Continuous inverse algebras with involution

Harald Biller^∗

16th June 2004

Abstract

A large part of the theory of Banach^∗-algebras is developed and generalized to continuous inverse^∗-algebras (i.e. complex locally convex unital^∗-algebras with open unit group and continuous inversion) which are (Mackey) complete. If the involution is continuous, the closed unit ball with respect to the greatest C^∗-semi-norm is the closed convex hull of the unitary elements. (This is originally due to Palmer.) For hermitian continuous inverse^∗-algebras, we generalize characterizations due to Raĭkov, Pták, and Palmer, we prove the Shirali–Ford Theorem, and we show that closed subalgebras are equispectrally embedded.^{1 2}

Introduction

A complex continuous inverse algebra shares many important properties of Banach algebras if it is (sequentially) complete or satisfies a slightly weaker condition called Mackey completeness. For instance, every element has nonempty compact spectrum, and the holomorphic functional calculus works. The theory of commutative complete continuous inverse algebras was initiated by Waelbroeck [32, 33]. Non-commutative continuous inverse algebras are used in K-theory and non-commutative geometry [6, 8, 9, 22] and in the theory of pseudo-differential operators [12]. Recently, continuous inverse algebras have received renewed interest as the natural framework for the investigation of linear Lie groups of infinite dimension [11]. For example, they serve as coordinate domains for the infinite-dimensional analogues of the classical groups [18]. In order to study unitary groups, i.e. the invariance groups of (not necessarily positive definite) hermitian forms, one must equip the coordinate algebra with an involution. Moreover, this involution may be

∗Fachbereich Mathematik, Technische Universität Darmstadt, Schlossgartenstr. 7, 64289 Darmstadt, Germany; e-mail address: biller@mathematik.tu-darmstadt.de 1Mathematics Subject Classification (2000): 46K05; 46H20, 46H40, 47L40, 46H30 2Keywords: continuous inverse algebra; involutive algebra; unitary semi-norm; hermitian algebra; symmetric algebra; Shirali–Ford Theorem

connected with the spectral properties of the algebra by certain conditions of positive definiteness. Typically, one would like elements of the form a^∗a to have non-negative real spectrum. For instance, this condition is used for the Harish–Chandra decomposition of Lie groups of the type U(1, 1; A), where A is a continuous inverse^∗-algebra [4]. The Harish–Chandra decomposition, in turn, yields one of the very few construction principles for irreducible unitary representations of these infinite-dimensional Lie groups.

The investigation of continuous inverse algebras with an involution is the subject of this article. It is remarkable how smoothly the theory of Banach algebras can be generalized to this context if one carefully chooses the line of attack. The deepest results, which have been announced in the abstract, are contained in Section 5 on unitary elements and Section 7 on algebras in which every self-adjoint element has real spectrum. The latter property implies the above positivity condition; for Banach algebras, this result is the Shirali–Ford Theorem. Section 7 also shows that Ψ^∗-algebras in the sense of Gramsch [12, 5.1] are exactly semi-simple hermitian Fréchet continuous inverse algebras.

Section 1 contains elementary results such as the relation between the spectrum of an element and its spectrum with respect to a closed subalgebra. Section 2 provides the Gelfand homomorphism for commutative continuous inverse algebras. Section 3 introduces the greatest C^∗-semi-norm and gives two results on automatic continuity. In Section 4, we report on the holomorphic functional calculus as developed by Glöckner [11], and we prove Ford’s square root lemma. Section 6 contains the fundamental properties of positive linear functionals and includes another result on automatic continuity.

In my view, the most interesting continuous inverse^∗-algebras are those in which a unit element exists, the involution is continuous, and the multiplication is jointly and not just separately continuous. My attitude is to assume any of these three conditions whenever this makes the statement of a result shorter and clearer. However, this is often not the case, and then I have preferred the more general statement. In fact, since Jordan multiplication is continuous in any continuous inverse algebra, it turns out that joint continuity of the multiplication need not be assumed for any result in this article. Continuity of the involution is only needed in a very limited number of places. When a statement concerns unital algebras, it is usually not difficult to obtain a similar result for non-unital algebras by means of adjunction of a unit element.

1 Continuous inverse algebras

Let us first recall some algebraic concepts. A complex locally convex algebra is a complex associative algebra A with a locally convex Hausdorff vector space topology such that the algebra multiplication is separately continuous.

The latter condition means that x → ax and x → xa are continuous maps from A into itself whenever a ∈ A. Separate continuity is often more easy to prove than joint continuity, i.e. continuity of multiplication as a map from A×A into A, and it is sufficient for everything we will prove in this paper. We will sometimes consider Fréchet algebras, which are complex locally convex algebras in which the topology is completely metrizable. This implies that multiplication is jointly continuous (see Rudin [28, 2.17]). The unitization A^1 = A+C ·1 of a complex algebra A is defined as A if A has a unit element, and as the direct sum A ⊕ C of locally convex vector spaces with the algebra multiplication defined by (a, λ) · (b, μ) : = (ab + λb + μa, λμ) if A does not have a unit element.

The adjunction of a unit element can be avoided by the concept of quasimultiplication, which is also useful in some other respects. This is the binary operation defined on an algebra A by a ∘ b : = a + b − ab. Note that the equation a ∘ b = 1 − (1 − a)(1 − b) holds in A^1 and that (A, ∘) is a monoid with neutral element 0 ∈ A. An element a ∈ A is called quasi-invertible if it is invertible with respect to this monoid structure. Every algebra (in fact, every ring) has a greatest ideal which consists of quasi-invertible elements. This ideal is called the Jacobson radical of the algebra A and denoted by rad(A). The algebra is called semi-simple if rad(A) = {0}.

Let A be a complex algebra. The spectrum of an element a ∈ A is the subset Sp(a) := { λ ∈ C ; λ · 1 − a ∉ (A^1)^× } of C . The spectral radius of a ∈ A is ρ(a) := sup {|λ|; λ ∈ Sp(a)} ∈ R^+_0 ∪ {±∞}. If a, b ∈ A then Sp(ab) ∪ {0} = Sp(ba) ∪ {0}. Indeed, if λ ∈ C^× \ Sp(ab) then^1_λ (1 + b(λ − ab)^{−1}a) is the inverse of λ − ba ∈ A^1. In particular, the formula ρ(ab) = ρ(ba) holds unless one product has spectrum {0} and the other has empty spectrum (cf. Palmer [20, 2.2.1]). Let a ∈ A, and let f be a complex rational function without poles in Sp(a). Then one can form the element f(a) ∈ A^1, and the Spectral Mapping Theorem asserts that Sp(f(a)) = f(Sp(a)) unless Sp(a) is empty and f is a constant. For an elegant simple proof, see Palmer [20, 2.1.10].

1.1 Definition. A continuous inverse algebra is a complex locally convex algebra with unit in which the set of invertible elements is a neighbourhood of 1 and inversion is continuous at 1. A continuous quasi-inverse algebra is a complex locally convex algebra (with or without unit) such that the unitization A^1 is a continuous inverse algebra.

Our definition follows Turpin [31] in not requiring joint continuity of the multiplication. This is not because we are strongly interested in algebras with discontinuous multiplication, but because the following proposition yields continuity of the Jordan multiplication, which is all we need in this paper.

A short argument shows that a complex algebra with a locally convex vector space topology is a continuous quasi-inverse algebra if and only if the set of quasi-invertible elements is a neighbourhood of 0 and quasi-inversion is continuous at 0.

1.2 Proposition (Turpin [31]). Let A be a continuous inverse algebra. Then A^× is an open subset of A, and inversion is a continuous map from A^× into itself. Jordan multiplication (a, b) → ab + ba: A × A → A is continuous.

In particular, the maps (a, b) → aba: A × A → A and a → a^n : A → A for n ∈ N are continuous, and multiplication is continuous on every commutative subalgebra of A.

The following ingenious proof, which is due to Turpin [31], does not even use separate continuity of the multiplication, and indeed Turpin’s definition does not include this condition. However, it will be used in Remark 1.3. Thus it is fundamental to the holomorphic functional calculus which will be developed in Section 4.

Proof. If a ∈ A is sufficiently small then both 1 + a and 1 − a are invertible, and the formula a^2 = 1 − 2 ( (1 + a)^{−1} + (1 − a)^{−1} )_{−1} shows that the map a → a^2 is continuous at 0. This implies that the bilinear map μ: A × A −→ A, (a, b) −→ ab + ba = (a + b)^2 − a^2 − b^2 is continuous at (0, 0). If a ∈ A then the linear map x → μ(a, x) is continuous at 0 and hence continuous. We conclude that μ is continuous. By induction, this implies that the n-th power map a → a^n is continuous on A for every n ∈ N. Since 2aba = μ(a, ab+ba)−μ(a^2, b), we find that the map (a, b) → aba is continuous as well.

Let a ∈ A^×. If x ∈ A is sufficiently small then a^2 +x = a(1+a^{−1}xa^{−1})a is invertible, and the map x → (a^2+x)^{−1} is defined in a neighbourhood of 0 and continuous at 0. Hence the map x → x^{−2} is defined in a neighbourhood of a and continuous at a. Finally, this proves that the map x → x^{−1} =^1_2 μ(x, x^{−2}) is defined in a neighbourhood of a and continuous at a. □

1.3 Remark (Commutants). By many authors, the multiplication in a continuous inverse algebra is assumed to be jointly continuous. For instance, this is perfectly natural in the theory of linear Lie groups. We can often use these parts of the literature by working in commutative subalgebras. This is because the following observation leads to commutative subalgebras which are again continuous inverse algebras.

Let S be a subset of a continuous inverse algebra A. Then the commutant S^′ := {a ∈ A; ∀ s ∈ S : as = sa} of S is a subalgebra of A which satisfies

(S^′)^× = A^× ∩ S^′.

Indeed, it is easy to see that a^{−1} commutes with S whenever a ∈ A^× commutes with S. Since multiplication in A is separately continuous, the subalgebra S^′ is closed. In particular, it inherits the completeness properties of A.

We have proved that every commutant is a continuous inverse algebra. Note that this argument applies to any maximal commutative subalgebra because such a subalgebra equals its own commutant.

Also note that the double commutant of a commuting subset is commutative.

Continuous inverse Fréchet algebras admit a slightly different definition. Let A be a Fréchet algebra. We have noticed above that multiplication in A is jointly continuous. Quasi-inversion is a continuous map from the set of quasi-invertible elements into itself if and only if that set is a G_δ -set in A (Waelbroeck [34, VII, Prop. 2]). Hence A is a continuous quasi-inverse algebra if and only if the set of quasi-invertible elements is a neighbourhood of 0 in A. Indeed, this condition implies that the set of quasi-invertible elements is open and hence a G_δ-set in A because multiplication with an invertible element is a homeomorphism of A onto itself.

A complex locally convex algebra in which the topology can be described by a family of sub-multiplicative semi-norms is called locally multiplicatively convex, or locally m-convex for short. These algebras were introduced by Michael [16]. They are exactly the dense subalgebras of projective limits of Banach algebras. In particular, a Fréchet algebra is locally m-convex if and only if it is isomorphic to the projective limit of a sequence of Banach algebras. Many important examples of continuous inverse algebras are locally m-convex, although this is sometimes difficult to see; in other cases, the question is open (cf. Gramsch [13]). Turpin [31] proved that every commutative continuous inverse algebra is locally m-convex. However, this result does not extend to the non-commutative case. Indeed, Żelazko [35] constructed a continuous inverse Fréchet algebra which is not locally m-convex.

A spectral semi-norm on a complex algebra is a sub-multiplicative seminorm which is greater than or equal to the spectral radius. In his two-volume monograph [20, 21], Palmer has generalized important parts of the theory of Banach algebras to algebras with a spectral semi-norm. By the following lemma, Palmer’s results are immediately available for locally m-convex continuous inverse algebras (in particular, for commutative continuous inverse algebras).

1.4 Lemma (Locally m-convex algebras). The following statements hold in every complex locally m-convex algebra A.

(a) Multiplication is continuous, and quasi-inversion is continuous on its domain.

(b) The algebra A is a continuous quasi-inverse algebra if and only if it admits a continuous spectral semi-norm.

Statement (a) was already observed by Michael [16].

Proof. (a) Algebra multiplication is a bilinear map which is continuous at (0, 0) and hence continuous. In particular, multiplication in the monoid (A, ∘) is continuous, so that it suffices to prove that quasi-inversion is continuous at 0 ∈ A. Let σ be a sub-multiplicative semi-norm on A, and let a^q denote the quasi-inverse of a quasi-invertible element a ∈ A. Then a^q = −a + a^qa, whence σ(a^q) ≤ σ(a) + σ(a^q) σ(a). If σ(a) < 1, it follows that σ(a^q) ≤^{σ(a)}_{1−σ(a)} . We conclude that quasi-inversion is continuous with respect to σ.

(b) Let σ be a continuous sub-multiplicative semi-norm on A such that ρ ≤ σ. Since a ∈ A is quasi-invertible if and only if 1 − a ∈ (A^1)^×, the open set {x ∈ A; σ(x) < 1} consists of quasi-invertible elements, so that A is a continuous quasi-inverse algebra.

Conversely, assume that the set of quasi-invertible elements of A is open. Then there is a continuous sub-multiplicative semi-norm σ on A and a number ε > 0 such that {x ∈ A; σ(x) < ε} consists of quasi-invertible elements. Let x ∈ A. If λ ∈ C satisfies σ(x) < ε|λ| then λ − x ∈ (A^1)^×. Hence ρ(x) < |λ|, which entails ρ(x) ≤ ε^{−1}σ(x). Since ρ(x)^n = ρ(x^n) ≤ ε^{−1}σ(x^n) ≤ ε^{−1}σ(x)^n holds for all n ∈ N, we conclude that ρ(x) ≤ σ(x). □

From now on, we will consider the full class of continuous (quasi-) inverse algebras. The following result is fundamental for many others. This is one important reason why we include local convexity in our definition of continuous inverse algebras.

1.5 Lemma (Elementary properties of spectra). In a continuous quasiinverse algebra A, the following statements hold.

(a) Every element has non-empty compact spectrum.

(b) If Ω ⊆ C is open then A_Ω : = {a ∈ A; Sp(a) ⊆ Ω} is an open subset of A.

(c) If A is a skew field then A is topologically isomorphic to C .

Proof. (a) This follows from Liouville’s Theorem. Since the spectrum of a ∈ A with respect to A equals the spectrum with respect to the double commutant {a}^{′′} and this is a continuous inverse algebra with continuous multiplication, we may refer to Glöckner [11, 4.3] for the details. As Glöckner himself observes [11, 4.15], the standing completeness hypothesis of [11, Section 4] is not used in the proof of this result.

(b) We may assume that A has a unit element. Let a ∈ A, and let Ω ⊆ C be an open neighbourhood of Sp(a). First assume that 0 ∈ Ω. Then K := {0} ∪ {μ ∈ C^× ; 1/μ ∉ Ω} is compact. If μ ∈ K then 1 − μa ∈ A^×. The map K × A −→ A: (μ, b) −→ (1 − μa)^{−1} − μ(1 − μa)^{−1} b (1 − μa)^{−1} is continuous, and it maps K × {0} into A^×. By compactness, there is a neighbourhood U ⊆ A of 0 such that K × U is mapped into A^×. We claim that a + U ⊆ A_Ω. Let b ∈ U and λ ∈ C \ Ω. Set μ :=^1_λ ∈ Ω. Then the calculation λ − (a + b) = (λ − a) ( (λ − a)^{−1} − (λ − a)^{−1} b (λ − a)^{−1} ) (λ − a) = 1 μ (1 − μa) ( (1 − μa)^{−1} − μ(1 − μa)^{−1} b (1 − μa)^{−1} ) (1 − μa) shows that λ ∉ Sp(a + b), which proves our claim. If 0 ∉ Ω then we choose λ ∈ Ω and find that A_Ω = λ · 1 + {a ∈ A; Sp(a) ∈ Ω − λ} is open in A.

(c) Assume that A is a skew field. Let a ∈ A. We may choose λ ∈ Sp(a). Then λ − a ∉ A^×, so that λ − a = 0, and we conclude that a = λ · 1. (This generalization of the Gelfand–Mazur Theorem was first observed by Arens [2].) □

1.6 Lemma (The Neumann series). Let A be a continuous quasi-inverse algebra. The following are equivalent for an element a ∈ A.

(i) The Neumann series ∑_∞ n=1 a^n converges (its limit is (1 − a)^{−1} − 1).

(ii) lim_{n→∞} a^n = 0.

(iii) ρ(a) < 1.

Proof. We may assume that A has a unit element. It is clear that (i) implies (ii). Lemma 1.5 shows that the balanced set {x ∈ A; ρ(x) < 1} is an open zero-neighbourhood. In view of this fact, the implication (iii) ⇒ (i) was proved by Glöckner [11, 3.3]. Finally, if lim_n a^n = 0 then some n ∈ N satisfies 1 > ρ(a^n) = ρ(a)^n, and we conclude that ρ(a) < 1. □

1.7 Proposition (Closed subalgebras). Let A be a continuous inverse algebra, and let B ⊆ A be a closed unital subalgebra. Then the following assertions hold:

(a) B is a continuous inverse algebra.

(b) The topological boundary ∂B^× of B^× with respect to B does not meet A^×, and B^× is a union of connected components of A^× ∩ B.

(c) If b ∈ B then ∂ Sp_B (b) ⊆ Sp_A(b), and Sp_B (b) is the union of Sp_A(b) and a (possibly empty) collection of bounded connected components of C \ Sp_A(b). In particular, the spectral radii satisfy ρ_B (b) = ρ_A(b), and if Sp_A(b) ⊆ R then Sp_B(b) = Sp_A(b).

Proof. (a) The set U : = {a ∈ A; ρ(a) < 1} is open in A by Lemma 1.5. If a ∈ U then Lemma 1.6 shows that the inverse of 1 − a is given by the Neumann series, i.e. (1−a)^{−1} = ∑_∞ k=0 a^k. This proves that B∩(1+U) ⊆ B^×.

(b) Assume that b ∈ A^× ∩∂B^×. Let V ⊆ A^× be a neighbourhood of b^{−1}. Then V^{−1} is a neighbourhood of b and hence meets B^×, which implies that V meets B^× as well. Thus b^{−1} belongs to the closure of B^× and hence to B. We conclude that b ∈ B^×, which contradicts b ∈ ∂B^× because B^× is open in B.

This also implies the second part of assertion (b) by means of the following elementary topological observation (see Rudin [28, 10.16]): if W and W^′ are subsets of a topological space X with W open in X and contained in W^′ such that W^′ ∩ ∂W = ∅ then W^′ ⊆ W ∪ (X \ W ), and thus W is a union of connected components of W^′.

(c) The remainder of the proof follows Rudin’s treatment of the Banach algebra case [28, 10.18]. Choose b ∈ B. If λ ∈ ∂ Sp_B (b) then λ · 1 − b ∈ ∂B^×, whence λ ∈ Sp_A(b) by part (b). Since C \ Sp_B (b) is open in C and contained in C \ Sp_A(b), the topological observation above shows that C \ Sp_B(b) is the union of certain connected components of C \ Sp_A(b), and the other connected components are contained in Sp_B (b). □

1.8 Proposition (Semi-simple quotients). Let A be a continuous quasiinverse algebra, and let I ⊆ A be an ideal such that A/I is semi-simple. Then I is closed in A, and rad(A) ⊆ I. In particular, the Jacobson radical is a closed ideal of A.

For Banach algebras, see Bonsall and Duncan [7, 25.10].

Proof. Let a ∈ A be an element of the closure J of I. Since the set of quasi-invertible element of A is open, there is an element b ∈ I such that a−b is quasi-invertible. Hence (a−b)+I = a+I is a quasi-invertible element of A/I. Thus the ideal J/I of A/I consists of quasi-invertible elements. As A/I is semi-simple, we conclude that J = I.

Similarly, the ideal (rad(A) + I)/I of A/I consists of quasi-invertible elements, so that rad(A) ⊆ I.

The Jacobson radical is closed because A/ rad(A) is semi-simple. □

2 Applications of the Gelfand homomorphism

2.1 Definition. Let A be a complex algebra with unit.

(a) Define the Gelfand spectrum of A as Γ_A : = Hom(A, C ) with the topology of pointwise convergence on A. Note that 0 ∉ Γ_A because we require homomorphisms to respect the unit elements.

(b) Each element a ∈ A gives rise to a continuous function â: Γ_A → C by â(χ) : = χ(a). The function â is called the Gelfand transform of a. The map a → â: A → C(Γ_A), which is a homomorphism of unital algebras, is called the Gelfand homomorphism of the algebra A.

2.2 Theorem (The Gelfand homomorphism). In a commutative continuous inverse algebra A, the following statements hold.

(a) Every element a ∈ A satisfies

Sp(a) = {χ(a); χ ∈ Γ_A} = â(Γ_A).

(b) The Gelfand spectrum Γ_A is a compact Hausdorff space.

(c) The Gelfand homomorphism is continuous with respect to the topology of uniform convergence on C(Γ_A). Its kernel is the Jacobson radical of A.

(d) Every element a ∈ A satisfies ρ(a) = ‖â‖_∞, so that the spectral radius is a continuous sub-multiplicative semi-norm on A with the Jacobson radical as its zero space.

Proof. It is not hard to adapt the proof for Banach algebras (see, for instance, Rudin [28, 11.9]). The details can be found in [5]. □

2.3 Lemma. Let A be a continuous quasi-inverse algebra. Then every algebra homomorphism χ: A → C is continuous.

Proof. Let ε > 0. Choose a balanced 0-neighbourhood U ⊆ A which consists of quasi-invertible elements. Then χ(U) ⊆ C is a disc around 0 which consists of quasi-invertible elements and hence does not contain 1. The image of the 0-neighbourhood εU ⊆ A under χ is a disc around 0 of radius at most ε. We conclude that χ is continuous at 0 and hence continuous. □

The proof of the following result on automatic continuity depends on the Closed Graph Theorem. Therefore, we can only prove it for Fréchet algebras.

2.4 Proposition. Let φ: A → B be an algebra homomorphism between continuous quasi-inverse Fréchet algebras. If B is commutative and semisimple then φ is continuous.

Proof. We adapt the well-known proof for Banach algebras (see Bonsall and Duncan [7, 17.8] or Rudin [28, 11.10]). Since the unitization of a semisimple algebra is semi-simple (see Palmer [20, 4.3.3]), we may assume that B has a unit element, so that we can apply Theorem 2.2.

Let (a_n)_{n∈N} be a sequence in A which converges to a ∈ A such that the image sequence (φ(a_n))_{n∈N} converges to some element b ∈ B. By the Closed Graph Theorem [28, 2.15], it suffices to show that b = φ(a). If χ ∈ Γ_B then χ ∘ φ ∈ Hom(A, C ), and both χ and χ ∘ φ are continuous. Hence for every χ ∈ Γ_B , χ(b) = χ ( lim_n φ(a_n) ) = lim_n χ ( φ(a_n) ) = χ ( φ ( lim_n a_n )) = χ ( φ(a) ) . By Theorem 2.2, the difference b − φ(a) belongs to the Jacobson radical of B, which is the zero ideal by hypothesis. □

The Gelfand homomorphism has a wealth of consequences for non-com-mutative continuous inverse algebras. Many of these depend on the use of commutants as described in Remark 1.3.

2.5 Proposition. Let A be a continuous quasi-inverse algebra, and let a, b ∈ A be commuting elements. Then

Sp(a + b) ⊆ Sp(a) + Sp(b) and Sp(a · b) ⊆ Sp(a) · Sp(b).

Proof. Apply Theorem 2.2 to the commutative continuous inverse algebra {a, b}^{′′} ⊆ A^1. This yields

Sp(a + b) = im ( (a + b)^ ) = im(â + b̂) ⊆ im(â) + im(b̂) = Sp(a) + Sp(b).

The analogous calculation holds for the product a · b. □

3 C^∗-semi-norms

3.1 Definition. (a) A^∗-algebra is an algebra A over C which carries a conjugate linear anti-multiplicative involution a → a^∗ : A → A. If A does not have a unit element then the involution is extended to the unitization A^1 = A ⊕ C by setting (a, λ)^∗ := (a^∗, λ).

The set of unitary elements of A^1 is U(A^1) := { u ∈ (A^1)^×; u^{−1} = u^∗ } . An element a ∈ A is called normal if a^∗a = aa^∗, and self-adjoint if a^∗ = a. We often denote self-adjoint elements by the letter h, but we do not call them “hermitian” because this word is used for elements of a Banach algebra which have real numerical range. We occasionally write Sym(A) for the set of self-adjoint elements of A, which is a real vector subspace of A.

(b) A continuous (quasi-) inverse^∗-algebra is just a continuous (quasi-) inverse algebra which also is a^∗-algebra. Following the tradition in the theory of Banach algebras, we explicitly assume continuity of the involution when we need it.

For semi-simple commutative algebras, Proposition 2.4 implies the following result on automatic continuity.

3.2 Proposition. The involution in a semi-simple commutative continuous quasi-inverse Fréchet^∗-algebra A is continuous.

Proof. The opposite algebra A^{opp} is the real topological vector space A with the opposite complex structure (λ, a) → λa and with the opposite algebra multiplication (a, b) → ba. It is a continuous quasi-inverse Fréchet algebra, and the involution is an algebra isomorphism from A^{opp} onto A. Such an isomorphism is continuous by Proposition 2.4. □

3.3 Remark. In a semi-simple Banach^∗-algebra, the involution is always continuous (see Palmer [21, 11.1.1] or Bonsall and Duncan [7, 36.2]). Unfortunately, none of the proofs that I know can easily be generalized to non-commutative continuous inverse Fréchet^∗-algebras. However, positive results on automatic continuity are provided by Theorem 3.9 below.

Automatic continuity is a problem for which local m-convexity is profitable. Indeed, let A and B be locally m-convex continuous quasi-inverse Fréchet algebras, and assume that B is semi-simple. Then every surjective homomorphism from A onto B is automatically continuous. This is mentioned by Aupetit [3]. It can also be derived from Ransford’s elegant treatment of the Banach algebra case [26], which is reproduced and suitably generalized by Palmer [20, 2.3.9]. As in the proof of Proposition 3.2, this result implies that the involution in a semi-simple locally m-convex continuous quasi-inverse Fréchet^∗-algebra is automatically continuous.

3.4 Definition. (a) A semi-norm σ on a complex^∗-algebra A is called a C^∗-semi-norm if σ(a^∗a) = σ(a)^2 holds for all a ∈ A. Sebestyén’s Theorem [29] (cf. Palmer [21, 9.5.14]) states that a C^∗-semi-norm σ is automatically sub-multiplicative, which means that σ satisfies σ(ab) ≤ σ(a) σ(b) for all a, b ∈ A. (b) Let A be a continuous quasi-inverse^∗-algebra. Then the Raĭkov–Pták functional on A is defined by τ : A −→ R^+_0 , a −→ √ ρ(a^∗a) . The function τ will play a prominent role in the theory of hermitian continuous inverse^∗-algebras in Section 7. The name “Raĭkov–Pták functional” is suggested by Palmer [21] because τ appears implicitly in Raĭkov’s work [25] and is explicitly used by Pták [23, 24].

3.5 Lemma (Elementary properties of τ). Let A be a continuous quasi-inverse^∗-algebra.

(a) If c ∈ A is a normal element then τ(c) ≤ ρ(c).

(b) If σ is a C^∗-semi-norm on A then σ ≤ τ.

Proof. Assertion (a) follows from Proposition 2.5. To prove (b), consider the^∗-ideal A_σ := {a ∈ A; σ(a) = 0} of A. Since σ induces a C^∗-norm on the quotient^∗-algebra B : = A/A_σ, the completion C of B with respect to this norm is a C^∗-algebra. Hence every a ∈ A satisfies σ(a)^2 = σ(a^∗a) = ρ_C (a^∗a + A_σ) ≤ ρ_A(a^∗a) = τ(a)^2. □

3.6 Proposition. Let σ be a C^∗-semi-norm on a continuous quasi-inverse ∗-algebra A. Then rad(A) ⊆ {a ∈ A; σ(a) = 0}.

Note that the Jacobson radical of any^∗-algebra is a^∗-ideal.

Proof. Recall that rad(A) is the largest ideal of A which consists of quasiinvertible elements. Let a ∈ rad(A). Then λ^{−1}a is quasi-invertible for every λ ∈ C^× , which means that λ − a ∈ (A^1)^×. Therefore, the spectral radius vanishes on rad(A). Since a^∗a ∈ rad(A), we conclude that σ(a) ≤ τ(a) = √ ρ(a^∗a) = 0. □

3.7 Definition. Let A be a continuous quasi-inverse^∗-algebra. Lemma 3.5 implies that the supremum

σ_C∗ (a) := sup {σ(a); σ is a C^∗-semi-norm on A}

is finite for every a ∈ A. Since σ_C∗ is itself a C^∗-semi-norm on A, it is the greatest C^∗-semi-norm on A. It is sometimes called the Gelfand–Naĭmark semi-norm of A (Palmer [21]).

The zero space I := {a ∈ A; σ_C∗ (a) = 0} of σ_C∗ is a^∗-ideal of A. The completion C^∗(A) of A/I with respect to the C^∗-norm induced by σ_C∗ is called the enveloping C^∗-algebra of A. It has the universal property that every^∗-homomorphism from A into a C^∗-algebra factors uniquely through the natural homomorphism π : A → C^∗(A).

3.8 Proposition. Let A be a continuous quasi-inverse^∗-algebra with continuous involution. Then every C^∗-semi-norm on A is continuous.

Proof. Let σ be a C^∗-semi-norm on A. As in the proof of Lemma 3.5, let C be the completion of A/A_σ with respect to the C^∗-norm induced by σ. Lemma 1.5 yields a neighbourhood U ⊆ A of 0 such that all a ∈ U satisfy ρ_A(a) < 1. Proposition 1.2 and continuity of the involution yield a neighbourhood V ⊆ A of 0 such that all a ∈ V satisfy a^∗aa^∗ ∈ U. If a ∈ A then σ(a)^4 = σ(a^∗a)^2 = σ(a^∗aa^∗a) ≤ σ(a^∗aa^∗) σ(a) by sub-multiplicativity of σ, whence σ(a)^3 ≤ σ(a^∗aa^∗). The spectral radius of a normal element of a C^∗-algebra equals its norm (see Rudin [28, 11.28]). Hence if a ∈ A then

σ(a)^3 ≤ σ(a^∗aa^∗) = ρ_C (a^∗aa^∗ + A_σ) ≤ ρ_A(a^∗aa^∗) < 1.

Therefore, the open unit ball in A with respect to σ is a neighbourhood of 0. We conclude that σ is continuous. □

3.9 Theorem. The following hold for a continuous quasi-inverse Fréchet ∗-algebra A:

(a) Every C^∗-semi-norm on A is continuous.

(b) If {a ∈ A; σ_C∗ (a) = 0} = {0}, i.e. if σ_C∗ is a norm, then the involution of A is continuous.

Proof. Let σ be a C^∗-semi-norm on A. We claim that the^∗-ideal A_σ = {a ∈ A; σ(a) = 0} of A is closed. Set B := A/A_σ . The completion C of B with respect to the norm induced by σ is a C^∗-algebra. Let ‖ · ‖ be the norm on C induced by σ. Choose x ∈ rad(B). Then λ^{−1}x is quasi-invertible for all λ ∈ C^× . This means that λ − x is invertible in B and hence in C, so that ρ_C (x) = 0. Since x^∗x ∈ rad(B), this shows that ‖x‖^2 = ‖x^∗x‖ = ρ_C (x^∗x) = 0. We conclude that rad(B) = {0}, whence the claim follows from Proposition 1.8. In particular, the quotient algebra B is a continuous quasi-inverse^∗-algebra, and it is a Fréchet space (see Rudin [28, 1.41]).

Now we will use the Closed Graph Theorem in order to prove that the involution on B is continuous. Let (x_n)_{n∈N} be a sequence in B which converges to some element y ∈ B such that (x^∗_n)_{n∈N} converges to some element z ∈ B. Since

‖x_n − z^∗‖^2 = ρ_C ( (x_n − z^∗)^∗(x_n − z^∗) ) ≤ ρ_B ( (x^∗_n − z)(x_n − z^∗) ) and lim_n(x^∗_n − z)(x_n − z^∗) = 0, Lemma 1.5 shows that lim_n ‖x_n − z^∗‖ = 0. Similarly, the inequality ‖x_n − y‖^2 ≤ ρ_B ( (x^∗_n − y^∗)(x_n − y) ) implies that lim_n ‖x_n − y‖ = 0. Hence y = z^∗, and the Closed Graph Theorem (see Rudin [28, 2.15]) yields that the involution on B is continuous. Proposition 3.8 shows that ‖ · ‖ is a continuous norm on B. This implies that σ is continuous.

Assume that σ_C∗ is a norm. Set σ := σ_C∗ in the above argument. Then A_σ = 0, so that A ∼= B, and we have proved that the involution on A is continuous. □

4 The holomorphic functional calculus

4.1 Definition. (a) A sequence (x_n)_{n∈N} in a locally convex real vector space E is called a Mackey–Cauchy sequence if there is a net (t_{m,n})_{(m,n)∈N×N} of positive real numbers which converges to 0 such that the set { x_m − x_n t_{m,n} ; m, n ∈ N }

is a bounded subset of E. Every Mackey–Cauchy sequence is a Cauchy sequence.

(b) The locally convex real vector space E is called Mackey complete if every Mackey–Cauchy sequence in E converges. This holds if and only if every smooth curve α: [a, b] → E (where a, b ∈ R) has a Riemann integral ∫_b a α(t) dt in E (see Kriegl and Michor [15, 2.14]).

In a Mackey complete continuous inverse algebra, a holomorphic functional calculus can be based on integration along smooth contours. For algebras with continuous multiplication, this has been worked out by Glöckner [11], to whom the following theorem is essentially due. A functional calculus for a wider class of algebras was also sketched by Allan [1].

4.2 Theorem (Holomorphic functional calculus). Let A be a Mackey complete continuous inverse algebra. For an open subset Ω ⊆ C , let O(Ω) be the algebra of holomorphic functions on Ω, equipped with the locally convex topology of uniform convergence on compact subsets of Ω. Recall that A_Ω := {a ∈ A; Sp(a) ⊆ Ω} is an open subset of A.

(a) For each element a ∈ A_Ω, there is a unique continuous homomorphism of unital algebras f −→ f[a]: O(Ω) −→ A which sends id_Ω ∈ O(Ω) to a ∈ A.

(b) The map (f, a) −→ f[a]: O(Ω) × A_Ω −→ A is continuous.

Proof. (a) Let a ∈ A_Ω. Choose a smooth contour Γ surrounding Sp(a) in Ω, and set

f[a] : = 1 2πi ∫ Γ f(ζ)(ζ − a)^{−1} dζ. Glöckner [11, 4.7, 4.9, and 4.10] shows that this definition does not depend on the choice of Γ and yields a continuous homomorphism from O(Ω) into the double commutant {a}^{′′}. The uniqueness of a continuous homomorphism with the required properties follows from Runge’s Theorem (see Rudin [27, 13.9]), which states that the rational functions form a dense subset of O(Ω).

(b) Let (f, a) ∈ O(Ω) × A_Ω. Choose an open neighbourhood Ω^′ ⊆ Ω of Sp(a) which is relatively compact in Ω, and let Γ be a smooth contour which surrounds the closure of Ω^′ in Ω. Let l > 0 be the length of Γ (counting multiplicities). Let σ be a continuous semi-norm on A, and let ε > 0. By compactness of im(Γ) ⊆ C , there is a neighbourhood U ⊆ A_Ω′ of a such that all (ζ, b) ∈ (im(Γ), U) satisfy σ ( (ζ − b)^{−1} − (ζ − a)^{−1} ) < ε. If b ∈ U and g ∈ O(Ω) then σ(g[b] − f[a]) = 1 2π σ (∫ Γ g(ζ)(ζ − b)^{−1} dζ − ∫ Γ f(ζ)(ζ − a)^{−1} dζ )

= 1 2π σ (∫ Γ g(ζ) ( (ζ − b)^{−1} − (ζ − a)^{−1} ) dζ + ∫ Γ ( g(ζ) − f(ζ) ) (ζ − a)^{−1} dζ )

≤ l 2π ( ε sup

ζ∈im(Γ)

|g(ζ)| + sup_{ζ∈im(Γ)} |g(ζ) − f(ζ)| · sup_{ζ∈im(Γ)} σ ( (ζ − a)^{−1} ))

This expression becomes arbitrarily small if ε is sufficiently small and g is sufficiently close to f. We conclude that the map (g, b) → g[b] is continuous at (f, a). □ 4.3 Remark (Spectral Mapping Theorem). Many familiar properties of the holomorphic functional calculus on a Banach algebra as well as their proofs carry over to a Mackey complete continuous inverse algebra A. For instance, let Ω ⊆ C be an open subset, and choose f ∈ O(Ω) and a ∈ A_Ω. Then the Spectral Mapping Theorem Sp(f[a]) = f(Sp(a)) can be proved as in the Banach algebra case (see Rudin [28, 10.28]; cf. Glöckner [11, 4.12]). By continuity of the functional calculus, if f has a power series expansion f(ζ) = ∑_∞ n=0 α_n(ζ −ζ_0)^n on Ω then the series ∑_∞ n=0 α_n(a−ζ_0 ·1)^n converges to f[a], cf. [11, 4.11].

4.4 Corollary (Composition). Let A be a Mackey complete continuous inverse algebra. Let Ω ⊆ C and Ω^′ ⊆ C be open subsets, choose f ∈ O(Ω) and g ∈ O(Ω^′), and suppose that f(Ω) ⊆ Ω^′. Then (g ∘ f)[a] = g[f[a]] holds for every a ∈ A_Ω.

Proof. Fix a ∈ A_Ω and f ∈ O(Ω) such that f(Ω) ⊆ Ω^′. The two maps from O(Ω^′) to A which are given by g → (g ∘ f)[a] and by g → g[f[a]] are continuous unital homomorphisms which map id_Ω′ to f[a]. By uniqueness of the continuous holomorphic functional calculus, they are equal.

Glöckner [11, 4.13] refers to Rudin [28, 10.29] for an alternative proof. □ 4.5 Remark (Homomorphisms; real analytic functions). Runge’s Theorem (see Rudin [27, 13.9]), which was used in the proof of Theorem 4.2, has many applications to the holomorphic functional calculus on a Mackey complete continuous inverse algebra A, of which we record three. Let Ω ⊆ C be an open subset, and choose f ∈ O(Ω) and a ∈ A_Ω.

Let φ: A → B be a continuous unital homomorphism into a Mackey complete continuous inverse algebra B. Approximating f by rational functions, we find that φ(f[a]) = f[φ(a)].

Every element of A which commutes with a also commutes with f[a]. In other words, f[a] belongs to the double commutant {a}^{′′} of a in A.

Assume that A is a Mackey complete continuous inverse^∗-algebra with continuous involution. Let Ω^∗ ⊆ C be the image of Ω under complex conjugation. For f ∈ O(Ω), define f^∗ ∈ O(Ω^∗) by f^∗(ζ) := f ( ζ ) . For every element a ∈ A_Ω, the map f −→ ( f^∗[a^∗] )_∗ : O(Ω) −→ A is a continuous homomorphism of unital algebras which sends id_Ω ∈ O(Ω) to a ∈ A. By uniqueness of the holomorphic functional calculus, the equation f^∗[a^∗]^∗ = f[a] holds for every f ∈ O(Ω) and every a ∈ A_Ω. In particular, assume that Ω is connected and equals Ω^∗. Let f ∈ O(Ω) be a function which takes real values on Ω ∩ R. Then f^∗ coincides with f on Ω ∩ R. By the Identity Theorem [27, Corollary of Theorem 10.18], the functions f and f^∗ coincide on their domain Ω. Therefore, every element a ∈ A_Ω satisfies f[a^∗] = f[a]^∗.

4.6 Proposition (Square roots). Let A be a Mackey complete continuous inverse algebra. Then every element a ∈ A with Sp(a) ∩ ]−∞, 0] = ∅ has a unique square root with spectrum contained in the open right half plane. This square root belongs to the double commutant of a.

Proof. Set Ω : = C \ ]−∞, 0]. Let f ∈ O(Ω) be the principal branch of the complex square root function, so that f(1) = 1 and f(ζ)^2 = ζ for every ζ ∈ Ω. Define b : = f[a] by the holomorphic functional calculus. Then b^2 = a, the spectrum of b is contained in the open right half-plane, and b belongs to the double commutant of a.

Let b_1 ∈ A be a square root of a with spectrum contained in the open right half plane. Then b_1 commutes with b_1^2 = a and hence with b. Proposition 2.5 shows that Sp(b + b_1) is contained in the open right half-plane. In particular, the element b + b_1 is invertible. Since

0 = b^2 − b_1^2 = (b + b_1)(b − b_1),

this implies that b = b_1. In other words, the element b is the unique square root of a with spectrum contained in the open right half plane. □

4.7 Corollary (Self-adjoint square roots). Let A be a Mackey complete continuous inverse^∗-algebra. Then every self-adjoint element h ∈ A with Sp(h) ∩ ]−∞, 0] = ∅ has a unique square root with spectrum contained in the open right half plane. This square root is self-adjoint and belongs to the double commutant of h.

Note that we need not assume continuity of the involution.

Proof. Proposition 4.6 yields a unique element k ∈ A such that k^2 = h and Im(Sp(k)) > 0. Since these two properties also hold for k^∗, uniqueness implies that k is self-adjoint. The double commutant property also follows from Proposition 4.6. □

5 The unitary semi-norm

5.1 Proposition (U(A) spans A). Let A be a Mackey complete continuous inverse^∗-algebra, and let h ∈ A be a self-adjoint element with spectral radius ρ(h) < 1. Then there is a unitary element u ∈ U(A) such that h =^1_2 (u+u^∗). In particular, the algebra A is the linear span of its unitary elements.

Proof. The rational function ζ →^{1+ζ}_{1−ζ} maps the open unit disc onto the right half plane. By the Spectral Mapping Theorem, the spectrum of the element (1 + h)(1 − h)^{−1} is contained in the open right half plane. Let k ∈ A be a self-adjoint element such that k^2 = (1 + h)(1 − h)^{−1}, and set u := (k + i)(k − i)^{−1}. Then u is a unitary element of A, and we calculate

u + u^∗ = (k + i)(k − i)^{−1} + (k + i)^{−1}(k − i) = ( (k + i)^2 + (k − i)^2 ) (k + i)^{−1}(k − i)^{−1}

= (k^2 + 2ik − 1 + k^2 − 2ik − 1) ( (k − i)(k + i) )_{−1} = 2(k^2 − 1)(k^2 + 1)^{−1} = 2 ( (1 + h)(1 − h)^{−1} − 1 )( (1 + h)(1 − h)^{−1} + 1 )_{−1} = 2 ( (1 + h)(1 − h)^{−1} − 1 ) (1 − h) ·(1 − h)^{−1} ( (1 + h)(1 − h)^{−1} + 1 )_{−1} = 2 ( (1 + h) − (1 − h) )( (1 + h) + (1 − h) )_{−1} = 2h. This proves the proposition. □

5.2 Remark. We have chosen a proof which only needs the existence of square roots in a rather weak sense. The calculation becomes shorter if we exploit the full force of Corollary 4.7, cf. Bonsall and Duncan [7, 12.14]. Indeed, the double commutant of 1 − h^2 contains a self-adjoint element k such that k^2 = 1 − h^2. Since h and k commute, the element u : = h + ik ∈ A is unitary, and it satisfies h =^1_2 (u + u^∗).

5.3 Definition. Let A be a Mackey complete continuous inverse^∗-algebra. The convex hull conv(U(A)) is^∗-invariant, balanced, and closed under multiplication, and Proposition 5.1 shows that it is absorbing. Therefore, the Minkowski functional of conv(U(A)),

σ_U : A −→ R^+_0 , a −→ inf { λ ∈ R^+ ;^1_λ a ∈ conv(U(A)) } , is a^∗-invariant sub-multiplicative semi-norm on A. The semi-norm σ_U is called the unitary semi-norm of A.

If A is a Mackey complete continuous quasi-inverse^∗-algebra then the unitary semi-norm σ_U of A is defined as the restriction of the unitary seminorm of the unitization A^1 = A + C · 1.

5.4 Lemma. Let A be a Mackey complete continuous inverse^∗-algebra. Then for every self-adjoint element h ∈ A, the unitary semi-norm and the spectral radius are related by the inequality σ_U(h) ≤ ρ(h).

Proof. Choose a positive real number t such that t > ρ(h) and therefore ρ(t^{−1}h) < 1. Proposition 5.1 yields a unitary element u ∈ A^1 such that t^{−1}h =^1_2 (u + u^∗). Hence t^{−1}h belongs to the convex hull of U(A^1), so that σ_U(t^{−1}h) ≤ 1. We conclude that σ_U(h) ≤ t. □

5.5 Proposition. The unitary semi-norm σ_U on a Mackey complete continuous quasi-inverse^∗-algebra A with continuous involution is continuous.

Proof. Since σ_U is a semi-norm, it suffices to show that it is continuous at 0. Given ε > 0, let Ω ⊆ C be the open disc with centre 0 and radius^ε_2 . Then A_Ω is a neighbourhood of 0 in A. By Lemma 5.4, every self-adjoint element h ∈ A_Ω satisfies σ_U(h) ≤ ρ(h) <^ε_2 . Let V ⊆ A be a^∗-invariant balanced neighbourhood of 0 such that^1_2 V +^1_2 V ⊆ A_Ω. Choose a ∈ V . Define self-adjoint elements of A by h :=^1_2 (a+a^∗) and k :=^1_{2i} (a−a^∗). Then h, k ∈ A_Ω, and a = h + ik. We conclude that σ_U(a) ≤ σ_U(h) + σ_U(k) < ε. □ 5.6 Remark. Let A be a^∗-algebra such that the unitization A^1 = A + C · 1 is the linear span of U(A^1). Such an algebra is called a U^∗-algebra by Palmer, who develops the theory of these algebras in Section 10.4 of his monograph [21]. In particular, the^∗-representation theory of A is very similar to the^∗-representation theory of Banach^∗-algebras. This fact is based on the following observation. Let π be a^∗-representation of A on a pre-Hilbert space X, i.e. a homomorphism from A into the algebra of linear endomorphisms of X such that ⟨π(a).x, y⟩ = ⟨x, π(a^∗).y⟩ holds for all a ∈ A and all x, y ∈ X. Then π is normed, which means that π(a) is a bounded operator on X for every a ∈ A. Hence π extends to a representation of A on the Hilbert space completion of X. Moreover, the inequality ‖π(a)‖ ≤ σ_U(a) holds for every a ∈ A, where the unitary semi-norm σ_U of A is constructed as in Definition 5.3. To prove this observation, it suffices to note that id_X −π(w) is a unitary operator whenever 1 − w is a unitary element of A^1, see [21, 10.3.8].

A similar argument shows that A has a greatest C^∗-semi-norm. Indeed, let σ be a non-zero C^∗-semi-norm on A. Then σ extends to a C^∗-seminorm σ^1 on A^1 such that σ^1(1) = 1 (see [21, 9.5.3]). If u ∈ A^1 is unitary then σ^1(u) = √ σ^1(u^∗u) = 1. This entails that σ^1(a) ≤ σ_U(a) holds for every element a ∈ A^1. Therefore, the Gelfand–Naĭmark semi-norm σ_C∗ of A can be constructed as in Definition 3.7, and it satisfies the inequality σ_C∗ ≤ σ_U (cf. [21, 10.3.9]).

5.7 Theorem. Let A be a Mackey complete continuous quasi-inverse^∗- algebra with continuous involution, and let A_{σU} be the zero space of the unitary semi-norm. Then the norm-completion C of the quotient algebra A/A_{σU} is a C^∗-algebra.

Proof. Assume first that A contains a unit element 1. Let ‖ · ‖ denote both the quotient norm induced by σ_U on A/A_{σU} and its extension to the completion C, and write π : A → C for the quotient projection followed by the inclusion of A/A_{σU} into C.

Let h ∈ C be a self-adjoint element. Choose a sequence (a_n)_{n∈N} in A such that lim_n π(a_n) = h. Define self-adjoint elements of A by h_n :=^1_2 (a_n + a^∗_n). Then lim_n π(h_n) = h because the involution on C is isometric. Continuity of the functional calculus implies that exp[ih] = lim_n exp[π(ih_n)]. Proposition 5.5 shows that the projection π is continuous. Hence exp[π(ih_n)] = π(exp[ih_n]). Since the involution on A is continuous, the element exp[ih_n] ∈ A is unitary. Hence

‖ exp[π(ih_n)]‖ = ‖π(exp[ih_n])‖ = σ_U(exp[ih_n]) ≤ 1.

This proves the inequality ‖ exp[ih]‖ ≤ 1 for every self-adjoint element h ∈ C. We infer that ‖ exp[ih]‖ = 1 holds for every self-adjoint element h ∈ C. This implies that every self-adjoint element of C has real numerical range (see Bonsall and Duncan [7, 10.13]). The Vidav–Palmer Theorem (see [7, 38.14] or Palmer [21, 11.2.5]) shows that C is a C^∗-algebra.

Now assume that A does not have a unit element. Let (a, λ) ∈ A^1 = A⊕C be a unitary element. Then |λ| = 1. Therefore, the image of the convex hull of U(A^1) under the product projection of A^1 onto C is the closed unit disc. Hence (A^1)_{σU} = A_{σU} . The first part of the proof shows that the completion of A^1/A_{σU} with respect to the norm induced by σ_U is a C^∗-algebra. Since A/A_{σU} is isometrically embedded in A^1/A_{σU} , the theorem follows. □

5.8 Corollary. Let A be a Mackey complete continuous quasi-inverse^∗- algebra with continuous involution. Then the unitary semi-norm of A equals the greatest C^∗-semi-norm, i.e. σ_U = σ_C∗ . If A has a unit element then {a ∈ A; σ_C∗ (a) ≤ 1} is the closed convex hull of U(A).

For Banach^∗-algebras, this corollary is due to Palmer [19].

Proof. The theorem implies that σ_U is a C^∗-semi-norm, whence σ_U ≤ σ_C∗ . The opposite inequality is contained in Remark 5.6.

Assume that A is a unital algebra. Since σ_U is continuous on A by Proposition 5.5, the closed unit ball {a ∈ A; σ_U(a) ≤ 1} is a closed convex subset of A, and this subset contains the unitary group U(A) and hence its closed convex hull. Conversely, choose a ∈ A with σ_U(a) ≤ 1. Then every neighbourhood of a contains an element of the form λa with 0 < λ < 1, and λa belongs to the convex hull of U(A) because σ_U(λa) ≤ λ < 1. We conclude that a belongs to the closed convex hull of U(A). □

6 Positive linear functionals

6.1 Definition. Let A be a complex^∗-algebra. A linear functional ω : A → C is called positive if ω(a^∗a) ∈ R^+_0 holds for every a ∈ A. The set of all positive linear functionals on A is denoted by Pos(A, C ).

6.2 Proposition. Let A be a Mackey complete continuous quasi-inverse ∗-algebra. Then every positive linear functional ω : A → C has the following properties.

(a) ω(a^∗b) = ω(b^∗a) for all a, b ∈ A;

(b) |ω(a^∗b)|^2 ≤ ω(a^∗a) ω(b^∗b) for all a, b ∈ A; (c) |ω(x^∗ax)| ≤ ω(x^∗x) √ ρ(a^∗a) for all a, x ∈ A;

(d) |ω(x^∗cx)| ≤ ω(x^∗x) ρ(c) for all c, x ∈ A such that c is normal.

Proof. Let a, b ∈ A. If λ ∈ C then 0 ≤ ω ( (a + λb)^∗(a + λb) ) = ω(a^∗a) + λω(a^∗b) + λω(b^∗a) + |λ|^2ω(b^∗b). In particular, all λ ∈ C satisfy λω(a^∗b) + λω(b^∗a) ∈ R. Setting λ : = 1 and λ := i, we find that ω(a^∗b) = ω(b^∗a). If ω(b^∗b) = 0 then 0 ≤ ω(a^∗a) + 2 Re(λω(a^∗b)) holds for all λ ∈ C . Hence ω(a^∗b) = 0, and property (b) follows. If ω(b^∗b) ≠ 0 then (b) is proved by setting λ := −ω(b^∗a)/ω(b^∗b).

Let a, x ∈ A. Choose λ ∈ R with λ > ρ(a^∗a). Corollary 4.7 yields a self-adjoint element k ∈ A^1 = A + C · 1 such that k^2 = λ − a^∗a. The inequality ω(x^∗k^2x) ≥ 0 implies ω(x^∗a^∗ax) ≤ ω(x^∗x) · λ. We conclude that ω(x^∗a^∗ax) ≤ ω(x^∗x) ρ(a^∗a). Together with property (b), this shows that |ω(x^∗ax)|^2 ≤ ω(x^∗x) ω(x^∗a^∗ax) ≤ ω(x^∗x)^2ρ(a^∗a). Thus we have proved (c). If c ∈ A is normal then ρ(c^∗c) ≤ ρ(c^∗) ρ(c) = ρ(c)^2 by Proposition 2.5. This implies (d). □

6.3 Corollary. Let A be a Mackey complete continuous inverse^∗-algebra. Then every positive linear functional ω : A → C has the following properties.

(a) ω(a^∗) = ω(a) for all a ∈ A;

(b) |ω(a)|^2 ≤ ω(1) ω(a^∗a) for all a ∈ A; (c) |ω(a)| ≤ ω(1) √ ρ(a^∗a) for all a ∈ A;

(d) |ω(c)| ≤ ω(1) ρ(c) for all normal elements c ∈ A.

In particular, every positive linear functional on A is continuous on the real subspace of normal elements of A.

Proof. Properties (a)–(d) follow from the corresponding statements of Proposition 6.2 by setting suitable algebra elements equal to 1. The continuity assertion follows from Lemma 1.5. □

6.4 Proposition (Gelfand–Naĭmark–Segal Construction). Let A be a Mackey complete continuous inverse algebra, and let ω : A → C be a positive linear functional. Then there exist a Hilbert space H, a^∗-representation π : A → B(H), and a vector v ∈ H such that π(A).v is a dense subspace of H, and all a ∈ A satisfy ω(a) = ⟨π(a).v, v⟩.

Proof. Define a positive semidefinite sesquilinear form on A by ⟨a, b⟩ : = ω(b^∗a). Let R ⊆ A be the radical of this form. In other words, R := {a ∈ A; ∀ b ∈ A: ⟨a, b⟩ = 0} = {a ∈ A; ω(a^∗a) = 0} , where the second equality follows from Proposition 6.2. The form ⟨·, ·⟩ induces a complex scalar product on A/R, which we denote by the same symbol. The Hilbert space H is defined as the completion of A/R.

Since R is a left ideal of A, a representation π of A on the pre-Hilbert space A/R is defined by π(a).(x + R) : = ax + R for a, x ∈ A. If a ∈ A then

‖π(a)‖^2 = sup { ‖π(a).v‖^2; v ∈ A/R, ‖v‖ ≤ 1 } = sup {ω(x^∗a^∗ax); x ∈ A, ω(x^∗x) ≤ 1} ≤ ρ(a^∗a) by Proposition 6.2. Hence π(a) is bounded, and it extends to a bounded operator on H, which we also denote by π(a). This yields a^∗-representation of A on H because ⟨ π(a^∗).(x + R), y + R ⟩ = ⟨ a^∗x + R, y + R ⟩ = ω(y^∗a^∗x) = ω ( (ay)^∗x ) = ⟨ x + R, ay + R ⟩ = ⟨ x + R, π(a).(y + R) ⟩ holds for all a, x, y ∈ A.

Set v := 1 + R ∈ A/R ⊆ H. Then π(A).v = A/R is dense in H, and all a ∈ A satisfy ⟨π(a).v, v⟩ = ω(a). □

We have given the most direct approach to the Gelfand–Naĭmark–Segal construction. For some purposes, it is an advantage to consider H as a reproducing kernel Hilbert subspace of the linear dual of A (see Neeb [17, III.1]). In this picture, the representation π of A on H is the action by right multiplication in the argument of the function.

6.5 Corollary. Every positive linear functional ω on a Mackey complete continuous inverse^∗-algebra A is continuous with respect to the greatest C^∗-semi-norm σ_C∗ of A.

Proof. In the notation of Proposition 6.4, the map a → ‖π(a)‖: A → R is a C^∗-semi-norm, so that all a ∈ A satisfy |ω(a)| = |⟨π(a).v, v⟩| ≤ ‖π(a).v‖ · ‖v‖ ≤ ‖π(a)‖ · ‖v‖^2 ≤ ‖v‖^2 σ_C∗ (a). □ 6.6 Proposition (Automatic continuity). Let A be a Mackey complete continuous inverse^∗-algebra A. Assume that the involution of A is continuous or that A is a Fréchet space. Then every^∗-representation of A on a Hilbert space is continuous. In particular, every positive linear functional on A is continuous.

Proof. If π : A → B(H) is a^∗-representation of A on a Hilbert space H then a → ‖π(a)‖: A → R is a C^∗-semi-norm on A. Hence the assertions follow immediately from Proposition 3.8, Theorem 3.9, and Proposition 6.4. □ 6.7 Definition. In any complex^∗-algebra A, the positive cone is defined as

Pos(A) := {h ∈ Sym(A); ∀ ω ∈ Pos(A, C ): ω(h) ≥ 0} .

6.8 Proposition. In a Mackey complete continuous inverse^∗-algebra A, the positive cone Pos(A) equals the closed convex cone in Sym(A) generated by {a^∗a; a ∈ A}. Proof. Let P ⊆ Sym(A) be the closed convex cone generated by the set {a^∗a; a ∈ A}. Since Pos(A) is a convex cone and a closed subset of Sym(A), we have P ⊆ Pos(A). Conversely, assume that h ∈ Sym(A) \ P . The Hahn– Banach Theorem (see, for instance, Rudin [28, 3.4]) yields a continuous linear functional φ: Sym(A) → R such that φ(h) ∉ φ(P ). We may assume that φ(h) < 0 and φ(P ) ⊆ R^+_0 . Define ω : A −→ C , a −→ φ ( a + a^∗ 2 ) + iφ ( a − a^∗ 2i ) . If a ∈ A then ω(ia) = φ ( i^{a−a∗}_2 ) + iφ (_{a+a∗} 2 ) = iω(a). Hence ω is a C - linear functional on A. The functionals ω and φ coincide on Sym(A), so that ω(P ) ⊆ R^+_0 . We conclude that ω ∈ Pos(A, C ) and ω(h) < 0, whence h ∉ Pos(A). □

7 Hermitian continuous inverse^∗-algebras

In this section, we study a condition which establishes a connection between the involution and the properties of spectra in a complex^∗-algebra. As the following example shows, this connection can be quite loose in general.

7.1 Example. Let A be the Banach algebra C ×C , which is unital and semisimple. Define an involution on A by (ζ_1, ζ_2)^∗ : = (ζ_2, ζ_1). The spectrum of (ζ_1, ζ_2) is {ζ_1, ζ_2}. The self-adjoint elements of A are exactly those of the form (ζ, ζ) for some ζ ∈ C . Every positive linear functional on A vanishes (cf. Bonsall and Duncan [7, 37.16]).

The unitary elements of A are the elements (ζ, 1/ζ) with ζ ∈ C^× . It follows easily that the convex hull of the unitary group U(A) equals A. In particular, the unitary semi-norm σ_U of A is trivial. The same holds for the Gelfand–Naĭmark semi-norm σ_C∗ because σ_C∗ ≤ σ_U.

7.2 Definition. A continuous quasi-inverse^∗-algebra A is called hermitian if every self-adjoint element has real spectrum.

For the following theorem, recall the definition and basic properties of the Raĭkov–Pták functional τ (Definition 3.4 and Lemma 3.5). The use of τ as the principal tool in the theory of hermitian Banach^∗-algebras is due to Pták [23].

7.3 Theorem (Pták’s Theorem for continuous inverse^∗-algebras). The following are equivalent for a Mackey complete continuous inverse^∗- algebra A:

(i) A is hermitian;

(ii) ρ ≤ τ (Pták’s criterion);

(iii) σ_C∗ = τ (Raĭkov’s criterion);

(iv) ρ(c) = τ(c) for all normal elements c ∈ A;

(v) τ(a + a^∗) ≤ 2τ(a) for all a ∈ A.

Since Lemma 3.5 yields the inequality σ_C∗ ≤ τ in every continuous inverse ∗-algebra, these conditions are also equivalent to the inequality ρ ≤ σ_C∗ , which plays a central role in Palmer’s approach [21, Section 10.4].

The following proof of Theorem 7.3 is self-contained. It uses some specific material for continuous inverse algebras, but most arguments can be found, for the case of Banach^∗-algebras, in Pták’s exposition [24, Section 5]; see also Bonsall and Duncan [7, § 41].

Proof. We will first prove the equivalence of conditions (i), (ii), and (iv). Lemma 3.5 shows that (ii) implies (iv). Assume that (iv) holds. If A is not hermitian, there is a self-adjoint element h ∈ A such that i ∈ Sp(h). Let α ∈ R. Then i + iα belongs to the spectrum of the normal element h + iα, so that

(1 + α)^2 ≤ ρ(h + iα)^2 = τ(h + iα)^2 = ρ ( (h + iα)^∗(h + iα) ) = ρ(h^2 + α^2) ≤ ρ(h^2) + α^2.

Hence 1 + 2α ≤ ρ(h^2) holds for all α ∈ R. This contradiction proves that A is hermitian.

Assume that A is hermitian. We claim that 1 − a is invertible for each a ∈ A which satisfies τ(a) < 1. Indeed, Corollary 4.7 yields a self-adjoint element h ∈ A such that h^2 = 1 − a^∗a, and h is invertible because 1 − a^∗a is invertible. We calculate

(1 + a^∗)(1 − a) = 1 + a^∗ − a − a^∗a = h^2 + a^∗ − a = h ( 1 + h^{−1}(a^∗ − a)h^{−1} ) h. Since ih^{−1}(a^∗ − a)h^{−1} is a self-adjoint element, it has real spectrum, so that the displayed expressions are invertible. Hence 1−a is left invertible. By the same argument, the adjoint (1−a)^∗ = 1−a^∗ is left invertible because τ(a^∗) = τ(a) < 1. Thus 1 − a is invertible as we claimed. Let a ∈ A be arbitrary, and choose λ ∈ C with |λ| > τ(a), so that τ(λ^{−1}a) = |λ|^{−1}τ(a) < 1. Then the elements 1 − λ^{−1}a and λ − a of A are invertible, so that λ ∉ Sp(a). We conclude that ρ(a) ≤ τ(a). Thus (i) implies (ii), and we have proved the equivalence of (i), (ii), and (iv).

Now we will assume conditions (i) and (ii) and derive (iii). If a ∈ A then τ(a^∗a) = √ ρ(a^∗a a^∗a) = √ ρ(a^∗a)^2 = τ(a)^2.

Let h, k ∈ A be self-adjoint elements. Then ρ(hk) ≤ τ(hk) = √ ρ(khhk) = √ ρ(h^2k^2) .

It follows by induction that ρ(hk) ≤ ρ(h^{2n} k^{2n} )^{2−n} holds for all n ∈ N. If ρ(h) < 1 and ρ(k) < 1 then Lemma 1.6 yields that lim_m h^m = 0 = lim_m k^m. Proposition 1.2 implies that lim_m h^mk^{2m}h^m = 0, whence Lemma 1.5 shows that lim_m ρ(h^mk^{2m}h^m) = 0. Since ρ(h^{2m}k^{2m}) = ρ(h^mk^{2m}h^m), we infer that ρ(hk) < 1. For general self-adjoint h, k ∈ A, choose α, β ∈ R with ρ(h) < α and ρ(k) < β. We have proved that ρ ( (α^{−1}h)(β^{−1}k) ) < 1 and hence ρ(hk) < αβ. We conclude that ρ(hk) ≤ ρ(h) ρ(k) (h = h^∗, k = k^∗). This implies that all a, b ∈ A satisfy τ(ab) = √ ρ(b^∗a^∗ab) = √ ρ(a^∗abb^∗) ≤ √ ρ(a^∗a) ρ(bb^∗) = τ(a) τ(b).

Our next aim is to prove that the set

P := { h ∈ Sym(A); Sp(h) ⊆ R^+_0 } is a convex cone. (In fact, Corollary 7.7 will show that P = Pos(A).) If h ∈ P then αh ∈ P holds for all α ≥ 0. We have to prove that h + k ∈ P if h, k ∈ P . Since A is hermitian, it suffices to show that 1 + h + k ∈ A^×. Since 1 + h, 1 + k ∈ A^×, we may define self-adjoint elements u, v ∈ A^× by u := h(1 + h)^{−1} and v := k(1 + k)^{−1}. The Spectral Mapping Theorem gives ρ(u) < 1 and ρ(v) < 1. We have seen that this implies ρ(uv) < 1, and so 1 − uv ∈ A^×. Since

1 + h + k = (1 + h)(1 − uv)(1 + k),

it follows that 1 + h + k ∈ A^×. We conclude that h + k ∈ P .

If h, k ∈ A are arbitrary self-adjoint elements then ρ(h)±h, ρ(k)±k ∈ P , whence ρ(h) + ρ(k) ± (h + k) ∈ P . This implies that ρ(h + k) ≤ ρ(h) + ρ(k) (h = h^∗, k = k^∗). Let a ∈ A, and set h := a + a^∗ and k : = i(a − a^∗). Then

ρ(h^2 + k^2) − h^2 = ( ρ(h^2 + k^2) − (h^2 + k^2) ) + k^2 ∈ P,

and so

ρ(a + a^∗) = √ ρ(h^2) ≤ √ ρ(h^2 + k^2) = √ 2ρ(a^∗a + aa^∗) ≤ √ 2(ρ(a^∗a) + ρ(aa^∗)) = √ 2(τ(a)^2 + τ(a)^2) = 2τ(a).

Let a, b ∈ A. Then

τ(a + b)^2 = ρ ( (a + b)^∗(a + b) ) = ρ(a^∗a + b^∗b + a^∗b + b^∗a) ≤ ρ(a^∗a) + ρ(b^∗b) + ρ(a^∗b + b^∗a) ≤ τ(a)^2 + τ(b)^2 + 2τ(a^∗b)

≤ τ(a)^2 + τ(b)^2 + 2τ(a^∗) τ(b) = ( τ(a) + τ(b) )_2 . Thus we have proved that τ is a C^∗-semi-norm. Hence τ ≤ σ_C∗ , and we infer from Lemma 3.5 that σ_C∗ = τ. This completes the proof of condition (iii).

If condition (iii) holds then τ is sub-additive, which implies (v). Assume that (v) holds, and let c ∈ A be a normal element. Write c = h + ik with self-adjoint elements h, k ∈ A. Then hk = kh, so that ρ(c) ≤ ρ(h) + ρ(k) by Proposition 2.5. Moreover, ρ(h) = τ(h) = τ (_c 2 +^{c∗}_2 ) ≤ 2τ (_c 2 ) = τ(c) and, similarly, ρ(k) ≤ τ(c). We conclude that ρ(c) ≤ 2τ(c). If n ∈ N then

ρ(c)^{2n} = ρ(c^n)^2

≤ 4τ(c^n)^2 = 4ρ ( (c^∗)^nc^n ) = 4ρ ( (c^∗c)^n ) = 4ρ(c^∗c)^n = 4τ(c)^{2n}.

Hence ρ(c) ≤^n √ 2 τ(c) for all n ∈ N and so ρ(c) ≤ τ(c). Since ρ(c) ≥ τ(c) holds without further assumptions, we have proved condition (iv). □

7.4 Remark (Further characterizations of hermitian algebras). (a) Let A be a Mackey complete continuous inverse^∗-algebra. Then A is hermitian if and only if there is a constant C > 0 such that all a ∈ A satisfy ρ(a^∗a) ≤ Cσ_C∗ (a^∗a). This condition was observed by Palmer [21, 10.4.8].

Indeed, Palmer’s condition follows immediately from Raĭkov’s condition σ_C∗ = τ. Conversely, assume that Palmer’s condition holds. Let h ∈ A be self-adjoint. If n ∈ N then ρ(h)^{2n} = ρ((h^n)^2) ≤ Cσ_C∗ ((h^n)^2) ≤ Cσ_C∗ (h)^{2n}. Hence ρ(h) ≤ σ_C∗ (h). This implies τ ≤ σ_C∗ , and we conclude that σ_C∗ = τ, so that A is hermitian.

Pták’s condition ρ ≤ τ can also be proved directly from the inequality ρ(h) ≤ σ_C∗ (h) for all h ∈ Sym(A) (cf. Palmer [21, 10.2.11]). Namely, choose a ∈ A with σ_C∗ (a) ≤^1_3 . Then

ρ(a + a^∗ − a^∗a) ≤ σ_C∗ (a + a^∗ − a^∗a) ≤ σ_C∗ (a) + σ_C∗ (a^∗) + σ_C∗ (a^∗) σ_C∗ (a) ≤ ( 1 + σ_C∗ (a)

)_2 − 1 < 1. Hence (1−a^∗)(1−a) = 1−(a+a^∗ −a^∗a) is invertible. Similarly, the element (1 − a)(1 − a^∗) is invertible. We conclude that 1 − a ∈ A^×. Let a ∈ A be arbitrary, and choose λ ∈ C with |λ| > 3σ_C∗ (a), so that σ_C∗ (λ^{−1}a) = |λ|^{−1}σ_C∗ (a) <^1_3 . Then the elements 1 − λ^{−1}a and λ − a of A are invertible, so that λ ∉ Sp(a). This implies that ρ(a) ≤ 3σ_C∗ (a). If n ∈ N then ρ(a)^n = ρ(a^n) ≤ 3σ_C∗ (a^n) ≤ 3σ_C∗ (a)^n. We conclude that ρ ≤ σ_C∗ . Since σ_C∗ ≤ τ, we have proved that ρ ≤ τ.

(b) Pták [24, 5.10] proved that the following are equivalent for a unital Banach^∗-algebra A:

(i) A is hermitian;

(ii) Sp(u) ⊆ {ζ ∈ C ; |ζ| = 1} for all u ∈ U(A);

(iii) ρ is bounded on U(A).

Pták’s proof also applies to Mackey complete continuous inverse^∗-algebras.

7.5 Proposition (C^∗(A) for hermitian A). Let A be a Mackey complete continuous inverse^∗-algebra, and let π : A → C^∗(A) be the natural homomorphism from A into its enveloping C^∗-algebra. Then A is hermitian if and only if π is equispectral, which means that π^{−1} ( C^∗(A)^× ) = A^×.

Note that π^{−1} ( C^∗(A)^× ) = A^× holds if and only if every a ∈ A satisfies Sp(π(a)) = Sp(a). This explains the word “equispectral”.

Proof. If π is equispectral then A is hermitian because C^∗-algebras are hermitian (see, for instance, Rudin [28, 11.28]).

Conversely, assume that A is hermitian, so that it satisfies ρ ≤ σ_C∗ . Choose a ∈ A such that π(a) is invertible in C^∗(A). We have to prove that a ∈ A^×. Since π(A) is dense in C^∗(A), we may choose b ∈ A such that ‖π(a)^{−1} − π(b)‖ < ‖π(a)‖^{−1}. We calculate ρ(1 − ab) ≤ σ_C∗ (1 − ab) = ‖1 − π(ab)‖ = ‖ π(a) ( π(a)^{−1} − π(b) )‖ < 1. The analogous calculation yields the inequality ρ(1−ba) < 1. Hence ab, ba ∈ A^×, and we conclude that a ∈ A^×. □

7.6 Proposition (Spectrum and states). Let A be a Mackey complete hermitian continuous inverse^∗-algebra. Then every normal element c ∈ A satisfies conv(Sp(c)) = {ω(c); ω ∈ Pos(A, C ), ω(1) = 1} .

Proof. Let π : A → C^∗(A) be the natural homomorphism from A into its enveloping C^∗-algebra. By Corollary 6.5, every positive linear functional on A factors through a positive linear functional on π(A), which extends by continuity to a positive linear functional on C^∗(A). In other words, Pos(A, C ) = {ω ∘ π; ω ∈ Pos(C^∗(A), C )} . In view of Proposition 7.5, the assertion follows from the corresponding result for C^∗-algebras (see, for instance, Bonsall and Duncan [7, § 38]).

A different proof can be found in Palmer’s monograph [21, 10.4.21]. □

The set {ω ∈ Pos(A, C ); ω(1) = 1} is called the set of states of A. The extreme points of this convex set are called the pure states of A. A refinement of the preceding proposition (Palmer [21, 10.4.21]) asserts that the spectrum of a normal element c ∈ A is contained in the image of c under the set of pure states.

7.7 Corollary (Shirali–Ford Theorem). Every Mackey complete hermitian continuous inverse^∗-algebra satisfies

Pos(A) = { h ∈ Sym(A); Sp(h) ⊆ R^+_0 } . In particular, Sp(a^∗a) ⊆ R^+_0 holds for all a ∈ A. □

7.8 Remark. Kaplansky [14] conjectured in 1949 that every element a of a hermitian Banach^∗-algebra satisfies Sp(a^∗a) ⊆ R^+_0 . This conjecture was finally proved by Shirali and Ford [30] in 1970. The particularly conceptual proof based on Proposition 7.5 which we have given is due to Fragoulopoulou [10]. Several other proofs have been given; see Bonsall and Duncan [7, 41.5], Pták [24, 5.9], and Palmer [21, 10.4.2].

Section 10.4 of Palmer’s monograph contains a number of additional properties of^∗-algebras which satisfy ρ ≤ σ_C∗ . Palmer develops his theory for^∗-algebras in which some sub-multiplicative semi-norm dominates the spectral radius. The reader must be alert to the fact that this hypothesis is sometimes used without being explicitly stated (e.g. [21, 10.4.4 and 10.4.16]). Palmer’s work is very comprehensive, which makes it sometimes difficult to read. For these reasons, we have decided to give proofs for results such as Propositions 7.5 and 7.6 which are also contained in Palmer’s book [21, 10.4.18 and 10.4.21].

7.9 Proposition. The Jacobson radical of a Mackey complete hermitian continuous inverse^∗-algebra A equals the^∗-ideal {a ∈ A; σ_C∗ (a) = 0}.

Proof. Proposition 3.6 shows that σ_C∗ vanishes on rad(A). Conversely, if A is hermitian then ρ ≤ σ_C∗ , so that {a ∈ A; σ_C∗ (a) = 0} consists of quasi-invertible elements and hence is contained in rad(A). □

7.10 Proposition. Let A be a Mackey complete hermitian continuous inverse^∗-algebra, and let B ⊆ A be a closed unital^∗-subalgebra. Then B is hermitian, and B^× = A^× ∩ B.

The condition B^× = A^× ∩ B holds if and only if every b ∈ B satisfies Sp_B (b) = Sp_A(b). Hence a subalgebra B ⊆ A which satisfies this condition might be called “equispectral”.

Proof. Choose b ∈ A^× ∩B. Then b^∗ ∈ A^× and b^∗b ∈ A^×, so that Sp_A(b^∗b) ⊆ R^+ . Proposition 1.7 shows that Sp_B (b^∗b) = Sp_A(b^∗b), whence b^∗b ∈ B^×. We conclude that b^{−1} = (b^∗b)^{−1}b^∗ ∈ B, so that b ∈ B^×. Hence B is an equispectral subalgebra. In particular, it is hermitian. □

References

[1] G. R. Allan, A spectral theory for locally convex alebras, Proc. London Math. Soc. (3) 15 (1965), 399–421. MR 31 #619

[2] Richard Arens, Linear topological division algebras, Bull. Amer. Math.

Soc. 53 (1947), 623–630. MR 9,6a

[3] Bernard Aupetit, The uniqueness of the complete norm topology in Banach algebras and Banach Jordan algebras, J. Funct. Anal. 47 (1982), no. 1, 1–6. MR 83g:46044

[4] Harald Biller, Harish–Chandra decomposition of infinite-dimensional Lie groups, in preparation.

[5] , Analyticity and naturality of the multi-variable functional calculus, Preprint 2332, Fachbereich Mathematik, Technische Universität Darmstadt, April 2004, http://wwwbib.mathematik.tu-darmstadt.de/Math-Net/ Preprints/Listen/shadow/pp2332.html.

[6] Bruce Blackadar, K-theory for operator algebras, second ed., Mathematical Sciences Research Institute Publications, vol. 5, Cambridge University Press, Cambridge, 1998. MR 99g:46104

[7] Frank F. Bonsall and John Duncan, Complete normed algebras, Ergebnisse der Mathematik und ihrer Grenzgebiete 80, Springer, Berlin 1973.

[8] J.-B. Bost, Principe d’Oka, K-théorie et systèmes dynamiques non commutatifs, Invent. Math. 101 (1990), no. 2, 261–333. MR 92j:46126

[9] Alain Connes, Noncommutative differential geometry, Inst. Hautes Études Sci. Publ. Math. (1985), no. 62, 257–360. MR 87i:58162

[10] Maria Fragoulopoulou, The Shirali-Ford theorem as a consequence of Pták theory for Hermitian Banach algebras, Studia Math. 150 (2002), no. 2, 121–132. MR 2003j:46075

[11] Helge Glöckner, Algebras whose groups of units are Lie groups, Studia Math. 153 (2002), no. 2, 147–177.

[12] Bernhard Gramsch, Relative Inversion in der Störungstheorie von Operatoren und Ψ-Algebren, Math. Ann. 269 (1984), no. 1, 27–71. MR 86j:47065

[13] Bernhard Gramsch, Johannes Ueberberg, and Klaus Wagner, Spectral invariance and submultiplicativity for Fréchet algebras with applications to pseudo-differential operators and Ψ^∗-quantization, Operator calculus and spectral theory (Lambrecht, 1991), Oper. Theory Adv. Appl., vol. 57, Birkhäuser, Basel, 1992, pp. 71–98. MR 94g:47065

[14] Irving Kaplansky, Normed algebras, Duke Math. J. 16 (1949), 399–418.

MR 11,115d

[15] Andreas Kriegl and Peter W. Michor, The convenient setting of global analysis, American Mathematical Society, Providence, RI, 1997. MR 98i:58015

[16] Ernest A. Michael, Locally multiplicatively-convex topological algebras, Mem. Amer. Math. Soc., 1952 (1952), no. 11, 79. MR 14,482a

[17] K.-H. Neeb, Holomorphy and convexity in Lie theory, Expositions in Mathematics 28, de Gruyter, Berlin 1999.

[18] Karl-Hermann Neeb, Locally convex root graded Lie algebras, Travaux mathématiques (Univ. du Luxembourg) XIV (2003), 25–120.

[19] T. W. Palmer, The Gelfand-Naimark pseudo-norm on Banach^∗- algebras, J. London Math. Soc. (2) 3 (1971), 59–66. MR 43 #7932

[20] Theodore W. Palmer, Banach algebras and the general theory of^∗- algebras. Vol. I, Encyclopedia of Mathematics and its Applications, vol. 49, Cambridge University Press, Cambridge, 1994, Algebras and Banach algebras. MR 95c:46002

[21] , Banach algebras and the general theory of ∗-algebras. Vol. II (∗-Algebras), Cambridge University Press, Cambridge, 2001. MR 2002e:46002

[22] N. Christopher Phillips, K-theory for Fréchet algebras, Internat. J.

Math. 2 (1991), no. 1, 77–129. MR 92e:46143

[23] Vlastimil Pták, On the spectral radius in Banach algebras with involution, Bull. London Math. Soc. 2 (1970), 327–334. MR 43 #932

[24] , Banach algebras with involution, Manuscripta Math. 6 (1972), 245–290. MR 45 #5764

[25] D. A. Raĭkov, To the theory of normed rings with involution, C. R.

(Doklady) Acad. Sci. URSS (N.S.) 54 (1946), 387–390. MR 8,469d

[26] T. J. Ransford, A short proof of Johnson’s uniqueness-of-norm theorem, Bull. London Math. Soc. 21 (1989), no. 5, 487–488. MR 90g:46069

[27] Walter Rudin, Real and complex analysis, third ed., McGraw-Hill Book Co., New York, 1987. MR 88k:00002

[28] , Functional analysis, McGraw-Hill Series in Higher Mathematics, McGraw-Hill, New York 1973.

[29] Zoltán Sebestyén, Every C^∗-seminorm is automatically submultiplicative, Period. Math. Hungar. 10 (1979), no. 1, 1–8. MR 80c:46065

[30] Satish Shirali and James W. M. Ford, Symmetry in complex involutory Banach algebras II, Duke Math. J. 37 (1970), 275–280.

[31] Philippe Turpin, Une remarque sur les algèbres à inverse continu, C.

R. Acad. Sci. Paris Sér. A-B 270 (1970), A1686–A1689. MR 42 #3571

[32] Lucien Waelbroeck, Le calcul symbolique dans les algèbres commutatives, J. Math. Pures Appl. (9) 33 (1954), 147–186 (French). MR 17,513c

[33] , Les algèbres à inverse continu, C. R. Acad. Sci. Paris 238 (1954), 640–641 (French). MR 17,513a

[34] , Topological vector spaces and algebras, Springer-Verlag, Berlin, 1971, Lecture Notes in Mathematics, Vol. 230. MR 57 #7098

[35] W. Żelazko, Concerning entire functions in B_0-algebras, Studia Math.

110 (1994), no. 3, 283–290. MR 95j:46057