Algebras of complex analytic germs

Harald Biller^∗

22nd April 2004

Abstract

Let X be a metrizable complex analytic manifold modelled on a locally convex space E, and let K ⊆ X be compact. Let A be a normed unital algebra over C . Let O(K, A) be the algebra of germs of complex analytic A-valued functions in K, topologized as the locally convex direct limit of the normed algebras of bounded complex analytic A-valued functions on open neighbourhoods of K in X.

Then O(K, A) is a locally m-convex Hausdorff algebra. If the unit group of A is open then so is the unit group of O(K, A). If A has finite dimension then O(K, A) is complete.^{1 2}

Introduction

This note contains the proof of the result stated in the abstract. For the case that X = E, this result can be collected from the literature (the more difficult steps can be taken from Dierolf and Wengenroth [9] and Mujica [16], cf. Glöckner [13]). Here, their methods are applied to the case that X is a manifold. Algebras of germs are encountered in the holomorphic functional calculus (e.g. [3, 4], Waelbroeck [18]). Moreover, the result provides a construction principle for algebras with continuous inversion, which have recently enjoyed renewed interest in the context of infinite-dimensional linear Lie groups (e.g. Glöckner [12]).

Metrizability seems to be essential for this result. For instance, if E is the weak^∗-dual of a locally convex complex vector space of uncountable dimension and K ⊆ E is compact then multiplication in O(K, C ) is not jointly continuous [3].

∗Fachbereich Mathematik, Technische Universität Darmstadt, Schlossgartenstr. 7, 64289 Darmstadt, Germany; e-mail address: biller@mathematik.tu-darmstadt.de 1Mathematics Subject Classification (2000): 46E25; 22E65, 46G20, 46J40 2Keywords: locally m-convex algebra; analytic germ; completeness

1 Complex analytic functions

Let U be an open subset of the locally convex complex vector space E, and let F be a locally convex complex vector space. Following Bochnak and Siciak [5, Definition 5.6], we call a map f : U → F complex analytic if it is continuous and if, for every x ∈ U, there is a neighbourhood V ⊆ U of x and a sequence (δ^n_x f)_{n∈N0} of continuous homogeneous polynomials from E into F with deg(δ^n_x f) = n such that for each y ∈ V , the series ∑_∞ n=0 1 n! (δ^n_x f)(y − x) converges to f(y). Here a homogeneous polynomial from E into F of degree n ∈ N_0 is the composition of an n-linear map E^n → F with the diagonal embedding E → E^n.

Let f : U → F be a map, and choose x ∈ U. For each v ∈ E, define a function g_v from an open zero-neighbourhood in C into F by g_v (ζ) := f(x + ζv). If f is complex analytic then g_v is complex analytic, and the homogeneous polynomial δ^n_x f is determined by the n-th derivative of g_v according to the formula (δ^n_x f)(v) = g^{(n)}_v (0). Conversely, if f is continuous and each g_v is differentiable then f is complex analytic, provided that F is sequentially complete (Bochnak and Siciak [5, Theorems 3.1 and 6.2]).

A complex analytic manifold modelled on E is defined in the usual way as a manifold with an atlas in which the coordinate changes are complex analytic.

2 Local m-convexity

Fix a metric d on the manifold X which is compatible with the topology. For n ∈ N, let U_n be the union of those connected components of { x ∈ X; d(x, K) <^1_n } which meet K. Thus the family (U_n)_{n∈N} is a neighbourhood basis of K in X. Let O^∞(U_n, A) be the algebra of bounded complex analytic A-valued functions on U_n, equipped with the supremum norm. Let O(K, A) be the algebra of germs of A-valued complex analytic functions in K. By compactness, every continuous A-valued function defined in a neighbourhood of K is bounded in a neighbourhood of K. Thus we give O(K, A) the locally convex direct limit topology with respect to the system formed by the spaces O^∞(U_n, A) together with the restriction maps, which are injective by the Identity Theorem (Bochnak and Siciak [5, Proposition 6.6]). For n ∈ N, let B_n ⊆ O^∞(U_n, A) be the open unit ball, and let g_n : O^∞(U_n, A) → O(K, A) denote the germ map. Note that B_m|_{Un} ⊆ B_n whenever m ≤ n. Hence the images g_n(B_n) form an ascending sequence. The set U := { conv (⋃ n∈N ε_ng_n(B_n) ) ; 0 < ε_n ≤ 1 } is a basis of zero-neighbourhoods in O(K, A), see Bourbaki [7, II, § 4.4]. Each member V ∈ U is absolutely convex and satisfies V ·V ⊆ V . Therefore, the Minkowski functionals of the members of U form a family of sub-multiplicative seminorms on O(K, A) which defines the topology. The existence of such a family is the defining property of a locally m-convex algebra. (This proof is a specialization of arguments in Akkar and Nacir [1] and in Dierolf and Wengenroth [9].)

Note that inversion in a locally m-convex algebra is continuous on its domain. This is due to Michael [15]. Indeed, if σ is a sub-multiplicative semi-norm and h is an algebra element such that σ(h) < 1 and 1 + h is invertible then the equation (1 + h)^{−1} − 1 = − ( (1 + h)^{−1} − 1 ) h − h implies that σ ( (1 + h)^{−1} − 1 ) ≤^{σ(h)}_{1−σ(h)} . We conclude that inversion is continuous at 1 and hence continuous with respect to σ.

The norm on A induces a sub-multiplicative semi-norm σ on O(K, A) by σ (~ f ) : = ‖f|_K ‖_∞. The compositions σ ∘ g_n of σ with the germ maps are continuous, so that σ is continuous. Assume that the unit group A^× of A is open. Then the unit group of O(K, A) equals the set of germs f̃ such that f(K) ⊆ A^×. Choose r > 0 such that the open r-ball around 1 in A is contained in A^×. Then the open r-ball around 1 in O(K, A) with respect to σ consists of invertible elements. We conclude that O(K, A)^× is a neighbourhood of 1 and hence open in O(K, A).

3 Separation

Choose x ∈ K, let φ: V → E be a chart of X with φ(x) = 0, and let v ∈ E. For each k ∈ N_0 , we obtain a well-defined map O(K, A) −→ A: f̃ −→ ( δ^k_0 (f ∘ φ^{−1}) ) (v) = k! 2πi ∮ |ζ|=ε f ( φ^{−1}(ζv) ) ζ^{k+1} dζ. The integral on the right-hand side exists in the completion of A if ε > 0 is sufficiently small. In this case, the equation was proved by Bochnak and Siciak [5, Theorem 3.1 and Corollary 3.1]. It implies that the integral actually belongs to A and that the map is continuous. Thus if the germ of f ∈ O^∞(U_n, A) belongs to the closure of {0} in O(K, A) then δ^k_0 (f ∘φ^{−1}) = 0 holds for each k ∈ N_0 , so that f vanishes in a neighbourhood of x. We conclude that O(K, A) is a Hausdorff algebra. (This argument was adapted from Glöckner [13].)

4 Completeness

For the following proof of completeness, we have to assume that the dimension of A is finite. As a first consequence, the algebra A is complete, which implies that the algebras O^∞(U_n, A) are Banach algebras (Bochnak and Siciak [5, Proposition 6.5]). Local compactness of A will be used below.

For each n ∈ N, we claim that the closed unit ball B_n of O^∞(U_n, A) is an equicontinuous set of functions. Choose x ∈ U_n. Let φ: V → E be a chart of X with V ⊆ U_n and φ(x) = 0 such that φ(V ) ⊆ E is a balanced neighbourhood of 0. Choose f ∈ B_n and v ∈ φ(V ), and define an A-valued complex analytic function g on the open unit disc {ζ ∈ C ; |ζ| < 1} by g(ζ) : = f ( φ^{−1}(ζv) ) . For ζ ∈ C with |ζ| ≤^1_4 , Cauchy’s Formula

g(ζ) − g(0) = 1 2πi ∮ |ξ|=^1_2 g(ξ) ( 1 ξ − ζ − 1 ξ ) dξ implies that ‖g(ζ) − g(0)‖ ≤ 4|ζ|. Hence if 0 < ε ≤ 1 then φ^{−1} (_ε 4 φ(V ) ) is a neighbourhood of ε-equicontinuity of x for B_n.

We equip the space O(U_n, A) of all A-valued complex analytic functions on U_n with the compact-open topology. Then B_n is closed in O(U_n, A). Since the closed unit ball in A is compact, the Arzela–Ascoli Theorem (see, for instance, Dugundji [11, XII.6.4]) yields that B_n is a compact subset of O(U_n, A).

Let T be the locally convex direct limit topology on O(K, A) with respect to the directed system formed by the spaces O(U_n, A). The argument in Section 3 shows that this is a Hausdorff topology, and each closed unit ball B_n has compact image in O(K, A) with respect to T . In this situation, Mujica [16] has proved that the original topology on O(K, A) is complete (another reference is Mujica and Nachbin [17]).

Mujica himself applied this abstract argument in order to prove completeness of O(K, C ) in the case that K is a compact subspace of a Fréchet space E. Thus he simplified Dineen’s solution [10] of the problem, which had been open for some time. Few completeness results are known beyond this situation. For example, O(K, F ) is complete if both E ⊇ K and F are Banach spaces (Chae [8]), or if E is a Fréchet space and F is a Banach space which is complemented in its bidual (Bonet, Damański and Mujica [6]); see also Bierstedt, Bonet and Peris [2] and Nguyen [14].

References

[1] M. Akkar and C. Nacir, Structure m-convexe d’une algèbre limite inductive localement convexe d’algèbres de Banach, Rend. Sem. Mat. Univ. Padova 95 (1996), 107–126. MR 97i:46087

[2] Klaus D. Bierstedt, José Bonet, and Alfredo Peris, Vector-valued holomorphic germs on Fréchet-Schwartz spaces, Proc. Roy. Irish Acad. Sect. A 94 (1994), no. 1, 31–46. MR 95m:46066

[3] Harald Biller, Analyticity and naturality of the multi-variable functional calculus, Preprint 2332, Fachbereich Mathematik, Technische Universität Darmstadt, April 2004, http://wwwbib.mathematik.tu-darmstadt.de/Math-Net/ Preprints/Listen/shadow/pp2332.html.

[4] , Holomorphic generation of continuous inverse algebras, Preprint 2333, Fachbereich Mathematik, Technische Universität Darmstadt, April 2004, http://wwwbib.mathematik.tu-darmstadt.de/Math-Net/ Preprints/Listen/shadow/pp2333.html.

[5] Jacek Bochnak and Józef Siciak, Analytic functions in topological vector spaces, Studia Math. 39 (1971), 77–112. MR 47 #2365

[6] José Bonet, Paweł Domański, and Jorge Mujica, Complete spaces of vector-valued holomorphic germs, Math. Scand. 75 (1994), no. 1, 150– 160. MR 95m:46051

[7] Nicolas Bourbaki, Éléments de mathématique. Fasc. XV. Livre V: Espaces vectoriels topologiques. Chapitre I: Espaces vectoriels topologiques sur un corps valué. Chapitre II: Ensembles convexes et espaces localement convexes, Actualités Scientifiques et Industrielles, No. 1189. Deuxième édition revue et corrigée, Hermann, Paris, 1966. MR 34 #3277

[8] Soo Bong Chae, Holomorphic germs on Banach spaces, Ann. Inst.

Fourier (Grenoble) 21 (1971), no. 3, 107–141. MR 49 #9627

[9] Susanne Dierolf and Jochen Wengenroth, Inductive limits of topological algebras, Linear Topol. Spaces Complex Anal. 3 (1997), 45–49, Dedicated to Professor Vyacheslav Pavlovich Zahariuta. MR 2000c:46094

[10] Seán Dineen, Holomorphic germs on compact subsets of locally convex spaces, Functional analysis, holomorphy, and approximation theory (Proc. Sem., Univ. Fed. Rio de Janeiro, Rio de Janeiro, 1978), Lecture Notes in Math., vol. 843, Springer, Berlin, 1981, pp. 247–263. MR 82f:46053

[11] James Dugundji, Topology, Allyn and Bacon Inc., Boston, Mass., 1966.

MR 33 #1824

[12] Helge Glöckner, Algebras whose groups of units are Lie groups, Studia Math. 153 (2002), no. 2, 147–177.

[13] , Lie groups of germs of analytic mappings, Infinite Dimensional Groups and Manifolds in Mathematics and Quantum Physics, Proceedings of the 70ème R.C.P., Strasbourg (V. Turaev and T. Wurzbacher, eds.), 2002, to appear.

[14] Nguyen Van Hao, Completeness of a space of germs of holomorphic functions, Vietnam J. Math. 26 (1998), no. 3, 273–275. MR 2000h:46053

[15] Ernest A. Michael, Locally multiplicatively-convex topological algebras, Mem. Amer. Math. Soc., 1952 (1952), no. 11, 79. MR 14,482a

[16] Jorge Mujica, A completeness criterion for inductive limits of Banach spaces, Functional analysis, holomorphy and approximation theory, II (Rio de Janeiro, 1981), North-Holland Math. Stud., vol. 86, North- Holland, Amsterdam, 1984, pp. 319–329. MR 86e:46003

[17] Jorge Mujica and Leopoldo Nachbin, Linearization of holomorphic mappings on locally convex spaces, J. Math. Pures Appl. (9) 71 (1992), no. 6, 543–560. MR 93k:46038

[18] Lucien Waelbroeck, Le calcul symbolique dans les algèbres commutatives, J. Math. Pures Appl. (9) 33 (1954), 147–186 (French). MR 17,513c