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Introduction

Most of the known examples of infinite-dimensional real or complex Lie groups can be
subsumed under (at least) one of the following main classes of Lie groups: 1. linear Lie
groups; 2. mapping groups; 3. diffeomorphism groups. In the present article, we show
that the general construction principles underlying these classes of Lie groups work just
as well beyond the real and complex cases. Thus, we are able to discuss linear Lie groups
and groups of continuous Lie group-valued mappings over arbitrary non-discrete topo-
logical fields; groups of smooth Lie group-valued mappings on finite-dimensional smooth
manifolds over locally compact fields; and diffeomorphism groups of paracompact finite-
dimensional smooth manifolds over local fields (of arbitrary characteristic). In the real
and complex cases, it becomes possible to construct Lie groups modeled on arbitrary (not
necessarily locally convex) topological vector spaces.

A fourth main class of infinite-dimensional Lie groups are Lie groups obtained from di-
rect limit constructions, in particular direct limits of finite-dimensional Lie groups (see
[63], [64], [21], [29]). Direct limits of finite-dimensional Lie groups over local fields have
been discussed in [29] (cf. also [21]). Here, we construct weak direct products of (finite-
or infinite-dimensional) Lie groups over valued fields, generalizing the discussion of weak
direct products of Lie groups modeled on real or complex locally convex spaces from [22].

Our studies are based on a concept of C*-maps (and smooth maps) between open subsets
of topological vector spaces over non-discrete topological fields introduced in [3], where
more generally an axiomatic approach to differential calculus over arbitrary infinite fields
(and suitable commutative rings) is developed. A map between open subsets of locally
convez real topological vector spaces is of class C* in the sense considered here if and only
if it is a C*-map in the sense of Michal-Bastiani, i.e., a C*-map in the terminology of
Keller’s monograph [44] (see [3]). C*-maps in the latter sense have been used as the basis
of differential calculus and infinite-dimensional Lie theory by many authors (see, e.g., [10],
[18]-[23], [25], [27], [29]-[34], [37], [43], [57]-[59], [65]-[67], [70], and [80]). Furthermore, a
map between open subsets of complex locally convex spaces is complex C'* if and only if
it is complex analytic in the usual sense (as in [8]).

Taken together, the papers [3], [28] and the present work develop, from first principles,
a comprehensive theory of differential calculus and Lie groups over arbitrary non-discrete
topological fields. In [3] already mentioned, an exposition of differential calculus over topo-
logical fields and the corresponding basic theory of manifolds and Lie groups is given; this
article is directed to a broad audience including readers without prior knowledge of dif-
ferential calculus over topological fields. In [28] (needed here only for the discussion of
diffeomorphism groups), implicit (and inverse) function theorems for C*-maps over com-
plete valued fields are established. The present article, then, provides concrete examples of
Lie groups over topological fields, and develops the specific aspects of differential calculus
required for this purpose. Further papers related to the “General Differential Calculus”
over topological fields are [2], [4], [5], [24], [26], [29] and [30]. In [26], it was shown that

1



2 HELGE GLOCKNER

every finite-dimensional smooth p-adic Lie group is a p-adic analytic Lie group in the usual
sense. Important aspects of differential geometry over topological fields have been worked
out in [2]. Jordan theoretic applications are described in [4] and [5].

The article commences with a brief introduction to differential calculus over non-discrete
topological fields (Section 1), and ends with appendices covering material which is best
taken on faith on a first reading, and whose presentation within the text would have dis-
tracted from the main line of thought. Apart from these sections, the main body of the text
is divided into three parts, devoted to the three main classes and construction principles
of infinite-dimensional Lie groups described above:

I. Linear Lie groups

Paradigms of real or complex Lie groups are linear Lie groups, i.e., unit groups of unital
Banach algebras (or other well-behaved topological algebras) and their Lie subgroups (see
20], [38], [41, Ch. 5], [56]). We begin our studies with a discussion of linear Lie groups over
topological fields (Section 2), as this only requires a minimum of technical machinery. If
K is a non-discrete topological field, a good class of topological K-algebras to look at are
the continuous inverse algebras (or CIAs), viz. unital associative topological K-algebras A
such that the group of units A* is open in A and the inversion map ¢: AX — A, a — a~!
is continuous. We describe examples of CIAs and construction principles for CIAs over
arbitrary non-discrete topological fields. Since the unit group A* is a K-Lie group for any
continuous inverse algebra A (Proposition 2.2), we thus always have a certain supply of
K-Lie groups, for any K (beyond the trivial examples, the additive groups of topological
K-vector spaces). Algebras of continuous or differentiable maps on compact topological
spaces or compact manifolds, with values in a CIA, are again CIAs (Proposition 5.7). For
further typical examples of CIAs in the real or complex cases, see [20], [23], [36, 1.15], [81].

II. Mapping groups and related constructions

The second widely studied class of infinite-dimensional real (or complex) Lie groups are
the mapping groups. Typical examples are the “loop groups” C(S!,G) and C*(S', G),
where G is a finite-dimensional real (or complex) Lie group [70]. More generally, let G be
a real or complex Lie group modeled on a locally convex space, r € Ny U {c0}, and M
be a finite-dimensional smooth manifold (or topological space if » = 0). Among the types
of mapping groups encountered in the literature, we mention: the groups C"(M,G) of
G-valued C"-maps, for compact M; the groups Cj (M, G) of G-valued C"-maps supported
in a compact set K C M; and, for o-compact manifolds M, the “test function groups”
CI(M,G) =y Ck(M,G) of compactly supported G-valued C"-maps (see [1], [19], [27],
[47], 59], [64], [66], [67]).

In the second main part of this article, we construct Lie group structures on analogous
mapping groups in the case of Lie groups over topological fields. The results include:
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Groups of continuous mappings. If K is a non-discrete topological field, G a K-Lie
group, X a topological space, and K C X a compact subset, then the group

OK(X7 G) = {’7 S C(X7 G) ’7|X\K = 1}

of continuous G-valued mappings supported in K can be made a K-Lie group modeled on
Ck (X, L(Q)), in a natural way. In particular, C(K,G) = Ckx (K, G) is a K-Lie group, for
every compact topological space K and any K-Lie group G.

Groups of differentiable mappings. Let F be a locally compact, non-discrete topological
field, K be a topological extension field of F, G be a K-Lie group, r € Ng U {0}, M be a

finite-dimensional Cg-manifold, K C M a compact subset, and
Cr(M,G) == {y € C"(M,G): v[ang = 1}

be the group of G-valued Cj-functions on M supported in K. Then C(M,G) is a K-Lie
group modeled on Cy. (M, L(G)), in a natural way. If M is paracompact and the topology
on K arises from an absolute value, then also the group CL(M,G) = Ui Cx(M,G) of
G-valued test functions of class Cy is a K-Lie group, modeled on CL(M, L(Q)).

(See Sections 5 and 9). Typically, we might choose K := F here, or F := R, K:= C. As the
basis for the construction of Lie group structures on mapping groups, we study continuity
and differentiability properties of mappings between function spaces. The three cases
of interest (mappings between spaces of Ck-functions, Cj-functions, and C?-functions,
respectively) are discussed in turn in Sections 3, 4, resp., 8 and 10. For simplicity, let
us assume that K := [F now, for the remainder of the introduction. The results obtained
subsume, for example, that the mappings

CR(M,g): CR(M,U) — CRE(M,F), yrgoy and
f*: C?(O(M7U)_>C?(O(M7F)’ VHfo(idMafY)

are of class C°, for any CP-maps g: U — F and f: M x U — F such that g(0) =
0 and f|ank)xfoy = 0, where K is a locally compact, non-discrete topological field, £
and F' are topological K-vector spaces, U C E an open zero-neighbourhood, M a finite-
dimensional Cg°-manifold, and K C M a compact subset. For paracompact M, analogous
conclusions are valid for C*(M,g) and f, : C*(M,U) — C>*(M,F). More generally,
results of the preceding type are established for mappings between spaces of sections in
vector bundles, whose fibres are arbitrary topological vector spaces (Appendix F). For the
real locally convex case, the reader may compare Michor [57], in particular his “Q-Lemma”
[57, Thm. 8.7] for finite-dimensional real vector bundles; [19] (for maps between spaces of
test functions), and [32]. It is a peculiarity of differential calculus over general topological
fields that, when we are trying to prove differentiability properties of f, (or related results),
parameter-dependent variants invariably pop up in the natural inductive arguments, even
when we are only interested in the case of f. (not involving parameters). On the one
hand, this makes the proofs more complicated; but, on the other hand, we are rewarded
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with stronger, parameter-dependent versions of the basic results (like our “Q2-Lemma with
Parameters”, Theorem F.23), which are novel even in the real locally convex case.

Topologies on spaces of test functions. If K # C is locally compact, E a topological K-
vector space and M a o-compact, finite-dimensional Cg-manifold, we equip C%(M, E) =
lim C' (M, E) with the topology making it the direct limit of its subspaces C}. (M, E) in the
CE):egory of topological K-vector spaces. Although little is known on direct limits of general
topological vector spaces (in contrast to the real or complex locally convex case, which has
been studied extensively), we get a perfectly firm grip on the topology of CI(M, E) by
showing that the linear map

p: CI(M,E) — P C"(ULE), p() = (V|v))ies (1)

i€l

is a topological embedding onto a closed vector subspace, for any locally finite cover (U;);er
of M by relatively compact, open subsets U;. Here, the direct sum is equipped with the
box topology, which is extremely simple to work with.

If K= C, or if M is merely paracompact, then the topology making C” (M, E) the direct
limit topological vector space lim C' (M, E) is too elusive to be useful for us. Instead of
excluding these cases altogether_from our considerations, we simply replace the direct limit
topology on C” (M, E') with the topology induced by p, which turns out to be independent
of the choice of open cover (U;);e;. This enables us to carry out most of our constructions
also in the complex case, and also for paracompact manifolds (see Proposition 8.13 and
Remark 8.16 for further discussions of the box topology and explanations why we prefer
to use it). Note that, for a non-locally convex complex topological vector space E, the
space CI (M, E) of compactly supported E-valued Cf-maps need not be reduced to the lo-
cally constant functions. For example, there are non-zero compactly supported CZ°-maps
C — E, for suitable E (see [24]). As we do not have cut-off functions (nor partitions of
unity) available in the complex case, we have to proceed with particular care. In Section 10,
their use cannot be avoided any longer, and the complex case has to be excluded then.

Mappings between direct sums. The embedding p from (1) allows us to reduce the study
of continuity and differentiability properties of mappings between spaces of test functions
(or compactly supported sections in vector bundles) almost entirely to the study of differ-
entiability properties of mappings of the form

Dier fi : @Ui - @Fi, (wi)iel = (fi(xi))iel

iel il

on open boxes @, ; U; in direct sums @, ; E; of topological K-vector spaces. In Section 6,
for arbitrary valued fields K, we show that a mapping @®;c; f; as before is C¥ provided each
fi is CE. Although the proof of the special case where I is countable and we are dealing
with real or complex locally convex topological vector spaces is almost trivial (see [22]),
the proof of the general case requires a substantial amount of work. In order to control
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simultaneously, for each ¢ € I, the dependence on the parameter t of the extended difference
quotient maps

fi[l]: Uy x E; xKD Uim — o (2, yi,t) — fz‘[l](%?yivt)

and, more generally, analogous parameters in the mappings fi[j ], where j € N, 7 < k, which
are encountered in the inductive arguments, we are forced to investigate in some depth the
symmetry properties of the higher difference quotient maps

fi[j]: Uz'[j] — F,

which are rather complicated functions depending on 277! —1 variables (Proposition 6.9).
In the case of locally compact fields, the dependence on parameters can be controlled more
easily by means of compactness arguments, which in fact permit us to formulate stronger
results, involving additional parameters (Proposition 6.10). As a first straightforward
application, mappings between direct sums are used to define a Lie group structure on
(countable or uncountable) weak direct products [[;.; G; of Lie groups G; over a valued
field K, based on the box topology on direct sums (Section 7). As we shall see later, such
groups are encountered quite frequently in the case of ultrametric fields; for example, they
shall play an important role in our discussion of diffeomorphism groups over local fields.
Weak direct products of Lie groups modeled on real or complex locally convex spaces,
based on locally convex direct sums, have first been considered in [22].

In the real finite-dimensional case, embeddings in locally convex direct sums are implicit
in [57, §4.7] in connection with descriptions of the “D-topology” on mapping spaces, which
are used there for similar purposes. The usefulness of embeddings into real and complex
locally convex direct sums for the study of mappings between spaces of test functions (and
compactly supported sections) has been pointed out explicitly in [32], [33]. The arguments
in [57] (based on jet bundles) are restricted to vector bundles over finite-dimensional bases.
We approach function spaces and mappings between them in a more direct way. This
allows us, for instance, to prove smoothness of the pushforward

fe: C°(M,E) — C™(M, F)

in the case of a globally defined Cg°-map f: M x E — F in utmost generality, namely, for
K an arbitrary topological field, M a Cg°-manifold modeled on an arbitrary topological
K-vector space, and E, F' arbitrary topological K-vector spaces (Proposition 4.16).

Differentiability properties of almost local mappings. In order to motivate the most general
results we have to offer which exploit embeddings into direct sums (presented in Section 10),
we recall from [31] that the self-map

VE OgO(R,R) - CEO(I&R), f(’Y) =707 — ¥(0)

of the space C°(R,R) of real-valued test functions on the real line is discontinuous (and
hence not smooth), although the restriction of f to C% (R, R) is smooth, for every compact
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subset K C R. In the real and complex case, and, more generally, in the case of locally
compact topological fields K, this poses the question whether it is possible to specify simple
and easily verified additional properties ensuring that a mapping

f:CL(M,E) — Ci(N, F)

between spaces of vector-valued test functions is indeed C¥, provided the restriction of f
to C%(M, E) is CE for each compact subset K C M (and likewise for mappings between
spaces of compactly supported sections, or open subsets thereof).

Generalizing the real locally convex case (see [27], [32], [33]), we show that also in the case
of general locally compact fields K # C, the requirement that f be almost local is a suitable
additional property on f (Theorem 10.4), meaning that there exist locally finite, relatively
compact open covers (U;);cr of M and (V;);e; of N such that f(v)|y; only depends on 7|y,
for any 7. The class of almost local maps includes most mappings of interest. For example,
in the case M = N, every pushforward of sections associated with a fibre-preserving
bundle map is almost local. Furthermore, all mappings encountered in the construction of
Lie group structures on diffeomorphism groups of o-compact finite-dimensional real C°°-
manifolds are (locally) almost local (see [25] and [33], where diffeomorphism groups are
discussed along lines independent of the earlier work [57]).

For a highly developed theory of spaces (and manifolds) of mappings and mappings between
these in the “convenient setting of analysis” (based on Mackey complete real or complex
locally convex spaces), which is inequivalent to the setting of analysis we are working in
here, see [17], [47] and further works by the same authors.

I11. Diffeomorphism groups

The third main part of the article is devoted to diffeomorphism groups of finite-dimensional
manifolds over local fields, and related material. We begin with a discussion of continuity
and differentiability properties of evaluation and composition of maps in the context of
locally compact fields K (Section 11). Among variants and related results, we show in
particular that the evaluation map

e:C"(M,E)x M — E, e(y,x) :=~(x)

is of class C, for every finite-dimensional Cz-manifold M and topological K-vector space £
(Proposition 11.1), and that the composition map

FiCrJrk(U,E)XC;((M,U)HCT(M’E)’ F(fy,’)]> =yon

is of class CF, for any r, k € Ny U {oo}, finite-dimensional C-manifold M, topological K-
vector space F, compact subset K C M, and open subset U of a finite-dimensional K-vector
space F' (Proposition 11.2). We then turn to the exponential law for smooth mappings
(Section 12). Given any topological field K, topological K-vector space E, r, k € NyU{oo}
and arbitrary Cg""-manifolds M and N, we show that

[ M — C'(N,E),  ['(2)(y) = f(z,y)
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is of class CF for all f € C"**(M x N, E), and that the mapping
®: C"H(M x N,E) — C*(M,C"(N,E)), ®(f) = f" (2)

is a continuous linear injection (Lemma 12.1). If K is locally compact and N is finite-
dimensional (but M arbitrary), we show that ® is an isomorphism of topological vector
spaces, in the case r = k = oo (Proposition 12.2)." Similar (slightly weaker) conclusions
hold if both M and N are modeled on metrizable topological vector spaces and K is R or
an ultrametric field (Proposition 12.6). To deduce the surjectivity of ® in the metrizable
case, we make use of techniques of convenient differential calculus (already mentioned),
suitably adapted to non-locally convex or ultrametric analysis by means of preparatory
results provided in [3]. We can only broach on the subject of “ultrametric convenient dif-
ferential calculus” here, and have to confine ourselves to what is actually needed for the
concrete purpose. A further application of the exponential laws is given in Appendix E.
Combining the latter and an ultrametric analogue of Grothendieck’s Theorem (relating
smoothness and weak smoothness of suitable maps) provided in Appendix D, it is shown
there that Boman’s theorem will hold for mappings f: E O U — F from an open sub-
set of a metrizable topological vector space E over a local field K to a Mackey complete
locally convex topological K-vector space F' provided Boman’s theorem holds for all map-
pings f: K? — K. Recall that Boman’s classical theorem [9, Thm. 1] asserts that a map
f: R" — R is smooth if and only if f oy : R — R is smooth for each smooth curve
~v: R — R". Whether Boman’s theorem transfers to maps f: K?> — K is still unknown.

In the final Sections 13 and 14, which can be read independently, we describe two
approaches to diffeomorphism groups of finite-dimensional smooth manifolds over local
fields. The first approach (Section 13) produces a Lie group structure on Diff**(M), for
every paracompact, finite-dimensional smooth manifold M over a local field K. The second
approach (Section 14) is restricted to o-compact M. It produces two Lie group structures
on Diff**(M) (one of which coincides with the one constructed in Section 13). Both ap-
proaches make use of many of the results and techniques prepared before (and hence also
illustrate the usefulness and typical applications of these results).

First approach (Section 13). Let M be a finite-dimensional, paracompact Cg°-manifold
over a local field K, and Diff>* (M) be the group of all Cg°-diffeomorphisms of M. Our first
construction of a Lie group structure on Diff**(M) relies on the fact M is a disjoint union
of a family (B;);er of open and compact balls B; C M (i.e., subsets B; C M which are
Cge-diffeomorphic to balls in K with respect to the supremum-norm). Motivated by this
decomposition, we first turn the diffeomorphism group Diff**(B) of a ball B C K¢ (where
d € Np) into a Lie group; this is quite easy, because Diff**(B) is a mere open subset of
C>(B,K?). Next, we form the weak direct product of Lie groups

[Tic, Diff™(B;)

! Analogous results for the case where k = r = oo, F is locally convex and both M and N are open
subsets of real locally convex spaces (instead of manifolds) have been obtained earlier in [6], along with
interesting additional information.
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modeled on ,.; C*°(B;, TB;) = C:°(M,TM). This weak direct product can be identified
with a subgroup of the group Diff2°(M) of “compactly supported” diffeomorphisms. It
then only remains to equip Diff**(M) with a smooth K-manifold structure making it a
Lie group with [];.; Diff**(B;) as an open subgroup. We remark that smoothness of the
inversion map Diff**(B) — Diff**(B), v+ ! is a simple consequence of the exponential
laws established here and a version of the implicit function theorem (the “Inverse Function
Theorem with Parameters”) for mappings from metrizable topological vector spaces to
Banach spaces [28].

Second approach (Section 14). For our second approach to diffeomorphism groups,
we assume that M is o-compact and of positive dimension over K. In this case, M is
C-diffeomorphic to an open subset U of its modeling space K? (Lemma 8.3 (a); cf. [50]),
making it quite easy to deal with M. Given r € NU{oo}, we consider the monoid End(U)
of all Cg-maps U — U which coincide with idy outside some compact set. We show that
v +— v —idy identifies End.(U) with an open subset of C7(U,K¢). Thus End}(U) is a
CR-manifold with a global chart. We show that Diff,(U) = End.(U)* is open in End.(U),
and we show that, for each k € Ny U {oo}, the composition map

Diff”™*(U) x Diff(U') — Diff’(U)

and the inversion map Diff;™*(U) — Diff’(U) are CE. This enables us to turn Diff> (M)
into a Lie group with Diff°(M) = Diff>°(U) as an open subgroup, modeled on the space
C*(M,TM) of compactly supported smooth vector fields on M, equipped with its natural
LF vector topology.? But it also enables us to define a second Lie group structure on
Diff>*(M) (which we then denote by Diff>*(M)7). It is modeled on the same vector space
C*(M,TM), equipped however with the (in general properly) coarser vector topology
making this space the projective limit

() CEHM,TM) =lim  CHM,TM).

p—
keNo keNo

Apparently, the definition of this second Lie group structure is close in spirit to the ILB-
approach to diffeomorphism groups in the works of Omori [68], [69]. An analogous con-
struction for diffeomorphism groups of o-compact real manifolds had been proposed in [58]
(and was fully worked out in [33]). As in the real case, we can also give Diftf" (M) a smooth
manifold structure for each finite r, with Diff. (M) = Diff,(U) as an open subgroup, such
that Diff"(M) becomes a topological group and all right translations are smooth.

We remark that certain groups Diff(t, M), G(t, M), and GC(t, M) of diffeomorphisms of
class of smoothness C(t) for manifolds over local fields of characteristic zero have already
been discussed in [49], [51], [55] and further works of S.V. Ludkovsky, where they are
considered mainly as manifolds and topological groups (rather than Lie groups). He dis-
cusses irreducible representations of these groups ([51]) and measures on such groups (or

2The Lie group structure so obtained coincides with the one from Section 13.
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M) which are quasi-invariant with respect to dense subgroups [49]. Ludkovsky’s approach
to differential calculus (which is necessarily restricted to local fields K of characteristic
zero, and differs from the one we use), is described in [53, I, §2.3] (for maps between ul-
trametric Banach spaces) and extended to the case of locally convex topological K-vector
spaces in [53, II, Rem. 4.4] and [55], where diffeomorphism groups are discussed in further
detail and generality. Ludkovsky also turns groups Difféﬂ(M ) of certain diffeomorphisms
of real Banach manifolds (subject to Holder-type conditions) into topological groups [52,
Thm. 3.1], and discusses irreducible representations and quasi-invariant measures for such
groups [52], [54]. Note that the “non-archimedian loop groups” discussed in [53] are not
mapping groups in the sense considered in the present article, but something different.

Finally, let us mention that weak direct products of Lie groups are also useful to obtain
information on diffeomorphism groups of real manifolds (although they are not simply
open subgroups here, as in the ultrametric case). In [34], weak direct products are used
to show that the Lie group Diffy’(M) of compactly supported diffeomorphisms of a o-
compact, finite-dimensional smooth manifold M is the direct limit lim Diffig (M) both in
the category of Lie groups modeled on real locally convex spaces “and in the category
of topological groups (where K ranges through the set of compact subsets of M, and
DiffX (M) := {y € Diff**(M): (Vx € M \ K) v(z) = «}). This is remarkable, because, as
a consequence of results from [31], in general the Lie group Diff>° (M) neither is the direct
limit lim Diff¢ (M) in the category of topological spaces, nor in the category of smooth
manifolds ([34]; cf. also [76]). Analogous results can be obtained for the test functions
groups C° (M, G), for G a finite-dimensional real Lie group [34].

Concluding remarks and guidance for the reader

Readers who wish to get quickly to the main results can skip part of the material. For ex-
ample, since all of the vector bundles required for the discussion of diffeomorphism groups
over local fields are trivial bundles, only very few of our results on spaces of sections in
vector bundles (discussed in Appendix F) will actually be used, and these are easy to
take on faith (cf. Remark 8.17). Proposition 4.16 (concerning pushforwards f, for glob-
ally defined f) is only needed for the discussion of spaces of sections in vector bundles,
while its more complicated variants (Propositions 4.20 and 4.23) are vital for the Lie group
constructions. Nonetheless, the author recommends to study the proof of the simpler
Proposition 4.16 first, and to leave the proofs of Propositions 4.20 and 4.23 for a second
reading. Section 10 is only needed for our second approach to diffeomorphism groups (Sec-
tion 14), but not for the first approach (Section 13). The general case of Proposition 11.3
(proved in Appendix C) is not used elsewhere, and only part of Section 12 (concerning the
exponential law) is needed for the discussion of diffeomorphism groups: Lemma 12.1 (a),
and Lemma 12.1 (b) for k£ = 0 suffice.

It is clear, however, that it would be inefficient not to include such closely related results,
when this can be done without much additional effort. Besides their obvious potential for
applications, the additional results also serve to put the Lie theoretic constructions in a
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larger perspective, and thus foster their understanding.

Let us remark in closing that it was necessary to refrain from developing the surrounding
theory up to the possible limits of generality, in order not to be carried away too far from
the subject matter of Lie group constructions, to increase the readability, and to avoid the
discussions from getting even more technical.

We mainly think of two possible generalizations. In the real locally convex case, a more
refined discussion of the maps CI(M, f): CL(M,U) — CI(M, F) between open subsets
of spaces of compactly supported sections is possible [32]; in this case, CT(M, f) is C*
provided, in local coordinates, f is C* along the fibre, with fibre derivatives jointly C".
An analogous condition, based on iterated partial difference quotient maps, should be suf-
ficient to ensure that C7(M, f) be C*, in the general case of bundles of topological vector
spaces over finite-dimensional paracompact C"-manifolds over locally compact fields. This
would substantially generalize our version of the Q-Lemma (which, however, already in-
corporates the cases of main relevance), but would inflict complicated technical arguments
on us, which are irrelevant for the Lie group constructions.

The second possible generalization concerns the exponential law. If £ = r = oo, the map
® from (2) should always be a topological embedding (cf. [6]). Furthermore, for general r
and k, a more detailed analysis of the problem should reveal that ® can be written as a
composition

C™ (M x N,E) — C*"(M x N,E) — C*(M,C"(N, E))

of continuous linear injections for a suitably defined space C*"(M x N, E) of E-valued
C*"-maps on M x N. Here, the first mapping is the inclusion map. The second map,
CE"(M x N,E) > f s f¥Y € C¥M,C"(N, E)), should always be a topological embedding.
Again, the author feels that the immense additional technical effort would not be justified
in the present context. The problems may be analyzed elsewhere.

1 Differential calculus over topological fields

It is possible to define C*-mappings and smooth mappings once a topologized ring and a
so-called C%-concept is given, satisfying suitable axioms (see [3]). In the present paper,
we exclusively consider the special case where the given topologized ring is a non-discrete
topological field K (Hausdorff, as all topological spaces we consider), where C%-maps are
defined as continuous maps between open subsets of topological vector spaces over K,
and where the product topology is used on products of topological vector spaces. In this
section, we briefly describe the resulting setting of differential calculus.

1.1 Conventions. All topological spaces occurring in this paper are assumed Hausdorff.
All topological fields are supposed to be non-discrete. A field K, together with an absolute
value |.|: K — [0, 00] giving rise to a non-discrete topology on K will be called a valued
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field. An ultrametric field is a valued field (K, |.|) whose absolute value is ultrametric, i.e.,
|z +y| < max{|z|,|y|]}  forall z,y € K.

If (K,|.|) is an ultrametric field, then O := {z € K: |z| < 1} is a subring of K, called
the valuation ring. The valuation ring is an open and closed subset of K. Totally dis-
connected, locally compact topological fields will be referred to as local fields. 1t is well
known that every local field admits an ultrametric absolute value defining its topology, and
can therefore be considered as a complete ultrametric field. The valuation ring of a local
field is open and compact. It is also known that every locally compact topological field is
either isomorphic to R, C, or a local field [78]. A complete?® valued field (K, |.|x) is either
ultrametric or isomorphic as a valued field to (R, |.|*) or (C, |.|*) for some « € ]0, 1], where
|.| is the usual absolute value [11, VI, §6].

1.2 A topological vector space E over an ultrametric field (K, |.|) is called locally convex
if every zero-neighbourhood of E contains an open O-submodule of E, where O is the
valuation ring of K (see [60], Ch.III, §2, Prop.4 and §3, Déf. 1 when K is complete). It is
well known that a topological vector space E over an ultrametric field is locally convex if
and only if its topology arises from a family (||.||,), of ultrametric continuous seminorms
|.1l5: E — [0, 00], satisfying ||z + y||, < max{||z|,, ||yll,} for all x,y € E.

1.3 If (£, ].]|) is a normed space over a valued field K, given ¢ > 0 and x € E we write
BE(x) :={y € E: ||y — x|| < €}, or simply B.(z) := BP(z) if E is understood. Note
that, since the image of a norm ||.|| need not be contained in the image |K| of the absolute
value, it is not possible in general to normalize elements: Given 0 # x € FE we need
not find t € K* such that ||tz|| = 1. To ensure that ||Az| < ||A|||z]|, the operator
norm of a linear operator A: E — F between normed spaces (F,|.||g) and (F,|.||r)
therefore has to be defined as ||A|| := min{C > 0: (Vo € F) ||Az||p < Cllz||g}. If

E = F =K for some d € Ny and ||.||z = ||.||r is the maximum norm ||| : K¢ — [0, 00|,
|(z1, ..., 2a)||oo := max{|z1],...,|z4|}, then every non-zero vector can be normalized and
thus ||A| = max{||Az||w: 7 € K¢, ||z]loc < 1}. As usual, given topological vector spaces

E and F over a topological field K, we let L(E, F') denote the set of all continuous linear
maps from E to F'; we abbreviate L(E) := L(E, E).

Throughout the remainder of this section, K denotes a (non-discrete) topological field.

Before we define C*-maps, we need an efficient notation for the domains of certain mappings
associated with C*-maps.

Definition 1.4 If E' is a topological K-vector space and U C E an open subset, we define
U = U and
UM = {(z,y,t) eUx ExK:ax+ty e U},

which is an open subset of the topological K-vector space E x E x K. Having defined UV
inductively for a natural number j > 1, we set UV .= (UUl)l1,

3The requirement is that (K, d) be a complete metric space, where d: KxK — [0, 00|, d(z,y) := |z —y|k.
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In particular, Fl = Ex ExK, E¥ = Ex ExKx E x E x K x K, etc.

Definition 1.5 Let F and F' be topological K-vector spaces and f: U — F be a mapping,
defined on an open subset U C E. We say that f is of class C% if f is continuous, in which
case we set fl) := f and call fl% the Oth extended difference quotient map of f. If f is
continuous and there exists a continuous mapping f!: UM — F such that

Hflx+ty) — flx) = fM(z,y,t) for all (z,y,t) € UM such that ¢ # 0, (3)

we say that f is of class Cf, and call flU the (first) extended difference quotient map
of f (note that, as K is non-discrete, the continuous map fI is uniquely determined by
(3)). Recursively, having defined Cf‘(maps and jth extended difference quotient maps for
j=0,...,k—1 for some natural number k > 2, we call f a mapping of class CE if f is
of class Cf ! and fI*=1 is of class C%. In this case, we define the kth extended difference
quotient map of f via

FE = (- g B

The mapping f is of class C (or K-smooth) if it is of class Ck for all k € Ny. If K is
understood, we simply write C* instead of CE, and call f smooth or of class O if it is

K-smooth. If, conversely, we want to stress the fact that the field K is used, we shall write
U for U and M for fI¥.

Examples 1.6 Every continuous K-linear mapping A : F — F between topological K-
vector spaces is smooth, with AM(z,y,t) = A(y) for all (z,y,t) € E x E x K. If VW and
F" are topological K-vector spaces and #: V x W — F is a continuous bilinear map, then
[ is smooth, with

ﬁ[l]((v, w), (v, w'),t) = Bv,w') + B, w) + BV, w')
for all v,v" € V, w,w’ € W, and t € K (cf. [3]).

1.7 Note that, for £ > 2, a mapping f as above is of class C¥ if and only if f is of class
Ct and fIV is of class Cf'; in this case, f¥ = (fIU)F=1 (these claims are proved by a
trivial induction).

1.8 Given amap f: U — F as before, let f'l: UM — F, fMl(z,y,t) .= L(f(z+ty) — f(2))
be the associated difference quotient map, defined on UMl := {(x,y,t) € UMt # 0}. Then
f is C% if and only if it is continuous and f!l extends to a continuous function, f!!, on
UM, The set Ul is open and dense in U, and we have Ul = Ul U (Ux E x{0}), as a
disjoint union. If f is CE, then so is fI*l (cf. 1.11 below).

1.9 Given a Cg-map f: U — F as before, we define the directional derivative of f at
x € U in the direction v € F via

df (z,v) = (Dyf)(x) == lim (f(x+tv) = f(x)) = fU(z,0,0).

0#£t—0
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Then df: U x E — F is continuous, being a partial map of f[!/, and it can be shown that
the “differential” df (z,.): E — F of f at z is a continuous K-linear map, for each = € U
3, Prop.2.2]. If f is C?, we define a continuous map d*f: U x E? — F via

& f(@v,02) = (Doy(Donf))(2) = lm 3(df (@ +tvg,01) = df (7, 01))
f[2]<x77)170,’02,0,0,0).

Similarly, if f is of class CE, we obtain continuous mappings (the “higher differentials”)
df:UxE — F, df(x,v,...,v5) = (Dy,--- Dy f)(z) for all j € Ny such that j < k
(where d°f := f). Here &’ f(x,.): B/ — F is symmetric and j-multilinear [3, La.4.8].

1.10 If K is R or C and the range F' is locally convex, the considerations in 1.9 show
that every C-map in the preceding sense is a C*-map in the sense of Michal-Bastiani (a
Ch z-map for short), i.e., the iterated directional derivatives needed to define d’ f exist
for all j € N such that j < k, and the mappings d/f: U x E? — F so obtained (as well
as f) are continuous (such mappings are also called “Keller’s C¥-maps” in the literature,
following [44]). Exploiting the Fundamental Theorem of Calculus, it can be shown that,
conversely, every C¥, z-map with locally convex range is of class C% [3, Prop. 7.4]. Thus,
when dealing with maps into real or complex locally convex spaces, it is fully sufficient
(and much more convenient) to work with the differentials &’ f, no use has to be made of
the mappings fU. However, as soon as we turn to mappings into non-locally convex real or
complex topological vector spaces, and also in the case of base fields other than R and C, the
differentials alone do not encode enough information on f, and it is necessary to work with
the mappings fU!. For example, consider the function f:]0,1[— L°0,1], f(t) := Ly
taking ¢ to the characteristic function of the interval [0,t]; here [0, 1] is equipped with
Lebesgue measure, and L°[0, 1] denotes the space of equivalence classes of measurable real-
valued functions on [0, 1] (modulo equality a.e.), equipped with the topology of convergence
in measure (see [42]). Then f is injective. It can be shown that f is of class Cg°, with d’ f
vanishing identically for all j € N (cf. [24]).

1.11 (Chain Rule). If E, F and H are topological K-vector spaces, U C E and V C F
are open subsets, and f: U — V C F, g: V — H are mappings of class C*, then also the
composition go f: U — H is of class C*. If k > 1, we have (f(z), f(z,y,t),t) € VI for
all (x,y,t) € UM and

(g0 HM(z,y,1) = g f(2), fM(2,y,1),1). (4)

In particular, d(g o f)(x,y) = dg(f(x),df (x,y)) for all (z,y) € U x E (see [3], Prop. 3.1
and Prop. 4.5).

We recall that being of class C* is a local property [3, La.4.9]:

Lemma 1.12 Let E and F be topological K-vector spaces and f: U — F be a mapping,
defined on an open subset U of E. Let k € Nog U {oo}. If there is an open cover (U;)ier
of U such that fly,: Uy — F is of class C* for each i € I, then f is of class C*. O
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1.13 Compositions of composable C*-mappings being of class C*, we can define C*-
manifolds modeled on topological K-vector spaces in the usual way, namely as Hausdorff
topological spaces M, together with a set (“atlas”) of homeomorphisms (“charts”) from
open subsets of M onto open subsets of the modeling topological K-vector space Z, whose
domains cover M, and such that the transition maps are of class C*. A Lie group over K is
a group G, equipped with a smooth manifold structure modeled on a topological K-vector
space Z, with respect to which inversion and the group multiplication are smooth map-
pings. For every K-Lie group G, the geometric tangent space T}(G) can be turned into a
topological K-Lie algebra L(G) in a natural way (see [3] for more information).

Remark 1.14 It can be shown that K-analytic maps from open subsets of (ultrametric)
normed spaces to locally convex topological K-vector spaces (as in [14], where locally convex
spaces are called “polynormed”) are Cg°, for every ultrametric field (K, |.|) [3, Prop. 7.20].
As a consequence, every finite-dimensional K-analytic Lie group G in the usual sense (as
defined in [74, p.102]) can be considered as a K-Lie group in our sense, and likewise for
the analytic Lie groups modeled on ultrametric Banach spaces considered in [13].

We recall three simple, but very useful facts ([3], Lemmas 10.1-10.3):

Lemma 1.15 Let E' and F' be topological K-vector spaces, U C E be open, and f: U — F
be a mapping of class C*, where k € NgU{oc}. Let Fy be a vector subspace of F' containing
the image of f. If Fy is closed or if Fy is sequentially closed and K is metrizable, then the
co-restriction f|¥0: U — Fy is C* as a map into Fy. O

Lemma 1.16 Suppose that E is a topological K-vector space, (F;)ier a family of topological
K-vector spaces, U C E an open subset, and f: U — P a mapping, where P :=[][..; Fi

ier s
with canonical projections pr;: P — F;. Let k € No U {oo}. Then f is of class C* if and
only if pr; o f is of class C* for each i € I. O

Lemma 1.17 Let E be a topological K-vector space, (F})ic; be a family of topological K-
vector spaces, U C E be open, and f: U — F be a map, where F' =1lim  F;, with limit

el
maps m;: F — F;. Let k € NgU {oo}. Then f is C* iff ;o f is C* for cach i el. O
As in the case of Banach-Lie groups, general Lie groups can be described locally:

Proposition 1.18 (Local description of Lie group structures) Suppose that a sub-
set U of a group G is equipped with a smooth manifold structure modeled on a topological
K-vector space E, and suppose that V is an open subset of U such that 1 €V, V =V 1,
VV C U, and such that the multiplication map V- x V. — U, (g,h) — gh is smooth
as well as inversion V. — V, g — g~ '; here V is considered as an open submanifold
of U. Suppose that for every element x in a symmetric generating set of G, there is an
open identity-neighbourhood W C U such that xWa=' C U, and such that the mapping
W — U, w +— xwx~! is smooth.* Then there is a unique K-Lie group structure on G
which makes V', equipped with the above manifold structure, an open submanifold of G.

Proof. The proof of [13], Chapter 3, §1.9, Proposition 18 can easily be adapted. O

4This condition is automatically satisfied if V generates G.
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2 Unit groups of continuous inverse algebras

Let K be an arbitrary topological field. In this section, we show that the groups A* of
invertible elements in suitable topological K-algebras A (the continuous inverse K-algebras)
are K-Lie groups. We describe constructions producing new continuous inverse algebras
from given ones. In this way, we obtain a supply of continuous inverse K-algebras and thus
also of K-Lie groups. For much more information concerning locally convex continuous
inverse algebras over the real or complex field, and their unit groups, the reader is referred
to [20]. Further examples can be found in [23], [36, 1.15], and [81].

Definition 2.1 A continuous inverse algebra (over K) is a unital associative topological
K-algebra A whose group of units A* is open in A and such that inversion ¢: A* — A,
a +— a~!is continuous.

Continuous inverse algebras are of interest in the present context, for the following reason:

Proposition 2.2 For every continuous inverse K-algebra A, inversion t: A* — A s of
class Cg°, and thus A* is a K-Lie group when considered as an open submanifold of A.

Proof. The algebra multiplication A x A — A is continuous bilinear and hence smooth.
Hence so is the group multiplication A* x A* — A*. We now show by induction that
v is CF for each k € Ny. By hypothesis, ¢ is C%. Suppose that ¢ is Ck. Using that
b='—a=' =b"'(a—b)a! for a,b € AX, we obtain for any (z,v,t) € (A) C A% x AxK:

vz +tw) —u(z) = (x+t) ' —27t = —t((z + tv) tor! = tF(z,v,1), (5)
where F: (AN — A F(x,v,t) .= —u(x + tv)ve(x). Since ¢ is CF by the induction

hypotheses, F is of class CE, in particular of class C%. Thus (5) shows that ¢ is of class
Ck, with (! = F a mapping of class C. Therefore ¢ is of class Cpt! (see 1.7). O

For example, K is a continuous inverse algebra over K, and thus K* is a K-Lie group.

Proposition 2.3 If A is a continuous inverse K-algebra, then so is the algebra M, (A) of
n X n-matrices with entries in A, when equipped with the natural vector topology = A™*".

Proof. Apparently, M, (A) is a topological K-algebra. Its unit group is open and inversion
is continuous by [75, Cor. 1.2]. O

Lemma 2.4 If A is a finite-dimensional unital associative K-algebra and B C A a unital
subalgebra, then B* = A* N B.

Proof. This is a well-known fact (cf. [20, La.9.4] if K=R or C). O
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2.5 Recall that, among the vector topologies on a finite-dimensional K-vector space V' of
dimension d, there is a uniquely determined vector topology making V' isomorphic to the
direct product K¢ as a topological vector space. It is called the canonical K-vector space
topology (see [12], Ch.1, §1, no. 1, Example 5).

We remark that it is possible to characterize those topological fields K having the special
property that any finite-dimensional K-vector space admits only one (Hausdorff) vector
topology ([62], also [79], Section 5.4, Theorem 10). They are necessarily complete.

Proposition 2.6 Let A be a finite-dimensional unital associative K-algebra. Then the
canonical K-vector space topology turns A into a continuous inverse algebra over K.

Proof. Let n := dimg(A). It is clear that the canonical K-vector space topology turns A
into a topological K-algebra, and it is clear that the left regular representation

A A— L(A) = M,(K), Xa)(b) :=ab

is a topological embedding (where £(A) denotes the K-algebra of K-linear self-maps of A,
equipped with the canonical K-vector space topology). It therefore suffices to assume that
A is a subalgebra of M, (K). Now, M, (K) being a finite-dimensional K-algebra, we have

AX = M, (K)* N A (6)

by Lemma 2.4. Since M, (K) is a continuous inverse algebra by Proposition 2.3, M, (K)*
is open in M, (K) and thus A* is open in A by (6). The inversion map ¢: A* — A
being a restriction of the continuous inversion map M, (K)* — M, (K), we deduce that ¢
1s continuous. O

Tensor products of finite-dimensional algebras and continuous inverse algebras are again
continuous inverse algebras.

Proposition 2.7 Given a continuous inverse K-algebra A and finite-dimensional unital
associative K-algebra F, consider the associative unital K-algebra F' ®g A. Pick any K-
basis eq,...,e, of F, and equip F ®x A with the topology making ¢ : A" — F Rk A,
(a;)iy — > i, e ® a; an isomorphism of topological K-vector spaces. Then this topology
does mot depend on the choice of basis, and it turns F Qg A into a continuous inverse
algebra over K.

Proof. The natural map M, (K) x A™ — A" being continuous, we readily deduce that the
topology on F' ® A is independent of the choice of K-basis for F'. Given i,j € {1,...,n},
we have e;e; = >0 t;jrer for uniquely determined elements (“structure constants”)
tijr € K. Given z = (%), v = (v;)l-; in A", we have

o(2) - p(v) = i e ® (i ti,j,kzivj) =¢ << i ti,j,kzwj)::1> :

i,j=1 i,j=1
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As A is a topological K-algebra, we readily deduce from the preceding formula that multi-
plication in F' ®g A is continuous. Thus F' ®xk A is a topological K-algebra. Given z and v
as before, we calculate

(14+6()- (1 +00) = (1+) @)1+ o)

= 1—1—2 gf-j/ ®zivj+Zek®zk+Zek®vk

2,7=1 k=1 k=1
J = 1 tijkCk

= 1+ ) e ® (3 + (S(2)0)), (7)

k=1

where S(2) 1= (ar;(2))} j=1 € Mn(A) with ag;(2) := 0pj+> 1, zilijk, and where (S(2).v)x
denotes the kth coordinate of the vector S(z).v € A™. We strive to show that for z € A™ in
some zero-neighbourhood, we can choose v such that S(z).v = —z. Then, by Equation (7),
the element 1+ ¢(v) will be a right inverse for 1 + ¢(z).

Since M,,(A) is a continuous inverse K-algebra (Proposition 2.3), and S: A™ — M,,(A) is a
continuous mapping such that S(0) = 1 € M, (A)*, there is a zero-neighbourhood U in A™
such that S(U) C M, (A)*. Apparently, the mapping

p:U— A" p(z):=-8(2)"" .z

is continuous. For each z € U, we have S(z)p(z) = —z, and thus (1+¢(2))-(1+¢(p(2))) =1
by (7). Thus, for each a in the open identity neighbourhood V' := 1+ ¢(U) C F ®xk A, the
element

r(a):==1+¢(p(¢~ (a— 1)) € F@x A

is a right inverse for @ in F' ®x A, and the mapping r: V — F ®k A is continuous. Very
similar arguments show that there is an identity neighbourhood W in F ®x A such that
every a € W has a left inverse in F ®g A. Then P := V NW is an identity neighbourhood
in ' ®g A such that P C (F ®g A)*, and the inversion map ¢: (F Qg A)* — F @k A
satisfies t|p = r|p an thus is continuous on P. As a consequence, (F' @k A)* is open in
F ®xk A and ¢ is continuous (cf. [20, La. 2.8]). 0

Concerning extension of scalars, we readily deduce:

Corollary 2.8 For every continuous inverse algebra A over K and finite extension field 1L
of K, A := L ®x A is a continuous inverse algebra over L (where L is equipped with the
canonical K-vector space topology).

Proof. We equip A, = L ®kg A with the topological K-algebra structure defined in
Proposition 2.7, which makes it a continuous inverse algebra over K. It is easy to see
that the mapping L — L ®g A, z — 2 ® 1 is a continuous K-algebra homomorphism. The
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continuity of scalar multiplication . x A, — Ap therefore follows from the continuity of
the multiplication map Ay x Ap — AyL. O

For the final result of this section, we specialize to the case where K is a locally compact
topological field.

2.9 We consider a unital associative K-algebra A which is locally finite in the sense that
every finite subset is contained in a finite-dimensional subalgebra of A. We also assume
that A is of countable dimension as a K-vector space. As a consequence, there exists an
ascending sequence A; C Ay C --- of finite-dimensional unital subalgebras A, of A such
that A = J, oy An-

2.10 We equip A with the so-called “finite topology,” i.e., the final topology with respect
to the inclusion maps Ap: F' — A, where F' runs through the set F of finite-dimensional
vector subspaces of A. The set {A, : n € N} being co-final in F (directed with respect
to inclusion), the finite topology on A is also the final topology with respect to the family
(A4, )nen. Then A = lim A, as a topological space, furthermore A x A = lim (4,, x 4,)
and K x A = lim (K x Xn), each A, and K being locally compact ([40] or [QfProp. 3.3]).
As a consequer?:e, A is a topological K-algebra (cf. [21]).

Proposition 2.11 FEvery countable-dimensional, locally finite associative unital algebra
over a locally compact topological field K is a continuous inverse K-algebra when equipped
with the finite topology.

Proof. We have already shown that A is a topological K-algebra. The openness of A*
in A as well as continuity of inversion can be shown as in the real and complex special
cases (see [20, Prop.9.5]). O

Remark 2.12 If A is a real or complex locally convex CIA, then A* is in fact an analytic
Lie group. If, furthermore, A is complete (or, at least, Mackey complete), then A* is a
Baker-Campbell-Hausdorff (BCH) Lie group, viz. it possesses a locally analytically diffeo-
morphic exponential function, and its multiplication is given locally by the BCH-series (see
[20]). In this case, the results of [71] and [19] facilitate to integrate closed Lie subalgebras
of A to analytic subgroups of A*, providing us with a much richer supply of “linear Lie
groups” then the mere full unit groups A*. In the case where K is a complete valued field,
in some cases subgroups of unit groups of continuous inverse K-algebras may be turned
into Lie groups using the inverse function and implicit function theorems from [28].

3 Spaces of continuous mappings and mappings
between them

As a preliminary for our studies in Section 5, where we shall turn the group C(K,G)
of continuous mappings from a compact topological space K to a K-Lie group G into a
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K-Lie group, in the present section we study differentiability properties of certain types
of mappings between spaces of continuous vector-valued functions on compact topological
spaces. More generally, here (and in Section 5) we can consider mappings on non-compact
spaces supported in given compact sets.

Throughout this section, K denotes a topological field, X a topological space, and K a
compact subset of X.

3.1 If £ is a topological K-vector space, we let Cx(X,E) € EX denote the K-vector
space of all continuous mappings v: X — E such that supp(vy) C K. We equip Ck(X, F)
with the topology of uniform convergence, which apparently makes C (X, E) a topological
K-vector space. A basis of open zero-neighbourhoods is given by the sets Cx(X,U) =
{y € Cx(X,E):im~y C U}, where U ranges through the open zero-neighbourhoods in FE.

3.2 Note that if K € {R,C} and F is locally convex, then Ck(X,U) is convex for each
convex, open 0O-neighbourhood U C F and thus Ck (X, F) is locally convex. If K is an
ultrametric field with valuation ring @ and E is locally convex (see 1.2), then Cx(X,U)
is an open O-submodule of Ck (X, E) for each open O-submodule U C FE, and hence
Ck (X, E) is locally convex.

The following proposition (and a C"-analogue to be proved later) is the technical backbone
of our discussion of mapping groups.

Proposition 3.3 Let E, F', and Z be topological K-vector spaces, U C E and P C Z be
open subsets, k € NgU {0}, and f: X x U x P — F be a mapping. Suppose that

(a) f(x,e) =0 forallz e X\ K;
(b) f(z,¢): U x P — F is of class C* for each x € X, and

(¢) X x (Ux PVl — F, (z,y) — f(z,+)V)(y) is a continuous map, for each j € Ny such
that 7 < k.

Then Cg(X,U) := Cx(X, E)NUX is a (possibly empty) open subset of Cx (X, E), and
¢:CK(X7U)XPHCK<X7F)7 ¢(ryvp) = f('7p>*(7)

is a mapping of class C* (where f(e,p).(7)(x) == f(z,v(x),p) for z € X).

Proof. It is clear that Cx(X,U) is open, and that ¢(vy,p) € Ck(X, F) indeed. To show
that ¢ is of class C*, we clearly may assume that & < co. The proof is by induction.

The case k = 0. Let £ € Cx(X,U), p € P, and V C F be an open zero-neighbourhood.
Let W C F' be an open zero-neighbourhood such that W — W C V. For each z € K, we

find an open neighbourhood A, C K of z in K and open zero-neighbourhoods B, C F
and C, C Z such that {(A,)+ B, CU, p+ C, C P, and

fly,u,q) — f(z,&(x),p) €W
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for all y € A,, u € {(A;) + B,, and ¢ € p + C,. By compactness, K C |J,; Az for
some finite subset I € K. Then B := (., B, € FE and C := (., C, € Z are open
zero-neighbourhoods. Let n € £ + Cx(X,B) and g € p+ C C P. Given y € K, there is
x € I such that y € A,. Hence

Fyn()a) = f(y,€W),p) = fly.n(w),q) — [, &(x),p) = (f(y,E(W),p) — f(2,£(x), p))
e W-WwWc<cv.

For y € X\ K on the other hand, we have f(y,n(y),q) = f(y,&(y),p) = 0 and thus

Fy,n(y),q) = f(y,€(y),p) = 0 € V trivially. We have shown that ¢(1,q) — ¢(£,p) €
Ck(X,V) for all (n,q) in the open neighbourhood (£ + Ck (X, B)) x (p+C) of (§,p). Thus

¢ is continuous, as required.

Induction step. Suppose that k > 1, and suppose that the proposition holds for k replaced
with k& — 1. Abbreviate Q := (Cx(X,U) x P) C Cx(X,U) x P x Cx(X,E) x Z x K and
Q@ :={(&p;n.q,t) € Q: 1 #0}. Forall (§,p,n,q,t) € Q*, we have

T +tnp+tg) —o(&p)(x) = 1(f(z,&(x)+tn(x),p+tq) — f(z,&(x),p))
Fl@, )M((&(2), p), (n(x),q), t) (8)

for all z € X, which suggests to define

0:Q = Cx(X.F), 0(&pn.q.8)(@) := flz. ) (@), p). (n(2),q), ) forze X.
If we can show that v is continuous, then ¢ will be C* with ¢l = ¢, by (8).

Claim 1. 1 is of class C*~1 on Q*. In fact, inversion KX — K* being smooth, addition and
scalar multiplication in Cx (X, E) and Ck(X, F) being continuous linear (resp., bilinear)
and thus smooth, and ¢ being of class C*~! by induction, the claim readily follows from

the formula ¢ (&, p,1,q,t) = F($(§ + tn, p+ tq) — ¢(&,p)) for (&, p,m,q,t) € Q™.

Claim 2. Every (£,p,m,q,0) € Q has an open neighbourhood on which 1 is of class C*~1.
In fact, since im¢ C ¢(K) U {0} and imn C n(K) U {0} are compact subsets of E, and
im¢ C U, there exist open neighbourhoods A C U of im¢, B C E of imn and an open
zero-neighbourhood C' C K such that A+ C' - B C U. Shrinking C' if necessary, we may
furthermore assume that there exist open neighbourhoods D C P of p and G C Z of ¢ such
that D4+ C -G C P. Then Uy := A x B is an open subset of E x E containing im(&, n),
and P, := D x G x C is an open neighbourhood of (p,¢,0) in P x Z x K. The definition

fii X x Uy x PL—F,  fi(z, (a,b), (0, q,t) :== f(x, )" ((a,p), (b,q),1)

makes sense by choice of U; and P; (i.e., the expression on the right hand side is defined).
As an immediate consequence of hypothesis (c), the mapping fi(z,.) is of class C*~1 for
each r € X, and X x (U; x P)V — F, (z,y) — fi(z,+)V)(y) is continuous for all j € Ny
such that 7 < k — 1. By induction,

¢1: Cp(X,Ur) X P — Cr(X, F),  ¢1(y,p1)(x) = fi(w,v(x),p1)



LIE GROUPS OVER TOPOLOGICAL FIELDS 21

is a mapping of class C*~1. Since ¢y ((o,7), (p', ¢, 1)) = ¥ (0,9, 7, ¢, t) for all (o, p/, 7, ¢, t) €
Cr(X,A) x D x Cg(X,B) x G x C C @, Claim 2 is established.

In view of Claims 1 and 2, Lemma 1.12 shows that 1 is a mapping of class C*~!. In
particular, ¢ is continuous and thus, in view of (8), the mapping ¢ is of class C! with
oM =4 of class C*~1. Thus ¢ is of class CF. O

We readily deduce:

Corollary 3.4 Let E and F be topological K-vector spaces, U C E an open subset, k €
No U {0}, and f: X x U — F be a mapping. Suppose that

(a) f(z,e) =0 forallz € X\ K;
(b) f(x,s): U — F is of class C* for each x € X, and
(¢) X x UVl — F, (2,9) — f(z,+)(y) is continuous, for each j € Ny with j < k.

Then
f*:CK(XaU)_)CK(X>F)> f*(ﬁ)/)(x) = f(x77($))

is a mapping of class CF. O

Corollary 3.5 Let E and F' be topological K-vector spaces and f: U — F' be a mapping of
class C*, defined on an open subset U of E. If K # X, assume that 0 € U and f(0) = 0.
Then

CK(Xaf):CK(XvU)_)CK(XvF)u 7'_>f07

is a mapping of class C*.

Proof. We have Cx (X, f) = g., where g: X x U — F, g(x,y) := f(y) is easily seen to
satisfy Conditions (a), (b), (c¢) of Corollary 3.4. O

Before working through the analogues of the preceding facts for spaces of C"-maps stated
in the next section—which are considerably harder to prove—the reader may wish to pass
directly to the construction of continuous mapping groups in Section 5 (assuming r = 0
there), to see what the results just proved are good for.

4 Spaces of C"-maps and mappings between them

In this section, we discuss spaces of vector-valued C"-maps, and mappings between such
spaces, to facilitate the construction of a manifold structure on groups of C"-maps in
Section 5. We begin with the special case of vector-valued mappings on open subsets of
topological vector spaces.

In this section, [F denotes a topological field, and K a topological field extending F, meaning



22 HELGE GLOCKNER

that K contains F as a subfield, and that the inclusion map F — K is continuous.® Starting
with Proposition 4.20, we shall assume that F is locally compact. We remark that, if F
is a valued field (for instance, if F is locally compact), then the inclusion map F — K
is a topological embedding automatically, as every 1-dimensional (Hausdorff) topological
F-vector space is topologically isomorphic to IF ([79], §5.1, Example 1 and §5.4, Theorem 9).

The spaces C"(U, E), when U is an open subset of the modeling space

The preparatory results concerning mappings on open subsets U of topological vector
spaces provided in this subsection are essential for our later discussion of the general case,
where U is replaced with a manifold.

4.1 Given a topological K-vector space E and open subset U of a topological F-vector
space Z, we let C"(U, E) be the set of all mappings v : U — E of class C§ (where
r € NoU {oc}). It is clear that pointwise operations turn C"(U, E) into a K-vector space.
We give C"(U, E) the initial topology with respect to the family of mappings

C"(U,F) — C’(Um, E), v~ ”ym,

where j € Ny such that 5 < r; and where C’(UU],E) is equipped with the topology of
uniform convergence on compact sets (which coincides with the compact-open topology).
It is clear that C"(U, ) becomes a topological K-vector space in this way.

The sets
K, W] = {3 € C(UV), E): 4(K) C W}

form a basis of open zero-neighbourhoods for the topology on C(UU!, E) when K ranges
through the compact subsets of Ul and T through the open zero-neighbourhoods of E.

Remark 4.2 The following assertions readily follow from the definitions:

(a) For every r > s, the inclusion map C"(U, E) — C*(U, E) is a continuous linear map.
The topology on C*°(U, E) is initial with respect to the family of inclusion maps
C>(U,E) — C*U, E), where k € Ny. Furthermore, C*°(U, E) = lim C*(U, E).

(b) For every k € Ny, the topology on C**1(U, E) is initial with respect to the inclusion
map C**1(U, E) — C(U, E) together with the mapping

CHU U, B) — CHUY, E), 5=l
Strengthening (b), we have:
Lemma 4.3 In the preceding situation, the map
A CHAULE) — C(U,E) x CHUN,E), A7) = (3,41)

is a topological embedding onto a closed vector subspace of C(U, E) x C*(UM E).

STypical examples are: 1. K=F; 2. F=R, K= C.
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Proof. By Remark 4.2 (b), the map A is a topological embedding. To see that im(A) is
closed, let (7,) be a net in C¥+1(U, E) such that A(v,) converges in C(U, E) x C*({UM E),
say to (v,m) with v € C(U,E) and n € CH(UM, E). Let (x,y,t) € Ul (see 1.8 for the
notation). Then v, (x) — v(x) and v, (z + ty) — v(z + ty), entailing that (v,)M(z,y,t) =
Ly + 1) — 9a(2)) — Hr(w + ty) — 1(z)). Since also (1) (z,y,1) — 7z, 1), we
deduce that n(x,y,t) = $(y(z +ty) —v(z)). The map n being continuous, this means that
7 is C, with 4 = 5. The map ! = 5 being CF, we deduce that v is CE™! and thus
v € C*Y(U, E). Then im A(v,) = (v,1) = (7, 1) = A(7). Thus im(A) is closed. O

Lemma 4.4 Suppose that Z and Y are topological F-vector spaces, U C Z and V CY
open subsets, and f: U — V a Cg-map. Then the “pullback”

C'(f,E):C"(V,E) - C"(U,E), y—n~of
18 a continuous K-linear map.

Proof. Given elements r > s € Ny U {0}, let is, : C"(U,E) — C*(U,E) and
Jsr @ CT(V,E) — C*(V,E) be the respective inclusion maps. Since iy o C™(f, E)
= C*(f, E) 0 j.oo if f is of class C§°, in view of Remark 4.2 (a) the continuity of C*°(f, F)
follows if we can show that C*(f, E) is continuous for each k € Ny. Thus, we may assume
that r € Ny, and prove the assertion by induction on r. The case r = 0 is a standard fact,

see [16], p. 157, Assertion (2).

Induction step. Suppose the lemma is correct for some r € Ny, and suppose that f: U — V
is of class C3™'. The mapping ig,41 0 C"T1(f, E) = C°(f, E) o jo,4+1 being continuous, in
view of Remark 4.2 (b) it only remains to show that

6: C"(V,E) — C"(UM E), 6() = (" (£, E))" = (yo p)l

is continuous. By the Chain Rule, we have

o(7) = (yo H = C"(@, E)(»!"),

where ® : UM — VI ®(u,y,t) = (f(u), fM(u,y,t),t) is of class C". By induction,
CT(®,E): c"(VI E) — C"(UM, E) is continuous, and also 1: C"™Y(V, E) — C"(VI E),
v+ vl is continuous (Remark 4.2 (b)). Thus ¢ = C"(®, E) o 1) is continuous. O

Lemma 4.5 Let E be a topological K-vector space, Z a topological F-vector space, U C Z
an open subset, and f: U — K be a mapping of class Cr. Then the “multiplication
operator”

my: C"(U, E) — C"(U, E), (my(7))(z) = f(z) - y()

18 a continuous K-linear map.
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Proof. Arguing as before, we find that it suffices to discuss the case where r € Ny. The
proof is by induction. In the following, let us write my, for my, to stress its dependence
on r. Given r > s € Ny, we let iy,: C"(U, E) — C*(U, E) be the inclusion map.

Case r = 0: Let K C U be a compact subset and V' C E be an open zero-neighbourhood.
Since f(K) is compact, f(K)-0 C {0} C V, and scalar multiplication is continuous, there
is an open zero-neighbourhood W C FE such that f(K)-W C V. As a consequence,
mf(LK , WJ) C |K,V]. Being continuous at 0 by the preceding, the linear map myg is
continuous.

Induction step. Suppose that the assertion of the lemma is correct for some r € Ny, and
let f: U — K be a mapping of class C@“. Then 4,41 0 Myfrp1 = My 040,41 shows that
10,r+10My 41 1S @ continuous linear map. Using that scalar multiplication 3: Kx £ — E is
a continuous K-bilinear (and thus F-bilinear) map, the formula for 3! (see Examples 1.6)
combined with the Chain Rule shows that

(Mg (7)) (2, y, t)

= (Bo(f. ) (z,y,1)
f(@), /M (@, y, 1)) +ﬁ(f[”(:v y, ), v(@)) + B, y, 1),/ (z, y,1))
z) - AW,y t) + 2y t) (@) + M,y ) - A (g, ),

= 0
= f(
whence

(Mgt (DY = (M gy 0 9)(7) + (Mg 0 O (m, B) 0iia) (), (9)

where 7: U — U, (2,y,t) :== x and 7: U — K, 7(x,y,t) := t are smooth and thus C},
multiplication operators are denoted in the apparent way, and ¢: C"*'(U, E) — C"(UM, E)
denotes the continuous linear map v — M. In view of the induction hypothesis and
Lemma 4.4, Equation (9) shows that C"*(U, E) — C"(UM E), v — (ms,1(7))Y is a

continuous K-linear map. By Remark 4.2 (b), my, 1 is continuous. a

Lemma 4.6 Let Z be a topological F-vector space, U C Z be an open subset, and (U;);er
be an open cover of U. Fori € I, let \;: U; — U be the inclusion map, and

pi =C"(\,E): C"(U,E) — C" (U, E), pi(7) =1v,

be the corresponding restriction map. Then the topology on C" (U, E) is initial with respect
to the family (p;)icr-

Proof. Arguing as usual, we may assume that r is finite. The proof is by induction. By
Lemma 4.4, each map p; is continuous linear and thus the initial topology O, on C" (U, E)
with respect to (p;)ier is a (Hausdorff) vector topology on C" (U, E) which is coarser than
the given topology. We shall write p;, for p;, to stress its dependence on 7.
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The case r = 0. Suppose that K is a compact subset of U, and W C E an open zero-
neighbourhood. Given x € K, there exists i € I such that x C U;. Since K is compact
Hausdorff, there exists a compact neighbourhood V,, of x in K such that V, C KNU;. Asa
consequence, using the compactness of K we find finitely many compact subsets Ay, ..., A,
of K covering K, such that, for each j = 1,...,n, there is 7; € I with A; C U;,. Then
| K, W] C C°U, E) coincides with (\7_; p; (| A;, W]), where |A;, W] C C°(U;, E). As a
consequence, the vector topology Oy on C°(U, E) is finer than the given topology and thus
coincides with it.

Induction step. Suppose that the assertion of the lemma is correct for some r € Ny. In
view of Remark 4.2 (b), we have to show that the mappings

¢: (C"N(U,E),0,41) — C°(U,E), ¢(x)=x and

V1 (C"THU, B), Opp1) — CT(UME), g(y) =1
are continuous, using the usual topology on the spaces on the right hand side. Let j; :
C™Y(U;, E) — C°(U;, E) be the inclusion map, which is continuous linear. As p; g0 ¢ =

Ji © pirs1 is continuous, we deduce from the C”-case of the lemma already proved that ¢ is
continuous.

To see that also ¢ is continuous, let (z,y,t) € Ul and v € C™(U, E) (see 1.8). Then
1

vy, t) =7 (v(@ +ty) — (@)

and thus

V()| = (my o (C7(s, E) = C"(w, E)) © pirr11)(7), (10)
where the inclusion map g, ,41: (C"Y(U, E), O,+1) — (C"(U, E),0,) = C"(U,E) (induc-
tion hypothesis!) is apparently continuous linear, and f: Ul — K, (z,y,t) — t7' is
of class C§ as well as the mappings s: Ul — U, s(z,y,t) := 2 + ty and 7: Ul — U,
7(z,y,t) ;== x. By Lemma 4.5, the multiplication operator m;: C"(U', E) — C" (UL E)
is continuous, and by Lemma 4.4, the mappings C" (s, E) and C" (7, E) are continuous.
Thus Equation (10) shows that

(C™ U, E),Op1) — C"(UMLE), v = ()| (11)
is a continuous mapping.

Next, suppose that p = (zo,v0,t0) € UM is given such that t, = 0. There exists i €
I such that v € U;. Then (z¢,1,0) € (U)!, which is an open subset of UM, As

piri1 is continuous on (C™(U, E), O,41) and also C"™(U;, E) — C™ (UM, E), v — A1 is
continuous, we deduce that the mapping (C"™ (U, E), O,;1) — C”"(Uim, E),

v = ’Y“]!Up = (1)l (12)

is continuous. Now {U'[} U {Uim .4 € I} being an open cover of UM, using the induction
hypothesis we deduce from the continuity of the mappings described in (11) and (12) that
is continuous. a

v (y



26 HELGE GLOCKNER

The spaces C"(M, E) and mappings between them

4.7 Given a topological K-vector space E and F-manifold M of class Cf, modeled on a
topological F-vector space Z, we let C"(M, E) be the set of all mappings v: M — E of
class Cf. It is clear that pointwise operations turn C"(M, F) into a K-vector space. We
give C"(M, E') the initial topology with respect to the mappings

O.: C"(M,E) = C"(V.E), y—lvor", (13)

where k: U — V C Z ranges through the charts of M. It is clear that this topology makes
C"(M, E) a topological K-vector space.

4.8 Since an open subset U C Z may be considered as an F-manifold, we now have two
definitions of a topology on C"(U, E), described in 4.1 and 4.7. As a consequence of
Lemma 4.6, both topologies coincide:

Lemma 4.9 If A is an atlas of charts for M, then the topology on C™(M, E) is initial
with respect to the family (0,)xeAa-

Proof. Apparently, the initial topology O with respect to (0)xea is coarser than the
given topology on C"(M, E). To see that it is also finer, we have to show that O makes
¢, continuous, for every chart n: U — V of M. For k € A, say x: U, — W,, define
Vi :=n(U;NU). Then (V,)ea is an open cover of V', and as (C" (M, E),O) — C"(V,, E),

Y= 0,Nlv. =von v, =b(y)oron v, = (C"(kon v, E) 0 6,)(7)

is a continuous function of v by Lemma 4.4 and definition of O, for each xk € A, we deduce
from Lemma 4.6 that 6, is continuous, which completes the proof. O

Remark 4.10 The topology on C°(M,E) = C(M, E) just defined coincides with the
compact-open topology. Indeed, the new topology obviously is coarser than the compact
open topology, but it is also finer, by the argument used in the proof of Lemma 4.6, case
r =0 (see also Lemma 4.22).

Lemma 4.11 Let M and N be Cg-manifolds modeled on topological F-vector spaces, E be
a topological K-vector space, and f: M — N be a Cg-map. Then the “pullback”

C'(f,E): C"(N,E) — C"(M,E), v+ yof
15 a continuous K-linear map.

Proof. It is clear that C"(f, F) is K-linear. There exists an atlas {x;: ¢ € I} of charts k;:
U; — V; of M such that, for each i € I, f(U;) C A; for some chart ¢;: A; — B; of N. Given
i € I, consider 6;: C"(M, E) — C"(Vi, E), 0i(7) :=vor; ' and ©;: C"(N, E) — C"(B;, E),
©i(7) := v o ¢; . In view of Lemma 4.9, the mapping C"(f, E) is continuous if and only
if 6; o C"(f, F) is continuous for each i. But 6,0 C"(f, E) = C"(¢; o f 3 or; ', E)o®©;is a
composition of continuous mappings (see Lemma 4.4) O
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Lemma 4.12 Let M be a Ci-manifold, modeled on a topological F-vector space, E be a
topological K-vector space, and (U;);e; be an open cover of M. Then

p = (pi)ier: C"(M, E) — HCT(U’UE)) v = (Vs ier
iel

C(U;, E).

Proof. Let X\; : U; — M be the inclusion maps. The coordinate functions of p are
the restriction maps p; = C"(\;, E): C"(M,E) — C"(U;, E), v — v o A\; = 7|v,, which
are continuous linear by Lemma 4.11. Hence p is continuous linear, and apparently it
is injective. Let A be the set of all charts of M whose domain is contained in some Us;.
Then A is an atlas for M. Given k € A, say k: U — V with U C U;, we can write
0.: C"(M,E) — C"(V,E), v+ vyor ! as b, =0,o0p;, where ©,: C"(U;, E) — C"(V, E),
n+— nor L. As a consequence, 0, is continuous with respect to the topology O induced
by p on C"(M, E). Hence, by Lemma 4.9, O has to be finer than the given topology on
C"(M, E). Being also coarser (since p is continuous), it coincides with the given topology.
Thus p is a topological embedding.

Let F := imp, and F be its closure. Given j,k € I, and x € U; N Uy, define f;}., :
[Lic; CT(Ui, E) — E via (Vi)ier — v;(x) — ve(x). Then f;;, is a continuous linear map.
From fjkx( ) = {0} we deduce f.(F) C {0} = {0}. Thus fyj|U nv. = Yklu,no, for all
(vi)ier € F and j k € I. As a consequence, given (v;)ic; € F, we can unambiguously
define a mapping v: U — E via y(x) := 7;(x) if © € U;. Since |y, = ; is of class C" for
each ¢ € I, Lemma 1.12 shows that 7 is a mapping of class C". It remains to note that

(Vi)ier = p() € F. 0

Various simple observations will be useful.

is a topological embedding, whose image is a closed vector subspace of [ ],

Lemma 4.13 Suppose that \: E — F' is a continuous K-linear map between topological
K-vector spaces. Then

C"(M,\): C"(M,E) — C"(M,F), v Aoy
18 a continuous linear map.
Proof. Given a chart x: U — V of M, we have 0 o C"(M,)\) = C"(V,\) o 6F, where

oF . C"(M,E) — C"(V,E), v — ~vok ' and 0 : C"(M,F) — C"(V,F) is defined
analogously. The topology on C"(M, F) being initial with respect to the mappings 6%,
it therefore suffices to show that C"(V,\) is continuous, for any open subset V of the
modeling space of M. Let j € Ny such that 7 < r. For each v € C"(V, E), we have
(C™(V, \)(y)V! ()\ o)l = Xo (AW = (V! X)(4V]) since A is continuous linear. Here
C"(V,E) — C(VU E), v — Pym is continuous linear by definition of the C"-topology, and
c(vhl ). cwWwhl, E) — C(VV F), n — Xon is continuous with respect to the compact-
open topologies by [16, §3.4, Assertlon (1)]. The topology on C"(V, F') being initial with

respect to the maps (s)V!, we deduce that C7(V, \) is continuous. O

If the topology on a topological space X is initial with respect to a family of maps into
topological spaces whose topology is again initial with respect to certain families of maps,



28 HELGE GLOCKNER

then the topology on X is initial with respect to the family of composed maps. This
well-known fact will be referred to as “transitivity of initial topologies” in the following.

Lemma 4.14 Suppose that the topology on E is initial with respect to a family (N\;)icr
of K-linear maps \; : E — FE; into topological K-vector spaces E;. Then the topology
on C"(M, E) is initial with respect to the family (C"(M,N;))ier of the linear mappings
C"(M,\): C"(M,E) — C"(M, E;).

Proof. The topologies on C"(M, E) and C" (M, E;) are initial with respect to the mappings
0. : C"(M,E) — C"(Vi, E), resp., b.;: C"(M,E;) — C"(V,,E;) (as in (13)), where
k: U, — V, ranges through the set of charts of M. Hence, we deduce from C"(V,;, \;) 06, =
0,0 C"(M,)\;) and the transitivity of initial topologies that the assertion will hold if we
can prove it when M is an open subset of a topological F-vector space Z (like the sets V).
Using Remark 4.2 (a) in a similar way, we may furthermore assume that r € Ny is finite.
Now, the proof is by induction.

For r = 0, in view of Remark 4.10 the assertion is immediate from [16, La.3.4.6]. If r €
N and the assertion holds when r is replaced with » — 1, we recall that, for M = U C Z, the
topology on C"(U, E) is initial with respect to the inclusion map f: C"(U, E) — C(U, E)
and the map ()1: C"(U, E) — C"Y (UM E). Let f;: C"(U, E;) — C(U, E;) be inclusion.
Since CT"HUWM ;) o (U = ()Mo C"(U, \;) and C(U, \;) o f = fi o C"(U, \;), we deduce
from the induction hypothesis, the case r = 0 and the transitivity of initial topologies that
the topology on C"(M, E) is indeed initial with respect to the maps C"(U, \;). O

As an immediate consequence, we have:

Lemma 4.15 Let Ey and E5 be topological K-vector spaces, and pry : Ey X FEy — Fjy,
pry: By X By — Es be the coordinate projections. Then

(C"(M,pry), C"(M,pry)) : C"(M, Ey x Ey) — C"(M, Ey) x C"(M, E)
15 an isomorphism of topological K-vector spaces. O

Using the latter isomorphism, we shall frequently identify a function v € C"(M, Ey x Es)
with its pair of coordinate functions (vy1,72), 7 := pr; © 7.

Proposition 4.16 Let E, F', H and 7 be topological K-vector spaces, P C H be an
open subset, r.k € Ny U {oo}, M be a K-manifold of class Cﬁgk modeled on Z, and

f: M x Ex P — F be a mapping of class Cg“k. Let M be an F-manifold of class Cy,
modeled on a topological F-vector space Z. Given a Cp-map o: M — M, define

fi=fo(oxidg xidp): M x EX P — F.

Then
¢o: C"(M,E) x P — C"(M,F),  ¢(v,p) == f(e,p)«(7)

is a mapping of class CE, where f(s,p).(7)(x) := f(z,v(x),p) for x € M.
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Proof. Since C*(M,F) = lim CYM,F) apparently and the inclusion map

—te
C>*(M,E) — C*M, E) is continuous linear and thus of class CR, we easily deduce with
Lemma 1.17 that ¢ is of class Cg° in the case r = 0o, provided the proposition holds for
all r € Ny. It therefore suffices to consider the case r € Nj.

Reduction to open subsets of Z and VA

There is an atlas A = {k;: ¢ € I} of charts k;: Uy — V; C Z of M such that o(U;) is
contained in the domain S; of a chart 7;: .5; — R; C Z of M. In view of Lemma 4.12,
Lemma 4.11, Lemma 1.15 and Lemma 1.16, the map ¢ will be CE if we can show that

hi: C"(M,E) x P — C"(Vi, ), (7,p) = 6(7,p) o k; !

is of class CE, for every i € I. Then f; := fo (57! xidg x idp): R; XEXxP — Fisa
Crt*-map, and o; := 7,00

520/@-_1: Vi — R; is of class Cf. Weset f; := fio(0; xidg xidp):
Vi x E x P — F and define

¢i: CT(‘/ZH E) X P — CT(V;’F)v ¢i(77p> = f('ap) © (1de77) :

In view of Lemma 4.11, the formula h;(v,p) = ¢:(C"(k; ', E)(7),p) shows that h; will be
CE if so is ¢;. Replacing M with V; and M with R;, we may therefore assume that M and
M are open subsets of Z, resp., Z, for the rest of the proof.

Apparently, it suffices to consider the case where k € Ny; the proof is by induction on k.
The case k = 0.

The proof is by induction on r. If 7 = 0, then the topology on C°(M, E) and C°(M, F) is
the topology of uniform convergence on compact sets (see 4.8). Let v € C(M,FE), p € P,
L be a compact subset of M, and V C F be an open zero-neighbourhood. Let W C F
be an open zero-neighbourhood such that W — W C V. For each x € L, we find an open
neighbourhood A, € M of x and open zero-neighbourhoods B, C FE and C, C H such
that p+ C, C P and

fly,u,q) — f(z,~(x),p) € W

for all y € A,, u € v(A;) + B,, and ¢ € p+ C,. By compactness, L C |J,.; A, for
some finite subset I € L. Then B := (., B, € F and C := (., C, € H are open

zero-neighbourhoods. Let £ € v+ |L,B| and ¢ € p+ C C P. Given y € L, thereis x € [
such that y € A,. Then

FW. W), q) — fly,7(w),p) = fy,&W),q) — flx,v(x),p) = (f(y, (), p) — f(x,v(x),p))
e W-—WCV.

We have shown that ¢(&,q) — ¢(v,p) € | L, V| C C(M, F) for all (§,q) in the open neigh-
bourhood (v + | L, B|) x (p+ C) of (,p). Thus ¢ is continuous, as required.



30 HELGE GLOCKNER

Induction step on r. We write ¢, for ¢, to emphasize its dependence on r. Suppose the as-
sertion of the lemma is correct for £ = 0 and some r € Ny. Suppose that the hypotheses of
the lemma are satisfied by f and o, with r replaced by r+1. Let i: C"t1(M, E) — C(M, E)
and j: C™Y(M, F) — C(M, F) be the inclusion maps. The mapping

C™H(M,F) — C(M,F)x C" (MW, F), v (7,7")

is an embedding of topological K-vector spaces by Remark 4.2 (b). Thus ¢,,; will be
continuous if we can show that the mappings j o ¢, and

b: C™THM,E) x P — C"(MW . F), (y,p) == dri1(7,p)V

are continuous. We already know that ¢ is continuous, whence j o ¢, 11 = ¢g o (i x idp)
is continuous. Recall that ¢,.1(v,p)(z) = f(o(z),v(z),p) for v € C" (M, E), p € P and
x € M. The Chain Rule gives
V)@ yt) = S (r,0) (@ y,1)
(o (@), 7). p), (@, ,8),70 (2,9, ),0), )

for all v € C"*Y (M, E), p € P and (x,y,t) € MY, Hence

U(v,p) = g(o,p)<(y 0 pry, M) (14)
where pr,: MY — M, (z,y,t) — , and g := §o ((fa) X id g2 X idp> MU X E2xP—F
with

g: MU x B2 x P~ F, g((x..1). (u.0), p) = S (2, u.p). (4,0,0), 1)
of class € and To: MU — MUY (To)(z,y,t) := (o(x), oM (z, y, 1), t) of class C4. By the
induction hypothesis, the map
C" (MW, E*)x P — C" (MM, F),  (k,p) — g(e,p)<(K)

is continuous. As C™(M,E) — C"(MWM E?) = Cc"(MWM, E)?, v +— (yopry,yY) is
continuous as well (cf. Remark 4.2, Lemma 4.4, Lemma 4.15), we deduce from (14) that 1
is continuous, and hence so is ¢, .

Induction step on k.

Suppose the assertion of the lemma is correct for some k£ € Ny and all » € Ny. Let o and
f be given which satisfy the hypotheses of the lemma when k is replaced with £+ 1. Then
¢: C"(M,E) x P — C"(M, F) is of class C¥ (and thus continuous), by induction. Given
v,m € C"(M,E), pjqg € H and t € F, we clearly have (v,p,n,¢,t) € (C"(M, E) x P)M if
and only if (p,q,t) € Pl In this case, provided ¢ # 0 we calculate

Ho(y +tn,p +tq) — ¢(7,p)) (2)
= %N(f(a(:c),fy(x) +tn(x),p+tq) — fo(x),7(z),p))
(o (x),~(x),p), (0,1(x),q), t)
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for all z € M. Hence

L0t +tm.p+10) — 6(3,9)) = e (0., 0).3.7) (15)

for all v,n € C"(M, E) and (p, ¢,t) € PV such that ¢ # 0, where h := ﬁo(a X idgz X idpp) ) :
M x E? x P — F arises from the Cy*-map

hi M x E> x PV — F, bz, (u,0), (p,q,1) = fU((z,u,p), (0,v,9), t).
By the induction hypothesis, the map
Y: C"(M,E*) x P — C"(M,F), (k, (p,q,t)) — h(s, (p,q,1)).(K)

is of class CE (and hence continuous). In view of (15), we see that ¢ is of class C, with

¢l given by ¢l'((v,p), (1,4), t) = ¥((7,n), (p,¢,t)) and thus of class Cf. Hence ¢ is of
class C’H’?l, as required. O

It would not make sense to omit the set of parameters P in the formulation of Proposi-
tion 4.16 (hoping to make the proof easier this way). In fact, even if P is a singleton, a
non-singleton set P; will occur in the induction step on k of the preceding proof.

The spaces C}. (M, E) and mappings between them

If F is locally compact and K C M is a compact subset, we give
Ci (M, E) :={y € C"(M, E): supp(y) € K}

the topology induced by C"(M, E). The point evaluations C"(M, E) — E, v — ~(x) at
the elements € M being continuous linear maps, C' (M, E) is a closed vector subspace of
C"(M, E). In the next proposition, we compile some useful properties of function spaces.
The simple proofs are given in Appendix A. Only part (c) is needed for the Lie group
constructions. Part (d) serves to put our studies in perspective. Before we can state the
proposition, let us recall various concepts.

4.17 First, recall that a Hausdorff topological space X is called a k-space if a subset U C X
is open precisely if U N K is open in K for every compact subset K C X. For example,
every metrizable topological space is a k-space.

Definition 4.18 Let F be a topological K-vector space.
(a) F is called sequentially complete if every Cauchy sequence in E is convergent.

(b) E is called Mackey complete if every Mackey-Cauchy sequence in E is convergent.
Here, a sequence (x,)nen in F is called a Mackey-Cauchy sequence® if there exists a
bounded subset B C E and elements fx,,, € K such that z,, — z,,, € p,, ,, B for all
n,m € N and p, , — 0 in K as both n,m — oo.

6The two concepts mainly are of interest if K is a valued field.
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Note that every Mackey-Cauchy sequence also is a Cauchy sequence; hence every sequen-
tially complete topological K-vector space is Mackey complete.

Proposition 4.19 Let M be a Cg-manifold, modeled on a topological F-vector space Z.
Let E be a topological K-vector space. Then the following holds:

(a) Assume that ZV! is a k-space for all j € Ny such that j < r; for example, this
holds if both F and Z are metrizable. Then C"(M, E) is complete (resp., sequentially
complete, resp., Mackey complete) if E is complete (resp., sequentially complete,
resp., Mackey complete).

(b) If K is R, C or an ultrametric field and E is locally convex, then also C"(M, E) is
locally convex.

(c) If F is locally compact, E is metrizable and M is a o-compact, finite-dimensional
Cr-manifold, then C™(M, E) is metrizable.

(d) IfF e {R,C}, K € {F,C} and E is locally convez, then the topology on C"(M, E) is
initial with respect to the family (D?),>;en, of maps D?: C"(M,E) — C(T'M, E)..,.,
v +— D’v, and hence it is the topology traditionally considered on C"(M,E) (see
Appendiz A for the notations).

If F is locally compact, then analogous conclusions hold for the closed vector subspace
Cl(M,E) of C"(M, E), for every compact subset K C M. O

The remainder of this section is devoted to the following result (and variants), which will
be needed, for example, for the discussion of groups of C"-maps. Until the end of the
section, we now assume that the topological field F is locally compact.

Proposition 4.20 Let £, F', and Z be topological K-vector spaces, U C E an open subset,
rk € NoU {0}, M be a K-manifold of class Cix™* modeled on Z, and f: M x U — F
be a mapping of class C’ﬁ;“k. Let M be a finite-dimensional F-manifold of class Cy, and
K C M be a compact subset. Given a mapping o : M — M of class Cp, we define
f = fo(axidU): MxU — F. If K # M, we assume that 0 € U and f(x,0) = 0
for allz € M\ K. Then C}(M,U) :=={y € C(M,E): v(M) C U} is an open subset of
Ci(M,E), and

fo: Cx(MU) = Ci (M, F),  fu(9)(2) := f(z,7(z))
is a mapping of class CE.

Corollary 4.21 Let E and F be topological K-vector spaces and f: U — F' be a mapping of
class C’H?Lk, defined on an open subset U of E. Let M be a finite-dimensional F-manifold of
class Cf, and K C M a compact subset. If K # M, we suppose 0 € U and f(0) = 0. Then

Cx(M, f): Cx(M,U) — Cx (M, F), v fory

is a mapping of class CF.
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Proof. Let M = {0} be a singleton smooth K-manifold, and o: M — M, x +— 0, which
apparently is a smooth mapping. Then §g: M x U — F, §(0,u) := f(u) is a mapping of
class Cpt* and Cx (M, f) = g. for g := jo (¢ x idy). By Proposition 4.20, g, is CE. O

Instead of proving Proposition 4.20 directly, we deduce it from a more flexible technical
result (Proposition 4.23 below), which shall be re-used repeatedly afterwards. For its
formulation, we require certain sets |K,U |, :

Lemma 4.22 For every compact subset K C M and open subset U C E, the set
| K, U], :={yeC"(M,E):v(K) CU}
is open in C" (M, E).

Proof. There are compact subsets Ay, ..., A, C K which cover K, and such that A; C U;
for some chart x;: U; — V; of M (cf. proof Lemma 4.6). Set K; := r;(A;). Then |K;,U| C
C(V;, E) is open by definition of the compact-open topology, and h;: C" (M, E) — C(V;, E),
hi(7) :== v o k; ! is continuous, for each i € {1,...,n}. Thus |K,U|, = N_,|A, U], =
N, h; Y| K, U]) is open in C"(M, E). O

i=1""%

We now formulate the main technical result of this section. For the moment, only part (a)
of the proposition is needed, but the more general part (b) will become essential in the
proof of Proposition 12.2 below (to tackle also the case of infinite-dimensional M there).

Proposition 4.23 Let E, F', H and Z be topological K-vector spaces, U C E and P C H
be open subsets, rk € NogU {0}, and N be a K-manifold of class C’ngk modeled on Z.
Let M be an F-manifold of class Cy, modeled on a finite-dimensional topological F-vector
space X, K C M be a compact subset, Y C K be an open, non-empty subset of M, and
0:Y — N be a mapping of class Cy. Define | K,U|, C C"(M, E) as above.

(a) If §: NxUxP — F is a O™ -map and g := §o (o0 xidy xidp): Y xUxP — F, then
LK, UL x P—C (Y, F),  (v,p) = g(,)<(7)
is a mapping of class CE, where g(s,p)«(7)(x) := g(x,v(z),p) forx €Y,

(b) More generally, let E be a topological K-vector space, Mgn F-manifold of class Cy,
modeled on a topological F-vector space X, and f: NXUXEXP — F be a C’Hyk—map.
Define f:= fo (o xidy xidg xidp): Y x U x E x P — F. Then the map

¢: KUl x C"(M,E) x P — C"(Y x M, F),  ¢(7,7,p) := f(s,p)«(v x 7)
is of class CE, where f(s,p).(v x 7)(2, %) := f(x,v(2),5(Z),p) forx €Y,z € M.

Proof. The proof is similar to the one of Proposition 4.16, but longer and painfully
technical in detail. We defer it to Appendix B. O

The following lemma helps to deduce Proposition 4.20 from Proposition 4.23:
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Lemma 4.24 [f K C M is a compact subset and Y C M an open subset containing K,
then the restriction map

1s an isomorphism of topological K-vector spaces.

Proof. The restriction map clearly is an isomorphism of K-vector spaces. Let A; be an
atlas for Y, and A, an atlas for M\ K. Then A := A; U A, is an atlas for M. For each
Kk € Ay, we have 0,(y) = 0 for each v € C} (M, E), entailing that the initial topology on
Ck (M, E) with respect to the mappings 6. |cr (ar,1), where k € A, coincides with the initial
topology with respect to the subset of mappings parametrized by x € A;. The assertion
now readily follows with Lemma 4.9. O

Proof of Proposition 4.20. Let Z be the modeling space of M. Since F is locally com-
pact, the canonical Hausdorff vector topology on the finite-dimensional F-vector space Z
is locally compact. Hence M is a locally compact topological space. We therefore find
a relatively compact open neighbourhood Y of K in M. The inclusion mappings ¢ :
Ci(M,E) — C"(M,FE) and j: C}(Y,F) — C"(Y, F) are K-linear and topological em-
beddings, with closed image. The restriction map p: C (M, F) — Ck (Y, F) is an isomor-
phism of topological K-vector spaces by Lemma 4.24. Let P := H := {0} (zero-dimensional
K-vector space), and define g: Y x U x P — F, g(x,y,p) := f(x,y). Then, by Proposi-
tion 4.23 (a), the map

: Y U], x P—C"(Y,F), ¢(7,p) = g(e,0):(7)

is of class Cf, where |Y, U], C C"(M, E). Note that i(Cy (M, U)) = |V, U], NCy (M, E).
Thus C%(M,U) is open in Ci (M, E), and i(Ci(M,U)) C |Y,U],. Since jopo f. =
¥(s,0) 0 Z|Lo};(?1\J4TU) apparently, we see that j o p o f,. is of class CF, whence so is f, by
Lemma 1.15. O

5 Mapping groups and mapping algebras

In this section, we discuss mapping groups and mapping algebras, based on our studies in
Sections 3 and 4.

Throughout this section, r € Ng U {oo}. If r = 0, we let M be any topological space, and
K any topological field. If » > 0, we let F be a locally compact topological field, M be a
finite-dimensional F-manifold of class Cf, and K be a topological field possessing I as a
topological subfield. In either case, we let K C M be a compact subset.
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Mapping Groups
Given a K-Lie group G, we consider the set
C;((M, G) = {’Y - CT(M, G) ’7|M\K = 1}

of G-valued mappings of class C& on M which are identically 1 off K.7 Tt is clear that
C%(M,G) is a group under pointwise multiplication and inversion. Then C% (M, G) is a
K-Lie group in a natural way:

Proposition 5.1 On the group C}(M,G), there is a uniquely determined smooth K-
manifold structure with the following properties:

(a) it makes C(M,G) a K-Lie group; and:

(b) There exists a chart k: P — @ from an open identity neighbourhood P C G onto
an open zero-neighbourhood Q) C L(G) such that k(1) = 0, T1(k) = idq), and such
that C (M, P) := C%(M,G) N PM™ is open in C5(M,G) and

Ck(M,k): Ci (M, P) — Cx(M,Q) C Ci(M, L(G)), 7y Koy
1s a diffeomorphism of smooth K-manifolds.

Identifying L(C(M,QG)) with To(Cl (M, L(G))) = Cip(M, L(G)) via T1(Cy (M, K)), the
Lie bracket on L(C%(M,QG)) corresponds to the mapping Cr (M, 3) : Cr (M, L(G)?*) =
Cr(M,L(G))?* — C%(M, L(Q)), where 3: L(G)?> — L(QG) is the Lie bracket of L(G) (in
other words, [y, n](x) = [v(x),n(x)])-

Proof. The following proof closely follows the lines of [19], Section 3, where only real and
complex Lie groups modeled on locally convex spaces are considered. We proceed in steps.

5.2 Let ¢: Uy — U be a chart of (G, defined on an open identity neighbourhood U; in G,
with values in an open zero-neighbourhood U in L(G), such that ¢(1) = 0. Let V} be an
open, symmetric identity neighbourhood in G such that V;V; C Uy, and set V' := ¢(V).
Then the mappings

w:VxV-=U puxy) = ¢(¢_1(33) <o~ (y))
and V=V, x) = (o~ (x)™")

are smooth. We equip Cp(M,U;) := {y € Cx(M,G): v(M) C U} with the smooth
K-manifold structure making the bijection

C;((M7¢)C;((M7U1)HC;{<M7U>7 7'_>¢07

a diffeomorphism of smooth K-manifolds onto the open subset C} (M,U) C Ci (M, L(G)).

"To harmonize notation, we write C°(M,G) := C(M,G) now also in the case where M merely is a
topological space, and call continuous mappings C’-maps.
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5.3 Since Cp (M, V) x Cp(M,V) =2 Cp(M,V x V) as Cg°-manifolds (cf. Lemma 4.15),
and Ci(M,pn) : Ci(M,V x V) — Ci(M,U) is Cg° by Corollary 3.5 (resp., Corol-
lary 4.21), we deduce that the group multiplication of C (M, G) induces a Cg°-mapping
Ci (M, V1) x Cp (M, Vi) — Cp(M,Uy). Similarly, inversion is CR° on Cj (M, V).

5.4 Let v € C)(M,G) now. As y(M) C v(K)U {1} is compact, there is an open identity
neighbourhood W7 C V; in G and an open neighbourhood P of v(M) in G such that
pWip™t C U; for all p € P. Set W := ¢(W;). As Ch(M,W) is open in Cy%(M,V),
we deduce that C%(M,W;) is open in C(M,Vi). The mapping h: P x Wi — Uy,
h(p,w) := pwp~" being CF, also f := poho (idp x ¢~ |1*): P x W — U is C°. Then
clearly the mapping f = f o (v X idw): M x W — U, f(z,y) = 6(3(@)é~"(5)2(x) ™)
satisfies the hypotheses of Corollary 3.4 (resp., Proposition 4.20), with k := co. We deduce
from Corollary 3.4 (resp., Proposition 4.20) that the mapping f.: C% (M, W) — Cy(M,U)
is Cg°. Note that

Cr(M,6)™" 0 f, 0 Ci(M, ) -1

Ck (M,W)
C;{ (Mvwl)

Cr (M)

where I, : Ci(M,G) — Ci(M,G), L,(n) :== yny~ . Thus L, (Cj(M,Wy)) C Cy(M,U)

and 1, i%g% is Cg° on the open identity neighbourhood C}. (M, W;) C C} (M, V;). Now

Proposition 1.18 provides a unique smooth K-manifold structure on C} (M, @) such that
C% (M, G) becomes a K-Lie group which possesses Cj. (M, V}) as an open submanifold.

c
c

5.5 The Lie group C% (M, G) being modeled on C (M, L(G)), its Lie algebra can be iden-
tified with C (M, L(G)) as a topological vector space, by means of Ty (Cj (M, ¢y, )). Let us
show that the Lie bracket is the mapping C% (M, [.,.]) on Cy% (M, L(G)?*) = C% (M, L(G))?
(which is continuous by Corollary 3.5, resp., Corollary 4.21). To this end, note first that
the point evaluation 7,: C)(M,G) — G, 7.(y) := v(z) is a smooth homomorphism for
each v € M, since 7, o C% (M, ¢ y) = ¢~y o Hm%;((M,v) is smooth, using that the
point evaluation 11, : C}% (M, L(G)) — L(G) is a continuous linear map. As we identify
T:Cy (M, G) with Cj(M, L(G)) by means of T\Cy (M, ¢|y,), and T1¢ = idp(s) by hypoth-
esis, we clearly have L(m,) = Ti(m,) = II,. As L(m,) is a Lie algebra homomorphism, we
deduce that [y, n](z) = [y(x),n(z)] for all v,n € C (M, L(G)). The assertion follows.

5.6 The asserted uniqueness of the Lie group structure on C (M, G) with the required
properties follows by standard arguments, using that C (M, k1 0 k5 ") is a diffeomorphism
(by Corollary 3.5, resp., Corollary 4.21) if both 1 and k5 are charts of G with the described
properties (whose domains coincide, without loss of generality). This completes the proof
of Proposition 5.1. O

Mapping Algebras

Given an associative topological K-algebra A (possibly without an identity element), we
let A. be the associated unital K-algebra. Thus A, = A & Ke as a K-vector space. We
give A, the product topology, which makes it a unital, associative topological K-algebra.
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Proposition 5.7 If A is a continuous inverse algebra over K, then also Cl (M, A). is a
continuous inverse K-algebra. In the special case where M = K is compact, also C" (K, A)
1 a continuous inverse K-algebra.

Proof. Since we have Corollaries 3.5 and 4.21 at our disposal, the arguments used in [20]
to prove the analogous result for locally convex real or complex continuous inverse algebras
carry over to the present situation. O

6 Mappings between direct sums

Throughout this section, (K, |.|) denotes a valued field. We study differentiability properties
of certain mappings between open subsets of direct sums of topological K-vector spaces.

Given a real number ¢ > 0, we abbreviate B.(0) := BX(0) = {z € K: |z| < e}. We recall
that a subset U C E of a K-vector space E is called balanced if tU C U for all t € K such
that |t| < 1. It is called absorbing if, for x € E, there exists ¢ > 0 such that B.(0) -z C U
(see [12], Ch.I, §1, no.5).

6.1 Let (E;);es be a family of topological K-vector spaces, and E := €, _; E; be its vector

space direct sum. Let F be the set of all sets U of the form

U := @ie] Uz = EmHz’eI UZ

where U; is an open, balanced zero-neighbourhood in FE;. Then apparently every U € F
is a balanced and absorbing subset of E, and tU € F for each t € K*. It is also easy to
find V' € F such that V 4+ V C U. As a consequence, there is a unique topology on F
turning E into a topological K-vector space, and such that F is a basis for the filter of
zero-neighbourhoods of E (see [12], Ch.I, §1, no. 5, Prop.4). Since [ F = {0}, this vector
topology is Hausdorff.

iel

6.2 Let x = (x;);e; € E, and suppose that U; is an open neighbourhood of z; in E;, for
alli € I. Then U = @,., U; :== EN]J,,; U; is an open neighbourhood of = in E. In fact,
let y = (yi)iesr € U. Then U; being a neighbourhood of y; in F;, there exists a balanced,
open zero-neighbourhood V; in E; such that y; + V; C U;. Then V := @ieIVi € F, and
thus y + V' C U shows that U is a neighbourhood of y. We have shown that U is open.

In the preceding situation, we call U a box neighbourhood of x. Accordingly, the topology
on E just defined will be called the box topology. In this article, direct sums shall always
be equipped with the box topology.

6.3 It is obvious from the definition that the box topology on £ = @, ; £; is finer than
the topology induced by the product topology on [],.; E;. It is also obvious that the direct
sum £ induces the product topology on [[.., Ei = @,.p Ei C E, for each finite subset
FCI.
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6.4 Note that if K € {R,C} and each Ej; is locally convex, then also €, ; E; is locally
convex, because @, ; U; is convex for any family (U;);c; of convex open 0-neighbourhoods
U; C E;. Likewise, if K is an ultrametric field with valuation ring O and each Fj; is locally
convex (see 1.2), then @, ; E; is locally convex, because €, ; U; is an open O-submodule
of @,¢; E; for any family (U;)er of open @-submodules U; C E;.

6.5 We claim that E, equipped with the box topology, is the direct sum of the family
(E;)ier in the category of topological K-vector spaces, provided that I is countable. Indeed,
this assertion is trivial if I is finite. Otherwise, we may assume that I = N. In this
case, suppose that F'is a topological K-vector space and \,: F,, — F a continuous linear
mapping for each n € N. As E = @, . £ as a K-vector space, there is a uniquely
determined K-linear map \: E — F such that A\|g, = A, for each n € N. Let V{ be a zero-
neighbourhood in F'. Inductively, we find a sequence (V},),en of open zero-neighbourhoods
V., € F such that V,, +V,, C V,_4 for all n € N. Then U := @,y A\,' (V) is an open
zero-neighbourhood in E such that A(U) C >° Vi, € Vo. We deduce that X is continuous.

We are primarily interested in the case of countable direct sums, but our arguments will
work more generally.

Remark 6.6 If [ is uncountable, then the box topology on E need not make E the direct
sum of the family (E;);c; in the category of topological K-vector spaces. For example, if
K =R (or C) and (F;);es is an uncountable family of non-zero locally convex topological
K-vector spaces, then the locally convex direct sum topology is easily seen to be properly
finer than the box topology (since this is so for R%)). 8

Remark 6.7 If (E;);c; is any family of locally convex topological vector spaces over an
ultrametric field K, then £ := @,_; £;, equipped with the box topology, is locally convex
(see 6.4), and it is the direct sum of the family (FE;);c; in the category of locally con-
vex topological K-vector spaces. To see this, let M C E be an O-submodule such that
M; == M N E; is open in E; for each i. Then @iel M; is a box neighbourhood of 0 which
is contained in M as M is an @-submodule (and thus an additive subgroup) of E. Con-
sequently, M is open in E. Therefore the box topology is the finest locally convex vector
topology on the direct sum E which makes all of the inclusion maps F; — F continuous.
Hence E, with the box topology, has the universal property of the locally convex direct
sum: A linear map f: F — F in a locally convex space F is continuous if and only if
fle,: E; — F' is continuous for each 7 € I.

It is our goal now to explore differentiability properties of mappings between direct sums.
Our discussions will hinge on symmetry properties of the maps f¥. In order to formulate
these symmetry properties conveniently, we re-order the arguments of f*: Ul — F by
grouping the variables in E together on the one hand, on the other hand those in K.

8Note that the addition map RO — R, (7i)icr — Ziej r; is discontinuous with respect to the box
topology, if I is uncountable.
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Given topological K-vector spaces E and F and a C"-map f: U — F defined on an open
subset of E, we let U .= U, f0% .= f y{th .= gl 11} .= f and define mappings
fU gkl 5 F for k € N, k < r on the sets

UM = {(@,y,u,0,1) € B x B x K ' x K7 X K: (2,0, v, 1) € (UHH)

inductively via

Lemma 6.8 Given k € N, there exist ¢ € N, i, € Ny forv =1,...,2" and j, € Ny for
pw=1,...,28 —1 with the following properties:

(a) Given an open subset U of a topological K-vector space FE, x = (x1,...,2Tqr) € E?,
p=(p1,...,po_1) € K21 and t € KX, we have (z,tp) € UM if and only if
(2, ..tk g t 7y, I apy ) € U

(b) For any topological K-vector spaces E, F, any C*-map f: U — F defined on an open
subset of E, and each (z,p,t) € E* x K¥~1 x K* such that (z,tp) € U, we have:

F® (@ tp) =70 f ey, Ltk mge Ty, g ) (16)

Proof. The proof is by induction on £k € N. If £k =1, let 1,20 € E, p € K, t € K*. Then
(z1,12,tp) € UM if and only if 2, € U and z; + (tp)rs = z1 + p(txs) € U, which holds
precisely if (x1,txs,p) € UM, Assume that (21,29, tp) € UM, If p # 0, we have

(@1, @0,tp) = £ (f (21 + tpxa) — f(x1)) = 1M (2, b, p).
By continuity, fI!(z1, 2, tp) = 1 f1(zy,tas, p) then also holds if p = 0.

Induction step. Suppose the lemma is correct for a certain k£ € Ny; let ¢ and 4,, j, be as
described in the lemma. Suppose further that f: U — F is of class C**!. Let z,y € E?,
u,v € K¥1 s € K and t € K* such that (z,y, tu, tv, ts) € UF} If s £ 0, we calculate

FEY (g tu, to, ts) n
= (f{k})m(x,twy,tv;ts)
= %(f{k}((x,tu) + ts(y, tv)) — f{k}(l‘, tu))
= LW+ tsy, 2 (Gut sv) = F9 (@ £2(w)))

= Wy + 20 sy, L g 4 2 sy, 72y 4 X sy,
Sty kg )
— fik} (2, 2k g 2 Ty )]
= o (N, g 7 R g,
t2i1+1y1, . ,t2i2’“+1y2k, t_%vl, o ,t_2j2’“—1v2k,1, s)
= e ST (0w, kg 1Py, ey

—2j1—1 —2jk_,—1 —2j3 —2jok _
(A T AV ST Aoy P A LSS R VSR) I
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where the calculation shows that the argument of the function in the last line is in U411},
Here, the induction hypothesis was used to obtain the fourth equality in (17). If s = 0,
there exists a zero-neighbourhood S in K such that (z,v, tu, tv, ts') € U*+1 for all s' € S.
There exists s’ € S\ {0}. By the above, we then have

211 21k —271—1 —2jok_,—1 21141 29, +1
(5w, .o 2 g T T g TR g 8 Yiyo oo 12T Yo,

t_zjl'Ul, P ,t_2j2k_1'U2k_1, S/) € (U{k})[l]

. . o Y .
and thus (t21zy, ..., 122k woe, t =21y, #7217y, 1) € UTRY entailing that
2 2 251 2 -1 21 +1 %5 +1
(5w, 2 g T T g R T g T T g 2R T
. o
t 2]1/01, Ce ,t JQk_I/UQk,l,O) € (U{k})[l]
and hence
2 2 2141 % +1 —2j1—-1 9. 1
(E* @y, o 2R g T Ty TR T o 6T T g TR T g
I iy
Wy, g, s) € UL (18)

with s = 0. By continuity, the first and final term in display (17) also coincide when
s = 0. To complete the proof of (a), assume, conversely, that x,y € Ezk, u,v € K2k*1,
s € K and t € K* are given such that (18) holds. If s # 0, exploiting the induction
hypothesis we can go backwards from bottom to top in the display (17), and deduce that
(x,y,tu,tv,ts) € U {k+1} * Arguing as above, we see that this conclusion remains valid when
s = 0. Thus (a) and (b) are established also for k replaced with &k + 1. O

The proof shows that we can achieve £ = 2¥ — 1 here.

We are now ready for the main result of this section.

Proposition 6.9 Suppose that (E;)ic; and (F;)ic; are families of topological K-vector
spaces indezed by a set I. Let k € Ny U {00}, and suppose that f;: Uy — F; is a mapping
of class C* fori € I, defined on an open non-empty subset U; of E;. Suppose that there is
a finite subset J C I such that 0 € U; and f;(0) =0, for alli € I\ J. Then U := &P, ; U;
is an open subset of E == @,_; E;, and

el
i€l

f= EBfii U—=F, f((@)ier) = (fi(zi))ier

i€l

is a mapping of class C* into F = P, Fi- For each j € N such that j < k, identifying

E? with D,c; Efj in the natural way, we have
UY = {((2:)ier,p) € E¥ x K¥™': (VieI) (x,p) € UMY}, and (19)

f{j}((xi>iel7p) = (fi{j}(xi,p))iez .
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Proof. We may assume that & € Ny; the proof is by induction on k.

The case k = 0. Let x = (x;);e; € U and V' be a neighbourhood of f(z). Then V' contains
a box-neighbourhood B = @,_, V; of f(z), where V; is an open neighbourhood of f;(x;).
As f7Y(V) contains the box-neighbourhood f~!(B) = @,., fi '(Vi) of x, the set f~1(V)

is a neighbourhood of x. We have shown that f is continuous at x.

Induction step. Suppose the assertion holds for a given k£ € Ny, and suppose that each f;
is a mapping of class C**!. Then f is of class C*, and f*}((2;)ier,p) = (fi{k}(x,;,p))ig.
Equation (19) holds for j < k by induction and thus also for j = k + 1, as an immediate
consequence of the definitions. We claim that f1*} is of class C'. Let z = (2;)ier, ¥ =
(yi)ier € E? = D.c; EZ u,v € K ' and t € K such that (z,u,y,v,t) € (UFHI If
t # 0, we have, by induction,

LW (@ ty,u+ to) — fE () = (A @+ tyu+ o) — (7 (@0,0) Jier
(jjk+1}

(i Yir u, 0, 1) ier -
Thus f{* will be of class C! if we can show that the mapping

(U — F (g 0.6) = (G @iy, 0.0)ier
is continuous, or, equivalently, that

g-: Uttt — Eo (z,y,u,0,t) — (fi{k+1}(xiayiauaUat))iel

is continuous—this is our goal now. We have {0} x K¥~! C U,L-{j Yoralli eI \ J and all
J € N such that 7 < k+ 1, and
fi{j}(O,p) =0 forall peK¥ !, (20)

by a simple induction. Let 7 = (7;)ic; € E*" =2 @, E*", p = (p,)20) e K2
such that (z,p) € U1} Pick a real number r > ||p||o. There is a finite subset Jy C I
such that J C Jy and such that z; = 0 for all i € I\ Jy. Let W be an open neighbourhood
of g(Z,p) in F'; we may assume that W = @, ., W;, where W; is an open neighbourhood
of fi{kﬂ}(ii, p) in F;. For ¢ € I\ Jy, we may assume that the zero-neighbourhood W; is
balanced.

Let €N, i, € Ngfor u=1,...,2" and j, € Ny for v =1,...,28" — 1 be as in the
C**1 case of Lemma 6.8.

For each i € I\ Jy, there exists ¢; > 0 and an open balanced zero-neighbourhood
V. C E; such that

VT X B (0

ok+1

7, "V;. Holding i € I\ J

There exists 7; € K* such that |7;| > max{1, Z};set 4; :==[[_; 7;

fixed for the moment, let us write 7 := 7;, for convenience. For all x = (:L“M)QkJrl € A; and

pn=1
p = (p)2, " € B(0)2" we have Tz, € V; for p = 1,...,28 and |7 lp,| =
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[ | < 5 <eforv=1,..., 2k 1 d.e., 77 1p, € B, (0). Thus Lemma 6.8 (a)
shows that (z,p) € Ui{kﬂ} and

Y @, p) = £ (@, D)
= e p) = [ @, ()

1 p{k+1}, i i —j1—1 —Jok+1_1—1 1
= fi (T9wy, . T g, T Ty, T T S e ) € W C WG

using (20) to pass to the second line and Lemma 6.8 (b) to pass to the third. For each
1 € Jy, on the other hand, by continuity of fi{kﬂ} there exists an open neighbourhood
A; C E; of Z; and an open neighbourhood Z; of p in K21 quch that A; x Z; C Ui{kﬂ}
and "™ (A; x Z;) C W,. Then Z := B,(0)*"'~1n Micy, Zi is an open neighbourhood
of pin K¥"'1, Let A := @..; Ai. Then A x Z is an open neighbourhood of (z,p) in
U+1} such that

g(x,p) e W for all (z,p) € Ax Z.

We have shown that g is continuous at (zZ,p). Thus f{* is of class C' and hence also f*!
is of class C' (by the Chain Rule). Hence f is of class C**1. Furthermore, f{**1} = g is of
the asserted form. O

Results analogous to Proposition 6.9 for mappings between locally convex direct sums of
real or complex locally convex spaces have first been established in [22]; the proofs are
considerably easier in that case.

Analogues for functions involving parameters

When the ground field K is locally compact, Proposition 6.9 can be generalized to functions
involving parameters (and its proof simplifies substantially).

Proposition 6.10 Let (K,|.|) be a valued field, P # () be a locally compact topological
space, (F;)ier and (F});er be families of topological K-vector spaces indexed by a set I, and
(fi)ier be a family of continuous mappings f;: U; X P — F;, where U; is a non-empty open
subset of E;. Suppose that there is a finite subset J C I such that 0 € U; and f;(0,p) = 0,
forallic I\ J andp € P. Then U := @, ., U; is an open subset of E := P, ; I;, and

=UXxP—=F,  f((xi)icr;p) = ([i(z5,D))icr

el

is a continuous map into I := @, ; F;. If K is locally compact here, P an open subset of
a finite-dimensional K-vector space Z, and if there exists k € Ng U {oo} such that f; is of
class C* for alli € I, then also f is of class C*.

Proof. We may assume that & € Ny; the proof is by induction on k.

The case k = 0. Let x = (2;)ier € U, p € P, and V be a neighbourhood of f(z,p)
in F. Then V contains a box-neighbourhood B = €, V; of f(z,p), where V; is an open
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neighbourhood of f;(z;,p) in F;. There is a finite subset Jy C I such that J C Jy and
such that z; = 0 for all i € I\ Jy. For each i € Jy, we find a compact neighbourhood K;
of p in P and an open neighbourhood W; C U; of x; such that f;(W; x K;) C V;. Then
K :=);c;, Ki is a compact neighbourhood of p in P. For each i € I'\ Jy, we have

fi({0} x K) = {0} C V;.

Using the compactness of K, we therefore find an open zero-neighbourhood W; C E; such
that f;(W; x K) C V;. Then W := @,,,W; C U is an open neighbourhood of z, and
f(W x K) C B since f;(W; x K) CV, for all i. Thus f is continuous.

Induction step. Let K be locally compact now, k£ € N, and suppose that the assertion of
the proposition holds when & is replaced with k—1. Let P C Z and C*-maps f;: Uix P — F;
be given. Then f: U x P — F is a C* '-map (and thus continuous), by induction. As

(U x P = {(:E,p,y,q,t) € (Ex 2 xK: (z4,p,9,q,t) € (Uy x P)M for all i € ]}

clearly (where x = (2;)ier, ¥ = (Y;i)ic1), we can define a mapping

g: (U X P)[H - F7 g(x7p7y7Q7t) = (fz[l](x27p7 yi7q7t))i61 .

Let us show that f is C!, with f! = g of class C*~'. Since

for all (x,p,y,q,t) € (U x P)! such that t # 0, it suffices to show that g is of class C*~'.
Now f being of class C*~!, the map g is C*~' on the set {(x,p, vy, q,t) € (UxP):t #£0}. It
therefore only remains to show that g is C* on some open neighbourhood of (z, p, 7, g, 0), for
allz = (z;) eU,pe P,y= (y;) € E,and g € Z. For each i € I, we find an open, balanced
zero-neighbourhood W; C E; such that z; + W; + W; C U;. Then A; := z;, + W; C U,.
Since g; = 0 for all but finitely many ¢, we find r € |0, 1] such that ty; € W; for all i € I
and ¢ € K such that |t| < r. Pick p € K* such that |p| < r; then B; := p~'W; is an
open neighbourhood of g;, for all i € I. There are s €]0,7|p|] and open neighbourhoods
RC Pofpand S C Z of ¢, such that R x S x B,(0) C P!, where B,(0) C K. Then also
A; x B; x Bs(0) C Uim for each 7 € I and hence

Ax Rx B xS xB,0)C (Ux P,
where A :=@,.; A; C E and B:=@,.,; B; C E. Let Q := R x S x B,(0); then
hi: (A x B x Q — F,  hy(zi,yi, .0, t) = f (@i, p,yi g, 1)
is a C*~'-map, for each i € I. Furthermore, h;|{oyxg = 0 for all i € I \ J. Define
hi (Ax B)xQ —F, h(z,y,p,q,1) = (hi(zs,yi, 0,9, t))ier = 9(x,D,Y, 4, 1)

Here AxB C ExE =, ,(E; x E;), and @Q is an open subset of the finite-dimensional K-
vector space Z x Z x K, which is locally compact since so is K. By the induction hypothesis,
h is of class C*~1. Hence g is C*~! on the open neighbourhood A x R x B x S x B,(0) of
(Z,p,7,q,0), which completes the proof. O
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Remark 6.11 Let K be R or a local field, n € N, and G := Diff;°(K") x Aff(K™) be the
group of all smooth diffeomorphisms of K" which coincide with an affine isomorphism of K”
outside some compact set. Using Proposition 6.10, it is possible to make G a K-Lie group
modeled on the topological K-vector space C2°(K", K") x aff(K™). We omit the proof. A
more profound application of Proposition 6.10 will be given in Theorem F.23 below.

7 Weak direct products of Lie groups

The considerations in Section 6 make it possible to construct Lie group structures on weak
direct products of Lie groups.

Proposition 7.1 Let (G;)ier be a family of Lie groups over a valued field (K, |.|). Then
there exists a unique K-Lie group structure on

[Le; Git=A{(g9:)icr € [Lic; Gi: 9: =1 for all but finitely many i},
modeled on @,.; L(G;), equipped with the box topology, such that, for certain charts x; :
Ui — V; C L(G;) of G; defined on an identity neighbourhood U; C G; and taking 1 to 0,
the mapping
Dic/ Vi — H:el Gi,  (@)ier — (/fi_l(xi))iel

is a diffeomorphism of smooth K-manifolds onto an open subset of [[i; Gi.

Proof. Using Proposition 6.9 instead of [22, Prop. 7.1], the proof of [22, Prop. 7.3] (devoted
to weak direct products of real or complex Lie groups modeled on locally convex spaces)
carries over to the present situation (see [27, Thm. 18.1] for further details). O

The following observations are immediate from the construction of the Lie group structure
on weak direct products and obvious properties of direct sums of topological vector spaces:
Lemma 7.2 Let K be a valued field.

(a) If (G))ier is a family of K-Lie groups and (H;)icr a family of open subgroups H; C Gj,
then Hjef H; is an open subset of Hjel G;. The smooth manifold structure making
[Lc; Hi an open submanifold of [[;c; G; and the manifold structure on the weak direct
product of Lie groups [[;.; H; coincide.

(b) Assume that I is a set, J; a finite set for eachi € I, and K :={(i,j): i € 1,5 € J;}.
Let (G5j)(i.j)ex be a family of K-Lie groups. Then the mapping

[TinexGis = 1lies (Hje]i Gij), (9ij)apyer = ((9i5)jer)icr
1s an isomorphism of K-Lie groups.

(¢) If (Gi)ier and (H;)jes are families of K-Lie groups, m: J — I is a bijection and
Bj: Grjy — Hj an isomorphism of K-Lie groups for each j € J, then also the map

[LerGi = e Hy s (9)ier = (Bi(9x)) s

15 an isomorphism of K-Lie groups. O
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8 Spaces of test functions and mappings between them

In this section (and in Section 10), we study differentiability properties of mappings be-
tween spaces of vector-valued test functions on paracompact finite-dimensional manifolds
over locally compact ground fields. First, we collect some properties of such manifolds.

Paracompact finite-dimensional manifolds over locally compact fields

Throughout this subsection, F is a (non-discrete), locally compact topological field, and
re NO U {OO}

Paracompact manifolds over locally compact fields are amenable to investigation due to the
following well-known fact (see [16, Thm. 5.1.27]): For every paracompact, locally compact
topological space X, there exists a cover (X;);e; of X by mutually disjoint, o-compact,
open (and closed) subsets X; € X (and thus X = [],_, X;). As a special case, we obtain:

Lemma 8.1 Every paracompact, finite-dimensional Cg-manifold M is a disjoint union
M = T1,c; M; of a family (M;)icr of o-compact, open (and closed) submanifolds M; C M.O

8.2 If F is a local field, we fix the following notation: |.| is an ultrametric absolute value
on F defining its topology, O the maximal compact subring of F, and 7 € F* a uniformizing
element (thus |7| < 1 and |F*| = (|n])). Given d € N, we let |[+||oc be the maximum norm
on F?. Given a € K% and € > 0, B.(a) := {y € F: ||y — a|l < €} denotes the ball with
respect to the maximum norm. Then B := Q7 is an open compact Q-submodule of F¢,
and it is easy to see that each ball B.(a) is of the form a + 7*B for some k € Z and thus
Cg-diffeomorphic to B. If M is a d-dimensional F-manifold of class Cf, we call an open
subset of M a ball if it is Cg-diffeomorphic to B. It is clear that every point z € M is
contained in some ball. To avoid misunderstandings, the balls B.(a) C F¢ will occasionally
be called metric balls now.

The following lemma assembles various useful facts concerning paracompact manifolds over
local fields (cf. also [50]).

Lemma 8.3 Let F be a local field, r € No U {oo}, and M be an Cp-manifold over F, of
positive, finite dimension d € N. Then the following holds:

(a) If M is o-compact, then M is Ch-diffeomorphic to an open subset U C F.

(b) If M is paracompact, then M is a disjoint union M = [, ; B; of a family (B;)icr of
compact and open balls B; C M.

Proof. (a) Since M is o-compact, there exists a sequence (By)gen of balls covering M. We
set J; := {By}. Suppose that we have found an open cover J, of Ule B, by disjoint balls
for k=1,...,n, such that J; C J, C--- C J,. Let ¥: B,+1 — B be a Cg-diffeomorphism
onto B := Q% Then R := B,11\(UJy) = Bni1 \ (Up_, Br) is an open, compact subset
of B,y1 and thus ¥(R) is an open, compact subset of B. As ¢(R) is open and compact,
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there exists € € |0, 1] such that ¢¥(R) + B.(0) C ¢(R). Since B.(0) is an open subgroup
of the compact additive group B, we deduce that 1(R) is the disjoint union of a finite
number of balls B.(ay),- -, Be(an) (i.e., cosets of B.(0)), for some m € Ny and elements
ai,... 0y, € B. Then J, 11 := J,U{¢y"Y(B.(a;)):i=1,...,m} is an open cover of B, 1 by
mutually disjoint balls, and J,, C J,, 11 by definition. Proceeding in this way, we obtain an
ascending sequence J; C J, C -+ -, where each J, is an open cover of | J,_, By by mutually
disjoint balls. Thus J := |J,cy Jk is a countable cover of M by mutually disjoint balls.
Choose an injection x: J — N. For each ball C; := j € J, there exists a Cg-diffeomorphism
¢j: C; — 77"+ B C F4. Then U := Ujej(ﬁ”’”(j) + B) is an open subset of F¢. The union
defining U is disjoint, because |77*U) + x| = max{|7x=*|, |z|} = |77*0)| = |z|7*U) for
each j € J and x € B. Hence ¢ := [[;;¢;: M — U (the map determined by ¢|c; = ¢;)
is a Cp-diffeomorphism.

(b) By Lemma 8.1, M is a disjoint union M = [],.; M; of o-compact, open and closed
submanifolds M;. The proof of (a) shows that each M; is a disjoint union M; =[] ie; Cij
of a countable family (C; ;);ey, of balls C;; C M;. Set K := {(i,j): i € I,j € J;}. Then
M =T11; jyex Ci; is a disjoint union of balls. O

If U is an open subset of ¢, we can even find partitions into metric balls subordinate to
any given open cover:

Lemma 8.4 Suppose that F is a local field, d € N and U C F¢ a non-empty, open subset.
Let (U;)ier be an open cover of U. Then there exist families (1;)je; and (a;)jes of positive
real numbers r; > 0, resp., elements a; € U, indexed by a countable set J, such that
(Br;(a;))jes is an open cover of U by mutually disjoint sets and furthermore the open
cover (By;(a;))jes is subordinate to (Us)icr, viz. for every j € J, there exists i(j) € I such
that Brj (aj) g Ui(j)-

Proof. Since U is o-compact, we find a sequence (Bj)ren of metric balls covering U and
which is subordinate to (U;);er: For each k € N, there exists i € I such that B, C U;,.
Adapting the proof of Lemma 8.3 (a) in the obvious way,” we arrive at a countable cover
J = Ugen Ji of U by mutually disjoint metric balls, such that all balls C' € .J; are subsets
of By C Uy and all balls C' € Jy41 \ Ji, are subsets of By C U; O

k41"
Locally finite, relatively compact, open covers can always be thickened.

Lemma 8.5 Let IF be a locally compact field, M be a paracompact, finite-dimensional Cg-
manifold, and (U;)ier be a locally finite cover of M by relatively compact, open subsets
U; € M. Then there exists a locally finite cover ((7,-),-61 of M by relatively compact, open
subsets ﬁz C M, such that for each i € I the closure U, of U; in M 1is contained in (71

Proof. To reduce the assertion to the o-compact case, we first observe that U; is o-
compact, for each i € I (using that U; can be covered by finitely many balls). We now

9Thus, we choose each ¢ of the form ¢(z) = az + b with suitable a € F*, b € F<.
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write ¢ ~ j for 7,5 € I if and only if there exists n € N and ky,...,k, € I such that
ki =1, k,=jand Uy, NUy, ., # 0 forv=1,...,n—1. Then ~ is an equivalence relation.
Since (U;);eg is a locally finite cover and each Uj is relatively compact, we deduce that each
equivalence class C' € I/~ =: J is countable; hence

MC = U Uz
iceC

is a o-compact open subset of M. By construction, M = [[..; Mc is a disjoint union of
the open (and hence also closed) sets M. Since (U;);ec is a countable, locally finite cover
of M¢ by relatively compact, open sets, it suffices to prove our assertion for countable
covers of the Mq’s. We may hence assume that M is o-compact and that I is countable.
If I is finite, then M is compact and the assertion is trivial. Thus I = N without loss of
generality.

To construct a suitable open cover (U, )nen, choose a sequence (K,),en of compact subsets
K, € M such that (J, .y K» = M and such that K, is contained in the interior (Kpy1)®,
for each n € N. Define K_; := K; := () for convenience of notation. Then I,,, := {n € N:
(K \ (Kn-1)?)NU, # (0} is a finite set, for each m € N, because also the sequence (U, )nen
of the closures is locally finite.!? Also J,, := {m € N: n € I,,} is a finite set for each n € N:
indeed, there is mg € N such that U, C K,,,; then U, C (K,,)° for all m > mo + 1 and
thus U, N (K, \ (K,n_1)°) = 0 for all m > mg+2, entailing that m ¢ J,, for all m > mg+2.
For each m € N and n € I,,, the set V,,, := (K,,11)° \ K,n_2 is an open neighbourhood of
U, N (K \ (K,,-1)°), which is contained in K,,,; and therefore relatively compact. We set
ﬁn = Ume 7, Vm; this is a relatively compact, open neighbourhood of U,. Given n,m € N,
we have K,, N U, = Unves, (Km N Vi), where Ky N Vi = 0 unless m’ < m + 2. Let

m <m+2 Ifm' e J,, thenn € I,,. Thus K,, N 17,1 = () unless n € Uz,fl I,,,, which is
a finite set. It now readily follows that the open cover (Up,)nen of M is locally finite. In
fact, given any * € M we find m € N such that K° is an open neighbourhood of x. By

the preceding, K,, (and hence K9 ) only meets U, for finitely many n. O

Cut-offs and partitions of unity on finite-dimensional real manifolds are standard tools. To
enable unified proofs, we now discuss analogous concepts also over local fields.

Definition 8.6 Let I be a local field. A Cg-partition of unity of a finite-dimensional Cp-
manifold M is a family (h;);e; of continuous mappings h;: M — {0,1} C F, such that the
open and closed sets h; ' ({1}) are mutually disjoint and cover M.

Note that, being locally constant, each h; is actually Cp.

Lemma 8.7 Let M be a o-compact Ci-manifold over a local field F, and (U;)icr be an
open cover of M. Then there exists a partition of unity (h;);e; such that supp(h;) C U;.

Fvery x € M has an open neighbourhood U such that {n e N: U, NU # 0} is finite. The set U being
open, we have {n e N: U, NU # 0} ={neN: U, NU # 0}.
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Proof. The assertion is trivial if dim(M) = 0. If d := dim(M) > 0, by Lemma 8.3 we
may assume that M is an open subset of F%. Let (B,,(a;));jcs and i(j) for j € J be as in
Lemma 8.4. The family of balls being locally finite, the open sets V; := Ujejn.(j):i B, (a;) C
U; are also closed. For each i € I, define h;: M — Fvia h;(z) =1 € Fifz €V, hi(z) =0
otherwise. Then (h;);es is a partition of unity with the desired properties. O

Lemma 8.8 Let F be a local field, M be a finite-dimensional Cg-manifold, K C M be
compact, and U C M be an open subset containing K. Then there exists a Cg-function
h: M — {0,1} CF such that h|xg =1 and h|yny = 0.

Proof. As each element x € K is contained in some open and compact ball B, C U,
exploiting the compactness of K we find finitely many open and compact balls C, ..., C,, C
U such that K C |J;_, C,, =: W. Then W is an open and closed neighbourhood of K such
that W C U, and hence h: M — F, h(z) :==1if x € W, else h(z) := 0 is a function with
the desired properties. O

Topologies on spaces of vector-valued test functions

For the remainder of this section, ' denotes a locally compact, non-discrete topological
field, and K a topological extension field of F, whose topology arises from an absolute
value |.|: K — [0,00[. We let r € Ny U {o0}.

Definition 8.9 Given a paracompact Cp-manifold M, modeled on a finite-dimensional
F-vector space Z, and a (Hausdorff, not necessarily locally convex) topological K-vector
space F, we let

CI(M,E):={ye€C"(M,E): supp(y) is compact }

be the set of compactly supported E-valued Cp-functions on M. Then C7 (M, E) is a K-
vector subspace of C"(M, E), and C¢(M, E) = Uy Cx (M, E), where K(M) denotes
the set of all compact subsets of M. In the following, we consider three vector topologies
on CI(M,E):

(a) We write C7 (M, E)s for C7 (M, E), equipped with the finest (a priori not necessarily
Hausdorff) vector topology making the inclusion maps Ag: Cx (M, E) — CL(M, E)
continuous for each compact subset K C M. Thus C! (M, E)tws = lim C (M, E) in
the category of not necessarily Hausdorff topological K-vector spaces_ahd continuous
K-linear maps.

(b) If E is locally convex, we write C% (M, E)e, for CI (M, E), equipped with the finest (a
priori not necessarily Hausdorff) locally convex vector topology making the inclusion
maps A\x: Ci (M, E) — CI(M, E) continuous for each compact subset X' C M. Thus
CIH(M, E)ex = limCp (M, E) in the category of not necessarily Hausdorff, locally
convex topologica) K-vector spaces and continuous K-linear maps.
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(c) Given a locally finite cover U = (U;);e; of M by relatively compact, open subsets!!
Ui € M, welet p;: CI(M, E) — C"(U;, E) be the restriction map for ¢ € I and define

pu: CLME) = @ C"(UL E), pu(v) = (pi(7))ier = (7

el

Ui)iEI .

We write C7 (M, E)pox for C(M, E), equipped with the topology O, induced by py,
where the direct sum is endowed with the box topology.

Lemma 8.10 In the situation of Definition 8.9 (¢), assume that bothU = (U;);ie; and V =
(Vj)jes are locally finite covers of M by relatively compact open subsets. Then Oy = Oy.
In other words, the boz topology on C%(M, E) is independent of the choice of U.

Proof. The topologies Oy and Oy are induced by py : CL(M,E) — @,., C"(U;, E),
pu(v) = (Vlv,)ier and py: CL(M, E) — @;c; C"(Vy, E), py(7) := (lv;)jes, respectively.

8.11 Given i € I, the set J; := {j € J: U; NV; # 0} is finite, as U; is relatively compact
and V is a locally finite cover. By Lemma 4.12; the topology on C"(U;, E) is initial with
respect to the family (p; ;);ey; of restriction maps

Hij - OT(Ui’ E) - CT(Ul N V}a E)a MZ,](’Y) = ’Y|Uiﬂ‘/j .

Likewise, the set I; := {1 € I: U; NV, # (} is finite for each j € J, and the topol-
ogy on C"(V;, E) is initial with respect to the family (v;;)icr, of restriction mappings
Vii: CT(‘/J’7 E) — OT(U, N ‘/j, E)

8.12 Let P;; be an open 0-neighbourhood of C"(U; NV}, E), for any i € I, j € J;. Then
P =y, p;jl(Pi,j) is an open 0-neighbourhood in C"(U;, E) for each i € I and thus

P::@B

il

is an open 0-neighbourhood in @, ., C"(U;, E). It is clear from the preceding that the
set B of such open 0-neighbourhoods P is a basis for the filter of O-neighbourhoods of
@D,.; C"(U;, E), and hence {p;;'(P): P € B} is a basis for the filter of 0-neighbourhoods
of (CI(M, E),Oy).

To see that Oy = Oy, it suffices to show that O,y C Oy (as we can interchange U and V).
Since both O, and Oy, are vector topologies, we only need to show that W € O, for W

ranging through a suitable basis of open 0-neighbourhoods of (CI(M, E), Oy). It therefore
suffices to consider W := p;,' (P) for P € B as in 8.12. Set Q; := ﬂielj V]-_-I(Pm‘) for j € J;

X2

11GQuch a cover always exists because M is locally compact and paracompact.
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then @Q := @]EJ (); is an open 0-neighbourhood in €
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C"(V;,E). For v € CI(M,E),

jeJ

we have

veW =p,'(P)

< puy)elP e (Viel)y|y, €h
& Miel)(Vjed) v
&
&

U;NVv; € Pl,j
(VjeJ)(Viel;) vy, € Piy
VieN, €Q, = mwh)eQ < ~vep'(Q).

Thus W = p},'(Q) € Oy, which completes the proof. O

Proposition 8.13 Let M be a paracompact Cg-manifold, modeled on a finite-dimensional
F-vector space Z, and E be a topological K-vector space. Then the following holds:

(a)

The box topology on CL(M, E)pex is Hausdorff. For every locally finite cover U =
(Us)ier of M by relatively compact, open subsets U; C M, the map

Pu - Cg(M7 E)box - @ CT(UZ" E)v IOU(’Y) = (7|Ui)i€[

iel
has closed image, and py|™*“ is an isomorphism of topological vector spaces. The

inclusion map CL(M, E)pox — C"(M, E) is continuous. If E is locally convez, then
CT(M, E)pox 1 locally conver.

The inclusion map Ag @ Ci(M,E) — CI(M, E)pox is continuous and induces the
given topology on Cy.(M, E), for each compact subset K C M.

The map ©: CL(M, E)ws — CL(M, E)pox, () := 7 is continuous. Thus CL(M, E)tys
is Hausdorff and induces the given topology on each Cp. (M, E). IfF # C and M is

o-compact, then ® is an isomorphism of topological K-vector spaces.

If E is locally convex, then V: CL(M, E)ex — CL(M, E)pox, V() := 7 is continuous.
Hence CI(M, E)ex is Hausdorff and induces the given topology on each Cl (M, E).
If F # C and M is o-compact, then ¥V is an isomorphism of topological K-vector
spaces.

If F is a local field and U = (U;)ier is a cover of M by mutually disjoint, compact
open sets (cf. Lemma 8.3 (b)), then

pu: CL(M, B — D C"(UL E),  puly) = (v

iel

Ui)iEI
s an isomorphism of topological vector spaces onto the direct sum, equipped with the
box topology.

If F is a local field and E s locally convex, then ¥ is an isomorphism of topological
vector spaces, i.e., CT(M, E)ex = CL(M, E)pox-
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In particular, CL(M, E)pox = CL(M, E)ws = CL(M, E)x if F # C and M is o-compact.

Proof. (a) Let U = (U;);er be a locally finite cover of M by relatively compact, open sets.
The box topology on @,.; C"(U;, E) being Hausdorff and py: C (M, E) — @,., C"(U;, E)
being injective, the topology Oy induced by py on C7(M, E) is Hausdorff and py[™# is
an isomorphism of topological vector spaces. The box topology on S := ,., C"(U;, E)
is properly finer than the topology induced by the product P := [],., C"(U;, ). The
map 7: C"(M,E) — P, 7(v) := (7|v,)ier is a topological embedding with closed image,
by Lemma 4.12. This entails, firstly, that the inclusion map CI (M, E)pox — C"(M, E) is
continuous. Secondly, it entails that im(7) NS is closed in S. Note that 7() € S implies
that supp(7) is compact, i.e., v € CI(M, E). Thus im(py) = im(7) NS is closed in S. If F
is locally convex, then each of the spaces C"(U;, E) is locally convex (Proposition 4.19 (b)),
whence so is the direct sum @, ., C"(U;, E) (see 6.4) and hence so is Opox.

(b) Let K € M be compact. For U = (U;);er as before, there exists a finite subset
J C I such that UyN K = () for all 4 € T\ J. Thus K C |J,.;U; =@ W. Then the
composition f: Ci (M, E) — B,.; C"(U;, E) of the maps

icJ

Cy(M,E) = CRp(W,E) — C"(W,E) — [[C"(U:, E) — € ¢"(U, E)
icJ iel
is a topological embedding, where the first map and the coordinate functions of the second
map are the respective restriction maps (see Lemma 4.24 and Lemma 4.12), and the last
map is inclusion (see 6.3). Since f = py o Ak, where py is a topological embedding, we
deduce that also Mg is a topological embedding.

(c) Since Ak : Cx(M,E) — CI(M, E)pox is continuous for each K € KC(M), our def-
inition of CI(M, E)tys shows that the topology on CZ(M, E)ys is finer than the one on
CH (M, E)pox, and thus @ is continuous. Since Ag: C) (M, E) — CL(M, E)ys is continuous
as a map into C% (M, E)s and ® o Ag: C) (M, E) — CL(M, E)pox is a topological embed-
ding by (b), also A : C) (M, E) — CI(M, E)ys is a topological embedding.

We now assume that M is o-compact, and we assume that I is not isomorphic to C as
a topological field; then F is a local field or F = R (see [78]). We have to show that
CH(M, E)pox = lim C} (M, E) in the category of topological vector spaces, with limit maps
Ak C (M, E) = CH(M, E)pox- We already know from (b) that each Ak is continuous;
thus (C7 (M, E)pox, (Ak ) kex(m)) is a cone in the category of topological K-vector spaces and
continuous K-linear maps. To see that it is a direct limit cone, suppose that ( fx)xeic(r) is
a family of continuous linear maps fx: Cj (M, E) — F into a topological K-vector space F
such that fi|cr (v,p) = fr whenever K C L. Then f: C{(M, E)pox — F, f(7) == fx(v)
if supp(y) C K is well-defined and is the unique linear map C7 (M, E)ox — F such that
f oA = fi for each K. To establish the desired direct limit property, it only remains to
show that f is continuous.

Let U = (U;)ier be as before; M being o-compact, we may assume that [ is countable.
We pick a Cg-partition of unity (h;);e; of M such that supp(h;) C U; for each i € [
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(see Lemma 8.7 when F is a local field; the real case is standard). Since U; is relatively
compact, K; := supp(h;) C U; is compact. Let e; : Cg (U, E) — Cp. (M, E) be the
isomorphism of topological vector spaces which extends functions by 0 (cf. Lemma 4.24).
Then g;: C"(U;, E) — F, g; :== fk, 0 €; 0 u, is a continuous linear mapping, where pup, :
C"(Ui, E) — Ck.(Us, E) is the multiplication operator defined via i, () := which
is continuous linear (in view of Lemma 1.15 and Lemma 4.12, applied with a cover of co-
ordinate neighbourhoods, this assertion can be reduced to Lemma 4.5). By the universal

property of the countable direct sum S := €p,.; C"(U;, E) (see 6.5), the linear map

g:S—=F, (y)ier = Y_ g:(7)

el

(where v; € C"(U;, E)) is continuous, because so is each g;. Given v € CI(M,E), we
calculate g;(v[v,) = f(ei(hilv, - v[w,)) = flei((hi - V)[w:)) = f(hi - ), whence g(pu(7)) =
Dier 9i(Vw) = Dier [ (R ) fQlierhi-v) = f(v). Thus gopy = f, and so f is

continuous on C7 (M, )boX7 as required; the direct limit property is fully established.

(d) Since C (M, E)pox is locally convex for locally convex E' (see (a)), we can repeat the
proof of (c), except that topological vector spaces have to be replaced with locally convex
spaces.

(e) By the definition of the box topology, py is a topological embedding. Each of the
sets U; being compact and open, given (v;)icr € @,e; C"(U;, £) the map v: M — E
defined via v(x) := v;(z) for x € U; is Cf and compactly supported. Thus v € CI (M, E),
and py(y) = (7i)ier by definition of v. Thus py is also surjective, and thus py is an

isomorphism of topological vector spaces.

(f) Assume that f: CI(M, E)pox — F is a linear map into a locally convex topo-
logical K-vector space F' such that f o Ag is continuous for each K € K(M). Let
U = (Ui)ier be as in (e). Then flcy (urm) is continuous in particular for each i € I,
and hence so is g; := foe;: C"(Ui,EL) — F, where ¢;: C"(U;, E) — Cp, (M, E) is the
isomorphism of topological vector spaces obtained as the inverse of the restriction map
Ci. (M, E) — C"(U;, E) (see Lemma 4.24). Since the box topology makes @, ., C"(U;, E)
the category-theoretical locally convex direct sum in the present situation (see Remark 6.7),
the map g: @,.; C"(Us, E) — F, g((Vi)ier) := > _;er 9i(7i) is continuous linear. Hence also
f = g o py is continuous. a

Convention 8.14 Throughout the following, spaces of vector-valued test functions will
always be equipped with the box topology, and we abbreviate CI (M, E) := CI (M, E)pox.

Remark 8.15 If F = K = R, M is o-compact and F is locally convex, then the box
topology on C7 (M, E) coincides with the locally convex topology traditionally considered
on this space of test functions, by Proposition 4.19 (d) and Proposition 8.13 (d).
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Remark 8.16 As we shall mainly need spaces of test functions with values in locally
convex spaces over local fields in the following (for example, in our discussion of diffeomor-
phism groups), we have chosen to work with the box topology, which is the appropriate
topology on CI(M, E) in this case, even for non-o-compact M (see Proposition 8.13 (f)).
If M is a non-o-compact, paracompact finite-dimensional manifold over R and E a real
locally convex space, it is certainly more natural to work with the (finer) locally convex
direct limit topology on C” (M, E), and study differentiability properties of mappings be-
tween spaces of test functions topologized in this way. We did not find it advantageous
(nor necessary) to discuss this situation in parallel here; the interested reader can find a
separate discussion in [32] and [33] (cf. also [57]).

Remark 8.17 Spaces of compactly supported sections in vector bundles can be treated
much in the same way as spaces of test functions. However, the only vector bundles we
shall really have to work with in our Lie group constructions (of diffeomorphism groups)
are the tangent bundles of paracompact finite-dimensional smooth manifolds M over local
fields K. Since any vector bundle over such a manifold M is trivial (as a consequence of
Lemma 8.3 (b) and Lemma 8.4), it is not necessary for our purposes to introduce the addi-
tional machinery required to discuss spaces of sections and vector bundles, and so we de-
cided to defer their discussion to an appendix (Appendix F). The only facts we shall really
use are the following: 1. For each paracompact, finite-dimensional Cz-manifold M and dis-
joint cover (B;)ier by open and compact balls, the map C7 (M, TM) — ,., C"(B;, T5;),
o+ (0|p,)ier is an isomorphism of topological vector spaces (Proposition F.19 (e)). 2.1If
k: M — B is a Cg-diffeomorphism from a d-dimensional Cg-manifold M onto a metric
ball B C K% then C"(M,TM) — C"(B,K%), 0 + (z + (dk;) oo ok~ !) is an isomorphism
of topological K-vector spaces (cf. Lemma F.9 and Lemma 4.9).

Patched topological vector spaces and patched mappings

To formalize the situation encountered in Proposition 8.13 (a), we now introduce the notion
of a “patched” topological vector space. Roughly speaking, this is a topological vector
space, together with an embedding into a direct sum. We then discuss differentiability
properties of mappings between patched topological vector spaces. The general results
obtained here shall allow us to transfer our discussion of pushforwards to the case of test
functions (Proposition 8.22). We shall also derive certain very convenient criteria ensuring
differentiability properties for mappings between spaces of test functions (Section 10).

For analogous discussions (and applications) of “patched locally convex spaces” based on
locally convex direct sums, we refer to [32] and [33].

Definition 8.18 A patched topological vector space over a valued field (K, |.|) is a pair
(E, (pi)ier), where E is a topological K-vector space and (p;)ie; a family of continuous
linear maps p;: £ — FE; to certain topological vector spaces F;, such that

(a) For each x € E, the set {i € I: p;(x) # 0} is finite;
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(b) The linear map
pEﬁ@Eza prz zel—zpz
el el

from E to the direct sum €p,
embedding;

.1 i (equipped with the box topology) is a topological

(c) The image p(£) is sequentially closed in @, ; E
The mappings p;: E — E; are called patches, and the family (p;);es is called a patchwork.
We retain the notation introduced earlier in this section.

Example 8.19 Let M be a paracompact, finite-dimensional C-manifold over F (where
r € NoU{o0}), and F be a topological K-vector space. Let (U;);cr be a locally finite open
cover of M by relatively compact, open subsets U; C M and p;: CL(M,E) — C"(U;, E),
pi(7) == 7y|u, be the restriction map for ¢ € I. Then

(CZ(M7 E)7 (pZ)ZEI)
is a patched topological vector space, by Proposition 8.13 (a).
We now discuss mappings between open subsets of patched topological vector spaces.

Definition 8.20 Let (E, (p;)ics) and (F, (¢;)icr) be patched topological K-vector spaces
over the same index set I. Let p: £ — @@, E; and ¢: F' — @,.; F; be the canonical
embeddings.

el

(a) Amap f:U — F, defined on an open subset U of E, is called a patched mapping if
there exists a family (f;);e; of mappings f;: U; — F; on certain open neighbourhoods
U; of p;(U) in E;, which is compatible with f in the following sense: we have 0 € U;
and f;(0) = 0 for all but finitely many ¢, and ¢;(f(z)) = fi(pi(z)) for all i € I, i.e.,
qof=(®f)opl™

(b) Given k € NoU {oo}, we say that a patched mapping f: U — F as before is of class
CE on the patches if all of the mappings f; in (a) can be chosen of class CE.

Proposition 8.21 Let (E, (pi)icr) and (F,(q;)icr) be patched topological K-vector spaces
over the same index set I. Assume that f: U — F is a patched mapping from an open
subset U C E to F. If f is of class CE on the patches, then f is of class CE.

Proof. Let p;: E — E; and ¢;: F' — F; be the patches of E, resp., F. If f is of class C% on
the patches, then there exists a family (f;);e; of CE-maps fi: U; — F;, which is compatible
with f. By Proposition 6.9, the map g := ®icrfi: @,c; Ui = Py Fiy 9O i wi) =
>ier fi(w) is of class CE. The linear map p: E — @ZEI E;, p(z) == Y,c; pi(x) being

continuous, the composition g o p|&% is C&. But gop|d” = go f, where ¢: F — @, F;
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Q) = Dier 4i(y), since g(p(x)) = > i, filpi(@)) = Xoiep ai(f(2)) = q(f(x)) for all x € U.
By the preceding, the map go f is of class CE. Its image being contained in the sequentially

closed vector subspace () := im g of @, ; F;, Lemma 1.15 shows that also the co-restriction
(qof)|? is of class CE. As ¢|? is an isomorphism of topological vector spaces (by the axioms
of a patched topological vector space), we see that also f = (¢|¥) Lo (qo f)|?is Ck. O

Example: Pushforwards of compactly supported functions

We now establish an analogue of Proposition 4.20 for pushforwards between spaces of
test functions. The idea is to use the technique of patched topological vector spaces to
reduce the assertion to Proposition 4.23 (a). A further generalization to mappings between
spaces of compactly supported sections in vector bundles is provided in Appendix F (the
“0-Lemma with parameters”). In the real locally convex case, stronger and much more
refined results are available: see [32].

Proposition 8.22 Let E, F' and vae topological K-vector spaces, U C E an open zero-
neighbourhood, v,k € No U {oco}, M be a K-manifold of class C’H’yk modeled on Z, and

f:MxU—=Fbea mapping of class Cﬂ’gk. Let M be a paracompact, finite-dimensional
F-manifold of class Cy. Given a mapping o : M — M of class Cy, we define f =
fo (0 xidy): M x U — F. We assume that there exists a compact subset K C M such
that f(x,0) =0 for allz € M\ K. Then CI(M,U) :={y € CL(M,E): v(M) C U} is an
open subset of C%(M, E), equipped with the box topology, and

fo: CUM,U) — Co(MLF),  fu(y)(2) == f(z, ()
is a mapping of class CE.

Proof. There exist locally finite covers V := (Vi)ie_l and U = (U,)ier of M by relatively
compact, open sets V; (resp., U;), such that K; :=V; C U, for all i € I (cf. Lemma 8.5).
To see that CZ(M,U) is open in C%(M, E), note that |K;, U], C C"(U;, E) is an open 0-
neighbourhood, and thus @ := @,.; | K;, U], is an open 0-neighbourhood in ,_, C"(U;, ).
By definition of the box topology on C"(M, E), the map py: CL(M, E) — @,., C"(U;, E),
pu(n) :== (|v,)ier is continuous. Hence p;,'(Q) is an open O-neighbourhood in C%(M, E).
Since

P (Q) = {veCUM,E): (Viel) v(K)CU},
where M = J,.; K;, we have p;,'(Q) = Cr(M,U). Hence CI(M,U) is an open 0-
neighbourhood, as required.

To see that f, is CE, we shall exploit that (C7(M, E), (p:)icr) and (C%(M, F), (;)ie1) are
patched topological vector spaces, with the patches

v, and
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T’LCZ(M7F)HCCT(‘/1>F)7 Tz(f}/) =

Vi

respectively (see Example 8.19). The map f; := f
fo(oly, xidy), the pushforward

v,xv : U x U — F being of the form

(fl)* LKZWUJT - CT(‘/;ﬂF)

is Ck on the open subset |K;,U|, C C"(U;, E), by Proposition 4.23 (a) (applied with a
singleton parameter set P). Apparently p;(CL(M,U)) C |K;,U|, for each i € I, and the
family of mappings ((f;)«)ier is compatible with f,, i.e., 7,0 fu = (fi)s« 0 p; for all i € I.
Thus f, is a patched mapping. Every (f;). being CE, the map f, is C& on the patches and
hence C&, by Proposition 8.21. O

Corollary 8.23 Let E and F' be topological K-vector spaces and f: U — F be a mapping
of class CQ’“, defined on an open zero-neighbourhood U C E, such that f(0) = 0. Let M
be a paracompact, finite-dimensional F-manifold of class Cy. Then

Co(M, f): CE(M,U) — CA(M, F), v foy
is a mapping of class CE.

Proof. Let M = {0} be a singleton smooth K-manifold, and o: M — ]Tj, 2 +— 0, which
apparently is a Cp-map. Then §: M x U — F, §(0,u) := f(u) is a mapping of class Ci ™,
and C% (M, f) = g. for g := go (¢ x idy). By Proposition 8.22, g, is CE. O

9 Test function groups and algebras of test functions

As in Section 8, let [F be a locally compact topological field and K be a valued field which
is a topological extension field of F. Let r € Ny U {oo}. In view of Proposition 8.22 and
Corollary 8.23, we can re-use the arguments from Section 5 to obtain the following:

Proposition 9.1 Let M be a paracompact, finite-dimensional F-manifold of class Cy.

(a) If A is a topological K-algebra, then also CL(M,A) is a topological K-algebra (using
pointwise multiplication).

(b) If A is an associative topological K-algebra and E a topological A-module, then
Cr(M, E) is a topological CL (M, A)-module.

(¢) If G is a K-Lie group modeled on a topological K-vector space E, then

Ci(M,G) :={y e C"(M,G): vYG\{1}) is compact}
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can be gwen a Cg°-manifold structure modeled on the topological K-vector space
CI(M,E) in one and only one way, such that CIL(M,G) becomes a K-Lie group
and such that CT(M,Uy) := CT(M,G) N (Uy)M is open in CT(M,G) and

is a C°-diffeomorphism onto the open subset C(M,V,) C CL(M, E), for some chart
¢: Uy — Vy CE of G around 1 such that ¢(1) = 0. O

The Lie groups C% (M, G) described in (c) are also called test function groups.

10 Differentiability of almost local mappings

We describe a criterion ensuring differentiability properties for mappings between open
subsets of spaces of vector-valued test functions (equipped with the box topology). Cf.
[32], [33], [27] and their precursor [25] for analogous results in the real locally convex case,
based on the locally convex direct limit topology.

10.1 Our general setting is the following: F is the field of real numbers or a local field,
and K a valued field which is a topological extension field of F.'? For r, s,k € Ny U {00},
we are given a paracompact, finite-dimensional F-manifold M of class Cf; a paracompact,
finite-dimensional F-manifold IV of class Cj; and topological K-vector spaces E and F'. We
consider a mapping f: P — C$(N, F'), defined on an open subset P C CI (M, E).

Our investigations are stimulated by the following question:

10.2 Question. If f‘PmC%(]\/LE) is of class C¥ for all compact subsets K C M, does it
follow that f is CE?

The answer is negative. For example, the self-map

of the space of real-valued test functions on the line is discontinuous at v = 0, although
flese® ) is smooth, for all compact subsets K C R (see [31]).

The goal of this section is to describe a simple additional condition which prevents the
type of pathology just described. As we shall see, Question 10.2 has an affirmative answer
if we require in addition that f be “almost local.” Being almost local is a rather mild
condition, which is satisfied by most of the mappings of relevance, for example by all
mappings encountered in the construction of the Lie group structure on groups of compactly
supported diffeomorphisms of finite-dimensional smooth manifolds over the reals (see [33]).

12The case F = C has to be excluded now, since we have to use compactly supported cut-off functions.
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Definition 10.3 (a) A map f: P — C¥(N, F) (as in 10.1) is called almost local if there
exist locally finite covers (U;);e; of M and (V;);e; of N by relatively compact, open sets
such that, for all i € I and v,n € P with 7|y, = n|y,, we have f(7)|v, = f(n)]y;. '3

(b) A map f: P — C$(N,F) is called locally almost local if every v € P has an open
neighbourhood @ C P such that f|g is almost local.

(c) In the special case where M = N, we call f: P — C$(M, F) a local mapping if, for all
x € M and « € P, the element f(v)(z) only depends on the germ of v at z.!* Tt is easy to
see that every local mapping is almost local.

Cf. already [46, Defn. 14.13] for the related notion of a “local operator.”

Theorem 10.4 (Smoothness Theorem) Let f: CI(M,E) O P — C:(N,F) be a map
as described in 10.1. If fx := f|pncoy (B is of class CE for every compact subset K C M
and f is locally almost local, then f is of class CE.

Proof. We proceed in steps.

10.5 Given v € P, there exists an open neighbourhood @ of v in P such that f|g is
almost local. As ~ was arbitrary, the assertion will follow if we can show that f|y is
of class C% for some open neighbourhood W of v in Q. To this end, it suffices to show
that the mapping g: Q —v — C:(N, F), g(n) := f(y+n) — f(7) is of class CE on some
open zero-neighbourhood. As f|g is almost local, we find locally finite covers (U;);e; of M
and (V;);er of N, with each U; and V; relatively compact and open, such that f(n)|y, only
depends on n|y,, for all n € Q). Then apparently also g(n)|y, = g(§)|v; for all n,§ € Q —
such that 0|y, = &|u,, showing that also g is almost local. Furthermore, given a compact
subset K C M, the map g|(Q_7)mC;((M,E) is of class C’ng, since so is the restriction of f to
QNCy M, FE). We abbreviate R := @ — 7.

usupp(v) (

10.6 We pick a locally finite open cover (ﬁi)ig of M such that U; C ﬁz holds for the
compact closures, for all i € I; such a “thickening” exists by Lemma 8.5. For each ¢ € I, we
pick a mapping h; € C"(U;, F), with compact support K; := supp(h;), which is constantly 1
on U; (see Lemma 8.8 if IF is a local field; the real case is standard).

10.7 By Example 8.19, the family (p;);cs of restriction maps p;: C% (M, E) — C(U;, E)is a
patchwork for C7 (M, E). Welet p: C/(M, E) — @, C"(U;, E) =: S be the corresponding
embedding taking 7 to > .., pi(n). Similarly, the family (0;);c; of restriction maps o :
C:(N,F) — C*(V;, F) is a patchwork for C?(N, F).

10.8 The mapping p being a topological embedding, we find an open 0-neighbourhood
H C S such that p~'(H) C R. The direct sum being equipped with the box topol-
ogy, after shrinking /' we may assume that H = ,.; A; for a family (A;);c; of open 0-

neighbourhoods 4; € C"(U;, E). The multiplication operator p, : C"(U;, E) — C}Q(Ui, E),

13Tn other words, f(v)|v; only depends on 7|y, .
“More precisely, we require f(v)(z) = f(n)(z) for all x € M and v,n € P with the same germ at x.
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n — h; - is continuous linear (in view of Lemma 1.15 and Lemma 4.12, applied with a
cover of coordinate neighbourhoods, this assertion can be reduced to Lemma 4.5). Hence,
we find an open zero-neighbourhood W; C A; such that h; - Wi C R, where we identify
Ck (Ui, E) with Cg (M, E) C CI(M, E) as a topological K-vector space in the natural
way, extending functions by 0 (cf. Lemma 4.24). Then W := p~1(@,.; W;) C R is an open
zero-neighbourhood in C7 (M, E) such that p;(W) C W, for each ¢ € I. We define

gi: Wiy — Cs(vz‘a F), gi == 05 OglRﬂC;(i(M,E) O [h, 5;1. .

Then g; is of class CE, being a composition of Ck-maps. Note that o;(g(n)) = g(n)|v, =
g(hi-n)lv; = gi(nlg,) for each n € W and i € I. Thus (g;)ies is compatible with gl in the
sense of Definition 8.20. We have shown that g|y is a patched mapping which is of class
CE on the patches. By Proposition 8.21, g|w is of class CE. O

11 Smoothness of evaluation and composition

We discuss differentiability properties of evaluation and composition of maps.

Proposition 11.1 Let K be a locally compact topological field, k € NogU{oo}, M a finite-
dimensional CE-manifold, and E a topological K-vector space. Then the “evaluation map”

e:CH(M,E)x M — E, ¢(y,2) := ()
is of class CE.

Proof. Givenx € M, let k: U — V be a chart of M around z, where V' is an open subset of
the modeling space Z of M. Then (v, k1 (y)) = (yor 1) (y) = E(C*(xk™1, E)(7),y) for all
y € V, in terms of the evaluation map &: C*(V, E) x V. — E and the pullback C*(k~ !, E):
CK(M,E) — C*V,E) which is continuous linear and thus smooth (Lemma 4.11). It
therefore suffices to consider the case where M = V is an open subset of a finite-dimensional
K-vector space Z. The inclusion map C®(V, E) — C*(V, E) being continuous linear for
all k € Ny (Remark 4.2 (a)), it also suffices to consider finite k. We proceed by induction.

The case k = 0 is well known (see, e.g., [16], Thm.3.4.3 and Prop.2.6.11).

Induction step. Given k € N, suppose that the assertion of the lemma holds if & is replaced
with k — 1. Given (v,z,n,y,t) € (C*(V, E) x V) such that t # 0, we calculate

He(v+tnx+ty) —e(y,2)) = 1(v(z+ty) —y(x) + nlz+ty)
= W@,y t) + nlz+ty). (21)

Let ¢, : C* (VI E) x VIl — E denote the evaluation map, which is of class CE~' by
induction. Then, using Remark 4.2 (b),

0: (C*(V,E) x VI — B, 0(vy,2,m,y,1) := e,z + ty) + e1(41Y, (2,9, 1))
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is a mapping of class CE~!. In view of (21), we deduce that ¢ is of class Cf, with el) = ¢
of class C’H’z_l, and thus ¢ is of class CE, which completes the inductive proof. O

Let us turn to the composition map now. We shall show:

Proposition 11.2 Let K be a locally compact topological field, E a topological K-vector
space, T,k € Ng U {o0}, M be a finite-dimensional Cf-manifold, F a finite-dimensional
K-vector space, U C F be open, and K C M compact. Then the composition map

[: C™™MU,E) x Cx(M,U) — C"(M, E), T(y,n):=vo0n
is of class CE. If k > 1, then

dU'(y,m,71,m) = dyo (n,m) +1107 (22)
fOT all VN € Cr+k<U7 E): ne C;((M7 U): and T € C;((Ma F)
If U = F, then we need not assume that M be finite-dimensional. In this case, we have:

Proposition 11.3 Let K be a locally compact topological field, E a topological K-vector
space, r,k € No U {oo}, M a Cg-manifold, modeled on an arbitrary topological K-vector
space, and F' be a finite-dimensional K-vector space. Then the composition map

I:C™ (F,E) x C"(M,F) — C"(M,E), T(y,n):=vo0n
is of class CE. If k > 1, then

dl'(y,m,71,m) = dy o (n,m) +en (23)
for all v,y € C™*(F, E) and n,m € C"(M, F).

For finite-dimensional M, both propositions are immediate consequences of the following
technical result, which we prove now. A direct proof for Proposition 11.3 (including the
case of infinite-dimensional M) is given in Appendix C.

Lemma 11.4 Let K be a locally compact topological field, E a topological K-vector space,
r,k € NoU{oo}, M a finite-dimensional Ci-manifold, F a finite-dimensional K-vector
space, U an open subset of F, K a compact subset of M, and Y C K° be a non-empty,
open subset. Let H be a finite-dimensional K-vector space, and P C H be open. Then

O: C"H(U x P,B) x |K,Ul, x P— C"(Y, ), ©(y,1,p) = (o) only
where | K,U|, C C"(M, F), is a mapping of class C. If k > 1, then

OM((v.n,p), (v, m.p1), 1)
= ((p), Gpr), ) o (ym)ly +7i(e,p+tp1) o (0 + tm)ly (24)
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fOT all ((%77717)7 (7177717131)7 t) S (Cr+k<U X P7 E) X \_K’ UJT' X P)[l]

Hence, as a special case, the map
[:C™MU,E) x | K, U], — C"(Y,E), T(v.n):=yonly
is of class CF. If k > 1, then

LUy, m), (viom), £) =AM, t) o (n,n)ly + 710 (0 + tn) |y (25)

for all ((v.n), (11.m). ) € (C™(U, E) x | K, U)W In particular,

dU((y,n), (y1.m)) = dyo (n,m)ly +7only (26)
for all v,71 € C™*(U, E), n € | K, U, and 1, € C"(M, F).

Remark 11.5 In the real or complex locally convex case, the desired properties of I' can
be established directly, without recourse to parameters. In the general case envisaged here,
a direct induction without parameter sets (based on Proposition 11.1 and Lemma 12.1)
would only show that I' is C¥ when C™*(U, E) is replaced with C™+2* +) (U, ). due to
the loss in the order of differentiability in Lemma 12.1.

Proof of Lemma 11.4. Clearly, we only need to prove the assertions concerning ©O:
then also I" will have the asserted properties. It suffices to consider finite £ € Ny (cf.
Remark 4.2 (a)). We may also assume that r € Ny (cf. proof of Proposition 4.16). Thus,
we assume that both r and k are finite, and prove the assertion by induction on k.

The case k =0

We proceed by induction on r. Let us suppose that » = 0 first. We recall that the
topology we have defined on spaces of C’-maps coincides with the compact-open topology
(Remark 4.10). For (y,n,p) € C(U x P,E) x | K,U| x P, we have

O(v,m,p) =T (v, nly xidp) (+,p), where (27)

[:C(UXP, E)eo. x C(Y X P, UXP)oo. = C(Y XP, E)e,., I(0,7):=007
is the composition map, which is continuous since U x P is locally compact [16, Thm. 3.4.2].
It easily follows from the definition of the compact-open topology that the mapping
|K, U] = C(Y x P,U X P)co.,n— n|ly Xidp is continuous. The map

[P P—-CY,E), f'(p):=f(sp)

is continuous for f € C(Y x P, E), and also the map C(Y x P,E) — C(P,C(Y,E)),
f = (fY:pw f(p)) is continuous [16, Thm.3.4.7]. Furthermore, P being locally
compact, the evaluation map ¢ : C(P,C(Y,E)) x P — C(Y,FE) is continuous (cf. [16],

Thm. 3.4.3 and Prop. 1.6.11). Reading (27) as O(vy,n,p) = (I'(~, nly xidp)Y, p), we see
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that © is continuous.

Induction step on r. Let r € N, and suppose that the proposition holds for £ = 0, when r
is replaced with » — 1. It then suffices to show continuity of © in the case where M is an
open subset of its modeling space Z. In fact, suppose that M is a Cg-manifold. For each
y € Y, there exists a chart x,: W, — V,, C Z of Y around y. Let L, C W, be a compact
neighbourhood of y, and K, := ry(Ly); let Y, := K) be the interior of K,. Since (Lj)yey
is an open cover of Y, we deduce with Lemma 4.12 that © will be continuous if we can
show that

hy: C"(U x P,E) x |K,U|, x P— C"(Yy,E), hy(y,n,p) :=0(v,n,p)o0 K;l‘yy
is continuous, for all y € Y. But

hy(v,1,0) = (s, p) 0 (no K, Ny, = Oy(v,n0 kK, ", p) (28)

with ©,: C"(U x P,E) x |K,,U|, x P — C"(Y,, E), ©,(v,0,p) := 7v(s,p) © 7ly,, where
| Ky, U], € C"(V,, F). Note that the pullback C"(M,F) — C"(V,, F), n — no k" is
continuous linear (Lemma 4.11) and takes the open set |K,U |, into | K,,U|,. Thus (28)
shows that h, will be continuous if each ©, is continuous. Since V), is open in Z, this
completes the reduction step to the case where M is open in Z.

To complete the induction step on 7 in the case k£ = 0, by the preceding we may assume
now that M is an open subset of Z. The map ©: C"(U x P, E) x | K,U|, x P — C"(Y, E)
is continuous as a map into C(Y, F), by the case r = 0 already settled and Remark 4.2 (a).
Hence, in view of Remark 4.2 (b), © will be continuous if we can show that the map

C"(Ux P,E)x |K,U|, x P—C" ' (YU, E),  (v,1,p) — O(y,n,p)!
is continuous at each given element (7,70, po) in its domain, where

O(y,n,p)(x,y,t) = 41 ((n(x), p). (1M (,9,1),0), 1) (29)

for all (z,y,t) € YU, by the Chain Rule. Let (zq,0,%0) € Y be given. There exist open
neighbourhoods Uy C U of ny(zg), Uy C F of 77([)1] (20, Yo, to) and Us C K of g, such that
Uy x P x Uy x {0} x U3 C (U x P)l). Then

p: O H(U x PYU E) — "YU, x Uy x Us x P,E), p(&)(x,y,t,p) = &(x,p,y,0,t)

is a continuous linear map (Lemma 4.11). There exist open neighbourhoods V; C Y of
xo, Vo € Z of yo, and Vi C Us of ¢ such that no(Vy) C Uy, Vi x Vo x V3 C YU and
77([)1](‘/1 x Vo x V3) C Uy. There exist compact neighbourhoods K; C Vi of zg, Ky C V;
of Yo, and K3 C V3 of tg. Set Y; := K? for i = 1,2, 3. By induction, the map

éicril(UHXUQX UgXP,E)X LK1XK2 XKg,U1XU2XU3JT,1XPH Cril(YiXY'QXYEJ,,E)
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taking (o, 7,p) to (e, D) 0 T|y; xvyxys 1S continuous; here | K7 X Ko x K3, Uy x Uy x Us|,—1 C
C™H(Vy x Vo x V3, F x F x K). Note that

Q= {77 € LK, UJT N |_K1,U1J7«3 77[1]‘V1><V2><V3 < LKl X K2 X Kg,UQJT,l}
is an open neighbourhood of 7y in | K, U]|,. Furthermore, by Lemma 4.11, the map
h:Q — Ky x Ky x K3,U; x Uy x Us|,—1, h(n) = (77071, n[l]!lev2xv3, 7T3)

is continuous, where m; : Vi x Vo x Va3 — Vi and w3 : V] x Vo x V3 — V3 C Us are the
coordinate projections. Since, by (29) and the definition of p and h, we have

O, 7, D)y wyaxyy = O(p(v1Y), A(n))

forallp € P,y € C"(U x P,E), and n € Q, we see that (v,7,p) — O(7, 1, )M |y xvaxys €
C (Y1 x Y, x Y3, E) is continuous at (vo, 7o, po). Since YU can be covered by sets of
the form Y; x Y5 x Y3 as before, using Lemma 4.12 we now deduce that the mapping
(v,m,p) — O(v,n,p) € C"=1(YI E) is continuous at (o, 7, o), as desired.

Induction step on k

Let £ € N, and suppose that the assertion of the lemma holds when £ is replaced with
k —1, for all » € Ng. Let r € Ny. Given an element ((v,n,p), (v1,m,p1), t) € Q =
(C™F(U x P,E) x |K,U|, x P) such that t # 0, we calculate for z € Y

OO + ty,n + tn,p+ tp1) — O(v,1,p)) (z)
= %(ﬂn@)+hh®%p+¢m)—7W@%pD-+7ﬂmx%+mﬂx%p+Mn)
= 7[1]((77(@717)7 (771(‘7;)7])1)7 t) + 71(77@) + t771<I>,p—|— tpl): (30)

in accordance with (24). Since © is CE~! and hence continuous as a consequence of the
induction hypothesis, in order that © be Cf, it therefore only remains to show that the
mapping @ — C"(Y, E) described in (24), let us call it g, is of class C& ! (then g = Q).
Since O is C’H’z_l, the map g is C’H’z_l on an open neighbourhood of each given element
(%, 7,D), (1,71,P1), t) € Q, provided t # 0. It remains to consider the case where ¢ = 0.
There is a balanced, open zero-neighbourhood W C F such that 7(K)+W +W +W C U.
Next, there are open neighbourhoods Py C P of p, P, C H of py, and r € |0, 1] such that

Py4+ PP, CP andthus P, x P, x P, C P,

where P, := {t € K: |t| < r}. After shrinking r, we may assume that furthermore
PQ : T_]l(K) Q W. We let U() = T_](K) + W Q U and U1 = 771<K) + W. Then

Uo+ PU CH(K)+ W+ Poin(K)+ PW Cp(K)+W+W4+WCU
and hence Uy x Uy x Py, C UM, Furthermore, we have

(7,7) € | K,Uy x Uy|, CC"(M,F x F).
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Then Uy x Py x U; x P, x P, C (U x P)1, and the map
p: C"TRUE) — O D(Uy x Uy) x (Py x Py x Py), E),
p(V)((UOau1)7 (paplat)) = 7[1]((U0,p), (u17p1)7 t)

is continuous linear by Remark 4.2 (b) and Lemma 4.11. Hence p is Cf: . By the induction
hypothesis, the map

O: C" D (UyxUy) x (PoXx Py X Py), E) x | K,Uyx U1, X (Pyx P, x Py) — C"(Y, E)
taking (£, ¢, (p,p1,t)) to &(s, (p,p1,t)) o ¢ is of class CE~*. The set
C™(U x P,E) x |K,Upy|, x Py x C"™"(U x P,E) x |K,Uy|, x P, X P,

is an open neighbourhood of (¥,17, p, 31, 71, P1,0) in the domain  of g. For all elements
(v,m, 0,71, M1, P1,t) in this open neighbourhood, we have

9710071, 01,01, 1) = O(p(y), (0,m), (p,p1,1) + O(y1,n+tn,p+tpr),

showing that g is C’H]z_l on this open neighbourhood. This completes the proof. O

Proposition 11.2 and Proposition 11.3 (for finite-dimensional M) now readily follow:

Proof of Proposition 11.3 for finite-dimensional M. Every x € M has a compact
neighbourhood K,; let Y, := K? be its interior. Then (Y,).cas is an open cover of M. Let
pe: C"(M,E) — C"(Y,, E), v — 7|y, be the restriction map. Then, as a consequence of
Lemma 1.15 and Lemma 4.12, the composition map I': C"*(F, E)xC"(M,F) — C"(M, E)
will be of class C* if we can show that

peol: C"F(F E) x C"(M, F) — C"(Y,, E)
is of class C?, for each x € M. However, we have p, o I' =I',, where
Ly: CH-k(F? E) X LKGM FJT - CT(}/JM E)? Fx(’}/,n) =700 (n|Yr>

is of class C* by Lemma 11.4. Hence I is of class C*. Suppose that k& > 1 now. The
mapping p, being continuous linear, we have dI', = d(p,oT") = p, odl’. Hence (26) implies
that, for all v,y € C"™*(F, E), n,m € C"(M, F):

dU((v,m), (v m)ly. = dyo (mm)ly, +menly, = (dye (n,m) +reon)ly.
for all z € M, entailing that dU'((y,7n), (y1,m)) = dyo (n,m) + 71 o1, as asserted. O

Proof of Proposition 11.2. Let K,, Y, and p,: C"(M,E) — C"(Y,, E) be as in the
preceding proof. In order that the composition map

I:C"™™U, E) x Cy(M,U) — C"(M, E)
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be of class C*, we only need to show that p, o I' is of class C* for all x € M. But
prol' =T, 0\, where

Ly: C"MUL E) x | Ky, Ul — CT (Y, E), Taly,n) =70 (1ly,)
is of class C* by Lemma 11.4, and
Aot C"MUE) x Ce(M,U) — C™(U, E) x | Ky, Ulr, (1) = (7,1)

is obtained by restricting and co-restricting a continuous linear map to open sets and
therefore smooth. Hence p, o' =T, o \, is of class C*, being a composition of C*-maps.
The desired formula for dI" (if £ > 1) can now be deduced as in the preceding proof. O

12 Basic exponential law for smooth mappings

In this section, we establish an exponential law for smooth mappings on products of suitable
manifolds, and related results.

Lemma 12.1 Let K be a topological field, r,k € NoU {oo}, M and N be Cyt*-manifolds
modeled on topological K-vector spaces, and E be a topological K-vector space. Then the
following holds:

(a) For each mapping f: M x N — E of class C’{;“k, the associated mapping
['i M — C'(NE), ['(x):=f(x,)
is of class CF.
(b) The linear map ®: C™*(M x N, E) — C*(M,C"(N, E)), ®(f) := fV is continuous.

Proof. The lemma will hold in general if we can prove the case where M and N are open
subsets of topological K-vector spaces X and Y, respectively. In fact, suppose that M and
N are C’H’"{“k—manifolds. Let f: M x N — E be a C’H’yk—map. The mapping fV will be of
class C¥ if we can show that it is C¥ on some open neighbourhood of each given point
xo € M. Given zy, we let ¢: Uy — V,; C X be a chart of M around zy. Let A be an atlas
for N, of charts ¢: Uy — V,, €Y of N. As a consequence of Lemma 1.15, Lemma 4.12
and Lemma 4.11, the map fV|y, is Cg if and only if

C"W E) o fu,: Us — C"(Vy, B),  w f¥(x) o)™ (31)
is CF for each ¢ € A. This holds if and only if
C'(p E)ofYod™':Vy— C"(Vy, E)

is CE, for each v € A. Now, for given v, the latter map coincides with gV, where g :=
fo(p~txyp™): VyxV, — E, and here V; C X and V,, C Y are open subsets of topological
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K-vector spaces. It therefore suffices to show that each gV is of class CE.

To see that also (b) can be reduced to the case of open subsets of topological vector spaces,
note that, as a consequence of Lemma 4.11, Lemma 4.12, Lemma 4.13 and Lemma 4.14,
the topology on C*(M,C"(N, E)) is initial with respect to the family of mappings

hop = C*(V, C" (%71 B)) 0 CH(671, C"(N, E)): C*(M, C" (N, E)) — C*(V4, C"(Vy, B))
taking g € CK¥(M,C"(N, E)) to C"(¢p1, E)ogog~t, where ¢ and 9 range through the charts
of M and N, respectively. Since hgy(f¥) = (fo(¢ ™ xyp™1))V = (C" (¢! x 1, E)(f))v,
where C"™* (¢~ x ™1 E): C"*(M x N, E) — C™*(Vy x Vj, E) is continuous and takes

f to a mapping defined on the product V,; x V,; of open subsets of X and Y, it suffices to
prove (b) for mappings on such products V;, x V.

By the preceding, we may assume for the rest of the proof that U := M C X and
V := N C Y are open subsets of topological vector spaces. Recall from Remark 4.2 (a) that
C*(V,E) = @ C"(V,E). Accordingly, C*(U,C>*(V,E)) = lgn CHU,C"(V, E))
(Lemma 1.17, Lemma 4.14). It therefore suffices to prove the assertions when r € Ny. By
a similar argument, we may assume that k is finite. The proof is by induction on k € Nj.

The case k = 0. If r = 0, then (a) and (b) are special cases of [16], Thm.3.4.1 and 3.4.7,
respectively. To proceed by induction on r, suppose that » € N, and suppose the assertion
of the lemma holds when r is replaced with » — 1. The topology on C"(V, E) is initial with
respect to the maps a: C"(V, E) — C""Y(V,E), v+ v and §: C"(V, E) — C" (VI E),
B(7) := v (Remark 4.2). Hence the topology on C(U, C"(V, E)) is initial with respect to
the mappings C(U, ) and C(U, 3) (Lemma 4.14).

(a) Let f: UXxV — E be a Cg-map, and fV: U — C"(V, E) be as above. By the induction
hypothesis, U — C™Y(V, E), x + f(z,) = ao f" is a continuous mapping. In view of the
preceding, f¥: U — C"(V, E) will be continuous if we can show that also

Bof':U—CYWU E), z— (fY(zx)!
is continuous. However,
YU X vl E, Ys(z, (v, h,t)) = fm((x,v), (0,h), t) for z € U, (v,h,t) € 145 (32)

is of class Cf; ', being a partial map of fl. Since (8o fY)(z) = ¥s(x,.) = (¥;)Y (), the
map Fo f¥ = (¢y)" is continuous by the induction hypothesis. Thus f" is continuous, and
thus (a) holds in the Ci-case, when k = 0.

(b) As an immediate consequence of the induction hypothesis, the mapping C(U, «) o ®:
C"(UxV,E)— C(UCYV,E)), f (z+ f(x,.)) is continuous. The mapping

U:C"(UxV,E) — C YU x VW B, W(f):=1qy
(with ¢y as in (32)) is continuous by Remark 4.2 (b) and Lemma 4.4. Furthermore,
= 0N U x VU E) = cU, (VI E)),  Z(9)(x) = g(z,.) forz €U
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is continuous, by induction. Thus C(U,3) o ® = Z o ¥ is continuous. The topology on
C(U,C"(V,E)) being initial with respect to C(U,«) and C(U, ), we deduce from the
preceding that ®: C"(U x V, E) — C(U,C"(V, E)) is continuous. Thus also the Cf-case
of (b) is established, when k£ = 0.

Induction step on k. Let k € N, and suppose that the assertions of the lemma hold for
all r, when k is replaced with k — 1. Let f: U x V — E be a mapping of class C’H?“k. As a
consequence of the induction hypothesis and Remark 4.2 (a), the map f¥: U — C"(V, E)
is of class C&t, and C™*(U x V, E) — C* (U, C"(V, E)), f — fV is a continuous linear
map. We now observe that

(@ +ty) = V(@) (0) = H(f (@ +ty,0) = fz,0) = fU(,0,9,0,) (33)
for all v € V and (z,y,t) € UM such that ¢ # 0. The mapping §(f): UM x V — E,
50wy, 0) = S0, 0,y,0,0) is CEHL, and §: C7H(U x V, B) — C+-UW x V, E)
is a continuous linear map (see Remark 4.2 (b), Lemma 4.4). By the induction hypothesis,
for any g € C"**1 (UM x V, E), the map
V(g)=g": UM = C"(V.E), W(9)(x,y,1)(v) = g((w,y,1), v) for (z,y,t) e U, v eV

is of class Cf*, and the map W: C"™*= YU x V, E) — C*Y(UM C7(V, E)) so obtained
is continuous and linear. By the preceding, given f € C"*(U x V, E), we have ¥(5(f)) €
C*Y (UM, C7(V,E)). In particular, ¥(5(f)) = §(f)" is continuous. Note that (33) can be
read as
(M@, t) = (60)Y (w,y,t)  forall (x,y,t) € UM

Thus fY is of class Cg with (fY)1 = §(f)Y = W(5(f)). Now fV being of class C} with
(fV) of class CE~*, the mapping fV is of class C. Since ® is continuous when considered
as a mapping C"**(U x V, E) — C(U,C"(V, E)) as a consequence of the case k = 0, and
the map C"**(U x V, E) — C*Y (UM, C"(V, E)), f — (fV) = (U0 d)(f) is continuous by
the preceding, we deduce with Remark 4.2 (b) that ®: C"**(U x V, E) — C*(U,C"(V, E)),
®(f) = fV is continuous. This completes the proof. O

Proposition 12.2 Let K be a locally compact topological field, E be a topological K-vector
space, M be a CF-manifold modeled on a topological K-vector space, and N be a finite-
dimensional Cg°-manifold. Then the following holds:

(a) A mapping g: M — C*(N, E) is of class C if and only if
g M xN—=E, g Nay) = g(x)(y)
is of class Cg°.
(b) The mapping ®:C>®°(M x N,E) — C*(M,C>*(N,E)), ®(f):=fY
1s an isomorphism of topological K-vector spaces, with inverse given by

=1 C®°(M,C%(N, E)) — C®(M x N,E), &7 '(g)=g".
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Proof. (a) By Proposition 11.1, the evaluation map €: C*(N, E)x N — E is smooth. The
formula ¢" = €0 (g xidy) for g € C>®°(M,C>°(N, E)) shows that ¢" is smooth whenever so
is g. If, on the other hand, g: M — C*°(N, F) is a mapping such that f := ¢" is smooth,
then g = fY is smooth, by Lemma 12.1 (a).

(b) As a consequence of Lemma 12.1 and Part (a) of the present proposition, the
mapping ¢ is an isomorphism of vector spaces and continuous, with inverse given by
dl(g) = g" for g € C®°(M,C>®(N, E)). In order that ®~! be continuous, in view of
Lemma 4.12 and Lemma 4.11, we only need to show that

C™(idy X ™1, E) 0o &' C®(M,C™(N, E)) — C®(M x V,, E),

fr= @7 (f) o (idy x ) = fPo(idy x 971)
is continuous, for each chart ¢: Uy — V,, C Y of N, where Y is the modeling space
of N. Note that f" o (idy x ¢¥~1) = (C®(~", E) o f) = (C®°(M,C=(yp~", E))(f))" for
feC®(M,C*®(N,E)), and thus

C®(idy x v, E)o®d ' =W o C®(M,C®( " E)),

where U: C®(M,C>®(Vy, E)) — C®(M x Vy, E), g — ¢". The map C=(M,C>(¢~, E))
being continuous (Lemma 4.11, Lemma 4.13), it only remains to prove that ¥ is continuous.
We fix 9 now, and write V' := V,, for brevity.

Let (W;)ier be an open cover of V| where W; C V is relatively compact for each i €
I, with compact closure K; := W; C V. As a consequence of Lemma 4.12, the map
U will be continuous if we can show that p; o U is continuous for each ¢ € I, where
pi: C°(M x V,E) — C®°(M x W;, E) is the restriction map. Hold ¢ € I fixed. We have

pi(¥(g)) = pi(g") = (e 0 (g x idv))|arxw; , (34)

where e: C*(V, E) x V — E is evaluation (which is Cg° by Proposition 11.1). We want
to re-write (34) further in order to be able to apply Proposition 4.23 (b). To this end, we
let o: W; — V be inclusion. We define

h:V xVxC¥V,E) = E, h(v,y.7) = (1,y) = 1(y)
and h:= ho (o xidy x idee(y.m): Wi x V x C2(V, E) — E, h(v,y,7) = 7(y). Then (34)
can be re-written as p;(¥(g)) = C*(7, E) (¢(idy, g)), where 7: M x W; — W,; x M is the
coordinate flip and where

¢ [, V]eo x CF(M,C=(V, E)) — C=(Wi x M, E), - 6(f,9) = h(f,9)

is smooth by Proposition 4.23 (b); here h.(f,g)(y,x) = h(y, f(y),g(x)) = g(z)(f(y)) for
ye W,z e M,and |K;, V], C C®(V,Y). Hence p; o ¥ is smooth and thus continuous,

which completes the proof of Part (b). O

The remainder of this section is devoted to a variant of Proposition 12.2 for manifolds
modeled on metrizable topological vector spaces. In order to prove the result efficiently,
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we introduce as an auxiliary concept the notion of conveniently K-smooth maps, inspired
by the convenient differential calculus of Frolicher, Kriegl and Michor (devoted to the real
or complex locally convex case).

Definition 12.3 Given a topological field K and topological K-vector space FE, a subset
U C E will be called ¢>-open if U is open in the final topology on E with respect to the
set of all CgP-maps v: I — E, where I is an open subset of K" for some n € N.I> A
mapping f: U — F from a c*-open subset U C E to a topological K-vector space F' is
called conveniently K-smooth (or also a c¢2-map) if fo~y: I — Fis Cg°, for every n € N,
open subset [ C K", and Cg°-map v: I — E such that v(I) C U.

Apparently every open subset U C F is ¢>-open, and every Cp°-map is also cf. Further-
more, it is obvious that compositions of composable c’-maps are cg’-maps. It does not pose
any problems to develop a theory of cp’-manifolds, along the lines of convenient differential
calculus, but we refrain from doing so here, as we wish to focus on the Cg-theory. For the
present purposes, the following limited definition is sufficient: We call a map f: M — F
from a Cp°-manifold to a topological K-vector space conveniently K-smooth (or a cgf-map)
if fonis Cp for C-maps v: K* O I — M, or, equivalently, if f o x™! is conveniently
K-smooth for every chart x in an Cg-atlas for M.

Remark 12.4 Throughout this remark, suppose that K = R, or that K is an ultrametric
field. Then, as a consequence of [3, Thm.11.3 (a)] (applied to subsets of K"), a subset
U C E is ¢®-open if and only if v~!(U) is open in K for every Cg°-curve v: K — E.
Furthermore, a map f: U — F' is conveniently K-smooth if and only if f oy is Cg° for
every n € N and every Cg°-map v: K” — E with image in U (defined on all of K"). If E
is a metrizable topological K-vector space, then a subset U C FE is open if and only if it is
c™-open [3, Thm. 11.3 (a)]; in this case, a mapping f: U — F into a topological K-vector
space F'is Cg° if and only if it is conveniently K-smooth (cf. [3, Thm. 12.4]).

Before we can formulate the exponential law, we need to have a second look at the evalu-
ation map.

Lemma 12.5 Let K be a topological field which is metrizable (or, more generally, a topo-
logical field such that K" is a k-space for alln € N). Let M be a Cg°-manifold modeled on
a topological K-vector space, and E a topological K-vector space. Then the evaluation map

e:CO(M,E)x M - E, ¢&(y,z):=~(x)
1s conveniently K-smooth.

Proof. Arguing similarly as in the proof of Proposition 11.1, we reduce to the case where
M is an open subset of its modeling space Z, which we assume now. To establish the
lemma, we show by induction on k& € Ny that € o ¢ is of class C%, for every Cg-map
c=(c1,c0): I — C®(M,FE) x M defined on an open subset I C K" for some n € N.

15Thus, we require that v~ (U) be open in I for any ~.
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The case k = 0. Let ¢ be as before. Since K" is a k-space, so is its open subset I. Hence
goc will be continuous if we can show that eoc|x: K — E is continuous, for every compact
subset K C I. As ¢p: I — M is continuous, the set L := ¢o(K) C M is compact. Since

e(e(x)) = ar(z)(ca()) = E(er (@)1, e2())

for all x € K, where the restriction map C*(M, E) — C(L, E).,, n +— n|p is continuous
(cf. Remark 4.10 & [16, p. 157, Eqn. (2)]) and the evaluation map é: C(L, E).o. X L — E
is continuous, we see that € o ¢| is continuous, as desired.

Induction step. Suppose that k € Ny and suppose that € o ¢ is of class CE, for all ¢ as
before. For all (z,y,t) € N we calculate

(coc)l(@,y,t) = L(eoc)(w+ty) — (coc)(x))

= Hew(z +ty) — c1i(@)(eala +ty) + Her(@)(caln + ty)) — er(@)(ca(x)))
= @,y (el +ty) + cr(@)V(ea(), b, y,8), 1)

= s(c[lu(x,y,t),CQ(x—i-ty)) + (Eoé)(x,y,t), (35)

where &: I — ¢ (MW, E) x MW, &z, y,t) == (c1(2)1, (co(), (2, y,t),)) is smooth
(cf. Remark 4.2), and where evaluation &: C°(MWM E) x MY — E takes Cg°-maps on
open subsets of K™ (for any m € N) to Ck-maps, by induction. Since, trivially, also

TN — (M, E) x M, (z,y,t) — (c[ll](x,y,t),cg(x +ty)) is CF (cf. 1.7), we deduce from
the induction hypothesis that the map

g: IV — B, glz,y.t) = e(d (2,9, 1), ea(a + ty)) + (E0)(w,y,1)

is of class CE and thus continuous. Since g|;i = (g o ¢)l*l by (35), we deduce that € o ¢ is
Ck, with (e o ¢)ll = g, and thus ¢ o ¢ is of class CE™, which completes the induction. O

Proposition 12.6 Let K be a metrizable topological field, E be a topological K-vector
space, and M, N be Cg°-manifolds modeled on arbitrary topological K-vector spaces. Let
g: M — C*®(N, E) be a map. Then the following holds:

(a) If g is a cg2-map, then also g": M x N — E, g"(x,y) := g(x)(y) is a ¢-map.

(b) Assume that K =R or K is an ultrametric field. If both M and N are modeled on
metrizable topological K-vector spaces, then g is Cg° if and only if g" is C°.

(c) @: C®°(M x N,E) — C®(M,C®(N,E)), f— Y is a continuous isomorphism of
vector spaces in the situation of (b), whose inverse g — g" is a c¢-map.

Proof. (a) Suppose that g is a ¢g-map. Then ¢" = € o (g x idy), where the evaluation
map £: C®(N,E) x N — Eis ¢ by Lemma 12.5. If v = (7,72): K" DI — M x N is a
Cg-map, then g" oy =co(govy,79) is of class Cg° since (govy,72): I — C®°(N,E) x N



LIE GROUPS OVER TOPOLOGICAL FIELDS 71

is a Cg°-map and € is ¢g. Thus ¢" is .

(b) Since M and M x N are Cg°-manifolds modeled on metrizable topological vector spaces,
where K is R or an ultrametric field, mappings on these manifolds are Cg° if and only if
they are ¢ (cf. Remark 12.4). Hence (b) readily follows from (a) and Proposition 12.1 (a).

(c) It is immediate from (b) and Proposition 12.1 (b) that ® is a continuous linear bijection,
with inverse ¥ : C°(M,C*(N,E)) — C*(M x N,E), ¥(g9) = g". To see that ¥ is
a c-map, let v: K" O I — C®°(M,C>®(N, E)) be a Cg°-map. We have to show that
Voy: [ — C®Mx N,FE)is Cg°. By Prop.12.1 (a), this will hold if we can show that

f=Toy":IxMxN-—E

is of class Cg° (since then fY = W o~ apparently). This in turn holds if and only if f is a
cg -map, the manifold I x M x N being modeled on a metrizable topological vector space.
However, given n = (n1,m2,m3): K™ 2 J — I x M x N of class C¥°, we have

(fom(z) = e (21 (m () m(2)) m(2))

where g1 : C®(M,C>®(N,E)) x M — C®(N,FE) and e3: C*°(N,E) x N — E are the
respective evaluation maps, which are cg’-maps by Lemma 12.5. Consequently, f on is of
class CF° and thus f a cg’-map, which completes the proof. O

Note that, in the real or complex case, none of the topological vector spaces involved in
Lemma 12.1, Proposition 12.2 and Proposition 12.6 need to be locally convex. Cf. [6] for
a careful discussion of the exponential law for maps M x N — E, when FE is a real locally
convex space and both M and N are open subsets of real locally convex spaces. In the real
and complex locally convex case, the exponential law for conveniently smooth maps plays
a central role in convenient differential calculus (see [17], [47]). The reader should be aware
that the locally convex topology on spaces of conveniently smooth functions primarily used
in convenient differential calculus (initial with respect to pullbacks along smooth curves) is
in general properly coarser than the topology we use here, already for C°°(R? R) (cf. [6]).

13 Diffeomorphism groups of finite-dimensional,
paracompact smooth manifolds over local fields

Let K be a local field (of arbitrary characteristic), and M be a paracompact, finite-
dimensional smooth manifold over K. In this section, we turn the group Diff>**(M) of
smooth diffeomorphisms of M into a K-Lie group, modeled on the space C°(M,TM)
of compactly supported smooth vector fields, equipped with the box topology.'® Since
M =11, Bi is a disjoint union of balls, we first turn the diffeomorphism group Diff>*(5)

6By Prop. 8.13 (f), this is the locally convex direct limit topology on C®° (M, TM) = lim C(M,TM).
y y gy c K
—K
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of a ball B into a Lie group, which is quite easy. Then also the weak direct product
[, Diff**(B;) is a Lie group by our general construction from Section 7. As this weak
direct product can be identified with a subgroup of Diff>*(M) in an obvious way, it only
remains to show in a final step that Diff>**(M) can be given a Lie group structure making
[, Diff**(B;) an open subgroup; this will complete our construction.

In the next section, which can be read independently of the present one, we describe
an alternative (slightly more complicated) construction, which is restricted to o-compact
manifolds but provides information also on the groups Diff" (M) of C"-diffeomorphisms for
finite 7.

13.1 Throughout this section and the next, K denotes a local field. We let |.| be an
ultrametric absolute value on K defining its topology, and @ be the maximal compact
subring of K. Given d € N, we let ||+||c be the maximum norm on K. Given a € K%
and ¢ > 0, B.(a) := {y € K¢: ||y — all < €} denotes the open ball with respect to the
maximum norm.

The diffeomorphism group of a ball

Given d € N, consider the ball B := 0% C K. We show:

Proposition 13.2 The set Diff>*(B) of all C2-diffeomorphisms of B is an open subset
of C*(B,KY). Consider Diff**(B) as an open smooth submanifold of C*°(B,K?). Then
Diff>*(B), with composition of mappings as the group operation, is a K-Lie group.

Proof. We prove the proposition in various steps.

13.3 Define End*(B) = C¥ (B, B) = {y € C*°(B,K%): v(B) C B}. Since B is both open
and compact, Proposition 4.20 shows that End*(B) is an open subset of C*(B,K%) =
C¥(B,K%). By Proposition 11.2, the composition map

[': End*(B) x End*(B) — End*(B), I(v,n):=v0n

is of class CR°. In particular, I' is continuous and thus End*(B) is a topological monoid,
with identity element idg. Hence, by standard arguments, the unit group Diff**(B) =
End>(B)* of the topological monoid End*(B) will be open in End>(B) (and hence in
C>=(B,K%)) if we can show that it contains an identity neighbourhood.

13.4 Given v € C*(B,K%) and x € B, we abbreviate 7/(z) := dy(x,.). We let Q C
End>(B) be the set of all ¥ € End>(B) such that (v —idg)(B x B x Q) C B.1(0).
Then € is an open identity neighbourhood in End®(B) and |/(z) —id|| < § for all v € Q
and z € B (using the operator norm with respect to the maximum norm |.||»). We
now show that Q C Diff**(B). To this end, let v € Q and abbreviate o := v — idg. Then
v (z) € GL4(0) = Iso(K%, ||+] ) is a linear isometry for all z € B, because ||/ (z)—id|| < 3
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(cf. [74], Chapter IV, Appendix 1). Furthermore, ||7'(z)| = ||7/(z)~!|| = 1. We conclude
that

I7(z) =) =7 @)z =Ylle = llo(z) —o(y) = o'(2).(z =)l

< min{[o(2) — o) leor 10°(2)-(z — 9)loc}
< He=tleo = s~y (36)
2 = = 2] =

for all x,y,z € B such that y # z. Indeed, because we are using the maximum norm
here, given x,y, z as before there exists 0 # ¢ € K such that |[£| = ||z — Y|l < 1. Then

lo’(2)-(z = y)lloe < llo" (@)l 12 = ylloc < 3llz = ylloc and
0(2) —oly) =€ ¢(a(y + &) —aly) = ol (y, F2,¢€)

with =% € 07 and ¢ € O, entailing that ||o(2) — o(y)||ee < €] - [lcM(y, s < 1€ =
Iz = ylloo- Thus (36) holds. Using (36) with « = 0, [28, Lemma6.1 (b)] shows that ~
is an isometry from B onto 7(0) + +/(0).B = v(0) + B = B. Since 7/(z) € GL4(0) is
invertible for all z, we deduce from the Inverse Function Theorem [28, Thm. 7.3] that ~ is
a CP-diffeomorphism and thus v € Diff>*(B). We have shown that  C Diff**(B). Hence
Diff>*(B) is open.

13.5 The group multiplication on Diff**(B) being smooth by 13.3, it only remains to show
smoothness of the inversion map ¢: Diff**(B) — Diff**(B), ¢(y) := v~ !. We only need to
prove that

N DIff*(B) x B — K%, My, x) i=u(y) () = v (2)

is smooth; then ¢ = (+")V: Diff**(B) — C*°(B,K?) will be smooth, by Lemma 12.1 (a). By
Lemma 11.1, the evaluation map

e: Diff*(B) x B — K, &(v,x) := ()

is smooth. Note that (vy,.) = 7 is a diffeomorphism of B for each 7 € Diff**(B),
where Diff**(B) is an open subset of the metrizable topological vector space C*°(B,K?)
(see Proposition 4.19 (c)). Therefore the Inverse Function Theorem with Parameters [28,
Thm. 8.1 (c)'] can be applied to the map ¢, using the diffeomorphism v € Diff**(B) itself
as the parameter. The theorem shows that Diff**(B) x B — K%, (y,2) — (g(7,+)) 1(z) =
v~ Hz) = 1" (v, ) is smooth. As just observed, this entails smoothness of . O

13.6 Slightly more generally, let us consider a Cg°-manifold M now which is isomorphic
to B = 0% as a CP-manifold. Given a Cg°-diffeomorphism ¢ : M — B, we simply
give Diff**(M) the uniquely determined K-Lie group structure modeled on C*°(M,TM) =
C>(B,K%) which makes the isomorphism of groups

Oy : Diff*(M) — Diff*(B), ©Oy(y) :=voyoy™!

an isomorphism of Lie groups.
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Lemma 13.7 For M = B as before, the Lie group structure on Diff>*(M) just defined is
independent of the choice of Cg°-diffeomorphism ¢¥: M — B.

Proof. If both ¢ and ¢ are C°-diffeomorphism M — B, then the composition ©40(0,)*:
Diff**(B) — Diff*(B), v — (¢pow ™ )oyo(¢porp™)! is an inner automorphism of the Lie
group Diff**(B) and hence a Cg°-diffeomorphism. The assertion follows. O

A very similar argument shows:

Lemma 13.8 Suppose that M and N are finite-dimensional Cg°-manifolds such that M =
N = B. Let ¢: M — N be a Cg°-diffeomorphism. Then

A: Diff* (M) — Diff>*(N), Y poyop
s an isomorphism of Lie groups.

Proof. Let ¢ : N — B be a Cg-diffeomorphism. Then also Y o¢: M — B is a
C2-diffeomorphism and hence 0, : Diff**(N) — Diff*(B), v — oy o' and Oyey :
Diff*(M) — Diff>*(B), v+ (o ¢)oyo (1p o ¢)~! are isomorphisms of Lie groups. Hence
also A = (0©y) 0 Oye is an isomorphism of Lie groups. O

Another technical lemma is useful:

Lemma 13.9 If M is an open submanifold of K¢ such that M = B, then Diff**(M) is an
open subset of C°°(M,K%). The manifold structure making Diff>* (M) an open submanifold
of C*(M,K%) coincides with the manifold structure underlying the Lie group Diff>* (M),
as defined in 13.6.

Proof. Let ¢: M — B be a Cg-diffeomorphism. As M C K% is open and compact,
C>=(M, M) is open in C°°(M,K?). The pullback C*°(p~1,K%): C°(M,K?) — C*>(B,K?)
is a linear isomorphism which takes C*°(M, M) Cg°-diffeomorphically onto C*°(B, M) (cf.
Lemma 4.11). The map C*(B,v): C*(B,M) — C*®(B, B) is a Cp°-diffeomorphism,
since so is ¢ (cf. Corollary 4.21). Hence also

®: C*(M, M) — C*(B,B), 7y~ oyoy™

is a Cg-diffeomorphism. Since Diff**(B) is an open submanifold of C*(B, B), the set
O~ 1(Diff**(B)) = Diff**(M) is open in C*(M, M), and ® induces a CP-diffeomorphism
©y from the open submanifold Diff>*(M) C C*°(M, M) onto Diff**(B). But the same map
Oy also is a CR°-diffeomorphism from the Lie group Dift>™* (M) onto Diff>*(B), by definition
of the Lie group structure in 13.6. O
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Passage to paracompact manifolds

Let M be a paracompact, finite-dimensional smooth K-manifold now, of dimension d, say.
Then M is a disjoint union M = [[,.; B; of a family of open and compact balls B; € M
(see Lemma 8.3 (b)). For each i € I, we equip Diff>*(B;) with the K-Lie group structure
modeled on C*(B;,T'B;) described in 13.6 and Lemma 13.7. We then endow the weak
direct product

[Tie; Diff(B:)
with a Lie group structure, as described in Proposition 7.1. Consider the mapping
U : [[e, Diff™(B;) — Diff*(M)  (yi)ier — [ [ (37)
iel

taking (7;)ier to the map v: M — M determined by «y|p, = 7, for each i € I. Then indeed ¥
takes its values in Diff>* (M), and apparently W is injective and a homomorphism of groups.
Throughout the following, using ¥ we shall identify []’_; Diff>*(B;) with the corresponding
subgroup im ¥ C Diff**(M). We shall also identify the modeling space @,.; C*(B;, T B;)
with C°(M,TM) in the obvious way (Proposition F.19 (e)); cf. Remark 8.17).

Lemma 13.10 Assume that M = B and assume that M = HjeJ C; for a finite family
(Cj)jes of balls. Then [[,c,; Diff**(Cy) is open in Diff>**(M) and Diff>**(M) induces the
given manifold structure on the product [];.; Dff*(Cy) of the Lie groups Diff>*(Cj).
Proof. Reduction to the case where M is a metric ball: Let ¢ : M — B be a Cg°-
diffeomorphism. Then O, : Diff**(M) — Diff**(B), v — 1 oy o ¢! is an isomorphism of
Lie groups, by 13.6. Set B; := ¢(C;) € B. Then A;: Diftf**(C;) — Diff**(B;), A;(7) :=
zp\gj oyo (w|gj) s an isomorphism of Lie groups for each j € J, by Lemma 13.8. Since the
restriction of ©, to [[,c; Diff**(C};) coincides with the map [[,.; A; onto [, , Diff**(B;),
we clearly only need to prove the assertion for B =[] ics Bj (then the assertion concerning
M =[], C; follows).

By the preceding, we may assume now that M = B. By Lemma 4.12, the map p :
C¥(M,KY) — T, C=(C;,KY), p(v) = (vle,)jes is an isomorphism of topological
vector spaces. By Lemma 13.9, the Lie group Diff**(C}) is an open submanifold of
C>(C;,K?%). Hence p~! induces an isomorphism ¥ from the direct product of Lie groups
P := [[,, Diff*(Cj) onto the open subset W(P) = p~'(P) C Diff**(M) of C*°(M,K?).
Here ¥ is the map from (37). O

Lemma 13.11 Assume that M = [],.; B; is a disjoint union of a family (B;)ier of balls
B; € M, and assume that, for each i € I, the ball B; = HjeJi Cij 1s a disjoint union
of balls C;; C B; for some finite set J;. Abbreviate K = {(¢,7): i € I,j € J;}. Then
[T jyex Diff*(Cij) is an open subgroup of [[;c; Dift™(B;), and [[;.; Diff**(B;) induces the

given manifold structure on the weak direct product [ ; ;5 Diff™(Cy).
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Proof. By Lemma 7.2 (b), there is a natural isomorphism [, ;. x Dift™(Ci;) = [Tic; Hi,
with H; := [, Diff**(Cj;). Here H; is an open subgroup (and submanifold) of Diff>(B3;),
by Lemma 13.10. Hence, by Lemma 7.2 (a), also the weak direct product [[;_; H; is an

open subgroup and submanifold of [[,_, Diff**(B;), as asserted. O

Theorem 13.12 (The Lie group structure on Diff>°(M)) Let M be a paracompact,
finite-dimensional smooth manifold over a local field K. Then there exists a uniquely
determined Cg°-manifold structure on Diff*(M), modeled on the space C°(M,TM) of
compactly supported smooth vector fields, such that H;‘E] Diff>(B;) is an open subgroup of
Diff>**(M) and Diff>*(M) induces the given manifold structure on [];., Diff**(B;), for every
cover (By)ier of M by mutually disjoint balls B;.

Proof. For the moment, we fix a cover (B;);c; of M by mutually disjoint balls. Let
U = []i., Diff**(B;) C Diff**(M), equipped with its natural Lie group structure introduced
above. Suppose we can show the following claim:

Claim. For every v € Diff>*(M), there exists an open identity neighbourhood V- C U such
that I(V) C U, and such that L,|{;: V — U is smooth, where I,: Diff>**(M) — Diff>*(M),
Iy(n) :=7yonoy™

Then there exists a uniquely determined Lie group structure on Diff**(M) with U as an
open submanifold, by Proposition 1.18.

13.13 To prove the claim, let v € Diff**(M). As a consequence of Lemma 8.4, for each
i € I there exists a finite cover (C;;);es, of B; by mutually disjoint balls that is subordinate
to the open cover {B; Ny }(By): k € I} of B;. Let J := {(i,5): i € I,j € J;}. Given
k € [, define Lk = {(Z,j) e J: ")/(CU) g Bk} Let L := {(k,g) k € I,g € Lk} and
Dy, == ~(Cy) for (k,f) € L. Then (Dge)ecr, is a finite partition of By into balls, for each
ke l. Themap m: L — J, w(k,{) :={ is a bijection, and we have

"Y(C (k,0) ) (Cg) Dy, for all (k,g) € L. (38)

Define V := H?i,j)EJ Diff*(C;;) and W := Hrk,z)eL Diff**(Dge); then V and W are open
subgroups (and submanifolds) of U, by Lemma 13.11. Let n € V. Given x € Dy, we have
v~ 1(z) € Cy by (38) and hence n(y~*(x)) € Cy. Thus I,(n)(z) = y(n(y*(2))) € Dy, using
(38) again. Therefore I, (V) C W C U, as desired. Interpreting n as the corresponding
element (1) jes € [1(; s Diff™(Cij) here with 7;; := n|c,;, by the preceding we have

L(Mke == 1,(0)| Dy = Are(Mr(ip))

for all (k,¢) € L, where Ay : Diff>™*(Cri)) — Diff>*(Dyy), Ape(0) := v|c, 0 00y~ |Du is
an isomorphism of K-Lie groups by Lemma 13.8. Thus L[} : V. — W is a mapping of the
type discussed in Lemma 7.2 (c), and thus I,|¥¥ is an isomorphism of K-Lie groups (and
hence a Cg°-diffeomorphism). Thus, the above claim is established.
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By the preceding, Diff>*(M) admits a unique K-Lie group structure making the Lie group
[ .., Diff**(B;) a subgroup and open submanifold. To complete the proof of Theorem 13.12,
it only remains to show that the Lie group structure on Diff**(M) so obtained is indepen-
dent of the choice of the partition M = [, ., B; of M into balls. To this end, suppose
that M =[],.; Cj is a second partition of M into balls. For each (i,j) € I x J such that
B;NC; # 0, the open, compact submanifold C; N C; can be partitioned into finitely many
balls (cf. Lemma 8.3 (b)). As a consequence, we find a partition (Dy)rex of M into balls
that is subordinate to the disjoint open cover {B; N C;:i € I,j € J} of M. Given i € I,
the set K; := {k € K: Dy C B;} is finite, and B; = erKi Dy. Likewise, for any j € J
the set L; :== {k € K: D, C C;} is finite, and C; = erLj Dy.. Hence, by Lemma 13.11,
the weak direct product [], , Diff**(Dy) is a subgroup and open submanifold of both
U := [[;; Diff**(B;) and V := [[j, Diff**(C;). Therefore [T, Diff**(Dy) is a subgroup
and open submanifold of both Diff**(M), equipped with the unique Lie group structure
making U an open submanifold, and of Diff>*(M), equipped with the unique Lie group
structure making V' an open submanifold. As a consequence, the two Lie group structures
on Diff**(M) coincide. O

Remark 13.14 It is not hard to see that the natural action Diff**(M) x M — M (the
evaluation map) is smooth, entailing that every smooth homomorphism 7: G — Diff> (M)
from a K-Lie group G to Diff**(M) gives rise to a smooth action 7"*: G x M — M. If G
is finite-dimensional here or modeled on a metrizable topological vector space, then G has
an open subgroup fixing any element outside a compact subset of M. Conversely, given
a smooth action o: G x M — M, the associated homomorphism ¢ : G — Diff**(M) is
smooth, provided there exists an open subgroup U C G and a compact subset K C M such
that o(x,y) =y for all z € U and y € M \ K. This condition is, of course, automatically
satisfied if M is compact; in this special case, smooth actions of Lie groups on M are in
one-to-one correspondence with smooth homomorphisms into Diff>*(A/). Compare [33] for
full proofs in the real case; they are easily adapted to the present situation.

In the real case, it is well known that every continuous action of a finite-dimensional Lie
group on a manifold by C*-diffeomorphisms is automatically smooth [61, Thm., p.212].
It is also known that every locally compact group acting effectively on a connected finite-
dimensional smooth manifold by diffeomorphisms is a Lie group (see [45, Ch.I, Thm. 4.6]
and [61, §5.2]), whence every locally compact subgroup of Diff**(M) is a Lie group in
particular. It is natural to ask for analogues in the p-adic case. The following problems
are open and deserve to be investigated:

Problem 13.15 Is every compact subgroup G of the diffeomorphism group Diff>*(M) of
a paracompact, finite-dimensional smooth p-adic manifold M a p-adic Lie group? Does
this hold at least if GG is topologically finitely generated ?

One strategy might be to try to verify the hypotheses of Lazard’s characterization of finite-
dimensional p-adic Lie groups (see [48, Al, Thm. (1.9)], [15, Thm.8.32]; cf. [74, p. 157]).
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However, the author suspects that counterexamples can be found. Compare also [55] for
some related studies of subgroups of diffeomorphism groups.

Problem 13.16 Are continuous actions of finite-dimensional p-adic Lie groups by smooth
diffeomorphisms on paracompact, finite-dimensional smooth p-adic manifolds always
smooth ? Arguing as in the real case (see [58] or [33]), this would entail that every contin-
uous homomorphism from a finite-dimensional p-adic Lie group to Diff>*(M) is smooth.

14 The diffeomorphism groups Diff'( M) and Diff>(M)~

Let K be a totally disconnected local field and M be a o-compact smooth manifold over K,
of positive finite dimension d. Given r € N U {oo}, let Diff" (M) be the group of all Ci-
diffeomorphisms of M. In this section, we equip Diff" (M) with a Cg°-manifold structure
modeled on the space C%(M,TM) of compactly supported vector fields of class Cf; on M
which makes Diff" (M) a topological group, with smooth right translation maps. For r = oo,
the preceding smooth manifold structure makes Diff>* (M) a Lie group, modeled on the LF-
space C°(M,TM); it coincides with the Lie group constructed in the preceding section.
However, we shall also define a second smooth manifold structure on Diff>* (M) making it
a K-Lie group, denoted Diff**( M]3 it is modeled on the projective limit
CX(M,TMJ := lim  CHM,TM) = (| CHM,TM)
kel keNo

of LB-spaces. Note that C°(M,TM] coincides with C°(M, T M) as a vector space, but
its topology is coarser (and can be properly coarser). Since M is diffeomorphic to an open
subset U of K¢ (see Lemma 8.3 (a)), we first discuss Diff" (U) and only pass to general M
at the very end. Throughout this section, we retain the conventions from 13.1.

The monoids End(U) and End°(U)~

14.1 Let d € N and U C K% be a non-empty, open subset. By Lemma 8.4, there exist
a countable set I, positive real numbers r; for ¢ € I and elements a; € U such that U =
Uier Br,(a;) as a disjoint union. Abbreviate U; := B,,(a;). Then, for every r € Ny U {00},
by Proposition 8.13 (e) the map

CIUK") - P C (UK, v (v

il

Lh)ie[
is an isomorphism of topological K-vector spaces (when the box topology is used on the
direct sum); we use it to identify CZ(U,K%) and @,., C"(U;, K?). We define
End (U) := {y € C"(U,K%): v(U) CU and v —idy € C7(U, K%} and
ENU) = {y € C(UKY:idy + v € End’(U)} .

Then
B E(U) — Endi(U), B.(v):=idy +v

is a bijection.
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14.2 Every v € End/(U) is a proper map, since v~ *(K) C K U supp(y — idy) for every
compact subset K of U. Given v,n € E(U), we have

(idy +7v) o (idy +n) = idy +n+vyo (idy +n),

where v o (idy +n) € C7(U,K%) since idy + 1 is proper, and thus n + v o (idy + ) €
Cr(U,K9). Therefore (idy + ) o (idy +n) € End.(U). We have shown that End’(U)
is closed under composition of maps, and thus End(U) is a monoid under composition,
with idy as the identity element. We give £7(U) the monoid structure which makes 3, an
isomorphism of monoids. Thus 0 is the identity in £ (U), and the monoid multiplication

wr: EL(U) x EL(U) — EX(U) is given by
e (y,m) =n+vo (idy +n). (39)

14.3 We claim that £7(U) is open in C7(U,K%). In fact, let v € £7(U) be given. For every
z € U, there exists i(z) € I such that +(z) € Uyw) = By, (i) = v+7(2)+ B, ,,(0) C
U. There exists s(z) € ]0,7i()] such that By (z) C U and v(Byw) (7)) € v(z) + By, (0).
By Lemma 8.4, there exists a countable cover (V});c; of U by mutually disjoint compact
open sets V;, which is subordinate to (By()(2))scy. Given j € J, choose x; € U such
that V; C By,)(7;), and abbreviate i(j) := i(z;). If n € CL(U, Kd) such that n(V;) C

BTi(j) (’Y(x])% then
y+ny) € zj + By, (0) +v(x;) + By, (0) = z; + v(2;) + By, (0) = Uijy CU  (40)

for all y € V;. We have shown that the open neighbourhood B, ; C"(V;, B, (v(x;))) of v
in C7(U,K%) is contained in 7 (U). Thus E7(U) is indeed open in C7(U, K9).

14.4 We consider £7(U) as an open Cg-submanifold of C” (U, K?%). We equip End’,(U) with
the smooth K-manifold structure making 3,: £/(U) — End.(U) a Cg°-diffeomorphism.

14.5 Define C°(U, K] := e, CE (U, K?) = lim Ck(U K?). Then the vector space
— ke

underlying C>°(U, K4J"is C2°(U, K?), but the prOJectlve limit topology on C%°(U, K%) can
be properly coarser than the topology on C>°(U, K¢) if U is non-compact. Since

ENU) =ENU)NCT(U,KY (41)

for each r € Ny U {oc}, we have £°(U) = E2(U) N C=°(U,K?) in particular. As a conse-
quence, £°(U) is an open subset of C>°(U, K?J. When equipped with the topology induced
by C=(U, K1Y, we write E°(U) for £2°(U). We write End>° (U for the monoid End2®(U),
equipped with the Cg°-manifold structure making §: E2°(U) — End>®(UT, v — idy + 7 a
Cg°-diffeomorphism and an isomorphism of monoids.

In various steps, we now show:
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Proposition 14.6 In the preceding situation, we have:
(a) For every r,k € Ng U {oo}, the mapping
My : End P (U) x End’(U) — End’(U), m,x(y,n) =707

is of class CF. In particular, for each r € Ny the composition map m, = m,q
End(U) x End,(U) — End.(U) is continuous, and the composition maps mey, =
Moo ENd(U) x End2®(U) — End®(U) and

m: End®(U) < End(U)"— End®(U),  m(y,n) :==7yon
are smooth.

(b) For every r € NgU {oo} and n € E(U), the right translation map p,, == myo(s,n):
End(U) — End.(U) is of class Cg°.

(c) For everyr € NU{oco}, the group of invertible elements Diff_(U) := End.(U)* is open
in End’(U), and Diff.(U) = Diff:(U) N End’(U). Also DifE°(U) := (End®(U))* is
open in End*(UT.

(d) Given r € NU{oc}, let v be a Ci-diffeomorphism of U. Then v € Diff,(U) if and
only if there exists a compact subset K C U such that v(x) = x for allx € X \ K.

(¢) For each r € NU {0} and k € Ny U {co}, the map 1,y : Diffi™(U) — Diff}(U),
vy tis Ck. In particular, inversion i, = t,.q: Diff,(U) — Diff,(U) is continuous
for each r € N, and the inversion maps Lo = looeo : DIl (U) — DIff2°(U) and
i: Diff 2 (U — Diff° (U are smooth.

Thus Diff°(U) and Diff° (U} are K-Lie groups when considered as open Cg°- submanifolds
of End*(U), resp., End*(UJ. Furthermore, Diff,(U) is a topological group with respect to
the topology underlying the smooth manifold Diff(U), for each r € N.

Proof. We begin with the proof of (a) and (b).

14.7 The maps 3, and 3,1 being Cp°-diffeomorphisms and isomorphism of monoids, in
view of (39) apparently m,.; will be of class C¥ if we can show that the mapping i, :
ERUYx ENU) — CT(U,K?), (v,n) — n+~yo(idy +n) is of class CE. The map (v,7n) — n
involved being continuous linear and thus smooth, it suffices to show that

[ CIPMUKY) x EL(U) — CLUK?Y),  f(v.n) =70 (idy +n)

is of class C%. To see this, let v € C"tF (U, K9), n € £7(U) be given. As in 14.3, we find
a countable open cover (V;);e; of U by mutually disjoint compact open sets V}, elements
z; € U, and a mapping i : J — [ such that n € ;.;C"(V}, B, (n(x;))) € E(U),
and such that (idy + 7)(Vj) C Uy for all j € J and 7 € D, C"(Vj, Bry,, (n(x;))) (cf.
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(40)). Abbreviate B; := B, (n(z;)) and Q := @, C"(V}, B;). Then C/*(U,K?) x Q
is an open neighbourhood of (v,7). By the preceding, f(o,7)|y, = oo (idy + 7)|y, =
alu,,, o (idy, + 7|y;)|%0 for all o € C7H*(U,K?) and 7 € Q. Thus fler+egayxg can be
written as the composition

CoHMUKY) x Q (Dic; CH (UL KY) x (Bje, C"(V}, By))
@ie[,jeJ(CH—k(Ui’Kd) x C"(V}, B;))

B, (CT Uiy, K x C™(V}, By))

l"@ lIIZ lHZ

®jesf; . ~
=7 @jelc (‘G?Kd) — CI(U,K%)

where “=” are the obvious isomorphisms of topological vector spaces (or their restrictions to

Cg-diffeomorphisms of open sets), p is the map (o4, 7))icr,jes — (i), 7j)jes which is CR° as

the restriction of a continuous linear map, and f;: C™*(Uy;), K*)xC"(V;, B;) — C"(V;,K?),

filo,7) =00 (idy, + 7)|¥). Then f; =T o (idgr+x(u, ;) k) X g;), where the composition

map

Lj: O™ (Ui, K?) x C7(V;, Uyy)) — C"(V;, K?)

is Cf by Proposition 11.4,'" and g; : C"(V;, B;) — C"(V;,Uyy), g;(7) = idy, + 7 is
smooth, being a restriction of an affine-linear map. Thus each f; is of class Ck and hence
S0 is Pjesfj, by Proposition 6.9. Being a composition of Cg-maps, f|ccr+k(UKd)XQ is CF.

If k = 0 here, then f(s,n): C"(U,K%) — C"(U,K?) is a continuous map by the preceding.
Since it is also linear, we deduce that the map f(.,7) is smooth. As a consequence,
Pry = Myo(e,n) is smooth, establishing (b).

14.8 Clearly m will be smooth if we can show that fi: EX(UJ x EX(UJ — C®(U, KT,
w(v,n) :=n+~yo(idy +n) is smooth. By Lemma 1.17, zz will be smooth if A, o 7z is smooth
for every r € Ny, where \,.: C>°(U, K] — C7(U,K?) is the inclusion map. But this is the

- etk Uyxer (U

where p, 1, is of class Cﬂ’g and A,y and A, are continuous linear and thus smooth. Thus
A o 1 is of class CE. This completes the proof of Part (a) of Proposition 14.6.

case. In fact, given any k € Ny, we have (A, o )

14.9 To prove (d), let r € NU {oo}. If v € Diff_(U), then v € End.(U), whence there
exists a compact subset K C U such that (y —idy)|i;nxg = 0 and thus v|p\x = idy | k-
Conversely, if v is a Cg-diffeomorphism of X such that « coincides with idy off some
compact set K, then apparently also the inverse map v~ ' satisfies v~ !|x\x = idy|x\x,
whence 7! € End,(U). Thus 7 is invertible in the monoid End.,(U); (c) is established.

14.10 To prove (c), note first that

End’(U) NEnd}(U)* = End’(U)* for all r € NU {o0}. (42)

'"We apply the proposition with K :=Y := Vj; note that C"(V},Uy;)) = |V;, Ui(j))r here.
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In fact, clearly End’(U)* C End’(U)NEnd}(U)*. If, conversely, v € End’(U)NEnd}(U)*,
then v is a Cg-diffeomorphism and thus dvy(z,.) is invertible for all x € U. Since, further-
more, 7 is of class Cf, the Ultrametric Inverse Function Theorem [28, Thm. 7.3] entails
that v~ is of class C% (cf. also [28, Rem.5.4]). Thus v is a Ck-diffeomorphism, and, in

view of (d), apparently v € Diff(U) = End(U)*.

14.11 Given r € NU {oo}, by the preceding End’(U) is a topological monoid. Therefore
its unit group End(U)* will be open if we can show that it is an identity neighbourhood.
The inclusion map End’,(U) — End}(U) being continuous, in view of (42), we only need to
show that Diff}(U) is open in End}(U), or equivalently, that £ (U)* is a 0-neighbourhood
in E1(U). Let B; := B,,(0) C K% and D; := {t € K: |t| < r;} for i € I, with 7; as in
14.1. Then W := @,., C'(U;, B;) is an open zero-neighbourhood in C}(U,K%), and we
have W C E.(U) since z + vy(z) € U; + B; = a; + B,,(0) + B,,(0) = a; + B,,(0) = U; CU
forall vy € W, i € I, and x € U;. Define

Q; == {0 € CY(U;, By): oM(U; x 0% x D;) € B1(0) and do(U; x 04) € B1(0)} .

Then Q := @,.; % € W C £}(U) is an open zero-neighbourhood. We claim that Q C
ENU)*, or equivalently, 5,(Q) C Diff}(U). To see this, let 0 = (0;)icr € 2, where
o; = oly, € Q for i € I. Define v := fi(0) = idy + 0 and v = idy, + 07 = V|y,.
Then ~/(x) := dvyi(z,+) = 1 + do;(z,.) € GLg(0) = Iso(K%, ||+||s) for all z € U; (cf. [74],
Chapter IV, Appendix 1) and [|7j(2)[| = ||[7/(z) || = 1, because ||7j(z) = 1|| = [|o}(=)]| < 3.
We conclude that

4(2) = %0) ~ @)~ e = Nl:(z) — 03ly) — ).z — 1)
< min {Jlou(2) ~ au(®)lle: I01(2)-(z ~ )}
< gle=vle = g le—vle @3

for all x,y,2z € U; such that y # 2. Indeed, because we are using the supremum norm
here, given z,y, z as before there exists 0 # £ € K such that [{] = ||z — y|le < 75. Then

loi(2)-(2 = Y)lloo < loi(@) ][z = ylloe < 3ll2 = ylloo and

0i(2) = oi(y) = £ Loy + E53) — 0u(y)) = €0l (y, 2, ©)

with 2% € O and £ € D;, entailing that [|o;(2) — 0i(y) [l < [¢] - [l (5, 22,8l <
21€] = 31z — yllso. Thus (43) holds. Using (43) with z = a;, [28, Lemma6.1 (b)] shows
that 7; is an isometry from U; = B,,(a;) onto 7;(a;) + vi(a;).By,(0) = ~(a;) + B,,(0) =
a;+0i(a;)+ B, (0) = a;+ B,,(0) = B,.(a;) = U;. As a consequence, v is an isometry from U
onto U. Since v'(z) = 1+0'(z) € GL4(0) is invertible for all z, we deduce from the Inverse
Function Theorem [28, Thm. 7.3] that + is a Cg-diffeomorphism and thus v € Diff}(U),

using (d).
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14.12 In view of (42), the openness of End}(U)* in End}(U) just established entails that
Diff*(U) = End>°(U) N End}(U)* is open in End>*(U). This completes the proof of
Part (c) of Proposition 14.6.

14.13 To prove (e), we first observe that, for given r € N U {oo} and k& € Ny U {0},
the map ¢, will be of class CF if its restriction to some open identity neighbourhood
Y C Diffi™ (U) is of class CE. In fact, if v € Diff.t*(U) is given, then Y oy is an open
neighbourhood of + in Diff:™(U) since right translation by « is a Cg°-diffeomorphism of
End’ ™ (1), as a consequence of (b). In view of (a) and (b), the formula ¢, g|yo, () =7~ =

Yooy ™)™ =myp (7_1, Lr’k‘y(pr+kﬁ—1(n))> for n € Y o~ shows that ¢,; will be C&
onYoyifitis CkonY.

14.14 By 14.4 and the preceding, ¢,; will be of class CE if we can show that the map
Jri: ELTHU)S — CLHUK?),  jrp(7) :=7" = (idp +7) " —idy

is Cf on some open 0O-neighbourhood in &£*(U). Note that S := @, ;&M (U;)*
is an open subset of E,F(U)* C CIHF(U,K?) = @,.; C"*(U;, K%), and jrkls = Dier Jirp:
S = Bier C"(U, KY) = CL(U,K?), where ji,p 1 EF(UD)* — CHULKY), jirr(y) =
(idy, + v)~! — idy,. By Proposition 6.9, @jcs jirx will be of class CE if each j;,. . is of
class CE. Summing up, in order that ¢,; be of class CF, for all 7 and k, we only need to

establish the following claim:

Claim. For eachi € I, r € NU {oo} and k € Ny U {00}, the map ji,x is of class CE on
some open zero-neighbourhood in E™*(U;)*, where ETTH(U;) == ETF(U;).

14.15 Fix ¢, r and k. Since U; is compact, Diff.(U;) = Dift"(U;) is the set of all Ck-
diffeomorphisms of U;, and the map C"(U;, K) — C"(U;, K?), v — 7 +idy, is an affine-
linear homeomorphism and hence a Cg°-diffeomorphism, which takes £"(U;)* diffeomor-
phically onto the open subset Diff"(U;) € C7(U;, K¢). Thus Diff" (U;) simply is an open
C-submanifold of C"(U;, K?). Likewise for Diﬁ”k(Ui). In order that j; . be CE on some
open zero-neighbourhood, it therefore suffices to show that inversion h: P — C"(U;, K%),
h(v) :=~~!is CF on the open identity neighbourhood

P = {idy, + 0: 0 € [N C"H(U;, K}

of Diff t*(U;), where Q; € C'(U;, K?) is as in 14.11.'8 We only need to prove that
h\: P x U — K by, 2) := h(y)(z) = v (z) is Cx™; then h = (R")": P — C"(U;, K9)
will be C& by Lemma 12.1 (a). By Lemma 11.1, the evaluation map

e:PxU — K e(y,2):=~(z)

is Cp™*. Since e(v,.) = v is a diffeomorphism of U; for each v € P, and C"*(U;, K9)
is metrizable (Proposition 4.19 (c)), the Inverse Function Theorem with Parameters [28,

18The discussion in 14.11 shows that indeed P C Diff" ¥ (U;).
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Thm. 8.1 (c¢)’] can be applied to e, with the diffecomorphism v € P as the parameter. The
theorem shows that P x U; — K%, (v,2) — (e(7,+)) 7 (z) = v 1(x) = (v, z) is of class
C'H?k. The claim is established.

14.16 Arguing as in 14.8, we deduce from the fact that ¢, is of class CE for all 7,k € N
that 7 is smooth. This completes the proof of Proposition 14.6. O

Lemma 14.17 Letn,m € N, r € NyU{oco}, U C K", V. C K™ be open subsets, ¢: U — V
be a proper mapping of class C, and E be a topological K-vector space. Then

Ci(¢, E): CL(V,E) = CL(UE), v—v0¢
18 a continuous K-linear map.

Proof. Indeed, the mapping C! (¢, E) being linear, by Proposition 8.13 (¢) we only need
to show that its restriction to Cj(V, E) is continuous, for every compact open subset K
of V. Since ¢ is assumed to be proper, L := ¢ }(K) C U is a compact, open subset.
It is clear that C7(¢, F) takes C%(V, E) into C} (U, E'). Using the obvious identifications

Cr(V,E) = C"(K,E) and C}(U,E) = C"(L, E), the map CI(¢, E) gg([\]/’,?) corresponds

to the pullback C"(¢|%¥, E): C"(K,E) — C"(L, E), which is a continuous linear map by
Lemma 4.4. O

Lemma 14.18 Let U C K¢, V C K? be open subsets and ¢: U — V be a bijection. Then
the following holds:

(a) Let r,k € NgU {oc}, and suppose that ¢ is a Oy -diffeomorphism. Then
®: End’(U) — Endi(V), ®(y):=¢oyog¢ !
is a CE-diffeomorphism and an isomorphism of monoids.

(b) If ¢ is a C-diffeomorphism, then End (U — End*(V), v +— doyo o ! is a
Cge-diffeomorphism and an isomorphism of monoids.

Proof. (a) It is obvious that ® is a bijection, whose inverse v +— ¢~ 0y 0 ¢ also is a map
as described in the lemma. Furthermore, clearly ® is a homomorphism of monoids. In
view of the preceding it only remains to show that ® is a C-map, or equivalently, that

U, EL(U) = EL(V), Wrp(y) :=¢o (idy +7) 0™ —idy = ¢o (¢ +y09¢7") —idy

is of class CHIE- To see this, we note first that ¥, is almost local. Indeed: Choose any
locally finite cover (Up)eer of U by relatively compact, open sets U,. Then V; := ¢(Uy)
defines a locally finite cover (V;)ser of V' by relatively compact, open subsets V;, C V.
Given any ¢ € L, for every x € V; and v € £/ (U) we have

U, k(7)) = (o™ () +v(07 (2)) — x,
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which only depends on the value of v at ¢~!(x) € U,. Thus ¥, is almost local.

By the Smoothness Theorem (Theorem 10.4), ¥, will be C¥ if we can show that the
restriction f of W,; to the open subset £ (U) N Cy (U, K?) of C%(U,K?) is CE, for ev-
ery compact subset K C U. It suffices to show this for K open and compact, which
we assume now. The image of f is contained in Cf I \4 K?). The inclusion mapping

Coay (Vs K?) — C7(V,K?) being continuous linear and hence smooth, it therefore suffices
to prove that f is C¥ as a map into C;(K)(V, K?). Since ¢(K) is compact and open, the
restriction map

C;(K)(Va Kd) - CQ(K)@(K)?KCI) = C"(¢(K), Kd)

is an isomorphism of topological vector spaces (Lemma 4.24). In order that f be CE, we
therefore only need to show that

g9: ELU) N CR(UK?Y) — C™(¢(K), K, g(7) = F(N)ox)

is Ck. Note that

9(7) = ¢o(idg +7lk) 0 ¢ o) — idyx)
= (OT(¢_1|¢(K)7Kd) o C"(K,9)) (idx + 7|k ) — idgx)- (44)
—_———

eCr(K,U)

The pullback C" (¢ 4x), K?%): C"(K,K?%) — C"(¢(K),K%) is continuous linear and hence
smooth, by Lemma 4.11; the map C"(U,K%) — C"(U,K?%) — C"(K,K%), v — v|x com-
posed of inclusion and restriction is continuous linear and hence smooth (cf. Proposi-
tion 8.13 (a) and Lemma 4.11); and C"(K, ¢): C"(K,U) — C"(K,V) is CE as ¢ is Cg™,
by Corollary 4.21. Hence (44) shows that g is C%, as required.

(b) Apparently (b) will hold if we can show that the mapping EX(U) — EX(VT,
v ¢o(idy +7)o¢™t —idy is CF for all k € N. But this readily follows from the fact
that Wy, is of class Ck for all k € N (cf. 14.8). O

Proposition 14.19 Let d € N and U C K¢ be a non-empty open subset. Then the
following holds:

(a) For each r € NU{oo}, there is a uniquely determined Cg°-manifold structure on the
group Diff"(U) of all Cg-diffeomorphisms of U such that Diff"(U) becomes a topo-
logical group, the right translation maps R., : Diff (U) — Diff"(U), R,(n) :=no~y
are Cg° for each v € Dift"(U), and such that Diff,(U) is an open Cg°-submanifold of
Diff"(U).

(b) For anyr € NU{oo} and k € Ny U {00}, the composition map

Diff ™ (U) x Diff" (U) — Diff"(U), (y,n) — yon (45)



86 HELGE GLOCKNER

and the inversion map
Diff ™*(U) — Diff"(U), s * (46)
are of class CE, with respect to the smooth manifold structures from (a).

(c) There is a uniquely determined smooth manifold structure on Diff>*(U) turning it into
a K-Lie group and such that Diff°(U) is an open smooth submanifold of Dift>™*(U).

(d) There is a uniquely determined smooth manifold structure on Dift>*(U) turning it
into a K-Lie group (which we denote by Dift>*(U}"), such that Diff:°(U) is an open
smooth submanifold of Dift>* (U}

Proof. It readily follows from Proposition 14.6 (d) that Diff(U) is a normal subgroup of
Diff"(U), for each r € NU {oo}. Given v € Diff"(U), let I, : Diff,(U) — Diff,(U) denote
the automorphism of groups 1+ yono~y~1.

(a) Given 7 € Diff"(U), consider the map
iy Diffg(U) oy = E(U)*, ky(n) =B (noy™").

We claim that A := {k,: v € Diff'(U)} is an atlas defining a Cp°-manifold structure
on Diff"(U) (equipped with the final topology with respect to the family of the maps
k' EL(U)* — Diff"(U)). The domains of the maps x, cover Diff (U). Let us prove
compatibility of the charts. If v,5 € Diff"(M) such that Diff (U) o v and Diff (U) o7
have non-empty intersection, then 7 o y~! € Diff,(U) and the two cosets coincide. For
n e &(U)*, we have

("17 o ’<0§1)(77) = 6r_l<ﬁr(77) o7yo ’7_1) - 67“_1 (prﬁowfl(@"(n»)

using right translation p;5.,-1 on Diff(U), which is smooth. Hence 0 £5 ' is smooth, as
required for compatibility. Now standard arguments provide a smooth manifold structure
on Diff(U) with atlas A. Since kg = G, : Diff,(U) — E7(U)*, we see that Diff,(U)
is an open submanifold of Diff"(U). Given v € Diff"(U), for each n € Diff"(U) we have
(F&no,y)_l o Ryok, ' =id on E(U)*, entailing that R, is smooth. The topology under-
lying Diff"(U) makes it a topological group, because it has the following properties (cf.
[39, Thm. 4.5]): the topological group Diff’(U) is an open subgroup of Diff"(U); all right
translations are homeomorphisms of Diff"(U); and 1, is continuous for each v € Diff"(U),
by Lemma 14.18.

(b) Let v € Diff ™ (U), n € Diff"(U). For all 5 € Diff.™*(U) and 7 € Diff’(U), we have

(Foy)o(on) =7o(yomoy ) o(yon).

Right translation by yon being smooth, I, : Diff,(U) — Diff,(U) being C% (Lemma 14.18)
and composition Diff:™*(U) x Diff’(U) — Diff’(U) being C£ (Proposition 14.6), the pre-
ceding formula defines a Cf-function Diff,™*(U7) x Diff;(U) — Diff"(U) of (¥, 7). Hence the



LIE GROUPS OVER TOPOLOGICAL FIELDS 87

composition map (45) is C% on the open neighbourhood (Diffi™(U) o v) x (Diff(U) o n)
of (7,n). Similarly, the inversion map (46) is CE on the open neighbourhood Diff. ™ (1) oy
of v because

Foy)t=rtoy i =yt og oyoy T = (La(FTY) oy
where inversion Diff;"™*(U) — Diff,(U) is CE by Proposition 14.6 () and I,-1 is CE by
Lemma 14.18 (a).
(c) By (b), the C-manifold structure from (a) makes Diff>**(U) a Lie group.
(d) By Lemma 14.18 (b), the automorphism I, of Diff, (U} is Cg°, for any v € Dift"(U).
Therefore Part (d) directly follows from Proposition 1.18. O

Definition 14.20 Let K be a local field, » € N U {cc0}, and M be a o-compact K-
manifold of class Cp°, of finite, positive dimension d. By Lemma 8.3 (a), there exists a
Cge-diffeomorphism 1: M — Uy, from M onto an open subset Uy C K% Then

©,: Diff" (M) — DIff'(U,), () == oEou™
is an isomorphism of groups. The map

2: Cr(Uy, K% — CH(M,TM), E(f)(x) := T~ ((x), f((x)))

being an isomorphism of topological vector spaces, there exists a uniquely determined Cg°-
manifold structure on Diff" (M), modeled on C7(M,TM), which makes the bijection ©, a
CR-diffeomorphism. The charts of Diff"(M) are of the form

s DIt (M) — CZ(M,TM),  ry(7) = E(r(O4(7))) ,

for k: P, — @, ranging through the charts of Diff"(Uy). If r = oo here, then apparently
Diff**(M) is a Lie group, and ©, is an isomorphism of Lie groups. Analogously, we make
Diff>* (M) a Lie group modeled on C°(M, TMJ :=1lim  C¥M,TM).

“— keNp

Proposition 14.21 Let K be a local field and M be a o-compact Cg°-manifold of finite,
positive dimension d.

(a) For each r € NU{oo}, the C°-manifold structure on Diff" (M) is independent of the
choice of 1 in Definition 14.20. It makes Dift" (M) a topological group and the right
translation maps Diff" (M) — Diff" (M), n +— no~ are smooth for each v € Dift" (M).
Furthermore, for any k € Ng U {00}, both the composition map

Diff" ™ (M) x Diff" (M) — Diff" (M)

and the inversion map Diff ™ (M) — Diff" (M) are CE.
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(b) The Cg°-manifold structure on Diff>*(M) (resp., Diff>*(M)") is independent of the
choice of 1 in Definition 14.20; it makes Diff>* (M) (resp., Dift>*(M)") a K-Lie group.

Proof. We only need to show that the manifold structures are independent of the choice
of ¢; all other assertions are immediate consequences of Proposition 14.19.

(a) If both ¢: M — U, and p: M — Uy are Cg°-diffeomorphisms onto open subsets
of K% then O, 0 (0,)7!: Diff'(Uy) — Diff' (Uy), € — (poyp ) oo (poyp™ )t is
an isomorphism of groups which takes Diff,(Uy) Cg°-diffeomorphically onto Diff.(U,), by
Lemma 14.18 (a). Since right translations in the groups Diff"(U,) and Diff"(U,,) are smooth
and the homomorphism f := ©, 0 (©,)~! is smooth on an open identity neighbourhood,
the usual argument shows that the homomorphism f is smooth. Interchanging the roles
of ¢ and 1, we see that also f~! is smooth.

(b) In view of Lemma 14.18 (b), the same argument applies to Diff>*(M ]~ O

Remark 14.22 If M is a o-compact, finite-dimensional Cg-manifold for some r € N (but

not smooth), we can still use the same arguments to make Diff"(M) a topological group
and C2-manifold modeled on CO(M, TM).

A Proof of Proposition 4.19

In this section, we prove the properties of function spaces asserted in Proposition 4.19.
In view of Remark 4.2 (a) and Lemma 4.12 (applied with a countable cover of coordinate
neighbourhoods in case of (c)), it suffices to prove assertions (a), (b) and (c) of Proposi-
tion 4.19 when r € Ny and M = U is an open subset of Z, which we assume now.?’

(a) The proof is by induction on r € Ny. Let us assume first that E is complete. If
r = 0, suppose that (7,) is a Cauchy net in C(U, E).,.. Then (y,(z)) is a Cauchy net
in E for each fixed element z € U and hence convergent, to y(z) € E, say. For each
compact subset K C U, the restrictions 7,|x converge uniformly to ~y|x, whence 7|k is
continuous. Hence 7 is continuous, using that U (being open in the k-space Z) is a k-space.
Furthermore, 7, — v in C(U, E)¢,..

Induction step: Assume the assertion is correct for some r. Then both C(U, E) and
C™(UM, E) are complete and hence so is the topological vector space C"*'(U, E), being
isomorphic to a closed vector subspace of C(U,E) x C"(UM E) by Lemma 4.3. This
completes the induction.

If E is merely sequentially complete (resp., Mackey complete) the sequential completeness

19 Although we obtain an isomorphism of topological groups onto the Cg°-manifold Diff" (U,) for each
Cg-diffeomorphism ¢ : M — Uy C K¢, we cannot expect anymore that the corresponding Cg°-manifold
structures on Diff" (M) are independent of the choice of ).

20For (a), note that cartesian products and closed vector subspaces of Mackey complete topological
vector spaces are Mackey complete.
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of C"(U, E) can be proved in the same way, replacing Cauchy nets by Cauchy sequences
(resp., Mackey-Cauchy sequences).?!

(b) Assume that K € {R,C} (resp., that K is an ultrametric field, with valuation
ring Q) and E is locally convex. If K C U is compact and V' C E is a convex, open
0-neighbourhood (resp., an open O-submodule submodule), then apparently also the open
0-neighbourhood | K,V | C C(U, E) is convex (resp., an O-submodule). Hence C(U, E) is
locally convex. Likewise, C(UV!, E) is locally convex for each j and hence so is C"(U, E),
its topology being initial with respect to linear maps into the spaces C(UV!, E) for j < r
(by definition).

(c) Case r = 0: There exists an ascending sequence (K;),eny of compact subsets K
of U such that K is contained in the interior of K ; for each j € N, and U = UjeN K;.
Then every compact subset of U is contained in K; for some j, entailing that the topol-
ogy of uniform convergence on compact sets on C(U, F) is the topology making the map
CWU,E) — [;enC(Kj, E), v = (7|K;)jen a topological embedding, where C'(Kj, E) is
equipped with the topology of uniform convergence. If (V},),en is a countable basis of open
0-neighbourhoods in E, then (| K, V,])nen is a countable basis of open 0-neighbourhoods
for C(K;, E), entailing that this space is metrizable. We readily deduce that also C'(U, E)
is metrizable.

Suppose that » € N now, and suppose that the assertion of the lemma is correct for
r—1. By Lemma 4.3, C"(U, E) is isomorphic to a topological vector subspace of C(U, E) x
C™~Y (UM, E). The factors of the product being metrizable by induction, also the product
is metrizable and hence so is C"(U, E). This completes the proof of (c).

(d) Given r, M and E as described in the proposition, let us write C"(M, E)p for
C"(M, E), equipped with the initial topology with respect to the family (D?)yns;>, of
the mappings D7 : C"(M,E) — C(T'M,E).,., v +— D7y, defined as follows: we set
D%y :=~, let D'y := Dy :=dvy: TM — E be the second component of the tangent map
Ty:TM — TE = ExX E, T,M > v — (y(z),dy(v)), and define D’y := D(D? 1) :
T'M = T(T’"*M) — E recursively. Before we establish Proposition 4.19 (d), let us first
recall some useful properties of the spaces C"(M, E)p:

Lemma A.1 In the situation of Proposition 4.19 (d), we have:
(a) If r = oo, then C®°(M,E)p =lim  C*¥(M, E)p as a topological vector space, with
“— keNyg
the inclusion maps C®(M,E)p — C*(M, E)p as the limit maps.

(b) If (U;)ier is an open cover of M, then the topology on C" (M, E)p is initial with respect
to the family (p;)ier of restriction maps p;: C™(M, E) — C™(U;, E)p, pi(y) ==~

Ui -

(¢) If p: M — U C Z is a Cy-diffeomorphism, then C" (¢, E): C"(U, E)p — C"(M, E)p,
v =y o ¢ is an isomorphism of topological K-vector spaces.

2INote that continuous linear maps take Mackey-Cauchy sequences to Mackey-Cauchy sequences because
they take bounded sets to bounded sets.
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(d) If r € Ny, then the topology on C™ (M, E)p is initial with respect to the maps
51: CT—H(Ma E) - C(M, E)c.o.; 61(7) = and 62: CT—H(Mu E) - CT(TMa E)D;

B2(7) == D.
Proof. (a) and (d) are immediate from the definition of the topologies. For a proof of (b),
see [27, Prop. 24.10] (for example). For (c), see [27, Prop. 24.8].2% See also [32]. 0

In view of Lemma 4.12, Lemma 4.11 and their analogues compiled in Lemma A.1(b)
and (c), Proposition 4.19 (d) will hold in general if we can prove it in the special case when
U := M C Z is an open subset of the modeling space, which we assume now. In view of
Remark 4.2 (a) and Lemma A.1(a), we may also assume that r € Ny. The following four
lemmas will enable us to complete the proof:

Lemma A.2 For Z, E, U C Z as before and each r € Ny, the topology on C"(U, E)p
is initial with respect to the family (d),>jen,, where & : C™(U,E) — C(U X Z7,E)co.,
v diy s as in 1.9.

Proof. Note first that d’y is a partial map of D7v: There is an injective map & :
{1,...,7} = {1,...,27 — 1} (independent of Z, U and E), such that

dy(z,y) = D'y(z,¢(y)) forally € C(U,E),z €U and y € Z7,
where ¢: Z7 — Z%~1 is the (continuous linear) map with kth component

if k(i) =k

else,

pre(oton. ) = { 4

for k=1,...,2 — 1 and y1,...,y; € Z [18, Claim 2, p.50]. Accordingly, the map d/ =
C(dy x ¢,E)o D?: C"(U,E)p — C(U x Z7,E),,. is a composition of D7 and a pullback
along a continuous map, and thus @’ is continuous on C"(U, E)p, for each j < r.

We now show that, conversely, each D’ is continuous on C"(U, E)g4, i.e., on C"(U, E),
equipped with the topology initial with respect to the family (&);<,. To this end, we
recall that

J
D]Fy(];ayla"'ayﬂ—l) = Z Z Cil ,,,,, igd£7<x7yi17"'7yig)

=1 1<i1<io<<5p<2i—1

for all v € C"(U, E), v € U and y1,...,y2i1 € Z, for suitable numbers ¢;, _;, € Ny which
are independent of Z, U, E, v, x, and 41, ..., ys;—1 (cf. [18, Eqn. (3)]). Hence D7 is a sum
of terms of the form C(idy x ¢y, _4,, F) od® with a suitable continuous (linear) map v,
E?~' — E*, and hence D7 is continuous on C"(U, E)4. Thus C"(U, E)p = C"(U,E)q. O

22The cited results are formulated in [27] only for real manifolds, but they carry over to complex
manifolds, with identical proofs.
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Lemma A.3 Let Z, U C Z and E be as before, and F be a locally convex topological
K-vector space such that E is a topological vector subspace of F'. The the inclusion maps

C"(U,E)— C"(UF) and C"(UE)p — C" (U, F)p
are topological embeddings.

Proof. In view of the definition of the topologies, the assertion readily follows from
the well-known (and apparent) fact that the inclusion map C(Y, E)co. — C(Y, F).,. is a
topological embedding, for any topological space Y. (Apply this with Y := UV resp.,
Y :=U x Z7, for all j € Ny such that j <r). O

Lemma A.4 Let Z, U C Z and E be as before. Assume that E is complete. Define
A: C(Ux[0,1,F) — C(U,E)

via AN(y)(z) = fol Y(z, t)dt for v € C(U x [0,1], E) and x € U. Then X is a continuous
K-linear map.

Proof. The maps A(v) : U — FE are in fact continuous, being parameter-dependent
integrals with continuous integrands (see, for example, [27, La.6.15] or [35]). As clearly A
is linear, it only remains to show that A is continuous at 0. To this end, let V' C C(U, E)
be a 0-neighbourhood. Then there exists a compact subset K C U and a closed, convex
0-neighbourhood W C E such that |[K,W | := {y € C(U,E): v(K) C W} C V. Set
I:=[0,1]. Then |K x W] :={ye€ C(U x I,E): (K x I) C W} is a 0-neighbourhood
such that A\(|K x I,W]) C |K,W| CV (cf. [18, La. 1.7]). Hence A is continuous. O

Lemma A.5 Given r € Ny and an open neighbourhood I of [0,1] in F, consider the set
QCC(UxI1,E)p of ally € C™(U x I, E)p such that the weak integrals

()(@) = / o, 1) dt

exist in E for all x € U, as well as the weak integrals fol d{y(x,t,y) dt, for all j < r
and (z,y) € U x E7. Here diy(x,t,y) = d/(vy(,t))(x,y) for all z € U, t € I, and
y=(y1,...,y;) € Z?, or, more explicitly:

diy(e,tyn,.yy) = dy((2,0), (11,0),- - (3,0)). (47)
Then u(y) € C™(U, E) for all v € Q, and
t: C"(UxI1,E)p 2 Q — C"(U,E)p (48)

18 a continuous K-linear map.
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Proof. (e) By [27, Prop.8.7] (or [3, La.7.5]) and [3, Prop. 7.4],%® the map «(7) is C, with

1
& (7)) (z,y) = / d~y(x,t,y) dt forall j<r zeUandye F. (49)
0
Clearly ¢ is linear. To prove the continuity of ¢, after passing to the completion of E
we may assume that F is complete, and hence Q = C"(U x I, E), for convenience (cf.
Lemma A.3). The topology on C"(U, E)p being initial with respect to the maps d’ :
C"(U,E) — C(U x Z7,E).,. by Lemma A.2, the mapping ¢ will be continuous if d’ o ¢ :
C"(Ux I,E)p — C(U x ZI,E), v — d?u(v) is continuous for j < r. By (49) and (47),
d’ o1 is a composition of the continuous map d’: C"(U x I, E)p — C((U x I)x (Z xF)I, E),
the continuous pullback C(f,E) : C((U x I) x (Z x F)/,E) — C(U x I x ZI,E),
n— no fwith f(z,t,y1,...,y;) = (m,t, (y1,0),. (y],())), and the integration map A;:

ClUxIxZE)—CUxZ,E), A fo x,t,y) dt, which is continuous as a
consequence of Lemma A .4. Hence dJ oL is contmuous for each j < r, and hence so is ¢, as
asserted. O

We are now in the position to complete the proof of Proposition 4.19 (d). The proof is by
induction on r € Ny. The case r = 0 is trivial: By definition, both C°(U, E') and C°(U, E)p
are equipped with the compact-open topology, and hence coincide.

Induction step: Assume that Proposition 4.19 (d) holds for some r € Ny. Consider the
map f: C"™Y(U, E) — C™™(U, E)p, f(v) :==~. For 8, and 3, as in Lemma A.1(d), the
composition

ﬁlof:Cr+1(U7E)_)O(U7E)C.o.a Y=
is continuous by Remark 4.2 (b), and also
Bro f: CHUUE) — C'(TU,B)p, v+ dy =1"(0)

is continuous as it is a composition of the continuous map (+): C™+Y(U, E) — C" (U, E)
(Remark 4.2 (b)), the restriction map C™(U!, E) — C7(TU, E) which is a pullback and
hence continuous (Lemma 4.4), and the identity map C"(TU, E) — C"(TU, E)p which is
an isomorphism of topological vector spaces by induction. The topology on C"Y(U, E)p
being initial with respect to the maps ; (j € {1,2}), the continuity of the compositions
B; o f entails that f is continuous.

It remains to show that also f~! is continuous. In view of Remark 4.2 (b), we only need
to show that a; o f~' and ay o f~1 are continuous, where oy : C™™Y(U, E) — C(U, E) is
the inclusion map and ay: C™Y(U, E) — C7(UM, E), as(y) := 1. Here oy o f~1 = 3 is
continuous. To see that a0 f~! is continuous, note that for any x € U and y € Z, we find
an open balanced 0-neighbourhood J(,,) € F and open neighbourhoods V(, ,y € U of x
and Wi,y € Z of y such that

V(ﬂc,y) +2 J(%y) W(vay) cvU (50)

ZErratum: In the complex case, I should be an open neighbourhood of [0, 1] in C in [3, La. 7.5]. Similar
apparent adaptations are necessary in the proof of [3, Prop. 7.4].
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(and thus Vi, ) X Wie, X 2Jiz,) C UM, Note that U is covered by UM, together with
the sets Yz := Vioy) X Wiay) X Jay) for (z,y) € U x Z. Hence, by Lemma 4.12, the map
ay o f~1 will be continuous if we can show that

¢ CrJrl(Ua E)D - CT(U]l[vE)a ¢(7) = 7[1]|U]1[ = ’Ym
is continuous, as well as the mappings
Vg : CTHUE)p = C" Yy E) . Yay() =My,

for all (z,y) € U x Z. The formula ¢(7)(z,y,t) = (v(z + ty) — v(x)) shows that
¢ is built up from the following continuous maps and hence continuous: 1. The map
CYU,E)p — C"(U'E), v — [(x,y,t) — ~(z + ty)]. This map is the compo-
sition of the inclusion map C"™*Y(U,E)p — C"(U,E)p = CT(U,E) (which is contin-
uous by definition of the D-topologies and the induction hypothesis) and the pullback
C"(g,E): C"(U,E) — C"(U' E) along g: UM — U, g(z,y,t) := x + ty, which is continu-
ous by Lemma 4.4. 2. The map C"™*(U, E)p — C" (UM E), v+ [(x,y,t) — ~(z)], which
is continuous by the same argument. 3. The addition map of the topological vector space
CT(UM E). 4. The multiplication operator m,: C" (UM E) — C™(U'L, E), v — 7.+ with
UM = F, 7(z,y,t) = %, which is continuous by Lemma 4.5. Hence ¢ is continuous.

In view of Lemma A.3, it suffices to prove continuity of the maps 1, ,) when E is com-
plete, which we assume now (we can always replace E by its completion). For the proof, fix
(z,y) € UxZ; we abbreviate V 1= Vi, ), W := Wiy, J = J@y), Y = Yo, = VXWX J,
and ¢ := ). Let By(0) := B3 (0) C F. Then

1
V() (u,v,t) = AW (u,v,t) = / dvy(u + stv,v)ds for all (u,v,t) €Y
0

(see [3, Prop.7.4] and its proof). We can therefore interpret ¢ as a composition

C* UE)p — C(UxZ,E)p =C'(UxZ,E)— C"(Y x By(0), E)
= C"(Y x By(0),E)p — C"(Y,E)p = C"(Y,E)

of the continuous map D: C"™ (U, E)p — C"(U x Z, E)p (Lemma A.1(d)), the continuous
pullback C"(h,E) : C"(U x Z,E) — C™(Y x By(0),E) along h: Y x By(0) — U x Z,
h(u,v,t,s) := (u+ stv,v) (Lemma 4.4), and the integration map

L CT(Y X BQ(O),E)D — CT(Y7 E)D

taking 1 to the map (u,v,t) fo u, v t,s)ds.?* Here ¢ is continuous by Lemma A.5.
Hence 1 is continuous, and hence sois f~', which completes the proof of Proposition 4.19.0

24Note that all of the required weak integrals exist, by completeness of E.
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B Proof of Proposition 4.23

Part (a) follows from Part (b) in an obvious way. We therefore only need to prove (b).
Furthermore, as in the proof of Proposition 4.16, we may assume that r, k € Nj.

Reduction to open subsets of X, X and Z

As F is locally compact and X finite-dimensional, we deduce that X is locally compact (cf.
[12, 1, §2, No. 3, Thm. 2]), and hence so are M and Y. For each i := (2,7) €Y x M =: I,
we find a chart 7, : W; — N; of N around o(z), onto an open subset N; C Z. Let
R, © S; — M, C X be a chart of M around Z, and k; : S; — M; C X be a chart
of M around x such that S; C o '(W;). As Y is locally compact, we find a compact
neighbourhood C; of z in Y such that C; C S;. We let U; := C? be the interior of C;. Define
K; = ki(Cy), Y; :== k;(U;) = K?, and n; := k; 5 Then Y = J,.; Ui, and {n; x R;:i € I}
is an atlas for Y x M. Abbreviate ©; := Opxr; - CT(Y X M,F) — C"(Y; x M;, F),
0; :=0,,: C"(M,E) — C"(M;,E), and 0; := 0, : C"(M,E) — C"(M;, E) (see (13) in 4.7
for the notations). Then

A:CT(Y x M, F) — HCT(Y,- X M, F), v (0i(7))ier = (Yo (0 X &) ier

el

is a topological embedding (Lemma 4.9) whose image is easily seen to be closed (cf.
Lemma 4.12). Hence, by Lemma 1.15 and Lemma 1.16, the map ¢ will be of class CE if we
can show that ©; o ¢ is of class C’]{g for each ¢ € I. Using the Cg-map o, :=T,00 EV o 772.’1:
Y; — N; and the Ct-map f; := fo (7, ! xidy xidg xidp): N;x Ux Ex P — F, we define
fi = fio(o; xidy x idg x idp): Y; x U x Ex P — F. For v € |K,U]|,, 7 € C"(M,E),
z€Y; € M, and p € P, we have

Oi(o(v,7,p))(v,7) = f(n[l(m)»j(m_l(x))a V(77N (Z)),p) = fi(z,0;(7)(2),0;(7)(Z), p)
= ¢i(0:i(7),0:(7),p)(x, ),

where
¢i: [ K, U], x OT(M’UE) x P — C"(Y; x Mi,F)» ¢i(n, 7, p)(v,7) := fi(x,n(x),n(Z), p)

with | K;, U, € C"(M;, E). Thus ©;0 ¢ = ¢; o (6] [j¢”" x 6; x idp), showing that ©; 0 ¢
will be of class CE if ¢; is of class CE. Thus, each M; being an open subset of X, M; open
in X, and IV; an open subset of Z, the proposition will hold if we can prove (b) in the case
where M, M and N are open subsets of X, X and Z, respectively, which we shall assume
for the rest of the proof. We proceed by induction on k.
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The case kK = 0.

The proof is by induction on r. If 7 = 0, then the topology on C°(M, E), C°(M, E) and
C°%(Y x M, F) is the topology of uniform convergence on compact sets (see 4.8). Let

€ |K,U| CC"(M,E),y € C"(M,E), p€ P, L be a compact subset of Y x M, and
V' C F' be an open zero-neighbourhood. Let W C F' be an open zero-neighbourhood such
that W — W C V. For each i := (z,Z) € L, there are open neighbourhoods A; C Y and
A; C M of x, resp., T, and open zero-neighbourhoods B; C E, B; C E and C; C H such
that v(A;) + B; Cy(K)+ B, CU,p+ C; C P, and

f(yvuaa7q) - f($,7($),’7($),p> cW

for all y € A;, u € v(A;) + B, u € 5(A;) + By, and ¢ € p+ C;. By compactness,
L C U, (Aix 4;) for some finite subset I C L. Then B:=(\,.; B C E,B:=(,.;B; C E
and C' :=(,c; C; € H are open zero-neighbourhoods, and K = pry(L) C M is compact,
where pry: Y x M — M is the coordinate projection. Let £ € v+ | K, B| C C°(M, E),
£€y+|K,B] CC'M,FE),and g € p+ C C P. Given (y,9) € L, there is i = (2,2) € I
such that (y,7) € A; x A;. Then € € |K,U], and

Fy.£W),€@).a) — f(y. 7 (), 7(5), p)

= [, €W), @), q) — flz,v(x),5(x),p) — (f(u,7W), @), p) — f(x,v(x),7(Z),p))
EW-WCV.

2l

We have shown that ¢(¢, &, q) — o(v,7,p) € [L, V] CC(Y x M, F) for all (£,€,q) in the
open neighbourhood (y+ | K, B]) x (7+ | K, B|) x (p+C) of (7,7, p). Thus ¢ is continuous.

Induction step on r. We write ¢, for ¢, to emphasize its dependence on r. Suppose the
assertion of the lemma is correct for £ = 0 and some r € Ny. Suppose that the hypotheses
of the lemma are satisfied by f and o, with r replaced by 7 + 1. The map ¢, being
continuous, we see as in the proof of Proposition 4.16 that ¢,,; will be continuous if we
can show that the map

¥ |[K,Ulryn x CH(MLE) x P — C"((Y < M)W, F), (y,7,p) = ¢4 (7,7, 0)"
is continuous. Here we have, by the Chain Rule,

V(v 7, p)(@, Ty, 7, t)
- ¢r+1</77/77p)[1]('r7_’yagat)
= (o), 7(2),3(x),p), (M(2,y,t),7" (2, y,1),7"(z,5,1),0), ) (51)
for (x,Z,y,7,t) € (Y x M. Let (70,50, po) € | K,U|pp1 x C™H(M, E) x P be given; our
goal is to show that 1 is continuous at (7o, 70, po). Weset X; := X x X xXF, X; := X x X xF,
71 =ZxZxK,E :=ExE,and E, := E x E. Given (z, Zo, %0, %o, to) € (Y x M),
we have (o(z0), o (20, v0,0),t0) € NI and (’yo(xo),’}/([)l](xo,yo,to),to) € UM, There are
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open neighbourhoods R; C N of o(z¢), Ry € Z of (g, y0,t0), Rs C K of ty, Vi C U of
Yo(xo), and Vo C FE of %[)1] (%0, Yo, to) such that

Ry x Ry x Rs C N and V; x Vo x Ry C UM,

Then Ry x Vi Xx Ex P x Ry x Vo x E x {0} x R3 C (N x U x E x P)lll. Abbreviate
Ny := Ry X Ry x R3 and Uy := V] x V5. Then

fl: Nl X Ul X El X P — F7 f1($7y7tauvvaﬁ'7@7p) = fm((x,u,ﬁ,p), (yvva@a0)> t)

for (z,y,t) € Ny, (u,v) € Uy = Vi x Vo, (4,0) € By, p € P defines a mapping of class
CpttE=t = OFt* on the open subset Ny x U; x E; x P of Z; x By x E; x H. There
exists an open neighbourhood A; C Y of xy with compact closure C; C Y, and open
neighbourhoods Ay, C X of yy, A1 C M of Zg, Ay C X of gy, and A3 C FN Ry of t,
such that My = A, x Ay x Ay C YW, W, 1= A, x Ay x Ay € M, o(A;) C Ry,
ol (A x Ay x As) € Ry, 1(Cy) € Vi, and 7{"(A; x Ay x A3) C Vo, Let K1 C My be
a compact neighbourhood of (zg,vo, o), with interior Y} := K9Y. Define o, : Y} — Ny,
o1(x,y,t) = (o(z),0cM(z,y,t),t) for x € A}, y € Ay, t € A3. Then 0, is a Ch-map. We set

fl Z:flo(gl XidU1 Xidfl Xidp)lyl XU1 XEl X P — F.
Abbreviate z := (xo, Zo, Yo, Yo, to). Then
Py | Ky, Up ]y X CT(MbEl) x P— C"(Y1 x Ml,F)7 U1(7,7,p) = fi(e,p)(y X 7)

is a continuous mapping by induction, where |K;,U;|, € C"(M;, Ey). Let By C Aj,
By C A; and By C As be open neighbourhoods of g, 3, and ty, respectively, such that
By X By x B3 CY;. Then Q, := B; x A; X By x Ay x B is an open neighbourhood of 2
in (Y x M), We define §: Q, — Y1 x My, §(x,Z,y,7,t) := (x,y,t,%,7,t). Since 1 is
continuous, also

wg = CT((S, F) Owl: LKla UlJr X CT(Ml,El) X P — CT<QZ,F>
is continuous (by Lemma 4.4). Note that
Q={ye |KU|;1n[C,Vi]r: VM|M1 € | Ky, Val,}

is an open neighbourhood of 7y in | K, U |,;; (cf. Remark 4.2 (b), Lemma 4.4 and Lemma 4.22).
The linear maps

m: C"TN(M,E) — C"(My, E), w(y)(x,y,t) :=~(z) and
7 CTH (M, E) — C"(M, E),  7(3)(7,5,t) := (%)
are continuous (see Remark 4.2 (a) and Lemma 4.4), and we have 7(2) C | Ky, Vi ],. Also

C™*Y(M,E) — C"(My, E), ~+— Y|y, and
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C"Y(M,E) — C"(M1,E), 7~ 3",
are continuous linear mappings (see Remark 4.2 and Lemma 4.4), and the first of these

maps (2 into | Ky, Val,. Let p,: C"((Y x M), F) — C™(Q.,F), p.(n) := n|g. be the
restriction map. In view of (51) and the definition of 15, we have

b(7,7,0)(@, 2,9, 9,t) = o (7(7), " an), (3.3 57,), p) (2.2, 9.7, )

for (7,7,p) € A x C™(M,E) x P, (x,Z,y,7,t) € Q., showing that

Pz © 2/}|Q><C”“'*‘1(M,E)><P

is continuous on  x C™*(M, E) x P, which is a neighbourhood of (7o, 50, po). Thus, we
have achieved the following: given any z = (z¢, Zo, Yo, Jo, to) € (Y x M), we have found
an open neighbourhood @, of z in (Y x M)™M such that p, o1 is continuous at (o, Jo, po)-
In view of Lemma 4.6, this entails that v is continuous at (7o, J0, po), as desired.

Induction step on k.

Suppose the assertion of the lemma is correct for some k € Ny and all » € Ny. Let
o and f be given which satisfy the hypotheses of the lemma when k is replaced with
k+1. Then ¢: |K,U|, x C"(M,E) x P — C"(Y x M,F) is of class C§ (and thus
continuous), by induction. For all (v,%,p,n,7,¢,t) € (| K, U], x C"(M,E) x P)I'l C
|K,U|, x C"(M,E) x PxC"(M,E) x C"(M,E) x Hx K, we calculate

Ho(y + 0,7 + i, p + tq) — ¢(v,7,p)) (z, )
F(f (o (@), v (@) + tn(@),5(Z) + ti7(2), p + tq) — flo(2),7(2),7(Z), )
(o (@), 7(x),7(2),p), (0,n(x),7(2),q), ) (52)
for all z € Y and Z € M. On the open subset

WCNxUXExXEXExPxHxK

consisting of those (z,v, 2, 7, Z, p, ¢, t) such that (y, z,t) € UM and (p, ¢,t) € P, we define
a Cﬂ?‘(+k+1fl _ Cﬁq{rk—map

h:W—>F7 B<x7y727g’27p7Q7t) = f[l]((x’y7g’p)7 (072’27q)’ t)'
Motivated by (52), we consider the map

V: (|K, U], x C"(M, )~
W(v, %), (0,1,9), t)(z,Z) := h(o(x),v(2), n(z),7(Z),7(Z),p,q,t)
which extends @'l If we can show that ¢ is CE, then 1 is continuous and thus ¢ = ¢,

Thus ¢ will be of class C, with ¢!} =1 of class CE, entailing that ¢ is of class Cg™ (see
1.7), as required.
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Let A be the set of all relatively compact, non-empty, open subsets of Y. As a consequence
of Lemmas 1.15, 1.16, 4.6 and 4.12, the mapping v will be of class Cf if we can show that
pg o ¥ is of class CE for all Q € A, where pg: C"(Y x M, F) — C"(Q x M, F), po(7) :=
Y] oxaz- Here pg oy will be of class Cf if we can show that every (7o, 5o, Po, 7o; 7o, 9o, to) €

(|K,U], x C"(M, E) x P)1 has an open neighbourhood T such that (pg o )|z is of class
CE (see Lemma 1.12).

Case ty # 0: Then we can take T := (| K,U|, x C"(M, E) x P)M In fact, 1|7 = ¢!l (and
thus pg o ¥|7) is of class CE since so is ¢.

Case to = 0: In view of the compactness of v,(Q) C U and 1y(Q) C E, where Q denotes

the closure of @ in Y, there exist open neighbourhoods By of 7,(Q) in U, By of 1o(Q)
in £ and an open zero-neighbourhood By C K such that By + B3 - By C U and thus
By x By x By C UM, Shrinking Bs if necessary, we find open neighbourhoods By of py in
P and Bj of qo in H such that B, + Bs - B; C P and thus By x Bs x By C Pl Define
Uy =B xBy, CUxEand P, := ByxBsxBs C PxHxK. Then NxUyxExExP, CW,
and g := iL‘NXleEQXPl : N x Uy x E x P, — F is a mapping of class C;"™". We define

g:=go(olg xidy, xidz xidp): Q x U, ><F2><P1—>F.

By induction hypothesis, the mapping

— —2

D: L@? UlJr X CT(MaE ) X Pl - CT(Q X Ma F)7 (I)(’yvi/ap) = g(‘vp)*(,y X :Y)
is of class C, where |Q, U], C C"(M, E x E). Note that
0: (C"(M,E)x C"(M,E)x H?xK — C"(M,E x E) x C"(M,E x E) x H x H x K,
(v %274, t) = ((v:m), (3,7), P, ¢ 1)

is an isomorphism of topological K-vector spaces such that (o, %0, Po, 10, 7o, G0, to) € T :=
0-1(|Q, U1, x C"(M,E*) x P)N (LK, U], x C"(M, E) x P)!. To complete the proof, it
only remains to observe that pg o ¢|r = ® o QIGT(T is a mapping of class CE.

C Proof of Proposition 11.3

In the situation of Proposition 11.3, let H be a finite-dimensional K-vector space, and
P C H be open. If we can prove the following lemma, then apparently Proposition 11.3
will follow:

Lemma C.1 The mapping ©: C™™*(F x P,E) x C"(M,F) x P — C"(M, E),
O(v,n,p) :=y(e,p) on is of class Ck. If k > 1, then
O (v, p), (v, m, 1), )
= A((ep), (o1)s ) 0 (1,m) + 71 (e, 0+ tpr) © (0 + t1) (53)
fOT all ((%77717)7 (fylanlapl% t) S (Cr+k(F X P7 E) X CT<M7 F) X P)m
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Proof. As in the proof of Lemma 11.4, we may assume that k,r € Ny. The proof is by
induction on k.

The case k =0

We proceed by induction on r. If r = 0, then a trivial variation of the argument used in
the proof of Lemma 11.4 shows that © is continuous.

Induction step on r. Let r € N, and suppose that the lemma holds for £ = 0, when r is
replaced with » — 1. It then suffices to show continuity of © in the case where M is an
open subset of its modeling space Z. In fact, if M is a Cg-manifold, Lemma 4.12 entails
that © will be continuous if, for any chart k: U — V C Z of M, the map

h:C"(F x PE) x C"(M,F) x P — C"(V,E), h(y,n,p) :=0(y,n,p)or"
is continuous. But

h(y,m,p) = v(ep)o(nor™") = E(v,nor',p), (54)

where =: C"(Fx P,E)xC"(V,F)x P — C"(V, E), Z(7,0,p) := v(s,p) 00. Recall that the
pullback C"(M, F) — C"(V,F), n+— nor~ ' is continuous linear (Lemma 4.11). Thus (54)
shows that h will be continuous if = is continuous. Since V' is open in Z, this completes
the reduction step to the case where M is open in Z.

To complete the induction step on 7 in the case k£ = 0, by the preceding we may assume
now that M is an open subset of Z. The map ©: C"(Fx P, E)xC"(M,F)xP — C"(M, E)
is continuous as a map into C'(M, E), by the case r = 0 already settled. Hence, in view of
Remark 4.2 (b), © will be continuous if we can show that the map

C"(F x P,E)x C"(M,F)x P — C™ Y (MY E), (v,n,p) — O(y,n,p)!
is continuous, where

Oy, m,p)M(,y,1) = M ((n(2), p), (1M (2,9,1),0), 1) (55)
for all (x,y,t) € MU by the Chain Rule. By (55), we have

O(y,n.p)M =00 p, (nopr,n", pry), p) (56)
for all (y,7,p) in the domain of ©, where pr,: MY — M, (z,y,t) — x and pry: M — K,
(x,y,t) — t are the coordinate projections,

p: FU 5 P (Fx PY, pl(u,0,1), p) o= (), (0,0), 1)
is continuous linear, and ©: C"Y(FWx P, E) x Cr—(MW, Fl) x P — cmY (MU, E),

O(o,7,p) :=0(e,p)oT
is continuous by induction. Because the mapping C"(M, F) — C™"Y( MUY, F), n s nl
and both of the pullbacks C"(M,F) — C™ (MM F), n + nopr, and C"'(p, E) :
C'((F x P E) — O Y(Fl x P E) are continuous, we deduce from (56) that
(v,m,p) — O(, n,p)[l] is continuous. Hence so is ©.
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Induction step on k

Let £ € N, and suppose that the assertion of the lemma holds when £ is replaced with
k — 1, for all integers r € Ny. Let r € Ny. Given an element ((v,7,p), (71,m1,p1), t) €
(C™F(F x P,E) x C"(M, F) x P)M we calculate for x € M:

LO(y +ty,n+tn,p+tp) — O(v,n,p)) (z)
= %(7(77(55) + i (), p +tp1) — 7(77(90)71?)) + n(n(x) + tm(z),p + tpy)
= 7[1]((77(«75%?)’ (771(1’)7291)» t) + 71(77('73) + tm(?ﬁ)ap + tpl) . (57)

Thus Ol coincides with the restriction to (C™*(F x P,E) x C"(M, F) x P)'l of the
mapping g: (C"7*(F x P,E) x C"(M, F) x P)ll — C"(M, F),

g((v.mp), (yme, 1), 1) == O 0 p, (n,m), (p,p1,t)) + Oy, n + tny,p+ i), (58)
where p: F? x P — (F x P)U, p(u,v,p,p1,t) := ((u,p), (v,p1), t) is continuous linear
and ©: O™ (F2x P E) x O"(M, F?) x P — C"(M, E),

O(o, 7, (p,p1,t)) :=0(e, (p,p1,1)) 0T

is of class Cp ', by induction. Since © is Cf ! and hence continuous as a consequence
of the induction hypothesis, in order that © be CE, it only remains to show that g is of
class Cg! (then O = g, which also establishes (53)). Now, the second summand in (58)
clearly describes a C’H’z_l—map. Also the first summand is C’H]z_l, as pullbacks are continuous

linear and O is Cﬂlz_l. O

D Smoothness vs. weak smoothness over local fields

We vary a classical result of A. Grothendieck concerning mappings on open sets in R™:

Theorem D.1 Let K be a local field, E and F' be topological K-vector spaces, f: U — F
a map on an open subset of £, and k € Ny. If E is metrizable and F' is Mackey complete
and locally convex, then we have:

(a) If f is CF, then f is weakly C*, viz. Ao f is C* for each \ € F".
(b) If f is weakly C**1, then f is C*.
In particular, f is smooth if and only if f is weakly smooth.

Proof. (a) is a trivial consequence of the Chain Rule.

(b) If we can prove (b) in the special case where U = FE is finite-dimensional, then
for general f the composition f oy will be weakly C**! and thus C*, for every smooth
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map v: KF! — U. Hence f will be C* by [3, Thm. 12.4]. We may therefore assume that
U = E = K’ for some /. The proof is by induction on k.

Ifk=0and f: E =K’ — Fisweakly C!, let z € U and W C F be a 0-neighbourhood.
Define

B = {fflz,y,t):ye K,t e O\ {0}},
where O C K is the valuation ring, K a compact 0-neighbourhood in E, and fI*[(x,y,t) :=
t=Y(f(x +ty) — f(x)). Then A(B) C (Ao /) ({z} x K x Q) is compact and thus bounded,
for each A € F’, whence B is bounded in F' by [77, Thm. 4.21]. Thus there is t € O\ {0}
such that tB C W. Then f(y) — f(z) € tB C W for every y € x + tK. Hence f is
continuous at x.

Induction step. If k > 1 and f: E = K’ — F is weakly C**!, given z,y € E choose a
sequence (,)nen of pairwise distinct elements in @ \ {0} such that ¢, — 0. Set

B = {(t, — tm)’l(f]l[(:c,y,tm) — f]l[(a:,y,tn)) :n,m € N}.

Then A(B) = {(Ao /) ((z,y,t,), (0,0,1), t,, —t,): n,m € N} is contained in the compact
set (Ao f)B({x} x {y} xOx{(0,0,1)} x Q) and thus bounded, for each A\ € F’, whence B is
bounded by [77, Thm. 4.21]. Since f'(z, vy, tp) — 'z, y,tn) € (ty —t,) B, we deduce that
(12, y,t,))nen is a Mackey-Cauchy sequence in F' and thus convergent; we let g(z,y,0)
be its limit. Then A(g(x,%,0)) = lim, (A o f)(z,y,t,) = (X o f)(z,y,0) for each .
Furthermore, trivially A(g(z,y,t)) = (Ao f)M(x,y,t) for g(z,y,t) := t 1 (f(x +ty) — f(x))
for all (z,y,t) € E x E x K*. Thus Ao g = (Ao f)Mis CF for each )\, whence g is C*~*
(and thus C°), by induction. Hence f is O with fI! = g of class C*~!, whence f is C*. O

E Towards a p-adic analogue of Boman’s Theorem

Boman’s Theorem asserts that a mapping f: R®™ — R is smooth if and only if f o :
R — R is smooth for each smooth curve v: R — R (see [9, Thm.1]). As is well known,
this implies that a mapping f: U — F from an open subset U C E of a metrizable
real locally convex space F to a real locally convex space F' is smooth if and only if
f o~ is smooth for each smooth curve v: R — U (cf. [47, Thm.12.8]). It is natural
to ask whether versions of Boman’s theorem remain valid over arbitrary locally compact
topological fields, or at least in the p-adic case. A positive answer to this question (which is
still open) would be quite useful.?® In the present section, we show that, as in the real locally
convex case, the validity of Boman’s Theorem for functions K? — K entails its validity
for functions between open subsets of suitable topological vector spaces. Our main tools
are the exponential laws from Section 12, the adaptations of Grothendieck’s Theorem from
Appendix D, and the characterization of smooth maps on metrizable topological vector
spaces from [3, Thm. 12.4].

2For example, combining the results of this section and [26, Cor.4.3], this would entail that the ex-
ponential map of a smooth (not necessarily analytic) p-adic Banach-Lie group is automatically a C*°-
diffeomorphism. This would be an important step towards proving the conjecture that every smooth
p-adic Banach-Lie group admits a smoothly compatible p-adic analytic Lie group structure.
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Lemma E.1 Let K be the field of real numbers or an ultrametric field. Let A be one of
the following classes of topological K-vector spaces:

o The class of all topological K-vector spaces;

e The class of all sequentially complete topological K-vector spaces;

e The class of all Mackey complete topological K-vector spaces;

e The class of all locally convex topological K-vector spaces;

o The class of all sequentially complete, locally convex topological K-vector spaces; or:

e The class of all Mackey complete, locally convex topological K-vector spaces.

Suppose that Boman’s Theorem holds for mappings from K2 to topological vector spaces
in A, i.e., assume the validity of the following statement:

If f: K? — F is a map into a topological K-vector space F' € A, and fovy: K — F
is C for each CP-curve v: K — K2, then f is of class C°.

Then Boman’s Theorem holds for mappings f: U — F from open subsets U C E of metriz-
able topological K-vector spaces E to topological K-vector spaces F' € A, i.e., smoothness
of foy: K — F for each smooth curve v: K — U entails smoothness of f.

Proof. Assuming that the hypothesis of the lemma is correct, we first show by induc-
tion on n € N that Boman’s Theorem holds for mappings f: K" — F for all F' € A.
The case n = 1 is trivial, and the case n = 2 holds by the hypothesis of the lemma.
Thus, assume that n > 2 now, assume that Boman’s Theorem holds for functions on
K", and assume that f: K""' — F is a function into some F € A such that f o~
is smooth for each smooth curve v: K — K" Then f(z,.): K*! — F is smooth
along smooth curves, for any € K?, and thus f(z,.) is smooth, by induction. Therefore
VK2 — C®°(K"YF), fY(z) :== f(z,.) is correctly defined. By Proposition 12.6 (b),
the map f = (f¥)" will be smooth if fV is smooth. Since C*(K""!, F) € A by Proposi-
tion 4.19, fV will be smooth if f¥o~y: K — C°°(K"™!, F) is smooth for each smooth curve
v = (71,72): K — K2, by the hypothesis of the lemma. By Proposition 12.6 (b), fV o~ will
be smooth if g := (fY ov)": K" — F is smooth. Note that g(¢,y) = f(71(t),12(t),y) for
te K,y e K and thus (gon)(t) = f(vi(ni(t)), v2(m1(£)),m2(t), . . . ,ma(t)) is smooth for
each smooth curve n = (ny,...,n,): K — K", as f is smooth along smooth curves. Being
smooth along smooth curves, g: K* — F'is smooth, by the induction hypothesis. In view
of our reduction steps, this means that also f is smooth. This finishes the induction.

To complete the proof, let U be an open subset of a metrizable topological K-vector space,
F € Aand f: U — F be a mapping which is smooth along smooth curves. Then the
composition fon: K" — F' is smooth along smooth curves and hence smooth by what has
already been shown, for any n € N and smooth map n: K* — U. Hence f is smooth, by
[3, Thm. 12.4]. O
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Theorem E.2 Let K be a local field. Suppose that Boman’s Theorem holds for functions
from K? to K, i.e., assume the validity of the following statement:

If f: K* — K is a function such that fo~: K — K is C for each CF-curve
v: K — K2, then f is of class C.

Then Boman’s theorem holds for mappings f : U — F from open subsets U C E of
metrizable topological K-vector spaces E to Mackey complete, locally convex topological K-
vector spaces F', i.e., smoothness of fovy: K — F for each smooth curve v: K — U entails
smoothness of f.

Proof. Let A be the class of Mackey complete, locally convex topological K-vector spaces.
We only need to show that the present hypothesis entails the hypothesis of Lemma E.1.
To this end, let f: K2 — F be a map into a Mackey complete, locally convex topological
K-vector space which is smooth along each smooth curve. If A\: FF — K is a continuous
linear functional, then A o f : K?* — K is smooth along each smooth curve and hence
smooth, by the hypothesis of the present theorem. Thus f is weakly smooth and hence
smooth, by our analogue of Grothendieck’s Theorem (Theorem D.1). Thus, the hypothesis
of Lemma E.1 is verified. O

In the real case, we do have Boman’s Theorem available. Thus, we arrive at the conclusion:

Proposition E.3 Let E be a metrizable real topological vector space, U C E be an open
subset and F' a locally convex real topological vector space. Then a mapping f: U — F is
smooth if and only if f o~y is smooth for each smooth curve v: R — U.

Proof. We only need to verify the hypothesis of Lemma E.1 for K = R and the class A of
all locally convex, real topological vector spaces. Thus, suppose that f: R? — F is a map
into a real locally convex space which is smooth along smooth curves. Then Ao f: R? — R
is smooth along smooth curves and hence smooth by Boman’s Theorem [9, Thm. 1], for
each continuous linear functional A on the completion F' of F. Hence f: R?> — F is
weakly smooth and hence smooth, by Grothendieck’s classical theorem. For any n € N
and x,y € R? we have d"f(z,y,...,y) = ddt—ﬂtzof(x +ty) € F, as f is smooth along the
smooth curve R — R?, ¢ — x + ty. Hence d"f(x,.) has image in F, by polarization (cf.
[7, Thm. A]). Now, f: R? — F being a smooth map into F with im(d"f) C F for each
n € Ny, we deduce that f is smooth as a map into F', as required. O

Remark E.4 Note that E need not be locally convex in Proposition E.3, and that no
completeness properties whatever are presumed for E nor F. Therefore, the result is
slightly more general than the results in the literature (and those in the folklore).
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F Spaces of sections in vector bundles and mappings
between them

In this appendix, we define bundles of topological vector spaces, topologize their spaces of
sections, and study differentiability properties of mappings between open subsets of spaces
of sections.

In the following, K denotes an arbitrary topological field. Additional properties of K (local
compactness) will be spelt out explicitly where they are needed. Unless specified otherwise,
r € Ny U {oo}.

Definition F.1 Let M be a Cg-manifold, modeled on a topological K-vector space Z, and
F be a topological K-vector space. A Ci-vector bundle over M, with typical fibre F, is a
Ck-manifold E, together with a Cg-surjection 7: £ — M and equipped with a K-vector
space structure on each fibre £, := 7! ({x}), such that for each zyp € M, there exists an
open neighbourhood My, of zy in M and a Cg-diffeomorphism

Y (My) — My x F

(called a “local trivialization of E about ") such that ¢ (E,) = {x} x F for each x € M,
and prp o ¥|g, : £, — F is K-linear (and thus an isomorphism of topological K-vector
spaces with respect to the topology on E, induced by E), where prp: My x F' — F' is the
projection on the second coordinate.

Remark F.2 In the situation of Definition F.1, suppose we are given two local trivial-
izations ¢ : 1 (My) — My, x F and ¢: 71 (My) — M, x F. Then ¢(¢ ! (x,v)) =
(2, gpp(x).v) for some function gy : My N My — GL(F) C L(F, F) (the space of contin-
uous linear self-maps), and Gy : (My N My) X F — F, (2,v) — ggy(x).v is a Cg-map
(since ¢ 0971 is s0).

Definition F.3 A Cg-section of a Cg-vector bundle 7: E — M is a Cg-map 0: M — E
such that m o 0 = idys. Its support supp(o) is the closure of {x € M : o(x) # 0,}. We
let C"(M, E) be the set of all Cg-sections in E. If K is locally compact and M is finite-
dimensional, we let C (M, E) be the set of all Cf-sections with support contained in a
given compact subset K C M.

Making use of scalar multiplication and addition in the individual fibres, we obtain natural
vector space structures on C"(M, E) and Cj (M, E). The zero-element is the zero-section
0 M —-FE, z— 0, € E,.

Definition F.4 If m: ' — M is a Cg-vector bundle with typical fibre F', 0: M — E a Ck-
section, and ¢: 7= (My) — My X F a local trivialization, we define oy := prpoto ol
My — F. Thus ¥(o(x)) = (z,04(z)) for all x € M,.

Note that o, is a mapping of class Cy here. The symbols g4, Ggp, and oy will always
be used with the meanings just described, without further explanation.
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Definition F.5 If 7: E — M is a vector bundle and A a set of local trivializations v of E
whose domains cover E, then we call A an atlas of local trivializations.

Lemma F.6 If 7: E — M is a Cg-vector bundle with typical fibre F', and A an atlas of
local trivializations for E, then

I Cr(Mv E) - H CT(vaF)v 0= (G¢)¢EA
PeA

15 an injection, whose image s the closed vector subspace

H = {(fs) € [[ C"(My, F): (¥,0 € A, ¥z € My My) fo(w) = gop(2). fy() }
PeA

Of H’[ljeA CT(MIXM F)

Proof. It is obvious that imI" C H, and clearly I' is injective. If now (fy)ypea € H,
we define o: M — F via o(z) := ¢ Yz, fy(x)) if * € My. By definition of H, o(x) is
independent of the choice of ¥. As ¢ o |y, = (idpy,, fy), the mapping 0 : M — E is
of class Ci. Thus o is a Cg-section, and I'(0) = (fy)ypea by definition of 0. We deduce
that imI' = H. The closedness of H follows from the continuity of the point evaluations
C"(My,F) — F, v v(x) for x € M,. O

Definition F.7 Let 7: E — M be a Cg-vector bundle, with typical fibre F', and A be
the atlas of all local trivializations of E. We give C"(M, E) the vector topology making
the linear mapping

T:C" (M, E) = [[ C"(My, F), o~ (04)ueca
PpeA

a topological embedding.

By the preceding definition, the topology on C"(M, E) is initial with respect to the family
(0y)vea, where 02 C"(M, E) — C"(My, F), 0 = o,

Remark F.8 In the situation of Definition F.7, assume that K is R, C or an ultrametric
field, and assume that F' is locally convex. Then C"(M,, F') is locally convex for each
¥ € A, by Proposition 4.19 (b). Hence also C"(M, E) is locally convex.

It suffices to work with any atlas of local trivializations.

Lemma F.9 The topology on C" (M, E) described in Definition F.7 is initial with respect
to (0y)pen, for any atlas B C A of local trivializations for E.
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Proof. We let O be the initial topology on C"(M, E) with respect to (6y)pep, which
apparently is coarser than initial topology with respect to (6y)pea. Fix alocal trivialization
¢ € A. Then {MyN M,y : 1 € B} is an open cover for M. In view of Lemma 4.12, the
map 6, will be continuous on (C"(M, E), O) if the map (C"(M, E),O) — C"(M,NMy, F),
0+ 04(0)|ar,nn, is continuous for all ¢ € B. But, with G4 as in Remark F.2, the latter
mapping is the composition of (Gyy)s: C"(My N My, F') — C"(My N My, F) (which is
continuous by Proposition 4.16) and C"(M, E) — C"(My N My, F), 0 = 04(0)|sm,nm,
which is continuous by Lemma 4.11. Thus, 6, being continuous on (C"(M, E), O) for each
¢ € A, the topology O is finer than the initial topology with respect to the family (6,)sc4,
which completes the proof. O

Definition F.10 Suppose that m: £y — M and my: Ey — M are Cg-vector bundles over
the same base, with typical fibres F} and F3, respectively. A mapping f: U — FEs, defined
on an open subset U of Ey, is called a bundle map if it preserves fibres, i.e., f(UN(E}),) C
(Ey), for all z € M. Then, given local trivializations v : 7, '(M,) — M, x F; and
¢: my ' (My) — My x Fy of Ey, resp., Ey, we have

(W (@, v))) = (z, fou(z,v))

for all (z,v) € Uy := (U N Eilnynm,) S (My N My) x Iy, for a uniquely determined

mapplng
f¢7wi U¢7w — F2 .

Theorem F.11 Let r,k € NgU {oo}, M be a (not necessarily finite-dimensional) Cg™"-
manifold and 7 : By — M, my: Ey — M be Cgrk-vector bundles over M, whose typical
fibres Fy, resp., Fy are arbitrary topological K-vector spaces. Then the following holds:

(a) If H is a topological K-vector space, P C H an open subset and f: By Xx P — E5 a
C’H?k—map such that f, = f(e,p): E1 — E5 is a bundle map, for each p € P, then

©: C"(M, Ey) x P — C"(M, Ey),  O(o,p) := C"(M, f,)(0) = f(s,p) 00
is a CE-map.
(b) If f: By — Ey is a bundle map of class Ci™*, then
C"(M,f): C"(M,E,) - C"(M,E;), o+ foo
is a mapping of class Ck.

Proof. (b) directly follows from (a) by taking P := H := {0}. It thus suffices to prove (a).
We let (U;);jes be an open cover of M such that for every j € J, there are local trivializations

TNU) — Uy x By and ¢ @ w3 ' (U;) — U; x Fy. For each j € J, the mapping
h;: U] X Fy x P — Fy, hij(z,y,p) := (fp)%%(m,y) is Cx™. We have

3i(0(0) = ((fp)s;w;)x(as(@)) = hy(e,;p)<(;(0))

)
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for all p € P and 0 € C"(M, Ey), where aj : C"(M, Ey) — C"(Uj, F1), 0 + oy, and
B;: CT(M, Ey) — C"(Uj, Fy), 0 — 04, are continuous linear maps. By Proposition 4.16,
the map C"(U;, F1) x P — C"(Uj, Fy), (7,p) +— h(e,p)+(7) is C&. In view of Lemma F.6
and Lemma F.9, Lemma 1.15 shows that © is of class C¥. O

The most interesting cases of Theorem F.11 are (i) r = k = oo; (ii) r € Ng U {o0}, k = 0.

To illustrate the results, we show that spaces of sections are topological modules over the
corresponding function algebras. Recall the notion of (Whitney) sums of vector bundles:

F.12 If w;: E; — M are Cg-vector bundles with fibre F; for j € {1,2}, over the same
base M, then By ® Ey := J, ¢, (E1)z X (E2), is a C"-vector bundle over M in a natural way,

with projection 7: Ey®Ey — M, v zifv € (E), X (E2),. Let ¢;: 7rj_1(M¢j) — My, x Fj

be local trivializations of E; for j € {1,2}, and My, a4, := My, N My,. Then
¢1 ® ¢2: 7T_1<M¢1€B¢2) - M¢1€B¢2 X (Fl X FZ);

(1 ® ¢2)(v,w) == (z,pry, (¢1(v)), pry, (P2(w))) for (v,w) € (£1)y X (E2)g, is a local trivi-
alization of Fy @ Fs. It is easy to see that the linear mapping

C" (M, Ey) x C"(M, Ey) — C"(M, By ® Ey), (01,02) — (v (01(7), 02(7)))
is an isomorphism of topological K-vector spaces.

As an immediate consequence of Theorem F.11, we have:

Corollary F.13 Let K be a topological field and m: E — M be a C-vector bundle, whose
fibre is a topological K-vector space F. Then C"(M, E) is a topological C"(M,K)-module.

Proof. The function space C"(M,K) can be identified with the space C"(M, M x K) of
Cg-sections of the trivial bundle pry: M x K — M with fibre K (cf. Lemma F.9). Thus
C"(M,K)xC"(M,E) = C"(M,(M xK)® E). Using this identification, the multiplication
map C"(M,K) x C"(M, E) — C"(M, E) has the form

(M, p): C"(M,(M x K) & E) — C"(M, E),

where p: (M x K) @ E — E is the bundle map defined via u((x,z2),v) == zv € E,
(scalar multiplication) for all x € M, z € K, and v € E,. Given any local trivialization
Y (My) — My x F of E, using the global trivialization ¢ :=id: M x K — M x K
we have py ey (T, 2,v) = zv € F, for all (z,z,v) € M, x K x F, showing that the map
P gy s My xKx F'— Fis of class Ck. Thus p is a Cg-bundle map. By Theorem F.11 (b)
(applied with k& = 0), C"(M, p) is continuous. O

If 7: E — M is a Cg-vector bundle and U an open subset of M, then 7r|%|U :Elg = U
makes the open submanifold E|y := 7~ 1(U) of E a Ck-vector bundle over the base U.
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Definition F.14 Let K be a locally compact topological field, 7: E — M be a Cg-vector
bundle over a finite-dimensional Cg-manifold M, and K C M be compact. We equip
C% (M, E) with the topology induced by C"(M, E).

Lemma F.15 Let 1 : E — M be a Cg-vector bundle over a finite-dimensional Cy-
manifold M, and U be an open subset of M. Then the following holds:

(a) The restriction map C"(M,E) — C"(U, E|y), 0 — o|y is continuous.

(b) Assume that K is locally compact, M a finite-dimensional C-manifold and K C U
a compact subset. Then the restriction map py : Cj(M,E) — Cy (U, E|y) is an
isomorphism of topological vector spaces.

Proof. (a) Since every local trivialization of E|y also is a local trivialization of F, Part (a)
is apparent from the definition of the topologies.

(b) As a consequence of (a), also py is continuous. Apparently, it is a linear bijection.
To see that py is an isomorphism of topological vector spaces, we let Ag be an atlas of local
trivializations for F|y\ k, and A; be an atlas for E|y. Then the topology on Cy (U, E|y) is
initial with respect to the family of mappings Qg: Cr(U,E|ly) — C"(My, F), 0 — oy, for
¢ € A;. Furthermore, by Lemma F.9, the topology on C}- (M, E) is initial with respect to
family of mappings 03)4 : Cp(M,E) — C"(My, F) for ¢ € Ay U A; (defined analogously).
As Hg opy = HIJX[ for all 1 € A; and 0 = 0 for all 1) € Ay, the assertion easily follows. O

A variant of Lemma 4.12 (and Lemma F.6) will be needed.

Lemma F.16 Let m: E — M be a Ci-vector bundle, and (U;);cr be an open cover of M.
For each i € 1, let p;: C"(M,E) — C"(U;, E|v,) be the restriction map. Then

pi=(picr: C"(M,E) = [[C"(Wi. Elv,) . plo) == (ol )ies

iel
15 a topological embedding, with closed image.

Proof. Each p; being continuous by Lemma F.15 (a), also p is continuous. To see that p
is an embedding, consider the set A of all local trivializations 1 : El|y, — My X F of E
such My, C U; for some i € I; here F is the typical fibre of . Then A is an atlas of local
trivializations for F, and the topology on C"(M, E) is initial with respect to the family
(0y)pea of the maps 0,: C"(M,E) — C"(My, F), 04(0) := oy (Lemma F.9). If M, C U;,
then 0y(0) = oy = (0|v,)y = (pi(0)), shows that 6, is continuous with respect to the
topology induced by p on C"(M, E). As a consequence, p is a topological embedding. To
complete the proof, note that

H = {(Ui)iel € HCT(Ui,E|Ui)¢ (Vi,j € 1) oiluiny; = Uj|UmUj}

el
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is closed in [[,.; C"(Us, Ely,), the restriction maps C"(U;, Ely,) — C™(U; N Uy, Ely,nu;)
being continuous (Lemma F.15 (a)). Clearly im(p) C H. If, conversely, (0;);c; € H, then
o(z) := o;(z) if z € U; gives a well-defined section o: M — E. Clearly 0 € C"(M, FE) and
p(0) = (04)ier- Thus im(p) = H is closed. O

Definition F.17 Let K be a locally compact topological field, M be a paracompact C-
manifold modeled on a finite-dimensional K-vector space Z, and m: £ — M be a Cg-vector
bundle with fibre an arbitrary (Hausdorff, not necessarily locally convex) topological K-
vector space F. Then the set

CI(M,E):={0 € C"(M,E): supp(o) is compact }

of compactly supported Cf-sections is a K-vector subspace of C"(M, E), and CI(M, E) =
Ukexan Ck(M, E), where K(M) denotes the set of all compact subsets of M. In the
following, we consider three vector topologies on C7 (M, E):

(a) We write C7 (M, E)s for CT (M, E), equipped with the finest (a priori not necessarily
Hausdorff) vector topology making the inclusion maps Ag: Cx (M, E) — CL(M, E)
continuous for each compact subset X' C M. Thus C! (M, E)tws = lim C (M, E) in
the category of not necessarily Hausdorff topological K-vector spaces?md continuous
K-linear maps.

(b) If F is locally convex, we write CI (M, E)x for CI (M, E), equipped with the finest (a
priori not necessarily Hausdorff) locally convex vector topology making the inclusion
maps A\x : C (M, E) — CI(M, E) continuous for each compact subset X' C M. Thus
Cl(M, E)ex = limCpi (M, E) in the category of not necessarily Hausdorff, locally
convex topological K-vector spaces and continuous K-linear maps.

(c) As M is paracompact and locally compact, there exists a locally finite cover U =
(U;)ier of M by relatively compact, open subsets U; C M. We define

pu: CL(M,E) — P C"(U,, E v iel

iel
where p; : CI(M,E) — C"(U;, E|y,) is the restriction map for i« € I. We write
CH(M, E)pox for CI (M, E), equipped with the topology O induced by p, where the

direct sum is endowed with the box topology.

v)r pulo) = (pi(0))ier = (o

Lemma F.18 In the situation of Definition F.17(c), assume that both U = (U;);e; and
V = (V}),es are locally finite covers of M by relatively compact open sets. Then Oy = Oy.
In other words, the boz topology on C%L(M, E) is independent of the choice of U.

Proof. The topologies Oy and Oy are induced by py: CL(M,E) — @,.; C"(U;, E|v,),
Pu(U) = (U|Ui)iEI and Py - Cg<M7 E) - @jeJ CT(V77E|V7)7 pV<U> = (U|‘/j)j6Ja respec-
tively. Using Lemma F.16 instead of Lemma 4.12, we can repeat the proof of Lemma 8.10
verbatim to get the desired result. O
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Proposition F.19 Let M be a paracompact, finite-dimensional Cg-manifold over a locally
compact topological field K. Let m: E — M be a Cg-vector bundle over M, with typical
fibre a topological K-vector space F'. Then the following holds:

(a)

(f)

The box topology on CL(M, E)vex s Hausdorff. For every locally finite cover U =
(U)ier of M by relatively compact, open subsets U; C M, the map

Pu - CZ(M, E)box — @ CT(UZ‘, E

icl

v),  pulo) = (olu,)ier

has closed image, and py|™*¥ is an isomorphism of topological vector spaces. The
inclusion map CL(M, E)pox — C"(M, E) is continuous. If F' is locally convez, then
CT(M, E)pox 18 locally conver.

The inclusion map Ak : Cp(M,E) — CIL(M, E)pox is continuous and induces the
given topology on C (M, E), for each compact subset K C M.

The map ®: CL(M, E)yys — CL(M, E)pox, P(7) := v is continuous. Thus CL(M, E) s
is Hausdorff and induces the given topology on each Cy (M, E). If K # C and M is
o-compact, then ® is an isomorphism of topological K-vector spaces.

If F is locally convex, then W: CL(M, E)ex — CL(M, E)pox, V() := 7 is continuous.
Hence CL(M, E)iex is Hausdorff and induces the given topology on each Cp (M, E).
If K # C and M is o-compact, then ¥ is an isomorphism of topological K-vector
spaces.

If K is a local field and U = (U;)ier is a cover of M by mutually disjoint, compact
open sets (cf. Lemma 8.3 (b)), then

Pu - CZ(M, E)box — @ CT(UZ', E

iel

v)y  pulo) = (olu,)ier

s an isomorphism of topological vector spaces onto the direct sum, equipped with the
box topology.

If K is a local field and F' s locally convex, then V is an isomorphism of topological
K-vector spaces, i.e., CL(M, E)ex = CL(M, E)pox.

In particular, CL (M, E)pox = CL(M, E)s = CL(M, E)x if K # C and M is o-compact.

Proof. (a) Using Lemma F.16 instead of Lemma 4.12 and Remark F.8 instead of Propo-
sition 4.19 (b), the proof of Proposition 8.13 (a) carries over.

(b) Using Lemma F.15(b) and Lemma F.16 instead of Lemma 4.24 and Lemma 4.12,
respectively, the proof of Proposition 8.13 (b) can be repeated verbatim.
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(c) Note that, C"(U;, E|y,) being a topological C”(U;, K)-module (Corollary F.13), the
multiplication operator my,: C"(U;, E|y,) — C"(M, E|y,), mp(o)(x) := h(z)o(z) is contin-
uous, for each i € I and h € C"(U;, K). The assertion therefore follows along the lines of the
proof of Proposition 8.13 (¢) (with F := K), using Lemma F.15 (b) instead of Lemma 4.24.

(d) We argue as in the proof of Proposition 8.13 (d).

(e) We argue as in the proof of Proposition 8.13 (e), taking F := K.

(f) Using Lemma F.15 (b) instead of Lemma 4.24, we can proceed as in the proof of
Proposition 8.13 (e) (taking F := K). O

Throughout the following, spaces of compactly supported sections in vector bundles will
always be equipped with the box topology. We abbreviate C% (M, E) := CL(M, E)pox.

Remark F.20 If K =R, M is o-compact and the fibre F' is locally convex, then the box
topology on C% (M, E) coincides with the locally convex topology traditionally considered

on this space of compactly supported sections, as a consequence of Proposition F.19 (d)
and Proposition 4.19 (d).

Remark F.21 Let M be a paracompact, finite-dimensional Cg-manifold over a locally
compact field K (where r € Ny U {o0}), and 7: E — M be a Cg-vector bundle, with
fibre an arbitrary topological K-vector space. Let (U;);c; be a locally finite cover of M by
relatively compact, open subsets U; C M and p;: CL(M,E) — C"(U;, E|v,), pi(0) :==0
be the restriction map for ¢ € I. Then

(CZ(M7 E)’ (pi)iel)

is a patched topological vector space, by Proposition F.19 (a).

U;

The Q2-Lemma with Parameters

In the following, we prove generalizations of the so-called “Q-Lemma” (see [57, Thm.8.7]),
formulated in [57] for mappings between subsets of spaces of compactly supported smooth
sections in finite-dimensional real vector bundles. An essential ingredient of the proof will
be a version of Proposition 8.21 for functions depending on parameters.

Lemma F.22 Let K be a locally compact topological field and 7: E — M be a Cg-vector
bundle over a paracompact, finite-dimensional Cg-manifold M. Let 2 C E be an open
subset. Then

CL(M,Q) == {oceC/(M,E): c(M) CQ}

is an open (possibly empty) subset of CL(M, E).

Proof. The present proof is not the shortest one; it is stated as follows because in exactly
this form it can be re-used to prove Theorem F.23.

Let 0 € C7(M,Q). Using the paracompactness and local compactness of M, we find
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locally finite covers (Us)ier and (M;);er of M by relatively compact, open sets such that
K; := U; C M; and E|yy, is a trivial vector bundle, for each i € 1.2 Let ¢;: E|p, — M;x F
be a trivialization of E|,;,, where F' is the typical fibre of E. Then

k: CI(M,E) — GB C"(M;, F), k(1) := (Ty,)ier = ((T|Mi)wi)iel

iel

is a topological embedding, by definition of the box topology on C% (M, E') and Lemma F.9.
For each i € I, the set €; :=1;(2N E|yy,) is an open neighbourhood of the compact subset
{(z,04,(x)): x € K;} of M; x F'. Since oy, is continuous, a standard compactness argument
provides finite families (U; ;) ey, and (M, ;),es, of relatively compact, open subsets M, ; C
M, and relatively compact, open subsets U; ; C M, ; such that K; C |J._, U;;, and open
O-neighbourhoods W; ; C F' such that

Jj€J;

M; ;X (0y,(M; ;) +W,; ;) T for each i € I and j € J;. (59)

Set L = {(’l,j) 1 E [, j € Jl} After replacing I by L, (U'i)'iel by (Ui,j)(i,j)€L7 (Mi)iel by
(M; )¢ jyer, and (¥;)ier by (wi|E|Mij>(i,j)€La instead of (59) we may assume without loss of
generality that there exist open 0-neighbourhoods W; C F' such that

M; x (oy,(M;) + Wi) € Q; (60)

for each i € I. Then V; := oy,(K;) + W; is an open neighbourhood of o,,(K;) in F, for
each i € I, and it is a O-neighbourhood in F' for all but finitely many i. Then | K;,V; |, :=
{v e C"(M;, F): v(K;) CV;} is an open subset of C"(M;, F') and

Vo= k! (@ LKZ»,VUT)

i€l

is an open neighbourhood of ¢ in C7 (M, E). Since (K;);es is a cover of M, we deduce from
(60) that V' C CZ(M, ). Thus C7(M, ) is a neighbourhood of o. O

Theorem F.23 (2-Lemma with Parameters) Let K be a locally compact topological
field and r,k € NgU{oo}. Let mi: By — M and mo: Ey — M be Cﬁk—vector bundles over
the same paracompact, finite-dimensional C’ﬁyk—mamfold M, whose fibres Iy, resp., Fs are
arbitrary topological K-vector spaces. Let P C Z be an open subset of a finite-dimensional
K-vector space Z, Q2 C Ey be an open subset, and

f:QXP—)EQ

26Every o € M has a relatively compact open neighbourhood @, such that E|q, is trivial; let P, be an
open neighbourhood of z such that P, C Q.. Since M is paracompact, there exists a locally finite open
cover (U;);er subordinate to (Py)zenr- Then U; C P, for some x; € M, whence U is relatively compact.
By Lemma 8.5, there exists a locally finite cover (ﬁi)ie 1 of M by relatively compact open sets such that
U, C U, for each i. We define M; := U; N Q.,;; then (U;);er and (M;);cr have the desired properties.
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be a mapping of class C’{{rk such that f, = f(e,p): Q@ — Ey is a bundle map, for each
p € P. We assume that there exists a compact subset K C M such that 0, € Q for each
x € M\ K, and f(0,,p) = 0, for each x € M\ K and p € P (using the same symbol 0,
for the 0-section of Ey and Es, resp.) Then the mapping

¢: CL(M,Q) x P— Cl(M,Es), ¢(o,p):=fo0
is CE. In particular, if k = r = oo, then ¢: C*(M,Q) x P — C>*(M, Es) is smooth.
Proof. Note first that for ¢ € C7 (M, Q) and p € P, we have

supp(¢(a,p)) € K U supp(o).

Hence ¢(o, p) is indeed compactly supported, and thus im(¢) C C7(M, Es). To see that ¢
is of class CE, we now fix 0 € C7(M, Q). We let (Uy)icr, (My)icr, (Vi)icr, (Ki)ier, (Vi)ier,
k: CL(M,Ey) — @,c; C"(M;, Fr), k(1) := (Ty,)ier and V := &' (P,; | K;, Vi)r) be as
in the proof of Lemma F.22 (applied with F := E; and F := F}). Because we can choose
each @), so small that also Es|g, is trivial in the proof of Lemma F.22, we may assume
without loss of generality that also Fs|yy, is trivial, for each i € I. Let ¢;: Ea|p, — M; x Fy

be a trivialization. Abbreviate w; := ¢; %QTUFQ Esly, — U; X Fy. Then

Ky CL(M, Ey) — @ C"(Ui, Fy),  ka(T) = (1w )ier = ((7

i€l

Ui)wi)iej

is a topological embedding onto a closed vector subspace, as a consequence of Proposi-
tion F.19 (a) and Lemma F.9. For each i € I, the map

fit MixVix P —Fy,  fi(z,y,p) = pra(¢i(f (7 (2,9),p)))

is of class C’f{“k , Where pry: M; x Fy — F5 is the second coordinate projection. Hence, by
Proposition 4.23 (a), the map

g+ | K, Vily x P— C"(Uy, Fy),  gi(v,p)(x) = fi(z,v(x),p)

is of class Ck, where |K;,Vi], == {y € C"(M;, F}) : v(K;) C V;}. Furthermore, 0 €
| K;, Vi ], and ¢;(0,p) = 0 whenever M; N (K Usupp(c)) = (), which is the case for all but
finitely many ¢ € I. Hence, by Proposition 6.10, the map

g: (@ LKz-,ViJr> x P — P C (U, F), g(Z%,p) = 9:(7:p)

iel icl il icl
is of class C%. Since the diagram

K|V Xidp
—

Ci(M,Q)xP 2  VxP (D LK Vi) x P
blvxp | lg
Ci(M,Ey) =5 Dic; C"(Us, Fy)
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commutes and ko is an embedding of topological vector spaces with closed image, we
deduce with Lemma 1.15 that ¢|y«p is Ck on the open neighbourhood V x P of {o} x P
in C7(M,Q) x P. As o was arbitrary, ¢ is Ck. O

Specializing to a singleton set of parameters, we obtain:

Corollary F.24 (Q2-Lemma) Let K be a locally compact topological field and r k €
NoU{oc}. Let m: Ey — M and mp: Es — M be C’Qk—vector bundles over the same
paracompact, finite-dimensional C’H?rk—mamfold M, whose fibres Fy, resp., Fy are arbitrary
topological K-vector spaces. Let 0 C Ey be an open neighbourhood of the image of a sec-
tion oo € CT(M, Ey), and f: Q — Ey be a bundle map of class Cx™*, such that f o oy has
compact support. Then the map

6: CI(M,Q) — CI(M, By), 6(0) = foo
is of class C¥. O
Remark F.25 The following special cases of Corollary F.24 are of particular interest:
(a) If k =17 = oo, then C°(M, f): CX(M,Q) — C°(M, Ey), 0 — f oo is smooth.
(b) If r € Ny and k = 0, then C7 (M, f): CL(M,Q) — CI(M, Ey), 0 — foo is continuous.

To illustrate the results, let us prove that spaces of compactly supported sections are
topological modules over the corresponding test function algebras. First, we observe:

F.26 If K is locally compact and the manifold M is finite-dimensional and paracompact
in the situation of F.12, then apparently also the linear mapping

CZ(M, El) X CZ(M, Eg) — CZ(M7 E1 D EQ), (0'17 0'2) — (ZL’ — (0'1(1‘), O'Q(ZL‘)))
is an isomorphism of topological K-vector spaces.
As an immediate consequence of Theorem F.11 and Corollary F.24, we now obtain:

Corollary F.27 Let K be a locally compact topological field, M be a paracompact, finite-
dimensional Cg-manifold, and m: E — M be a Cy-vector bundle, whose fibre is a topolog-
ical K-vector space F. Then CL(M, E) is a topological CL(M,K)-module.

Proof. The proof of Corollary F.13 carries over verbatim, using Corollary F.24 and F.26
instead of Theorem F.11 (b) and F.12. O

Remark F.28 If A is an associative topological K-algebra and M a Cg-manifold, we
define a bundle of topological A-modules as a Cg-vector bundle m: E' — M whose typical
fibre F' is a topological A-module, and equipped with an atlas A of local trivializations
such that im(gy ) consists of topological A-module automorphisms of F, for all ¢, € A.
In this case, we see as in the proof of Corollary F.13 that C"(M, E) is a topological
C"(M, A)-module (under pointwise operations). If K is locally compact and M is finite-
dimensional and paracompact, then C% (M, E) is a topological C (M, A)-module (cf. proof
of Corollary F.27).
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Almost local mappings between spaces of compactly supported sections

Our considerations from Section 10 carry over directly to the case of mappings between
spaces of compactly supported sections in vector bundles (equipped with the box topology).
Compare the earlier works [32] and [33] for a discussion of the real locally convex case,
based on the locally convex direct limit topology on spaces of compactly supported sections.

Definition F.29 Let K be the field of real numbers or a local field. Given r,s, k €
No U {oo}, let my: By — M be a Cg-vector bundle over a paracompact, finite-dimensional
Cg-manifold M, with fibre an arbitrary topological K-vector space Fy. Let my: Ey — N
be a Ci-vector bundle over a paracompact, finite-dimensional Cz-manifold N, with fibre
an arbitrary topological K-vector space Fy. Finally, let f: P — C$(N, E3) be a mapping,
defined on an open subset P C C% (M, E).

(a) fis called almost local if there exist locally finite covers (U;);e; of M and (V;);er of N
by relatively compact, open sets such that, for all i € [ and 0,7 € P with 0|y, = 7

we have f(o)|y, = f(7)

(b) f is called locally almost local if every o € P has an open neighbourhood @ C P
such that f|g is almost local.

U;»

Vi-

(c) In the special case where M = N, we call f: P — C%(M, E3) a local mapping if, for
all x € M and o € P, the element f(c)(z) only depends on the germ of o at z.%"

It is easy to see that every local mapping is almost local.

Theorem F.30 (Smoothness Theorem) Let f: CI(M,E;) O P — C2(N, Es) be a map
as described in Definition ¥.29. If fr = f|me;((M7E1) is of class C% for every compact
subset K C M and f is locally almost local, then f is of class CE.

Proof. Given o € P, there exists an open neighbourhood @ of ¢ in P such that f|g is
almost local. As o was arbitrary, the assertion will follow if we can show that f|y is of
class C% for some open neighbourhood W of ¢ in Q. To this end, it suffices to show that
the mapping g: Q — o — C*(N, Ey), g(1) := f(oc + 1) — f(0) is of class C¥ on some
open zero-neighbourhood. As f|g is almost local, we find locally finite covers (U;);e; of M
and (V;);er of N, with each U; and V; relatively compact and open, such that f(7)|y, only
depends on 7|y, for all 7 € Q. Then apparently also g(7)|y, = g(k)|y, forall T,k € Q — 0
such that 7|y, = k|y,, showing that also g is almost local. Furthermore, given a compact
subset K C M, the map g|(Q,,,)mC;<(M,E1) is of class C’]ﬁ, since so is the restriction of f to
QNCY M, Ey). We abbreviate R := @ — 0.

usupp(o) (

Next, we pick a locally finite open cover ((71')1-61 of M such that U; C (71 holds for the
compact closures, for all ¢ € I; such a “thickening” exists by Lemma 8.5. For each 7 € I,

2TMore precisely, we require f(o)(x) = f(7)(z) for all x € M and 0,7 € P with the same germ at x.
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we pick a mapping h; € Cr(ﬁi,K), with compact support K; := supp(h;), which is con-
stantly 1 on U; (see Lemma 8.8 if K is a local field; the real case is standard).

By Remark F.21, the family (p;);cs of restriction maps p; : CL(M,E,) — CT([Z-,EHE_)
is a patchwork for C7 (M, E;). We let p: CL(M, Ey) — @D, C’T(ZZ,Ellﬁi) =: S be the

corresponding embedding taking 7 to Y., pi(7). Similarly, the family (&;)es of restriction
maps §;: C2(N, Ey) — C*°(V;, Esv;) is a patchwork for C3(N, Ey).

The mapping p being a topological embedding, we find an open 0-neighbourhood H C S
such that p~'(H) C R. The direct sum being equipped with the box topology, after shrink-
ing H we may assume that H = @, ; A; for a family (A;);c; of open 0-neighbourhoods
A; C C"(Ui, Bl ). As a consequence of Corollary F.13, the multiplication operator
i, C"(ﬁi,Eﬂﬁi) — C}{Z_((Z,Eﬂa), T + h; - 7 is continuous linear. Hence, we find an
open zero-neighbourhood W; C A; such that h; - W; C R, where we identify C' [7;1((71, E1|(71_)
with Cg (M, E1) as a topological K-vector space in the natural way, extending sections
by 0 (cf. Lemma F.15 (b)). Then W := p~*(@D,c; Wi) C R is an open zero-neighbourhood
in CI (M, Ey) such that p;(W) C W; for each i € I. We define

g;-: W, — CS(Vz‘; Es

v)s i =& 0 glrncy (g © Hnlw, -

Then g; is of class C¥, being a composition of Ck-maps. Note that &(g(7)) = g(7)|v, =
g(hi - 7)|v; = gi(7|g,) for each 7 € W and i € I. Thus (g;)ier is compatible with gl in the
sense of Definition 8.20. We have shown that g|y is a patched mapping which is of class
CE on the patches. By Proposition 8.21, g|w is of class CE. a
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