Defining amalgams of compact Lie groups

Ralf Gramlich

November 15, 2004

Abstract

For n ≥ 2 let Δ be a Dynkin diagram of rank n and let I = {1, . . . , n} be the set of labels of Δ. A group G admits a weak Phan system of type Δ over C if G is generated by subgroups Ui, i ∈ I, which are central quotients of simply connected compact semisimple Lie groups of rank one, and contains subgroups Ui,j = ⟨Ui, Uj ⟩, i ≠ j ∈ I, which are central quotients of simply connected compact semisimple Lie groups of rank two such that Ui and Uj are rank one subgroups of Ui,j corresponding to a choice of a maximal torus and a fundamental system of roots for Ui,j . It is shown in this article that G then is a central quotient of the simply connected compact semisimple Lie group whose complexification is the simply connected complex semisimple Lie group of type Δ.

1 Introduction

In 1977 Kok-Wee Phan [27] gave a method for identifying a group G as a quotient of the finite unitary group SU_{n+1}(q^2) by finding a generating configuration of subgroups

SU_3(q^2) and SU_2(q^2) × SU_2(q^2)

in G. We begin by looking at the configuration of subgroups in SU_{n+1}(q^2) to motivate our later definition. Suppose n ≥ 2 and suppose q is a prime power. Consider G = SU_{n+1}(q^2) acting as matrices on a Hermitian (n + 1)-dimensional vector space over F_q2 with respect to an orthonormal basis and let U_i ∼= SU_2(q^2), i = 1, 2, . . . , n, be the subgroups of G, represented as matrix groups with respect to the chosen orthonormal basis, corresponding to the (2 × 2)-blocks along the main diagonal. Let T_i be the diagonal subgroup in U_i, which is a maximal torus of U_i of size q+1. When q ≠ 2 the following hold for 1 ≤ i, j ≤ n:

(P1) if |i − j| > 1, then [x, y] = 1 for all x ∈ U_i and y ∈ U_j ;

(P2) if |i − j| = 1, then ⟨U_i, U_j ⟩ is isomorphic to SU_3(q^2); moreover [x, y] = 1 for all x ∈ T_i and y ∈ T_j ; and (P3) the subgroups U_i, 1 ≤ i ≤ n, generate G.

Suppose now G is an arbitrary group containing a system of subgroups U_i ∼= SU_2(q^2), and suppose a maximal torus T_i of size q + 1 is chosen in each U_i. If the conditions (P1)–(P3) above hold for G, we will say that G contains a Phan system of type A_n over F_q2 . Aschbacher called this configuration a generating system of type I in [1].

In [27] Kok-Wee Phan proved the following result:

Phan’s Theorem:

Let q ≥ 5 and let n ≥ 3. If G contains a Phan system of type A_n over F_q2 , then G is isomorphic to a central quotient of SU_{n+1}(q^2).

In [28] Phan proved similar results for finite groups corresponding to all simply laced Dynkin diagrams. For the second-generation proof of the classification of the finite simple groups [11], [12], [13], [14], [15] the question was raised whether one could generalize and unify Phan’s results. After a number of partially successful attempts by several people of reproving Phan’s theorems (see, e.g., [9]), the program described in [2] led to new proofs of some of Phan’s old results, see [3], [19], and to new unexpected Phan-type theorems, see [16], [17].

The purpose of the present article is to apply the methods from the program [2], which have originally been developed for finite groups, to compact Lie groups, yielding a generalization of a result by Borovoi [4] on generators and relations in compact Lie groups. The methods and ideas used in this paper have been adopted from [3], [17], [18].

To be able to properly state the result, we have to fix the setting and to define some notions. Let G be a simply connected compact semisimple Lie group of rank two, i.e., G is isomorphic to SU_2(C ) × SU_2(C ) or SU_3(C ) or Spin_5(R) ∼= U_2(H ) or G_{2,−14} by [21], see also 94.33 of [31]. Let T be a maximal torus of G, let Σ = Σ(G_C , T_C ) be its root system, and let {α, β} be a fundamental system of roots of Σ, cf. [5] or [24]. To the simple roots α, β corresponds a pair of semisimple subgroups G_α and G_β of G normalized by T and isomorphic to SU_2(C ) ∼= Spin_3(R) ∼= U_1(H ), which is called a standard pair of G. If α and β have different length, then the standard pair (G_α, G_β ) is not conjugate to the standard pair (G_β , G_α), so, by convention, we assume that in a standard pair (G_α, G_β ) the root α is shorter than the root β if they have different lengths. A standard pair in a central quotient of G is defined as the image of a standard pair of G under the natural homomorphism. Note that the images of a standard pair in the quotient have the same isomorphism types as in G modulo some central subgroups.

Moreover, for n ≥ 2 let Δ be a Dynkin diagram of rank n (see [6] for a complete list) and let I = {1, . . . , n} be the set of labels of Δ. A group G admits a weak Phan system of type Δ over C if G is generated by subgroups U_i, i ∈ I, which are central quotients of simply connected compact semisimple Lie groups of rank one, and contains subgroups U_{i,j} = ⟨U_i, U_j ⟩, i ≠ j ∈ I, which are central quotients of simply connected compact semisimple Lie groups of rank two such that (U_i, U_j ) or (U_j , U_i) forms a standard pair in U_{i,j} . In particular the groups U_i and U_{i,j} have the following isomorphism types:

(1) U_i ∼= SU_2(C ) or U_i ∼= SO_3(R) for all 1 ≤ i ≤ n;

(2) ⟨U_i, U_j ⟩ ∼= (U_i × U_j )/Z, in case_i∘_j∘, where Z is a central subgroup of U_i × U_j ,

SU_3(C ) or PSU_3(C ), in case_i∘_j∘,

U_2(H ) or SO_5(R), in case_i∘ <_j∘ or_i∘ >_j∘,

G_{2,−14}, in case_i∘ <_j∘ or_i∘ >_j∘.

Main Theorem.

Let Δ be a Dynkin diagram and let G be a group admitting a weak Phan system of type Δ over C . Then G is a central quotient of the simply connected compact semisimple Lie group whose complexification is the simply connected complex semisimple Lie group of type Δ. In particular, for irreducible Dynkin diagrams, the group G is a central quotient of

• SU_{n+1}(C ), if Δ = A_n,

• Spin_{2n+1}(R), if Δ = B_n,

• U_n(H ), if Δ = C_n,

• Spin_{2n}(R), if Δ = D_n,

• E_{6,−78}, if Δ = E_6,

• E_{7,−133}, if Δ = E_7,

• E_{8,−248}, if Δ = E_8,

• F_{4,−52}, if Δ = F_4.

While the theorem is true for all Dynkin diagrams, it is a tautology for Dynkin diagrams of rank at most two. In particular, the theorem does not yield an interesting characterization of the group G_{2,−14}.

This article is organized as follows. In Section 2 we remind the reader of the definition of a geometry and an amalgam and state some important lemmas. In Section 3 we recall the result by Borovoi [4] and give an alternative proof using geometric covering theory. In Section 4 we study Phan systems and Phan amalgams, indicate how to pass from one concept to the other and, moreover, prove a result on uniqueness of covers of Phan amalgams. In Section 5, finally, we classify the unique covers of Phan amalgams from Section 4 and prove the Main Theorem. In Section 6 we point out a question for further research.

Acknowledgement: The author would like to express his gratitude to Karl Heinrich Hofmann for offering a thorough overview over the area of compact Lie groups, for several insightful discussions and for guiding the author via e-mail through the library of the Institute at Oberwolfach. Thanks are also due to Linus Kramer and Karl-Hermann Neeb for help and information and additional literature. Moreover, the author would like to thank Christoph Müller, Helge Glöckner, Linus Kramer, and Karl-Hermann Neeb for proof-reading the paper. Finally, the author would like to point out that without the fruitful interaction in the Seminar Sophus Lie of the functional analysis group at the TU Darmstadt, the author would never have thought of applying his results from finite group theory to compact Lie groups.

2 Geometries, amalgams and some lemmas

In this section we collect relevant definitions and results from incidence geometry and the theory of amalgams. See [20] for a short introduction to the topic. A thorough introduction to incidence geometry can be found in [8].

Geometries

Definition 2.1 A pregeometry G over the set I is a triple (X, ∗, typ) consisting of a set X, a symmetric and reflexive incidence relation ∗, and a surjective type function typ : X → I, subject to the following condition:

(Pre) If x ∗ y with typ(x) = typ(y), then x = y.

The set I is usually called the type set. A flag in X is a set of pairwise incident elements. The type of a flag F is the set typ(F ) := {typ(x) : x ∈ F }. A chamber is a flag of type I. The rank of a flag F is |typ(F )| and the corank is equal to |I \ typ(F )|. The cardinality of I is called the rank of G. The pregeometry G is connected if the graph (X, ∗) is connected.

A geometry is a pregeometry with the additional property that

(Geo) every flag is contained in a chamber.

Let G = (X, ∗, typ) be a pregeometry over I. An automorphism of G is a permutation σ of X with typ(σ(x)) = typ(x), for all x ∈ X, and with σ(x) ∗ σ(y) if and only if x ∗ y, for all x, y ∈ X. A group G of automorphisms of G is called flag-transitive if for each pair F , F^′ of flags of G with typ(F ) = typ(F^′) there exists a g ∈ G with g(F ) = F^′. A group G of automorphisms of G is called chamber-transitive if for each pair F , F^′ of flags of G with typ(F ) = I = typ(F^′) there exists a g ∈ G with g(F ) = F^′. Flag-transitivity implies chamber-transitivity, for a geometry flag-transitivity and chamber-transitivity coincide, and a flag-transitive pregeometry containing a chamber automatically is a geometry, cf. [8].

Let F be a flag of G, say of type J ⊆ I. Then the residue G_F of F is the pregeometry (X^′, ∗_{|X} ′_{×X} ′ , typ_{|I\J} ) over I\J, with X^′ := {x ∈ X : F ∪ {x} is a flag of G and typ(x) /∈ typ(F )}.

Definition 2.2 Let G and ^G be connected geometries over the same type set and let ϕ : ^G → G be a homomorphism of geometries, i.e., ϕ preserves the types and sends incident elements to incident elements. A surjective homomorphism ϕ between connected geometries ^G and G is called a covering if and only if for every nonempty flag ^F in ^G the map ϕ induces an isomorphism between the residue of ^F in ^G and the residue of F = ϕ( ^F ) in G. Coverings of a geometry correspond to the usual topological coverings of the flag complex. If ϕ is an isomorphism, then the covering is said to be trivial. A connected geometry G is called simply connected if any covering ^G → G of that geometry is trivial.

Definition 2.3 Let I be a set, let G be a group and let (G_i)_{i∈I} be a family of subgroups of G. Then (⊔_{i∈I} G/G_i, ∗, typ) with typ(G_i) = i and

(Cos) gG_i ∗ hG_j if and only if gG_i ∩ hG_j ≠ ∅

is a pregeometry over I, the coset pregeometry of G with respect to (G_i)_{i∈I} . Since the type function is completely determined by the indices, we also denote the coset pregeometry of G with respect to (G_i)_{i∈I} by ((G/G_i)_{i∈I} , ∗). The family (G_i)_{i∈I} forms a chamber. A coset pregeometry that is a geometry is called a coset geometry.

Definition 2.4 A building geometry is a coset geometry ((G/G_i)_{i∈I} , ∗) where G is a Chevalley group, I is the set of labels of the corresponding Dynkin diagram and (G_i)_{i∈I} is the collection of the maximal parabolic subgroups of G, cf. [36] or [37]. The concept of building geometries is equivalent to the concept of Tits buildings, see [7] or [8].

By Theorem IV.5.2 of [7] or by Theorem 13.32 of [37], a building geometry of rank at least three is simply connected. In the present paper, we are interested in building geometries coming from simply connected complex semisimple Lie groups. For example, the building geometry of the group SL_{n+1}(C ) is isomorphic to the complex projective geometry P(C^{n+1} ). The building geometries of the groups Spin_{2n+1}(C ), Sp_{2n}(C ), Spin_{2n}(C ) are isomorphic to the respective polar geometries, i.e., the incidence geometries of the totally isotropic subspaces of nondegenerate symmetric bilinear, respectively alternating bilinear forms of Witt index n over C .

Amalgams

Definition 2.5 An amalgam A of groups is a set with a partial operation of multiplication and a collection of subsets (H_i)_{i∈I} , for some index set I, such that the following conditions hold:

(1) A = ⋃ i∈I H_i; (2) the product ab is defined if and only if a, b ∈ H_i for some i ∈ I;

(3) the restriction of the multiplication to each H_i turns H_i into a group; and

(4) H_i ∩ H_j is a subgroup in both H_i and H_j for all i, j ∈ I.

It follows that the groups H_i share the same identity element, which is then the only identity element in A, and that a^{−1} ∈ A is well-defined for every a ∈ A. Notice that the above definition of an amalgam of groups fits well into the general concept of an amalgam of groups, see [35].

An amalgam B = ⋃ i∈I H_i is a quotient of the amalgam A = ⋃ i∈I G_i if there is a homomorphism π from A to B such that the restriction of π to every G_i maps G_i onto H_i. The amalgam A together with the homomorphism π is called a cover of the amalgam B. Two covers (A_1, π_1) and (A_2, π_2) of A are called equivalent if there is an isomorphism ϕ of A_1 onto A_2, such that π_1 = π_2 ∘ ϕ.

Definition 2.6 A group H is called a completion of an amalgam A if there exists a map π : A → H such that

(1) for all i ∈ I the restriction of π to H_i is a homomorphism of H_i to H; and

(2) π(A) generates H.

Among all completions of A there is a largest one which can be defined as the group having the following presentation: U(A) = ⟨t_h | h ∈ A, t_xt_y = t_z, whenever xy = z in A⟩. Obviously, U(A) is a completion of A since one can take π to be the mapping h → t_h. Every completion of A is isomorphic to a quotient of U(A), and because of that U(A) is called the universal completion. An amalgam A collapses if U(A) = 1.

Example 2.7 Consider the groups G_1 = ⟨y, z | y^{−1}zy = z^2⟩, G_2 = ⟨z, x | z^{−1}xz = x^2⟩, G_3 = ⟨x, y | x^{−1}yx = y^2⟩, which are nontrivial and pairwise isomorphic. Let A be the amalgam given by G_1, G_2, G_3 and the intersections G_1 ∩ G_2 = ⟨z⟩ ∼= Z, G_1 ∩ G_3 = ⟨y⟩ ∼= Z, G_2 ∩ G_3 = ⟨x⟩ ∼= Z. Then U(A) = 1 by Exercises 2.2.7 and 2.2.10 of [29], so A collapses. ⟨z⟩ � � � � � � G^1

1

� � � � � �

� � � � � ⟨y⟩

� � � � �

� � � � � G^2

⟨x⟩

� � � � � � G_3

Some lemmas

Lemma 2.8 (Tits’ Lemma) Let G be a connected geometry over I of rank at least three, let G be a flag-transitive group of automorphisms of G, and let F be a maximal flag of G. Let A(G, G, F ) be the amalgam of stabilizers in G of the elements of F . The geometry G is simply connected if and only if the canonical epimorphism U(A(G, G, F )) → G is an isomorphism.

Proof. See Corollary 1.4.6 of [20] or Corollary 1 of [38]. □

Definition 2.9 Let A = P_1 ∪ P_2 and A^′ = P^′_1 ∪ P^′_2 be amalgams of rank two. The amalgams A and A^′ are of the same type if there exist isomorphisms ϕ_i : P_i → P^′_i such that ϕ_i(P_1 ∩ P_2) = P^′_1 ∩ P^′_2 for i = 1, 2.

Lemma 2.10 (Goldschmidt’s Lemma) Let A = (P_1, P_2, P_1 ∩ P_2) be an amalgam of rank two, let A_i = Stab_{Aut (Pi)}(P_1 ∩P_2) for i = 1, 2, and let α_i : A_i → Aut (P_1 ∩P_2) be homomorphisms mapping a ∈ A_i onto its restriction to P_1 ∩ P_2. Then there is a one-to-one correspondence between isomorphism classes of amalgams of the same type as A and α_2(A_2)-α_1(A_1) double cosets in Aut (P_1 ∩ P_2). In other words, there is a one-to-one correspondence between the different isomorphism types of amalgams P_1 ← (P_1 ∩P_2) → P_2 and the double cosets α_2(A_2)\Aut (P_1 ∩ P_2)/α_2(A_1).

Proof. See Lemma 2.7 of [10] or Proposition 8.3.2 of [20]. □

Definition 2.11 Let A = (H_i)_{i∈I} be an amalgam. A completion G of A is called characteristic if and only if every automorphism of A extends to an automorphism of G.

Notice that, since G is generated by the image of A under the corresponding completion map, this extension of an automorphism is unique. Clearly, the universal completion is always characteristic as is the trivial completion.

Lemma 2.12 (Bennett-Shpectorov Lemma) For i = 1, 2, let A_i be an amalgam and let G_i be a completion of A_i with completion map π_i. Suppose there exist isomorphisms ψ : A_1 → A_2 and ϕ : G_1 → G_2 such that ϕ ∘ π_1 = π_2 ∘ ψ. If G_1 is a characteristic completion of A_1, then for any isomorphism ψ^′ : A_1 → A_2 there exists a unique isomorphism ϕ^′ : G_1 → G_2 such that ϕ^′ ∘ π_1 = π_2 ∘ ψ^′.

A_1^{π1} � ψ �^ψ ′ � G_1 ϕ �^ϕ ′ � A_2^{π2} � G_2

Proof. See Lemma 6.4 of [3]. □

3 Generators and relations

Let us recall here the results by Borovoi [4]. Let G be a simply connected compact semisimple Lie group, let T be a maximal torus of G, let Σ = Σ(G_C , T_C ) be its root system, and let Π be a system of fundamental roots of Σ. To each root α ∈ Π corresponds some semisimple group G_α ≤ G of rank one such that T normalizes G_α. For simple roots α, β, we denote by G_{αβ} the group generated by the groups G_α and G_β , and by Σ_{αβ} its root system relative to the torus T_{αβ} = T ∩ G_{αβ} . The group G_{αβ} is a semisimple group of rank two and {α, β} is a fundamental system of Σ_{αβ} .

Then the following assertion holds:

Theorem 3.1 (Theorem of Borovoi [4]) Let G be a simply connected compact semisimple Lie group, let T be a maximal torus of G, let Σ = Σ(G_C , T_C ) be its root system, and let Π be a system of fundamental roots of Σ. Then the natural epimorphism U(A) → G is an isomorphism where A = (G_{αβ} )_{α,β∈Π} is the amalgam of rank one and rank two subgroups of G.

Borovoi’s proof consists of computations of reduced words in the group U(A) given by generators and relations. Using the theory of Tits buildings and geometric covering theory one gets the following alternative proof:

Geometric proof of Theorem 3.1. For rank at most two there is nothing to show, so we can assume that the rank is at least three. By the Iwasawa decomposition (see Theorem VI.5.1 of [21] or Theorem III.6.32 of [22]) the group G acts chamber-transitively on the building geometry G of type Π corresponding to G_C . Let F be a chamber of G stabilized by the torus T of G, so that the stabilizers of subflags of corank one and two of F with respect to the natural action of G on G are exactly the groups G_αT and G_{αβ} T . By the simple connectedness of building geometries of rank at least three (cf. Theorem IV.5.2 of [7] or Theorem 13.32 of [37]) plus Tits’ Lemma (Lemma 2.8) the group G equals the universal completion of the amalgam (G_{αβ} T )_{α,β∈Π}. Finally, by Lemma 29.3 of [12] (or by a reduction argument as in the proof of Theorem 2 of [16] or in the proof of Theorem 4.3.6 of [18]) the torus T can be reconstructed from the rank two tori T_{αβ}, α, β ∈ Π, and so the group G actually equals the universal completion of the amalgam (G_{αβ} )_{α,β∈Π}. □ Proposition 3.2 Let n ≥ 2 and let G be a simply connected compact semisimple Lie group. Then the group G is a characteristic completion of the amalgam (G_{αβ} )_{αβ∈Π} of rank one and rank two subgroups.

Proof. By Theorem 3.1 the group G is the universal completion of the amalgam (G_{αβ} )_{αβ∈Π}. Therefore any automorphism of the amalgam extends to G, making G a characteristic completion. □

A result similar to Theorem 3.1 has been proved by Satarov [32] for special unitary groups over quadratic extensions of real closed fields. This case has already been covered by Borovoi’s remark after his Theorem in [4]. Here, too, the group acts chamber-transitively on the building geometry, so our proof above applies as well.

4 Phan systems and Phan amalgams

Definition 4.1 Let G be a simply connected compact semisimple Lie group of rank two, i.e., G is isomorphic to SU_2(C ) × SU_2(C ) or SU_3(C ) or Spin_5(R) ∼= U_2(H ) or G_{2,−14} by [21], see also 94.33 of [31]. Let T be a maximal torus of G, let Σ = Σ(G_C , T_C ) be its root system, and let {α, β} be a fundamental root system of Σ. To the simple roots α, β corresponds a pair of semisimple subgroups G_α and G_β of G normalized by T and isomorphic to SU_2(C ) ∼= Spin_3(R) ∼= U_1(H ) called a standard pair of G. If α and β have different length, then the standard pair (G_α, G_β ) is not conjugate to the standard pair (G_β , G_α), so when speaking of a standard pair (G_α, G_β ), we assume α to be shorter than β if the roots have different lengths.

A standard pair in a central quotient of G is defined as the image of a standard pair of G under the natural homomorphism. Note that the images of a standard pair in the quotient are isomorphic to SU_2(C ) or to SO_3(R).

Lemma 4.2 Standard pairs are conjugate.

Proof. This follows immediately from the fact that maximal tori are conjugate, cf. Theorem 6.25 of [24], and the fact that, if α, β ∈ Π and α_1, β_1 ∈ Σ have the same lengths and the same angle, there exists an element w of the Weyl group with w(α_1) = α and w(β_1) = β, cf. [6]. □

Definition 4.3 Let n ≥ 2, let Δ be a Dynkin diagram of rank n (see [6] for a complete list) and let I = {1, . . . , n} be the set of labels of Δ. A group G admits a weak Phan system of type Δ over C if G is generated by subgroups U_i ∼= SU_2(C ) or U_i ∼= SO_3(R), i ∈ I, which are central quotients of simply connected compact semisimple Lie groups of rank one, and contains subgroups U_{i,j} = ⟨U_i, U_j ⟩, i ≠ j ∈ I, which are central quotients of simply connected compact semisimple Lie groups of rank two such that (U_i, U_j ) or (U_j , U_i) forms a standard pair in U_{i,j} . In particular, any U_{i,j} is isomorphic to a central quotient of SU_2(C ) × SU_2(C ) or to SU_3(C ) or PSU_3(C ) or U_2(H ) ∼= Spin_5(R) or SO_5(R) or G_{2,−14} depending on the subdiagram of Δ induced on i and j.

The paramount examples for groups with a weak Phan system are the simply connected compact semisimple Lie groups together with the amalgam (G_{αβ} )_{αβ∈Π} of rank one and rank two subgroups. Any central quotient of such a group of rank at least two also admits a weak Phan system.

Definition 4.4 A Phan amalgam is an amalgam A = (L_{αβ})_{α,β∈Π}, where L_{αβ} is a group isomorphic to a central quotient of G_{αβ} where it is required that L_α and L_β are the images of G_α, respectively G_β under the natural epimorphism from G_{αβ} onto L_{αβ}. A Phan amalgam is called irreducible if it is obtained from the natural amalgam (G_{αβ} )_{α,β∈Π} of a simply connected compact almost simple Lie group, i.e., if the Dynkin diagram of that group is connected or, equivalently, if the corresponding root system is irreducible, cf. [6]. A complete list of the compact almost simple Lie groups can be found in [21] or [31]. A Phan amalgam is called strongly noncollapsing if there exists a completion π : A → G such that the kernel of the restriction π_{|Lαi} is central for each i ∈ I. The rank of a Phan amalgam is defined to be the rank of the corresponding fundamental system Π. The amalgam (G_{αβ} )_{α,β∈Π} is called a standard Phan amalgam.

If a group G contains a weak Phan system U_1, . . . , U_n, then A = (U_{i,j} )_{i,j∈I} is a strongly noncollapsing Phan amalgam. The converse is also true: a Phan amalgam admitting a faithful completion G turns the group G into a group with a weak Phan system of the respective type.

Definition 4.5 A Phan amalgam (L_{αβ} )_{α,β∈Π} is called unambiguous if every L_{αβ} is isomorphic to the corresponding G_{αβ} .

Proposition 4.6 Every Phan amalgam A has an unambiguous covering ^A that is unique up to equivalence of coverings. Furthermore, every (strongly) noncollapsing Phan amalgam A has a unique (up to equivalence of coverings) unambiguous (strongly) noncollapsing covering ^A.

Proof. We will proceed by induction on |S|, where S is a subset of

(_Π 1 ) ∪ (_Π 2 ) which is closed under taking subsets and A = (L_J )_{J∈S} . Our basis is the case S = ∅ which vacuously yields an unambiguous amalgam. Suppose now that S is non-empty, and that for every subset S^′ ⊊ S the claim holds. Let J be an element of S which is maximal with respect to inclusion and define S^′ = S \ {J} and A^′ = (L_J ′ )_J ′_{∈S}′ . Then S^′ is closed under taking subsets, and A^′ is a subamalgam in A.

By the inductive assumption, there is a unique unambiguous covering amalgam ( ^A^′ = (^L_J ′ )_J ′_{∈S}′ , π^′) of A^′. We will find an unambiguous covering ( ^A, π) of A by gluing a copy of G_J to ^A^′ and by extending π^′ to the new member of the amalgam. To glue G_J to the amalgam ^A^′, we need to construct an isomorphism from the subamalgam ^L = (^L_J ′ )_J ′_{⊊J} of ^A^′ onto the corresponding amalgam G = (G_J ′ )_J ′_{⊊J} of subgroups of G_J . By the definition of a Phan amalgam, there is a homomorphism ψ from G_J onto L_J mapping G onto L = (L_J ′ )_J ′_{⊊J} . Note that ( ^L, π^′|_{^L}) and (G, ψ|_G ) are two unambiguous coverings of L. By induction, the uniqueness of the unambiguous covering holds so that there is an amalgam isomorphism ϕ from ^L onto G such that ψ ∘ ϕ = π^′|_{^L}. Clearly, ϕ tells us how to glue G_J to ^A^′ to produce ^A and, furthermore, as π we can take the union of ψ and π^′. The condition ψ ∘ ϕ = π^′|_{^L} guarantees that ψ and π^′ agree

on the intersection ^L^ϕ∼= G. Finally, notice that ^A is an unambiguous Phan amalgam, so ( ^A, π) is an unambiguous covering of A. This completes the proof of the existence of an unambiguous covering ^A.

Now we will prove the uniqueness. Suppose we have two such coverings ^B = (B_J )_{J∈S} and ^C = (C_J )_{J∈S} with corresponding amalgam homomorphism π_1 and π_2 onto A. Select J as an element of S which is maximal with respect to inclusion, and define S^′ = S \ {J}. Let A^′, ^B^′ and ^C^′ be the subamalgams of shape S^′ in A, ^B and ^C, respectively. By induction, there exists an isomorphism ϕ from ^B^′ onto ^C^′ such that π_1|_{^B′} = π_2 ∘ ϕ. It suffices to extend ϕ to B_J .

We have to deal with two cases: First, let us assume that J = {α, β} where α and β are orthogonal roots. In this case, B_{αβ} ∼= C_{αβ} ∼= G_{αβ} is isomorphic to a direct product of B_α ∼= C_α ∼= G_α and B_β ∼= C_β ∼= G_β . Clearly ϕ is already known on B_α and B_β , and so ϕ extends uniquely to B_{αβ} . This extension, also denoted ϕ, is a well-defined amalgam isomorphism from B to C, and furthermore, π_1 = π_2 ∘ ϕ holds.

In the second case, B_J ∼= C_J ∼= G_J is isomorphic to a simply connected compact almost simple Lie group of rank one or two. By the universality of the covering π_1 : B_J → L_J , as B_J is simply connected, there exists a unique isomorphism ψ : B_J → C_J such that π_1 = π_2 ∘ ψ. C_J π_2 � � � � B^J π_1 � ψ�

L_J Consider a mapping α from L_J to L_J defined as follows: For u ∈ L_J , let α(u) = (π_2 ∘ ψ ∘ π^{−1}_1 )(u). Notice that α is a well-defined automorphism of L_J , because the cosets of the kernel of π_1 are mapped by ψ to cosets of the kernel of π_2. Every automorphism of L_J lifts to a unique automorphism of C_J . Indeed, both L_J and C_J are perfect by a corollary of Gotô’s Commutator Theorem (see Corollary 6.56 of [24]) and, by Theorem 2.1 of [30], the group C_J , which is isomorphic to SU_2(C ) ∼= Spin_3(R) ∼= U_1(H ) or to SU_3(C ) or to Spin_5(R) ∼= U_2(H ), is the universal perfect central extension of L_J , cf. [25] or [33], [34]. Alternatively, one can argue as follows: Every automorphism of L_J is continuous by Corollary 6.56 of [24] and van der Waerden’s Continuity Theorem (cf. Theorem 5.64 of [24]), which lifts to a unique continuous automorphism of C_J by [26], see also [23]. Finally, this lift in fact is the unique abstract lift of α, as any automorphism of C_J again is continuous.

Thus, there is a unique automorphism β of C_J such that π_2 ∘ β = α ∘ π_2. Define θ : B_J → C_J : θ(b) = (β^{−1} ∘ ψ)(b). First of all, by definition we have π_1|_{BJ} = π_2 ∘ θ, as

π_2 ∘ θ = π_2 ∘ β^{−1} ∘ ψ = α^{−1} ∘ π_2 ∘ ψ = π_1|_{BJ} ∘ ψ^{−1} ∘ π^{−1}_2 |_{LJ} ∘ π_2 ∘ ψ = π_1|_{BJ} .

Second, for every J^′ ⊂ J we have that θ^{−1} ∘ ϕ_{|BJ′} is a lifting to B_J ′ of the identity automorphism of L_J ′ and, by the above, it is the identity. For θ^{−1} ∘ ϕ_{|BJ′} = ψ^{−1} ∘ β ∘ ϕ_{|BJ′} and, the following considered on B_J ′ / ker(π_{1|BJ′} ), ψ^{−1} ∘ π_2^{−1}_{|CJ′} ∘ α ∘ π_2 ∘ ϕ_{|BJ′} = ψ^{−1} ∘ π_2^{−1}_{|CJ′} ∘ π_2 ∘ ψ ∘ π_1^{−1}_{|BJ′} ∘ π_2 ∘ ϕ_{|BJ′} = π_1^{−1}_{|BJ′} ∘ π_2 ∘ ϕ_{|BJ′} = id.

This shows that ϕ and θ agree on every subgroup B_J ′ , which allows us to extend ϕ to the entire ^B by defining it on B_J as θ. Finally, if A is (strongly) noncollapsing, so is its unambiguous covering ^A, finishing the proof. □

5 Uniqueness of unambiguous amalgams

Let A = (L_{I\{i,j}})_{(i,j)∈I} be an unambiguous strongly noncollapsing irreducible Phan amalgam of rank at least two. We will establish the uniqueness of the respective amalgams A up to isomorphism in a series of lemmas. The amalgams of rank two are unique by definition.

Rank three

Assume the rank of A to be three. Since A is unambiguous, each subgroup L_{I\{i}} coincides with L_{I\{i,j}} ∩ L_{I\{i,k}} for {i, j, k} = {1, 2, 3}. We want to prove the uniqueness of the amalgam A = (L_{I\{i,j}})_{i,j∈{1,2,3}}.

For A_3, i.e., for the diagram_{LI\{1}}∘_{LI\{2}}∘_{LI\{3}}∘ , recall the isomorphisms

L_{I\{2,3}} ∼= SU_3(C ), L_{I\{1,3}} ∼= SU_2(C ) × SU_2(C ), L_{I\{1,2}} ∼= SU_3(C ), L_{I\{3}} = L_{I\{2,3}} ∩ L_{I\{1,3}} ∼= SU_2(C ), L_{I\{2}} = L_{I\{2,3}} ∩ L_{I\{1,2}} ∼= SU_2(C ), L_{I\{1}} = L_{I\{1,3}} ∩ L_{I\{1,2}} ∼= SU_2(C ). For B_3, i.e., for the diagram_{LI\{1}}∘_{LI\{2}}∘ >_{LI\{3}}∘ , recall the isomorphisms

L_{I\{2,3}} ∼= Spin_5(R), L_{I\{1,3}} ∼= SU_2(C ) × Spin_3(R), L_{I\{1,2}} ∼= SU_3(C ), L_{I\{3}} = L_{I\{2,3}} ∩ L_{I\{1,3}} ∼= Spin_3(R), L_{I\{2}} = L_{I\{2,3}} ∩ L_{I\{1,2}} ∼= SU_2(C ), L_{I\{1}} = L_{I\{1,3}} ∩ L_{I\{1,2}} ∼= SU_2(C ). For C_3, i.e., for the diagram_{LI\{1}}∘_{LI\{2}}∘ <_{LI\{3}}∘ , recall the isomorphisms L_{I\{2,3}} ∼= U_2(H ), L_{I\{1,3}} ∼= SU_2(C ) × U_1(H ), L_{I\{1,2}} ∼= SU_3(C ), L_{I\{3}} = L_{I\{2,3}} ∩ L_{I\{1,3}} ∼= U_1(H ), L_{I\{2}} = L_{I\{2,3}} ∩ L_{I\{1,2}} ∼= SU_2(C ), L_{I\{1}} = L_{I\{1,3}} ∩ L_{I\{1,2}} ∼= SU_2(C ). Assume there exists another amalgam A^′ = (L^′_{I\{i,j}})_{i,j∈{1,2,3}}. According to Goldschmidt’s Lemma (Lemma 2.10) the amalgams B = (L_{I\{2,3}}, L_{I\{1,2}}, L_{I\{2}}) and B^′ = (L^′_{I\{2,3}}, L^′_{I\{1,2}}, L^′_{I\{2}}) are isomorphic via some amalgam isomorphism ψ, because every automorphism of the group L_{I\{2}} ∼= SU_2(C ) is induced by some automorphism of the group L_{I\{1,2}} ∼= SU_3(C ). Indeed, L_{I\{2}} is embedded as the stabilizer of a vector of length one of the natural module of L_{I\{1,2}}. Clearly, ψ(L_{I\{2}}) = ψ(L_{I\{2,3}} ∩ L_{I\{1,2}}) = L^′_{I\{2,3}} ∩ L^′_{I\{1,2}} = L^′_{I\{2}}. The groups L_{I\{1}} and L_{I\{2}} form a standard pair in L_{I\{1,2}}, and hence ψ(L_{I\{1}}) and L^′_{I\{2}} = ψ(L_{I\{2}}) form a standard pair in L^′_{I\{1,2}} = ψ(L_{I\{1,2}}). Certainly also L^′_{I\{1}} and L^′_{I\{2}} form a standard pair in L^′_{I\{1,2}}. Therefore, by Lemma 4.2, there exists an automorphism of L^′_{I\{1,2}} that maps ψ(L_{I\{1}}) onto L^′_{I\{1}} and that normalizes L^′_{I\{2}}. Thus, we can assume ψ(L_{I\{1}}) = L^′_{I\{1}}.

Before we can continue we have to study the amalgam A a bit more carefully. Define D_1 = N_{LI\{1}} (L_{I\{2}}) and D_3 = N_{LI\{3}} (L_{I\{2}}) where the groups L_{I\{2}}, L_{I\{1}} are considered as subgroups of L_{I\{1,2}} and the groups L_{I\{3}}, L_{I\{2}} are considered as subgroups of L_{I\{2.3}}. Since L_{I\{2}} and L_{I\{1}} form a standard pair in L_{I\{1,2}}, it follows that D_1 is a maximal torus in L_{I\{1}} ∼= SU_2(C ). Similarly, D_3 is a maximal torus in L_{I\{3}}. We also define D^1_2 = N_{LI\{2}} (L_{I\{1}}) and D^3_2 = N_{LI\{2}} (L_{I\{3}}).

Again, these are two maximal tori in L_{I\{2}} ∼= SU_2(C ). The following lemma gives us an extra condition on A that holds because A is strongly noncollapsing.

Lemma 5.1 D^1_2 = D^3_2 .

Proof. Let G be a nontrivial completion of A and let π be the corresponding map from A to G. Since A is assumed to be strongly noncollapsing, we may assume that π is injective on every L_{I\{i}}. Observe that D^i_2 = C_{L{1,3}} (D_i) for i = 1, 3. Thus, π(D^i_2) = C_{π(LI\{2})}(π(D_i)). Since D_1 and D_3 commute elementwise in L_{I\{1,3}}, we have that π(D_1) and π(D_3) commute elementwise as well. Since L_{I\{2}} is invariant under D_1 = N_{LI\{1}} (L_{I\{2}}) (in L_{I\{1,2}}) and since π is injective on L_{I\{2}}, it follows that D^3_2 = C_{LI\{2}} (D_3) is invariant under D_1 (again as subgroups of L_{I\{1,2}}) and π(D^3_2 ) = C_{π(LI\{2})}(π(D_3)) is invariant under π(D_1). Here, injectivity of π is needed for the following argument. D_1 and D_3 commute as subgroups of L_{I\{1,3}}. The group L_{I\{2}} is invariant under D_1 as a subgroup of L_{I\{1,2}}. Since L_{I\{1,3}} and L_{I\{1,2}} are not contained in a common group of the amalgam A, we cannot conclude that D_1 leaves D^3_2 invariant. However, in G, since L_{I\{2}}, D_1, D_3, D^3_2 are embedded via π, we can draw that conclusion.

But now the maximal torus D_1 of L_{I\{1}} ∼= SU_2(C ) leaves invariant the maximal tori D^1_2 and D^3_2 of L_{I\{2}} ∼= SU_2(C ). Analysis of the group L_{I\{1,2}} ∼= SU_3(C ) shows that D^1_2 = D^3_2 . □

In view of this lemma we can use the notation

D_2 = D^1_2 = D^3_2.

Since N_{LI\{2}} (L_{I\{1}}) = D^1_2 = D_2 = D^3_2 = N_{LI\{2}} (L_{I\{3}}), the considerations made before Lemma 5.1 imply ψ(D_2) = D^′_2. Let d be a nontrivial element of D^′_2 of order distinct from two. Denote by W the natural three-dimensional module of L^′_{I\{1,2}}, and recall that L^′_{I\{2}} and L^′_{I\{3}} form a standard pair of L^′_{I\{2,3}}. As D^′_2 ≤ L^′_{I\{2}}, the group D^′_2 fixes a non-isotropic vector u of length one of W fixed by L^′_{I\{2}}. Since D^′_2 normalizes L^′_{I\{3}}, it also stabilizes ⟨v⟩, where v is a non-isotropic vector of length one of W fixed by L^′_{I\{3}}. Moreover, since L^′_{I\{2}} and L^′_{I\{3}} form a standard pair, u is perpendicular to v in W . Let ⟨w⟩ be the one-dimensional subspace of W that is perpendicular to both u and v and assume w has length one. Then u, v, w is an orthonormal basis of W , and d acts diagonally with respect to that basis via diag(1, a, a^{−1}). Since the order of d is distinct from two, we have a ≠ a^{−1}, so the one-dimensional subspaces of W stabilized by d are precisely ⟨u⟩, ⟨v⟩, ⟨w⟩. It follows, since D^′_2 = ψ(D_2) = N_{ψ(LI\{2})}(ψ(L_{I\{3}})) = N_L′_{I\{2}} (ψ(L_{I\{3}})), that ψ(L_{I\{3}}) is the stabilizer of either v or w. In the former case we have ψ(L_{I\{3}}) = L^′_{I\{3}}, and we have proved A ∼= A^′, since L_{I\{1,3}} = L_{I\{3}} × L_{I\{1}} and L^′_{I\{1,3}} = L^′_{I\{3}} × L^′_{I\{1}}.

In the latter case consider the element g of L^′_{I\{2}} whose matrix with respect to the orthonormal basis u, v, w has the form 1 0 0 0 0 −1 0 1 0 . Conjugation with g induces the action of the contragredient automorphism on L^′_{I\{2}}. By the defining relation A^{−1} = Ā^T of unitary matrices the action of the contragredient automorphism of L^′_{I\{2}} coincides with the field involution. Therefore, we can define an automorphism α of B^′ that acts trivially on L^′_{I\{1,2}} and as the composition of the field automorphism and conjugation by g on L^′_{I\{2,3}}, since by the above this automorphism acts trivially on L^′_{I\{2}} = L^′_{I\{2,3}} ∩ L^′_{I\{1,2}}. Moreover, α interchanges ⟨v⟩ and ⟨w⟩, so it maps ψ(L_{I\{3}}) onto L^′_{I\{3}}.

We have proved the following.

Proposition 5.2 Let A be a strongly noncollapsing unambiguous irreducible Phan amalgam of rank three. Then A is unique up to isomorphism, i.e., A is isomorphic to a standard Phan amalgam. □

Rank at least four

Let A = (L_{I\{i,j}})_{1≤i<j≤n} be a strongly noncollapsing unambiguous irreducible Phan amalgam of rank at least four. We complete the proof of the uniqueness of A by induction, the case of rank three from Proposition 5.2 being the basis of induction.

Lemma 5.3 Let n ≥ 4 and let A be a strongly noncollapsing unambiguous irreducible Phan amalgam of rank n. Then there exists a unique amalgam B_A = A ∪ H_1 ∪ H_2

with H_1 = ⟨L_{I\{i,j}} | 1 ≤ i < j ≤ n − 1⟩ and H_2 = ⟨L_{I\{i,j}} | 2 ≤ i < j ≤ n⟩. The group H_1 is isomorphic to SU_n(C ) unless the case of the Dynkin diagram F_4, where H_1 is isomorphic to Spin_7(R), while the group H_2 is isomorphic to SU_n(C ) for the diagram A_n, Spin_{2n−1}(R) for the diagram B_n, U_{n−1}(H ) for the diagram C_n, Spin_{2n−2}(R) for the diagram D_n, Spin_{10}(R) for the diagram E_6, Spin_{12}(R) for the diagram E_7, Spin_{14}(R) for the diagram E_8, U_3(H ) for the diagram F_4.

Proof. Let B_1 := (L_{I\{i,j}})_{1≤i<j≤n−1}, B_2 := (L_{I\{i,j}})_{2≤i<j≤n}, and C := B_1 ∩ B_2.

By the inductive assumption, both B_1 and B_2 are isomorphic to some standard Phan amalgam and hence there exist faithful completions π_i : B_i → H_i where the isomorphism types of H_1 and H_2 are given as in the hypothesis. We want to glue H_1 and H_2 to the amalgam A via π_1 and π_2. Let K_i := ⟨π_i(C)⟩. Since, again by the inductive assumption, the amalgam C is isomorphic to a standard Phan amalgam, we have K_i ∼= SU_{n−1}(C ) or, in case of the diagram F_4, we have K_i ∼= Spin_5(R) ∼= U_2(H ). By Proposition 3.2 the group K_i is a characteristic completion of the amalgam C, so there exists an isomorphism ϕ : K_1 → K_2 that takes π_1(C) to π_2(C). Let ψ be the restriction of ϕ to π_1(C). Applying the Bennett-Shpectorov Lemma (Lemma 2.12) with ϕ : K_1 → K_2 and ψ : π_1(C) → π_2(C) as above and ψ^′ : π_1(C) → π_2(C) with ψ^′ = π_2 ∘ π_1^{−1}_{|C} , there exists a unique isomorphism ϕ^′ : K_1 → K_2 such that ϕ^′_{|π1(C)} = ψ^′. Thus, ϕ^′ ∘ π_{1|C} = π_2|_C . Identifying K_1 with K_2 via ϕ^′ we obtain our unique amalgam B. □

Let us now turn to the uniqueness of the amalgam A. Suppose we have strongly noncollapsing unambiguous irreducible Phan amalgams A and A^′ corresponding to the same diagram. Extend A and A^′ to amalgams B_A = A ∪ H_1 ∪ H_2 and B^′_A′ = A^′ ∪ H^′_1 ∪ H^′_2 as in Lemma 5.3. By Goldschmidt’s Lemma (Lemma 2.10) there exists an isomorphism ϕ from H_1 ∪ H_2 onto H^′_1 ∪ H^′_2. By the inductive assumption (L_{I\{i,j}})_{1<i<j<n} is isomorphic to a standard Phan amalgam embedded in H_1 ∩H_2. Similarly (L^′_{I\{i,j}})_{1<i<j<n} and ϕ(L_{I\{i,j}})_{1<i<j<n} are isomorphic to standard Phan amalgams embedded in H^′_1 ∩ H^′_2. These two amalgams correspond to two choices of a maximal torus of H^′_1 ∩ H^′_2, which are conjugate by Theorem 6.27 of [24]. So, correcting ϕ if necessary by an inner automorphism of H^′_1 ∩ H^′_2, we may assume that ϕ(L_{I\{i}}) = L^′_{I\{i}} for 1 < i < n and ϕ(L_{I\{i,j}}) = L^′_{I\{i,j}} for 1 < i < j < n. Also, by studying the standard Phan amalgam inside H^′_1, we have ϕ ( L_{I\{1}} ) = ϕ ( C_{H1} ( ⟨L_{I\{3}}, . . . , L_{I\{n−1}}⟩ )) = C_{ϕ(H1 )} ( ϕ ( ⟨L_{I\{3}}, . . . , L_{I\{n−1}}⟩ )) = C_H′_1 ( ⟨L^′_{I\{3}}, . . . , L^′_{I\{n−1}}⟩ ) = L^′_{I\{1}}. By a similar argument, ϕ(L_{I\{n}}) = L^′_{I\{n}}. Therefore ϕ extends to an isomorphism from A to A^′. Indeed, ϕ is already defined on all L_{I\{i,j}} with 2 ≤ i < j ≤ n − 1. Also, inside the standard Phan amalgam of H^′_1 we see that ϕ(L_{I\{1,i}}) = L^′_{I\{1,i}} for i < n, since L_{I\{1,i}} = ⟨L_{I\{1}}, L_{I\{i}}⟩. Similarly, in the standard Phan amalgam of H^′_2 we see that ϕ(L_{I\{i,n}}) = L^′_{I\{i,n}} for 1 < i. It remains to realize that L_{I\{1,n}} is the direct product of L_{I\{1}} and L_{I\{n}}, so that ϕ extends to an isomorphism of A to A^′.

Thus we have shown:

Proposition 5.4 Let n ≥ 4, and let A be a strongly noncollapsing unambiguous irreducible Phan amalgam of rank n. Then A is unique up to isomorphism, i.e., A is isomorphic to a standard Phan amalgam. □

Proof of the Main Theorem. The weak Phan system of G gives rise to a strongly noncollapsing Phan amalgam A, which by Proposition 4.6 is covered by a unique strongly noncollapsing unambiguous Phan amalgam ^A. This strongly noncollapsing unambiguous Phan amalgam ^A is isomorphic to a standard Phan amalgam by Propositions 5.2 and 5.4 applied to the irreducible components of Δ of rank at least three and by Definition 4.4 applied to the irreducible components of Δ of rank at most two. Finally, the first claim follows by Theorem 3.1. The second claim follows immediately from the first claim by the classification of irreducible Dynkin diagrams, see [6], and by [21] or by 94.33 of [31]. □

6 Open problem

Let G_C be a simply connected complex semisimple Lie group and let G be its split real form. Then, by the Iwasawa decomposition (see Theorem VI.5.1 of [21] or Theorem III.6.32 of [22]), the maximal compact subgroup K of G acts flag-transitively on the building geometrry of G. Our proof of Theorem 3.1 implies that G equals the universal completion of certain split real forms of complex Lie groups of rank one and two.

The question is whether it is possible to classify the occuring amalgams in order to obtain a result like our Main Theorem.

References

[1] Michael Aschbacher, A characterization of Chevalley groups over fields of odd order, Parts I, II, Ann.

of Math. 106 (1977), 353–468.

[2] Curtis D. Bennett, Ralf Gramlich, Corneliu Hoffman, Sergey Shpectorov, Curtis-Phan-Tits theory.

In: Groups, Combinatorics and Geometry, Proceedings of the Durham Conference on Groups and Geometry 2001 (edited by Ivanov, Liebeck, Saxl), World Scientific, New Jersey 2003, 13–29.

[3] Curtis D. Bennett, Sergey Shpectorov, A new proof of Phan’s theorem, J. Group Theory 7 (2004), 287–310.

[4] Mikhail V. Borovoi, Generators and relations in compact Lie groups, Funktsional. Anal. i Prilozhen 18 (1984), 57–58.

[5] Nicolas Bourbaki, Elements of Mathematics, Lie Groups and Lie Algebras, Chapters 1–3, Springer, Berlin 1989.

[6] Nicolas Bourbaki, Elements of Mathematics, Lie Groups and Lie Algebras, Chapters 4–6, Springer, Berlin 2002.

[7] Kenneth S. Brown, Buildings, Springer, Berlin 1989.

[8] Francis Buekenhout (editor), Handbook of incidence geometry, North-Holland, Amsterdam 1995.

[9] Kaustuv M. Das, Simple connectivity of the Quillen complex of GL_n(q), J. Algebra 178 (1995), 239–263.

[10] David Goldschmidt, Automorphisms of trivalent graphs, Annals Math. 111 (1980), 377–406.

[11] Daniel Gorenstein, Richard Lyons, Ronald Solomon, The classification of the finite simple groups, American Mathematical Society, Providence 1994.

[12] Daniel Gorenstein, Richard Lyons, Ronald Solomon, The classification of the finite simple groups.

Number 2. Part I. Chapter G. General group theory, American Mathematical Society, Providence 1995.

[13] Daniel Gorenstein, Richard Lyons, Ronald Solomon, The classification of the finite simple groups.

Number 3. Part I. Chapter A. Almost simple K-groups, American Mathematical Society, Providence 1998.

[14] Daniel Gorenstein, Richard Lyons, Ronald Solomon, The classification of the finite simple groups.

Number 4. Part II. Chapters 1–4. Uniqueness Theorems, American Mathematical Society, Providence 1999.

[15] Daniel Gorenstein, Richard Lyons, Ronald Solomon, The classification of the finite simple groups.

Number 5. Part III. Chapters 1–6. The generic case, stages 1–3a, American Mathematical Society, Providence 2002.

[16] Ralf Gramlich, Corneliu Hoffman and Sergey Shpectorov, A Phan-type theorem for Sp(2n, q), J.

Algebra 264 (2003), 358–384.

[17] Ralf Gramlich, Weak Phan systems of type C_n, J. Algebra 280 (2004), 1–19.

[18] Ralf Gramlich, Phan Theory, Habilitationsschrift, TU Darmstadt 2004.

[19] Ralf Gramlich, Corneliu Hoffman, Werner Nickel, Sergey Shpectorov, Even-dimensional orthogonal groups as amalgams of unitary groups, J. Algebra, to appear.

[20] Alexander A. Ivanov and Sergey Shpectorov, Geometry of sporadic groups II: representations and amalgams, Cambridge University Press, Cambridge 2002.

[21] Sigurdur Helgason, Differential Geometry, Lie Groups, and Symmetric Spaces, Academic Press, San Diego 1978.

[22] Joachim Hilgert, Karl-Hermann Neeb, Lie-Gruppen und Lie-Algebren, Vieweg, Braunschweig 1991.

[23] Karl Heinrich Hofmann, Der Schursche Multiplikator topologischer Gruppen, Math. Zeitschr. 79 (1962), 389–421.

[24] Karl Heinrich Hofmann, Sidney A. Morris, The Structure of Compact Groups, De Gruyter, Berlin 1998.

[25] Bertram Huppert, Endliche Gruppen, Springer, Berlin 1967.

[26] Yukiyosi Kawada, Über die Überlagerungsgruppe und die stetige projektive Darstellung topologischer Gruppen, Jap. J. of Math. 17 (1940), 139–164.

[27] Kok-Wee Phan, On groups generated by three-dimensional special unitary groups, I. J. Austral.

Math. Soc. Ser. A 23 (1977), no. 1, 67–77.

[28] Kok-Wee Phan, On groups generated by three-dimensional special unitary groups. II, J. Austral.

Math. Soc. Ser. A 23 (1977), no. 2, 129–146.

[29] Derek J.S. Robinson, A course in the theory of groups, Springer, Berlin 1996, second edition.

[30] Chih-Han Sah, Homology of classical Lie groups made discrete, I. Stability theorems and Schur multipliers, Comment. Math. Helvetici 61 (1986), 308–347.

[31] Helmut Salzmann, Dieter Betten, Theo Grundhöfer, Hermann Hähl, Rainer Löwen, Markus Stroppel, Compact Projective Planes, De Gruyter, Berlin 1995.

[32] Zh. S. Satarov, Defining relations of the special unitary group over a quadratic extension of an ordered Euclidian field, Mat. Sb. 126 (1985), 426–430.

[33] Issai Schur, Über die Darstellung der endlichen Gruppen durch gebrochene lineare Substitutionen, J. Reine Angew. Math. 127 (1904), 20–50.

[34] Issai Schur, Untersuchungen über die Darstellung der endlichen Gruppen durch gebrochene lineare Substitutionen, J. Reine Angew. Math. 132 (1907), 85–137.

[35] Jean-Pierre Serre, Trees, Springer, Berlin 2003, second edition.

[36] Tonny A. Springer, Linear algebraic groups, Birkhäuser, Basel 1998, second edition.

[37] Jacques Tits, Buildings of spherical type and finite BN-pairs, Springer, Berlin 1974.

[38] Jacques Tits, Ensembles Ordonnés, immeubles et sommes amalgamées, Bull. Soc. Math. Belg. Sér.

A 38 (1986), 367–387.

Author’s address:

Ralf Gramlich TU Darmstadt FB Mathematik / AG 5 Schloßgartenstraße 7 64289 Darmstadt Germany

gramlich@mathematik.tu-darmstadt.de