) we choose a sequence ϕ_j ∈ C^∞_0 (R^3 ), j ∈ N, satisfying 0 ≤ ϕ_j ≤ 1, |∇ϕ^2_j | ≤ C_0 with some constant C_0, and with lim_{j→∞} ϕ_j(x) = 1, lim_{j→∞} ∇ϕ^2_j (x) = 0 for all x ∈ R^3 . Setting ϕ = ϕ_j in (2.26) we obtain the desired inequality (2.27) by letting j → ∞.

Now the proof of Theorem 2.7 is complete.

References

[1] R.A. Adams. Sobolev Spaces. Academic Press, New York, 1975

[2] H. Amann. Linear and Quasilinear Parabolic Problems, Vol. I. Birkhäuser Verlag, Basel, 1995

[3] H. Amann. On strong solvability of the Navier-Stokes equations. J. Math.

Fluid Mech., 2 (2000), 16-98

[4] J. Bergh, J. Löfström. Interpolation Spaces. Springer-Verlag, New York, 1976

[5] C. Bennett, R. Sharpley. Interpolation of Operators. Academic Press, New York, 1988

[6] M.E. Bogovski. Decomposition of L_p(Ω, R^n ) into the direct sum of subspaces of solenoidal and potential vector fields. Soviet Math. Dokl., 33 (1986), 161- 165 [7] M.E. Bogovski. Solution of the first boundary value problem for the equation of continuity of an incompressible medium. Soviet Math. Dokl., 20 (1979), 1094–1098

[8] L. Caffarelli, R. Kohn, L. Nirenberg. Partial regularity of suitable weak solutions of the Navier-Stokes equations. Comm. Pure Appl. Math., 35 (1982), 771–831

[9] G. De Rham. Variétés Différentiables. Hermann, Paris, 1960

[10] L. de Simon. Un’applicazione della teoria degli integrali singolari allo studio delle equazioni differenziali lineari astratte del primo ordine. Rend. Sem., Mat. Univ. Padova, 34 (1964), 205–223

[11] R. Farwig, H. Sohr. Generalized resolvent estimates for the Stokes system in bounded and unbounded domains. J. Math. Soc. Japan, 46 (1994), 607–643

[12] A. Friedman. Partial Differential Equations. Holt, Rinehart and Winston, New York, 1969

[13] D. Fujiwara, H. Morimoto. An L_r–theorem of the Helmholtz decomposition of vector fields, J. Fac. Sci. Univ. Tokyo, Sec. Math., 24 (1977), 685–700

[14] G.P. Galdi. An Introduction to the Mathematical Theory of the Navier- Stokes Equations, Vol. I, Linearized Steady Problems. Springer-Verlag, New York, 1994

[15] G.P. Galdi. An Introduction to the Mathematical Theory of the Navier- Stokes Equations, Vol. II, Nonlinear Steady Problems. Springer-Verlag, New York, 1994

[16] G.P. Galdi, P. Maremonti: Monotonic decreasing and asymptotic behavior of the kinetic energy for weak solutions of the Navier-Stokes equations in exterior domains. Arch. Rational Mech. Anal. 94, 253–266 (1986)

[17] Y. Giga. Analyticity of the semigroup generated by the Stokes operator in L_r–spaces. Math. Z., 178 (1981), 297–265

[18] Y. Giga, H. Sohr. On the Stokes operator in exterior domains. J. Fac. Sci.

Univ. Tokyo, Sec. IA, Vol. 36 (1989), 103–130

[19] Y. Giga, H. Sohr. Abstract L^p–estimates for the Cauchy problem with applications to the Navier-Stokes equations in exterior domains. J. Funct. Anal., 102 (1991), 72–94

[20] J.G. Heywood. The Navier-Stokes equations: On the existence, regularity and decay of solutions. Indiana Univ. Math. J., 29 (1980), 639–681

[21] J.G. Heywood, O.D. Walsh. A counter-example concerning the pressure in the Navier-Stokes equations, as t → 0. Pacific J. Math., 164 (1994), 351–359

[22] E. Hille, R.S. Phillips. Functional Analysis and Semi-Groups. Amer. Math.

Soc., Providence, 1957

[23] H. Kozono, T. Ogawa. Global strong solutions and its decay properties for the Navier-Stokes equations in three dimensional domains with noncompact boundaries. Math. Z., 216 (1994), 1–30

[24] H. Kozono, H. Sohr. Remark on uniqueness of weak solutions to the Navier- Stokes equations. Analysis, 16 (1996), 255–271

[25] J. Leray. Sur le mouvement d’un liquide visqueux emplissant l’espace. Acta Math., 63 (1934), 193–248

[26] V.N. Maslennikova, M.E. Bogovski. Elliptic boundary value problems in unbounded domains with noncompact and nonsmooth boundaries. Rend. Sem. Mat. Fis. Milano, LVI (1986), 125–138

[27] K. Masuda. Weak solutions of Navier-Stokes equations. Tôhoku Math. J., 36 (1984), 623–646

[28] T. Miyakawa, H. Sohr. On energy inequality, smoothness and large time behavior in L^2 for weak solutions of the Navier-Stokes equations in exterior domains. Math. Z., 199 (1988), 455-478

[29] M. Reed, B. Simon. Methods of Modern Mathematical Physics, Vol. II.

Academic Press, New York, 1975

[30] M. Shinbrot, S. Kaniel. The initial value problem for the Navier-Stokes equations. Arch. Rational Mech. Anal., 21 (1966), 270–285

[31] C.G. Simader, H. Sohr. A new approach to the Helmholtz decomposition and the Neumann problem in L^q-spaces for bounded and exterior domains. Ser. Adv. Math. Appl. Sci., 11, Mathematical problems relating to the Navier- Stokes equations, World Scientific Publ., 1992

[32] H. Sohr, W. von Wahl, M. Wiegner. Zur Asymptotik der Gleichungen von Navier-Stokes. Nachr. Akad. Wiss. Göttingen, 3 (1986), 45–69

[33] H. Sohr. The Navier-Stokes Equations. Birkhäuser Verlag, Basel, 2001

[34] V.A. Solonnikov. Estimates for solutions of nonstationary Navier-Stokes equations. J. Soviet Math., 8 (1977), 467–529

[35] R. Temam. Navier-Stokes Equations. North-Holland, Amsterdam, 1977

[36] H. Triebel. Interpolation Theory, Function Spaces, Differential Operators.

North-Holland, 1978

[37] M. Wiegner. The Navier-Stokes equations – a neverending challenge? Jahresber. Deutsch. Math.-Verein., 101 (1999), 1–25

Reinhard Farwig Fachbereich Mathematik Technische Universität Darmstadt D-64283 Darmstadt farwig@mathematik.tu-darmstadt.de

Hideo Kozono Mathematical Institute Tôhoku University Sendai, 980-8578 Japan kozono@math.tohoku.ac.jp

Hermann Sohr Fakultät für Elektrotechnik, Informatik und Mathematik Universität Paderborn D-33098 Paderborn hsohr@math.uni-paderborn.de