Pseudodifferential Boundary Value Problems with Non-Smooth Coefficients

Helmut Abels

May 19, 2004

Abstract

In this contribution we establish a calculus of pseudodifferential boundary value problems with Hölder continuous coefficients. It is a generalization of the calculus of pseudodifferential boundary value problems introduced by Boutet de Monvel. We discuss their mapping properties in Bessel potential and certain Besov spaces. Although having non-smooth coefficients and the operator classes being not closed under composition, we will prove that the composition of Green operators a_1(x, D_x)a_2(x, D_x) coincides with a Green operator a(x, D_x) up to order m_1 + m_2 − θ, where θ ∈ (0, τ_2) is arbitrary, a_j(x, ξ) is in C^{τj} (R^n ) w.r.t. x, and m_j is the order of a_j (x, D_x), j = 1, 2. Moreover, a(x, D_x) is obtained by the asymptotic expansion formula of the smooth coefficient case leaving out all terms of order less than m_1 + m_2 − θ. This result is used to construct a parametrix of a uniformly elliptic Green operator a(x, D_x).

Key words: Pseudodifferential boundary value problems, non-smooth pseudodifferential operators AMS-Classification: 35 S 15, 35 J 55

1 Introduction

In [5] L. Boutet de Monvel introduced an operator class modeling differential and pseudodifferential boundary problems, which is closed under composition and can be used to construct parametrices to elliptic operators. It gave great impact in many directions. This calculus and further developed calculi, cf. e.g. Grubb [12], have been used in index theory, cf. [5], Rempel and Schulze [22], in the theory of Navier- Stokes equations, cf. Grubb and Solonnikov [16, 13], in geometrical problems as trace expansions, cf. e.g. Grubb and Schrohe [15], and others, cf. [12].

Although the original calculus of Boutet de Monvel was generalized in many directions, it is usually assumed that the symbols of the operators are smooth in the space variable x. In order to treat boundary value problems in domains with 1

2 1 INTRODUCTION

non-smooth boundary or apply the theory to quasi-linear equations, it is necessary to allow symbols with limited smoothness in the space variable x.

In the present contribution we generalize the so-called Green operators in [5] to operators with symbols which are Hölder continuous in x – also called Green operator with “Hölder continuous coefficients”. We discuss their mapping properties and behavior under composition. The present work extends and improves the results of [1, 2], where some partial results in this direction were proved and applied to show the existence of a bounded H^∞-calculus of the Stokes operator in so-called asymptotically flat layers with C^{1,1}-boundary.

A Green operator in the half-space R^n_+ = R^{n−1} × (0, ∞) is of the form

a(x, D_x) = ( p(x, D_x)_+ + g(x, D_x) k(x, D_x) t(x, D_x) s(x^′, D_x′ ) ) : S(R^n_+ )^N × S(R^{n−1} )^M → C^0(R^n_+ )^{N ′} × C^0(R^{n−1} )^{M ′}

(1.1)

Here p(x, D_x)_+ = r^+p(x, D_x)e^+ is a truncated pseudodifferential operator, k(x, D_x) is a Poisson operator (also called potential operator), t(x^′, D_x) is a trace operator, g(x, D_x) is a singular Green operator, and s(x^′, D_x′ ) is a pseudodifferential operator on R^{n−1} , cf. [5], [22], or [12] for the definition in the smooth coefficient case. The precise definitions in the Hölder continuous case are given below. They are based on the definition of the class C^τ S^m_{1,0}(R^n × R^n ), cf. Kumano-Go and Nagase [19] or Taylor [25], i.e.,

p ∈ C^τ S^m_{1,0}(R^n × R^n ) ⇔ ‖∂^α_ξ p(., ξ)‖_Cτ_{(R}n_) ≤ C_α(1 + |ξ|)^{m−|α|} for all α ∈ N^n_0 ,

where C^τ (R^n ) is the space of all [τ]-times differentiable functions with bounded and Hölder continuous [τ]-th derivatives of degree τ − [τ].

Having non-smooth coefficients there are several new aspects: First of all, the mapping properties in Bessel potential and Besov spaces are of course limited by the smoothness of the coefficients. It is well-known that, if p ∈ C^τ S^m_{1,0}(R^n × R^n ), the associated pseudodifferential operator p(x, D_x) is a bounded operator

p(x, D_x): H^{s+m}_q (R^n ) → H^s_q (R^n ) if |s| < τ,

cf. e.g. [25, Proposition 2.1.D]. Using the latter mapping properties in a vector-valued variant, we will prove our first main result:

THEOREM 1.1 Let a(x, D_x) be a Green operator of order m ∈ R, class r ∈ Z, with C^τ -regularity in x. Then for every s ∈ R

a(x, D_x): H^{s+m}_q (R^n_+ )^N × B^{s+m− 1q}q (R^{n−1} )^M → H^s_q (R^n_+ )^{N ′} × B^{s− 1q}q (R^{n−1} )^{M ′}

provided that |s| < τ if N^′ ≠ 0, |s −^1_q | < τ if M^′ ≠ 0, s + m > r −^1_{q′} if N ≠ 0, and m ∈ Z if p(x, D_x) ≠ 0.

Considering compositions of pseudodifferential or Green operators with non-smooth coefficients the situation is more complicated. The class of pseudodifferential operators with non-smooth coefficients is of course not closed under composition since e.g. [∂_{xj} , p(x, D_x)] = (∂_{xj} p)(x, D_x). In particular the statement that p_1(x, D_x)p_2(x, D_x) = (p_1#p_2)(x, D_x) where p_1#p_2 has the asymptotic expansion

p_1#p_2(x, ξ) ∼ ∑ α∈N^n_0 1 α! ∂^α_ξ p_1(x, ξ)D^α_x p_2(x, ξ) (1.2)

cannot hold if p_2 is not smooth in x. However it will be shown under certain restrictions on m_1 that, if p_j ∈ C^{τj} S^{mj} (R^n × R^n ), j = 1, 2, for any θ ∈ (0, τ_2), θ ∉ N,

p_1(x, D_x)p_2(x, D_x) = ∑ |α|<θ 1 α! OP(∂^α_ξ p_1(x, ξ)D^α_x p_2(x, ξ)) + R_θ,

where R_θ is of order m_1 + m_2 − θ in the sense of the mapping properties in Bessel potential and Besov spaces, cf. Theorem 3.6 below. Hence in some sense the asymptotic expansion is valid as long as D^α_x p_2(x, ξ) exists and is Hölder continuous w.r.t x. The corresponding statement for compositions of Green operators is as follows:

THEOREM 1.2 Let a_j(x, D_x), j = 1, 2, be Green operators of order m_j ∈ R, class r_j ∈ Z, and coefficients in C^{τj} , τ_j > 0, j = 1, 2, and let p_j , g_j, k_j, t_j, s_j, N_j , M_j, N^′_j, M^′_j denote the corresponding operators and parameters due to (1.1). Moreover, let N^′_2 = N_1, M^′_2 = M_1 and assume that the coefficients of g̃_2 and k̃_2 are independent of x_n and that m_j ∈ Z if p_j ≠ 0. Then for every θ ∈ (0, τ_2), θ ∉ N, there is a Green operator (a_1#_{[θ]}a_2)(x, D_x) of order m_1 + m_2, class max(r_1 + m_2, r_2), and with coefficients in C^τ , τ := min(τ_1, τ_2 − [θ]), such that

a_1(x, D_x)a_2(x, D_x)−(a_1#_{[θ]}a_2)(x, D_x): H^{s+m1+m2−θ} q (R^n_+ )^{N2} × B^{s+m1+m2− 1q −θ} q (R^{n−1} )^{M2} → H^s_q (R^n_+ )^{N ′1} × B^{s− 1q}q (R^{n−1} )^{M ′1} is a bounded linear mapping if the following conditions are satisfies:

1. |s| < τ, s − θ > −τ_2 if N^′_1 ≠ 0, | |s −^1_q | | < τ, s −^1_q − θ > −τ2 if M^′_1 ≠ 0,

2. −τ_2 + θ < s + m_1 < τ_2 if N_1 ≠ 0 and −τ_2 + θ < s + m_1 −^1_q < τ_2 if M_1 ≠ 0,

3. s + m_1 > r_1 −^1_{q′} if N_1 ≠ 0 and s + m_1 + m_2 − θ > r_2 −^1_{q′} if N_2 ≠ 0.

More precisely,

(a_1#_{[θ]}a_2)(x, D_x) = ( p_1#_{[θ]}p_2(x, D_x)_+ + g(x, D_x) k(x, D_x) t(x^′, D_x) s(x^′, D_x′ ) ) , where

1. g(x, D_x) = (p_1#^′_{[θ]}g_2)(x, D_x) + (g_1#_{[θ]}p_2)(x, D_x) + (g_1#^′_{[θ]}g_2)(x, D_x) +(k_1#^′_{[θ]}t_2)(x, D_x) − l_θ(p_1, p_2)(x, D_x),

2. t(x^′, D_x) = (t_1#_{[θ]}p_2)(x, D_x) + (t_1#^′_{[θ]}g_2)(x^′, D_x) + (s_1#^′_{[θ]}t_2)(x^′, D_x),

3. k(x, D_x) = (p_1#_{[θ]}k_2)(x, D_x) + (g_1#^′_{[θ]}k_2)(x, D_x) + (k_1#^′_{[θ]}s_2)(x, D_x),

4. s(x^′, D_x′ ) = (t_1#^′_{[θ]}k_2)(x^′, D_x′ ) + (s_1#^′_{[θ]}s_2)(x^′, D_x′ ),

and the terms are defined by (3.5), (4.8), (5.9)-(5.10), and (5.18) below.

Theorem 1.2 will be used to construct an inverse of a uniformly elliptic Green operator a(x, D_x) up to order −θ, where 0 < θ < τ and τ > 0 is the regularity of the coefficients of a(x, D_x).

The structure of the article is as follows: In Section 2 we summarize the necessary preliminaries on vector-valued and weighted function spaces. Then in Section 3 we consider the mapping properties and the compositions of operator-valued pseudodifferential operators with Hölder continuous coefficients, which will be the basis for the further discussion since Green operators can be considered as operator-valued pseudodifferential operators. The main results of this contributions are proved in Section 4 and Section 5. In Section 4, the Poisson, trace, and singular Green operators are defined and the corresponding mapping properties and statements on compositions are proved. Then truncated pseudodifferential operator enter the discussion in Section 5, where first of all a transmission condition for non-smooth pseudodifferential operators is given. Finally, Section 6 is devoted to the parametrix construction in the case of non-smooth coefficient.

Acknowledgments: The author expresses his gratitude to Gerd Grubb for several helpful comments on the manuscript.

2 Preliminaries

2.1 Vector-Valued Besov and Bessel Potential Spaces

First of all, N denotes the set of natural numbers (without 0), N_0 = N ∪ {0}, Z the set of integers, R the real numbers, and C is the set of complex numbers.

We will keep close to the notation of the monograph [12]. In particular, ∂_{xj} f = ∂_j f, j = 1, . . . , n, denotes the partial derivatives of f : R^n → C and D_{xj} := −i∂_{xj} . For s ∈ R we define [s] to be the largest integer ≤ s and set [s]_+ = max{s, 0}.

In the following let X be a Banach space and Ω ⊆ R^n be a domain. Then L^p(Ω; X), 1 ≤ p < ∞, is defined as the space of strongly measurable functions f : Ω → X with

‖f‖_Lp_{(Ω;X)} := (∫ Ω ‖f(x)‖^p_X dx ) 1_p < ∞

2.1 Vector-Valued Besov and Bessel Potential Spaces 5

and L^∞(Ω; X) is the space of all strongly measurable and essentially bounded functions. Moreover, L^p(Ω) denotes the standard Lebesgue space and ‖ · ‖_p := ‖ · ‖_Lp_{(Ω)}. Similarly, ℓ^p(N_0 ; X), 1 ≤ p ≤ ∞, denotes the X-valued variant of ℓ^p(N_0 ).

Furthermore, let S(R^n ; X) be the space of smooth rapidly decreasing function f : R^n → X and let S(R^n ) := S(R^n , C ). Moreover, S^′(R^n ; X) := L(S(R^n ), X) denotes the space of tempered X-valued distributions, cf. e.g. Amann [3]. As in the scalar case the Fourier transformation is an isomorphism F : S(R^n ; X) → S(R^n ; X) and F : S^′(R^n ; X) → S^′(R^n ; X), cf [3]. Moreover, if p: R^n → C is a smooth function such that p and all its derivatives are of at most polynomial growth, then p(D_x)f := F^{−1}[p(ξ)f̂], f̂ := F[f], is a bounded operator on S(R^n ; X) and S^′(R^n ; X). In particular let ⟨ξ⟩ := (1 + |ξ|^2)^12 and let φ_j(ξ), j ∈ N_0 , be a partition of unity on R^n with supp φ_0 ⊆ {|ξ| ≤ 2} and supp φ_j ⊆ {2^{j−1} ≤ |ξ| ≤ 2^{j+1}} for j ∈ N.

Then the X-valued variants of the Bessel potential and Besov spaces of order s ∈ R are defined as

H^s_p (R^n ; X) := {f ∈ S^′(R^n ; X) : ⟨D_x⟩^sf ∈ L^p(R^n ; X)} if 1 < p < ∞, B^s_{p,q}(R^n ; X) := {f ∈ S^′(R^n ; X) : (2^{sj}φ_j(D_x)f)_{j∈N0} ∈ ℓ^q(N_0 ; L^p(R^n ; X))},

where 1 ≤ p, q ≤ ∞. Moreover, we will use the abbreviations B^s_p(R^n ; X) := B^s_{p,p}(R^n ; X), B^s_p(R^n ) := B^s_p(R^n ; C ), and H^s_p (R^n ) := H^s_p (R^n ; C ).

As in the scalar case, the following properties are simple consequences of the definition and the fact that φ_j(D_x)⟨ξ⟩^sf = k_j ∗ f with ‖k_j‖_L1_{(R}n_) ≤ C2^{sj}, j ∈ N_0 , cf. Stein [24, Chapter VI, Section 5.3]:

B^s_{p,q1} (R^n ; X) ⊆ B^s_{p,q2} (R^n ; X) for 1 ≤ q_1 ≤ q_2 ≤ ∞, 1 ≤ p ≤ ∞ B^s_{p,1}(R^n ; X) ⊆ H^s_p (R^n ; X) ⊆ B^s_{p,∞}(R^n ; X) for 1 < p < ∞, (2.1) B^{s+ε}_{p,∞}(R^n ; X) ⊆ B^s_{p,1}(R^n ; X) for 1 ≤ p ≤ ∞, ε > 0, where s ∈ R. In particular,

B^{s+ε}_p (R^n ; X) ⊆ H^s_p (R^n ; X) ⊆ B^{s−ε}_p (R^n ; X) for 1 < p < ∞, ε > 0. (2.2)

For interpolation properties of the scalar Besov and Bessel potential spaces we refer to Bergh and Löfström [4] and Triebel [26]. As in the latter monographs we will denote the complex and real interpolation functor by (., .)_{[θ]}, (., .)_{θ,q}, respectively.

Lemma 2.1 Let 1 ≤ p, q_0, q_1, q ≤ ∞, s_0, s_1 ∈ R, s_0 ≠ s_1, θ ∈ (0, 1), X be a Banach space, and let H be a Hilbert space. Then

(B^{s0}_{p,q0} (R^n ; X), B^{s1}_{p,q1} (R^n ; X))_{θ,q} = B^s_{p,q}(R^n ; X), (H^{s0}_p (R^n ; X), H^{s1}_p (R^n ; X))_{θ,q} = B^s_{p,q}(R^n ; X) if 1 < p < ∞, (B^{s0}_{p,q}(R^n ; X), B^{s1}_{p,q}(R^n ; X))_{[θ]} = B^s_{p,q}(R^n ; X) if 1 ≤ p < ∞, (H^{s0}_q (R^n ; H), H^{s1}_q (R^n ; H))_{[θ]} = H^s_q (R^n ; H) if 1 < p < ∞,

where s = (1 − θ)s_0 + θs_1.

Proof: For the first and third interpolation spaces we refer to Amann [3, Section 5] and the references given there. The second statement is a consequence of the first and (2.1). For the last statement, we note that the Mikhlin multiplier theorem holds for L^p(R^n ; H) if 1 < p < ∞. Hence the standard proof remains valid in the H-valued case, cf. [4].

Furthermore, we note that

F (H^s_p (R^n ; X_0), H^s_p (R^n ; X_1)) = H^s_p (R^n ; F (X_0, X_1)) for 1 < p < ∞ F (B^s_p(R^n ; X_0), B^s_p(R^n ; X_1)) = B^s_p(R^n ; F (X_0, X_1)) for 1 ≤ p < ∞

if F (., .) = (., .)_{[θ]} or F (., .) = (., .)_{θ,q}. Since ⟨D_x⟩^s is by definition an isomorphism from H^s_p (R^n ; X_j) onto L^p(R^n ; X_j), the statement for the Bessel potential spaces is a consequence of the statement for the Lebesgue spaces, cf. Triebel [26, Section 1.18.4]. Moreover, as in the scalar case f → (φ_j(D_x)f)_{j∈N0} is a retraction from B^s_{p,q}(R^n ; X_k), k = 0, 1, into ℓ^q(N_0 ; L^p(R^n ; X_k)) with coretraction (f_j )_{j∈N0} → ∑_∞ j=0 2^{−sj}ψ_j (D_x)f_j , where ψ_j (D_x) :=

∑_1

k=−1 φj+k(Dx). Hence the statement for B s p(R^n ; X) is a consequence of the interpolation properties of vector-valued ℓ^p(N_0 ) and L^p-spaces, cf. [26, Section 1.18.1/4].

Finally, if X is reflexive, s ∈ R, and 1 < p, q < ∞, then

(B^s_{p,q}(R^n ; X))^′ ∼= B^{−s}_p′_{,q}′ (R^n ; X^′), (H^s_p (R^n ; X))^′ ∼= H^{−s}_p′ (R^n ; X^′),

cf. [3] for the Besov spaces and Edwards [6, 8.20.5] for (L^p(R^n ; X))^′ ∼= L^{p′} (R^n ; X^′), which implies the statement for H^s_p (R^n ; X).

2.2 Weighted Function Spaces

In the following we will use a measurable function ω : R^n → (0, ∞) to define weighted Lebesgue, Besov-, and Bessel potential spaces.

First of all, if M ⊆ R^n is a non-empty measurable set, L^p(M, ω), 1 ≤ p < ∞, denotes the vector space of all measurable functions f : M → C such that ‖f‖_Lp_{(R}n_{,ω)} := (∫ M |f(x)|^pω(x)dx ) 1_p < ∞. Since f → fω^{1p} is an isometric isomorphism from L^p(M, ω) onto L^p(M),

(L^p(M, ω))^′ = L^{p′} (M, ω^′), ω^′(x) := ω(x)^{− p′p} , (2.3)

if 1 < p < ∞ by the usual identification of functions with functionals. Moreover, we note that

(L^p(R^n , ω_0), L^p(R^n , ω_1))_{θ,p} = (L^p(R^n , ω_0), L^p(R^n , ω_1))_{[θ]} = L^p(R^n , ω)

2.2 Weighted Function Spaces 7

where ω(x) := ω_0(x)^{1−θ}ω_1(x)^θ, 0 < θ < 1, and 1 ≤ p < ∞, cf. [4, Theorem 5.4.1/5.5.3].

In order to get continuity of classical singular integral operators on L^p(R^n , ω) for 1 < p < ∞ a necessary and sufficient condition is that ω is in the Muckenhoupt class A_p, i.e.,

sup_Q 1 |Q| ∫ Q ω(x)dx ( 1 |Q| ∫ Q ω(x)^{− p′p} dx ) p_{p′} < ∞, where the supremum is taken with respect to all cubes Q ⊂ R^n , cf. [24, Chapter V]. In the case that ω(x) = |x_n|^{δp}, it is an elementary calculation that |x_n|^{δp} ∈ A_p if and only if −^1_p < δ <^1_{p′} .

If ω ∈ A_p, 1 < p < ∞, and s ∈ R, then we define the weighted Bessel potential space as H^s_p (R^n , ω) := {u ∈ S^′(R^n ) : ⟨D_x⟩^su ∈ L^p(R^n , ω)} normed by ‖⟨D_x⟩^s · ‖_Lp_{(R}n_{,ω)}. Using the variant of the Mikhlin multiplier theorem for weighted L^p-spaces when ω ∈ A_p, cf. Garcia-Cuerva and Rubio de Francia [8, Chapter IV, Theorem 3.9], one can prove in the same way as for the standard Bessel potential spaces that

H^m_p (R^n , ω) = W^m_p (R^n , ω) := {u ∈ L^p(R^n , ω) : D^α_x u ∈ L^p(R^n , ω) for |α| ≤ m} (2.4)

for m ∈ N_0 and that

(H^{s0}_p (R^n , ω), H^{s1}_p (R^n , ω))_{[θ]} = H^s_p (R^n , ω), s = (1 − θ)s_0 + θs_1, (2.5)

for all s_0, s_1 ∈ R, 1 < p < ∞, and ω ∈ A_p, cf. Fröhlich [7, Lemma 8.1/Satz 8.3].

Moreover, since ⟨D_x⟩^s is an isomorphism from H^s_p (R^n , ω) onto L^p(R^n , ω) and because of (2.3),

(H^s_p (R^n , ω))^′ = H^{−s}_p′ (R^n , ω^′), ω^′(x) = ω(x)^{− p′p} . (2.6)

If ω ∈ A_p, the weighted Bessel potential spaces on R^n_+ := R^{n−1} × (0, ∞) are defined as H^s_p (R^n_+ , ω) := r^+H^s_p (R^n ; ω), H^s_{p;0}(R^n_+ , ω) := {u ∈ H^s_p (R^n , ω) : supp u ⊆ R^n_+},

where r^+f denotes the restriction of a distribution f to R^n_+ . As usual

H^m_p (R^n_+ , ω) = W^m_p (R^n_+ , ω) := {u ∈ L^p(R^n_+ , ω) : D^α_x u ∈ L^p(R^n_+ , ω) for |α| ≤ m},

cf. [7, Section 8.2.2]. Moreover, because of (2.6) and the definitions,

H^s_p (R^n_+ , ω)^′ = H^{−s}_p′_{;0}(R^n_+ , ω^′), ω^′(x) = ω(x)^{− p′p} .

In particular we will use H^s_p (R_+ , |x_n|^{pδ}) and H^s_{p;0}(R_+ , |x_n|^{pδ}) also denoted by H^s_p (R_+ , x^{pδ}_n ), H^s_{p;0}(R_+ , x^{pδ}_n ), resp., with −^1_p < δ <^1_{p′} . Since (1 + iξ_n)^t ∈ S^t_{1,0}(R × R) is a classical pseudodifferential symbol and because of the continuity of pseudodifferential operators in weighted Bessel potential spaces, cf. Marschall [20], (1 + iD_n)^t : H^{s+t}_p (R, |x_n |^{δp}) → H^s_p (R, |x_n |^{δp}).

By the Paley-Wiener theorem, supp(1 + iD_n)^tf ⊆ R_+ if supp f ⊆ R_+. Hence (1 + iD_n)^t : H^{s+t}_{p;0} (R_+ , x^{δp}_n ) → H^s_{p;0}(R_+ , x^{δp}_n ) (2.7) (1 − iD_n)^t : H^{s+t}_p (R_+ , x^{δp}_n ) → H^s_p (R_+ , x^{δp}_n ) (2.8) are isomorphisms by (2.6) and ((1 + iD_n)^t)^′ = (1 − iD_n)^{−t}.

As a consequence we obtain the following generalization of Grubb and Kokholm [14, Theorem 1.8]:

Lemma 2.2 Let s ∈ R. If 1 < q ≤ 2, −^1_2 < δ_1 <^1_q −^1_2 < δ_2 <^1_2 , and θ = (^1_q −^1_2 − δ_1)/(δ_2 − δ_1), then

(H^s_2 (R_+ , x^{2δ1}_n ), H^s_2 (R_+ , x^{2δ2}_n ))_{θ,q} ⊆ H^s_q (R_+ ), (2.9) (H^{s−δ1}_{2;0} (R_+ ), H^{s−δ2}_{2;0} (R_+ ))_{θ,q} ⊇ H^s_{q;0}(R_+ ). (2.10) Moreover, if 2 ≤ q < ∞, s ∈ R, −^1_2 < δ_1 <^1_2 −^1_q < δ_2 <^1_2 , and θ = (^1_2 −^1_q − δ_1)/(δ_2 − δ_1), then (H^s_{2;0}(R_+ , x^{−2δ1}_n ), H^s_{2;0}(R_+ , x^{−2δ2}_n ))_{θ,q} ⊇ H^s_{q;0}(R_+ ), (2.11) (H^{s+δ1}_2 (R_+ ), H^{s+δ2}_2 (R_+ ))_{θ,q} ⊆ H^s_q (R_+ ). (2.12) Proof: The lemma was proved by Grubb and Kokholm [14, Theorem 1.8] for the case s = 0, where we note that H^{±δj}_{2,0} (R_+ ) = H^{±δj}_2 (R_+ ) since |δ_j | <^1_2 . Then the general case is a consequence of (2.7)-(2.8).

Finally, we note that X^s_p (R^n_+ ) = X^s_p (R^{n−1} ; L^p(R_+ )) ∩ L^p(R^{n−1} ; X^s_p (R_+ )) (2.13) X^{−s}_p (R^n_+ ) = X^{−s}_p (R^{n−1} ; L^p(R_+ )) + L^p(R^{n−1} ; X^{−s}_p (R_+ )) (2.14) where X = H or X = B and s > 0, cf. e.g. Grubb [11, (A.23)] and the references given there.

If δ ≥ 0, s > 0, we define the weighted Besov space B^s_q (R^n_+ , x^{δq}_n ) := {f ∈ W^{[s]}_q (R^n_+ , x^{δq}_n ) : ‖f‖_{Bsq (R}n_{+,x}δq_{n )} < ∞} ‖f‖^q_{Bsq (Rn+,xδqn )} := ‖f‖^q_{W [s]q (Rn+,xδqn )} + ∑ |α|≤k ∫ R^n_+ |h|^{−(s−k)q}‖Δ^l_hD^αf‖^q_{Lq (Rn+,xδqn )} dh |h|^n , where k, l ∈ N_0 such that k < s and l > s − k. Then B^s_q (R^n_+ , x^{δq}_n ) = (L^q(R^n_+ , x^{δq}_n ), W^m_q (R^n_+ , x^{δq}_n ))_{θ,q}, (2.15) where s = θm, 0 < θ < 1, m ∈ N, cf. [26, Theorem 3.3.1]. Finally, we define B^{−s}_{q;0}(R^n_+ , x^{−δq}_n ) := (B^s_q′ (R^n_+ , x^{δq′}_n ))^′.

Note that the definition of this weighted Besov space for δ = 0 is consistent with the Besov spaces defined by B^s_q (R^n_+ ) := r^+B^s_q (R^n ), B^s_{q;0}(R^n_+ ) = {f ∈ B^s_q (R^n ) : supp f ⊆ R^n_+}, s ∈ R and that B^s_q (R^n_+ ) = B^s_{q;0}(R^n_+ ) if and only if −^1_{q′} < s <^1_q .

3 Operator-Valued Pseudodifferential Operators with Non-Smooth Coefficients

In the following we will use operator-valued pseudodifferential operators with coefficients in the Hölder space C^τ (R^n ) of all functions f : R^n → C with Hölder continuous derivatives ∂^α_x f of degree τ − [τ] for all |α| ≤ [τ] normed by

‖f‖_Cτ_{(R}n_) := ∑ |α|≤[τ ] ‖∂^α_x f‖_∞ + ∑ |α|=[τ ] sup_{x≠y} |∂^α_x f(x) − ∂^α_x f(y)| |x − y|^{τ −[τ ]} . Here [τ] denotes the largest integer not larger than τ. The vector-valued variant C^τ (R^n ; X), where X is a Banach space, is defined in an obvious way.

In the following we will often use that C^τ (R^n ) → C^{τ −τ ′} (R^{n−1} ; C^{τ ′} (R)) for 0 < τ^′ < τ. (3.1) Definition 3.1 Let X be a Banach space. The symbol space C^τ S^m_{1,δ}(R^n × R^n ; X), τ > 0, δ ∈ [0, 1], m ∈ R, is the set of all functions p: R^n × R^n → X that are smooth with respect to ξ and are in C^τ with respect to x satisfying the estimates ‖D^α_ξ D^β_x p(., ξ)‖_L∞_{(R}n_{;X)} ≤ C_{α,β}⟨ξ⟩^{m−|α|+δ|β|}, ‖D^α_ξ p(., ξ)‖_Cτ_{(R}n_{;X)} ≤ C_α⟨ξ⟩^{m−|α|+δτ} for all α ∈ N^n_0 and |β| ≤ [τ].

For short we also write C^τ S^m_{1,δ}(X) or even C^τ S^m_{1,δ} if X is known from the context. Obviously, ⋂ τ >0 C τ S^m_{1,δ}(R^n × R^n ; X) coincides with the usual Hörmander class S^m_{1,δ}(R^n × R^n ; X) in the vector-valued variant.

Remark 3.2 Note that if p ∈ C^τ S^{m0}_{1,δ} (R^n × R^n ; X_0) ∩ C^τ S^{m1}_{1,δ} (R^n × R^n ; X_1) and (X_0, X_1) is an interpolation couple, then p ∈ C^τ S^m_{1,δ}(R^n ×R^n ; X) with X = (X_0, X_1)_{θ,q} or X = (X_0, X_1)_{[θ]}, θ ∈ (0, 1), 1 ≤ q ≤ ∞, and m = (1 − θ)m_0 + θm_1.

In particular we are interested in the case δ = 0. But we need the classes C^τ S^m_{1,δ} with δ > 0 when working with the technique called symbol smoothing: If p ∈ C^τ S^m_{1,δ}(R^n × R^n ; X), δ ∈ [0, 1), then for every γ ∈ (δ, 1) there is a decomposition p = p^# + p^b with

p^# ∈ S^m_{1,γ} (R^n × R^n ; X), p^b ∈ C^τ S^{m−(γ−δ)τ}_{1,γ} (R^n × R^n ; X), (3.2)

cf. [25, Equation (1.3.21)]. Moreover, if δ = 0, we have

∂^β_x p^# ∈ S^m_{1,γ} (R^n × R^n ; X) for |β| ≤ τ, (3.3) ∂^β_x p^# ∈ S^{m+γ(|β|−τ )} 1,γ (R^n × R^n ; X) for |β| > τ, (3.4)

cf. Taylor [25, Proposition 1.3.D]. Note that the proofs in [25] are formulated for scalar symbols only, but they still hold in the X-valued setting since they are based on elementary estimates.

In the case X = L(X_0, X_1) is the space of all bounded linear operators A: X_0 → X_1 for some Banach spaces X_0 and X_1 we define the pseudodifferential operator of a symbol p ∈ C^τ S^m_{1,0}(R^n × R^n ; L(X_0, X_1)) as p(x, D_x)u = OP(p)u = ∫ R^n e^{ix·ξ}p(x, ξ)û(ξ)đξ for u ∈ S(R^n ; X_0), where đξ := (2π)^{−n}dξ. Moreover, OP^′(p) and OP_n(p) will denote the pseudodifferential operator of a symbol depending on x^′, ξ^′ ∈ R^{n−1} , x_n, ξ_n ∈ R, respectively, where we use the decomposition x = (x^′, x_n), ξ = (ξ^′, ξ_n) for x, ξ ∈ R^n .

Note that, if p ∈ S^m_{1,δ}(R^n × R^n ; X), δ ∈ [0, 1), the well-known statements on composition, adjoints, and asymptotic expansion of pseudodifferential operators with scalar symbols directly carry over to the present operator valued setting, cf. e.g. Kumano-Go [18].

The proofs of the mapping properties of Green operators with non-smooth coefficients are based on the following two theorems.

THEOREM 3.3 Let τ > 0, 1 < q < ∞, m ∈ R, and let H_0, H_1 be Hilbert spaces. If p ∈ C^τ S^m_{1,0}(R^n ×R^n ; L(H_0, H_1)), then p(x, D_x) extends to a bounded linear operator

p(x, D_x): H^{s+m}_q (R^n ; H_0) → H^s_q (R^n ; H_1) for all |s| < τ.

Proof: Theorem 3.3 is an operator-valued variant of [25, Proposition 2.1.D]. As indicated in [1, Appendix] the proof given in [25] directly carries over to the present setting by using the Mikhlin multiplier theorem in the L(H)-valued version, where it is essential that H is a Hilbert space.

It is known that in general p(x, D_x) does not have to be a bounded operator from H^{s+m}_q (R^n ; X_0) to H^s_q (R^n ; X_1) if X_0 and X_1 are merely Banach spaces, see [14, Remark 1.7] for a counterexample. But in the case of vector-valued Besov spaces the situation is easier:

THEOREM 3.4 Let τ > 0, 0 ≤ ρ ≤ 1, 1 ≤ q, r ≤ ∞, m ∈ R, and let X_0, X_1 be Banach spaces. If p ∈ C^τ S^m_{1,ρ}(R^n × R^n ; L(X_0, X_1)), then p(x, D_x) extends to a bounded linear operator

p(x, D_x): B^{s+m}_{q,r} (R^n ; X_0) → B^s_{q,r}(R^n ; X_1) for all − τ(1 − ρ) < s < τ.

Proof: Once the case ρ = 1 is proved, the case ρ ∈ [0, 1) is easily obtained by the same arguments as in [25, Section 2.1].

The case X_0 = X_1 = C and q = r = ∞ is proved in [25, Theorem 2.1.A]. The proof can be adapted to our situation as follows: For the case q, r ∈ [1, ∞] we just have to replace [25, Lemma 2.1.H] with [17, Theorem 2.4] and have to use [17, Lemma 2.5] instead of [25, Equation (2.1.23)]. Then the proof in the present vector-valued case is literally the same as in the scalar case since all inequalities are obtained by direct (and in principle elementary) estimates. In particular the Mikhlin multiplier theorem is not needed in contrary to the proof for the Bessel potential spaces.

The following variant of the latter theorem will be useful in order to analyze some remainder terms in the composition of Green operators.

Lemma 3.5 Let τ, τ^′ > 0, 1 ≤ q, r ≤ ∞, and let p ∈ C^τ S^m_{1,0}(R^n × R^n ; L(X_0, X_1)), m ∈ R. If additionally p ∈ C^{τ ′} S^{m−θ}_{1,0} (R^n × R^n ; L(X_0, X_1)) for some 0 < θ < τ, then

p(x, D_x): B^{s+m−θ}_{q,r} (R^n ; X_0) → B^s_{q,r}(R^n ; X_1)

is a continuous mapping for all −τ + θ < s < τ.

Proof: Since 0 < θ < τ, there is a δ ∈ (0, 1) such that θ = τδ. Let p = p^# + p^b be the decomposition as described above with γ = δ. Since p ∈ C^{τ ′} S^{m−θ}_{1,0} (R^n × R^n ; L(X_0, X_1)), p^# ∈ S^{m−θ}_{1,δ} (R^n ×R^n ; L(X_0, X_1)). Moreover, because of p ∈ C^τ S^m_{1,0}(R^n × R^n ; L(X_0, X_1)) and θ = δτ, p^b ∈ C^τ S^{m−θ}_{1,δ} (R^n × R^n ; L(X_0, X_1)). Hence the lemma is a consequence of Theorem 3.4.

We denote for k ∈ N_0

(p_1#_kp_2)(x, ξ) = ∑ |α|≤k 1 α! ∂^α_ξ p_1(x, ξ)D^α_x p_2(x, ξ). (3.5)

Moreover, if p_j (x^′, ξ^′) are the symbols of operator-valued pseudodifferential operators on R^{n−1} , p_1#^′_kp_2 is defined as above with (x, ξ, α) replaced by (x^′, ξ^′, α^′) ∈ R^{n−1} × R^{n−1} × N^{n−1}_0 . In the following we will often use the abbreviation

R_θ(p_1, p_2) := p_1(x, D_x)p_2(x, D_x) − (p_1#_{[θ]}p_2)(x, D_x)

and R^′_θ(p_1, p_2) for operators on R^{n−1} where θ ∈ (0, τ_2).

The following theorem shows that R_θ is of order m_1 + m_2 − θ in the sense of mapping properties in Besov and Bessel potential spaces, where θ ∈ (0, τ_2) is arbitrary. This theorem is the basis for all statements on compositions of Green operators with non-smooth coefficients.

THEOREM 3.6 Let 1 ≤ p, q ≤ ∞, m_1, m_2 ∈ R, τ_1, τ_2 > 0, θ ∈ (0, τ_2), τ := min(τ_1, τ_2 − [θ]), and let p_1 ∈ C^{τ1} S^{m1}_{1,0} (R^n × R^n ; L(X_1, X_2)) and p_2 ∈ C^{τ2} S^{m2}_{1,0} (R^n × R^n ; L(X_0, X_1)), where X_0, X_1, X_2 are Banach spaces. Then for every s ∈ R such that |s| < τ, s − θ > −τ_2, and −τ_2 + θ < s + m_1 < τ_2

p_1(x, D_x)p_2(x, D_x) − p_1#_{[θ]}p_2(x, D_x): B^{s+m1+m2−θ}_{p,q} (R^n ; X_0) → B^s_{p,q}(R^n ; X_2).

are bounded operators (defined by extension from S(R^n ; X_0)). The analogous statement holds for Bessel potential spaces instead of Besov spaces if 1 < p < ∞ and θ ∉ N. Proof: First of all, if p_1 is chosen according to the assumptions of the theorem and p_2 ∈ S^{m2}_{1,δ} (R^n ×R^n ; L(X_0, X_1)), 0 ≤ δ < 1, is a smooth symbol, then there is a symbol p_1#p_2 ∈ C^{τ1} S^{m1+m2}_{1,δ} (R^n × R^n ; L(X_0, X_1)) such that

p_1(x, D_x)p_2(x, D_x)f = p_1#p_2(x, D_x)f (3.6)

for all f ∈ S(R^n ; X_0) and the asymptotic expansion (1.2) holds. The latter statement can be proved by a simple modification of the standard proof for compositions of smooth symbols, cf. e.g. [18, Chapter 2, Theorem 1.7]. The crucial fact is that only smoothness of p_1 in ξ ∈ R^n and smoothness of p_2 in x are needed in order to make the proof using oscillatory integrals work.

Let δ :=^θ_{τ2} . Then by (3.2)-(3.4) p_2(x, ξ) = p^#_2 (x, ξ) + p^b_2(x, ξ) with p^b_2 ∈ C^{τ2} S^{m2−θ}_{1,δ} and ∂^α_x p^#_2 ∈ S^{m2}_{1,δ} (R^n × R^n ; L(X_0, X_1)) if |α| ≤ [τ_2], ∂^α_x p^#_2 ∈ S^{m2−δ(τ2 −|α|)} 1,δ (R^n × R^n ; L(X_0, X_1)) if |α| > [τ_2].

Hence we get

p_1(x, D_x)p_2(x, D_x) = p_1(x, D_x)p^#_2 (x, D_x) + p_1(x, D_x)p^b_2(x, D_x),

where p_1(x, D_x)p^b_2(x, D_x): B^{s+m1+m2−θ} p,q (R^n ; X_0) → B^s_{p,q}(R^n ; X_1) is a bounded operator since −τ_2(1 − δ) = −τ_2 + θ < s + m_1 < τ_2 and |s| < τ_1.

Moreover, p_1(x, ξ) = p^#_1 (x, ξ) + p^b_1(x, ξ) with p^#_1 ∈ S^{m1}_{1,δ} and p^b_1 ∈ C^{τ1} S^{m1−δτ1}_{1,δ} . Because of (3.6), p^#_1 (x, D_x)p^#_2 (x, D_x) = p^#(x, D_x) and p^b_1(x, D_x)p^#_2 (x, D_x) = p^b(x, D_x) with p^#(x, ξ) ∼ ∑ α∈N^n_0 1 α! ∂^α_ξ p^#_1 (x, ξ)D^α_x p^#_2 (x, ξ), p^b(x, ξ) ∼ ∑ α∈N^n_0 1 α! ∂^α_ξ p^b_1(x, ξ)D^α_x p^#_2 (x, ξ), where ∂^α_ξ p^#_1 (x, ξ)D^α_x p^#_2 (x, ξ) ∈ C^{τ1} S^{m1+m2−(1−δ)|α|−θ} 1,δ (R^n × R^n ; L(X_0, X_2)) ∂^α_ξ p^b_1(x, ξ)D^α_x p^#_2 (x, ξ) ∈ C^{τ1} S^{m1+m2−(1−δ)|α|−θ−δτ1} 1,δ (R^n × R^n ; L(X_0, X_2)) if |α| > [θ]. Thus, since (1 − δ)|α| ≥ 0,

p_1(x, ξ)p^#_2 (x, ξ) = ∑ |α|≤[θ] 1 α! ∂^α_ξ p_1(x, ξ)D^α_x p^#_2 (x, ξ) + r^#(x, ξ) + r^b(x, ξ)

with r^# ∈ S^{m1+m2−θ} 1,δ and r^b ∈ C^{τ1} S^{m1+m2−θ−δτ1} 1,δ . Hence r^b(x, D_x): B^{s+m1+m2−θ} p,q (R^n ; X_0) → B^{s+δτ1}_{p,q} (R^n ; X_2) if − τ_1 + δτ_1 < s + δτ_1 < τ_1 and therefore r^#(x, D_x) + r^b(x, D_x): B^{s+m1+m2−θ} p,q (R^n ; X_0) → B^s_{p,q}(R^n ; X_2) if |s| < τ_1.

Moreover, if |α| ≤ [θ],

∂^α_ξ p_1(x, ξ)D^α_x p^#_2 (x, ξ) =

∂^α_ξ p_1(x, ξ)D^α_x p_2(x, ξ) − ∂^α_ξ p^#_1 (x, ξ)D^α_x p^b_2(x, ξ) − ∂^α_ξ p^b_1(x, ξ)D^α_x p^b_2(x, ξ), where ∂^α_ξ p^#_1 D^α_x p^b_2 ∈ C^{τ2−|α|}S^{m1+m2−(1−δ)|α|−θ} 1,δ and ∂^α_ξ p^b_1D^α_x p^b_2 ∈ C^τ S^{m1+m2−θ−δτ1}

1,δ . Hence OP(∂^α_ξ p^#_1 D^α_x p^b_2): B^{s+m1+m2−θ} p,q (R^n ; X_0) → B^{s+(1−δ)|α|}_{p,q} (R^n ; X_2) if −(τ_2 − |α|)(1 − δ) < s + (1 − δ)|α| < τ_2 − |α|. Thus OP(∂^α_ξ p^#_1 D^α_x p^b_2): B^{s+m1+m2−θ} p,q (R^n ; X_0) → B^s_{p,q}(R^n ; X_2) for all |s| < τ. Moreover, OP(∂^α_ξ p^b_1D^α_x p^b_2): B^{s+m1+m2−θ} p,q (R^n ; X_0) → B^{s+δτ1}_{p,q} (R^n ; X_2) if −τ + τδ < s + δτ_1 < τ and therefore OP(∂^α_ξ p^b_1D^α_x p^b_2): B^{s+m1+m2−θ} p,q (R^n ; X_0) → B^s_{p,q}(R^n ; X_2) for |s| < τ. Combining all terms, we have proved the theorem for the case of Besov spaces. Because of (2.2) and since θ ∈ (0, τ_2) is arbitrary, the statement for Bessel potential spaces is a consequence of the one for Besov spaces.

Remark 3.7 In the case of scalar Bessel potential spaces Marschall proved a similar theorem in the context of non-smooth symbols of the class S^m_{ρ,δ}, cf. [21, Theorem 3.5]. It covers the case X_0 = X_1 = C , θ ≤ 1, and τ_1 = τ_2 of the latter theorem.

4 Poisson Operators, Trace Operators, and Singular Green Operators

We assume that the reader is familiar with the basic definitions of the Boutet de Monvel calculus, cf. [5], [12], [22], or [23]. Recall that S(R_+) is the space of smooth rapidly decreasing functions on R_+. Moreover, since S(R_+) is a nuclear space, S(R_+) ^⊗S(R_+) = S(R^2_{++}), where R^2_{++} := R_+ × R_+.

We start with the definition of the symbol-kernels of the non-smooth Poisson, trace, and singular Green operators.

Definition 4.1 The space C^τ S^d_{1,0}(R^N × R^{n−1} , S(R_+)), d ∈ R, n, N ∈ N, consists of all functions f̃(x, ξ^′, y_n), which are smooth in (ξ^′, y_n) ∈ R^{n−1} × R_+, are in C^τ (R^N ) with respect to x, and satisfy ‖y^l_n∂^{l′}_{yn} D^α_ξ′f̃(., ξ^′, .)‖_Cτ_{(R}N_{;L}2_{yn (R+))} ≤ C_{α,l,l}′ ⟨ξ^′⟩^{d+ 12 −l+l′−|α|} (4.1) for all α ∈ N^{n−1}_0 , l, l^′ ∈ N_0 .

Similarly, the space C^τ S^d_{1,0}(R^N × R^{n−1} , S(R^2_{++})), d ∈ R, n, N ∈ N, is the space of all f̃(x, ξ^′, y_n, z_n), which are smooth in (ξ^′, y_n, z_n) ∈ R^{n−1} × R^2_{++} and which are in C^τ (R^N ) with respect to x such that ‖y^k_n∂^{k′}_{yn} z^l_n∂^{l′}_{zn} D^α_ξ′f̃(., ξ^′, .)‖_Cτ_{(R}N_{;L}2_{yn,zn (R}2_{++))} ≤ C_{α,k,k}′_{,l,l}′ ⟨ξ^′⟩^{d+1−k+k′−l+l′−|α|} (4.2) for all α ∈ N^{n−1}_0 , k, k^′, l, l^′ ∈ N_0 .

Now the Poisson operators with non-smooth coefficients are defined in almost the same way as in the smooth case:

Definition 4.2 Let k̃ = k̃(x, ξ^′, y_n) ∈ C^τ S^{d−1}_{1,0} (R^n × R^{n−1} , S(R_+)), d ∈ R. Then we define the Poisson operator of order d by k(x, D_x)a = F^{−1}_ξ′_{→x}′ [ k̃(x, ξ^′, x_n)á(ξ^′) ] , a ∈ S(R^{n−1} ), where á(ξ^′) := F_x′_{→ξ}′ [a] denotes the partial Fourier transform applied to a.

Remarks 4.3 1. In the following many symbol-kernels k̃(x, ξ^′, y_n) will depend only on x^′ ∈ R^{n−1} as in the standard calculus with smooth coefficient. This fact will be denoted by k̃ ∈ C^τ S^{d−1}_{1,0} (R^{n−1} × R^{n−1} , S(R_+)). But we will also need these more general symbol-kernels since they occur naturally when considering k(x, D_x)a := r^+p(x, D_x)δ_0 ⊗ a, where p is a pseudodifferential operator satisfying the transmission condition defined below and δ_0 denotes the delta distribution w.r.t. x_n.

2. If k̃ ∈ S^{d−1}_{1,0} (R^n × R^{n−1} , S(R_+)) = ⋂ τ >0 C τ S^{d−1}_{1,0} (R^n × R^{n−1} , S(R_+)) is a smooth symbol, then k̃(x, ξ^′, x_n) ∈ S(R_+) w.r.t x_n and one can prove that k(x, D_x) = k^′(x^′, D_x) with k̃^′(x^′, ξ^′, x_n) ∈ S^{d−1}_{1,0} (R^{n−1} ×R^{n−1} , S(R_+)), cf. [12, Remark 2.4.9]. Moreover, k̃^′(x^′, ξ^′, x_n) ∼ ∑ k∈N_0 1 k! x^k_n∂^k_{xn} k(x^′, 0, ξ^′, y_n)|_{yn=xn} (4.3) Of course the latter statement no longer holds if k(x, ξ^′, y_n) is not smooth in x_n. Nevertheless k(x, D_x) can be approximated by an operator k^′(x^′, D_x) with symbol-kernel derived from (4.3) with k < τ, cf. Theorem 4.11 below.

3. For each fixed x ∈ R^n the symbol-kernel k̃_x(ξ^′, y_n) := k̃(x, ξ^′, y_n) belongs to S^{d−1}_{1,0} (R^{n−1} × R^{n−1} , S(R_+)) w.r.t (ξ^′, y_n). Moreover, let

|f̃|^{(d−1)}_m := sup x^′,ξ^′∈R^{n−1},l+l^′+|α|+|β|≤m ‖y^l_n∂^{l′}_{yn} D^β_x′ D^α_ξ′f̃(x^′, ξ^′, .))‖_L2_{(R+)}⟨ξ^′⟩^{−d+ 12 +l−l′+|α|}

for f ∈ S^{d−1}_{1,0} (R^{n−1} ×R^{n−1} , S(R_+)). Then k̃ ∈ C^τ S^{d−1}_{1,0} (R^n ×R^{n−1} , S(R_+)) if and only if k̃_x ∈ S^{d−1}_{1,0} (R^{n−1} × R^{n−1} , S(R_+)) for each fixed x ∈ R^n and |∂^β_x k̃(x, .)|^{(d−1)}_m ≤ C_{β,m} for |β| ≤ [τ], |∂^β_x k̃(x, .) − ∂^β_x k̃(y, .)|^{(d−1)}_m ≤ C_{β,m}|x − y|^{τ −[τ ]} for |β| = [τ] uniformly in x, y ∈ R^n and for all m ∈ N_0 .

Finally, we note that the boundary symbol operator k(x, ξ^′, D_n) is defined as a onedimensional operator with symbol-kernel k̃(x, ξ^′, y_n) for fixed (x^′, ξ^′).

The trace and singular Green operators are defined as follows:

Definition 4.4 Let d ∈ R and let r ∈ N_0 .

1. If t̃ ∈ C^τ S^d_{1,0}(R^{n−1} ×R^{n−1} , S(R_+)), s_j ∈ C^τ S^{d−j}_{1,0} (R^{n−1} ×R^{n−1} ), j = 0, . . . , r −1, then the associated trace operator of order d and class r is defined as t(x^′, D_x)f = r−1∑ j=0 s_j(x^′, D_x′ )γ_jf + t_0(x^′, D_x)f t_0(x^′, D_x)f = F^{−1}_ξ′_{→x}′ [∫_∞ 0 t̃_0(x^′, ξ^′, y_n)f́(ξ^′, y_n)dy_n ] , where f́(ξ^′, x_n) = F_x′_{→ξ}′ [f(., x_n)] and γ_jf = D^j_nf|_{xn=0}.

2. If g̃ ∈ C^τ S^{d−1}_{1,0} (R^n × R^{n−1} , S(R^2_{++})), k̃_j ∈ C^τ S^{d−j−1}_{1,0} (R^n × R^{n−1} , S(R_+)) for j = 0, . . . , r − 1, then the associated singular Green operator of order d and class r is defined as g(x, D_x)f = r−1∑ j=0 k_j(x, D_x)γ_jf + g_0(x, D_x)f, g_0(x, D_x)f = F^{−1}_ξ′_{→x}′ [∫_∞ 0 g̃_0(x, ξ^′, x_n, y_n)f́(ξ^′, y_n)dy_n ] , where f́ and γ_jf are as above.

Finally, the boundary symbol operators t(x^′, ξ^′, D_n) and g(x, ξ^′, D_n) are defined in the same way as for the Poisson operator.

Remark 4.5 Let a_j(x, ξ^′, D_n), j = 1, 2, be the boundary symbol operator of a Poisson, trace, or singular Green operator of order d_j, class r_j, with coefficients in C^{τj} . Using the observation of Remark 4.3.2 it follows from the standard calculus that the composition a_1(x, ξ^′, D_n)a_2(x^′, ξ^′, D_n) = a(x, ξ^′, D_n) of boundary symbol operators is again a boundary symbol operator if the composition is well-defined and the coefficients of a_2 are independent of x_n. The new boundary symbol operator is of order d_1 + d_2, class r_2, and has coefficients in C^{min(τ1,τ2)}.

In order to apply Theorem 3.3 and Theorem 3.6 it is an important fact that we can consider the Poisson, trace, and singular Green operators as operator-valued pseudodifferential operators as follows:

Lemma 4.6 Let 1 < q < ∞, d ∈ R, τ > 0. Moreover, let k̃ ∈ C^τ S^{d−1}_{1,0} (R^{n−1} × R^{n−1} , S(R_+)), t̃ ∈ C^τ S^d_{1,0}(R^{n−1} ×R^{n−1} , S(R_+)), and let g̃ ∈ C^τ S^{d−1}_{1,0} (R^{n−1} ×R^{n−1} , S(R^2_{++})). Then

k(x^′, ξ^′, D_n) ∈ C^τ S^{d− 1q +s−δ}_{1,0} (R^{n−1} × R^{n−1} ; L(C , H^s_q (R_+ , x^{qδ}_n ))), t(x^′, ξ^′, D_n) ∈ C^τ S^{d+ 1q +s−δ′} 1,0 (R^{n−1} × R^{n−1} ; L(H^{−s}_{q;0} (R_+ , x^{−qδ′}_n ), C )), g(x^′, ξ^′, D_n) ∈ C^τ S^{d+s+s′−δ−δ′} 1,0 (R^{n−1} × R^{n−1} ; L(H^{−s}_{q;0} (R_+ , x^{−qδ′}_n ), H^{s′}_q (R_+ , x^{qδ}_n )))

for all s, s^′ ≥ 0, 0 ≤ δ <^1_{q′} , and 0 ≤ δ^′ <^1_q .

Proof: First of all, if f̃ ∈ C^τ S^d_{1,0}(R^N × R^{n−1} , S(R_+)), N ∈ N_0 , d ∈ R, then (4.1) implies y^l_n∂^{l′}_{yn}f̃(x, ξ^′, y_n) ∈ C^τ S^{d+ 12 −l+l′}_{1,0} (R^N × R^{n−1} ; L^2(R_+ )), where the L^2(R_+ )-norm is taken with respect to y_n. Moreover, we will use the elementary interpolation inequalities ‖f‖_p ≤ C_{p,q}‖f‖^{1+ 1q − 1p}q ‖x_nf‖^{1p − 1q}q ‖f‖_q ≤ C_{p,q}‖f‖^{1+ 1q − 1p}p ‖f^′‖^{1p − 1q}p (4.4) for all f ∈ S(R_+) and 1 ≤ p ≤ q ≤ ∞ such that^1_p −^1_q < 1. The first one is proved by using 1 = 1/(1 + ε|x_n|) + ε|x_n|/(1 + ε|x_n|), applying Hölder’s inequality, and choosing a suitable ε > 0. The second inequality is a consequence of Sobolev’s embedding theorem applied to f(εx) for ε = ‖f‖_p/‖f^′‖_p.

Therefore we conclude y^l_n∂^{l′}_{yn}f̃(x, ξ^′, y_n) ∈ C^τ S^{d+1− 1q −l+l′} 1,0 (R^N × R^{n−1} ; L^q(R_+ )).

Hence ∂^{l′}_{yn}f̃(x, ξ^′, y_n) ∈ C^τ S^{d+1− 1q −δ+l′} 1,0 (R^N × R^{n−1} ; L^q(R_+ , y^{qδ}_n )) for δ ≥ 0 because of (L^q(R_+ ), L^q(R_+ , y^{lq}_n ))_{θ,q} = L^q(R_+ , y^{qθl}_n ), θ ∈ (0, 1). Thus f̃(x, ξ^′, y_n) ∈ C^τ S^{d+1− 1q −δ+s} 1,0 (R^N × R^{n−1} ; H^s_q (R_+ , y^{qδ}_n )) for all s ≥ 0 and δ ∈ [0,^1_{q′} ) by (2.4)-(2.5). This implies the statements for the Poisson and trace boundary symbol operators since k(x^′, ξ^′, D_n)a = k̃(x^′, ξ^′, x_n)a, a ∈ C , and t(x^′, ξ^′, D_n)f = ∫_∞ 0 t̃(x^′, ξ^′, y_n)f(y_n)dy_n, f ∈ S(R_+ ).

In the case of singular Green symbol-kernels, the symbol-kernel estimates imply in the same way as before that x^δ_ny^{δ′}_n ∂^m_{xn} ∂^{m′}_{yn} g̃(x^′, ξ^′, x_n, y_n) ∈ C^τ S^{d−δ−δ′ +m+m′} 1,0 (R^{n−1} × R^{n−1} ; L^q(R_+ ; L^{q′} (R_+ ))) for all m, m^′ ∈ N_0 and δ, δ^′ ≥ 0. Hence ‖∂^α_ξ′ g(x^′, ξ^′, D_n)f‖_{Hmq (R+,x}δq_{n )} ≤ C_{α,m,m}′ ⟨ξ^′⟩^{d−|α|+m+m′−δ−δ′} ‖f‖_H−m_{q;0 (R+,x}−qδ′_{n )} for all m, m^′ ∈ N_0 , α ∈ N^{n−1}_0 , δ ∈ [0,^1_{q′} ), and δ^′ ∈ [0,^1_q ), i.e., g(x^′, ξ^′, D_n) ∈ C^τ S^{d+m+m′−δ−δ′} 1,0 (R^{n−1} × R^{n−1} ; L(H^{−m′}_{q;0} (R_+ , x^{−qδ′}_n ), H^m_q (R_+ , x^{qδ}_n ))).

for all m, m^′ ∈ N_0 , δ ∈ [0,^1_{q′} ), and δ^′ ∈ [0,^1_q ). Then interpolation finishes the proof.

Remark 4.7 Let X^s_q (R_+ , x^{qδ′}_n ) := B^s_q (R_+ , x^{qδ′}_n ) ∩ H^s_q (R_+ , x^{qδ′}_n ) and X^{−s}_{q;0} (R_+ , x^{−qδ}_n ) := B^{−s}_{q;0} (R_+ , x^{−qδ}_n ) + H^{−s}_{q;0} (R_+ , x^{−qδ}_n ) for s > 0 and X^0_q (R_+ , x^{qδ}_n ) := X^0_{q;0}(R_+ , x^{qδ}_n ) := L^q(R_+ , x^{qδ}_n ). Then by (2.15) the latter lemma implies

k(x^′, ξ^′, D_n) ∈ C^τ S^{d− 1q +s−δ}_{1,0} (R^{n−1} × R^{n−1} ; L(C , X^s_q (R_+ , x^{qδ}_n ))), t(x^′, ξ^′, D_n) ∈ C^τ S^{d+ 1q +s−δ′} 1,0 (R^{n−1} × R^{n−1} ; L(X^{−s}_{q;0} (R_+ , x^{−qδ′}_n ), C )), g(x^′, ξ^′, D_n) ∈ C^τ S^{d+s+s′−δ−δ′} 1,0 (R^{n−1} × R^{n−1} ; L(X^{−s}_{q;0} (R_+ , x^{−qδ′}_n ), X^{s′}_q (R_+ , x^{qδ′}_n ))) for all s, s^′ ≥ 0, δ ∈ [0,^1_{q′} ), and δ^′ ∈ [0,^1_q ).

THEOREM 4.8 Let k̃ ∈ C^τ S^{d−1}_{1,0} (R^{n−1} ×R^{n−1} , S(R_+)), t̃ ∈ C^τ S^d_{1,0}(R^{n−1} ×R^{n−1} , S(R_+)), and let g̃ ∈ C^τ S^{d−1}_{1,0} (R^{n−1} × R^{n−1} , S(R^2_{++})), d ∈ R, τ > 0. Then for every 1 < q < ∞

k(x^′, D_x): B^{d+s− 1q}q (R^{n−1} ) → H^s_q (R^n_+ ) if |s| < τ, t(x^′, D_x): H^{d+s}_q (R^n_+ ) → B^{s− 1q}q (R^{n−1} ) if | | |s − 1 q | | | < τ and d + s > − 1 q^′ , g(x^′, D_x): H^{d+s}_q (R^n_+ ) → H^s_q (R^n_+ ) if |s| < τ and d + s > − 1 q^′ are continuous operators.

Proof: By Lemma 4.6 and Theorem 3.3, k(x^′, D_x): H^{d+s+s′− 12 −δ′} q (R^{n−1} ) → H^s_q (R^{n−1} ; H^{s′}_2 (R_+ , x^{2δ′}_n )) g(x^′, D_x): H^{d+s+s′+s′′−δ−δ′} q (R^{n−1} ; H^{−s′′}_{2;0} (R_+ , x^{−2δ}_n )) → H^s_q (R^{n−1} ; H^{s′}_2 (R_+ , x^{2δ′}_n )) if |s| < τ and t(x^′, D_x): H^{d+s}_q (R^{n−1} ; H^{−s′′}_{2,0} (R_+ , x^{−2δ}_n )) → H^{s−s′′− 12 −δ}q (R^{n−1} ) if | s − s^{′′} −^1_2 − δ | < τ for all s^′, s^{′′} ≥ 0, and 0 ≤ δ, δ^′ <^1_2 . Hence using (2.9) if 1 < q ≤ 2 and (2.12) if 2 ≤ q < ∞, k(x^′, D_x): B^{d+s+s′− 1q} q (R^{n−1} ) → H^s_q (R^{n−1} ; H^{s′}_q (R_+ )) for all |s| < τ and s^′ ≥ 0 which implies the statement for k(x^′, D_x) due to (2.13)- (2.14). Similarly, using (2.10) if 1 < q ≤ 2 and (2.11) if 2 ≤ q < ∞,

t(x^′, D_x): H^{d+s}_q (R^{n−1} ; H^{−s′′}_{q;0} (R_+ )) → B^{s−s′′− 1q}q (R^{n−1} ) for all s ∈ R, s^{′′} ≥ 0 with |s − s^{′′} −^1_q | < τ. Because of H^{−s′′}_{q;0} (R_+ ) = H^{−s′′}_q (R_+ ) if 0 ≤ s^{′′} <^1_{q′} and (2.13)-(2.14), the statement for t(x^′, D_x) is proved. Finally, if 1 < q ≤ 2, g(x^′, D_x): H^{d+s+s′+s′′} q (R^{n−1} ; H^{−s′′−δ}_{2,0} (R_+ )) → H^s_q (R^{n−1} ; H^{s′}_2 (R_+ , x^{2δ}_n )) for s^′, s^{′′} ≥ 0, 0 ≤ δ <^1_2 , and |s| < τ and therefore using (2.9)-(2.10) yields g(x^′, D_x): H^{d+s+s′+s′′} q (R^{n−1} ; H^{−s′′}_{q;0} (R_+ )) → H^s_q (R^{n−1} ; H^{s′}_q (R_+ )).

If 2 ≤ q < ∞, the latter mapping property is proved with the aid of (2.11)-(2.12) in the same way. Because of (2.13)-(2.14), also the last statement is proved.

The following lemma is the fundamental result on x_n-dependent Poisson and singular Green symbol-kernels.

Lemma 4.9 Let k̃(x, ξ^′, y_n) ∈ C^τ S^{m−1}_{1,0} (R^n × R^{n−1} , S(R_+)), m ∈ R, with k̃|_{xn=0} = 0 and let g̃(x, ξ^′, y_n, z_n) ∈ C^τ S^{m−1}_{1,0} (R^n × R^{n−1} , S(R^2_{++})) with g̃|_{xn=0} = 0. Then k(x^′, x_n, ξ^′, D_n) ∈ C^{τ −τ ′} S^{m− 1q +s−θ}_{1,0} (R^{n−1} × R^{n−1} ; L(C , H^s_q (R_+ ))) ∩ C^τ S^{m− 1q}_{1,0} (R^{n−1} × R^{n−1} ; L(C , L^q (R_+ ))), g(x^′, x_n, ξ^′, D_n) ∈ C^{τ −τ ′} S^{m− 1q +s+s′−θ−δ} 1,0 (R^{n−1} × R^{n−1} ; L(H^{−s′}_{q;0} (R_+ , x^{−δq}_n ), H^s_q (R_+ ))) ∩ C^τ S^{m− 1q +s′−δ} 1,0 (R^{n−1} × R^{n−1} ; L(H^{−s′}_{q;0} (R_+ , x^{−δq}_n ), L^q(R_+ ))) for all θ ∈ [0, 1) with θ < τ^′, 0 < s < τ^′ < τ, s^′ > 0, δ ∈ [0,^1_q ).

Proof: We can assume that s ∈ (0, 1) since the general case can be reduced by differentiation and interpolation to this case. First of all, for f̃ = k̃ and d = m − 1 the symbol-kernel estimates (4.1) are equivalent to the estimates ‖y^l_n∂^{l′}_{yn} D^α_ξ′k̃(x, ξ^′, y_n)‖_Cτ_{(R}n_{x ;L}∞_{yn )} ≤ C_{α,l,l}′ ⟨ξ^′⟩^{m−l+l′−|α|} (4.5) for all α ∈ N^{n−1}_0 , l, l^′ ∈ N_0 because of (4.4). The latter estimates imply | | |∂^{l′}_{zn} D^α_ξ′ [ k̃(x^′, x_n, ξ^′, z_n) − k̃(x^′, y_n, ξ^′, z_n) ]| | ≤ Cα,s,l′ |xn − yn|^{τ ′} z^{−s}_n ⟨ξ^′⟩^{m−s+l′−|α|} (4.6) uniformly in x, y ∈ R^n , ξ^′ ∈ R^{n−1} and for all α ∈ N^{n−1}_0 , l^′ ∈ N_0 , s ≥ 0, and 0 < τ^′ ≤ min(1, τ).

Claim: Let f^{(α)}(x^′, x_n, ξ^′) := D^α_ξ′k̃(x^′, x_n, ξ^′, x_n). Then x^{s′}_n | f^{(α)}(x^′, x_n, ξ^′) − f^{(α)}(x^′, y_n, ξ^′) | ≤ C_{α,s}′_{,τ} ′ |x_n − y_n|^{τ ′′} ⟨ξ^′⟩^{m−|α|−s′−τ ′+τ ′′} uniformly in x^′, ξ^′ ∈ R^{n−1} , x_n, y_n ≥ 0 with |x_n − y_n| ≤ 1 and for all α ∈ N^{n−1}_0 , s^′ ≥ 0, where 0 ≤ τ^{′′} ≤ τ^′ ≤ min(1, τ).

Proof of the claim: It suffices to consider the case 0 ≤ x_n ≤ y_n. Then x^{s′}_n | | |D^α_ξ′k̃(x, ξ^′, yn) − D^α_ξ′k̃(x^′, yn, ξ^′, yn) | | | ≤ Cα,s′ |xn − yn|^{τ ′′} ⟨ξ^′⟩^{m−|α|−s′+τ ′−τ ′′} (4.7) by (4.6) with s = s^′ + τ^′ − τ^{′′}. Moreover, x^{s′}_n | |D^α_ξ′k̃(x, ξ^′, xn) − D^α_ξ′k̃(x, ξ^′, yn) | | ≤ x^{s′}_n ( |D^α_ξ′k̃(x, ξ^′, x_n)| + |D^α_ξ′k̃(x, ξ^′, y_n)| ) ≤ C_{α,s}′_{,τ} ′ ⟨ξ^′⟩^{m−|α|−s′−τ ′} by (4.6) with s = s^′ + τ^′ and l^′ = 0 since k̃(x^′, 0, ξ^′, y_n) = 0. Furthermore, x^{s′}_n |D^α_ξ′k̃(x, ξ^′, x_n) − D^α_ξ′k̃(x, ξ^′, y_n)| ≤ x^{s′}_n ∫_{yn} x_n |∂_{yn}k̃(x, ξ^′, t)|dt ≤ C_{α,s}′_{,τ} ′ |x_n − y_n|⟨ξ^′⟩^{m−|α|−s′−τ ′+1} by (4.6) with s = s^′ + τ^′, l^′ = 1, and y_n = 0. Interpolation of the last two inequalities yields x^{s′}_n |D^α_ξ′k̃(x, ξ^′, x_n) − D^α_ξ′k̃(x, ξ^′, y_n)| ≤ C_{α,s}′ |x_n − y_n|^{τ ′′} ⟨ξ^′⟩^{m−|α|−s′−τ ′+τ ′′} . Combining the latter inequality and (4.7) proves the claim.

Because of (4.4), ‖f‖_Bτ ′′_{q,∞(R+)} ≤ C ( ‖f‖_q + sup_{h>0} h^{−τ ′′} ‖Δ_hf‖_q )

≤ C ( ‖f‖ 1 q′ ∞‖x_nf‖^{1q}∞ + sup_{h>0} h^{−τ ′′} ‖Δ_hf‖ 1 q′ ∞‖x_nΔ_hf‖^{1q}∞ ) , where Δ_hf(x) = f(x + h) − f(x) and we have used an equivalent norm on B^{τ ′′}_{q,∞}(R_+ ) due to [26, Theorem 4.4.1]. Hence we conclude ‖D^α_ξ′k̃(x, ξ^′, x_n)‖_Bτ ′′_{q,∞(R+,xn )} ≤ C_{α,q,τ} ′ ⟨ξ^′⟩^{m− 1q −|α|−τ ′+τ ′′} . Moreover, using (3.1) it can be proved in the same way that ‖∂^α_ξ′k̃(x^′, x_n, ξ^′, x_n)‖_Cτ −τ ′_{(R}n−1_{x′ ;B}τ ′′_{q,∞(R+,xn ))} ≤ C_{α,q,τ} ′ ⟨ξ^′⟩^{m− 1q −|α|−τ ′+τ ′′} . Finally, let 0 < s < θ < τ^′ and set τ^{′′} := s − θ + τ^′. Then s < τ^{′′} < τ^′ and therefore B^{τ ′′}_{q,∞}(R_+ ) → H^s_q (R_+ ) which together with the latter estimate proves k(x^′, x_n, ξ^′, D_n) ∈ C^{τ −τ ′} S^{m− 1q +s−θ}_{1,0} (R^{n−1} × R^{n−1} ; L(C , H^s_q (R_+ ))). Moreover, by (4.5), ‖x^l_nD^α_ξ′k̃(x, ξ^′, x_n))‖_Cτ_{(R}n−1_{x′ ;L}∞_{xn )} ≤ C_{α,l}⟨ξ^′⟩^{m−l−|α|} for α ∈ N^{n−1}_0 , l ∈ N_0 , which implies k(x, ξ^′, D_n) ∈ C^τ S^{m− 1q}_{1,0} (R^{n−1} ×R^{n−1} ; L(C , L^q (R_+ ))) due to (4.4).

Using the arguments of Lemma 4.6, the proof above can be easily modified to prove the statement for g(x, ξ^′, D_n).

Because of k̃(x, ξ^′, y_n) = k̃(x^′, 0, ξ^′, y_n) + k̃_r(x, ξ^′, y_n), where k̃_r(x, ξ^′, y_n)|_{xn=0} = 0, the latter lemma, Lemma 4.6, and real interpolation imply:

Corollary 4.10 Let k̃ ∈ C^τ S^{m−1}_{1,0} (R^n × R^{n−1} , S(R_+)) and let g̃ ∈ C^τ S^{m−1}_{1,0} (R^n × R^{n−1} , S(R^2_{++})), m ∈ R. Then

k(x, ξ^′, D_n) ∈ C^{τ −τ ′} S^{m− 1q +s}_{1,0} (R^{n−1} × R^{n−1} ; L(C , H^s_q (R_+ ) ∩ B^s_q (R_+ ))) g(x, ξ^′, D_n) ∈ C^{τ −τ ′} S^{m− 1q +s+s′} 1,0 (R^{n−1} × R^{n−1} ; L(H^{−s′}_{q;0} (R_+ ), H^s_q (R_+ ) ∩ B^s_q (R_+ ))) for all 0 ≤ s < τ^′ < τ, s^′ ≥ 0.

Moreover, Lemma 4.9 yields:

THEOREM 4.11 Let k̃ ∈ C^τ S^{m−1}_{1,0} (R^n × R^{n−1} , S(R_+)) and let g̃ ∈ C^τ S^{m−1}_{1,0} (R^n × R^{n−1} , S(R^2_{++})), m ∈ R. Then for every 0 < θ < τ, θ ∉ N, and −τ + θ < s < τ − [θ] k(x, D_x) − [θ]∑ j=0 x^j_n j! (∂^j_{xn} k)(x^′, 0, D_x): B^{s+m− 1q −θ} q (R^{n−1} ) → B^s_q (R^n_+ ),

g(x, D_x) − [θ]∑ j=0 x^j_n j! (∂^j_{xn} g)(x^′, 0, D_x): B^{s+m−θ}_q (R^n_+ ) → B^s_q (R^n_+ ) if s + m − θ > − 1 q^′ . Proof: First of all, f(x, ξ^′, D_n) = [θ]∑ j=0 x^j_n j! (∂^j_{xn} f)(x^′, 0, ξ^′, D_n) + x^{[θ]}_n f_r(x, ξ^′, D_n)

for f = k, g, where

y^{[θ]}n k̃_r ∈ C^{τ −[θ]}S^{m−[θ]−1}_{1,0} (·, S(R_+)), y^{[θ]}n g̃_r ∈ C^{τ −[θ]}S^{m−[θ]−1}_{1,0} (·, S(R^2_{++})), and k̃_r|_{xn=0} = g̃_r|_{xn=0} = 0. Hence it suffices to consider the case [θ] = 0.

Now let θ^′ ∈ (θ, min(1, τ)) and let −τ + θ < s < τ. Then Lemma 4.9 and Lemma 3.5 yield for s^′ ≥ 0 k_r(x, D_x): B^{m+s− 1q −θ′+ε} q (R^{n−1} ) → B^s_q (R^{n−1} ; L^q(R_+ )), g_r(x, D_x): B^{m+s+s′−θ′} q (R^{n−1} ; H^{−s′}_{q;0} (R_+ )) → B^s_q (R^{n−1} ; L^q(R_+ )), and if s > 0 k_r(x, D_x): B^{m+s− 1q −θ′+ε} q (R^{n−1} ) → B^ε_q (R^{n−1} ; B^s_q (R_+ )), g_r(x, D_x): B^{m+s+s′−θ′+ε} q (R^{n−1} ; H^{−s′}_{q;0} (R_+ )) → B^ε_q (R^{n−1} ; B^s_q (R_+ )), where ε > 0 is arbitrary and B^ε_q (R^{n−1} ; B^s_q (R_+ )) → L^q(R^{n−1} ; B^s_q (R_+ )). This implies the statement for k(x, D_x) by (2.13)-(2.14) and g_r(x, D_x): B^{m+s+s′−θ′+ε} q (R^{n−1} ; B^{−s′}_{q;0} (R_+ )) → B^s_q (R^n_+ ) for s^′ ≥ 0. Hence, if m + s − θ ≥ 0, the statement for g_r(x, D_x) is also proved. If m + s − θ < 0, we use (2.15) and (2.2) to obtain g_r(x, D_x): L^q(R^{n−1} ; B^{m+s−θ′+2ε} q;0 (R_+ )) → B^s_q (R^n_+ ), for ε > 0 sufficiently small. Since B^{m+s−θ}_{q;0} (R_+ ) = B^{m+s−θ}_q (R_+ ) if −^1_{q′} < m+s−θ <^1_q , the theorem is proved.

Remark 4.12 The argument in the last part of the latter proof will be used many times: In order to show that A: B^{s−θ}_q (R^n_+ ) → X is a bounded operator into a Banach space X for an s − θ > −^1_{q′} , it is sufficient to prove A: B^{s+s′−θ′} q (R^{n−1} ; H^{−s′}_{q;0} (R_+ )) → X or B^{s+s′−θ′}_q (R^{n−1} ; B^{−s′}_{q;0} (R_+ )) → X

for all s^′ ∈ (0,^1_{q′} ) and some θ^′ > θ. In the following let

(a_1#^′_ka_2)(x, ξ^′, D_n) := ∑ |α^′|≤k 1 α^′!

∂^{α′}_ξ′ a_1(x, ξ^′, D_n)D^{α′}_x′ a_2(x^′, ξ^′, D_n), (4.8)

where k ∈ N_0 and a_j (x, ξ^′, D_n) denotes the boundary symbol operator of a Poisson, trace, singular Green operator, or a symbol of a pseudodifferential operator on R^{n−1} . Moreover, it is assumed that a_2 is independent of x_n. – If a_2 does depend on x_n, Theorem 4.11 can be used to reduce the composition to the latter case. – Finally, let

R^′_θ(a_1, a_2) := a_1(x, D_x)a_2(x^′, D_x) − (a_1#^′_ka_2)(x, D_x).

The following theorem treats compositions of Poisson, trace, singular Green, and n − 1-dimensional pseudodifferential operators. It is a main step in the proof of Theorem 1.2 and the fundamental result of this section.

THEOREM 4.13 Let k̃_j ∈ C^{τj} S^{mj −1}_{1,0} (R^n × R^{n−1} , S(R_+)), t̃_j ∈ C^{τj} S^{mj}_{1,0} (R^{n−1} × R^{n−1} , S(R_+))), g̃_j ∈ C^{τj} S^{mj −1}_{1,0} (R^n × R^{n−1} , S(R^2_{++})), s_j ∈ C^{τj} S^{mj −1}_{1,0} (R^{n−1} × R^{n−1} ), and c ∈ C^{τ2} (R^{n−1} ), τ_j > 0, m_j ∈ R such that k̃_2(x, ξ^′, y_n) and g̃_2(x, ξ^′, y_n, z_n) are independent of x_n. Moreover, let θ ∈ (0, τ_2), θ ∉ N, and set τ := min(τ_1, τ_2 − [θ]), m := m_1 + m_2.

1. Assume that |s| < τ, s − θ > −τ_2, and −τ_2 + θ < s + m_1 < τ_2. Then

R^′_θ(g_1, k_2), R^′_θ(s_1, k_2): B^{s+m− 1q −θ}q (R^{n−1} ) → B^s_q (R^n_+ ), R^′_θ(g_1, g_2), R^′_θ(s_1, g_2): B^{s+m−θ}_q (R^n_+ ) → B^s_q (R^n_+ ) if s + m − θ > − 1 q^′ , R^′_θ(g_1, c): B^{s+m1−θ}_q (R^n_+ ) → B^s_q (R^n_+ ) if s + m_1 − θ > − 1 q^′ .

2. Assume that |s| < τ, s − θ > −τ_2, and −τ_2 + θ < s + m_1 −^1_q < τ_2. Then

R^′_θ(k_1, t_2): B^{s+m−θ}_q (R^n_+ ) → B^s_q (R^n_+ ) if s + m − θ > − 1 q^′ , R^′_θ(k_1, s_2): B^{s+m− 1q −θ} q (R^{n−1} ) → B^s_q (R^n_+ ).

3. Assume that | |s −_{1q} | | < τ, s −_{1q} − θ > −τ_2, and −τ_2 + θ < s + m_1 < τ_2. Then

R^′_θ(t_1, g_2): B^{s+m−θ}_q (R^n_+ ) → B^{s− 1q}q (R^{n−1} ) if s + m − θ > − 1 q^′ , R^′_θ(t_1, k_2): B^{s+m− 1q −θ} q (R^{n−1} ) → B^{s− 1q}q (R^{n−1} ), R^′_θ(t_1, c): B^{s+m1−θ} q (R^n_+ ) → B^{s− 1q}q (R^{n−1} ) if s + m_1 − θ > − 1 q^′ .

4. Assume that | |s −^1_q | | < τ, s −^1_q − θ > −τ2, and −τ2 + θ < s + m1 −^1_q < τ2.

Then

R^′_θ(s_1, t_2): B^{s+m−θ}_q (R^n_+ ) → B^{s− 1q}q (R^{n−1} ) if s + m − θ > − 1 q^′ , R^′_θ(s_1, s_2): B^{s+m− 1q −θ} q (R^{n−1} ) → B^{s− 1q}q (R^{n−1} ). Proof: First of all let θ^′ ∈ (θ, τ_2) with [θ^′] = [θ] sufficiently close to θ such that all conditions still hold if θ is replaced by θ^′.

We first consider the composition g_1(x, D_x)g_2(x^′, D_x). The statement concerning this composition is a consequence of the fact that R^′_θ(g_1, g_2): B^{s+s′+m−θ′} q (R^{n−1} ; H^{−s′}_{q;0} (R_+ )) → B^s_q (R^{n−1} ; L^q(R_+ )) and (4.9) R^′_θ(g_1, g_2): B^{s+s′+m−θ′+ε} q (R^{n−1} ; H^{−s′}_{q;0} (R_+ )) → B^ε_q (R^{n−1} ; B^s_q (R_+ )) if s > 0 (4.10)

for some ε > 0 and arbitrary s^′ > 0, cf. Remark 4.12. Because of Remark 4.7 and Corollary 4.10,

g_1(x, ξ^′, D_n) ∈ C^{τ1−τ ′} S^{m1+s}_{1,0} (L(L^q(R_+ ), B^s_q (R_+ ))) ∩ C^{τ1} S^{m1}_{1,0} (L(L^q(R_+ ))), g_2(x^′, ξ^′, D_n) ∈ C^{τ2} S^{m2+s′}_{1,0} (L(H^{−s′}_{q;0} (R_+ ), L^q(R_+ ))),

where s^′ ≥ 0, 0 < s < τ^′ < τ_1. Hence (4.9) and (4.10) are consequences of Theorem 3.6.

All other compositions of the operators k_j (x, D_x), t_j(x^′, D_x), g_j(x, D_x), and s_j(x^′, D_x′ ) except s_1(x^′, D_x′ )k_2(x^′, D_x), s_1(x^′, D_x′ )g_2(x^′, D_x) and the compositions with c(x^′) are treated in the same way.

In order to estimate R_θ(s_1, k_2) and R_θ(s_1, g_2), we use that

k_2(., D_n) ∈ C^{τ2} S^{m2+s− 1q}_{1,0} (L(C , B^s_q (R_+ ))) ∩ C^{τ2} S^{m2− 1q}_{1,0} (L(C , L^q (R_+ ))), g_2(., D_n) ∈ C^{τ2} S^{m2+s+s′}_{1,0} (L(H^{−s′}_{q;0} (R_+ ), B^s_q (R_+ ))) ∩ C^{τ2} S^{m2+s′}_{1,0} (L(H^{−s′}_{q;0} (R_+ ), L^q(R_+ ))), s_1 ∈ C^{τ1} S^{m1}_{1,0} (L(B^s_q (R_+ )) ∩ L(L^q(R_+ ))),

where s > 0, s^′ ≥ 0 and apply Theorem 3.6 as before.

Finally, the statements for g_1(x, D_x)c(x^′) and t_1(x, D_x)c(x^′) are proved using

g_1(., D_n) ∈ C^{τ1−τ ′} S^{m1+s+s′}_{1,0} (L(H^{−s′}_{q;0} (R_+ ), B^s_q (R_+ ))) ∩ C^{τ1} S^{m1+s′}_{1,0} (L(H^{−s′}_{q;0} (R_+ ), L^q(R_+ ))), t_1(., D_n) ∈ C^{τ1} S^{m1+s′}_{1,0} (L(H^{−s′}_{q;0} (R_+ ), C )), c(x^′) ∈ C^{τ2} S^0_{1,0}(L(H^{−s′}_{q;0} (R_+ ))),

where s^′ ≥ 0 and 0 < s < τ^′ < τ_1.

Remark 4.14 Note that all singular Green and trace operators in the latter theorem are of class 0. The statements in the general case can be easily obtained from the latter one using that γ_jk_2(x^′, D_x) and γ_jg_2(x^′, D_x) are pseudodifferential operators, Poisson operators of order m_2 + j, j ∈ N_0 , respectively.

The following lemma treats some remainder terms, which will be needed when discussing compositions with differential operators.

Lemma 4.15 Let t̃ ∈ C^{τ1} S^m_{1,0}(R^{n−1} ×R^{n−1} , S(R_+)), g̃ ∈ C^{τ1} S^{m−1}_{1,0} (R^n ×R^{n−1} , S(R^2_{++})), m ∈ R, τ_1, τ_2 > 0, and let c ∈ C^{τ2} (R^n ) with c(x^′, 0) = 0. Then for every θ ∈ [0, 1) with θ < τ_2 and s ∈ R with −τ_2 + θ < s + m < τ_2 and s + m − θ > −^1_{q′}

t(x^′, D_x)c(x) : B^{s+m−θ}_q (R^n_+ ) → B^{s− 1q}q (R^{n−1} ) if | | |s − 1 q | | | < τ_1, g(x, D_x)c(x) : B^{s+m−θ}_q (R^n_+ ) → B^s_q (R^n_+ ) if |s| < τ_1.

Proof: First of all, let θ^′ ∈ (θ, min(1, τ_2)) such that s + m − θ^′ > max(−^1_{q′} , −τ_2). Because of (3.1), s+m−θ^′ +ε < τ_2 −θ^′ for ε > 0 sufficiently small, and ‖cf‖_{Lq (R+,x}θ′q_{n )} ≤ ‖c‖_Cθ′_{(R)}‖f‖_q if c|_{xn=0} = 0, we have c(x): B^{s+m−θ′+ε} q (R^{n−1} ; L^q(R_+ )) → B^{s+m−θ′+ε}_q (R^{n−1} ; L^q(R_+ , x^{θ′q}_n )).

Moreover, using Lemma 4.6, Corollary 4.10, and Theorem 3.4,

t(x^′, D_x): B^{s+m−θ′}_q (R^{n−1} ; L^q(R_+ , x^{θ′q}_n )) → B^{s− 1q}q (R^{n−1} ) if | | |s − 1 q | | | < τ^1, g(x, D_x): B^{s+m−θ′}_q (R^{n−1} ; L^q(R_+ , x^{θ′q}_n )) → B^s_q (R^{n−1} ; L^q(R_+ )) if |s| < τ_1, g(x, D_x): B^{s+m−θ′+ε} q (R^{n−1} ; L^q(R_+ , x^{θ′q}_n )) → B^ε_q (R^{n−1} ; B^s_q (R_+ )) if 0 < s < τ_1

for ε > 0 sufficiently small. Hence choosing ε > 0 sufficiently small the case s+m−θ ≥ 0 is proved because of (2.13)-(2.14) and (2.2).

Now let −^1_{q′} < s+m−θ < 0 and θ^′ ∈ (θ, min(1, τ_2)) such that −^1_{q′} < s+m−θ^′ < 0. Then we use that |(cf, g)_L2_{(R+)}| ≤ C‖f‖_B−s′_{q (R+)}‖c‖_Cτ2_{(R)} ( ‖g‖_{Lq′ (R+,x}[θ′−s′]_+q′ n ) + ‖g‖_{Bs}′_{q′ (R+,x}θ′q′_{n )} ) for s^′ ∈ (0,^1_{q′} ) with s^′ < τ_2 and f, g ∈ C^∞_0 (R_+ ). Therefore

c(x): L^q(R^{n−1} ; B^{−s′}_q (R_+ )) → L^q(R^{n−1} ; L^q(R_+ , x^{−[θ′−s′]+q}_n ) + B^{−s′}_q (R_+ , x^{−θ′q}_n )).

Because of Remark 4.7 and Theorem 3.4, we conclude for s^′ = −s − m − θ^′ + ε, ε > 0 sufficiently small, t(x^′, D_x): B^{−ε}_q (R^{n−1} ; L^q(R_+ , x^{−[θ′−s′]+q}_n ) + B^{−s′}_q (R_+ , x^{−θ′q}_n )) → B^{s− 1q}q (R^{n−1} ) if | |s −^1_q | | < τ1 and

g(x, D_x): B^{−ε}_q (R^{n−1} ; L^q(R_+ , x^{−[θ′−s′]+q}_n ) + B^{−s′}_q (R_+ , x^{−θ′q}_n )) → B^s_q (R^{n−1} ; L^q(R_+ )), g(x, D_x): B^{−ε/2}_q (R^{n−1} ; L^q(R_+ , x^{−[θ′−s′]+q}_n ) + B^{−s′}_q (R_+ , x^{−θ′q}_n )) → B^{ε/2}_q (R^{n−1} ; B^s_q (R_+ ))

if |s| < τ_1. Therefore by (2.2)

t(x^′, D_x)c(x): L^q(R^{n−1} ; B^{s+m−θ}_q (R_+ )) → B^{s− 1q}q (R^{n−1} ) if | | |s − 1 q | | | < τ^1, g(x, D_x)c(x): L^q(R^{n−1} ; B^{s+m−θ}_q (R_+ )) → B^s_q (R^{n−1} ; L^q(R_+ )) if |s| < τ_1, g(x, D_x)c(x): L^q(R^{n−1} ; B^{s+m−θ}_q (R_+ )) → L^q(R^{n−1} ; B^s_q (R_+ )) if 0 < s < τ_1,

which finishes the proof.

5 Truncated Pseudodifferential Operators

5.1 Definition and Consequences

Recall that H_d, d ∈ Z, denotes the space of all smooth functions f : R → C which admit an asymptotic expansion f(t) ∼ s_dt^d + s_{d−1}t^{d−1} + . . . in the sense that for all k, l, and N ∈ N_0 | | | | ∂^l_t [ t^kf(t) − d∑ j=d−N s_j t^{j+k} ]| | | ≤ C_{k,l,N} (1 + |t|)^{d−N−1+k−l} as |t| → ∞. It is important that H_{−1} = H^+ ⊕ H^−_1, where H^+ and H^−_1 are the subspaces of all f ∈ H_{−1} which can be extended holomorphically to the lower, upper complex plane, resp., and H^+ = F[e^+S(R_+)], H^−_1 = F[e^−S(R_−)], where e^±f denotes the extension by zero of a function f defined on R_±, see [12, Chapter II, Section 2.2] for details. Moreover, h^+ = Fe^+r^+F^{−1} and h^−_1 = Fe^−r^−F^{−1} are continuous projections on H^+ and H^−_1, resp. Here r^± denotes the restriction to R_± and e^± the extension by zero from R_± to R. We use the convention H^−_r = H^−_1 ⊕C_r [t], r ∈ N_0 , where C_r [t] denotes the set of all complex polynomials of degree r. Moreover, h_{−1} : H_d → H_{−1} is the projection with range H_{−1} and kernel C_d [t].

Remark 5.1 As in the standard calculus the Poisson, trace, and singular Green operator defined in the last section can be described with the aid of their symbols: k(x, D_x)a = F^{−1}_{ξ→x} [k(x, ξ)á(ξ^′)] , t(x^′, D_x)f = F^{−1}_ξ′_{→x}′ [∫_+ t(x^′, ξ)f̂(ξ)đξ_n ] , g(x, D_x)f = F^{−1}_ξ′_{→x}′ [∫_+ g(x, ξ, η_n)f̂(ξ^′, η_n)đη_n ] , where k(x, ξ) = F_{yn→ξn} [e^+_{yn}k̃(., y_n)], t_0(x^′, ξ) = F̄_{yn→ξn} [e^+_{yn}t̃_0(., y_n)], g_0(x, ξ, η_n) = F_{yn→ξn}F̄_{zn→ηn} [e^+_{yn} e^+_{zn}g̃_0(., y_n, z_n)], t(x^′, ξ) = r−1∑ j=0 s_j (x^′, ξ^′)ξ^j_n + t_0(x^′, ξ), g(x, ξ) = r−1∑ j=0 k_j(x, ξ^′)ξ^j_n + g_0(x^′, ξ)

cf. [12, Section 2.3], and where F̄[f](x) := F[f](−x) denotes the conjugate Fourier transformation. Here k_j(x, ξ) is the symbol of the Poisson operator k_j(x, D_x) and

∫_+

is the “plus-integral”, cf. [12, Section 2.2].

Finally, t(x, D_x) and g(x, D_x) are said to be of class −m, m ∈ N, if t(x, ξ) ∈ H_{−m−1} w.r.t. ξ_n, g(x, ξ, η_n) ∈ H_{−m−1} w.r.t. η_n, respectively.

The following transmission condition assures that p(x, D_x)_+ = r^+p(x, D_x)e^+ is continuous between Bessel potential spaces and Besov spaces on the half-space R^n_+ .

Definition 5.2 Let p ∈ C^τ S^d_{1,0}(R^n × R^n ), d ∈ Z. Then p satisfies the global transmission condition – simply called transmission condition in the following – if there are functions s_{k,α}(x, ξ^′) smooth in ξ^′ and in C^τ w.r.t. x such that for any α ∈ N^n_0 and l ∈ N_0 ‖ ‖ ‖ ‖ ‖ ξ^l_nD^α_ξ p(., ξ) − d−|α|∑

k=−l s_{k,α}(., ξ^′)ξ^{k+l}_n ‖ ‖ ‖ ‖ ‖_{Cτ (Rn)} ≤ C_{k,l,α}⟨ξ^′⟩^{d+1+l−|α|}|ξ_n|^{−1} (5.1) when |ξ_n| ≥ ⟨ξ^′⟩. It is an important fact that the symbols s_{k,α}(x, ξ^′) have to fit together under termwise differentiation as it is in the smooth coefficient case. In particular, they have to be zero after a finite number of differentiations in ξ^′. Hence s_{k,α}(x, ξ^′) has to be a polynomial in ξ^′ with coefficients in C^τ (R^n ).

Remark 5.3 In contrast to the transmission condition for a smooth symbol p ∈ S^d_{1,0}(R^n × R^n ), cf. e.g. [12, Definition 2.2.7], in the latter non-smooth version a condition not only at x_n = 0 is posed. – Therefore it is called global transmission condition. – It is motivated by applications, where p(x, ξ) = q(A(x)ξ), A ∈ C^τ (R^n )^{n×n}, and q ∈ S^d_{1,0}(R^n ×R^n ) satisfies the transmission condition for symbols in S^d_{1,0}(R^n ×R^n ). Of course it can be relaxed since only the behavior of p(x, ξ) near x_n = 0 plays a role in order to prove the continuity of the truncated pseudodifferential operator. However the latter condition is simple and sufficient for our purposes.

5.1 Definition and Consequences 27

Finally, a Green operator of order m ∈ R, class r ∈ N_0 , and with coefficients in C^τ , τ > 0, is an operator of the form (1.1), where p(x, D_x), g(x, D_x), k(x, D_x), t(x^′, D_x), and s(x^′, D_x′ ) are pseudodifferential operators, singular Green, Poisson, and trace operators, resp., of order m such that m ∈ Z if p ≠ 0, p(x, D_x) satisfies the transmission condition, and g(x, D_x) and t(x^′, D_x) are of class r. The boundary symbol operator a(x, ξ^′, D_n) is the Green operator, which is obtained from the corresponding symbols and symbol-kernels by fixing (x^′, ξ^′) and considering all operators as one-dimensional operators acting only in x_n. Moreover, p(x, ξ) is called the interior symbol of a(x, D_x).

Lemma 5.4 Let p ∈ C^τ S^d_{1,0}(R^n × R^n ), d ∈ Z, that satisfies the transmission condition. Then r^+p(x, D_x)δ_0 ⊗a = k(x, D_x)a for all a ∈ S(R^{n−1} ), where k̃ ∈ C^τ S^d_{1,0}(R^n × R^{n−1} , S(R_+)) is a Poisson symbol-kernel of order d + 1 and δ_0 denotes the delta distribution w.r.t. x_n.

Proof: First of all by (5.1) h_{−1}[ξ^l_nD^α_ξ p(., ξ)] = ξ^l_nD^α_ξ p(., ξ) − ∑_{d−|α|−j} k=−l sk,α,j(., ξ ′)ξ^{k+l}_n . Therefore ‖h_{−1,ξn} [ξ^l_nD^α_ξ p(., ξ)]‖_Cτ_{(R}n_) ≤ { C_{l,α}⟨ξ^′⟩^{d+l+1−|α|}|ξ_n|^{−1} when |ξ_n| ≥ ⟨ξ^′⟩, C_{l,α}⟨ξ^′⟩^{d+l−|α|} when |ξ_n| < ⟨ξ^′⟩, (5.2)

where we have used (5.1) for |ξ_n| ≥ ⟨ξ^′⟩ and the symbol estimates for |ξ_n| < ⟨ξ^′⟩. This implies ‖h_{−1,ξn} [ξ^l_nD^α_ξ p(., ξ^′, .)]‖_Cτ_{(R}n_{;L}2_{ξn (R))} ≤ C_{k,α}⟨ξ^′⟩^{d+ 12 +l−|α|} (5.3) by an elementary calculation, cf. the proof of [12, Theorem 2.2.10].

Since r^+p(x, ξ^′, D_{xn} )δ_0⊗a = r^+F^{−1}_{ξn→xn} [h^+p(x, ξ)a] for all a ∈ C , we have k̃(x, ξ^′, y_n) = r^+F^{−1}_{ξn→yn} [h^+p(x, ξ)] ∈ S(R_+) w.r.t. y_n. Hence the previous estimate implies ‖D^{α′}_ξ′ y^l_nD^{l′}_{yn}k̃(., ξ^′, y_n)‖_Cτ_{(R}n_{;L}2_{yn (R+))} ≤ C_{l,l}′_{,α}′ ⟨ξ^′⟩^{d+ 12 −l+l′−|α′|}, (5.4) which proves the lemma.

In connection with Lemma 5.4 the identity

[D^k_{xn} , e^+] = −i k−1∑ j=0 D^{k−1−j} x_n δ0 ⊗ γj, (5.5) cf. [12, (2.2.39)], where [A, B] := AB − BA, will often be used.

Let p ∈ C^τ S^d_{1,0}(R^n × R^n ). Then we denote

G^+(p(x, D_x)) := r^+p(x, D_x)e^−J, G^−(p(x, D_x)) := Jr^−p(x, D_x)e^+,

where (Jf)(x) := f(x^′, −x_n)), x ∈ R^n .

Lemma 5.5 Let p ∈ C^τ S^d_{1,0}(R^n × R^n ), d ∈ Z, satisfy the transmission condition. Then G^+(p(x, D_x)) = g^+(p)(x, D_x) and G^−(p(x, D_x)) = g^−(p)(x, D_x), where g̃^±(p) ∈ C^τ S^{d−1}_{1,0} (R^n ×R^{n−1} , S(R^2_{++})) are singular Green symbol-kernels of order d. Moreover, g̃^±(p)(x, ξ^′, y_n, z_n) = r^± F^{−1}_{ξn→t}[p(x, ξ)] | t=±y_n±z_n . Proof: For every fixed x ∈ R^n the symbol p_x(ξ) := p(x, ξ) is a smooth symbol of order d satisfying the transmission condition. Hence the stated identities are direct consequences of the corresponding statements in the smooth case, cf. e.g. [12, Theorem 2.6.10]. Moreover, the estimates to show g̃^±(p) ∈ C^τ S^{d−1}_{1,0} (R^n × R^{n−1} , S(R^2_{++})) are proved in the same way as in the proof of [12, Theorem 2.6.10], where the regularity in x does not play any role.

In order to consider p(x, D_x)_+ as operator-valued pseudodifferential operator on R^{n−1} , we will use:

Lemma 5.6 Let 1 < q < ∞ and let p ∈ C^τ S^m_{1,0}(R^n × R^n ), m ∈ Z, satisfy the transmission condition. Then

p(x, D_x)_+ = m∑ j=0 s_j (x, D_x′ )D^j_{xn} + p^′(x, D_x)_+,

where p^′(x, D_x) = OP^′(p^′(x, ξ^′, D_n)) with

p^′(x, ξ^′, D_n)_+ ∈ C^{τ −τ ′} S^{m+θ}_{1,0} (R^{n−1} × R^{n−1} ; L(H^{s−θ}_q (R_+ ), H^s_q (R_+ )))

for all 0 < τ^′ < τ, |s| < τ^′, and θ ∈ [0, 1] with s − θ > −^1_{q′} and where s_j (x, D_x′ ) are differential operators of order m − j with coefficients in C^τ (R^n ). Moreover, γ_0p(x, D_x)_+ = ∑_m j=0 s_j (x^′, 0, D_x′ )γ_j + t_0(x^′, D_x′ ), where t̃_0(x^′, ξ^′, y_n) ∈ C^τ S^m_{1,0}(R^{n−1} × R^{n−1} , S(R_+)).

Proof: Let p^′(x, ξ) := h_{−1,ξn} [p(x, ξ)]. As seen in the proof of Lemma 5.4, p^′(x, ξ) = p(x, ξ) − ∑_m j=0 s_j (x, ξ^′)ξ^j_n, where s_j (x, ξ^′) ∈ C^τ S^{m−j}_{1,0} (R^n × R^{n−1} ) are the symbols due to (5.1) for α = l = 0. Because of (5.1) and the symbol estimates ‖∂^α_ξ p^′(., ξ)‖_Cτ_{(R}n_) ≤ C_α⟨ξ^′⟩^{m+θ−|α′|}⟨ξ_n⟩^{−θ−αn} , ξ ∈ R^n , (5.6) for all α ∈ N^n_0 and θ ∈ [0, 1]. Because of the latter estimate, (3.1), and Theorem 3.3, we conclude that ‖∂^{α′}_ξ′ p^′(., x_n, ξ^′, D_n)‖_Cτ −τ ′_{(R}n−1_{;L(H}s−θ_{q (R),H}s_{q (R)))} ≤ C_{s,α}⟨ξ^′⟩^{m+θ−|α′|} for all |s| < τ^′, α^′ ∈ N^{n−1}_0 .

Now, if s − θ ∈ (−^1_{q′} ,^1_q ), then e^+ : H^s_q (R_+ ) → H^s_q (R) is a continuous mapping and therefore the latter estimate implies the statement in this case.

Next we prove the statement for s − θ ∈ (k −^1_{q′} , k +^1_q ), k ∈ N_0 , with |s| < τ^′. Then the general case is obtain by interpolation. Using 1 =^1_{q(ξ)} + ∑_n j=1 ξ^k_j q(ξ) ξ k j with q(ξ) = 1 + ∑_k j=1 ξ^{2k}_j ,

p^′(x, ξ^′, D_n)_+ = n−1∑ j=1 p_j (x, ξ^′, D_n)_+ξ^k_j + p_n(x, ξ^′, D_n)_+D^k_{xn} + r^+p_n(x, ξ^′, D_n)[D^k_{xn} , e^+],

where p_j(x, ξ) ∈ C^τ S^{m−k}_{1,0} (R^n × R^n ), j = 1, . . . , n, satisfy the transmission condition. Since s − θ − k ∈ (−^1_{q′} ,^1_q ), e^+D^k_{xn} : H^{s−θ}_q (R_+ ) → H^{s−θ−k}_q (R) and we can apply the first part on p_j(x, ξ^′, D_n). Finally,

r^+p_n(x, ξ^′, D_n)D^{k−1−j}_{xn} δ_0 ⊗ γ_j ∈ C^{τ −θ}S^m_{1,0}(R^{n−1} × R^{n−1} ; L(H^{s−θ}_q (R_+ ), H^s_q (R_+ )))

by Lemma 5.4, Corollary 4.10, and γ_j : H^s_q (R_+ ) → C if j ≤ k − 1. Hence using (5.5) we obtain the same statement for r^+p_n(x, ξ^′, D_n)[D^k_{xn} , e^+].

The identity for γ_0p(x, D_x)_+ is obvious and t̃_0(x^′, ξ^′, y_n) = F̄^{−1}_{ξn→yn} [p^′(x^′, 0, ξ)] ∈ C^τ S^m_{1,0}(R^{n−1} × R^{n−1} , S(R_+)) is proved by the same estimates as in the proof of Lemma 5.4.

Remark 5.7 If p ∈ C^τ S^{−m}_{1,0} (R^n × R^n ) with m ≥ 0 and τ > 0, then p(x, ξ^′, D_n) ∈ C^{τ −τ ′} S^{−m1}_{1,0} (R^{n−1} × R^{n−1} ; L(H^{s−m2}_q (R), H^s_q (R))) for all |s| < τ^′ < τ and m_1, m_2 ≥ 0 with m_1 + m_2 = m. Moreover, if m ∈ N_0 and p satisfies the transmission condition, it can be proved as above that

p(x, ξ^′, D_n)_+ ∈ C^{τ −τ ′} S^{−m1}_{1,0} (R^{n−1} × R^{n−1} ; L(H^{s−m2}_q (R_+ ), H^s_q (R_+ )))

for all |s| < τ^′ < τ with s − m_2 > −^1_{q′} .

Let p ∈ C^τ S^m_{1,0}(R^n × R^n ), d ∈ R, τ > 0. When discussing the compositions of p(x, D_x)_+ with Poisson, trace, and singular Green operators, the following Taylor expansion will be useful: p(x, ξ) = k∑ j=0 x^j_n j! ∂^j_{xn} p(x^′, 0, ξ) + x^k_nq_k(x, ξ), (5.7) where q_k ∈ C^{τ −k}S^m_{1,0}(R^n × R^n ), k = 0, . . . , [τ], and q_k(x^′, 0, ξ) = 0.

5.2 Composition of Truncated Pseudodifferential Operators with Poisson, Trace, and Singular Green Operators

In the following we study the compositions of truncated pseudodifferential operators with Poisson, trace, and singular Green operators satisfying the following assumption:

Assumption 5.8 Let k̃_2 ∈ C^{τ2} S^{m2−1}_{1,0} (R^{n−1} × R^{n−1} , S(R_+)), t̃_1 ∈ C^{τ1} S^{m1}_{1,0} (R^{n−1} × R^{n−1} , S(R_+)), g̃_1 ∈ C^{τ1} S^{m1−1}_{1,0} (R^n ×R^{n−1} , S(R^2_{++})), g̃_2 ∈ C^{τ2} S^{m2−1}_{1,0} (R^{n−1} ×R^{n−1} , S(R^2_{++})) for τ_j > 0 and m_j ∈ R, j = 1, 2. Moreover, let p_j ∈ C^{τj} S^{mj}_{1,0} (R^n × R^n ) satisfy the transmission condition, where we assume in the following that m_j ∈ Z if a composition with p_j is considered. We will denote by

p_j(x, D_x) = m_j∑

k=0 s_{j,k}(x, D_x′ )D^k_{xn} + p^′_j(x, D_x) (5.8) the decomposition due to Lemma 5.6. Finally, let θ ∈ (0, τ_2), θ ∉ N_0 , and set τ := min(τ_1, τ_2 − [θ]), m := m_1 + m_2.

We study the following compositions:

p_1(x, D_x)_+a_2(x^′, D_x) = (p_1#^′_{[θ]}a_2)(x, D_x) + R^′_θ(p_1, a_2)

(p_1#^′_{[θ]}a_2)(x, ξ^′, D_n) = ∑ |α^′|≤[θ] 1 α^′!

∂^{α′}_ξ′ p_1(x, ξ^′, D_n)_+D^{α′}_x′ a_2(x^′, ξ^′, D_n) (5.9)

a_1(x, D_x)p_2(x, D_x)_+ = (a_1#_{[θ]}p_2)(x, D_x) + R_θ(a_1, p_2) where

(a_1#_{[θ]}p_2)(x, ξ^′, D_n) = ∑ |α|≤[θ] 1 α! D^{α′}_ξ′ a_1(x, ξ^′, D_n)x^{αn}_n ∂^α_x p_2(x^′, 0, ξ^′, D_n)_+ (5.10)

for a_1 = g_1, t_1, a_2 = k_2, g_2.

Because of the composition rules of boundary symbol operators (in the smooth case) (p_1#^′_{[θ]}k_2)(x, D_x), (p_1#^′_{[θ]}g_2)(x, D_x), (g_1#_{[θ]}p_2)(x, D_x), and (t_1#_{[θ]}p_2)(x^′, D_x) are Poisson, singular Green, and trace operators, resp., of order m with coefficients in C^τ , cf. Remark 4.3. Here (p_1#^′_{[θ]}g_2)(x, D_x) is of class 0 and (g_1#_{[θ]}p_2)(x, D_x), (t_1#_{[θ]}p_2)(x^′, D_x) are of class max(0, m_2).

THEOREM 5.9 Let 1 < q < ∞, s ∈ R, and let k̃_2, t̃_1, g̃_j, and p_j be as in Assumption 5.8.

1. If |s| < τ, s − θ > −τ_2, −τ_2 + θ < s + m_1 < τ_2, and s + m_1 − θ > −^1_{q′} , then

R^′_θ(p_1, k_2): B^{s+m− 1q −θ} q (R^{n−1} ) → B^s_q (R^n_+ ),

R^′_θ(p_1, g_2): B^{s+m−θ}_q (R^n_+ ) → B^s_q (R^n_+ ) if s + m − θ > − 1 q^′ , R_θ(g_1, p_2): B^{s+m−θ}_q (R^n_+ ) → B^s_q (R^n_+ ) if s + m − θ, s + m_1 − θ > − 1 q^′ .

2. If | | |s −^1_q | | | < τ, s −^1_q − θ > −τ2, −τ2 + θ < s + m1 < τ2, s + m1 − θ > −^1_q′ , and

s + m − θ > −^1_{q′} , then R_θ(t_1, p_2): B^{s+m−θ}_q (R^n_+ ) → B^{s− 1q}q (R^{n−1} ).

The theorem will be proved at the end of this section.

Remark 5.10 Using the Taylor expansion (5.7) for p_1 with k = [θ^′] and θ^′ ∈ (0, τ_1), θ^′ ∉ N_0 , the formulae can be reduced to Poisson, trace, and singular Green operators with x_n-independent coefficients as in the smooth case, cf. Remark 4.3.1. The new remainder terms are easily estimated using Theorem 4.11. But the remainder term will be of order m_1 + m_2 − θ^′ with θ^′ arbitrarily close to τ_1. Hence in that case there is loss of accuracy of the formulae if τ_1 < τ_2.

Lemma 5.11 Let k̃_2, t̃_1, g̃_j, p^′_j be as in Assumption 5.8. Moreover, let R^′_θ(a_1, p^′_2) := a_1(x, D_x)p^′_2(x, D_x)_+ − OP^′(a_1(., D_n)#^′_{[θ]}p_2(., D_n)) for a_1 = g_1, t_1.

1. If |s| < τ, s − θ > −τ_2, and −τ_2 + θ < s + m_1 < τ_2, then

R^′_θ(p^′_1, k_2): B^{s+m− 1q −θ} q (R^{n−1} ) → B^s_q (R^n_+ ), R^′_θ(p^′_1, g_2), R^′_θ(g_1, p^′_2): B^{s+m−θ}_q (R^n_+ ) → B^s_q (R^n_+ ) if s + m − θ > − 1 q^′ .

2. If |s −^1_q | < τ, s −^1_q − θ > −τ_2, −τ_2 + θ < s + m_1 < τ_2, and s + m − θ > −^1_{q′} , then R^′_θ(t^′_1, p^′_2): B^{s+m−θ}_q (R^n_+ ) → B^{s− 1q}q (R^{n−1} ).

Proof: First of all, because of Remark 4.12 and s + m − θ > −^1_{q′} , it is sufficient to prove the mapping properties with B^{s+m−θ}_q (R^n_+ ) replaced by B^{s+m−θ+s′′}_q (R^{n−1} ; H^{−s′}_q (R_+ )) for s^′ ∈ [0,^1_{q′} ).

By Lemma 5.6

p^′_j(x, ξ^′, D_n)_+ ∈ C^{τj −τ ′} S^{mj}_{1,0} (R^{n−1} × R^{n−1} ; L(B^s_q (R_+ )) ∩ L(H^s_q (R_+ ))) (5.11) ∩ C^{τj} S^{mj +s′}_{1,0} (R^{n−1} × R^{n−1} ; L(H^{−s′}_q (R_+ ), L^q(R_+ ))) (5.12) for all 0 < τ^′ < τ_j , |s| < τ^′ with s > −^1_{q′} , and s^′ ∈ [0,^1_{q′} ). Moreover, if m_j < 0, p_j(x, D_x) = p^′_j (x, D_x) and by Remark 5.7

p^′_j (x, ξ^′, D_n)_+ ∈C^{τj −τ ′} S^0_{1,0}(R^{n−1} × R^{n−1} ; L(B^{s+mj}_q (R_+ ), B^s_q (R_+ ))), (5.13) for all 0 < τ^′ < τ_j , |s| < τ^′, s + m_j > −^1_{q′} .

Using (5.11), (5.12), Remark 4.7, and Corollary 4.10 we can apply Theorem 3.6 to obtain R^′_θ(p^′_1, k_2): B^{s+m−θ− 1q} q (R^{n−1} ) → B^s_q (R^{n−1} ; L^q(R_+ )) R^′_θ(p^′_1, g_2), R^′_θ(g_1, p^′_2): B^{s+m−θ+s′}_q (R^{n−1} ; H^{−s′′}_q (R_+ )) → B^s_q (R^{n−1} ; L^q(R_+ )) R^′_θ(t_1, p^′_2): B^{s+m−θ+s′} q (R^{n−1} ; H^{−s′′}_q (R_+ )) → B^{s− 1q}q (R^{n−1} ) for s^′ ∈ [0,^1_{q′} ) and under the same restrictions on s as in the theorem. Hence, if s ≤ 0, the lemma is proved because of (2.14).

Moreover, if m_1 ≥ 0 and s > 0, we use that by Remark 4.7

k_2(x^′, ξ^′, D_n) ∈ C^{τ2} S^{m2+s− 1q}_{1,0} (R^{n−1} × R^{n−1} ; L(C , B^s_q (R_+ ))) g_2(x^′, ξ^′, D_n) ∈ C^{τ2} S^{m2+s+s′}_{1,0} (R^{n−1} × R^{n−1} ; L(H^{−s′}_q (R_+ ), B^s_q (R_+ )))

for s^′ ∈ [0,^1_{q′} ). Hence, if m_1 ≥ 0, s > 0, s^′ ∈ [0,^1_{q′} ) and ε > 0 is sufficiently small, R^′_θ(p^′_1, k_2): B^{s+m− 1q −θ+ε} q (R^{n−1} ) → B^ε_q (R^{n−1} ; B^s_q (R_+ )) (5.14) R^′_θ(p^′_1, g_2): B^{s+m−θ+s′+ε} q (R^{n−1} ; H^{−s′}_q (R_+ )) → B^ε_q (R^{n−1} ; B^s_q (R_+ )) (5.15)

by Theorem 3.6 and (5.11). Here the assumptions of Theorem 3.6 are satisfied for sufficiently small ε > 0 since m_1 < s + m_1 < τ_2 and m_1 ≥ 0. Because of (2.2) and (2.13), this implies the statements for p^′_1(x, D_x)_+k_2(x^′, D_x) and p^′_1(x, D_x)_+g_2(x^′, D_x) in this case.

If m_1 < 0 and s > 0, we use (5.13) and

k_2(x^′, ξ^′, D_n) ∈ C^{τ2} S^{s+m− 1q}_{1,0} (R^{n−1} × R^{n−1} ; L(C , B^{s+m1}_q (R_+ ))) g_2(x^′, ξ^′, D_n) ∈ C^{τ2} S^{s+m+s′}_{1,0} (R^{n−1} × R^{n−1} ; L(H^{−s′}_q (R_+ ), B^{s+m1}_q (R_+ )))

for s^′ ∈ [0,^1_{q′} ). Then Theorem 3.6 yields (5.14)-(5.15) again.

For R^′_θ(g_1, p^′_2) we simply use (5.12) and g_1(., D_n) ∈ C^{τ −τ ′} S^{s+m1}_{1,0} (L(L^q(R_+ ), B^s_q (R_+ ))) for 0 < s < τ^′ < τ to conclude that R^′_θ(g_1, p_2): B^{s+m−θ+s′+ε} q (R^{n−1} ; H^{−s′}_q (R_+ )) → B^ε_q (R^{n−1} ; B^s_q (R_+ ))

for s^′ ∈ [0,^1_{q′} ) and ε > 0 sufficiently small, which finishes the proof.

Lemma 5.12 Let p ∈ C^{τ2} S^{m2}_{1,0} (R^n × R^n ), m_2 ∈ Z, τ_2 > 0, with p(x^′, 0, ξ) = 0 satisfy the transmission condition and let p^′(x, ξ) be as in Lemma 5.6. Moreover, let t̃ ∈ C^τ1 S^{m1}_{1,0} (R^{n−1} × R^{n−1} , S(R_+)) and g̃ ∈ C^τ1 S^{m1−1}_{1,0} (R^n × R^{n−1} , S(R^2_{++})), m_1 ∈ R and set τ := min(τ_1, τ_2), m := m_1 + m_2. Then for every θ ∈ (0, 1) with θ < τ_2 and s ∈ R with s + m − θ > −^1_{q′} OP^′(t(x^′, ξ^′, D_n)p^′(x, ξ^′, D_n)_+): B^{s+m−θ}_q (R^n_+ ) → B^{s− 1q}q (R^{n−1} ) if − τ + θ < s − 1 q < τ, OP^′(g(x, ξ^′, D_n)p^′(x, ξ^′, D_n)_+): B^{s+m−θ}_q (R^n_+ ) → B^s_q (R^n_+ ) if − τ + θ < s < τ

are bounded operators.

Proof: By Lemma 4.6, Corollary 4.10, and interpolation

t(x^′, ξ^′, D_n) ∈ C^{τ1} S^{m1+ 1q −θ}_{1,0} (R^{n−1} × R^{n−1} ; L(L^q(R_+ , x^{−θq}_n ), C )), (5.16) g(x, ξ^′, D_n) ∈ C^{τ1−τ ′} S^{m1+ 1q +s′−θ} 1,0 (R^{n−1} × R^{n−1} ; L(L^q(R_+ , x^{−θq}_n ), B^{s′}_q (R_+ ))) (5.17) for 0 < s^′ < τ^′ < τ_1, where it is clear from the proof of Lemma 4.6 that in the case of L^q(R_+ , x^{−θq}_n ) the restriction θ <^1_{q′} is not necessary. Together with (5.12) for p^′_j = p^′ this yields

t(x^′, ξ^′, D_n)p^′(x, ξ^′, D_n)_+ ∈ C^{τ ′} S^{m+ 1q +s′′}_{1,0} (L(H^{−s′′}_q (R_+ ), C ))) g(x, ξ^′, D_n)p^′(x, ξ^′, D_n)_+ ∈ C^{τ ′−s′} S^{m+s′+s′′}_{1,0} (L(H^{−s′′}_q (R_+ ), B^{s′}_q (R_+ ))) for all s^{′′} ∈ [0,^1_{q′} ), s^′ > 0 and τ^′ ∈ (0, min(τ_1 − s, τ_2)).

Moreover, since p^′(x^′, 0, ξ) = 0, x^{−θ}_n p^′(x, ξ) ∈ C^{τ2−τ ′} (R^{n−1} ; C^{τ ′−θ}(R)) w.r.t. x for 0 < θ < τ^′ < min(1, τ), (5.6) yields ‖∂^α_ξ x^{−θ}_n p^′(., ξ)‖_Cτ_2−τ ′_{(R}n−1_{;C}τ ′−θ_{(R))} ≤ C‖∂^α_ξ p^′(., ξ)‖_Cτ2 ≤ C_α⟨ξ^′⟩^{m2+s−|α′|}⟨ξ_n⟩^{−s−αn} for all α ∈ N^n_0 , s ∈ [0, 1], and θ ∈ (0, 1) with θ < τ_2. Then the latter estimate implies x^{−θ}_n p^′(x, ξ^′, D_n)_+ ∈ C^{τ2−τ ′} S^{m2+s′′}_{1,0} (L(H^{−s′′}_q (R_+ ), L^q(R_+ ))) ⇔ p^′(x, ξ^′, D_n)_+ ∈ C^{τ2−τ ′} S^{m2+s′′}_{1,0} (L(H^{−s′′}_q (R_+ ), L^q(R_+ , x^{−θq}_n ))) for all s^{′′} ∈ [0,^1_{q′} ) and τ^′ ∈ (θ, τ_2). Hence (5.16)-(5.17) yields t(x^′, ξ^′, D_n)p^′(x, ξ^′, D_n)_+ ∈ C^{τθ} S^{m+ 1q +s′′−θ}_{1,0} (L(H^{−s′′}_q (R_+ ), C )) g(x, ξ^′, D_n)p^′(x, ξ^′, D_n)_+ ∈ C^{τθ} S^{m+s′+s′′−θ}_{1,0} (L(H^{−s′′}_q (R_+ ), B^{s′}_q (R_+ ))) for all 0 ≤ s^{′′} <^1_{q′} and 0 < s^′ < τ, where 0 < τ_θ < min(τ_1 − s^′, τ_2 − θ).

Therefore Lemma 3.5 implies that

OP^′(t(., D_n)p^′(., D_n)_+): B^{s+m+s′′−θ}_q (R^{n−1} ; H^{−s′′}_q (R_+ )) → B^{s− 1q}q (R^{n−1} ) if −τ + θ < s −^1_q < τ, 0 ≤ s^{′′} <^1_{q′} , and OP^′(g(., D_n)p^′(., D_n)_+): B^{s+m+s′′−θ+ε} q (R^{n−1} ; H^{−s′′}_q (R_+ )) → B^s_q (R^{n−1} ; L^q(R_+ )) OP^′(g(., D_n)p^′(., D_n)_+): B^{s+m+s′′−θ+ε} q (R^{n−1} ; H^{−s′′}_q (R_+ )) → L^q(R^{n−1} ; B^s_q (R_+ )) if −τ + θ < s < τ are bounded operators where ε > 0 . This implies the statement of the lemma since θ ∈ (0, min(1, τ_2)) can be chosen arbitrarily. Proof of Theorem 5.9: First of all, let p^{′′}_j (x, D_x) := p_j (x, D_x) − p^′_j (x, D_x) ≡ ∑ |α|≤m_j cj,α(x)D α x denote the differential operator part of the decomposition (5.8).

Then the compositions of p^{′′}_1(x, D_x) with k_2(x^′, D_x) and g_2(x^′, D_x) reduce to the composition with D^α_x . But the composition with D^{αn}_{xn} is trivial and the composition with D^{α′}_x′ can be treated with Theorem 4.13. Moreover, the compositions of p^′_1(x, D_x) and k_2(x^′, D_x), g_2(x^′, D_x), resp., were dealt with in Lemma 5.11. Hence the statements on R_θ(p_1, k_2) and R_θ(p_1, g_2) are proved.

Similarly, the composition of g_1(x, D_x) and t_1(x^′, D_x) with p^{′′}_2 (x, D_x) reduces to the composition with c_{2,α}(x), where c_{2,α}(x) = ∑_{[θ]} j=0 x^j_n j! ∂^j_{xn} c_{2,α}(x^′, 0) + x^{[θ]}n c^′_{2,α}(x) with c^′_{2,α}(x^′, 0) = 0 is used. Here g_1(x, D_x)x^j_n and t_1(x^′, D_x)x^j_n are singular Green, trace operators, resp., of order m_1 −j and the composition with ∂^j_{xn} c_{2,α}(x^′, 0) can be treated with Theorem 4.13. Moreover,

g_1(x, D_x)x^{[θ]}_n c^′_{2,α}(x) : B^{s+m1−θ}_q (R^n_+ ) → B^s_q (R^n_+ ) if |s| < τ_1

t_1(x^′, D_x)x^{[θ]}_n c^′_{2,α}(x) : B^{s+m1−θ}_q (R^n_+ ) → B^{s− 1q}q (R^{n−1} ) if | | | |s − 1 q | | | | < τ^1, by Lemma 4.15 where s ∈ R such that −τ_2 + θ < s + m_1 < τ_2 and s + m_1 − θ > −^1_{q′} .

Finally, because of Lemma 5.11, it remains to consider ∑ |α^′|≤[θ] 1 α^′!

OP^′(∂^{α′}_ξ′ a_1(x, ξ^′, D_n)D^{α′}_x′ p^′_2(x, ξ^′, D_n)_+)

with a_1 = g_1, t_1. By (5.7), D^{α′}_x′ p^′_2(x, ξ^′, D_n) = [θ]−|α^′|∑

j=0 x^j_n j! D^{α′}_x′ ∂^j_{xn} p^′_2(x^′, 0, ξ^′, D_n) + x^{[θ]−|α′|}_n q_{2,α}(x, ξ^′, D_n) where q_{2,α} ∈ C^{τ2−[θ]}S^{m2}_{1,0} (R^n × R^n ) with q_{2,α}(x^′, 0, ξ^′) = 0 satisfies the transmission condition. Hence we can apply Lemma 5.12 to ∂^{α′}_ξ′ a_1(x, ξ^′, D_n)x^{[θ]−|α′|}n q_{2,α}(x, ξ^′, D_n)_+, a_1 = g_1, t_1, to finish the proof.

5.3 The “Left-Over” Operator L(p_1(x, D_x), p_2(x, D_x))

In the following let L(P_1, P_2) := (P_1P_2)_+ − P_{1,+}P_{2,+}.

THEOREM 5.13 Let p_j ∈ C^{τj} S^{mj}_{1,0} (R^{n−1} × R^n ), m_j ∈ Z, satisfy the transmission condition. Then for every θ ∈ (0, τ_1), θ ∉ N,

p_1(x, D_x)_+p_2(x, D_x)_+ = (p_1#_{[θ]}p_2)(x, D_x)_+ − l_θ(p_1, p_2)(x, D_x) + R_θ

where l_θ(p_1, p_2)(x, D_x) is a singular Green operator of order m_1 + m_2 and class max(m_2, 0) with

l_θ(p_1, p_2)(x, ξ^′, D_n) = ∑ |α|≤[θ] 1 α! L(∂^{α′}_ξ′ p_1(x, ξ^′, D_n), x^{αn}_n D^{α′}_x′ ∂^{αn}_{xn} p_2(x^′, 0, ξ^′, D_n)) (5.18) and R_θ : B^{s+m1+m2−θ} q (R^n_+ ) → B^s_q (R^n_+ ) if |s| < τ, s − θ > −τ_2, −τ_2 + θ < s + m_1 < τ_2, and s + m_1 + m_2 − θ > −^1_{q′} .

Proof: First we consider the case s + m_1 + m_2 − θ ∈ (−^1_{q′} ,^1_q ). Then by Theorem 3.6 and the continuity of e^+ : B^{s+m1+m2−θ} q (R^n_+ ) → B^{s+m1+m2−θ} q (R^n )

p_1(x, D_x)_+p_2(x, D_x)_+ = (p_1#_{[θ]}p_2)(x, D_x)_+ + L(p_1(x, D_x), p_2(x, D_x)) + R_{θ,+},

where R_{θ,+} : B^{s+m1+m2−θ} q (R^n_+ ) → B^s_q (R^n_+ ). Using (5.8),

L(p_1(x, D_x), p_2(x, D_x)) =

m_2∑

k=0 L(p^′_1(x, D_x), s_{2,k}(x, D_x′ )D^k_{xn} ) + L(p^′_1(x, D_x), p^′_2(x, D_x)),

since L(s_{1,k}(x, D_x′ )D^k_{xn} , p_2(x, D_x)) = 0. Moreover,

s_{2,k}(x, ξ^′) = [θ]∑ α_n=0 x^{αn}_n α_n! ∂^{αn}_{xn} s_{2,k}(x^′, 0, ξ^′) + x^{[θ]}_n r_{2,k}(x, ξ^′),

where r_{2,k}(x, ξ^′) is again the symbol of a differential operator and r_{2,k}(x^′, 0, ξ^′) = 0. Since γ_jx^{[θ]}n r_{2,k}(x, ξ^′) = 0 for j = 0, . . . , [θ], and because of (5.5), where k − 1 ≤ m_2 − 1 ≤ [θ], we conclude that L(p^′_1(x, D_x), x^{[θ]}n r_{2,k}(x, D_x′ )D^k_{xn} ) = 0. Hence

L(p^′_1(x, D_x), s_{2,k}(x, D_x′ )D^k_{xn} ) = [θ]∑ α_n=0 1 α_n! L(p^′_1(x, D_x), x^{αn}_n D^k_{xn} )∂^{αn}_{xn} s_{2,k}(x^′, 0, D_x′ ),

where L(p^′_1(x, D_x), x^{αn}_n D^k_{xn} ) is a singular Green operator of order m_1 − α_n + k and class k − α_n. Therefore, by Theorem 4.13 and Remark 4.14, L(p^′_1(x, D_x), s_{2,k}(x, D_x′ )D^k_{xn} ) = ∑ |α|≤[θ] 1 α! OP^′(L(D^{α′}_ξ′ p^′_1(., D_n), x^{αn}_n ∂^α_x s_{2,k}(x^′, 0, ξ^′)D^k_{xn} )).

On the other hand, by Lemma 5.5, Theorem 4.11, Theorem 4.11 and Theorem 4.13,

L(p^′_1(x, D_x), p^′_2(x, D_x)) = g^+(p_1)(x, D_x)g^−(p_2)(x, D_x) = [θ]∑ α_n=0 1 α_n!

g^+(p_1)(x, D_x)x^{αn}_n ∂^{αn}_{xn} g^−(p_2)(x^′, 0, D_x) + R_{1,θ} = ∑ |α|≤[θ] 1 α! OP^′(D^{α′}_ξ′ g^+(p_1)(x, ξ^′, D_n)x^{αn}_n ∂^α_x g^−(p_2)(x^′, 0, ξ^′, D_n)) + R_{2,θ},

where R_{j,θ} : B^{s+m1+m2−θ} q (R^n_+ ) → B^s_q (R^n_+ ), j = 1, 2. Hence we proved the theorem for the case s + m_1 + m_2 − θ ∈ (−^1_{q′} ,^1_q ).

Now let s+m_1 +m_2 −θ ∈ (k−^1_{q′} , k+^1_q ) for k ∈ N. – Then the case s+m_1 +m_2 −θ = k −^1_{q′} , k ∈ N, is obtained by interpolation. – Since (p_1(x, D_x)p_2(x, D_x))_+ may not be well-defined, we use an order reducing operator. – Note that, if e.g. f ∈ S(R^n_+) with γ_0f ≢ 0, then e^+f ∈ B^{s+m1+m2}_2 (R^n_+ ) implies s + m_1 + m_2 ≤^1_2 . Hence, if τ_2 <^1_2 and m_2 ≥ 1, there is no s ∈ R with s + m_1 > −τ_2 and s + m_1 + m_2 ≤^1_2 . Therefore p_2(x, D_x)e_+f is not well-defined in general.

Let p_β(ξ) ∈ S^{−k}_{1,0} (R^n × R^n ) satisfy the transmission condition such that I = ∑ |β|≤k p_β(D_x)D^β_x . (5.19)

Then p_2(x, D_x) = ∑ |β|≤k p2,β(x, Dx)D β x , where p_{2,β}(x, ξ) := p_2(x, ξ)p_β(ξ) ∈ C^{τ2} S^{m2−k}_{1,0} satisfies the transmission condition. Therefore p_2(x, D_x)_+ = ∑ |β|≤k p_{2,β}(x, D_x)_+D^β_x + ∑ |β|≤k L(p_{2,β} (x, D_x), D^β_x ), where, because of (5.5) and Lemma 5.4, L(p_{2,β}(x, D_x), D^β_x ) = r^+p_{2,β}(x, D_x)[D^β_x , e^+] is a singular Green operator of order m_2, class k, and with coefficients in C^{τ2} . Since s + m_1 + m_2 − k ∈ (−^1_{q′} ,^1_q ), we can apply the theorem for this case proved above to conclude p_1(x, D_x)_+p_{2,β}(x, D_x)_+D^β_x = (p_1#_{[θ]}p_{2,β})(x, D_x)_+D^β_x − l_θ(p_1, p_{2,β})(x, D_x)D^β_x + R_θ = ((p_1#_{[θ]}p_{2,β})(x, D_x)D^β_x )_+ − L((p_1#_{[θ]}p_{2,β})(x, D_x), D^β_x ) −l_θ(p_1, p_{2,β})(x, D_x)D^β_x + R_θ where R_θ : B^{s+m1+m2−θ} q (R^n_+ ) → B^s_q (R^n_+ ). Using (5.7) for p_2 we conclude

L((∂^α_ξ p_1D^α_x p_{2,β})(x, D_x), D^β_x ) = [θ]−|α|∑

j=0 1 j! r^+ OP(∂^α_ξ p_1x^j_nD^α_x ∂^j_{xn} p_{2,β} (x^′, 0, ξ))[D^β_x , e^+]

+r^+ OP(∂^α_ξ p_1x^{[θ]−|α|}_n D^α_x q_{2,β})[D^β_x , e^+], where q_{2,β} ∈ C^{τ2−[θ]}S^{m2−k}_{1,0} with q_{2,β}|_{xn=0} = 0. If τ_2 − [θ] ≤ τ_1, Theorem 4.11 yields r^+ OP(∂^α_ξ p_1(x, ξ)x^{[θ]−|α|}_n D^α_x q_{2,β}(x, ξ))[D^β_x , e^+]: B^{s+m1+m2−θ}_q (R^n_+ ) → B^s_q (R^n_+ ) if s satisfies the assumptions of the theorem. If τ_2 − [θ] > τ_1, Lemma 5.14 below implies the same statement.

Therefore L((p_1#_{[θ]}p_{2,β})(x, D_x), D^β_x ) = ∑ |α|≤[θ]

[θ]−|α|∑

j=0 1 α!j! L(OP^′(x^j_n∂^α_ξ p_1(x, ξ^′, D_n)D^α_x ∂^j_{xn} p_{2,β}(x^′, 0, ξ^′, D_n)), D^β_x ) + R_θ = ∑ |γ|≤[θ] 1 γ! L(OP^′(∂^{γ′}_ξ′ p_1(x, ξ^′, D_n)x^{γn}_n D^{γ′}_x ∂^{γn}_{xn} p_{2,β}(x^′, 0, ξ^′, D_n)), D^β_x ) + R_θ by an elementary calculation. Moreover, by Theorem 5.9 and Theorem 4.11

p_1(x, D_x)_+L(p_{2,β}(x, D_x), D^β_x ) = ∑ |α|≤[θ] 1 α! OP^′(∂^{α′}_ξ′ p_1(x, ξ^′, D_n)_+L(x^{αn}_n D^{α′}_x′ ∂^{αn}_{xn} p_{2,β}(x^′, 0, ξ^′, D_n), D^β_x ) + R_θ.

Using the identity L(P_1, P_2Q) = L(P_1P_2, Q) + L(P_1, P_2)Q_+ − P_{1,+}L(P_2, Q) for the boundary symbol operator and the calculations above, it is elementary to check that

l_θ(p_1, p_2)(x, D_x) = ∑ |β|≤k [ L((p_1#_{[θ]}p_{2,β})(x, D_x), D^β_x ) + l_θ(p_1, p_{2,β})(x, D_x)D^β_x

−p_1(x, D_x)_+L(p_{2,β}(x, D_x), D^β_x ) ] + R_θ, which finishes the proof.

Lemma 5.14 Let p_j ∈ C^{τj} S^{mj}_{1,0} (R^n × R^n ), m_j ∈ Z, j = 1, 2, 0 < τ_1 < τ_2 ≤ 1, satisfy the transmission condition with p_2(x^′, 0, ξ) = 0. Moreover, let k(x, ξ^′, D_n)a := r^+ OP_n(p_1(x, ξ)p_2(x, ξ))δ_0 ⊗ a for a ∈ C . Then for every θ < τ_2 and 0 < s < τ_1 k(x, ξ^′, D_n) ∈ C^τ S^{m1+m2+s+1− 1q −θ} 1,0 (R^{n−1} × R^{n−1} ; L(C , B^s_q (R_+ ))),

where 0 < τ < min(τ_1 − s, τ_2 − θ) and therefore k(x, D_x): B^{s+m1+m2+1− 1q −θ}q (R^{n−1} ) → B^s_q (R^n_+ ) is a bounded linear operator if − min(τ_1, τ_2 − θ) < s < τ_1.

Proof: We can assume w.l.o.g. that m_2 = −1 and θ ≥ s. Moreover, as in the proof of Lemma 4.9 it is sufficient to prove the statement for B^s_{q,∞}(R_+ ) instead of B^s_q (R_+ ). Then

h_{−1,ξn} [p_1(x, ξ)p_2(x, ξ)] = h_{−1,ξn} [p_1(x, ξ)]p_2(x, ξ) +

m_1∑

j=0 s_{j,1}(x, ξ^′)h_{−1,ξn} [ ξ^j_np_2(x, ξ) ] ,

where s_{j,1}(x, ξ^′) are the terms in the expansion due to Definition 5.2 for p_1 with α = l = 0. The terms r^+ ∑_{m1} j=0 OP_n (s_{j,1}(x, ξ^′)h_{−1,ξn} [ξ^j_np_2(x, ξ)]) δ_0 ⊗ a are easily estimated with the aid of Lemma 4.9. and ‖fg‖_Bs_{q,∞} ≤ C ( ‖f‖_Cs ‖g‖_Lq + ‖f‖_L∞ ‖g‖_Bs_{q,∞} ) . Therefore we can assume for the rest of the proof that p_1(x, ξ) ∈ H_{−1} w.r.t. ξ_n.

First let 0 < h ≤ x_n. Then h^{−s}|k̃(x^′, x_n + h, ξ^′, y_n) − k̃(x^′, x_n, ξ^′, y_n)| ≤ h^{−s}‖p_1(x^′, x_n + h, ξ^′, .) − p_1(x, ξ^′, .)‖_L2_{(R)}‖p_2(x^′, x_n + h, ξ^′, .)‖_L2_{(R)} +h^{−s}‖p_1(x, ξ^′, .)‖_L2_{(R)}‖p_2(x^′, x_n + h, ξ^′, .) − p_2(x, ξ^′, .)‖_L2_{(R)}, where h^{−s}‖p_1(x^′, x_n + h, ξ^′, .) − p_1(x, ξ^′, .)‖_L2_{(R)} ≤ C‖p_1(., ξ^′, .)‖_Cτ1_{(R}n_{;L}2_{(R))} ≤ C⟨ξ^′⟩^{m1+ 12} h^{−s}‖p_2(x^′, x_n + h, ξ^′, .) − p_2(x, ξ^′, .)‖_L2_{(R)} ≤ Cx^{θ−s}_n ⟨ξ^′⟩^{m2+ 12} ‖p_1(x, ξ^′, .)‖_L2_{(R)} ≤ C⟨ξ^′⟩^{m1+ 12} ‖p_2(x^′, x_n + h, ξ^′, .)‖_L2_{(R)} ≤ Cx^θ_n⟨ξ^′⟩^{m2+ 12} by (5.3) and since p_2(x^′, 0, ξ) = 0. Hence h^{−s}x^{s−θ}_n |k̃(x^′, x_n + h, ξ^′, y_n) − k̃(x, ξ^′, y_n)| ≤ C⟨ξ^′⟩^{m1+m2+1}. By the same calculations as above, it can be shown that h^{−s}x^{s−θ}_n | |y_{ln}∂_l′_{yn} ∂_α′_{ξ′} (k̃(x_′, x_n + h, ξ_′, y_n) − k̃(x, ξ_′, y_n)) | | ≤ C_{l,l′,α′} ⟨ξ_′⟩_{m1+m2+1−l+l}′_{−|α}′_| for l, l^′ ∈ N_0 , α^′ ∈ N^{n−1}_0 . This implies h^{−s} | | |x^{s′}_n ∂^{α′}_ξ′ ( k̃(x^′, x_n + h, ξ^′, x_n + h) − k̃(x, ξ^′, x_n) )| | ≤ Cs′,α′ ⟨ξ^′⟩^{m1+m2+1−θ+s−s′−|α′|} for s^′ ≥ 0, α^′ ∈ N^{n−1}_0 .

In the case h > x_n, one can use | |x^{s′−θ}_n ∂^{α′}_ξ′ k̃(x, ξ^′, xn) | | ≤ C⟨ξ^′⟩^{m1+m2+1−s′−|α′|} for α^′ ∈ N^{n−1}_0 , s^′ ≥ 0, to prove the latter estimate. Hence

sup_{h>0} h^{−s} ‖ ‖ ‖∂^{α′}_ξ′ ( k̃(x′, . + h, ξ′, . + h) − k̃(x′, ., ξ′, .) )‖ ‖_q ≤ Cα′ ⟨ξ^′⟩^{m1+m2+1− 1q −θ+s−|α′|} by (4.4). In a similar way one estimates ‖∂^{α′}_ξ′ k̃(x^′, ., ξ^′, .)‖_q. Thus ‖∂^{α′}_ξ′ k(x, ξ^′, D_n)‖_{L(C ,B}s_{q,∞ (R+))} ≤ C_α′ ⟨ξ^′⟩^{m1+m2+1− 1q −θ−|α′|}. Finally, replacing k̃(x, ξ^′, y_n) by |h^′|^{−τ} (Δ_h′k̃)(x, ξ^′, y_n) := k̃(x^′+h^′, x_n, ξ^′, y_n)−k̃(x, ξ^′, y_n), h^′ ∈ R^{n−1} , it can be proved as above that ‖∂^{α′}_ξ′ k(., ξ^′, D_n)‖_Cτ_{(R}n−1_{;L(C ,B}s_{q,∞ (R+)))} ≤ C_α′ ⟨ξ^′⟩^{m1+m2+1− 1q −θ+s−|α′|}. Then the continuity of k(x, D_x) is proved as in the proof of Theorem 4.11.

As a consequence of the composition rules we obtain:

THEOREM 5.15 Let p ∈ C^τ S^m_{1,0}(R^n × R^n ), m ∈ Z, satisfy the transmission condition. Then p(x, D_x)_+ : H^{s+m}_q (R^n_+ ) → H^s_q (R^n_+ ) is a continuous operator for all |s| < τ with s + m > −^1_{q′} .

5.4 Negative Classes and Proofs of the Main Theorems 39

Proof: The proof is done by the same scheme as in Lemma 5.5 and Theorem 5.13. The case s + m ∈ (−^1_{q′} ,^1_q ) is trivial since e^+ : H^{s+mq (Rn+)} → H^s_q (R^n_+ ). Then the case s + m ∈ (k −^1_{q′} , k +^1_q ), k ∈ N, is reduced to the first case using

p(x, D_x)_+ = ∑ |α|≤k p_α(x, D_x)_+D^α_x + ∑ |α|≤k L(p_α(x, D_x), D^α_x ),

where p_α ∈ C^τ S^{m−k}_{1,0} (R^n × R^n ), cf. (5.19).

5.4 Negative Classes and Proofs of the Main Theorems

The concept of negative classes easily carries over to the non-smooth situation since it is only a matter of the behavior of the symbols w.r.t. ξ_n, η_n, resp., cf. Remark 5.1. As in the smooth coefficient case it holds that

t(x^′, D_x) is of class − m ⇔ t(x^′, D_x)D^m_{xn} is of class 0, (5.20) g(x, D_x) is of class − m ⇔ g(x, D_x)D^m_{xn} is of class 0, (5.21)

cf. [12, (2.8.2)].

Moreover, as in [12, Definition 2.8.2] we say that p(x, D_x)_+ + g(x, D_x) is of class r ∈ N_0 if g(x, D_x) is of class r and that p(x, D_x)_+ + g(x, D_x) is of class r = −m, m ∈ N if (p(x, D_x)_+ + g(x, D_x))D^m_{xn} = p^′(x, D_x)_+ + g^′(x, D_x) with g^′(x, D_x) of class 0.

Then a(x, D_x) is said to be of class r ∈ Z if p(x, D_x)_+ + g(x, D_x) and t(x^′, D_x) are of class r.

Finally, it remains to prove our main theorems:

Proof of Theorem 1.1: Because of Theorem 4.8, Theorem 4.11, and Theorem 5.15, the case r ∈ N_0 is proved. By the same arguments as in in [12, Theorem 2.8.3] it is easy to prove

p(x, D_x)_+ + g(x, D_x): H^{s+m}_q (R^n_+ ) → H^s_q (R^n_+ ) if |s| < τ,

t(x^′, D_x): H^{s+m}_q (R^n_+ ) → B^{s− 1q}q (R^{n−1} ) if | | |s − 1 q | | | < τ for the general class r ∈ Z by using the statement if the class is 0. Hence the theorem is proved.

Proof of Theorem 1.2: First of all, since θ ∈ (0, τ_2), θ ∉ N, is arbitrary, the Bessel potential spaces can be replaced by Besov spaces using (2.2). Hence it only remains to extend the statements of Theorem 4.13, Theorem 5.9, and Theorem 5.13 to arbitrary classes r_j ∈ Z. As mentioned in Remark 4.14, the compositions with

40 6 PARAMETRIX CONSTRUCTION

g_j(x, D_x) and t_j(x^′, D_x) of class r_j ∈ N_0 reduce to compositions with γ_j and operators of class 0. Using γ_j = γ_0D^j_{xn} , the compositions with γ_j can be reduced to Theorem 5.9, Theorem 5.13, and Lemma 5.6. Finally, if r_j ∈ Z, it only remains to check that t(x^′, D_x) and p(x, D_x)_+ + g(x, D_x) are of class max(r_1 + m_2, r_2), which can be done by using the definitions and (5.20)-(5.21) directly or by the same argument as in [12, Remark 2.8.4].

6 Parametrix Construction

In this last section we apply Theorem 1.2 to construct a parametrix to elliptic Green operators. In the following we will assume that the symbols of the operators are polyhomogeneous, i.e., there is an asymptotic expansion in homogeneous terms of decreasing order. The precise definition is completely analogous to the definition in the smooth case, cf. e.g. [9], where we assume that the coefficients of g(x, D_x) and k(x, D_x) are independent of x_n in order to have a uniquely defined principle part. The principle part of a(x, D_x) will be denoted by a_0(x, D_x).

Definition 6.1 A polyhomogeneous Green operator a(x, D_x) of order m ∈ Z, class r ∈ Z, and coefficients in C^τ , τ > 0, is said to be uniformly elliptic if the principal interior symbol p_0(x, ξ): C^N → C^N is invertible for every x ∈ R^n , |ξ| = 1, and p^{−1}_0 (x, ξ) is uniformly bounded in x ∈ R^n , |ξ| = 1, and principal boundary symbol operator a_0(x^′, 0, ξ^′, D_n): H^r_2 (R_+)^N × C^M → H^{r−m}_2 (R_+)^N × C^{M ′}

is invertible and a_0(x^′, 0, ξ^′, D_n)^{−1} is uniformly bounded in x^′, ξ^′ ∈ R^{n−1} with |ξ^′| = 1.

Since matrix inversion is smooth, p^{−1}_0 (x, ξ) ∈ C^τ S^{−m}_{1,0} (R^n ×R^n )⊗L(C^N ) (suitably defined for |ξ| ≤ 1). But it remains to prove that a_0(x^′, 0, ξ^′, D_n)^{−1} is again a boundary symbol operator in the non-smooth symbol-kernel classes.

Since for every fixed x^′_0 ∈ R^{n−1} the boundary symbol operator a_x′_0 (ξ^′, D_n) := a_0(x^′_0, 0, ξ^′, D_n) belongs to the standard calculus, a_x′_0 (ξ^′, D_n)^{−1} is again a boundary symbol operator of order −m and class r − m, cf. [5], [22], or [12]. Hence it remains to prove that a_0(x^′, 0, ξ^′, D_n)^{−1} is in C^τ w.r.t. x^′ and satisfies the corresponding symbol-kernel estimates. As known from the proof in the smooth coefficient case, cf. [5], [22, Proposition 3.1.1.2.6], or [12, Theorem 3.1.7], the statement can be reduced to the inversion of a(x^′, 0, ξ^′, D_n) = I + g(x^′, ξ^′, D_n), where g(x^′, D_x) is a Green operator of order and class 0 with small operator norm in L(L^2(R_+ )). This is done by composition with order reducing operators and other operators belonging to the calculus as well as inversion of matrix-valued pseudodifferential symbols. All these steps directly carry over to the non-smooth coefficient case. Finally, the next lemma treats the operator I + g(x^′, ξ^′, D_n).

Lemma 6.2 If g̃ ∈ C^τ S^{−1}_{1,0} (R^{n−1} × R^{n−1} , S(R^2_{++})) ⊗ L(C^N ), τ > 0, N ∈ N, with ‖g̃(x^′, ξ^′, ., .)‖_L2_{(R}2_{++)} ≤^1_2 , then I + g(x^′, ξ^′, D_n) is invertible and there is a g̃^′ ∈ C^τ S^{−1}_{1,0} (R^{n−1} ×R^{n−1} , S(R^2_{++}))⊗L(C^N ) such that (I+g(x^′, ξ^′, D_n))^{−1} = I+g^′(x^′, ξ^′, D_n).

Proof: The lemma can be proved by similar arguments as in the proof of [12, Proposition 3.2.1]. By the assumptions ‖g(x^′, ξ^′, D_n)‖_{L(L}2_{(R+))} = ‖g̃(x^′, ξ^′, ., .)‖_L2_{(R}2_{++)} ≤ 1 2 . Hence I + g(x^′, ξ^′, D_n) is invertible in L(L^2(R_+ )) and (I + g(x^′, ξ^′, D_n))^{−1} = ∑_∞ k=0 g(x^′, ξ^′, D_n)^k, where g(x^′, ξ^′, D_n)^k = g_k(x^′, ξ^′, D_n) with

g̃_k(x^′, ξ^′, x_n, y_n) = ∫ R · · · ∫ R ∫ R g̃(x^′, ξ^′, x_n, w_1)g̃(x^′, ξ^′, w_1, w_2) · · · g̃(x^′, ξ^′, w_{k−1}, y_n)dw_1dw_2 · · · dw_{k−1} for k ≥ 2. Then it can be proved in a straight-forward manner that g̃^′(x^′, ξ^′, x_n, y_n) := ∑_∞ k=1 g̃_k(x^′, ξ^′, x_n, y_n) ∈ C^τ S^{−1}(R^{n−1} × R^{n−1} , S(R^2_{++})) ⊗ L(C^N ).

Corollary 6.3 If a(x, D_x) is a polyhomogeneous elliptic Green operator of order m ∈ Z, class r ∈ Z, and in C^τ , τ > 0, w.r.t. x, then a_0(x^′, 0, ξ^′, D_n)^{−1} is a boundary symbol operator of order −m, class r − m, and in C^τ w.r.t. x^′.

In order to construct a parametrix in the non-smooth coefficient case one has to take care of the restriction of the mapping properties due to the limited smoothness of the coefficients. If for instance p ∈ C^τ S^m_{1,0}(R^n × R^n ), m ∈ R, is elliptic and q ∈ C^τ S^{−m}_{1,0} (R^n × R^n ) such that q(x, ξ) = p^{−1}(x, ξ) for |ξ| ≥ R > 0, then by Theorem 3.3 p(x, D_x): H^{s+m}_q (R^n ) → H^s_q (R^n ) if |s| < τ but q(x, D_x): H^s_q (R^n ) → H^{s+m}_q (R^n ) if |s + m| < τ for 1 < q < ∞. Hence the restriction on s is too strong unless m = 0. In [1] the problem was solved by taking the parametrix in y-form instead of x-form. But, since we did not treat operators in y-form, we use order-reducing operators to the operator to order 0.

By [10, Proposition 4.2], there is a family of elliptic polyhomogeneous symbols λ^m_− (ξ) ∈ S^m_{1,0}(R^n × R^n ) satisfying the transmission condition such that λ^m_− (ξ^′, D_n)_+ is of class −∞ and λ^j_−(ξ^′, D_n)_+λ^k_−(ξ^′, D_n)_+ = λ^{j+k}_− (ξ^′, D_n)_+ for j, k ∈ Z. Hence, if a(x, D_x) is an elliptic Green operator of order m and class r, then a^′(x, D_x) := a(x, D_x) ( λ^{−m}_− (D_x)_+ ⟨D_x′ ⟩^{−m} ) (6.1)

is an elliptic Green operator of order 0 and class r − m.

THEOREM 6.4 Let a(x, D_x) be an elliptic Green operator of order m ∈ Z, class r ∈ Z, and of regularity C^τ , τ > 0, in x. Then for every θ ∈ (0, τ), θ ∉ N, there is a parametrix B = B_{[θ]} such that a(x, D_x)B = I + R_θ, where

R_θ : H^{s−θ}_q (R^n_+ )^N × B^{s−θ− 1q}q (R^{n−1} )^{M ′} → H^s_q (R^n_+ )^N × B^{s− 1q}q (R^{n−1} )^M if −τ + θ < s < τ − [θ], s − θ > r − m −^1_{q′} , and s −^1_q > −τ + θ when M ≠ 0 or M^′ ≠ 0. More precisely, B = diag(λ_−(D_x)^{−m}_+ , ⟨D_x′ ⟩^{−m})b(x, D_x), where b(x, D_x) is a Green operator of order 0 and class r − m.

Proof: In the following R_θ will denote an operator with mapping properties stated in the theorem. Because of (6.1), we can assume that m = 0. Moreover, we consider for simplicity only the case that a(x, D_x) = a_0(x, D_x).

In order to construct an inverse modulo terms of order −θ, we make the Ansatz b(x, D_x) = ∑_{[θ]} j=0 b_j (x, D_x), where b_j (x, D_x) are Green operators of order −m−j with coefficients in C^{τ −j}. Moreover, denote by q_j (x, ξ) the interior symbol of b_j (x, D_x). Then by Theorem 1.2

a(x, D_x)b_j(x, D_x) = (a#_{[θ]−j}b_j )(x, D_x) + R_θ = [θ]−j∑

k=0 r^{(k)}_j (x, D_x) + R_θ,

where r^{(k)}_j (x, D_x) is a Green operator of order −m − j − k with coefficients in C^{τ −j−k}. Moreover, let q^{(k)}_j (x, ξ) denote the interior symbol of r^{(k)}_j (x, D_x). Then

r^{(0)}_j (x^′, 0, ξ^′, D_n) = a_0(x^′, 0, ξ^′, D_n)b_j (x^′, 0, ξ^′, D_n), q^{(0)}_j (x, ξ) = p_0(x, ξ)q_j (x, ξ).

Hence sorting the terms by their order a(x, D_x)b(x, D_x) = ∑_{[θ]} l=0 ∑_l k=0 r^{(k)}_{l−k}(x, D_x) + R_θ. In order to obtain a(x, D_x)b(x, D_x) = I + R_θ, we determine b_j (x, D_x), j ≥ 1, successively by

b_0(x^′, 0, ξ^′, D_n) = a_0(x^′, 0, ξ^′, D_n)^{−1},

b_l(x^′, 0, ξ^′, D_n) = −a_0(x^′, 0, ξ^′, D_n)^{−1} l∑ k=1 r^{(k)}_{l−k}(x^′, 0, ξ^′, D_n), l = 1, . . . , [θ]

for |ξ^′| ≥ 1 and q_0(x, ξ) = p_0(x, ξ), q_l(x, ξ) = −p(x, ξ)^{−1} ∑_l k=0 q^{(k)}_{l−k}(x, ξ), l = 1, . . . , [θ], for |ξ| ≥ 1.

References

[1] H. Abels. Reduced and generalized Stokes resolvent equations in asymptotically flat layers, part II: H_∞-calculus. to appear in J. Math. Fluid. Mech.

[2] H. Abels. Stokes Equations in Asymptotically Flat Domains and the Motion of a Free Surface. PhD thesis, TU Darmstadt, Shaker Verlag, Aachen, 2003.

[3] H. Amann. Operator-Valued Fourier Multipliers. Math. Nachr. 186, 5-56, 1997.

[4] J. Bergh and J. Löfström. Interpolation Spaces. Springer, Berlin - Heidelberg - New York, 1976.

[5] L. Boutet de Monvel. Boundary problems for pseudo-differential operators. Acta Math. 126, 11-51, 1971.

[6] R. E. Edwards. Functional Analysis. Holt, Rinehardt and Winston, New York, Chicago, San Francisco, Toronto, London, 1965.

[7] A. Fröhlich. Stokes- und Navier-Stokes-Gleichungen in gewichteten Funktionenräumen. PhD thesis, TU Darmstadt, Shaker Verlag, Aachen, 2001.

[8] J. Garcia-Cuerva and J. L. Rubio de Francia. Weighted Norm Inequalities and Related Topics. North Holland, Amsterdam, 1985.

[9] G. Grubb. Singular Green operators and their spectral asymptotics. Duke Math., Vol. 51, No. 3, 1984.

[10] G. Grubb. Pseudo-differential boundary problems in L_p spaces. Comm. Part.

Diff. Eq. 15, 289-340, 1990.

[11] G. Grubb. Parameter-elliptic and parabolic pseudodifferential boundary problems in global L^p Sobolev spaces. Math. Z. 218, 43-90, 1995.

[12] G. Grubb. Functional Calculus of Pseudodifferential Boundary Problems, 2nd Edition. Birkhäuser, Basel - Boston - Berlin, 1996.

[13] G. Grubb. Nonhomogeneous Dirichlet Navier-Stokes problems in low regularity L^p-Sobolev spaces. J. Math. Fluid Mech. 3, No. 1, 57-81, 2001.

[14] G. Grubb and N. J. Kokholm. A global calculus of parameter-dependent pseudodifferential boundary problems in L_p Sobolev spaces. Acta Math., Vol. 171, No. 2, 1993.

[15] G. Grubb and E. Schrohe. Trace expansions and the noncommutative residue for manifolds with boundary. J. Reine Angew. Math. 536, 167-207.

[16] G. Grubb and V. A. Solonnikov. Boundary value problems for the nonstationary Navier-Stokes equations treated by pseudo-differential methods. Math. Scand. 69, 217-290, 1991.

[17] J. Johnsen. Elliptic boundary problems and the Boutet de Monvel calculus in Besov and Triebel-Lizorkin spaces. Math. Scand 79, 25-85, 1996.

[18] H. Kumano-Go. Pseudo-Differential Operators. MIT Press, Cambridge, Massachusetts, and London, 1974.

[19] H. Kumano-Go and M. Nagase. Pseudo-differential operators with non-regular symbols and applications. Funkcial Ekvac. 21, 151-192, 1978.

[20] J. Marschall. Weighted L^p-estimates for pseudo-differential operators with nonregular symbols. Z. Anal. Anwend., Vol. 10, 493-501, 1985.

[21] J. Marschall. Pseudo-differential operators with nonregular symbols of the class S^m_{ρ,δ}. Comm. Part. Diff. Eq. 12(8), 921-965, 1987.

[22] S. Rempel and B.-W. Schulze. Index Theory of Elliptic Boundary Problems.

Akademie Verlag, Berlin, 1982.

[23] E. Schrohe. A short introduction to Boutet de Monvel’s calculus. Gil, Juan (ed.) et al., Approaches to singular analysis. Based on the workshop, Berlin, Germany, April 8-10, 1999. Basel: Birkhäuser. Oper. Theory, Adv. Appl. 125, 85-116 , 2001.

[24] E. M. Stein. Harmonic Analysis. Princeton Hall Press, Princeton, New Jersey, 1993.

[25] M. E. Taylor. Pseudodifferential Operators and Nonlinear PDE. Birkhäuser, 1991.

[26] H. Triebel. Interpolation Theory, Function Spaces, Differential Operators.

North-Holland Publishing Company, Amsterdam, New York, Oxford, 1978.

Address:

Helmut Abels Department of Mathematics Darmstadt University of Technology Schloßgartenstraße 7 64289 Darmstadt, Germany e-mail: abels@mathematik.tu-darmstadt.de