Very weak solutions of stationary and instationary Navier-Stokes equations with nonhomogeneous data

Dedicated to Professor Dr. H. Amann on the Occasion of his 65th Birthday

R. Farwig, G.P. Galdi, H. Sohr

Abstract

We investigate several aspects of very weak solutions u to stationary and nonstationary Navier-Stokes equations in a bounded domain Ω ⊆ R^3 . This notion was introduced by Amann [3], [4] for the nonstationary case with nonhomogeneous boundary data u|_{∂Ω} = g leading to a new and very large solution class. Here we are mainly interested to investigate the ”largest possible“ class for the more general problem with arbitrary divergence k = div u, boundary data g = u|_{∂Ω} and an external force f, as weak as possible. In principle, we will follow Amann’s approach.

2000 Mathematics Subject Classification: Primary 35Q30, 76D05; Secondary 35J25, 35J65, 35K60

Keywords: Stokes and Navier-Stokes equations, very weak solutions, nonhomogeneous data

1 Introduction

Throughout this paper Ω ⊂ R^3 is a bounded domain with boundary ∂Ω of class C^{2,1} and N = N(x) ∈ R^3 denotes the unit outer normal at x = (x_1, x_2, x_3) ∈ ∂Ω. In Ω × [0, T ), where 0 < T ≤ ∞, we consider the system of Navier-Stokes equations in the very general form

u_t − Δu + u · ∇u + ∇p = f, div u = k, u|_{∂Ω} = g, u|_{t=0} = u_0 (1.1)

with nonhomogeneous data f = div F and k, g, u_0 satisfying F = (F_{ij})_{i,j=1,2,3} ∈ L^s ( 0, T ; L^r(Ω) ) , k ∈ L^s ( 0, T, L^r(Ω) ) , g = (g_1, g_2, g_3) ∈ L^s ( 0, T ; W^{− 1q ,q}(∂Ω) ) , u_0 ∈ J^{q,s}(Ω), (1.2) where 3 < q < ∞, 2 < s < ∞, 1 < r < q such that^1_3 +^1_q =^1_r ,^2_s +^3_q = 1. For simplicity, we assume that the coefficient of viscosity equals 1. See (2.19) concerning the space of initial values J^{q,s}(Ω) as a space of functionals. Further we suppose the compatibility condition ∫ Ω k(t)dx = ∫ ∂Ω N · g(t)dS for a.a. t ∈ [0, T ). (1.3)

The largest possible class in the context of very weak solutions seems to be Serrin’s uniqueness class L^s ( 0, T ; L^q(Ω) ) for u defined by^2_s +^3_q = 1. Indeed, we cannot expect, up to now, to obtain the desired uniqueness and regularity properties for any larger class.

To obtain the relation which defines a very weak solution u of (1.1), we follow Amann [3], [4] in principle and apply formally to (1.1) the test function w ∈ C^1_0 ( [0, T ); C^2_{0,σ}(Ω) ) , where C^2_{0,σ}(Ω) = {v ∈ C^2(Ω)^3 : div v = 0 in Ω, v|_{∂Ω} = 0}.

Then an integration by parts yields the relation ∫_T 0 ( − ⟨u, w_t⟩_Ω − ⟨u, Δw⟩_Ω + ⟨g, N · ∇w⟩_{∂Ω} − ⟨uu, ∇w⟩_Ω − ⟨ku, w⟩_Ω ) dt (1.4)

= ⟨u_0, w(0)⟩_Ω − ∫_T 0 ⟨F, ∇w⟩_Ωdt, w ∈ C^1_0 ( [0, T ); C^2_{0,σ}(Ω) ) . Here ⟨·, ·⟩_Ω is the usual L^q − L^{q′} -pairing in Ω and ⟨g(t), N · ∇w(t)⟩_{∂Ω} denotes the value of the boundary distribution g(t) ∈ W^{− 1q ,q}(∂Ω) at the normal derivative w_N (t) = N · ∇w(t)|_{∂Ω}; furthermore, ⟨u_0, w(0)⟩_Ω means the value of the functional u_0 ∈ J^{q,s}(Ω) at w(0) = w|_{t=0} ∈ C^2_{0,σ}(Ω), see (2.19), and uu = u ⊗ u = (u_iu_j)_{i,j=1,2,3} for u = (u_1, u_2, u_3). We also use the relation u · ∇u = (u · ∇)u = div (uu) − ku. Note that div F = ( ∑_3 i=1(∂/∂x_i)F_{ij} ) j=1,2,3. Using in (1.4) in particular the test function w ∈ C^1_0 ( [0, T ); C^2_{0,σ}(Ω) ) with C^2_{0,σ}(Ω) = {v ∈ C^2_0 (Ω)^3; div v = 0}, we obtain, together with some appropriate distribution p, the validity of the first equation in (1.1) in the sense of distributions. The second equation div u = k in (1.1) must be supposed additionally to (1.4). To explain the boundary condition u|_{∂Ω} = g in (1.1) we observe that the normal derivative w_N (t) of w(t) at ∂Ω has the form w_N (t) = N · ∇w(t) = ( curl w(t) ) × N, (1.5)

and therefore, the relation (1.4) contains only the tangential component N × g of u at ∂Ω. Indeed, we will show that the tangential component of u is well defined by (1.4) as a distribution on ∂Ω, and we will derive an explicit formula, see (4.5). The (well defined) condition N · u(t)|_{∂Ω} = N · g(t) for the normal component of u at ∂Ω must be supposed additionally. This leads to a precise formulation of the boundary condition u|_{∂Ω} = g, see Remarks 3(2) in Section 4 below. Thus we suppose, additionally to (1.4), the conditions

div u(t) = k(t), N · u(t)|_{∂Ω} = N · g(t) for a.a. t ∈ [0, T ). (1.6)

This leads to the following

Definition 1 Assume that the data F, k, g and u_0 satisfy (1.2) and (1.3). Then u ∈ L^s ( 0, T ; L^q(Ω) ) is called a very weak solution of the Navier-Stokes system (1.1) if the conditions (1.4) and (1.6) are satisfied.

Note that a very weak solution u need not have any differentiability property in space and time. In particular, u need not satisfy any energy inequality with finite energy ‖u‖^2_{L∞(0,T ;L2(Ω))} + ‖∇u‖^2_{L2(0,T ;L2(Ω))} < ∞ like weak solutions in the sense of Hopf. This justifies the notation ”very weak solution“. On the other hand, a very weak solution is unique – a fact which is not known in general for weak solutions in the sense of Hopf.

The notion of very weak solutions is not new for homogeneous data k = 0 and g = 0, see [3], [4], [14], and the literature therein. However, Amann’s notion of very weak solutions in [3], [4] for k = 0 and boundary values g ≠ 0 introduces a completely new aspect. It leads to new solution classes of very low smoothness in space such that the boundary condition u|_{∂Ω} = g is not defined by usual trace theorems but more generally by the conditions (1.3), (1.4). This will have interesting applications.

Following Amann’s approach our aim is to extend the solution classes for (1.1) to div u = k ≠ 0 and to the ”weakest“ possible case u|_{∂Ω} = g ∈ W^{− 1q ,q}(∂Ω) for a.a. t ∈ [0, T ], leading to the solution class in Definition 1 without any smoothness in space and only satisfying Serrin’s condition, see Theorem 1. We will develop such a theory also for the linear nonstationary Stokes system, see Theorem 4. Further we improve the results on very weak solutions of stationary Stokes and Navier-Stokes systems developed in [14] to the more general case that k ∈ L^r(Ω),^1_3 +^1_q =^1_r , see Theorems 2 and 3.

Concerning the initial condition u|_{t=0} = u_0 in (1.1) we note, see Theorem 1, that A^{−1}_q P_qu is well defined as a continuous function on [0, T ) with values in L^q_σ(Ω); here, A_q means the Stokes operator and P_q the Helmholtz projection. We obtain the well defined condition

A^{−1}_q P_qu|_{t=0} = A^{−1}_q P_qu_0, (1.7)

which can be understood as the precise meaning of u|_{t=0} = u_0, see (2.19) for A^{−1}_q P_qu_0 and the proof of Theorem 1.

Thus each condition in the system (1.1) has a well defined direct meaning for a very weak solution u. The first two equations hold in the sense of distributions on

Ω×(0, T ), u|_{∂Ω} = g holds in the sense of distributions in ∂Ω, and u|_{t=0} = u_0 holds in the sense of (1.7). Moreover, if the data are sufficiently smooth, u coincides with the usual strong solution.

Our main theorem on the system (1.1) reads as follows.

Theorem 1 Suppose the data F, k, g and u_0 satisfy (1.2) and (1.3) with 3 < q < ∞, 2 < s < ∞, 1 < r < q,^1_3 +^1_q =^1_r ,^2_s +^3_q = 1. Then there exists some T^′ = T^′(F, k, g, u_0) > 0, 0 < T^′ ≤ T , and a uniquely determined very weak solution u ∈ L^s ( 0, T^′; L^q(Ω) ) of the system (1.1) satisfying A^{−1}_q P_qu_t ∈ L^{s/2} ( 0, T^{′′}; L^q_σ(Ω) ) for all 0 < T^{′′} < T^′, and A^{−1}_q P_qu ∈ C ( [0, T^′); L^q_σ(Ω) ) . The existence interval [0, T^′) is determined by the condition (4.23), depending on the data, and includes the case T^′ = T = ∞ if the data are sufficiently small.

Up to now we cannot prove that there exists an open maximal existence interval as in [3], [4] for the case k = 0. The reasons are the very weak assumptions on g and k in (1.2).

In the linearized case u · ∇u ≡ 0 we have to omit the term ⟨u · ∇u, w⟩_Ω = −⟨uu, ∇w⟩_Ω − ⟨ku, w⟩_Ω in (1.4), and we may omit the restriction^2_s +^3_r = 1 in (1.2), which is caused by the nonlinear term. Then we can show the existence and uniqueness of a very weak solution u ∈ L^s ( 0, T ; L^q(Ω) ) of the linearized system (1.1) satisfying the estimate

‖A^{−1}_q P_qu_t‖_Ls_{(0,T ;L}q_{(Ω))} + ‖u‖_Ls_{(0,T ;L}q_{(Ω))} (1.8) ≤ C ( ‖u_0‖_J q,s_{(Ω)} + ‖F ‖_Ls_{(0,T ;L}r_{(Ω))} + ‖k‖_Ls_{(0,T ;L}r_{(Ω))} + ‖g‖_{Ls(0,T ;W −} 1_{q ,q (∂Ω))} )

with C = C(Ω, q, s) > 0, see Theorem 4 in Section 4 below.

In the stationary case we consider the system

−Δu + u · ∇u + ∇p = f, div u = k, u|_{∂Ω} = g (1.9)

with data f = div F and k, g satisfying

F = (F_{ij}) ∈ L^r(Ω), k ∈ L^r(Ω), g ∈ W^{− 1q ,q}(∂Ω), ∫ Ω k dx = ∫ ∂Ω N · g dS, (1.10) with 3 < q < ∞, 1 < r < q,^1_3 +^1_q =^1_r .

An obvious modification of the nonstationary case yields the following

Definition 2 Assume that the data F, k and g satisfy (1.10). Then u ∈ L^q(Ω) is called a very weak solution of the stationary Navier-Stokes system (1.9) if the relation −⟨u, Δw⟩_Ω + ⟨g, N · ∇w⟩_{∂Ω} − ⟨uu, ∇w⟩_Ω − ⟨ku, w⟩_Ω = −⟨F, ∇w⟩_Ω, (1.11) holds for all w ∈ C^2_{0,σ}(Ω), and the conditions

div u = k, N · u|_{∂Ω} = N · g (1.12)

are satisfied.

In this case we obtain the following result.

Theorem 2 Suppose the data F, k and g satisfy (1.10) with 3 < q < ∞, 1 < r < q,^1_3 +^1_q =^1_r . There exists a constant K = K(Ω, q) > 0 such that if

‖F ‖_Lr_{(Ω)} + ‖k‖_Lr_{(Ω)} + ‖g‖_{W −} 1_{q ,q (∂Ω)} ≤ K, (1.13)

then we obtain a uniquely determined very weak solution u ∈ L^q(Ω) to the stationary Navier-Stokes system (1.9). This solution satisfies the estimate ‖u‖_Lq_{(Ω)} ≤ C ( ‖F ‖_Lr_{(Ω)} + ‖k‖_Lr_{(Ω)} + ‖g‖_{W −} 1_{q ,q (∂Ω)} ) (1.14)

with C = C(Ω, q) > 0.

Similarly as in (1.5) we obtain for x ∈ ∂Ω the identity

w_N = N · ∇w = (curl w) × N, w ∈ C^2_{0,σ}(Ω). (1.15)

Setting w ∈ C^2_{0,σ}(Ω) in (1.11) we obtain that −Δu + u · ∇u + ∇p = f holds in the sense of distributions with some distribution p. In the stationary case we can also prove that each very weak solution u has a well defined trace u|_{∂Ω} even in

the space W^{− 1q ,q}(∂Ω), and there is an explicit representation formula for u|_{∂Ω}, see (3.6).

Note that Theorem 2 improves the result in [14] where ‖k‖_Lr_{(Ω)} is replaced by the stronger norm ‖k‖_Lq_{(Ω)}.

In the linearized case u · ∇u ≡ 0, we omit ⟨uu, ∇w⟩_Ω, ⟨ku, w⟩_Ω in relation (1.11), and the existence result together with estimate (1.14) holds without any smallness condition for every 1 < q < ∞, 1 < r < q,^1_3 +^1_q ≥^1_r , see Theorem 3 in Section 3 below.

The improvement concerning ‖k‖_Lr_{(Ω)} leads to a certain scaling invariance in the following sense. Let λ > 0, consider some ball B_a(x_0) ⊆ R^3 with radius a > 0 and center x_0 ∈ R^3 , and let F, k, g be data as in (1.10) with Ω = B_a(x_0), 3 < q < ∞, 1 < r < q,^1_3 +^1_q =^1_r . Then it is easy to show that u ∈ L^q ( B_a(x_0) ) is a very weak solution to the system (1.9) on Ω with data F, k, g iff ũ ∈ L^q(Ω̃), Ω̃ = B_{a/λ}(x_0), is a very weak solution of the system

−Δũ + ũ · ∇ũ + ∇p̃ = div F̃ , div ũ = k̃, ũ|_{∂Ω̃} = g̃ (1.16) on Ω̃, where ũ, p̃, F̃ , k̃, g̃ are defined by ũ(x) = λu ( λ(x − x_0) + x_0 ) , p̃(x) = λ^2p ( λ(x − x_0) + x_0 ) , F̃ (x) = λ2F (λ(x − x_0) + x_0), k̃(x) = λ2k(λ(x − x_0) + x_0), g̃(x) = λg ( λ(x − x_0) + x_0).

Then we conclude that if K_{a,q} = K ( B_a(x_0), q ) > 0 is the constant in (1.13) for B_a(x_0), then λ^{1− 3q} K_{a,q} can be chosen as the corresponding constant for B_{a/λ}(x_0). We also conclude that (1.14) holds for u, F, k, g in Ω = B_a(x_0) with C = C ( B_a(x_0), q ) iff (1.14) holds for ũ, F̃ , k̃, g̃ in Ω̃ = B_{a/λ}(x_0) with the same constant C. These properties have several applications in the local regularity theory. Similar results hold in the nonstationary theory.

The proofs of these theorems are organized as follows. First we consider the linearized stationary and nonstationary system and prove explicit representation formulas. Applying these formulas to the nonlinear system leads to a fixed point problem which can be solved by Banach’s fixed point theorem for sufficiently small data. In Section 2 we prepare several preliminaries.

2 Notations and Preliminaries

Classical Function Spaces. Let 1 < q < ∞ and q^′ =^q_{q−1} such that^1_q +^1_{q′} = 1. We need the usual spaces L^q(Ω) and W^{α,q}(Ω), W^{α,q}_0 (Ω), α ≥ 0, with norms ‖·‖_Lq_{(Ω)} = ‖·‖_{q,Ω} and ‖·‖_W α,q_{(Ω)} = ‖·‖_{α;q,Ω}, resp. The space W^{−α,q}(Ω) = W^{α,q′}_0 (Ω)^′ is the dual space of W^{α,q′}_0 (Ω) with the natural duality pairing ⟨·, ·⟩_Ω and the norm ‖·‖_W −α,q_{(Ω)} = ‖·‖_{−α;q,Ω}. Thus, e.g., ⟨f, h⟩_Ω means the value of the functional f ∈ W^{−α,q}(Ω) at h ∈ W^{α,q′}_0 (Ω). Similarly, for functions on the boundary, L^q(∂Ω) and W^{α,q}(∂Ω), W^{−α,q′} (∂Ω), α ≥ 0, with norms ‖·‖_Lq_{(∂Ω)} = ‖·‖_{q,∂Ω} and ‖·‖_W α,q_{(∂Ω)} = ‖·‖_{α;q,∂Ω}, ‖·‖_W −α,q_{(∂Ω)} = ‖·‖_{−α;q,∂Ω}, resp., and the duality pairing ⟨·, ·⟩_{∂Ω} are the corresponding notions for ∂Ω. In particular, the pairing between L^q(∂Ω) and its dual space L^{q′} (∂Ω) = L^q(∂Ω)^′ is given by ⟨f, g⟩_{∂Ω} = ∫ ∂Ω f · g dS where ∫ ∂Ω . . . dS means the surface integral on ∂Ω, see [24] and [26], p. 33, p. 40.

For more details on these spaces cf. [1], [11], [12], [26], [28]. In general, we use the same symbol for scalar, vector, and tensor valued spaces.

By C^ν_0 (Ω), C^ν (Ω), C^ν (Ω), C^ν (∂Ω), ν = 0, 1, . . . and ν = ∞, we denote the usual spaces of smooth functions. We set C^ν_0 (Ω) = {v ∈ C^ν (Ω); v|_{∂Ω} = 0}. The space of distributions C^∞_0 (Ω)^′ is the dual space of the test space C^∞_0 (Ω) with the usual topology, the duality pairing is again denoted by ⟨·, ·⟩_Ω. Similarly, the space

C^∞(∂Ω)^′ of boundary distributions is the dual space of the test space C^∞(∂Ω) with the duality pairing ⟨·, ·⟩_{∂Ω}. This test space has the form C^∞(∂Ω) since ∂Ω has no boundary.

Spaces of solenoidal vector valued functions are denoted by appending ”σ“. Thus we have C^ν_{0,σ}(Ω) = {v ∈ C^ν_0 (Ω); div v = 0} and C^ν_{0,σ}(Ω) = {v ∈ C^ν_0 (Ω); div v = 0}. The corresponding functional space for solenoidal test functions C^∞_{0,σ}(Ω) is the dual space C^∞_{0,σ}(Ω)^′, again with pairing ⟨·, ·⟩_Ω. By a theorem of de Rham, [27], Chapter I, Proposition 1.1, a distribution d = (d_1, d_2, d_3) ∈ C^∞_0 (Ω)^′ with ⟨d, v⟩_Ω = 0 for all v ∈ C^∞_{0,σ}(Ω) has the form d = ∇h with some scalar distribution h.

Let L^q_σ(Ω) be the closure of C^∞_{0,σ}(Ω) in the norm ‖·‖_{q,Ω}. Then L^{q′}_σ (Ω) = L^q_σ(Ω)^′ is the dual space of L^q_σ(Ω) with pairing ⟨·, ·⟩_Ω.

Traces and Extensions. Let α >^1_q , α an integer. Then the trace map f → f|_{∂Ω} is a well defined bounded operator from W^{α,q}(Ω) onto W^{α− 1q ,q}(∂Ω). Conversely, there exists a linear and bounded extension operator E: h → E_h from W^{α− 1q ,q}(∂Ω) into W^{α,q}(Ω) satisfying E_h|_{∂Ω} = h. Thus it holds ‖E_h‖_{α;q,Ω} ≤ C‖h‖_{α−} 1_{q ;q,∂Ω} with C = C(Ω, α, q) > 0. Let 1 < r ≤ q,^1_3 +^1_q ≥^1_r , and let f = (f_1, f_2, f_3) ∈ L^q(Ω) with div f ∈ L^r(Ω).

Then we use Green’s identity ⟨div f, E_h⟩_Ω = ⟨N · f, h⟩_{∂Ω} − ⟨f, ∇E_h⟩_Ω for h ∈ W^{1− 1q′ ,q′} (∂Ω) = W^{1q ,q′} (∂Ω) and with the extension operator E : W^{1q ,q′} (∂Ω) → W^{1,q′} (Ω). This leads, using the embedding property ‖E_h‖_r′_{,Ω} ≤ C(‖E_h‖_q′_{,Ω} + ‖∇E_h‖_q′_{,Ω}), C = C(Ω, q, r) > 0, to the estimate |⟨N · f, h⟩_{∂Ω}| ≤ C(‖f‖_{q,Ω} + ‖div f‖_{r,Ω})‖h‖ 1_{q ;q}′_{,∂Ω} (2.1) with C = C(Ω, q, r) > 0. Hence the trace N · f|_{∂Ω} ∈ W^{− 1q ,q}(∂Ω) of the normal component of f at ∂Ω is well defined and it holds the estimate ‖N · f‖_− 1_{q ;q,∂Ω} ≤ C(‖f‖_{q,Ω} + ‖div f‖_{r,Ω}). (2.2) Using the corresponding identity

⟨curl f, E_h⟩_Ω = ⟨N × f, E_h⟩_{∂Ω} + ⟨f, curl E_h⟩_Ω

now for h = (h_1, h_2, h_3) ∈ W^{1− 1q′ ,q′} (∂Ω), we obtain the following trace property: If f = (f_1, f_2, f_3) ∈ L^q(Ω), curl f ∈ L^r(Ω), then the trace N × f|_{∂Ω} ∈ W^{− 1q ,q}(∂Ω) of the tangential component of f at ∂Ω is well defined and it holds the estimate ‖N × f‖_− 1_{q ;q,∂Ω} ≤ C(‖f‖_{q,Ω} + ‖curl f‖_{r,Ω}) (2.3) with C = C(Ω, q, r) > 0. The identity f = (N · f)N + (N × f) × N at ∂Ω shows that it is justified to call N × f|_{∂Ω} the tangential component of f at ∂Ω.

Let f ∈ L^q(Ω) with ∫ Ω f dx = 0. Then there exists some b = b^f ∈ W^{1,q}_0 (Ω) with div b^f = f such that f → b^f is a linear mapping satisfying ‖b^f ‖_{1;q,Ω} ≤ C‖f‖_{q,Ω}, C = C(Ω, q) > 0. (2.4) If moreover f ∈ W^{1,q}_0 (Ω), then b^f ∈ W^{2,q}_0 (Ω) and ‖b^f ‖_{2;q,Ω} ≤ C‖∇f‖_{q,Ω}, C = C(Ω, q) > 0, (2.5) see [5], [11], Theorem III.3.2 and [26], p. 68.

Using properties of the weak Neumann problem in L^q(Ω), see [23], we find for each h ∈ W^{− 1q ,q}(∂Ω) some E^h = (E^h_1 , E^h_2 , E^h_3 ) ∈ L^q(Ω) with div E^h ∈ L^r(Ω), N · E^h|_{∂Ω} = h, such that h → E^h is a linear map satisfying

‖E^h‖_{q,Ω} + ‖div E^h‖_{r,Ω} ≤ C‖h‖_− 1_{q ;q,∂Ω} (2.6)

with C = C(Ω, q, r) > 0.

Let h = (h_1, h_2, h_3) ∈ W^{1− 1q ,q}(∂Ω). Then we find an extension w^h ∈ W^{2,q}(Ω)∩ W^{1,q}_0 (Ω) such that N · ∇w^h|_{∂Ω} = h depending linearly on h; moreover, ‖w^h‖_{2;q,Ω} ≤ C‖h‖_{1−1/q;q,∂Ω} (2.7) with C = C(Ω, q) > 0, see [22], Theorem 5.8, p. 104, or [28], 5.4.4, p. 385.

If additionally N · h|_{∂Ω} = 0, then we can show that div w^h|_{∂Ω} = 0 and N · ∇w^h|_{∂Ω} = −N × curl w^h|_{∂Ω} = h, see [14]. This yields ∫ Ω div w^hdx = 0, div w^h ∈ W^{1,q}_0 (Ω), and we find b = b(w^h) ∈ W^{2,q}_0 (Ω) satisfying div b = div w^h and (2.4), (2.5). Setting ŵ^h = w^h − b(w^h) we see that ŵ^h ∈ W^{2,q}(Ω) satisfies

ŵ^h|_{∂Ω} = 0, N · ∇ŵ^h|_{∂Ω} = −N × curl ŵ^h|_{∂Ω} = h, div ŵ^h = 0. (2.8)

Moreover, the mapping h → ŵ^h is linear and ‖ŵ^h‖_{2;q,Ω} ≤ C‖h‖_{1−1/q;q,∂Ω}, C = C(Ω, q) > 0, (2.9) see [14], (2.14).

The Stokes Operator. Let f = (f_1, f_2, f_3) ∈ L^q(Ω). Then, the weak Neumann problem ΔH = div f, N · (∇H − f)|_{∂Ω} = 0, has a unique solution ∇H ∈ L^q(Ω) satisfying the estimate ‖∇H‖_{q,Ω} ≤ C‖f‖_{q,Ω} (2.10) with C = C(Ω, q) > 0, see [23]. Setting P_qf = f − ∇H we define the Helmholtz projection operator P_q as a bounded operator from L^q(Ω) onto L^q_σ(Ω), satisfying P^2_q = P_q and ⟨P_qf, g⟩_Ω = ⟨f, P_q′ g⟩_Ω, for all f ∈ L^q(Ω), g ∈ L^{q′} (Ω) . Hence P^′_q = P_q′ holds for the dual operator P^′_q of P_q.

The Stokes operator A_q, with domain

D(A_q) = L^q_σ (Ω) ∩ W^{1,q}_0 (Ω) ∩ W^{2,q}(Ω) ⊆ L^q_σ(Ω)

and range R(A_q) = L^q_σ(Ω), is defined by A_qu = −P_qΔu, u ∈ D(A_q). The fractional power A^α_q : D(A^α_q ) → L^q_σ(Ω) = R(A^α_q ) with D(A_q) ⊆ D(A^α_q ) ⊆ L^q_σ (Ω), 0 ≤ α ≤ 1, is well defined, bijective and its inverse (A^α_q )^{−1} = A^{−α}_q is a bounded operator from L^q_σ (Ω) into L^q_σ(Ω) with range R(A^{−α}_q ) = D(A^α_q ); furthermore, the operator (A^α_q )^′ = A^α_q′ is the dual operator of A^α_q . The norms ‖u‖_{2;q,Ω} and ‖A_qu‖_{q,Ω} are equivalent for u ∈ D(A_q); analogously, the norms ‖u‖_{1;q,Ω} and ‖A^{1/2}q u‖_{q,Ω} are equivalent for u ∈ D(A^{12}q ) = L^q_σ (Ω) ∩ W^{1,q}_0 (Ω). Note that the space D(A^α_q ) endowed with the graph norm ‖A^α_q u‖_{q,Ω}, u ∈ D(A^α_q ), is a Banach space. Furthermore, we mention the important embedding property ‖u‖_{q,Ω} ≤ C‖A^α_γ u‖_{γ,Ω}, u ∈ D(A^α_γ ), 1 < γ ≤ q, 2α + 3 q = 3 γ , (2.11)

with C = C(Ω, q) > 0. See [2], [9], [13], [17], [18], [21], [25], [26], [28] concerning proofs and further properties of the Stokes operator. Finally we observe that A_qu = A_ρu holds if u ∈ D(A_q) ∩ D(A_ρ), 1 < q < ∞, 1 < ρ < ∞.

It is well-known that −A_q generates a bounded analytic semigroup {e^{−tAq} : t ≥ 0}, see [2], [16], [19], [25], [26], and that ‖A^α_q e^{−tAq} v‖_{q,Ω} ≤ Ce^{−δt}t^{−α}‖v‖_{q,Ω}, v ∈ L^q_σ(Ω), t > 0, (2.12) with constants C = C(Ω, q) > 0, δ = δ(Ω, q) > 0.

Let 0 < α ≤ 1, 1 < q < ∞, and let d = (d_1, d_2, d_3) ∈ C^∞_0 (Ω)^′ be a distribution. Assume that ⟨d, v⟩_Ω is well defined for all v ∈ D(A^α_q′ ) and is continuous in the norm ‖A^α_q′ v‖_q′_{,Ω}, i.e., there exists a constant C > 0 such that |⟨d, v⟩_Ω| ≤ C‖A^α_q′ v‖_q′_{,Ω} . In other words, the functional ⟨d, v⟩_Ω , v ∈ D(A^α_q′ ), is a well-defined element of the dual space D(A^α_q′ )^′ of D(A^α_q′ ) . Writing formally ⟨d, v⟩_Ω = ⟨d, P_q′ v⟩_Ω = ⟨P_qd, v⟩_Ω , we call P_qd = ⟨P_qd, ·⟩_Ω the restriction of the functional d to test functions v ∈ D(A^α_q′ ), giving P_q a generalized meaning; in short, we write P_qd ∈ D(A^α_q′ )^′ .

Let d ∈ C^∞_0 (Ω)^′ with P_qd ∈ D(A^α_q′ )^′. Since R(A^α_q′ ) = L^{q′}_σ (Ω), there exists a uniquely determined element d^∗ ∈ L^q_σ(Ω) satisfying the relation ⟨d, v⟩_Ω =

⟨d^∗, A^α_q′ v⟩_Ω. We set d^∗ = A^{−α}_q P_qd, giving the operator A^{−α}_q a generalized meaning. Thus A^{−α}_q P_qd ∈ L^q_σ(Ω) is well defined by the relation ⟨d, v⟩_Ω = ⟨P_qd, v⟩_Ω = ⟨P_qd, A^{−α}_q′ A^α_q′ v⟩_Ω = ⟨A^{−α}_q P_qd, A^α_q′ v⟩_Ω , (2.13) v ∈ D(A^α_q′ ) , similarly as in the theory of distributions. We conclude that the operation A^{−α}_q P_qd ∈ L^q_σ(Ω) is well defined by (2.13) if d ∈ C^∞_0 (Ω)^′ and P_qd ∈ D(A^α_q′ )^′ . To obtain examples, we consider a functional f in the (vector valued) Bessel potential space H^{−2α}_q (Ω) for 0 < α ≤^1_2 , see [1], [2], [28]. Then P_qf ∈ D(A^α_q′ )^′, since C^∞_{0,σ}(Ω) is dense in the Banach space D(A^α_q′ ) because of α ≤^1_2 . Therefore, A^{−α}_q P_qf ∈ L^q_σ(Ω) is well defined in this case.

Let 1 < r ≤ q,^1_3 +^1_q ≥^1_r , and let u = (u_1, u_2, u_3) ∈ L^q(Ω). Assume that

the distribution d = Δu is continuous in the norm ‖A^{12}_r′ · ‖_r′_{,Ω}. Then the element A^{−1/2}r P_rΔu ∈ L^r_σ (Ω) is well defined by the relation

⟨A^{− 12}r P_rΔu, A^{12}_r′ v⟩_Ω = ⟨u, Δv⟩_Ω, v ∈ C^∞_{0,σ}(Ω), (2.14)

according to (2.13); see also [14], Section 2. Here we use that C^∞_{0,σ}(Ω) is dense in

the Banach space D(A^{12}_r′ ).

Let F = (F_{ij}) ∈ L^r(Ω) where 1 < r ≤ q,^1_3 +^1_q ≥^1_r , and set d = div F. Then using (2.11) and the estimate ‖∇v‖_r′_{,Ω} ≤ C_1‖A^{12}_r′ v‖_r′_{,Ω} ≤ C_2‖A_q′ v‖_q′_{,Ω} , v ∈ D(A_q′ ) , C_i = C_i(Ω, q, r) > 0, i = 1, 2, we see that the distribution v → −⟨F, ∇v⟩_Ω is contained in D(A_q′ )^′. Therefore, the element F̂ = −A^{−1}_q P_q div F ∈ L^q_σ (Ω) is well defined by the relation

⟨F̂ , A_q′ v⟩_Ω = −⟨A^{−1}_q P_q div F, A_q′ v⟩_Ω = −⟨div F, v⟩_Ω (2.15)

and it holds ‖F̂ ‖_{q,Ω} = ‖A^{−1}_q P_q div F ‖_{q,Ω} ≤ C‖F ‖_{r,Ω} (2.16) with C = C(Ω, q, r) > 0; see [26], III, Lemma 2.6.1 concerning similar operations.

Spaces L^q(0, T ; X). Let 1 < q, s < ∞. Then we introduce the usual Bochner space L^s(0, T ; X) with norm ‖·‖_Ls_{(0,T ;X)} = ( ∫_T 0 ‖·‖^s_X dt )_{1/s} where X is any Banach space with norm ‖·‖_X .

In the case X = W^{α,q}(Ω), −1 ≤ α ≤ 1, we set ‖·‖_Ls_{(0,T ;W} α,q_{(Ω))} = ‖·‖_{α;q,s,Ω}, and for X = W^{α,q}(∂Ω) let ‖·‖_Ls_{(0,T ;W} α,q_{(∂Ω))} = ‖·‖_{α;q,s,∂Ω}. Finally, if X = L^q(Ω) or X = L^q(∂Ω), we set ‖·‖_Ls_{(0,T ;L}q_{(Ω))} = ‖·‖_{q,s,Ω}, and ‖·‖_Ls_{(0,T ;L}q_{(∂Ω))} = ‖·‖_{q,s,∂Ω}, resp. As duality pairing we define ⟨f, g⟩_{Ω,T} = ∫_T 0 ⟨f, g⟩_Ω dt with ⟨f, g⟩_Ω = ∫ Ω f · g dx (2.17) for f = (f_1, f_2, f_3) ∈ L^s(0, T ; L^q(Ω)), g = (g_1, g_2, g_3) ∈ L^{s′} (0, T ; L^{q′} (Ω)). Similarly, we use the notation ⟨f, g⟩_{∂Ω,T} = ∫_T 0 ⟨f, g⟩_{∂Ω} dt with ⟨f, g⟩_{∂Ω} = ∫ ∂Ω f · g dS. We also need the spaces C^ν ( [0, T ); X ) , ν = 0, 1, 2, . . ., of X-valued functions v(t), such that v, (d/dt)v, . . . , (d/dt)^νv are continuous on [0, T ). We set C^0 ( [0, T ); X ) = C ( [0, T ); X ) . The space C^1_0 ( [0, T ); X ) is the subspace of C^1 ( [0, T ); X ) consisting of functions v with compact support contained in [0, T ), whereas C^1_0 ( (0, T ); X ) is the subspace of C^1 ( [0, T ); X ) -functions v with compact support contained in (0, T ). Let f ∈ L^s ( 0, T ; L^q_σ(Ω) ) . Then there exists a unique function v ∈ L^s ( 0, T ; D(A_q) ) with v_t ∈ L^s ( 0, T ; L^q_σ(Ω) ) and v ∈ C ( [0, T ); L^q_σ(Ω) ) , satisfying the evolution system v_t + A_qv = f, 0 ≤ t < T, v(0) = 0. To be more precise, v(t) = ∫_t 0 e^{−(t−τ )Aq} f(τ)dτ, 0 ≤ t < T, and it holds the ’maximal regularity’ estimate ‖v_t‖_{q,s,Ω} + ‖A_qv‖_{q,s,Ω} ≤ C‖f‖_{q,s,Ω}, C = C(Ω, q, s) > 0, (2.18) see [19], [25].

The Space of Initial Values. Let 1 < q, s < ∞. The space of initial values J^{q,s}(Ω) consists of distributions u_0 satisfying A^{−1}_q P_qu_0 ∈ L^q_σ(Ω), see (2.13), and an additional integrability condition in time. To be more precise, let

J^{q,s}(Ω) = {u_0 ∈ C^∞_0 (Ω)^′ : A^{−1}_q P_qu_0 ∈ L^q_σ (Ω), ∫_∞ 0 ‖A_qe^{−tAq} A^{−1}_q P_qu_0‖^s_q dt < ∞} (2.19) and ‖u_0‖_J q,s_{(Ω)} = ‖A^{−1}_q P_qu_0‖_{q,Ω} + ( ∫_∞ 0 ‖A_qe^{−tAq} A^{−1}_q P_qu_0‖^s_q dt)^{1s} . Obviously, ‖ · ‖_J q,s_{(Ω)} defines a seminorm in J^{q,s}(Ω) which becomes a norm if we identify two elements u_0, v_0 ∈ J^{q,s}(Ω) satisfying ‖A^{−1}_q P_q(u_0 − v_0)‖_J q,s_{(Ω)} = 0, i.e., u_0 − v_0 is a gradient. Of course, since w(0) ∈ C^2_{0,σ}(Ω) in (1.4) is solenoidal, initial values can be prescribed only modulo gradients.

As an example, let u_0 ∈ C^∞_0 (Ω)^′ and assume that A^{− 1s +ε}q P_qu_0 ∈ L^q_σ(Ω) where 0 < ε <^1_s . Then by (2.12) u_0 ∈ J^{q,s}(Ω). Using similar calculations as in [4] we can show that u_0 ∈ B^{−2/s}q,s (Ω) is sufficient for u_0 ∈ J^{q,s}(Ω) in the case s ≥ 2; here B^{−2/s}q,s (Ω) denotes a Besov space, see [2], [3], [4], [28].

Consider u ∈ L^s ( 0, T ; L^q(Ω) ) such that its time derivative (A^{−1}_q P_qu)_t = A^{−1}_q P_qu_t ∈ L^s ( 0, T ; L^q_σ(Ω) ) in the sense of distributions. Then, after redefining on a null set of [0, T ), we get A^{−1}_q P_qu ∈ C ( [0, T ); L^q_σ(Ω) ) . Thus A^{−1}_q P_qu(t) ∈ L^q_σ (Ω) is well defined for each t ∈ [0, T ), and therefore A^{−1}_q P_qu(0) = A^{−1}_q P_qu_0 in (1.7) is well defined.

Let v_0 ∈ L^q_σ (Ω) such that ∫_∞ 0 ‖A_qe^{−tAq} v_0‖^s_q dt < ∞, let f ∈ L^s ( 0, T ; L^q_σ(Ω) ) and consider the general system v_t + A_qv = f, v(0) = v_0. Then we apply (2.18) to v̂(t) = v(t) − e^{−tAq} v_0, obtain the estimate ‖v_t‖_{q,s,Ω} + ‖A_qv‖_{q,s,Ω} ≤ C (( ∫_T 0 ‖A_qe^{−tAq} v_0‖^s_q dt ) 1_s + ‖f‖_{q,s,Ω} ) (2.20)

with C = C(Ω, q, s) > 0, and the representation formula

v(t) = e^{−tAq} v_0 + ∫_t 0 e^{−(t−τ )Aq} f(τ) dτ, 0 ≤ t < T. (2.21) 3 Stationary very weak solutions

First we consider the linearized stationary system

−Δu + ∇p = f, div u = k, u|_{∂Ω} = g (3.1)

with data f = div F and k, g satisfying F ∈ L^r(Ω), k ∈ L^r(Ω), g ∈ W^{− 1q ,q}(∂Ω), ∫ Ω k dx = ∫ ∂Ω N · g dS (3.2) where 1 < q < ∞, 1 < r ≤ q,^1_3 +^1_q ≥^1_r . Here we follow [14] in principle, but in [14] the stronger condition k ∈ L^q(Ω) is supposed.

Modifying Definition 2 in an obvious way for the linearized case, u ∈ L^q(Ω) is called a very weak solution of the system (3.1) with data (3.2) if −⟨u, Δw⟩_Ω + ⟨g, N · ∇w⟩_{∂Ω} = −⟨F, ∇w⟩_Ω, w ∈ C^2_{0,σ}(Ω), (3.3) and additionally the conditions (1.12) are satisfied, i.e., div u = k and N ·u = N ·g on ∂Ω. Our main result on (3.1), improving [14], Theorem 3, reads as follows.

Theorem 3 Suppose the data F, k, g satisfy (3.2) with 1 < q < ∞, 1 < r ≤ q, 1 3 +^1_q ≥^1_r . Then there exists a unique very weak solution u ∈ L^q(Ω) of the system (3.1) satisfying the estimate ‖u‖_{q,Ω} ≤ C(‖F ‖_{r,Ω} + ‖k‖_{r,Ω} + ‖g‖_{−1/q;q,∂Ω}) (3.4) with C = C(Ω, q, r) > 0.

Remarks 1 (1) Setting w ∈ C^∞_{0,σ}(Ω) in (3.3) and using de Rham’s argument we find some pressure p ∈ W^{−1,q}(Ω) such that −Δu + ∇p = f holds in the sense of distributions, and that ‖p‖_{−1;q,Ω} satisfies the same estimate as ‖u‖_{q,Ω} in (3.4). Moreover we conclude from (3.3) that

A^{− 12}r P_rΔu = −A^{− 12}r P_r div F, (3.5)

where A^{− 12}r P_r div F is defined by the relation ⟨A^{− 12}r P_r div F, A^{12}_r′ v⟩_Ω = −⟨F, ∇v⟩_Ω, v ∈ C^∞_{0,σ}(Ω), see (2.14) and (2.15).

(2) Assume for a moment that u is sufficiently smooth. Then, inserting w = ŵ^h from (2.8), (2.9) in the expression ⟨u, Δw⟩_Ω, and using integration by parts, we obtain an explicit trace formula for u|_{∂Ω} as a functional in W^{− 1q ,q}(∂Ω). To be more precise, the map h → ⟨u|_{∂Ω}, h⟩_{∂Ω} for h ∈ W^{1−1/q′,q′} (∂Ω) = W^{1q ,q′} (∂Ω), N · h|_{∂Ω} = 0 is defined by

⟨u|_{∂Ω}, h⟩_{∂Ω} = ⟨u, Δŵ^h⟩_Ω − ⟨A^{− 12}r P_rΔu, A^{12}_r′ŵ^h⟩_Ω, h ∈ W^{− 1q ,q′} (∂Ω). (3.6)

Using (2.9) with q replaced by q^′ we then obtain the estimate |⟨u|_{∂Ω}, h⟩_{∂Ω}| ≤ C(‖u‖_{q,Ω} + ‖A^{− 12}r P_rΔu‖_{r,Ω})‖h‖_{1/q;q}′_{;∂Ω} (3.7) with C = C(Ω, q, r) > 0. Formula (3.6) is well defined for each very weak solution u ∈ L^q(Ω) and yields an explicit formula for the tangential component of u|_{∂Ω}. The normal component N · u|_{∂Ω} is well defined by (1.12), (2.1). This shows that the trace u|_{∂Ω} ∈ W^{− 1q ,q}(∂Ω) is well defined for a very weak solution u, and (2.1), (3.7) yield the estimate

‖u|_{∂Ω}‖_− 1_{q ;q,∂Ω} ≤ C(‖u‖_{q,Ω} + ‖A^{− 12}r P_rΔu‖_{r,Ω} + ‖div u‖_{r,Ω}) (3.8)

with C = C(Ω, q, r) > 0.

(3) We conclude that a very weak solution u ∈ L^q(Ω) of (3.1) satisfies the conditions (1.12), (3.5) and the condition u|_{∂Ω} = g as elements of W^{− 1q ,q}(∂Ω). Conversely, if u ∈ L^q(Ω) satisfies (1.12), (3.5), and the (well defined) trace u|_{∂Ω} is equal to g, then u is a very weak solution of (3.1).

Proof of Theorem 3. Following in principle [14], we first assume that u ∈ L^q(Ω) is a given very weak solution u of (3.1), and prepare some estimates.

Using the trace map W^{1,q′} (Ω) → W^{1−1/q′,q′} (∂Ω) and the embedding estimate (2.11) we obtain that |⟨g, N · ∇w⟩_{∂Ω}| ≤ C‖g‖_− 1_{q ;q,∂Ω} ‖v‖_q′_{,Ω}, w ∈ C^2_{0,σ}(Ω), v = A_q′ w (3.9) with C = C(Ω, q) > 0. Therefore, the functional v → ⟨g, N · ∇A^{−1}_q′ v⟩_{∂Ω} is continuous in ‖v‖_q′_{,Ω}, and it holds ⟨g, N · ∇A^{−1}_q′ v⟩_{∂Ω} = ⟨G, v⟩_Ω with some unique G ∈ L^q_σ(Ω) satisfying ‖G‖_{q,Ω} ≤ C‖g‖_− 1_{q ;q,∂Ω}.

Similarly, v → ⟨F, ∇A^{−1}_q′ v⟩_Ω, v ∈ A_q′ w, is continuous in ‖v‖_q′_{,Ω}, and with F̂ = −A−1_q P_q div F , see (2.15), we get that ⟨F, ∇A^{−1}_{q′} v⟩_Ω = ⟨F̂ , v⟩_Ω and ‖F̂ ‖_{q,Ω} ≤ C‖F ‖_{r,Ω} with C = C(Ω, q, r) > 0 by (2.16).

Using E^h for h = N · g, cf. (2.6), the compatibility condition in (3.2) yields ∫ Ω(div E^h −k)dx = 0. Hence there exists b ∈ W^{1,r}_0 (Ω) satisfying div b = div E^h −k and, due to (2.6), (2.4),

‖b‖_{q,Ω} ≤ C_1‖∇b‖_{r,Ω} ≤ C_2(‖div E^h‖_{r,Ω} + ‖k‖_{r,Ω}) (3.10)

where C_i = C_i(Ω, q, r) > 0, i = 1, 2. Then we use the solution ∇H ∈ L^q(Ω) of the weak Neumann problem

ΔH = div (E^h − b) = k = div u, N · ∇H|_{∂Ω} = N · (E^h − b)|_{∂Ω},

and applying (2.10), (2.6), (3.10) leads to the estimate ‖∇H‖_{q,Ω} ≤ C_1‖E^h − b‖_{q,Ω} ≤ C_2(‖g‖_− 1_{q ;q,∂Ω} + ‖k‖_{r,Ω}) (3.11) with C_i = C_i(Ω, q, r) > 0. Further we get from (2.10) that ‖∇H‖_{q,Ω} ≤ C‖u‖_{q,Ω} with C = C(Ω, q) > 0. Obviously, ∇H only depends on the data k, g.

Using (2.2) and (2.3) with curl ∇H = 0 we conclude that ∇H|_{∂Ω} ∈ W^{− 1q ,q}(∂Ω) is well defined, and that ‖∇H‖_− 1_{q ;q,∂Ω} ≤ C(‖g‖_− 1_{q ;q,∂Ω} + ‖k‖_{r,Ω}) (3.12) with C = C(Ω, q, r) > 0.

Set û = P_qu = u − ∇H ∈ L^q_σ (Ω) and ĝ = g − ∇H|_{∂Ω} ∈ W^{− 1q ,q}(∂Ω). Then |⟨ĝ, N ·∇w⟩_{∂Ω}| ≤ C(‖g‖_− 1_{q ;q,∂Ω}+‖k‖_{r,Ω})‖v‖_q′_{,Ω}, w ∈ C^2_{0,σ}(Ω), v = A_q′ w, (3.13) cf. (3.9). As above, we construct Ĝ ∈ L^q_σ(Ω) satisfying ⟨ĝ, N · ∇A^{−1}_q′ v⟩_{∂Ω} = ⟨Ĝ, v⟩_Ω, and the estimate ‖Ĝ‖_{q,Ω} ≤ C(‖g‖_− 1_{q ;q,∂Ω} + ‖k‖_{r,Ω}) (3.14) holds with C = C(Ω, q, r) > 0.

In the next step we use the relation ⟨∇H, Δw⟩_Ω = ⟨∇H, N · ∇w⟩_{∂Ω}, w as in (3.13), which follows from using an approximation of H by smooth functions and an integration by parts. Then by (3.3) a calculation leads to ⟨ĝ, N · ∇w⟩_{∂Ω} + ⟨F, ∇w⟩_Ω = −⟨û, v⟩_Ω, and inserting Ĝ, F̂ yields ⟨Ĝ, v⟩_Ω + ⟨F̂ , v⟩_Ω = −⟨û, v⟩_Ω.

From the regularity properties of the Stokes operator A_q′ , see [25], we know that the set of all v = A_q′ w with w ∈ C^2_{0,σ}(Ω) is dense in L^{q′}_σ (Ω). Thus we may use the last relation for all v ∈ L^{q′}_σ (Ω), and we get the representation formula u = ∇H − Ĝ − F̂ (3.15) for the given very weak solution u.

Since the right hand side of (3.15) depends only on the data F, k, g, we can use (3.15) to construct u ∈ L^q(Ω). Then the same arguments as above show that u satisfies (3.3) and (1.12). Thus u defined by (3.15) is a very weak solution of (3.1). Since each given very weak solution of (3.1) has the form (3.15), we obtain the uniqueness assertion. The estimate (3.4) follows from (3.12), (3.14), and (2.16). This proves Theorem 3.

Remarks 2 (1) Suppose that the data F, k, g in (3.1), (3.2) satisfy the stronger conditions F ∈ L^q(Ω), k ∈ L^q(Ω), g ∈ W^{1−1/q,q}(∂Ω), 1 < q < ∞. Then the very weak solution u in Theorem 3 satisfies u ∈ W^{1,q}(Ω) and estimate ‖u‖_{1;q,Ω} ≤ C(‖F ‖_{q,Ω} + ‖k‖_{q,Ω} + ‖g‖_{1−1/q;q,∂Ω}) (3.16) with C = C(Ω, q) > 0. The existence of such a solution u of (3.1) is well known, see [9], [11], [13]. Since u is obviously also a very weak solution which is unique, we conclude this regularity property; see also [14], Lemma 4.

(2) In the same way we conclude that if the data in (3.1), (3.2) satisfy the conditions f = div F ∈ L^q(Ω), k ∈ W^{1,q}(Ω), g ∈ W^{2−1/q,q}(∂Ω), then this solution satisfies ‖u‖_{2;q,Ω} ≤ C(‖f‖_{q,Ω} + ‖k‖_{1;q,Ω} + ‖g‖_{2−1/q;q,∂Ω}) (3.17) with C = C(Ω, q) > 0. Thus (3.16) and (3.17) are regularity properties of the very weak solution u if the data are sufficiently smooth.

Proof of Theorem 2. Following [14] we first consider a given very weak solution u ∈ L^q(Ω) of the system (1.9). Using similar arguments as in the previous proof we obtain, since u · ∇u = div (uu) − ku and^1_3 +^1_q =^1_r , that |⟨u · ∇u, w⟩_Ω| ≤ C(‖u‖^2_{q,Ω} + ‖k‖_{r,Ω} ‖u‖_{q,Ω})‖∇w‖_r′_{,Ω}, w ∈ C^2_{0,σ}(Ω). (3.18) Hence we find W (u) ∈ L^r(Ω) satisfying ⟨u · ∇u, w⟩_Ω = ⟨div (uu) − ku, w⟩_Ω = ⟨div W (u), w⟩_Ω = −⟨W (u), ∇w⟩_Ω, (3.19) and ‖W (u)‖_{r,Ω} ≤ C(‖u‖^2_{q,Ω} + ‖k‖_{r,Ω} ‖u‖_{q,Ω}) (3.20) with C = C(Ω, q, r) > 0, similarly as in (2.15), (2.16). We see that u is a very weak solution of the linear system

−Δu + ∇p = div ( F − W (u) ) , div u = k, u|_{∂Ω} = g. (3.21)

Then (3.15) leads to the formula u = ∇H − Ĝ − F̂ − Ŵ (u) (3.22) where ∇H, Ĝ, F̂ , Ŵ (u) are determined by ΔH = k, N · (∇H − g)|_{∂Ω} = 0, ⟨Ĝ, v⟩_Ω = ⟨g − ∇H|_{∂Ω}, N · ∇A^{−1}_q′ v⟩_{∂Ω}, ⟨F̂ , v⟩_Ω = ⟨F, ∇A^{−1}_q′ v⟩_Ω, ⟨Ŵ (u), v⟩_Ω = −⟨uu, ∇A^{−1}_q′ v⟩_Ω − ⟨ku, A^{−1}_q′ v⟩_Ω for all w ∈ C^2_{0,σ}(Ω), v = A_q′ w. Setting û = u − ∇H, F(û) = −F̂ − Ĝ − Ŵ (û + ∇H), we obtain from (3.22) the equation û = F(û), which can be solved by Banach’s fixed point theorem. This leads to the desired solution u = û + ∇H.

For this purpose we use similar estimates as in the previous proof, and obtain

‖F(û)‖_{q,Ω} ≤ C(‖û‖_{q,Ω} + ‖g‖_− 1_{q ;q,∂Ω} + ‖k‖_{r,Ω})^2 (3.23) +C‖k‖_{r,Ω} ( ‖û‖_{q,Ω} + ‖g‖_− 1_{q ;q,∂Ω} + ‖k‖_{r,Ω} ) +C ( ‖F ‖_{r,Ω} + ‖g‖_− 1_{q ;q,∂Ω} + ‖k‖_{r,Ω} ) with C = C(Ω, q) > 0. Setting a = C, β = ‖g‖_− 1_{q ;q,∂Ω} + ‖k‖_{r,Ω}, γ = C(‖F ‖_{r,Ω} + β) + β, δ = C‖k‖_{r,Ω}, we obtain the estimate

‖F(û)‖_{q,Ω} + β ≤ a(‖û‖_{q,Ω} + β)^2 + δ(‖û‖_{q,Ω} + β) + γ. (3.24)

Then we consider the closed ball B = {û ∈ L^q_σ(Ω); ‖û‖_{q,Ω} + β ≤ y_1} where y_1 > 0 means the smallest root of the equation y = ay^2 +δy+γ. Supposing the smallness condition 4aγ + 2δ < 1 we get y_1 > β and ‖F(û) − F(v̂)‖_{q,Ω} ≤ â‖û − v̂‖_{q,Ω} with some 0 < â < 1. Now Banach’s fixed point theorem yields a unique solution û ∈ B with û = F(û), see [26], V.4.2, for details. Then u = û + ∇H solves (3.22) and is a very weak solution of (1.9). The smallness condition 4aγ + 2δ < 1 can be written in the form (1.13).

To prove uniqueness we follow [14] and assume that there exists another very weak solution v ∈ L^q(Ω) of the system (1.9) with the same data F, k, g as for u. Setting U = u − v we can show that the equation

⟨U, Δw + v · ∇w + u · (∇w)^T + kw⟩_Ω = 0 (3.25)

is satisfied for all w ∈ C^2_{0,σ}(Ω), where ”T “ denotes the transpose. Note that v need not satisfy any smallness condition, but that ‖u‖_q is small. Then, by standard arguments, we solve for each G ∈ C^∞_0 (Ω) the modified Stokes system −Δw − v · ∇w − u · (∇w)^T − kw + ∇π = G, div w = 0, w|_{∂Ω} = 0 to get a solution (w, ∇π) ∈ ( W^{2,3/2}(Ω) ∩ W^{1,3/2}_0 (Ω) ) × L^{3/2}(Ω). Since C^2_{0,σ}(Ω) is dense in ( W^{2,3/2}(Ω) ∩ W^{1,3/2}_0 (Ω) ) ∩ L^{3/2}σ (Ω), we may insert this w in (3.25) which finally shows that U = 0, u = v. This proves Theorem 2. The estimate (1.14) is an easy consequence.

4 Nonstationary very weak solutions

Consider the linearized nonstationary system

u_t − Δu + ∇p = f, div u = k, u|_{∂Ω} = g, u|_{t=0} = u_0 (4.1)

with data f = div F and k, g, u_0 satisfying F ∈ L^s ( 0, T ; L^r(Ω) ) , k ∈ L^s ( 0, T ; L^r(Ω) ) , g ∈ L^s ( 0, T ; W^{− 1q ,q}(∂Ω)), u_0 ∈ J^{q,s}(Ω), ∫ Ω k dx = ∫ ∂Ω N · g dS for a.a. t ∈ [0, T ), (4.2)

where 1 < r ≤ q < ∞,^1_3 +^1_q ≥^1_r , 1 < s < ∞.

Modifying Definition 1 in an obvious way for the linearized case, a vector field u ∈ L^s ( 0, T ; L^q(Ω) ) is called a very weak solution of the system (4.1) with data (4.2) if −⟨u, w_t⟩_{Ω,T} − ⟨u, Δw⟩_{Ω,T} + ⟨g, N · ∇w⟩_{∂Ω,T} = ⟨u_0, w(0)⟩_Ω − ⟨F, ∇w⟩_{Ω,T} , (4.3) w ∈ C^1_0 ( [0, T ); C^2_{0,σ}(Ω) ) , and additionally the conditions (1.6) are satisfied, i.e., div u = k and N · u|_{∂Ω} = N · g a.e. in (0, T ).

Our main result on this system reads as follows.

Theorem 4 Suppose that the data F, k, g and u_0 satisfy (4.2) with 1 < r ≤ q < ∞,^1_3 +^1_q ≥^1_r , 1 < s < ∞. Then there exists a unique very weak solution u ∈ L^s ( 0, T ; L^q(Ω) ) of the system (4.1), satisfying A^{−1}_q P_qu_t ∈ L^s ( 0, T ; L^q_σ(Ω) ) , A^{−1}_q P_qu ∈ C ( [0, T ); L^q_σ(Ω) ) , A^{−1}_q P_qu|_{t=0} = A^{−1}_q P_qu_0 and ‖A^{−1}_q P_qu_t‖_{q,s,Ω}+‖u‖_{q,s,Ω} ≤ C ( ‖u_0‖_J q,s_{(Ω)}+‖F ‖_{r,s,Ω}+‖k‖_{r,s,Ω}+‖g‖_− 1_{q ;q,s,∂Ω} ) (4.4) with C = C(Ω, q, r, s) > 0. Remarks 3 (1) Setting in particular w ∈ C^∞_0 ( (0, T ); C^∞_{0,σ}(Ω) ) in (4.3), we obtain, see [26], p. 248, p. 202, [27], the existence of a distribution p such that u_t − Δu + ∇p = f holds in Ω × (0, T ) in the sense of distributions.

(2) Let h = (h_1, h_2, h_3) ∈ C^1_0 ( (0, T ); W^{1−1/q′,q′} (∂Ω) ) with N · h|_{∂Ω} = 0. Then h(t) → ŵ^{h(t)}, see (2.8), (2.9), is a linear mapping satisfying (ŵ^h)_t = ŵ^{ht} . We may insert w = ŵ^h in (4.3) and obtain the formula ⟨g, h⟩_{∂Ω,T} = ⟨u, ŵ^{ht} ⟩_{Ω,T} + ⟨u, Δŵ^h⟩_{Ω,T} − ⟨F, ∇ŵ^h⟩_{Ω,T} . (4.5) Since the normal component N · h of the test function h is zero, this formula yields a well defined expression for the tangential component N ×g of the boundary values. It is easy to see using integration by parts that N × g coincides with the usual trace N × u|_{∂Ω} if u is sufficiently smooth. Therefore, we may call the right hand side of (4.5) the trace N × u|_{∂Ω} of the tangential component of u at ∂Ω in the sense of distributions. Since the normal component N · u|_{∂Ω} of u at ∂Ω is well defined by (1.6), we get an explicit trace formula for u|_{∂Ω} in the sense of distributions at ∂Ω which coincides with the usual trace of u at ∂Ω if u is smooth. This yields a precise meaning of the general boundary condition u|_{∂Ω} = g in the sense of boundary distributions.

(3) Since w(0) in (4.3) is solenoidal we expect that the initial condition u|_{t=0} = u_0 only makes sense ”modulo gradients“. Therefore, the condition A^{−1}_q P_qu|_{t=0} = A^{−1}_q P_qu_0, see (1.7), seems to be the adequate precise formulation of the initial condition u|_{t=0} = u_0. If u is sufficiently smooth, we need additional (necessary) compatibility conditions in order to reach that u(0) = u_0, see (4.14).

Proof of Theorem 4. Let E(t) = E^{k(t),g(t)} ∈ L^q(Ω) be the very weak solution of the stationary system

−ΔE(t) + ∇p(t) = 0, div E(t) = k(t), E(t)|_{∂Ω} = g(t) for a.a. t ∈ [0, T ]. (4.6)

Then from (3.3) we obtain the relation ⟨g, N · ∇w⟩_{∂Ω,T} = ⟨E, Δw⟩_{Ω,T} for every w ∈ C^1_0 ( [0, T ); C^2_{0,σ}(Ω) ) . Therefore, given a very weak solution u, (4.3) can be written in the form −⟨A^{−1}_q P_qu, v_t⟩_{Ω,T} −⟨u−E, ΔA^{−1}_q′ v⟩_{Ω,T} = ⟨A^{−1}_q P_qu_0, v(0)⟩_Ω−⟨F, ∇A^{−1}_q′ v⟩_{Ω,T} (4.7) where w ∈ C^1_0 ( [0, T ); C^2_{0,σ}(Ω) ) , v = A_q′ w. Since A^{−1}_q P_qu_0 ∈ L^q_σ (Ω), see (2.19), and since div (u − E) = 0, N · (u − E)|_{∂Ω} = 0 yielding u − E = P_q(u − E) we obtain that ⟨u − E, ΔA^{−1}_q′ v⟩_{Ω,T} = ⟨P_q(u − E), ΔA^{−1}_q′ v⟩_{Ω,T} = ⟨u − E, P_q′ ΔA^{−1}_q′ v⟩_{Ω,T} = −⟨u − E, v⟩_{Ω,T} . Further we use (2.15) for a.a. t ∈ [0, T ) and get a unique F̂ = −A^{−1}_q P_q div F ∈ L^s ( 0, T ; L^q_σ(Ω) ) satisfying the relation ⟨F, ∇A^{−1}_q′ v⟩_{Ω,T} = ⟨F̂ , v⟩_{Ω,T} for all v = A_q′ w, w ∈ C^1_0 ( [0, T ); C^2_{0,σ}(Ω) ) . (4.8)

This leads to the relation

−⟨A^{−1}_q P_qu, v_t⟩_{Ω,T} = ⟨A^{−1}_q P_qu_0, v(0)⟩_Ω − ⟨P_qu, v⟩_{Ω,T} (4.9) +⟨P_qE, v⟩_{Ω,T} + ⟨A^{−1}_q P_q div F, v⟩_{Ω,T} . Then a standard argument shows, see [27], III, 1.1 or [26], IV, 1.3, that A^{−1}_q P_qu_t ∈ L^s ( 0, T ; L^q_σ(Ω) ) is well defined, that A^{−1}_q P_qu ∈ C ( [0, T ); L^q_σ(Ω) ) , A^{−1}_q P_qu(0) = A^{−1}_q P_qu_0,

and that the evolution system

(A^{−1}_q P_qu)_t + A_q(A^{−1}_q u) = A^{−1}_q P_q div F + P_qE^{k,g}, (A^{−1}_q P_qu)(0) = A^{−1}_q P_qu_0 (4.10) is satisfied. From (2.21) we now obtain the representation formula

û(t) ≡ P_qu(t) (4.11)

= A_qe^{−tAq} A^{−1}_q P_qu_0 + ∫_t 0 A_qe^{−(t−τ )Aq} ( A^{−1}_q P_q div F + P_qE^{k,g} ) dτ for the very weak solution u. As in (3.22) we get û(t) = P_qu(t) = u(t) − ∇H(t) where ∇H(t) is determined by ΔH(t) = k(t), N · ( ∇H(t) − g(t) ) |_{∂Ω} = 0 for a.a.

t ∈ [0, T ). Since ∇H(t) only depends on g(t), k(t), see (3.11), we obtain by (4.11) a formula for u = û + ∇H which determines u uniquely by the data F, k, g and u_0.

Now use (4.11) to construct a very weak solution u. Using the same calculation as above we obtain the existence assertion of u, the uniqueness of which follows from the representation (4.11). The estimate (4.4) is based on (2.20) and the estimates of E, F̂ , see (3.4) and (2.16).

Using (2.20) we conclude that the term ‖u_0‖_J q,s_{(Ω)} in (4.4) can be replaced by the weaker norm

‖u_0‖_J^{q,s}_{T (Ω)} ≡ ( ∫ T 0 ‖A_qe^{−tAq} A^{−1}_q P_qu_0‖^s_{q,Ω} dt ) 1_s . (4.12)

Now the proof of Theorem 4 is complete.

Next we consider some regularity properties. Suppose the data f = div F and k, g, u_0 of the system (4.1) satisfy the stronger conditions F ∈ L^s ( 0, T ; W^{1,q}(Ω) ) , k ∈ L^s ( 0, T ; W^{1,q}(Ω) ) , k_t ∈ L^s ( 0, T ; L^r(Ω) ) , g ∈ L^s ( 0, T ; W^{2−1/q,q}(∂Ω) ) , g_t ∈ L^s ( 0, T ; W^{− 1q ,q}(∂Ω) ) , u_0 ∈ W^{2,q}(Ω) (4.13)

with 1 < r ≤ q < ∞,^1_3 +^1_q ≥^1_r , 1 < s < ∞, and the compatibility conditions ∫ Ω k dx = ∫ ∂Ω N · g dS for t ∈ [0, T ), u_0|_{∂Ω} = g(0), div u_0 = k(0). (4.14)

Observe that g(0) and k(0) are well defined because of the assumptions on k_t, g_t. For simplicity the assumption on u_0 is not optimally chosen.

Then we will show the existence of a unique solution u ∈ L^s ( 0, T ; W^{2,q}(Ω) ) with u_t ∈ L^s ( 0, T ; L^q(Ω) ) of the system (4.1), together with a pressure function p such that ∇p ∈ L^s ( 0, T ; L^q(Ω) ) , satisfying the estimate ‖u_t‖_{q,s,Ω} + ‖u‖_{2;q,s,Ω} + ‖∇p‖_{q,s,Ω} (4.15) ≤ C ( ‖u_0‖_{2;q,Ω} + ‖f‖_{q,s,Ω} + ‖k‖_{1;q,s,Ω} + ‖k_t‖_{r,s,Ω} + ‖g‖_{2−1/q;q,s,∂Ω} + ‖g_t‖_{−1/q;q,s,∂Ω} )

with C = C(Ω, q, s) > 0. The equations u_t − Δu + ∇p = f, div u = k and u|_{∂Ω} = g in (4.1) are satisfied in the strong sense for a.a. t ∈ [0, T ); hence u ∈ C ( [0, T ); L^q(Ω) ) and u(0) = u_0 is well defined. The initial value u_0 ∈ W^{2,q}(Ω) can be treated as a functional from J^{q,s}(Ω), see (2.19). Thus we see that (4.13), (4.14) are stronger than the conditions (4.2).

Therefore, Theorem 4 yields a unique very weak solution u ∈ L^s ( 0, T ; L^q(Ω) ) to (4.1) which coincides with each more regular solution by the uniqueness property.

To show the existence of a regular solution u satisfying (4.15) we first suppose that such a solution is given. Let E = E^{k,g} be chosen as in (4.6). Then E(0) = E^{k(0),g(0)} satisfies the system

−ΔE(0) + ∇p(0) = 0, div E(0) = k(0), E(0)|_{∂Ω} = g(0)

and (3.17) shows that E(0) ∈ W^{2,q}(Ω). Using (4.14) we see that u_0 −E(0)|_{∂Ω} = 0, div ( u_0 − E(0) ) = 0 which leads to u_0 − E(0) ∈ D(A_q). Further, using E_t = (E^{k,g})_t = E^{kt,gt} , the assumptions on k, k_t, g, g_t, estimate (3.4) with u, F, k, g replaced by E_t, 0, k_t, g_t, and the estimate (3.17) with u, f, k, g replaced by E, 0, k, g, we obtain the estimate ‖E_t‖_{q,s,Ω} + ‖E‖_{2;q,s,Ω} (4.16) ≤ C ( ‖k‖_{1;q,s,Ω} + ‖k_t‖_{r,s,Ω} + ‖g‖_{2−1/q;q,s,Ω} + ‖g_t‖_− 1_{q ;q,s,∂Ω} )

with C = C(Ω, q, s) > 0.

Setting ũ(t) = u(t) − E(t) we obtain the evolution system

ũ_t + A_qũ = P_qf − P_qE_t, div ũ = 0, ũ|_{∂Ω} = 0, ũ|_{t=0} = u_0 − E(0).

Then (2.21) yields the representation formula u(t) = E(t)+e^{−tAq} ( u_0 −E(0) ) + ∫_t 0 e^{−(t−τ )Aq} (P_qf −P_qE_τ )dτ, 0 ≤ t < T, (4.17) for the given regular solution u.

In the next step we use (4.17) to construct the desired solution u, and we use (2.20), (4.16). Further we apply (3.17) to E(0), and use that k(0) = div u_0, g(0) = u_0|_{∂Ω}. This yields the regularity properties of u, the estimate (4.15) for u, and its uniqueness. The pressure term ∇p, constructed by de Rham’s argument, can be written in the form ∇p = f − u_t + Δu proving (4.15) for p.

Proof of Theorem 1. First let u be a given solution of (1.1) for some 0 < T^′ ≤ T with the properties of this theorem. Further we consider the solution E = E^{F,k,g,u0} of the corresponding linearized system

E_t − ΔE + ∇p̂ = div F, div E = k, E|_{∂Ω} = g, E|_{t=0} = u_0

according to Theorem 4. Setting ũ = u − E, the calculation as in (3.19) shows that ũ is a very weak solution of the linear system

ũ_t − Δũ + ∇p̃ = −div W (u), div ũ = 0, ũ|_{∂Ω} = 0, ũ|_{t=0} = 0, (4.18)

where W (u) is defined as in (3.19); in particular, div W (u) = div (uu)−ku. Using (3.20) we conclude that W (u) ∈ L^{s/2} ( 0, T^{′′}; L^r(Ω) ) for 0 < T^{′′} < T^′. If T^′ < ∞ we set T^{′′} = T^′. Thus we may use the representation formula (4.11) with k = 0, g = 0, u_0 = 0, F = −W (u) = −W (ũ + E) and with s replaced by s/2. Hence

ũ(t) = (F(ũ)(t) := − ∫_t 0 A_qe^{−(t−τ )Aq} A^{−1}_q P_q div W (u) dτ, 0 ≤ t < T^′. (4.19)

To solve (4.19) by Banach’s fixed point theorem we have to estimate ‖F(ũ)‖_{q,s,Ω} where ‖·‖_{q,s,Ω} = ‖·‖_{q,s,Ω,T} ′ = ( ∫_T ′ 0 ‖·‖^s_{q,Ω} dt ) 1_s . Let α^′ =^3_{2q} yielding^1_2 − α^′ +^1_s =^1_{s/2} and 2α^′ +^3_q =^3_{q/2} . Using (2.12) and (2.11) with α = α^′, γ =^q_2 , we get that ‖F(ũ)(t)‖_{q,Ω} ≤ C ∫_t 0 1 (t − τ)^{1/2+α′} ‖A^{−1/2}_{q/2} P_{q/2} div W (u)‖_{q/2} dτ . Looking at the integrand, we apply the estimate ‖A^{−1/2}_{q/2} P_{q/2} (ku)‖_{q/2} ≤ C‖P_γ (ku)‖_γ ≤ C‖k‖_r‖u‖_q which is based on (2.11) with α =^1_2 and^1_γ =^1_3 +^2_q =^1_r +^1_q and on Hölder’s inequality. Furthermore, ‖A^{−1/2}_{q/2} P_{q/2} div (uu)‖_{q/2} ≤ C‖uu‖_{q/2} ≤ C‖u‖^2_q since |⟨A^{−1/2}_{q/2} P_{q/2} div (uu), φ⟩_Ω| = | − ⟨uu, ∇A^{−1/2}_{(q/2)′} P_{(q/2)}′ φ⟩_Ω| ≤ C‖uu‖_{q/2}‖φ‖_{(q/2)}′ for all φ ∈ L^{(q/2)′} (Ω) . Summarizing we conclude that ‖F(ũ)(t)‖_{q,Ω} ≤ C ∫_t 0 1 (t − τ)^{1/2+α′} ( ‖u‖^2_q + ‖k‖_r‖u‖_q ) dτ .

Then the Hardy-Littlewood inequality, see [26], p. 103, [28], (∫_T 0 | ∫_t 0 (t − τ)^{α−1}h(τ) dτ|^s dt )^1_s ≤ C (∫_T 0 |h(t)|^{s̃} dt )^1_{s̃}

with α =^1_2 − α^′ and s̃ =^s_2 yields the estimate ‖F(ũ)‖_{q,s,Ω} ≤ C (( ‖ũ‖_{q,s,Ω} + ‖E‖_{q,s,Ω} )_2 + ‖k‖_{r,s,Ω} ( ‖ũ‖_{q,s,Ω} + ‖E‖_{q,s,Ω} )) (4.20) with C = C(Ω, q, s) > 0. Setting a = C, β = ‖E‖_{q,s,Ω}, δ = C‖k‖_{r,s,Ω} and γ = β, (4.20) is equivalent to the estimate ‖F(ũ)‖_{q,s,Ω} + β ≤ a(‖ũ‖_{q,s,Ω} + β)^2 + δ(‖ũ‖_{q,s,Ω} + β) + γ; (4.21) cf. (3.24) in the proof of Theorem 2 for the stationary case. Thus, in the same way as in that proof, we obtain a solution ũ ∈ L^s ( 0, T^′; L^q(Ω) ) of the fixed point equation ũ = F(ũ) if the condition 4aγ + 2δ < 1, i.e., 4C ( ∫ T^′ 0 ‖E‖^s_{q,Ω}dt ) 1_s + 2C ( ∫ T^′ 0 ‖k‖^s_{r,Ω}dt ) 1_s < 1 . (4.22)

is satisfied. Using (4.4) and (4.12) we may use also the (weaker) smallness condition ( ∫ T^′ 0 ‖A_qe^{−tAq} A^{−1}_q P_qu_0‖^s_{q,Ω}dt ) 1_s + ( ∫ T^′ 0 ‖F ‖^s_{r,Ω}dt ) 1_s (4.23) + ( ∫ T^′ 0 ‖k‖^s_{r,Ω}dt ) 1_s + ( ∫ T^′ 0 ‖g‖^s_− 1_{q ;q,∂Ω}dt ) 1_s < 1 C with C = C(Ω, q, s) > 0. This condition is always satisfied if T^′ > 0 is sufficiently small; note that the case T^′ = ∞ is possible.

Writing (4.19) in the form

A^{−1}_q ũ(t) = A^{−1}_q P_qu(t) − A^{−1}_q P_qE(t) (4.24) = − ∫_t 0 e^{−(t−τ )Aq} A^{−1}_q P_q div W (u)dτ, 0 ≤ t < T^′, we conclude using (2.20), (2.16), (3.20), together with Hölder’s inequality, that ‖(A^{−1}_q ũ)_t‖_{q,s/2,Ω} ≤ C_1‖A^{−1}_q P_q div W (u)‖_{q,s/2,Ω} ≤ C_2‖W (u)‖_{r,s/2,Ω} ≤ C_3 ( ‖u‖^2_{q,s,Ω} + ‖k‖_{r,s,Ω} ‖u‖_{q,s,Ω} ) < ∞ with C_i, i = 1, 2, 3, depending on Ω, q, s.

Furthermore, we obtain from (4.4) that A^{−1}_q P_qE_t ∈ L^s ( 0, T^{′′}; L^q_σ(Ω) ) ⊆ L^{s/2} ( 0, T^{′′}; L^q_σ(Ω) ) , 0 < T^{′′} < T^′. This proves that A^{−1}_q P_qu_t ∈ L^{s/2} ( 0, T^{′′}; L^q_σ(Ω) ) for all T^{′′} with 0 < T^{′′} < T^′, and all 0 < T^{′′} < ∞ if T^′ = ∞.

A calculation shows that u defined by u = ũ + E is a very weak solution of (1.1). To prove the uniqueness of u we assume that v ∈ L^s ( 0, T^′; L^q(Ω) ) is another very weak solution of (1.1). Setting U = u − v we obtain in the same way as in (4.18) that U is a very weak solution of the system U_t − ΔU + ∇P = −div (Uu) − div (vU) + kU, div U = 0, U|_{∂Ω} = 0, U|_{t=0} = 0. (4.25)

The same method as used for (4.18) and (4.19) then leads to the estimate ‖U‖_{q,s,Ω} ≤ C(‖u‖_{q,s,Ω} + ‖v‖_{q,s,Ω} + ‖k‖_{r,s,Ω}) ‖U‖_{q,s,Ω} (4.26) with C = C(Ω, q, s) > 0. Since ‖ · ‖_{q,s,Ω} = ‖ · ‖_{q,s,Ω,T} ′ , we observe that C does not depend on T^′. Thus we can choose T^{′′} ∈ (0, T^′) such that ‖u‖_{q,s,Ω,T} ′′ + ‖v‖_{q,s,Ω,T} ′′ + ‖k‖_{r,s,Ω,T} ′′ ≤ 1 2C . This leads to ‖U‖_{q,s,Ω,T} ′′ ≤ 0, hence U = 0 and u = v on the interval [0, T^{′′}]. If T^{′′} < T we can continue this procedure and get u = v on [0, T^′) in finitely many steps. The proof of Theorem 1 is complete.

References

[1] Adams, R.A.: Sobolev Spaces, Academic Press, New York 1975

[2] Amann, H.: Linear and Quasilinear Parabolic Equations, Birkhäuser Verlag, Basel 1995

[3] Amann, H.: Navier-Stokes Equations with Nonhomogeneous Dirichlet Data, Journal Nonlinear Math. Phys., to appear

[4] Amann, H.: Nonhomogeneous Navier-Stokes Equations with Integrable Low- Regularity Data, Int. Math. Ser., Kluwer Academic/Plenum Publishing, New York (2002), 1 – 26

[5] Bogowski, M.E.: Solution of the First Boundary Value Problem for the Equation of Continuity of an Incompressible Medium, Soviet Math. Dokl., 20 (1979), 1094 – 1098

[6] Cannone, M.: Viscous flows in Besov Spaces, Advances in Mathematical Fluid Mechanics, Springer-Verlag, Berlin (2002), 1 – 34

[7] Fabes, E.B., Jones, B.F., and Rivière, N.M.: The Initial Value Problem for the Navier-Stokes Equations with Data in L^p, Arch. Rational Mech. Anal., 45 (1972), 222 – 240

[8] Farwig, R., and Sohr, H.: The stationary and nonstationary Stokes system in exterior domains with non-zero divergence and non-zero boundary values, Math. Methods Appl. Sci., 17 (1994), 269 – 291

[9] Farwig, R., and Sohr, H.: Generalized Resolvent Estimates for the Stokes System in Bounded and Unbounded Domains, J. Math. Soc. Japan, 46 (1994), 607 – 643

[10] Fujiwara, D., and Marimoto, H.: An L_r-theorem of the Helmholtz Decomposition of Vector Fields, J. Fac. Sci. Univ. Tokyo (1A), 24 (1977), 685 – 700 [11] Galdi, G.P.: An Introduction to the Mathematical Theory of the Navier- Stokes Equations; Linearized Steady Problems, Springer Tracts in Natural Philosophy, Vol. 38, Springer-Verlag, New York 1998

[12] Galdi, G.P.: An Introduction to the Mathematical Theory of the Navier- Stokes Equations; Nonlinear Steady Problems, Springer Tracts in Natural Philosophy, New York 1998

[13] Galdi, G.P., Simader, C.G., and Sohr, H.: On the Stokes Problem in Lipschitz Domains, Ann. Mat. Pura Appl., 167 (1994), 147 – 163

[14] Galdi, G.P., Simader, C.G., and Sohr, H.: A Class of Solutions to Stationary Stokes and Navier-Stokes Equations with Boundary Data in W^{− 1q ,q}(∂Ω), Math. Ann., to appear

[15] Galdi, G.P., and Simader, C.G.: Existence, uniqueness and L^q-estimates for the Stokes problem in exterior domains, Arch. Rational Mech. Anal., 112 (1990), 147 – 163

[16] Giga, Y.: Analyticity of the Semigroup Generated by the Stokes Operator in L_r-spaces, Math. Z., 178 (1981), 287 – 329

[17] Giga, Y.: Domains of Fractional Powers of the Stokes Operator in L_r-spaces, Arch. Rational Mech. Anal., 89 (1985), 251 – 265

[18] Giga, Y., and Sohr, H.: On the Stokes Operator in Exterior Domains, J.

Fac. Sci. Univ. Tokyo, Sec. IA, 36 (1989), 103 – 130

[19] Giga, Y., and Sohr, H.: Abstract L^q-estimates for the Cauchy problem with applications to the Navier-Stokes equations in exterior domains, J. Funct. Anal., 102 (1991), 72 – 94

[20] Kato, T.: Strong L^p-solutions to the Navier-Stokes Equations in R^m , with Applications to Weak Solutions, Math. Z., 187 (1984), 471 – 480

[21] Kozono, H., and Yamazaki, M.: Local and Global Solvability of the Navier- Stokes Exterior Problem with Cauchy Data in the Space L^{n,∞}, Houston J. Math., 21 (1995), 755 – 799

[22] Nečas, J.: Les Méthodes Directes en Théorie des Équations Elliptiques, Academia, Prag 1967

[23] Simader, C.G., and Sohr, H.: A new approach to the Helmholtz decomposition and the Neumann problem in L^q-spaces for bounded and exterior domains, Adv. Math. Appl. Sci., 11, World Scientific (1992), 1 – 35

[24] Simader, C.G., and Sohr, H.: The Dirichlet Problem for the Laplacian in Bounded and Unbounded Domains, Pitman, Longman Scientific, Vol. 360, 1997

[25] Solonnikov, V.A.: Estimates for Solutions of Nonstationary Navier-Stokes Equations, J. Soviet Math., 8 (1977), 467 – 528

[26] Sohr, H.: The Navier-Stokes Equations. An Elementary Functional Analytic Approach, Birkhäuser Advanced Texts, Birkhäuser Verlag, Basel 2001

[27] Temam, R.: Navier-Stokes Equations, North-Holland, Amsterdam, New York, Tokyo 1977

[28] Triebel, H.: Interpolation theory, function spaces, differential operators, North-Holland, Amsterdam 1978

Fachbereich Mathematik Darmstadt University of Technology D-64283 Darmstadt farwig@mathematik.tu-darmstadt.de

Fakultät für Elektrotechnik, Informatik und Mathematik University of Paderborn D-33098 Paderborn hsohr@math.uni-paderborn.de Department of Mechanical Engineering University of Pittsburgh 15261 Pittsburgh, USA galdi@engrng.pitt.edu