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Abstract

A class of explicit stochastic Runge-Kutta methods for non-autonomous Ito stochas-
tic differential equation systems w.r.t. a one-dimensional Wiener process is devel-
oped. General conditions for the coefficients of stochastic Runge-Kutta schemes
ensuring convergence with order two in the weak sense are derived. As a solution
of these conditions, coefficients for new stochastic Runge-Kutta schemes with three
stages are given explicitly. Some results of a simulation study reveal their good
performance in comparison with some other known schemes.
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1 Introduction

In many disciplines like engineering, physical sciences or mathematical finance,
dynamical systems disturbed by random effects are studied. Thus, in recent
years there has been an increasing interest in modelling stochastic dynamical
systems by stochastic differential equations (SDE). However, analytic solu-
tions of SDEs are known only in a few cases. Therefore, the development of
numerical methods for the approximation of the solutions of SDEs has become
more and more important. Depending on the objective of investigation, two
different criteria for the convergence of the approximations can be considered.
For good pathwise approximation strong convergence of the numerical method
is needed while for good probability distributional approximation weak con-
vergence is the adequate criterion.
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Much work has been done in developing numerical methods converging in
the strong or weak sense, as presented for example in Kloeden and Platen [4]
and Milstein [9]. Derivative free Runge-Kutta type schemes similar to the
deterministic setting have been proposed for strong approximation by Bur-
rage and Burrage [1], Mauthner [8], Newton [11] and Riimelin [16], while
Kloeden and Platen [4], Komori and Mitsui [5], Mackevicius and Navikas [7],
Milstein [9,10], Ré8ler [14,15], Talay [17,18] and Tocino and Vigo-Aguiar [19]
developed Runge-Kutta type schemes for weak approximation.

In the following a system of It6 stochastic differential equations w.r.t. a one-
dimensional Wiener process is considered. A class of stochastic Runge-Kutta
(SRK) methods for weak approximation of the solution of the It6 SDE is pro-
posed in Section 3. This class of algorithms turns out to be a generalization of
deterministic Runge-Kutta methods (see, e.g., [2]). General order conditions
for the coefficients of a SRK method assuring weak convergence of order two
are calculated in Section 4 by a comparison of Taylor expansions. Therefore,
solving a system of 28 nonlinear equations leads to coefficients for an order two
SRK scheme. Some coefficients defining order two SRK schemes are presented
in Section 5 as an example. The results of a simulation study presented in
Section 6 reveal the good performance of the the proposed SRK schemes in
comparison with some other well known schemes.

2 Local and global weak convergence

Let (€, F, P) be a probability space with a filtration (F;)¢>o. A d-dimensional
Ito stochastic differential equation with a one-dimensional Wiener process
(Wi)i>0 can be written as the integral equation

t t
X = Xy + / a(s, X,)ds + [ b(s, X,) dW, (1)
to to

w.r.t. a Fy,-measurable initial condition X;, = zy € R? with E(||20]|%) < oo
for some [ € N. For I = [ty,T] with 0 < ¢y < T < oo we suppose that the drift
a:I xR*— R? and the diffusion b : I x R¢ — R? are measurable functions
satisfying a global Lipschitz and a linear growth condition

la(t; ) — a(t, )| + [1b(t; ) = b(t, y)|| < Ch [l =y, (2)
la(t, 2)II* + [Ib(t, 2)[I* < CY(1 + [l2]*) (3)

for every t € I, z,y € R? and a constant C; > 0. Then the existence and
uniqueness theorem applies, i.e. SDE (1) admits a unique solution process X
with E(||X¢||*) < (1 + E(]|zo]|?)) exp(Cy (t — to)) for t € I (see, e.g., [3,12]).



In the following, let CL(R?, R) denote the space of all [ times continuously
differentiable functions g : R? — R with polynomial growth, i.e. there exists a
constant C3 > 0 and r € N, such that |0.g(z)| < C3(1 + ||z]|*") for all z € R?
and any partial derivative of order i < [. If g depends not only on z € R? but
also on a real parameter ¢ € I, then g(¢,z) belongs to CL(R?, R) w.r.t. z if
g(t,-) € CL(R?,R) holds uniformly in ¢ € I.

For the sake of simplicity, let an equidistant discretization I, = {to,?1,...,tn}
of the time interval I = [ty, T'] with step size h = T]Qt", N eN, and t, =ty+nh

be given. Then, a one-step approximation with step size h is defined by
Y4 (t+ h) = A(t,z, h, §) (4)

where A is a R?-valued function and £ is a vector of random variables. In the
following we write Y, instead of Y;, = Y (¢,). With (4) we can construct the
sequence

}/E) = Xy, Yn—H :A(tnaYn’hagn): TL:O,].,...,N— 1; (5)

where &, is independent of Y, while &, is independent of Yj,...,Y, and of
£0,-- - épmrfor 1 <n < N —1.

Definition 1 The time discrete approzimation process Y = (Yi)ier, converges
weakly with order p to X as h — 0 at time T if for each f € C?D(erl)(Rd,]R)
exists a constant Cy, which does not depend on h, and a finite hy > 0 such
that

|E(f(X7)) — E(f(YT))| < Cph” (6)
holds for each h €0, hol.

In order to prove convergence of an approximation Y to the solution X
with some order p in the weak sense, we make use of a result due to Mil-
stein (see, e.g., [10,15]) giving the relation between local and global order of
weak convergence. We suppose that the coefficients a = (a*) and b = (%) of
the SDE system (1) are continuous, satisfy a Lipschitz condition, and that
ai, bt € CEP™(RYR) for i = 1,...,d. Let the expectations E(||Y,||*) ex-
ist for sufficiently large r and are uniformly bounded with respect to N and
n=0,1,..., N. Now we assume that for all f € 0123(10+1)(Rd, R) the following
local error estimation

[E(f(X"(t+ h)) = E(f(Y**(t + )| < K(z) B (7)
is valid for z € R?, K € C3(R%,R) and t,t + h € I. Then for all N and all
n=0,1,..., N the following global error estimation

|E(f(X"%0(t,))) — E(f(Y*™ 0 (t,)))] < Cyh? (8)



holds for all f € CXP*V(R?,R), where C, is a constant, i.e. the method (5)
has order of accuracy p in the sense of weak approximation.

3 Stochastic Runge-Kutta methods

In the well developed numerical analysis of deterministic ordinary differential
equations, derivative free approximation methods are of particular interest.
Especially Runge-Kutta methods are very much in demand. Therefore, we in-
troduce a new class of generalized Runge-Kutta methods suitable for SDEs
which don’t involve derivatives of drift and diffusion coefficients.

Let I, = {to,t1,...,tn} be a discretization of the time interval I = [to, T
with h, = t,41 — t, > 0. In the following, we consider a class of explicit
stochastic Runge-Kutta methods of the type

Yo = Zo, Yn+1 :AI(Ynahnae(hn))a 7’L=0,1,...,N—1, (9)

with a vector 6(h,) = (61(hy), 02(hy), 03(hy,)) of random variables defined by

el(hn) = ”tn+1 - ”tn = 4(1),n, (10)
the1 81 1
_ 1 _ (151);n
0 (hn) = rﬂn/tn W dWo, = i (11)

Then an explicit stochastic Runge-Kutta method with s stages takes the form

Yo =Y, +Za, (tn + Vb, HOY B, +27(1)bt + My, HY) 6, (hy)

i=1 i=1
+ z%’@)b(tn + Cgl)hna Hi(l)) 92(hn)
i=1
(13)
forn=20,1,..., N — 1 with the support values
- Y, +ZA a(tn + b, HO) by, +ZB tn+c§.”hn,H§1))al(hn)
=Y, +ZA a(ty + b, HO) by, +ZB b(tn + ¢ b, HYY) 03 (hy,)
(14)

for i+ = 1,2,...,s with the weights ai,v-(l),fyi@) € R and the coefficients

1 7
Ag) ,Aml), B( )( ), Bi(?)( ) € R, j < 1. Here we have to remark, that for a deter-



ministic ordinary differential equation, i.e. SDE (1) with b = 0, the stochastic
Runge-Kutta method reduces to the well known deterministic Runge-Kutta
method, so the introduced class of SRK methods turns out to be a general-
ization of deterministic Runge-Kutta methods.

An explicit stochastic Runge-Kutta scheme is characterized by its coefficients
and weights, which can be represented in the usual manner by a Butcher
tableau as presented for a s-stage scheme in Figure 1.
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Fig. 1. Coefficients of a SRK method represented by a Butcher tableau.

4 Local expansion and order conditions

For the calculation of coefficients for a stochastic Runge-Kutta scheme (13)
converging globally with order 2.0 in the weak sense, we make use of the al-
ready mentioned result due to Milstein on the relation between lokal and global
order of convergence. Thus, we have to determine coefficients for a SRK scheme
such that the approximation converges locally with at least third-order. There-
fore, we give an expansion of the solution process E»*(f(X (t+h))) on the one
hand and of the approximation process E**(f(Y (¢ + h))) on the other hand.
A comparison of the coefficients of the expansion up to order three together
with an estimation of the truncation error yield conditions for the coefficients
of a SRK scheme converging with order two.

To keep the calculations easily comprehensible, we consider in the following
without loss of generality an autonomous d-dimensional 1t6 SDE

t t
Xt = Xto + a(XS) dS + b(Xs) dWs, Xto =29 (15)
to to
w.r.t. a one-dimensional Wiener process and a deterministic initial value xq €
R¢. Clearly, every non-autonomous system can be transformed into an au-
tonomous system of the same type with one additional equation.



To begin with the expansion of E%% (f(X (to+ h))) with h > 0, to,to+h € T
and zo € R? for SDE system (15) we apply the diffusion operator L (see [4,12]):

82

0zt 0z (16)

a d
=52

,5=1

Then 1t6’s formula yields for the solution of the autonomous SDE (15)

to+h
B0%(f (X (1o + ) = (o) + [ EOT(L(X,)) ds
= f(xo) +/:°+h (Lf(xo) +/ts EtW(L?f(Xu))du) ds
(;o—l—h 0t0+h s
= f(zo +/ Lf(xo) ds + L*f(xo) duds
to+h fo fo (17)
+ /t t EtO’ZO(L?’f(Xv))dvduds

_ f(a:o) +Lf(zg)h+ L f(xo)%hQ

to+h
+ [ / " Em (L3 (X)) dv du ds
to Jto

with
d . of 1 4 . (92f
. ;a or "2 i,jz—lb Y Swiow (18)
and
) ; i d 62ai
b
o ‘ Lo 0al
i 1333’5 i ““rZa b’am kzlb Y o
G obi b
d a3f . ) lab’
+;1W< bb7—{—lzlbbaxb]>
7.]7
]_ d a4f A
’ Zi,j%ﬂm (b0 0 b') .

For f,a',b' € C&(R%,R), i =1,...,d, we have L?f € Cp(R¢ R). Therefore, a
constant Cys > 0 exists such that

| B (L2 (X)) < C5(1 + [lzol|™), to<s€l (20)



holds for z; € R%. Applying (20) to (17) yields

Eto,zo(f(X(tO +h))) = f(xo) + Lf(xo)h + LZf(xO)%hz + O(h3), (21)

Next, a Taylor expansion up to order three of the stochastic Runge-Kutta
method (13) has to be calculated. Therefore, we write ¢, instead of ¢, and
t = ty + h instead of ¢,.;. Then the kth component of the approximation
Y11 is calculated as Y(¢) with intermediate values H; (© )( t),..., HO(t) and
HOY), ..., HD(t) given by

VE() = YE(tg) + 3 as b (HO (W) h+ Y A0 (HO (1) 0,(h)

=1 zsl (22)
+ 29V (H (1) a()
i=1
with
k

HO (1) = +ZA “’h+ZB (H" (1)) 61(h),
(23)

HO (1) ZA a*(H () h + ZB b (HD(t)) 85(h)
for k = 1,...,d and ¢« = 1,...,s. Here, the most general case of implicit

SRK methods is considered. Clearly, for explicit SRK methods we have to set
AZ(?) = AZ(-JI-) = BZ(J1 O Bﬁ)(l) = ( for 5 > i. For notational convenience, in

this section we denote by 6y(h) = h and by 0(h) = (6y(h),...,03(h))" the
corresponding 4-dimensional vector ' . Here 6;(0) = 0 for { =0, 1,...,3.

In order to give a Taylor expansion of the approximation process defined by
the SRK method Y (t) = A;(Y (o), 0(t — to)) as a function of 6y,...,05, the
differential operator D*, k € N, is introduced as

ak

3
k= Ab,, - A, ... NG, -
p 2. Aby, - Ab, b 09,,00,, ...90,,

V1.,V =0

(24)

with A0, = 0,(h) — 6,(0) for v =0,...,3 and we denote by D° = Id. Under
the assumption that f, a and b are sufﬁ(nently differentiable, we get for m € N

FV () = i D f(]:!/(to))

k=0

1 Then Y(t) == A[(Y(to), eo(t - to), e ,93(t - t())) and Y(t()) == A[(Y(to), 0, e ,0)



with a remainder term R,, which can be written in Lagrange form as

D (Y (o + £ h))

Ronto, h) = (m+1)!

(26)
with £ €]0,1[ and h =t — t,.
In the following we write briefly Ay = Aj(x¢) = As(x0,0,...,0) and f = f(zo).

Then applying the multi-dimensional Taylor formula (25) and taking the ex-
pectation gives

d DAL d. 9%f [10AL9A]
Eto,a:o - I I
(F( ; < ) h+ ”21 ozt 0zI <2 00, 06,
1 Al DA d 1 03A% 1 9%2A!
A% 0 Bt Z 0 4 19 IApe
*3 802 802 < 9zt \200,00,> " 2 06,
N Z DAL 9?4} L] 0°A} 9*PA] 104 O°A]
Q=1 iL'ZaiL'] 801 800801 2 801803 89193 2 891 8018032

10A} 9A] L1 1 9*Ar 9%A] L1 0A; OPA] | 1043 9PA]
200) 00y 400,005 00,005 ' 4 00 00,005° 2 90y 96,00,
N i »Pf 10A; DA} 0AF 1 9°AY DA} A
ijk= laxlﬁxﬂaxk 2 600 801 801 2802803 891 891
DAL 9Al 92 Ak N 10A3 0A] PAE 1045 0A] 0A
892 00, 00,005 2 00y 00y 002005 4 06y 0By 00,
N Z o' f 10A} 0A] 9AY DAL | 5 0A} DA} DAL 0A]
axzaxﬂaxkaxl 8 801 891 801 801 32 892 802 802 802

,5,k,l=1
5047 947 04 04T\ 1,
8 00y 00, 06, 06,
N Xd: 0°f (1047 0°A] +8A§ PATYN s
ij=1 (91‘181‘9 2 892 802893 801 891893
N i Pf 10A; 0A] 0AF  10A7 0A] 0A )
laxiaxﬂ'axk 6 893 803 803 2 802 801 801

Z77

af (1 &AL 1 9AL 5
* ; P (5 900,00,200; 56008012802> h
. 92f [10A% 9'A) PAL AT PAL PA]
* wzl 9210z (6 90, 90:00,° © 96,005 00,00, 06, 90,06,065
1 9%A% 9%A1 10AT P4 AL PAY 10A% 33A)
1 300,005 90000, | 2 00, 009005005 | 00, 00900:00, | 2 00y 90,902
104% 9*AT 1 02AL 9PA] 1 %A PAL N\ s
12 90, 00,00,° 406,005 00,0052 | 2 96,065 6016032> h

2

3
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N i .a3f (1 AL DAL 9AY DAL AL 9 Ak
oo 00230k \ 2060000, 06, 00, ~ 06y 90: 06,005
10AL 9AL 92A% 1 9%AL AL 0AE  0AL AL %Ak
2 00, 00, 00,005 ' 200000, 06, 00, = 90, 00, 00606,
AL Al 9% Ak L1 DAL 9Al &3 Ak L1 PAL QAT 9Ak
00,005 00, 06,005 ' 2 00, 00, 00,005 ' 406,005 96, 06,
L1 DAL 9?47 A 1 DAL 9?47 A L1 DAL AT P Ak ) 13
2 80, 00,005 00,005 ' 2 00, 90,005 00,005 4 00y 80y 90,005
d o' f 10A% 0AT Ak 924 19AL 9AT 9Ak 9 AL
t 2 Gauiorar (5 90, 00, 09, 90:00; | 6 06, 90, 90, 6,

ij,kl=1
50A3 QA7 0AF 97 A} N 50A% 0A] 0AF 9% A} N 10A3 0A] 0Ak 0A!
4 00, 00, 00, 00,005 ' 4 00, D0, D0, 06:005 = 2 B0y DO, DY, 96,
50AL AT 0Ak 32AL ) 13
8 00, 90, 90, 30,005
N Zd: »Pf < 17 DAL DA] DAk DAL 047
071027 0xk 0zt 0z \ 120 005 00y 005 00y 00

ijk,lr=1
+1_78A3 0A] DAY 0AL DA 10A1 0A] AL 0A) 0A; 3
24 005 005 005 00, 00, 4 00, 00, 060, 00, 06,
+ Eto,mo (R5 (t(), h)) (27)

Due to the polynomial growth condition for f, a’ and b* and to the fact that
the random variables have an order of magnitude O(\/E), it can be easily
proved that E%%(Rs(te, h)) = O(h®) (see [15] Proposition 2.6.1).

Having calculated the two expansions of the solution (17) and the approx-
imation (27), a comparison of the coefficients of the expansions has to be
carried out. First of all a comparison of the expressions of order h with %

and % yields the conditions
d aAz d
! (28)

2 30, (z) = ;ai(ﬂ:),

i (10A4% 045 104047 A g
2 1 = b v . 9
Z (2 06, 06, * 4 06, 892) (%) z’,jzzl (2 ) (z) (29)

ij=1

Do . 2 3 ..
Considering order h'® terms with a;?i afwj and axigxzf 5. We get the conditions

4 (104) AL 0A; A

2 =0 30

zjzzl (2 00y 00,005 06, 06, 603> z) =0, (30)
d (10AL A5 0AF  10AL 9A% DA

ks 1 . 1

i,j,;:l <6 802 802 802 2 802 801 801> -/L') 0 (3 )



These equations have to hold for all z € R?. Calculating the derivative of
At (z) w.r.t. y, condition (28) is fulfilled if

l_ioq a'(r) = da'(x) (32)

holds for i+ = 1,...,d, that is if a’e = 1 with e = (1,...,1)T. Considering
condition (29) and calculating the derivative of A%(z) w.r.t. 6; and 6, we
obtain

5 )i ) ) ooy
(33)

fori,7 =1,...,d. Therefore the equation (V(I)Te)2 + %(7(2)T6)2 =1 has to be

fulfilled. Next, equations (30) and (31) are analysed analogously. By calculat-
ing the derivatives of A%(x) w.r.t. 6, 2 and 65, we obtain the conditions

1 /(S ; d (1) Ob/
5(2%‘%)(@-(2 > % B a—b> (2)
=1

k=1ru=1

s d s 81)] (34)
#(300) @ (X 3 B ) (0 =0
k=1 k=1ru=1 Y Oz
fori,j=1,...,d and
1 S i S . S
§(5000) @ (o w) @ (S0 @
=1 I=1 =1 35)
L@ ~ (1) g ~ (1) (
#3 (D) @ (X0 @ (L) (@) =0
=1 =1 =1
for 7,7,k = 1,...,d. Therefore, the two equations
(2" e) (" B e) + 2707 e) (0 BOVe) =,
(36)

S0P + (T e = 0
have to be fulfilled. As a result of these calculations, equations (32)—(35) lead
to conditions for the coefficients of a stochastic Runge-Kutta scheme converg-
ing with order 1.0 in the weak sense.

Analogous calculations have to be performed for expressions of order h? and

h??® to obtain additional conditions for the coefficients of a stochastic Runge-
Kutta scheme converging with order 2.0. By investigating the order h? terms
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with af we get the condition

d 83AZ 82AzI d d 9gi = 1 4 24 .
= ] - k
; (890801 8002> (.’1?) Z Z O1i a’ + 2 kz I Ok Vb (l’)

(37)

Again, the equation has to be fulfilled for all z € R¢. Calculating the necessary
derivatives of A% yields

i iB(l (0) ’ i 0%a’ b bk
r=1 o — k=1 Oz Ox*

s s s d 7 j
1)(0) ob* da? .
+2) 403 AR BRY Y S (39)
r=1 u=1 v=1 j,k=1

s 0 d aai d 6& 82 )

s ) ) 1 d
(0) J— al + =

fori=1,...,d. This equation holds if the coefficients fulfill o™ (B (0)6)2 =1,
7(1)T(A(1)(B(1)(0)e)) = 0 and o’ A®e = 1. Here, the product of two vectors
v = (v,...,0)T and w = (wy,...,w)T is defined by componentwise mul-
tlphcatlon ie. v-w = (viwi,...,vsws)?. Considering the terms of order h?

with 18 -, we get the condition

i (26A3 A} N PAL A N DAL BPA] N DAL DAS
=\ 00, 00000, T 00,005 00,005 ' 001 90,00, 96y 96,
PAL A L1 DAL PAL QAL A ) (@)
00,005 00,005 ' 2 00y 96,005> 892 890802

d ; d abz d k (39)
:.’jzl<aa+2ab7 +Zb aa:k
8 bz ob* ob’
kol k1l
+= klzlb b k;lb Vo aa:l) (z).

By calculating the necessary derivatives of A%, condition (39) can be written
as the equations

d i s d
g AW & (0) a' o
() (e o B EE )

=1

i s (1) obt 8b7
; (z 03 B ) S

k=1

o0%b*

s s 2 d s
(S0 (m0)) £ o (ZW)
r=1 u=1 k=1 r=1

11



s s s d k s 2
x <Z ,Yﬁl) Bﬁ?u(l) Bu?v(1)> aab gbl i <2 a/T> at ol

r=1 u=1 v=1 k=
1/(S s (1)) ob* o’ (
(2) (3 7 ey 4
+ - Vr Br,u b b Z fYr
2 (E u—1 k=1 Oz* Ox!
s s 2 d %
% @ < Bg?u(1)> 3 3kb : e <Z 752)) %
r=1 u=1 rim 0280z =
s s s d i Ic
(2o s B0 s ) 3 SRS+ (R
r=1 u=1 v=1 k,l=
d j d
S S abl 6bl
(2) (1 —did
X o Am> v =dd +Y d'v
<7§1 u=1 kgl 8£Ck Z axk
d i d 2
- 0a 1 0 bZ b ob* oY’
b* v/ DN v — 40
* ,;1 oz T3 klzl 0zko klzl dak ! (40)
for i,7 =1,...,d. As a result of a comparison of coefficients, the equations
are fulfilled if
()@ B V) = 2,
(O Ae) + 2 (A7) (DT Ae) =
1, )T O L @7 pe® 1
—(~()" B®) —(~@7 B® -
SO OV 1 2 =1
T T (1) (1) 1 T T (1) (1)
(OO (BOV(BOVe) + (107" (B (B Ve)) =,
5007000 (B0 + 6@ 0 (B ey) = 4
(41)
and (a’e)? = 1 hold. Next we consider the order h? terms with laiyfamk Here
we get the condition
Ed: DAL DA% DAk N AL 9AT QAL
i \ 00 06, 00, 00,005 06, 06,
DAL QAT 32 Ak N DAL AL 92 Ak N 10A} QA7 QA @ (12)
00, 00, 00,005 00, 00, 00,005 2 00, 00y 00,
d d 8[)1
= > (abjb'“rz blb7b’“>()
iyj k=1
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The calculation of the necessary derivatives of A% leads to the equations
s s 2 o 2 d abz l .
(B () oo (S B o) (5 &
= =1
s s (1) d 8b 2
S LT )
r=1 =1 r=1

d i s 2
)@ 0b i1 pk
(g e (Eo) (£ ) oo
d
bZ
=a b’bk-i-za vy b
(43)
fori,5,k =1,...,d. These conditions are fulfilled if the two equations
1
(@"e) (s e)’ + 5 (a"e) (7 )’ =1,
T T (1) T T T (1)
(V71T BIYe) 122 e) o) o B ey (44
+ (@7 e(@T B®Wey = 1
hold. Now, we have to analyse the order h? terms with ngﬁ. Here we
get the condition
XdJ 104} 0AT 0AF 0AL | 5 A} 9A] DA DA
a7 \4 00, 00, 00, 00, 16 00y 00, 0, 00,
2J,K b= (45)

50AL 9AT 0 Ak DAL d (1 - l)
° _ Loipivky
+190, 98, 26, 96, ) D = 2 3 (z)

1,J,k,0=1

Again, the calculation of the necessary derivatives of A% leads to the equations

4
1 o s o
- Z 9 bzwbkbl+3 ST @) by bk
4 16 \ &=
, 2 . (46)
(ZW)) (Z#)) DB = b bt
r=1
fori,5,k,l =1,...,d. By a comparison of coefficients we get the equation
1 T ) T ) T T 1
(AW ) L (V@) L 2D )24 )2 = 4
A (0T e+ (e (VT e) = (47)

which has to be fulfilled by the coefficients of the scheme.

Finally, the same calculations have to be performed for the expressions of
order h%5. Due to the fact that there exist only terms of integer orders in the
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expansion (17) of the solution, all Taylor terms of non-integer order A*° have
to vanish. These calculations are omitted since they are straightforward.

The approximation Y has to be uniformly bounded with respect to the num-
ber N of steps in order to assure convergence. It is possible to give sufficient
conditions for the random variables and for some coefficients by making use
of the structure of the analyzed explicit stochastic Runge-Kutta methods.

Proposition 2 Let a,b € C'(R?, R?) satisfy the conditions (2) and (3) of the
Ezxistence and Uniqueness Theorem and let

B(S 30 am) =0 (43)

i=1[=1

Additionally, suppose that each random variable 6;(h) can be represented as
Vh -9 with a bounded random variable ¥ not depending on h sucht that 6;(h)
and V'h - 9; have the same distribution for | =1,...,q. Then the approzima-
tion Y by the explicit stochastic Runge-Kutta method has uniformly bounded
moments, i.e. for r € N the expectation E(||Y,||*") is uniformly bounded w.r.t.
the number of steps N forn=20,1,...,N.

Proof. See [15] Proposition 2.6.4.

If we assume now that (17) and (27) coincide up to order 3, then the dis-
crete time approximation process Y is of third order one-step accuracy and
fulfills condition (7). As a result of this, the global error estimation (8) holds
with p = 2.0 if the approximation process has uniformly bounded moments.
Thus, the above considerations lead to the following corollary:

Corollary 3 Let f,a',b* € C&(RY,R) for i = 1,...,d and let the approxi-
mation Y of X with Y11 = A1(Ya, hn,0(hy)) as defined in (22) satisfy the
assumptions of Proposition 2. If the expansions (17) and (27) coincide up
to order 3.0, then the explicit stochastic Runge-Kutta method defined by (22)
converges with order 2.0 in the weak sense to the solution X of the stochastic
differential equation system (15).

Remark 4 Analogous calculations as presented in this section can also be
performed for a non-autonomous SDE of type (1) with the stochastic Runge-
Kutta method (18). They yield conditions for the coefficients 9 and W,
It is easily seen that these additional conditions can be obtained if A®e is
replaced by 9 and AMe by V) in the previously calculated conditions for the
autonomous case. Thus, the new conditions are fulfilled if we set

9 =A0¢  gnd =40 (49)

for the coefficients ¢\, ... ., 9 and A M) in the following.
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5 Stochastic Runge-Kutta methods of order 2.0

In this section, general order conditions for a class of order two stochastic
Runge-Kutta schemes with an arbitrary number of stages are presented. The
approximation Y defined by the stochastic Runge-Kutta method (13) is a
second-order global approximation of X if the conditions of Proposition 2 and
Corollary 3 are fulfilled. For simplicity of notation, we make use of the com-
mon tensor notation, i.e. the product of vectors is defined by componentwise
multiplication and we denote e = (1,...,1)T. As a result of this, the fol-
lowing theorem giving general conditions for the coefficients of the stochastic
Runge-Kutta method (13) applicable to non-autonomous stochastic differen-
tial equations (1) can be stated.

Theorem 5 If the coefficients of the stochastic Runge-Kutta method (18) ful-
fill the equations

1. a'e=1 3. (’y(l)Te)2 =1
2. 4e=0 4. y0TB®We =g

then the method has the order of convergence 1.0 in the weak sense. If in
addition the equations

5 aT(B(l)(0)€)2:% 17 7(1)T(B(3)(1)6)3_0

6. T BIVBIVBOVe)) =0 18 0T AOBOVe) =0

7 aTA(O)ezé 10. aT(B(l)(O)(B(3)(1)e)):O
8. (v e)(a?BWYe) =1 20. AOT (B (AWe)) =0
9. (v e)(y T AWe) = L 21. 407 (B®Ve)(4Ve)) = 0
10. A0T (BB = 922, @7 AW =g

1. (’y(l)Te) (’y(l)T(B(?’)(l)e)?) _ % 93, V(Q)T(B(3)(1)(B(3)(1)e)) -0
12. AONBOVUOBOYeg) =0 24 4@ (BOVe2 =0

13. o"(BOVe)BO(BOYe))y =0 25, @7 (AN (BOYe)2) =0
14. AOT(BOVe)A0(BOYe)y =0 26 ,@"BOVe =1

15. 40T AOBOY (BOYe))) =0 27. AW (BOY(BOYe)) =0
16. T (BOVe)(BOV(BOWep)) =0 28. /@ (A0(BO%e)) =0

are fulfilled and if 9 = AOe and ¢V = AWe holds, then the stochastic
Runge-Kutta method (13) has the order of convergence 2.0 in the weak sense.
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As an example of an explicit stochastic Runge-Kutta scheme converging with
order 1.0 in the weak sense, we mention the well known Euler-Maruyama
scheme (see, e.g. [4]). Similar to the deterministic setting, the Euler-Maruyama
scheme EM is a s = 1 stage stochastic Runge-Kutta scheme with the coeffi-
cients presented in Figure 2 and it can be easily proved that the conditions
1.-4. of Theorem 5 are fulfilled. For the determination of some coefficients for a

0
0
1,1y 1[1]0

Fig. 2. SRK scheme EM with pp = 1.0 and pg = 1.0.

second order stochastic Runge-Kutta scheme of the introduced class, a system
of 28 non-linear equations presented in Theorem 5 has to be solved. Here, the
number of coefficients depends on the choice of the number of stages s of the
considered scheme. In the following, different sets of coefficients defining order
two stochastic Runge-Kutta schemes with s = 3 stages are presented. Due
to some degrees of freedom in choosing the coefficients for the deterministic
part, it is possible to calculate a SRK scheme converging with order three if
it is applied to deterministic ordinary differential equations. Therefore, if the
weights «; and the coefficients Ag-)) are chosen such that condition 1. and 7.
of Theorem 5 and additionally the conditions (see, e.g. [2])

21

aT(A(O)(A(O)e)):é and of'(4¢) (50)

are fulfilled, then the SRK scheme is of order three in the case of b= 0 in (1).

In the following let (pp,ps) with pp > ps denote the order of convergence
of the stochastic Runge-Kutta scheme if it is applied to a deterministic or
stochastic differential equation, respectively. Thus, in any case the scheme
converges in the weak sense with not less than order p = ps and we assume
better convergence for schemes with pp > pg, at least for SDEs having small
noise. The following schemes can be applied for systems of stochastic differen-

0
2|1 2
5] 3 1
2 1
2| 1 0 0
0
1] 1 1
1/ 1 0 ~1 0
1 1 1 1 1 1 1 1
B2z 2 a3 1 1|0 3 —3

Fig. 3. SRK scheme RI1W1 with pp = 3.0 and pg = 2.0.
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0
2| 2 1
3 3 3
2 1 4
5| —3 1 3 0
0
1] 1 1
1 1 0 -1 0
1 1 1 1 1 1 1 1
3237 3 23 1 1|0 35 -3

Fig. 4. SRK scheme RI2W1 with pp = 3.0 and pg = 2.0.

0
1)1 3-2/8
5
1|1 1 6+v6
2 4 4 10
0
1] 1 1
111 0 —1 0
1 1 2 1 1 1 1 1
2|5 s 5/ 2 1 1|0 3 —3
Fig. 5. SRK scheme RI3SW1 of order pp = 3.0 and pg = 2.0.
0
1
1] 1 1
5 | 2 35 =5
12 144 144 6
0
1] 1 1
4 4 2
1 1 1
i1 O —3 U
1 3 24
32|+ £ #2111 -1 -1/0 1 -1

Fig. 6. SRK scheme RI5W1 of order pp = 3.0 and pg = 2.0.

tial equations w.r.t. a one-dimensional Wiener process. The scheme RI1W1
presented in Figure 3 converges with order (3, 2), as well as the schemes RI2W1
in Figure 4, RI3W1 in Figure 5 and RI5W1 in Figure 6. The scheme PL1W1
presented in Figure 7 converges with order (2,2) and represents the enhanced
non-autonomous version of the explicit order 2.0 weak scheme for autonomous
SDEs proposed by Platen [4]. Further sets of coefficients and also embedded
versions of the presented schemes, which may be applied for step size control
algorithms as described in [6], have been calculated by Rofller [13,15].

For weak convergence with order 2.0 it is possible to replace the increments
of the Wiener process AW, = W,, ., —W;,,n=0,1,...,N — 1, in the SRK
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oo = O
o =
]

]
]

11 1
11 0 ~1 0
223 3 0] 3 & 3]0 3 —3

Fig. 7. SRK scheme PL1W1 with pp = 2.0 and pg = 2.0.

method(13) by random variables AW,, having similar moment properties. As
in [4,10,15,18], the random variables AW, have to be independent, Frnin-
measurable and the moment condition E((AW,)!) = E((AW,)’) has to be
fulfilled for 7 = 1, ..., 5. So one can replace AW,, by an independent identically
three-point distributed random variable AW, with P(AW, = ++/3h,) = g

and P(AW, = 0) = 2, which can be easily simulated. Further, due to
I1,1) = 3((AW,,)? — hy,), all random variables of the stochastic Runge-Kutta
method can be expressed by the bounded random variable AW,, which fulfills
the conditions of Proposition 2.

6 Simulation study

In this section, the proposed stochastic Runge-Kutta schemes are compared
with some well known schemes like the Euler-Maruyama scheme (EM) having
order 1.0, the scheme (PL1W1) based on a scheme proposed by Platen (see also
[4]) of order 2.0, and with a scheme by Milstein (MI) (see [9], [10] or [4] p.487)
of order 2.0 which is not derivative free. In order to get a fair competition, we
allow the Euler-Maruyama scheme to work with smaller step size h/3. Then it
has nearly the same computational effort as the 3-stages SRK schemes if the
number of evaluations of the drift and diffusion are considered as a measure for
the effort. However, we have to take into consideration that this comparison
can’t be completely fair since the number of simulated random variables is
three times higher for the step size h/3 than for step size h.

Example 6 First, a linear stochastic differential equation [4]
dX; = aXydt + bX; dW;,, Xo = xp, (51)
with constant coefficients a and b is considered, which is the Black-Scholes

stochastic differential equation used for option pricing. We choose a = 1.5,
b=0.1, zo = 0.1 and T = 1.0. The functional f is taken as f(z) = z. Then
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the expectation of the solution at time T is given by
E(Xr) =xz¢-exp(aT). (52)

Example 7 As a second example, we consider a non-linear stochastic differ-
ential equation [4,7]

dX, = (%XtJH/XE-i-l) dt + /X2 +1dW,, X,=0 (53)

on the time interval [0,T], having the solution
Xt = Slnh(t + Wt) (54)

for t > 0. Here, we choose f(x) = p(arcsinh(x)), where p(z) = 2* — 622 + 82
1s a polynomial. Then the expectation of the solution can be calculated as

E(f(X;)) =t — 3t + 2t. (55)

In the following simulations, we approximate the functional v = E(f(X;)) by
a Monte Carlo simulation using the sample average

1
Up,p = M

S fYiwr),  wr e, (56)

k=1

of M independent simulated realizations of the considered approximation Y;.
Then, the mean error of the weak approximation is given as

fr=upn— E(f(X1)) (57)

and the empirical variance of the mean error is denoted by 62.

Example 6 is used for the investigation of the empirical order of convergence.
Therefore, M = 80000000 trajectories are simulated with different step sizes
272,...,27% and the error |f| is considered at the end of the time period
T = 1.0 for each considered step size. The results are presented in Table 1
and plotted on the left hand side of the Figures 8-11 with double logarith-
mic scale. Consequently one obtains the empirical order of convergence as the
slope of the printed lines. = The first two lines represent the results of the
Euler-Maruyama scheme EM calculated with step size h and h/3, respectively.
Both lines have a slope of ~ 1.0. The third and fourth lines coincide in our
investigation and represent the results of the schemes PL1W1 due to Platen
and MI by Milstein. Both lines reveal a slope of & 2.0 which corresponds to
their analytical order of convergence. The fifth line represents the results of
the considered stochastic Runge-Kutta scheme. The empirical order of con-
vergence of the schemes RI1TW1, RI2W1, RI3W1 and RI5W1 is significantly
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E(f(X_t))
4
6 f | 15 ¢ EM (h/3) - [
6r o EM (h) /;
_ 8T ] 1 //,
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24 1 = Sy /.
£ o L
-16 | EM () —— - i
18y PLIWI (h) -~ | 05 | T
20t MI (h) 1
2 ‘ ‘ ‘ 1 ‘ ‘ ‘ ‘
6 5 4 3 2 0 0.5 1 15 2 25
log_2(stepsize) t
Fig. 8. Scheme RI1W1 with SDE (51) and (53).
2 2 —
E(f(X_t))
4t /
15+ EM (h/3) = /4
6 EM (h) /:
8 1t
g -10 2 /
5 v
g 27 B OS5I
2 14 ] ! -
i) 0 / S
16 | EM ) —— 1 ~_
A8 r PLIWI (h) | 05
20 MI (h)
2 ‘ ‘ ‘ B ‘ ‘ ‘ ‘
6 5 4 3 2 0 0.5 1 15 2 25
log_2(stepsize) t
Fig. 9. Scheme RI2W1 with SDE (51) and (53).
2 2 —
E(f(X_t))
4t /
6l 15+ EM (h/3) = /4
6 EM (h) /;
~~ -8 i 1 [
5 -10 2
= i
& -12f X 05
| h=t TR
2 14 s
= 0 / ‘\.\
-16 + EM (h) —— ] ‘\\\
A8 r PLIWI (h) ~ | 05 )
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2 ‘ ‘ ‘ B ‘ ‘ ‘ ‘
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log_2(stepsize) t

Fig. 10. Scheme RI3W1 with SDE (51) and (53).

higher than 2.0. This increase of the order of convergence goes back to pp = 3.0
for the deterministic part of the schemes. It has to be pointed out that the
better performance of the SRK schemes depends on the order of magnitude
of the diffusion. Thus, the improved performance decreases as the coefficient b
increases. However, also for higher values of b, the SRK schemes still perform
better than the other schemes under consideration, as additional simulations
revealed (see [15]).

For Example 7, the solution E(f(X})) is considered as a mapping from [0, 7|
to R with ¢ — E(f(X;)). Therefore, a whole trajectory of the expectation has
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Table 1
Simulations for the orders of convergence with SDE (51).

h

Al

a.z

h

|41

6.2

RI1TW1

1.093351e-03
1.570481e-04
1.827831e-05
3.720047e-06
5.398320e-07

1.6330§7e-09
1.602722e-09
1.368048e-09
1.677291e-09
2.090135e-09

RI2W1

1.093384e-03
1.570562e-04
1.828247e-05
3.719851e-06
5.397594e-07

1.5786$1e-09
1.586961e-09
1.364314e-09
1.676111e-09
2.089757e-09

RI3W1

|
w N o o w N

| | |
W~

1.093414e-03
1.570634e-04
1.828613e-05
3.719679e-06
9.396956e-07

1.531615e-09
1.573160e-09
1.361033e-09
1.675073e-09
2.089425e-09

RI5W1

|
w N o o w N

| | |
W~

1.097347e-03
1.581176e-04
2.235743e-05
5.568290e-06
1.857481e-06

1.524668e-09
1.620628e-09
1.683908e-09
2.133419e-09
2.756024e-09

EM (h)

9.072138e-02
5.274061e-02
2.870995e-02
1.502008e-02
7.693292e-03

5.872681e-10
8.745436e-10
1.275816e-09
1.789500e-09
2.628478e-09

EM (h/3)

3.717815e-02
1.972579e-02
1.017250e-02
5.165140e-03
2.607984e-03

1.154897e-09
1.282961e-09
1.566993e-09
1.985171e-09
2.774675e-09

MI

[ |
A ow N o oA wN oo

DD DN DN N[N DN DN DN DN DN DN DN NI IND N DN N N
(<3S

1.180486e-02
3.414500e-03
9.167149e-04
2.348662e-04
6.369378e-05

1.496554e-09
1.517499e-09
1.723751e-09
2.086635e-09
2.850095e-09

PL1W1

[ |
B ow N oo A W o

DO DO DO DO DO DN DNDO DN DNODND DO DO DN DO N DN N N N
(o>}

1.180486e-02
3.414500e-03
9.167149e-04
2.348662e-04
6.369378e-05

1.496554e-09
1.517499e-09
1.723751e-09
2.086635e-09
2.850095e-09

Table 2

SDE (53) simulated with step size h = 0.1 and M =

8000000 trajectories.

t

|2l

&z

t

|41

a.z

RITW1

0.5
1.0
1.5
2.0
2.5

9.199748e-03
8.653046e-03
8.681483e-03
2.689141e-03
1.010433e-02

1.8290§1e—04
2.638963e-04
2.503043e-04
6.800987e-04
1.695786e-03

RI2W1

0.5
1.0
1.5
2.0
2.5

7.107312e-03
6.351854e-03
1.069185e-02
1.000730e-02
2.494433e-03

1.830126e—04
2.637400e-04
2.497335e-04
6.764457e-04
1.686681e-03

RI3W1

0.5
1.0
1.5
2.0
2.5

9.531370e-04
5.042670e-04
7.368482e-03
1.268896e-02
6.030278e-03

1.821170e-04
2.623512e-04
2.483984e-04
6.716069e-04
1.673905e-03

RISW1

0.5
1.0
1.5
2.0
2.5

7.648122e-05
4.564679e-03
1.411688e-02
1.842642e-02
9.733074e-03

2.685383e-04
3.443047e-04
2.947346e-04
6.692763e-04
1.607318e-03

M (h)

E

0.5
1.0
1.5
2.0
2.5

7.216958e-02
5.781451e-02
9.356178e-02
4.230208e-01
9.859176e-01

1.733631e-04
2.584442e-04
2.256694e-04
4.797263e-04
9.776347e-04

EM(h/3)

0.5
1.0
1.5
2.0
2.5

2.398517e-02
1.793959e-02
3.630689e-02
1.521508e-01
3.501739e-01

1.835036e-04
2.608021e-04
2.402332e-04
5.807490e-04
1.352847e-03

MI

0.5
1.0
1.5
2.0
2.5

9.495915e-03
1.365020e-02
2.272141e-02
3.326583e-02
4.710692e-02

1.907192e-04
2.709711e-04
2.521346e-04
6.752011e-04
1.655876e-03

PL1IW1

0.5
1.0
1.5
2.0
2.5

1.026393e-02
7.923806e-03
1.189430e-02
2.052936e-02
3.623635e-02

1.833368e-04
2.643683e-04
2.500735e-04
6.716529e-04
1.662453e-03
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Fig. 11. Scheme RI5W1 with SDE (51) and (53).

to be simulated. Here, we choose the step size h = 0.1 and determine uys
for all discretization times t, = n-h for n =0,1,..., N. To keep the results
plotted on the right hand side of the Figures 8-11 clear, we restrict them
to the approximations calculated by the considered SRK scheme with step
size h and the Euler-Maruyama scheme with step size h and h/3. However,
some calculated results for all considered schemes can be found in Table 2.
A comparison of the presented results emphasizes the good performance of
the introduced stochastic Runge-Kutta schemes in contrast to the well known
schemes.

7 Conclusion

In this paper a new class of stochastic Runge-Kutta methods for systems of
non-autonomous Ito stochastic differential equations with scalar noise is intro-
duced. Firstly, general order conditions for the coefficients of the SRK methods
with arbitrary number of stages are calculated by a comparison of the Taylor
expansions of the solution and the approximation process. As a solution of
a system of 28 nonlinear equations, coefficients for some different schemes of
order (2.0,2.0) and (3.0,2.0) are calculated. The proposed stochastic Runge-
Kutta methods turn out to be a generalization of the well known Runge-Kutta
methods applied for deterministic ordinary differential equations. Finally, a
simulation study reveals the good performance of the SRK schemes in com-
parison with the schemes EM, PL1W1 and MI proposed in literature. The
main advantage of the presented SRK methods is that they are derivative
free. Further, some higher oder of convergence than the assured order two can
be observed for SRK schemes with pp > 2.0 in case of stochastic differen-
tial equations with small noise. Thus the presented stochastic Runge-Kutta
schemes offer significant benefits in comparison with the established schemes.
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