Evolution of phase boundaries by configurational forces

Hans-Dieter Alber and Zhu Peicheng

Department of Mathematics Darmstadt University of Technology Schlossgartenstr. 7, 64289 Darmstadt Germany

Abstract

In this article an initial-boundary value problem modeling the evolution of a surface of strain discontinuity driven by configurational forces is studied. Starting from a sharp interface model the problem is transformed into a problem with an evolution equation for the order parameter, which has similarities with a hyperbolic balance law. It is proved that in one space dimension global solutions exist. The method of transformation suggests that solutions of this evolution equation are approximated by solutions of a viscous Hamilton-Jacobi equation. If the approximation is valid then the initial-boundary value problem to this Hamilton-Jacobi eqution is a phase field model regularizing the sharp interface model.

1 Introduction and statement of main results

Changes of the morphology of material structure are often caused by configurational forces. In crystalline materials for example, discontinuous changes of the crystal structure generate configurational forces, which can move the discontinuity surface. This is observed in superalloys, which may exist in two different phases. In the two phases the lattice constants of the crystal lattices differ slightly, resulting in a strain discontinuity at the phase interface. The configurational forces generated by this discontinuity together with diffusion lead to the evolution of the microstructure generated by phase changes, cf. [14, 22, 27, 28, 19]. Another example for a configurational force moving discontinuities of the material structure is the Peach-Köhler force cf. [18, 24], which drives the glide of dislocations and leads to plastic deformation.

In this article we study an initial-boundary value problem which models the evolution of a surface of strain discontinuity driven by configurational forces. This problem has been thoroughly formulated in [1]; other discussions of this problem and applications in mechanics and material sciences can be found in [14, 23, 25,

26, 27], for example. The theory of configurational forces and, more generally, configurational mechanics is an intensively studied field with a large number of publications; we only mention here [4, 5, 12, 16, 20, 21].

The goal of our investigations is twofold. In the introduction we set the initialboundary value problem into the general context of phase transformation models and compare it to other such models. In the main part of our investigations we study the mathematical structure and show that in one space dimension the problem is well posed and has solutions. We explain this more precisely:

The model formulated in [1] is of sharp interface type. In an attempt to avoid the difficulties connected with sharp interface models it has been discovered in [2] that this model can be transformed rigorously into an initial-boundary value problem with a partial differential equation governing the evolution of an order parameter characterising the different phases. In the following we call this partial differential equation the evolution equation for the order parameter. This is an unusual equation, which has similarities with a scalar hyperbolic balance law. In fact, in [1] the surfaces of strain discontinuity are called material shocks. Solutions of the sharp interface model are also solutions of the new initial-boundary value problem, but the new problem allows for more general solutions with the order parameter belonging to the space BV of functions with bounded variation.

The numerical solution of initial-boundary value problems, which can have such general discontinuous solutions, presents difficulties. Because of this one often prefers phase field models with smooth solutions. The results in [2] suggest that the initial-boundary value problem can be approximated by a problem with the evolution equation replaced by a well known Hamilton-Jacobi transport equation, which has smooth solutions. If this approximation is valid then the initial-boundary value problem with the Hamilton-Jacobi equation is a phase field model regularising the sharp interface model.

In this article we study the initial-boundary value problem with the evolution equation for the order parameter and show that solutions exist to several classes of initial data, however only in one space dimension. Some of our methods used in the proof are similar to methods used in the theory of hyperbolic conservation laws, but in the final steps, where we use weak convergence of measures to construct solutions, completely new ideas are needed.

We next state the initial-boundary value problem with the evolution equation for the order parameter and discuss the connection to the original sharp interface model. This motivates the form of the evolution equation and shows how the Hamilton-Jacobi equation arises. We also relate our model to the well known models of Allen-Cahn and Cahn-Hilliard. Finally, our main mathematical existence results proved in Sections 2 – 5 are stated at the end of the introduction.

Let Ω be an open bounded set in IR^3. It represents the material points of a solid body. The material of this body can exist in two different phases. We denote by γ(t) the subset of Ω, which consists of all points, at which at time t the material is in the matrix phase. γ^′(t) denotes the subset of all points, at which at time t the material is in the second phase. For γ = ⋃ t≥0(γ(t)×{t}) and γ^′ = ⋃ t≥0(γ^′(t)×{t}) we thus have γ ∪ γ^′ = Ω × [0, ∞), γ ∩ γ^′ = ∅. We set γ̃ = Ω ∩ γ ∩ γ^′, γ̃(t) = {x ∈ Ω | (x, t) ∈ γ̃}. γ̃ is the interface between the γ and γ^′ phases. Let S : Ω × [0, ∞) → R denote the characteristic function of the set γ^′, hence S(x, t) = { 0, (x, t) ∈ γ 1, (x, t) ∈ γ^′. S is the order parameter, which characterizes the γ^′-phase.

We assume that the values which the linear strain tensor would have if the material would be unstressed differ between the two phases. The difference is the misfit or transformation strain. γ̃(t) is thus a surface of strain discontinuity. It is assumed that the configurational force generated by the misfit strain transforms by some process the material along γ̃(t) from one phase to the other. This leads to an evolution of the phase interface. The goal is to compute this interface evolution.

The initial-boundary value problem which we use to model this material behavior is based on the assumption that only small strains occur. The unknowns are the order parameter S(x, t) ∈ R, the displacement u(x, t) ∈ IR^3 of the material point x ∈ Ω at time t, and the Cauchy stress tensor T (x, t) ∈ S^3. Here S^3 denotes the set of symmetric 3 × 3–matrices. These unknowns must satisfy the quasi-static equations

−div_xT (x, t) = b(x, t), (1.1) T (x, t) = D (ε(∇_x u(x, t)) − ε̄S(x, t)) , (1.2) |S_t(x, t)| = c|div_xC(∇_x u(x, t), S(x, t)) − (∇_x u(x, t))^T b(x, t)| (1.3) in Ω × (0, ∞) and the boundary and initial conditions u(x, t) = f(x, t), (x, t) ∈ ∂Ω × [0, ∞), (1.4) S(x, 0) = S^{(0)}(x), x ∈ Ω. (1.5)

Moreover, the Clausius-Duhem inequality ∂ ∂t ψ(ε(∇_x u), S) − div_x(T u_t) − b · u_t ≤ 0 (1.6)

must hold in Ω × (0, ∞). Here ∇_x u(x, t) denotes the 3 × 3–matrix of first order derivatives of u, the deformation gradient, (∇_xu(x, t))^T denotes the transposed matrix and ε(∇_xu(x, t)) = 1 2 ( ∇_x u(x, t) + (∇_x u(x, t))^T ) ∈ S^3 is the strain tensor. ε̄ ∈ S^3 is a given matrix, the misfit strain, and D : S^3 → S^3 is a linear, symmetric, positive definite matrix, the elasticity tensor. Given are the volume force b : Ω×[0, ∞) → R^3 , the boundary displacement f : ∂Ω×[0, ∞) → R^3 and the initial data S^{(0)} : Ω → IR.

(1.3) is the evolution equation for the order parameter S. In this equation c is a positive constant and C = C(∇_x u(x, t), S(x, t)) denotes the Eshelby tensor defined by C(∇_x u(x, t), S(x, t)) = ψ ( ε(∇_x u(x, t)), S(x, t) ) I − ( ∇_x u(x, t) )_T T (x, t). (1.7) Here (∇_x u)^T T denotes the matrix product, I is the unit matrix in S^3 and ψ(ε, S) = 1 2 ( D(ε − ε̄S) ) · (ε − ε̄S) + ψ_1(S) (1.8)

is the free energy. For the function S defined above only the values of ψ_1 at S = 0 and S = 1 matter. However, as explained next, we also consider order parameters which vary smoothly between 0 and 1. For ψ_1 ∈ C^1(R, [0, ∞)) we therefore choose a double well potential with minima at 0 and 1.

The evolution equation (1.3) must allow for solutions (u, T, S) with S being the characteristic function of the set γ^′. For such S the derivatives S_t and S_{xi} are measures. Therefore (1.3) is understood in the sense of measures: We seek a solution (u, T, S) such that S ∈ BV^{loc}(Ω × (0, ∞), R) and such that to the distributional derivative div_x C(∇_x u, S) there is a Radon measure μ and a μ– measureable function σ : Ω × (0, ∞) → R^3 with |σ(x, t)| = 1, μ almost everywhere, satisfying σμ = div_x C(∇_x u, S) − (∇_x u(x, t))^T b(x, t). The measure μ is denoted by |div_x C − (∇_x u)^T b|, and |S_t| denotes the variation measure of the measure S_t. Of course, this definition allows for solutions with S differing from a characteristic function. Piecewise smooth S are allowed, for example. This completes the formulation of the initial-boundary value problem.

The sharp interface model. Next we introduce the sharp interface model and explain how the initial-boundary value problem (1.1) – (1.6) is derived from it.

In the sharp interface model the unknowns u, T, S satisfy the equation (1.1) expressing conservation of momentum, the equation (1.2) stating the linear stressstrain relation, and the boundary and initial conditions (1.4), (1.5). Equation (1.3) is replaced by an equation for the normal speed of the phase interface. To formulate such an equation we first study the restrictions imposed by the second law of thermodynamics, i.e. by the Clausius-Duhem inequality (1.6).

It is shown in [1, 2] that (1.6) holds if and only if at every point x ∈ γ̃(t) the dissipation inequality s(x, t) ( n(x, t) · [ C ( ∇_x u(x, t), S(x, t) )] n(x, t) ) ≥ 0 (1.9)

is satisfied, where n(x, t) ∈ R^3 denotes a unit normal vector to the interface γ̃(t) oriented such that the jump of S at γ̃(t) in the direction of n is positive, s(x, t) is the normal speed of the interface measured positive in the direction of n, and

[C(∇_x u, S)] denotes the jump of the Eshelby tensor accross γ̃(t) in the direction of n. This inequality implies that s and n · [C]n must have the same sign. This suggests to consider n · [C]n as driving force for the interface and to require s to be a function of this configurational force such that (1.9) is satisfied. The simplest equation guaranteeing this is s(x, t) [S(x, t)] = c n(x, t) · [ C(∇_xu(x, t), S(x, t)) ] n(x, t), (1.10) with a positive constant c. By the above definitions the jump of S satisfies [S] = 1; this term could thus be dropped. We included it since later we allow for jumps smaller than one, in which case we need the term.

(1.10) is a constitutive equation for the normal speed of the phase interface. It has been suggested in [1] that (1.1), (1.2), (1.10) and the boundary and initial conditions (1.4), (1.5) form a closed system of equations, which allows to compute the movement of this interface. This is the sharp interface model.

The derivation of the evolution equation (1.3) from the equation (1.10) for the normal speed is based on a result proved in [2]: Assume that (u, T, S) : Ω×(0, ∞) → R^3 × S^3 × R is a piecewise smooth solution of (1.1) and (1.2) with a jump along a piecewise smooth manifold γ̃. The function S can vary smoothly away from γ̃ and needs not to be piecewise constant. Then if (1.3), (1.6) hold it follows that along γ̃ the jump condition (1.10) must be satisfied, whereas in regions where (u, T, S) is smooth (1.3), (1.6) reduce to the Hamilton-Jacobi transport equation S_t(x, t) = −c ψ_S (ε(∇_x u(x, t)), S(x, t))|∇_x S(x, t)|. (1.11) The necessity to combine (1.3) with the Clausius-Duhem inequality (1.6) is seen here, since from (1.3) alone we can only deduce that the absolute values of both sides of the equations (1.10) and (1.11) are equal. (1.6) is thus needed to fix the signs.

In fact, if S is piecewise smooth and (u, T, S) solves (1.1) and (1.2), then (1.10) and (1.11) hold if and only if (1.3) and (1.6) are satisfied. This can be shown by a slight extension of the investigations in [2]; for one space dimension it is proved in Corollary 2.3 in the next section.

It is clear that a piecewise constant function S satisfies the transport equation (1.11) away from the jumps. Consequently, a piecewise smooth function (u, T, S) with piecewise constant S is a solution of the sharp interface model (1.1), (1.2), (1.10), (1.4), (1.5) if and only if it satisfies the relations (1.1) – (1.6). Therefore, since (1.3) is well defined even if the order parameter S is not piecewise constant, the initial-boundary value problem (1.1) – (1.6) generalizes the sharp interface model. Moreover, if the order parameter S in the solution is smooth then the evolution equation (1.3) reduces to the simpler and well known Hamilton-Jacobi equation (1.11). The idea suggests itself to force the solution to stay smooth by replacing (1.11) with the equation (1.13) derived below, which is obtained from the Hamilton-Jacobi equation by adding a small viscosity term. The hope is that when the viscosity term tends to zero, the order parameter converges to a solution of the initial-boundary value problem (1.1) – (1.6). In this case the Hamilton- Jacobi equation with the small viscosity term can be used as a phase field model regularizing the sharp interface model.

Our results on existence of solutions of the initial-boundary value problem (1.1) – (1.6) in one space dimension contribute to the problem of convergence, since one expects of course that this convergence takes place only when the limit problem (1.1) – (1.6) has solutions. Still, the problem of convergence of solutions of the model with the Hamilton-Jacobi equation when the viscosity tends to zero remains open.

Comparison to other phase field models and properties of the evolution equation for the order parameter. To compare the model discussed in this article to other models for phase transformation problems we sketch the usual derivation of these phase field models, cf. [8, 14, 10, 3]: For ν ≥ 0 consider the modified free energy ψ̂(ε(∇_x u), S, ∇_x S) = ψ(ε(x, t), S(x, t)) + ν 1 2 |∇_x S(x, t)|, with ψ defined in (1.8). We assume that (u, T, S) is a smooth solution of the equations (1.1), (1.2). The second law of thermodynamics requires that (1.6) is satisfied with ψ replaced by ψ̂. We integrate (1.6) over Ω and employ the Divergence Theorem to obtain d dt ∫ Ω ψ̂(ε, S, ∇_x S) dx − ∫ ∂Ω (T n) · u_t dσ_x − ∫ Ω b · u_t dx ≤ 0. (1.12)

(1.2) yields ψ_ε = T . From the symmetry of T we thus obtain

ψ̂_t = ψ_ε · ε_t + ψ_S S_t + ν ∇_x S · ∇_x S_t = T · ∇_x u_t + ψ_S S_t + ν ∇_x S · ∇_x S_t .

We insert this equation into (1.12), use the Divergence Theorem, assume a suitable boundary condition for S and note (1.1) to deduce ∫ Ω ψ_S S_t + ν ∇_x S · ∇_x S_t dx = ∫ Ω ( ψ_S − ν Δ_x S ) S_t dx ≤ 0. The standard method to ensure that this inequality holds is to postulate S_t = −c(ψ_S − ν Δ_x S), which is an evolution equation for S, the Allen-Cahn equation with terms coupling to the equations (1.1) and (1.2). However, this inequality is as well satisfied if we instead postulate S_t = −c(ψ_S − ν Δ_x S)|∇_x S|, (1.13)

which for ν = 0 is the Hamilton-Jacobi equation (1.11). The Allen-Cahn equation is used when diffusion playes an important role, whereas the Hamilton-Jacobi equation is the right equation when the interfaces are driven by configurational forces. This is seen from the above investigations. Thus, the indeterminateness in the standard method allows to formulate phase field models for both situations.

The Cahn-Hilliard equation is used when diffusion is the dominating process and the order parameter is conserved. It is derived in a similar, but slightly more complicated way than the Allen-Cahn equation. Just as above we can modify this derivation and introduce the term |∇_x S| in the evolution equation. This suggests that the resulting equation is a model valid when the interfaces are driven by configurational forces and the order parameter is conserved. We do not dwell on this question here, but only mention for comparison that the model consisting of the Cahn-Hilliard equation coupled to the equations (1.1), (1.2) and related models are formulated or investigated mathematically in [19, 9, 14, 15, 7, 11], for example.

We surmise that solutions of the equations (1.1), (1.2), (1.13) with ν > 0 are smooth and approximate solutions of the system (1.1) – (1.3), (1.6) for ν → 0. These three equations would thus form a phase field model regularizing the sharp interface model (1.1), (1.2), (1.10).

Of course, it is not immediately obvious whether it is really necessary to add the term cν Δ_x S |∇_xS| to the Hamilton-Jacobi equation for getting smooth solutions. Namely, it is tempting to prove existence of smooth solutions for the initial-boundary value problem (1.1), (1.2), (1.11), (1.4), (1.5) by using the method of viscosity solutions to solve (1.11), combined with methods for elliptic systems to solve the other equations. Yet, since ψ_1 in (1.8) is a double well potential, the function S → ψ_S (ε, S) in (1.11) is not monotone; therefore the assumptions needed to apply comparison arguments and to prove existence of continuous viscosity solutions of (1.11) are not satisfied. Instead, simple examples show that S develops discontinuities even if the initial data are smooth. Consequently, the theory of discontinuous viscosity solutions has to be used. It turns out, however, that the standard definition of discontinuous viscosity solutions (cf. [17, 6]) allows too much freedom for the propagation speed of the phase interfaces modelled by jump discontinuities of S.

This can be seen best if we study jump discontinuities for a problem in one space dimension. Note first that for a piecewise smooth solution (u, T, S) of (1.1) – (1.6) we have [∇_x u(x, t)] τ(x, t) = [T (x, t)] n(x, t) = 0, (x, t) ∈ γ̃, for all tangential vectors τ(x, t) to γ̃. With these equations the right hand side of (1.10) can be simplified by a short computation to obtain s[S] = c n · [C] n = c 2 ( [T ] · ⟨ε⟩ − ⟨T ⟩ · [ε] − [T · ε̄S] ) + c [ψ_1(S)], (1.14)

with ⟨ε⟩ =^1_2 (ε(∇_x u+) + ε(∇_xu−)). Here w(x, t)+ = lim_{y→x, y∈γ}′_{(t)} w(y, t) and w(x, t)− = lim_{y→x, y∈γ(t)} w(y, t) are the limit values on both sides of γ̃(t). It can be seen from Lemma 2.1 in Section 2 that if we reduce (1.1) – (1.6) to a problem in one space dimension with a scalar function T then T is continuous across the phase interface. This implies [ε] = [u_x] = ε̄ [S]. If we denote by s the speed of propagation of discontinuities measured in the positive x–direction, we thus obtain from (1.14) s = c ([ψ_1] [S] − T · ε̄ ) S+ − S− |S^+ − S^−| . (1.15)

Here S^+ and S^− are the values of S to the right and to the left of the jump discontinuity. On the other hand, noting that in (1.11) c ψ_S (ε, S) = c ( ψ^′_1(S) − T · ε̄ ) , (1.16)

the definition of discontinuous viscosity solutions implies that any jump discontinuity is allowed whose normal speed s satisfies the two inequalities c ( ψ^′_1(S^−) − T · ε̄ ) S+ − S− |S^+ − S^−| ≥ s ≥ c ( ψ^′_1(S^+) − T · ε̄ ) S+ − S− |S^+ − S^−| . Since c ( ψ^′_1(S)−T ·ε̄ ) is the speed of characteristics of (1.11), these two inequalities require that the characteristic curves must end in the jump discontinuity on both sides, and thus allow for any normal speed of the discontinuity between the two charateristic speeds to the left and to the right of the discontinuity. Therefore discontinuities in viscosity solutions do not need to have the velocity given by (1.15). Yet, if (1.15) is not satisfied then phase interfaces are not modeled correctly. This implies that to construct discontinuous viscosity solutions we must use a construction procedure which automatically selects the right speed of propagation. We surmise that the usual construction procedure based on Perron‘s method does not satisfy this requirement.

Therefore we use another method to prove existence of solutions of the initialboundary value problem in one space dimension, which is based on the similarity of equation (1.3) to a hyperbolic balance law. For the problem in one space dimension the similarity becomes even greater, cf. (1.19) below. The main difference to a hyperbolic balance law lies in the absolute value signs on both sides of (1.19). The mapping which assigns to the measures S_t and C_1(u_x, S)_x −u_x ·b the variation measures is nonlinear, and thus is discontinuous with respect to weak convergence, in general. Thus, while in the investigation of conservation laws the main difficulties are connected with the function S → C_1(u_x, S), which is nonlinear, whence discontinuous with respect to weak convergence, new difficulties arise in the investigation of (1.19) due to the variation measures. In our existence proof we use ideas from the shock tracking method in hyperbolic conservation laws to construct a sequence of approximate solutions, but because of this difficulty completely new ideas are needed when going to the limit.

Statement of the main results. In the remainder of this article we assume that all functions in the initial-boundary value problem (1.1) – (1.6) only depend on the x_1 and t variables, but are independent of the x_2 and x_3 variables. To simplify the notation we therefore write x instead of x_1, and assume that Ω = (a, b) ⊂ R is a bounded open interval. By T_e we denote a positive number (time of existence), and we set Z_{Te} = (a, b) × (0, T_e), Z = (a, b) × (0, ∞).

We still allow that the material points can be displaced in three space directions, hence u(x, t) ∈ R^3 , T (x, t) ∈ S^3, S ∈ R. If we denote the first column of the matrix T (x, t) by T_1(x, t) and set

ε(u_x) = 1 2 ( (u_x, 0, 0) + (u_x, 0, 0)^T ) ∈ S^3, C_1(u_x, S) = ψ(ε(u_x), S) − u_x · T_1 ,

then (1.1) – (1.6) can be written in the slightly simplified form:

−T_{1x} = b, (1.17) T = D(ε(u_x) − ε̄S), (1.18) |S_t| = c |C_1(u_x, S)_x − u_x · b| , (1.19) u(a, t) = f(a, t), u(b, t) = f(b, t), t ≥ 0, (1.20) S(x, 0) = S^{(0)}(x), x ∈ [a, b], (1.21) ∂ ∂t ψ(ε(u_x), S) − (T_1 · u_t)_x − b · u_t ≤ 0. (1.22)

For this initial-boundary value problem we prove existence of solutions to three different classes of initial data. To formulate these existence results in the next two lemmas and in Theorem 1.3 we need solutions of the boundary value problem of linear elasticity theory in one space dimension. This problem is −σ_{1x}(x) = b̂(x), a < x < b, (1.23) σ(x) = Dε(w_x(x)), a < x < b, (1.24) w(a) = f̂(a), w(b) = f̂(b). (1.25)

Let H_i(W ) be the usual Sobolev spaces of functions with quadratically integrable weak derivatives up to order i, where W ⊂ R^n is a Lebesgue measurable set. The norms of these spaces are denoted by ‖v‖_{i,W} . The L^2–norm is ‖v‖_{0,W} = ‖v‖_W .

Lemma 1.1 (Piecewise constant initial data) Let b, f : Z → R^3 satisfy b ∈ H_2(Z_{Te} , R^3 ) and f ∈ H_2({a, b} × [0, T_e], R^3 ) for all T_e > 0. Assume that S^{(0)} : [a, b] → [0, 1] is piecewise constant with finitely many jumps, which all lie in the interior of [a, b].

Then there is a weak solution (u, T, S) : Z → R^3 × S^3 × [0, 1] of (1.17) – (1.22). The function S in this solution is piecewise constant and belongs to the space BV (Z_{Te} ). Moreover, (u, T ) satisfies u(x, t) = u^∗ (∫_x a S(y, t)dy − x − a b − a ∫_b a S(y, t)dy ) + w(x, t),

T (x, t) = D(ε^∗ − ε̄)S(x, t) − Dε^∗ 1 b − a ∫_b a S(y, t)dy + σ(x, t), where u^∗ ∈ R^3 , ε^∗ ∈ S^3 only depend on the misfit strain ε, and where (w(t), σ(t)) is the unique solution of the boundary value problem (1.23) – (1.25) to the data b̂ = b(t), f̂ = f(t) for every t > 0. This solution satisfies (w, σ) ∈ 2⋂ i=0 H_{2−i} ( (0, T_e), H_{2+i}((a, b), R^3 ) × H_{1+i}((a, b), S^3) ) . for all T_e > 0.

Lemma 1.2 (Monotonic initial data) Let b and f satisfy the assumptions of the preceding lemma. Assume that S^{(0)} : [a, b] → [0, 1] is a continuous monotonic function. Then there is a weak solution (u, T, S) : Z → R^3 × S^3 × [0, 1] of (1.17) – (1.22), where (u, T ) is of the same form as in the preceding lemma, and where S ∈ BV (Z_{Te} ). Moreover, the function S(t) : [a, b] → [0, 1] defined by x → S(x, t) is monotonic and satisfies

var(S(t)) ≤ var(S^{(0)})

for almost all t ∈ [0, T_e].

Our main result is Theorem 1.3 (Nonmonotone initial data) Assume that b ∈ H_2(Z_{Te} , R^3 ) and f ∈ H_2({a, b} × [0, T_e], R^3 ) are given functions. Let a < c < b and assume that S^{(0)} ∈ C([a, b], [0, 1]) is increasing in [a, c] and decreasing in [c, b]. For every t > 0 let (w(t), σ(t)) be the solution of the boundary value problem (1.23) – (1.25) to the data b̂ = b(t), f̂ = f(t). If there is a constant M_1 > 0 such that this solution satisfies −ε · σ(x, t) ≥ M_1 + max_{0≤s≤1} |ψ^′_1(s)| (1.26)

for almost all (x, t), then there is a weak solution (u, T, S) of (1.17) – (1.22), for which S ∈ BV (Z_{Te} ) and for which (u, T ) is of the same form as in Lemma 1.1. Remark. We surmise that the result of Theorem 1.3 holds without condition (1.26), and that we need this condition only for technical reasons. This condition guarantees that the characteristic speeds of (1.3) and the speeds of jump discontinuities in solutions of (1.3) are bounded away from 0. Moreover, it guarantees that these discontinuities are directed such that the embedded phase asymptotically vanishes for t → ∞, i.e. that S tends asymptotically to the value min_{a≤x≤b} S^{(0)}(x). If the first row of the matrix Dε̄ does not vanish then the condition can always be guaranteed to hold by choosing suitable data b and f.

If the scalar product ε · σ(x, t) is zero for all (x, t) and all boundary data f̂ and right hand sides b̂ in (1.23) – (1.25), then the order parameter S in the solution is independend of the boundary tractions and the volume force, hence the phase evolution is independent of the exterior forces. This is in accordance with the experimental observation that the phase evolution depends on the misfit strain ε in relation to the direction of the exterior stress field. Note that by considering a one dimensional problem we have intrinsically fixed a direction for the exterior forces.

2 Piecewise constant initial data

Here we prove Lemma 1.1. The proof is based on the observation that the jump condition (1.10), which must hold along any jump curve of S, yields a differential equation in time for this jump curve. To determine the finitely many jump curves of S we must therefore solve a coupled system of differential equations. This system contains the unknown function T and is therefore not closed. To close it we observe that if the function S(t) is known for a fixed time t, then the equations (1.17), (1.18) and (1.20) form a boundary value problem for the functions u(t) and T (t), a slight extension of the boundary value problem of linear elasticity theory, which in one space dimension can be solved explicitly. Insertion of the explicit solution formulas into the system of ordinary differential equations closes the system.

In the first step of the proof we thus derive the explicit solution formulas for (1.17), (1.18), (1.20). Subsequently we derive the system of ordinary differential equations and discuss the construction of the jump curves. In the last step we verify that the function (u, T, S) constructed in this way satisfies all the equations (1.17) – (1.22) and thus is a solution of this initial-boundary value problem.

We begin with some notations: Let Ŝ^3 denote the subspace of all matrices A ∈ S^3 with A_{ij} = 0 for i, j = 2, 3. The orthogonal space to Ŝ^3 is denoted by S̃3. It consists of all A ∈ S3 satisfying A_{i1} = A_{1i} = 0 for i = 1, 2, 3. Note that ε(u_x(x, t)) ∈ Ŝ^3. For the canonical projection of S^3 onto Ŝ^3 we write P̂ . Since D : S^3 → S^3 is a positive definite linear mapping, ⟨σ, τ⟩ = σ · Dτ defines a scalar product on S^3. The projection of S^3 onto Ŝ^3, which is orthogonal with respect to this scalar product is denoted by Q̂. These definitions imply

ker Q̂ = D^{−1}S̃^3 = D^{−1} ker P̂ . (2.1)

Lemma 2.1 Let ε ∈ S^3, b ∈ H_2(Z_{Te} , R^3 ), f ∈ H_2({a, b} × [0, T_e], R^3 ) and the measurable function S : Z_{Te} → [0, 1] be given. Define the matrix ε^∗ ∈ Ŝ^3 and the vector u^∗ ∈ R^3 by ε^∗ = Q̂ε, u^∗ = (ε^∗_{11}, 2ε^∗_{21}, 2ε^∗_{31}). (2.2)

Then the boundary value problem

−T_1(x, t)_x = b(x, t), (2.3) T (x, t) = D(ε(u_x(x, t)) − ε̄S(x, t)), (2.4) u(a, t) = f(a, t), u(b, t) = f(b, t), (2.5) has a unique solution (u, T ) in Z_{Te} given by u(x, t) = u^∗ (∫_x a S(y, t)dy − x − a b − a ∫_b a S(y, t)dy ) + w(x, t), (2.6)

ε(u_x(x, t)) = ε^∗ ( S(x, t) − 1 b − a ∫_b a S(y, t)dy ) + ε(w_x(x, t)), (2.7)

T (x, t) = D(ε^∗ − ε̄)S(x, t) − Dε^∗ 1 b − a ∫_b a S(y, t)dy + σ(x, t), (2.8) P̂ T (x, t) = P̂ ( σ(x, t) − Dε^∗ 1 b − a ∫_b a S(y, t)dy ) . (2.9)

Here (w(t), σ(t)) is the unique solution of the boundary value problem (1.23) – (1.25) to the data b̂ = b(t), f̂ = f(t) for every t > 0. We have (w, σ) ∈ 2⋂ i=0 H_{2−i} ( (0, T_e), H_{2+i}((a, b), R^3 ) × H_{1+i}((a, b), S^3) ) . Proof. We define v and τ by v(x, t) = u^∗ (∫_x a S(y, t)dy − x − a b − a ∫_b a S(y, t)dy ) , (2.10) τ(x, t) = D(ε(v_x(x, t)) − εS(x, t)). (2.11) The definition of u^∗ in (2.2) implies ε(v_x(x, t)) = ε^∗ ( S(x, t) − 1 b − a ∫_b a S(y, t)dy ) , (2.12)

whence, from (2.11) τ(x, t) = D(ε^∗ − ε̄)S(x, t) − Dε^∗ 1 b − a ∫_b a S(y, t)dy. (2.13) (2.1) implies P̂ D(Q̂ − I)S^3 = P̂ D ker Q̂ = {0}, hence the definition of ε^∗ in (2.2) yields P̂ D(ε^∗ − ε)S = P̂ D(Q̂ − I)εS = 0. Application of P̂ to (2.13) thus results in P̂ τ(x, t) = −P̂ Dε^∗ 1 b − a ∫_b a S(y, t)dy , (2.14) which is constant with respect to x. Thence τ_1(x, t) is constant with respect to x. Consequently, the function (v(t), τ(t)) solves the system

−τ_{1x} = 0, τ = D(ε(v_x) − ε̄S), v(a, t) = v(b, t) = 0.

It is immediately seen and well known that for b̂ = b(t) ∈ H_2([a, b], R^3 ) and for f̂ = f(t) the system (1.23) – (1.25) has a unique solution (w(t), σ(t)) ∈ H_4([a, b], R^3 ) × H_3([a, b], S^3). Clearly, (u, T ) = (v + w, τ + σ) is the unique solution of (2.3) – (2.5). Equations (2.6) – (2.8) follow from (2.10), (2.12) and (2.13), equation (2.9) is implied by (2.14), noting that T = τ + σ. This proves the lemma. The jump condition in one space dimension. In the jump condition (1.10) the speed of propagation s of the discontinuity is measured positive in the direction of increasing S. Thus, if for a function w with a jump we write [w] = w^+ − w^−, where w^+, w^− are the values to the right and to the left of the jump, and if we denote by s the velocity measured positive in positive x–direction, we obtain [S]s = |[S]|s. Using this equation and the definition of C_1 we see that in one space dimension (1.10) becomes |[S]|s = c [C_1(u_x, S)]. (2.15)

The function (u, T ) in this formula is the solution of the boundary value problem (2.3) – (2.5) to the function S(t). Since u_x · T_1 = ε(u_x) · T , the computation which leads to (1.14) remains valid in one space dimension and can be used to evaluate the jump [C_1]. To determine an explicit formula for this jump we use (2.6) – (2.9): Since σ ∈ H_2(Z_{Te} , S^3), it follows from (2.9) and from the Sobolev embedding theorem that P̂ T (t) is a continuous function of x, whence [P̂ T ] = 0. From this relation and from ε(u_x(x, t)) ∈ Ŝ^3, which implies ⟨ε⟩ =^1_2 (ε(u^+_x ) + ε(u^−_x )) ∈ Ŝ^3, we obtain [T ] · ⟨ε⟩ = [T ] · ⟨P̂ ε⟩ = [P̂ T ] · ⟨ε⟩ = 0, ⟨T ⟩ · [ε] = ⟨T ⟩ · [P̂ ε] = P̂ T · [ε]. Using these equations and [ε] = ε^∗[S], which is implied by (2.7), we obtain from (1.14) by insertion of (2.8) and (2.9) that

[C_1] = 1 2 ( [T ] · ⟨ε⟩ − ⟨T ⟩ · [ε] − [T · εS] ) + [ψ_1(S)] = − 1 2 ( [T · ε̄S] + P̂ T · ε^∗[S] ) + [ψ_1(S)] = − 1 2 ε̄ · D(ε^∗ − ε̄)[S^2] (2.16) + 1 2 (ε^∗ + ε̄) · ( Dε^∗ 1 b − a ∫_b a S(y, t)dy − σ ) [S] + [ψ_1(S)] = [Ψ] .

Here Ψ is a new potential, which we can write in the form Ψ ( x, t, S, ∫_b a S(y, t)dy ) = 1 2 (ε̄ − ε^∗) · D(ε̄ − ε^∗) S^2 + ψ_1(S) (2.17) + ( ε^∗ · Dε^∗ 1 b − a ∫_b a S(y, t)dy − ε · σ(x, t) ) S .

To see this note that ε^∗ = Q̂ε, that the projection Q̂ is orthogonal with respect to the scalar product ⟨·, ··⟩ and that σ = Dε(w_x), which relations together imply ε · D(ε − ε^∗) = ⟨ε, (I − Q̂)ε⟩ = ⟨(I − Q̂)ε, (I − Q̂)ε⟩ = (ε − ε^∗) · D(ε − ε^∗) , (ε + ε^∗) · Dε^∗ = ⟨ε + ε^∗, Q̂ε^∗⟩ = ⟨Q̂(ε + ε^∗), ε^∗⟩ = 2ε^∗ · Dε^∗ , ε^∗ · σ = ⟨Q̂ε, ε(w_x)⟩ = ⟨ε, Q̂ε(w_x)⟩ = ⟨ε, ε(w_x)⟩ = ε · σ . From (2.15) and (2.16) we finally obtain for the speed of propagation

s(x, t) = c [ Ψ(x, t, S, ∫_b a S(y, t)dy) ] |[S]| . (2.18)

Construction of the solution. Let S^{(0)} be the piecewise constant initial data given in Lemma 1.1 and assume that S^{(0)} has jumps at the points x_1, · · · , x_n with a < x_1 < · · · < x_n < b. We set x_0 = a, x_{n+1} = b. Let S^+_i and S^−_i be the constant values of S^{(0)} to the right and to the left of x_i for i = 1, 2, · · · , n. Obviously we have S^+_i = S^−_{i+1} for i = 1, 2, · · · , n − 1. In the domain [a, b] × [0, t_1] with a suitable time t_1 > 0 to be determined below the component S of the solution (u, T, S) will be piecewise constant with jumps along curves given by the graphs of continuously differentiable functions α_i : [0, t_1] → [a, b], i = 1, 2, · · · , n. The curve α_i starts at the discontinuity (x_i, 0) of S^{(0)} and we have a < α_i(t) < α_{i+1}(t) < b, 0 ≤ t < t_1, i = 1, 2, · · · , n − 1. The values of S are defined by

S(x, t) = S^−_1 , a ≤ x < α_1(t), S^+_i , α_i(t) ≤ x < α_{i+1}(t), i = 1, 2, · · · , n − 1, S^+_n , α_n(t) ≤ x ≤ b. (2.19)

The discontinuities α_i have the speed of propagation given by (2.18). Thus, d dt α_i(t) = c Ψ ( α_i(t), t, S^+_i , ∫_b a S(y, t)dy ) − Ψ ( α_i(t), t, S^−_i , ∫_b a S(y, t)dy ) |S^+_i − S^−_i | , (2.20)

for i = 1, . . . , n. If we note that by (2.19) ∫_b a S(y, t)dy = n∑ i=0 ( α_{i+1}(t) − α_i(t) ) S^+_i ,

where we use the notations α_0(t) = a, α_{n+1}(t) = b, S^+_0 = S^−_1 , we see that (2.20) is a system of ordinary differential equations for the functions α_1, . . . , α_n. Lemma 2.1 implies that the function σ in (2.17) satisfies σ_x ∈ H_2(Z_{Te} , S^3). The Sobolev imbedding theorem thus yields that σ ∈ C(Z_{Te} ). From this fact and from the definition of Ψ in (2.17) it follows that the right hand side of this system is defined for a ≤ α_1, . . . , α_n ≤ b, that it is continuous with respect to (t, α_1, . . . , α_n) ∈ [0, ∞)×[a, b]^n and that it satisfies a Lipschitz condition with respect to (α_1, . . . , α_n). By the Theorem of Picard-Lindelöf it thus follows that there exists a unique solution (α_1(t), . . . , α_n(t)). The solution is continuously differentiable with respect to t. Let

t_1 = sup { t > 0 | a < α_1(t) < α_2(t) < . . . < α_n(t) < b } and define S in [a, b] × [0, t_1) by (2.19) and (2.20). If t_1 < ∞ let

S^{(1)}(x) = { lim_{y↓x} S(y, t_1), a ≤ x < b, lim_{y↑b} S(y, t_1), x = b. We define S in the region [a, b] × [t_1, t_2) with a suitable time t_2 > t_1 by repeating the above construction, using S^{(1)} as initial data.

The number of curves in the domain [a, b] × [t_1, t_2), along which S jumps, is smaller than in the domain [a, b] × [0, t_1). Therefore, after further repetition of this process we find that there is a largest time t_m such that the next step yields the solution in all of the domain [a, b]×[t_m, ∞), or that S^{(m)} : [a, b] → [0, 1] is constant. In this case we set S equal to this constant value in all of [t_m, ∞). This completes the construction of the function S : [a, b] × [0, ∞) → [0, 1].

Let (u, T ) be the unique solution of the problem (2.3) – (2.5) to the function S. In the remainder of this section we show that the function (u, T, S) : [a, b]×[0, ∞) → R^3 ×S^3 ×[0, 1] thus defined is a solution of the initial-boundary value problem (1.17) – (1.22).

The measure valued derivatives. Since S has jumps, the first distributional derivatives of S and of other functions depending on S are measures. To study these measures we introduce some notations: Let α be one of the continuously differentiable curves along which S jumps. We identify this curve with the function α : [t_i, t_{i+1}] → (a, b) which parametrizes α, and with the graph of α, a subset of Z. Any such curve is called a jump curve. By J we denote the finite set of all jump curves, and we define J = ⋃ α∈J α ⊆ Z. The one-dimensional Hausdorff measure H^1 restricted to J is denoted by H_J . Hence, H_J (V ) = H^1(J ∩ V ) for every measurable subset V ⊆ Z. If g : J → R is locally H_J -summable and if K is compact we write (g H_J )(K) = ∫ K g d H_J . For a function v : Z → R, which has jumps along the curves α ∈ J and has weak L^2-derivatives in Z\J, we denote by v_x, v_t the distributional derivatives and by v^′_x, v^′_t the L^2-derivatives away from the jump curves.

Finally, if (x, t) is a point of a jump curve different from the starting point and the endpoint we denote by n(x, t) = (n^′(x, t), n^{′′}(x, t)) ∈ R^2 the unit normal vector with n^′(x, t) > 0.

Lemma 2.2 Let S̃ be a piecewise continuously differentiable function with jumps along the curves in J , and let (ũ, T̃ ) be the solution of the problem (2.3) – (2.5) to the function S̃ and to b ∈ H_2(Z_{Te} , R^3 ), f ∈ H_2({a, b} × [0, T_e], R^3 ), for all T_e > 0. Then the distributional derivatives S̃_t, C_1(ε(ũ_x), S̃)_x − ũ_x · b and ψ(ε(ũ_x), S̃)_t − (T̃_1 · ũ_t)_x − b · ũ_t are measures on Z and satisfy

S̃_t = n^{′′}[S̃] H_J + S̃^′_tλ, (2.21)

C_{1x} − ũ_x · b = n^′[C_1] H_J + ψ_SS̃^′_x λ, (2.22)

ψ_t − (T̃_1 · ũ_t)_x − b · ũ_t = − dα dt n^′[C_1] H_J + ψ_S S̃^′_t λ, (2.23)

where λ is the Lebesgue measure.

Proof. (2.21) is immediately obtained by partial integration. To prove (2.22) observe first that away from the jump curves of S̃ the function x → ũ(x, t) has two weak L^2-derivatives and x → T̃ (x, t) has one weak L^2-derivative, by Lemma 2.1. Thus, if S̃ is continuously differentiable in a neighborhood of (x, t), then

C_1(ũ_x, S̃)^′_x = ( ψ(ε(ũ_x), S̃) − ũ_x · T_1 )_′ x = ψ_ε · ε(ũ_{xx}) + ψ_SS̃^′_x − ũ_{xx} · T̃_1 − ũ_x · T̃_{1x}

= T̃ · ε(ũ_{xx}) − ũ_{xx} · T̃_1 + ũ_x · b + ψ_SS̃^′_x = ũ_x · b + ψ_SS̃^′_x , (2.24)

where we used that ψ_ε = T̃ and that ε(ũ_{xx}) · T̃ = ũ_{xx} · T̃_1. We also applied (2.3).

Now let φ ∈^∘C_1(Z, R). Partial integration and application of (2.24) yields ∫ Z ( −C_1(ũ_x, S̃) φ_x − ũ_x · b φ ) dλ = ∫ Z ( C_1(ũ_x, S̃)^′_x − ũ_x · b)φ dλ + ∫ Z (C^+_1 − C^−_1 )n^′φ dH_J = ∫ Z ψ_SS̃^′_xφ dλ + ∫ Z n^′[C_1]φ dH_J .

This implies that C_{1x} − ũ_x · b is a measure given by the right hand side of (2.22).

To prove (2.23) note that Lemma 2.1 implies ũ_{tx} = ũ_{xt} away from the jumps of S̃. We thus obtain ψ ( ε(ũ_x), S̃ )_′ t − (T̃_1 · ũ_t)^′_x − b · ũ_t

= ψ_ε · ε(ũ_{xt}) + ψ_SS̃^′_t − T̃_{1x} · ũ_t − T̃_1 · ũ_{tx} − b · ũ_t (2.25)

= T̃ · ε(ũ_{tx}) − T̃_1 · ũ_{tx} + ψ_SS̃^′_t = ψ_SS̃^′_t , where we again used that ψ_ε = T and that T̃ · ε(ũ_{tx}) = T̃_1 · ũ_{tx}. We also used (2.3). Since n = (n^′, n^{′′}) denotes the normal vector to a jump curve α ∈ J with n^′ > 0, we conclude from dα dt = − n^{′′} n^′ (2.26)

that sign n^{′′} = −sign^{dα}_{dt} . This implies for (x, t) ∈ α that lim_{r↗t} ψ(x, r) = { ψ^+, n^{′′} < 0 , ψ^−, n^{′′} > 0 . (2.27)

Using this equation and (2.25) we obtain for φ ∈^∘C_1(Z, R) with φ ≥ 0 ∫ Z ( −ψ ( ε(ũ_x), S̃ ) φ_t + (T̃_1 · ũ_t)φ_x − b · ũ_t φ ) dλ = ∫ Z ( ψ^′_t − (T̃_1 · ũ_t)^′_x − b · ũ_t ) φ dλ + ∫ Z ( [ψ]n^{′′} − [T̃_1 · ũ_t]n^′ ) φ dH_J = ∫ Z ψ_SS̃^′_tφ dλ + ∫ Z ( [ψ]n^{′′} − T̃_1 · [ũ_t]n^′ ) dH_J . (2.28)

We used that as a consequence of (2.9) we have [P̂ T̃ ] = 0, whence [T̃_1] = 0. To determine [ũ_t] in this equation we employ (2.6), which shows that if S̃ is continuously differentiable in a neighborhood of the point (x, t) ∈ (a, b) × (0, ∞), then the time derivative ũ_t exists and is given by ũ_t(x, t) = u^∗ ( ∫ x a S̃^′_t(y, t)dy − ℓ∑ i=1 d dt α_i(t) [S̃] ( α_i(t), t )) (2.29)

−u^∗ x − a b − a ( ∫ b a S̃^′_t(y, t)dt −^k ∑ i=1 d dt α_i(t) [S̃] ( α_i(t), t )) + w_t(x, t) . Here {α_i}^k_{i=1} is the set of jump curves intersecting the line segment (a, b) × {t}, and ℓ is chosen such that α_1(t) < . . . < α_ℓ(t) < x < α_{ℓ+1}(t) < . . . < α_k(t) . Thus, if α is a jump curve of S̃ we obtain from (2.29) by considering the limit lim_{x↘α(t)} ũ_t(x, t) − lim_{x↗α(t)} ũ_t(x, t) that

[ũ_t] ( α(t), t ) = − d dt α(t) u^∗[S̃] ( α(t), t ) = − d dt α(t) [ũ_x] ( α(t), t ) , hence, together with (2.26),

[ψ]n^{′′} − T̃_1 · [ũ_t]n^′ = −[ψ] dα dt n^′ + T̃_1 · [ũ_x] dα dt n^′ = − ( [ψ] − [T̃_1 · ũ_x] ) dα dt n^′ = −[C_1] dα dt n^′ . (2.23) follows by insertion of this relation into (2.28). The proof of Lemma 2.2 is complete.

Corollary 2.3 Let (ũ, T̃ , S̃) satisfy the assumptions of the preceding lemma. Then the evolution equation (1.19) and the Clausius-Duhem inequality (1.22) hold if and only if dα dt |[S̃]| H_J = c [C_1] H_J , (2.30)

S̃^′_t = −c ψ_S |S̃^′_x| . (2.31)

Proof: From (2.21), (2.22) and (2.26) we obtain for the variation measures |S̃_t| = |n^{′′}[S̃]| H_J + |S̃^′_t| λ = n^′ | |dα dt | | |[S̃]| H_J + |S̃^′_t| λ , |C_{1x} − u_x · b| = n^′|[C_1]| H_J + |ψ_SS̃^′_x| λ . Consequently, (1.19) holds if and only if the equations |dα dt | |[S̃]| H_J = c |[C_1]| H_J and |S̃^′_t| = |cψ_SS̃^′_x| (2.32)

are satisfied. Moreover, since by our convention n^′ > 0, we see from (2.23) that (1.22) holds if and only if the inequalities − dα dt [C_1] H_J ≤ 0 and ψ_SS̃^′_t ≤ 0 (2.33)

are fulfilled. It is immediately seen that (2.32), (2.33) are equivalent to the pair of equations (2.30), (2.31).

End of the proof of Lemma 1.1: We defined the function (u, T, S) such that (2.3) – (2.5) are satisfied, hence this function satisfies (1.17), (1.18) and (1.20). Moreover, (1.21) is satisfied by construction. Consequently it remains to show that also (1.19) and (1.22) are fulfilled. By Corollary 2.3 these equations hold if (u, T, S) satisfies (2.30) and (2.31). The second equation is obviously satisfied since S is piecewise constant, hence S^′_t = S^′_x = 0. The first equation holds because (2.20) and (2.16) yield for the speed of any jump discontinuity dα dt = c [Ψ] |[S]| = c [C_1] |[S]| . (2.34)

3 Monotonically increasing initial data

In the proof of Lemma 1.2 given in this section we use Lemma 1.1 to construct a sequence (u_n, T_n, S_n) of solutions to (1.17) – (1.22) to piecewise constant monotonic initial data S^{(0)}n such that S^{(0)}n → S^{(0)}. The function S_n is piecewise constant and x → S_n(x, t) is monotonic. As will be shown, this implies that (u_n, T_n, S_n) satisfies the evolution equation (1.19) without the absolute value signs. Thus, if we select a converging subsequence for which S_{nm} and C_1(u_{nm,x}, S_{nm} )_x − u_{nm,x} · b converge weakly, the limit function satisfies (1.19) without the absolute value signs. Consequently, the limit function satisfies (1.19).

To select a converging subsequence we need bounds for the BV –norms of the approximating sequences. We begin by deriving such bounds. The geometry of the discontinuities and the BV –norms. For definiteness assume that the function S^{(0)} is monotonically increasing. We choose a sequence {S^{(0)}n }^∞_{n=1} of monotonically increasing, piecewise constant functions S^{(0)}n : [a, b] → [0, 1] with finitely many jumps in (a, b), such that S^{(0)}n (a) = S^{(0)}(a), S^{(0)}n (b) = S^{(0)}(b), and lim_{n→∞} sup_{a≤x≤b} |S^{(0)}(x) − S^{(0)}_n (x)| = 0. (3.1)

Define (u_n, T_n, S_n) : Z → R^3 × S^3 × [0, 1] to be the solution of the initial-boundary value problem (1.17) - (1.22) to the initial data S^{(0)}n constructed as in the proof of Lemma 1.1. We denote by J_n the set of all jump curves of S_n. For α ∈ J_n we denote the constant values of S_n to the left and to the right of α by S_n(α−) and S_n(α+), respectively. We also write [S_n](α) = S_n(α+) − S_n(α−).

Lemma 3.1 (i) To α ∈ J_n there exist jump points x_α and y_α of S^{(0)}n with a < x_α ≤ y_α < b such that

S_n(α−) = S^{(0)}_n (x_α−), S_n(α+) = S^{(0)}_n (y_α+). (3.2)

(ii) If α intersects the line segment (a, b)×{t} and if β ∈ J_n is the next discontinuity to the left of α which intersects this line segment, then

x_β ≤ y_β < x_α ≤ y_α. (3.3)

(iii) There is no jump discontinuity of S^{(0)}n between y_β and x_α.

Proof: (i) The discontinuity α starts either at the initial line segment (a, b) × {0}, or at the point of intersection of several discontinuities β_1, . . . , β_m ∈ J_n. Let β_1 be the leftmost of these dicontinuities and β_m be the rightmost discontinuity. By construction S_n satisfies

S_n(α−) = S_n(β_1−), S_n(α+) = S_n(β_m+).

If β_1 does not start on the initial line segment, it starts at the point of intersection of several discontinuities. The value of S_n to the left of the leftmost of these discontinuities is S_n(α−). We follow the leftmost discontinuity backwards in time and repeat the process until we reach a point (x_α, 0) ∈ (a, b) × {0}. The function S^{(0)}n has a jump at x_α, and since the value of S_n to the left of the last discontinuity is S_n(α−), we deduce S_n(α−) = S^{(0)}_n (x_α−).

Similarly, we start at α and follow backwards in time at every point of intersection the rightmost discontinuity until we reach a point (y_α, 0) ∈ (a, b) × {0} with y_α ≥ x_α. The function S^{(0)}n jumps at y_α, and since the value of S_n to the right of the discontinuity is S_n(α+), we obtain S_n(α+) = S^{(0)}_n (y_α+).

(ii) We start at β and follow backwards in time at every intersection point the rightmost discontinuity until we reach the point (y_β, 0) on the initial line segment. As above we have S_n(β+) = S^{(0)}_n (y_β+).

The path from β to the point (y_β, 0) does never intersect the path from α to (x_α, 0), since from every point of intersection of discountinuities at most one discontinuity emerges forward in time. Therefore we have y_β < x_α.

(iii) There is no jump of S^{(0)}n between y_β and x_α. For, since S^{(0)}n is increasing, we would otherwise have S^{(0)}n (y_β+) < S^{(0)}n (x_α−), whence S_n(β+) < S_n(α−) . (3.4) Yet, by assumption no jump curve of S_n intersects the line segment (a, b) × {t} between α and β, hence S_n(β+) = S_n(α−). This contradicts (3.4), whence statement (iii) must be true.

Corollary 3.2 For every n and for every jump curve α ∈ J_n we have [S_n](α) = S^{(0)}_n (y_α+) − S^{(0)}_n (x_α−) > 0 , whence x → S_n(x, t) is increasing. Moreover, S_n satisfies for every t ≥ 0 S^{(0)}(a) ≤ S_n(a, t), S_n(b, t) ≤ S^{(0)}(b) , (3.5) var S_n(·, t) ≤ var S^{(0)}_n = var S^{(0)} ≤ 1 . (3.6) Proof: Since S^{(0)}n is increasing, we obtain from (3.2) for every jump curve α ∈ J_n [S_n](α) = S_n(α+) − S_n(α−) = S^{(0)}_n (y_α+) − S^{(0)}_n (x_α−) > 0 .

(3.5) results from (3.2) and from

S^{(0)}_n (x_α−) ≥ S^{(0)}_n (a) = S^{(0)}(a), S^{(0)}_n (y_α+) ≤ S^{(0)}_n (b) = S^{(0)}(b) . To verify (3.6) we use that x → S_n(x, t) is increasing and apply (3.5) to conclude var S_n(·, t) = S_n(b, t) − S_n(a, t) ≤ S^{(0)}(b) − S^{(0)}(a) ≤ 1 .

The corollary is proven.

Now we can show that the variation measures of S_n , of the Eshelby tensor and of the free energy are uniformly bounded over Z_{Te} for every T_e > 0 with respect to n. We use that for f ∈ L^1(Z_{Te} , R) the variation measures |f_x| and |f_t| satisfy

|f_x|(Z_{Te} ) = sup { ∫ Z_{Te} f φ_x dx | | φ ∈^∘C_1(Z_{Te} , R), |φ| ≤ 1 } ,

|f_t|(Z_{Te} ) = sup { ∫ Z_{Te} f φ_t dx | | φ ∈^∘C_1(Z_{Te} , R), |φ| ≤ 1 } , cf. [13, p.170]. By definition, the function f ∈ L^1(Z_{Te} , R) belongs to the space BV (Z_{Te} ) if |f_x|(Z_{Te} ) + |f_t|(Z_{Te} ) < ∞. We also define |C_1(u_{n,x}, S_n)_x − u_{n,x} · b| (Z_{Te} ) = sup { ∫ Z_{Te} ( C_1(u_{n,x}, S_n) φ_x + u_{n,x} · b φ ) d(x, t) | | φ ∈^∘C_1(Z_{Te} , R), |φ| ≤ 1 } , |ψ ( ε(u_{n,x}), S_n ) t − (T_{1,n} · u_{n,t})_x − b · u_{n,t}| (Z_{Te} ) = sup { ∫ Z_{Te} ( − ψ ( ε(u_{n,x}), S_n ) φ_t + T_{1,n} · u_{n,t} φ_x − b · u_{n,t} φ ) d(x, t) | | φ ∈^∘C_1(Z_{Te} , R), |φ| ≤ 1 } . Lemma 3.3 For all n and for all T_e > 0 we have S_n ∈ BV (Z_{Te} ). There is a constant A > 0, which only depends on T_e and is an increasing function of this parameter, such that for the constant c from (1.19)

|S_{n,x}|(Z_{Te} ) ≤ T_e var S^{(0)}_n , |S_{n,t}|(Z_{Te} ) ≤ cA T_e var S^{(0)}_n , (3.7)

|C_1(u_{n,x}, S_n)_x − u_{n,x} · b| (Z_{Te} ) ≤ AT_e var S^{(0)}_n , (3.8) |ψ ( ε(u_{n,x}), S_n ) t − (T_{1,n} · u_{n,t})_x − b · u_{n,t}| (Z_{Te} ) ≤ cA^2T_e var S^{(0)}_n . (3.9)

Proof: For φ ∈^∘C_1(Z_{Te} , R) with |φ| ≤ 1 we obtain as in the proof of (2.22) for the piecewise constant function S_n that − ∫ Z_{Te} S_nφ_x dx = ∫ Z_{Te} φ n^′ [S_n] dH_{Jn} = ∑ α∈J_n ∫ α φ [S_n](α) n^′ds (3.10)

= ∑ α∈J_n ∫_{Te} 0 χ_α(t) φ ( α(t), t ) [S_n](α) dt = ∫_{Te} 0 ∑ α∈J_n χ_α(t) [S_n](α) φ ( α(t), t ) dt , where χ_α : R → [0, 1] denotes the characteristic function of the domain D_α ⊆ [0, ∞) of the parametrization α : D_α → [a, b] of the jump curve α. We also used that n^′ds = dt. Noting ∑ α∈J_n χ_α(t) [S_n](α) = var S_n(·, t) , (3.11) we conclude from (3.10) and Corollary 3.2 that |S_{n,x}|(Z_{Te} ) ≤ ∫_{Te} 0 var S_n(·, t)dt ≤ T_e var S^{(0)}_n . (3.12)

Similarly, since S^′_{nt} = 0 we deduce from (2.21) − ∫ Z_{Te} S_n φ_t dt = ∫ Z_{Te} φ n^{′′}[S_n] dH_{Jn} = ∑ α∈J_n ∫ α [S_n](α) φ n^{′′}ds

= ∫_{Te} 0 ∑ α∈J_n χ_α(t)[S_n](α) n^{′′} n^′ φ(α(t), t) dt . (3.13) To estimate the right hand side of this equation we infer from^{n′′}_{n′} = −^{dα}_{dt} and from (2.20) that | | | | n^{′′} n^′ | | | | = | | | | dα dt | | | | ≤ cA, (3.14) where A = max {|_d ds Ψ(y, t, s, r) | | | | (y, t, s, r) ∈ [a, b] × [0, T_e] × [0, 1] × [0, b − a]} . Since σ ∈ H_2(Z_{Te} ) is continuous, it follows from the definition of Ψ in (2.17) that the maximum A exists. Of course, A depends on T_e . We use (3.14) in (3.13) and obtain together with (3.11) that |S_{n,t}|(Z_{Te} ) ≤ ∫_{Te} 0 var S_n(·, t)cA dt ≤ cAT_e var S^{(0)}_n . This estimate and (3.12) together yield (3.7). To verify (3.8) we note that (2.22)

implies for φ ∈^∘C_1(Z_{Te} , R) with |φ| ≤ 1 that − ∫ Z_{Te} C_1(u_{n,x}, S_n) φ_x + u_{n,x} · b φ d(x, t) = ∫ Z_{Te} φ n^′[C_1] dH_{Jn} (3.15)

= ∫_{Te} 0 ∑ α∈J_n χ_α(t)[C_1](α)φ ( α(t), t ) dt . (2.16) yields | [C_1] | = | [Ψ] | ≤ max |^d_{ds} Ψ(y, t, s, r)| |[S_n]| = A[S_n] , whence | | ∑ α∈J_n χ_α(t)[C_1](α) | | ≤ A ∑ α∈J_n χ_α(t)[S_n](α) = A var S_n(·, t).

Insertion of this inequality into (3.15) results in |C_{1,x} − u_{n,x} · b| (Z_{Te} ) ≤ ∫_{Te} 0 A var S_n(·, t) dt ≤ AT_e var S^{(0)}_n .

This is (3.8). Finally (2.23) yields ∫ Z_{Te} ( − ψ ( ε(u_{n,x}), S_n ) φ_t + T_{1,n} · u_{n,t} φ_x − b · u_{n,t} φ ) d(x, t) = − ∫ Z_{Te} dα dt n^′ [C_1] φ dH_{Jn} ≤ cA^2T_e var S^{(0)}_n ,

where we used (3.14) again and proceeded as in (3.15). This proves (3.9).

Lemma 3.4 The function (u_n, T_n, S_n) satisfies S_{n,t} = −c ( C_1(u_{n,x}, S_n)_x − u_{n,x} · b ) (3.16)

on Z in the sense of measures.

Proof: Corollary 3.2 implies that [S_n](α) > 0 for every jump curve α ∈ J_n. Thus, if we apply Lemma 2.2 to the function (u_n, T_n, S_n), use that S^′_{n,t} = S^′_{n,x} = 0 and employ (2.26) and (2.34), we obtain S_{n,t} = n^{′′} [S_n] H_{Jn} = − dα dt n^′ [S_n] H_{Jn} = −c

[C_1] |[S_n]| n^′ |[S_n]| H_{Jn} = −cn^′ [C_1] H_{Jn} = −c(C_{1,x} − u_{n,x} · b) . End of the proof of Lemma 1.2: The proof is in three steps:

Claim 1: The sequence {(u_n, T_n, S_n)}_n has a subsequence, again denoted by {(u_n, T_n, S_n)}_n, which converges in L^2(Z_{Te} , R^3 × S^3) × L^p(Z_{Te} , R) to a function (u, T, S), which satisfies (2.3) – (2.5), for every 1 ≤ p < ∞ and all T_e > 0. The function S belongs to BV (Z_{Te} ), the function u belongs to H_1(Z_{Te} , R^3 ) and u_{n,x} → u_x strongly in L^2(Z_{Te} , R^3 ), u_{n,t} ⇀ u_t weakly in L^2(Z_{Te} , R^3 ) for all T_e > 0.

Proof: To see this, note that the inequality 0 ≤ S_n ≤ 1 and Lemma 3.3 together with var S^{(0)}n = var S^{(0)} imply ‖S_n‖_{ZTe} + |S_{n,x}|(Z_{Te} ) + |S_{n,t}|(Z_{Te} ) ≤ T_e ( (b − a) + (1 + cA) var S^{(0)} ) , where ‖S_n‖_{ZTe} denotes the L^1-norm. Therefore, if we set T_e = m ∈ N, for every m we can select a subsequence of {S_n}^∞_{n=1}, which converges in L^1(Z_m, R) to a limit function S ∈ BV (Z_m), cf. [13, p. 176]. By the usual argument the diagonal sequence, again denoted by {S_n}_n, converges to S in L^1(Z_{Te} , R) for every T_e > 0. Noting that 0 ≤ S_n ≤ 1 we infer that this sequence converges to S even in L^p(Z_{Te} , R) for all 1 ≤ p < ∞.

Let (u, t) be the solution of the problem (2.3) – (2.5) to the function S, for every T_e > 0. The difference (u_n − u, T_n − T ) is a solution of the boundary value problem (2.3) – (2.5) to the data b = 0, f = 0 and to the function S_n − S. From (2.6) and (2.8) we thus obtain (u_n − u)(x, t) = u^∗ ( ∫ x a (S_n − S)(y, t)dy − x − a b − a ∫_b a (S_n − S)(y, t)dy )

(T_n − T )(x, t) = D(ε^∗ − ε)(S_n − S)(x, t) − Dε^∗ 1 b − a ∫_b a (S_n − S)(y, t)dy . it follows immediately from these formulas and from S_n → S in L^2(Z_{Te} , R) that (u_n, u_{n,x}, T_n) → (u, u_x, T ) in L^2(Z_{Te} , R^3 × R^3 × S^3). To verify that u_{n,t} ⇀ u_t we use (2.29), applied to ũ = u_n and to the piecewise constant function S̃ = S_n, and obtain for (x, t) ∈ Z_{Te} that |u_{n,t}(x, t)| = | |u_∗(x − a b − a k∑ i=1 dα_i dt (t) [S_n] ( α_i(t), t ) − ℓ∑ i=1 dα_i dt (t) [S_n] ( α_i(t), t ))

+ w_t(x, t) | | ≤ 2|u_∗| cA var S_n(·, t) + |w_t(x, t)| . Here cA is the bound for |^{dα}_{dt} | in Z_{Te} from (3.14). Since var S_n(·, t) ≤ 1, by Corollary 3.2, and w_t ∈ L^2(Z_{Te} , R^3 ), by Lemma 2.1, we conclude that {u_{n,t}}_n is bounded in L^2(Z_{Te} , R^3 ). Hence it has a weakly converging subsequence. By the usual arguments we infer that the weak derivative u_t exists in L^2(Z_{Te} , R^3 ) and that u_{n,t} ⇀ u_t for all T_e > 0. Since u_x ∈ L^2(Z_{Te} ) we obtain u ∈ H_1(Z_{Te} , R^3 ). This finishes the proof of the claim.

Claim 2: The limit function (u, T, S) satisfies the equation S_t = −c ( C_1(u_x, S)_x − u_x · b ) (3.17)

on Z in the sense of measures.

Proof: The claim follows from Lemma 3.4 if we show that the measures S_{n,t} and C_1(u_{n,x}, S_n)_x − u_{n,x} · b on both sides of (3.16) weak–∗ converge to S_t and to C_1(u_x, S)_x − u_x · b, respectively.

By definition, S_{n,t}^∗⇀ S_t if ∫ Z φ dS_{n,t} → ∫ Z φ dS_t for all φ ∈^∘C(Z). Since^∘C_1(Z)

is dense in^∘C(Z), it follows that S_{n,t}^∗⇀ S_t if sup_{n∈N} |S_{n,t}|(Z_{Te} ) < ∞ (3.18) for all T_e > 0 and if ∫ Z φ dS_{n,t} = − ∫ Z S_nφ_t d(x, t) → − ∫ Z Sφ_t d(x, t) = ∫ Z φ dS_t (3.19)

for all φ ∈^∘C_1(Z). Equation (3.18) is a consequence of (3.7) since var S^{(0)}n ≤ 1, and (3.19) immediately follows from the fact that S_n → S in L^2(Z_{Te} ) for every T_e > 0.

Also, we have C_1(u_{n,x}, S_n)_x − u_{n,x} · b^∗⇀ C_1(u_x, S)_x − u_x · b if sup_{n∈N} |C_1(u_{n,x}, S_n)_x − u_{n,x} · b|(Z_{Te} ) < ∞ (3.20) for all T_e > 0 and ∫ Z ( C_1(u_{n,x}, S_n)φ_x + u_{n,x} · bφ ) d(x, t) → ∫ Z ( C_1(u_x, S)φ_x + u_x · bφ ) d(x, t) (3.21) for all φ ∈^∘C_1(Z). Equation (3.20) is a consequence of (3.8). To prove (3.21) observe that

C_1(u_{n,x}, S_n) = 1 2 T_n · ( ε(u_{n,x}) − εS_n ) + ψ_1(S_n) − u_{n,x} · T_{1,n} . (3.22)

Since T_n → T in L^2(Z_{Te} ), u_{n,x} → u_x in L^2(Z_{Te} ) and S_n → S in L^2(Z_{Te} ) we conclude that 1 2 T_n · ε(u_{n,x}) φ_x → 1 2 T · ε(u_x) φ_x , 1 2 T_nS_n φ_x → 1 2 T S φ_x , ψ_1(S_n) φ_x → ψ_1(S) φ_x , u_{n,x} · T_{1,n} φ_x → u_x · T_1 φ_x ,

where the convergence is in L^1(Z, R), since φ has compact support. From (3.22) we thus obtain C_1(u_{n,x}, S_n)φ_x → C_1(u_x, S)φ_x in L^1(Z, R). Relation (3.21) is implied by this relation together with u_{n,x} · bφ → u_x · bφ in L^1(Z, R), which again follows from the convergence of u_{n,x} to u_x.

Claim 3: (u, T, S) satisfies the equations (1.17) – (1.22).

Proof: By Claim 1 the function (u, T, S) satisfies the equations (2.3) – (2.5), which coincide with (1.17), (1.18), (1.20). Equation (1.19) follows from (3.17) by taking the variation measures on both sides. To show that the Clausius-Duhem inequality (1.22) holds it suffices to prove that in the sense of measures ψ ( ε(u_{n,x}), S_n ) t − (T_{1,n} · u_{n,t})_x − b · u_{n,t}^∗⇀ ψ ( ε(u_x), S ) t − (T_1 · u_t)_x − b · u_t , (3.23)

since (u_n, T_n, S_n) satisfies (1.22). Because the right hand side of (3.9) is uniformly bounded by the constant cA^2 T_evar S^{(0)}, we infer just as in the proof of (3.17) that (3.23) holds if ∫ Z ψ ( ε(u_{n,x}), S_n ) φ_t d(x, t) → ∫ Z ψ ( ε(u_x), S ) φ_t d(x, t) (3.24) ∫ Z T_{1,n} · u_{n,t} φ_x d(x, t) → ∫ Z T_1 · u_t φ_x d(x, t) (3.25) ∫ Z b · u_{n,t} φ d(x, t) → ∫ Z b · u_t φ d(x, t) (3.26) for all φ ∈^∘C_1(Z, R). Yet, the convergence (3.24) follows exactly as in the proof of (3.17) and (3.25), (3.26) are implied by the convergence relations T_{1,n} → T_1 in L^2(Z_{Te} , R^3 ), u_{n,t} ⇀ u_t weakly in L^2(Z_{Te} , R^3 ), which hold by Claim 1.

To verify the initial condition (1.21) we first extend the signed measures S_{n,t} and S_t on Z_{Te} to measures on the set Z_{−∞,Te} = (a, b) × (−∞, T_e) by defining for B ⊆ Z_{−∞,Te} S_{n,t}(B) = S_{n,t}(B ∩ Z_{Te} ), S_t(B) = S_t(B ∩ Z_{Te} ), provided B ∩ Z_{Te} is S_{n,t}–measurable or S_t–measurable. In the proof of Claim 2 we showed that {S_{n,t}}_n converges weak–∗ to S_t on Z_{Te} . Here we show that the sequence of extended measures {S_{n,t}}_n converges weak–∗ to S_t on Z_{−∞,Te} .

To this end note that if δ is a constant satisfying 0 < δ ≤ T_e and if we apply (3.7) with Z_{Te} replaced by Z_δ, then we obtain for the extended measure |S_{n,t}|(Z_{−∞,δ}) = |S_{n,t}|(Z_δ) ≤ cAδ var S^{(0)}_n ≤ cAδ . (3.27) A can be chosen independent of δ ≤ T_e, since it is an increasing function of this parameter. From (3.27) we obtain in particular that |S_{n,t}|(Z_{−∞,Te} ) ≤ cAT_e. Consequently, there is a subsequence {S_{nj ,t}}_j, which converges weak–∗ to a measure μ on Z_{−∞,Te} . From the properties of weak–∗ convergence we know that μ(B) = S_t(B) for B ⊆ Z_{Te} . Thus, if we show that μ(B) = 0 for all sets B ⊆ ( (a, b) × (−∞, 0] ) , it follows that μ is equal to the extended measure S_t, and this implies for the extended measures that S_{n,t}^∗⇀ S_t.

Thus, let B ⊆ ( (a, b) × (−∞, 0] ) . Then B is a subset of the open set Z_{−∞,δ} for any 0 < δ ≤ T_e , hence (3.27) implies |μ|(B) ≤ |μ|(Z_{−∞,δ}) ≤ lim inf_{j→∞} |S_{nj ,t}|(Z_{−∞,δ}) ≤ cAδ , (3.28) cf. [13, p. 54]. This yields the desired result |μ|(B) = 0.

In the second step of the proof we use that S_{n,t}^∗⇀ S_t on Z_{−∞,Te} implies for φ ∈^∘C(Z_{−∞,Te} , R) lim_{n→∞} ∫ Z φ dS_{n,t} = lim_{n→∞} ∫ Z_{−∞,Te} φ dS_{n,t} = ∫ T_{−∞,Te} φ dS_t = ∫ Z φ dS_t . (3.29)

Because S_n is piecewise constant with finitely many jumps we deduce by partial integration for φ ∈^∘C_1(Z_{−∞,Te} , R) that ∫_b a S^{(0)}_n φ(0) dx = − ∫ Z S_nφ_t d(x, t) − ∫ Z φ dS_{n,t} . (3.30) Since S_n → S in L^2(Z_{Te} , R) and since S^{(0)}n satisfies (3.1), we obtain by taking the limits on both sides of (3.30), observing (3.29), that ∫_b a S^{(0)}φ(0)dx = − ∫ Z S φ_t d(x, t) − ∫ Z φ dS_t . By the trace theorem for BV -functions (cf. [13, p.177]), this equation implies that S^{(0)} coincides with the uniquely defined trace of S ∈ BV (Z_{Te} ) on (a, b) × {0}. Therefore the initial condition (1.21) is satisfied.

This completes the proof of Lemma 1.2 for increasing initial data S^{(0)}. For decreasing S^{(0)} the proof is almost the same. The only essential difference is that in this case [S_n](α) < 0 for all jumps of the approximate solutions, which implies that instead of (3.17) the function S satisfies

S_t = c ( C_1(u_x, S)_x − u_x · b ) .

4 Nonmonotone initial data

This section is devoted to the proof of Theorem 1.3. For initial data increasing in the interval [a, c] and decreasing in [c, b] it is not possible to construct a solution, which satisfies the equation (1.19) without the absolute value signs, as we could do this for monotone initial data. Instead, we have to deal with all the difficulties arising from the variation measures in (1.19).

The existence proof uses a convergent sequence {(u_n, T_n, S_n)}_n of solutions to piecewise constant initial data constructed as in the proof of Lemma 1.2. The arguments of the preceding section can be repeated to show that the limit function satisfies (1.17), (1.18), (1.20) – (1.22). The main difficulty in the proof that the evolution equation (1.19) is satisfied lies in the verification of |C_1(u_{n,x}, S_n)_x − u_{n,x} · b|^∗⇀ |C_1(u_x, S)_x − u_x · b|. To prove this we decompose ν_n = C_1(u_{n,x}, S_n)_x − u_{n,x} · b into the positive and negative part ν^±_n . For the weak–∗ limits we have lim_{n→∞} |ν_n| = lim_{n→∞}(ν^+_n + ν^−_n ) = ν^+ + ν^−. In general, ν^+ + ν^− is different from the variation measure of C_1(u_x, S)_x − u_x · b. However, we can show that in our situation equality holds, which proves the desired result. The central idea used to show this is contained in the proof of Proposition 4.9, which is given in Sect. 5.

Construction of the solution. We choose a sequence {S^{(0)}n }_n of piecewise constant functions S^{(0)}n : [a, b] → [0, 1] with finitely many jumps in (a, c) ∪ (c, b), such that S^{(0)}n is increasing on (a, c), decreasing on (c, b), and such that

lim_{n→∞} sup_{a≤x≤b} |S^{(0)}(x) − S^{(0)}_n (x)| = 0 . (4.1)

Define (u_n, T_n, S_n) : Z → R^3 × S^3 × [0, 1] to be the solution of the initial-boundary value problem (1.17) – (1.22) to the initial data S^{(0)}n constructed as in the proof of Lemma 1.1. For the functions S_n the statements (i) and (ii) of Lemma 3.1 hold, with the same proof. This allows to deduce the following uniform estimate:

Lemma 4.1 The function S_n satisfies

var S_n(·, t) ≤ var S^{(0)}_n ≤ 2,

for every n and all t > 0.

Proof: From Lemma 3.1 (i) we obtain for every n and for every jump curve α ∈ J_n that

|[S_n](α)| ≤ |S^{(0)}_n (y_α+) − S^{(0)}_n (x_α−)| ≤ var ( S^{(0)}_n | | [x_α−, y_α+]) , (4.2)

where x_α and y_α are defined as in that lemma and where var ( S^{(0)}_n | | [x_α−, y_α+]) = lim_{η↘0} var (S^{(0)}_n | | [x_α − η, y_α + η]) . Moreover, if α_1, . . . , α_k ∈ J_n are the jump curves intersecting the line segment (a, b) × {t}, ordered such that α_1(t) < α_2(t) < . . . < α_k(t), then Lemma 3.1 (ii) implies x_{α1} ≤ y_{α1} < x_{α2} ≤ y_{α2} < . . . < x_{αk} ≤ y_{αk} .

Noting these inequalities we infer from (4.2)

var S_n(·, t) = k∑ i=1 |[S_n](α_i)| = k∑ i=1 |S^{(0)}_n (y_{αi} +) − S^{(0)}_n (x_{αi} −)| ≤ var S^{(0)}_n ≤ 2 .

The proof is complete.

Based on the estimate in this lemma we can repeat the proof of Lemma 3.3 for the functions (u_n, T_n, S_n), with minor changes. Consequently, the inequalities (3.7) – (3.9) hold for (u_n, T_n, S_n) . Exactly as in the proofs of Claim 1 and Claim 3 in the preceding section we thus obtain

Lemma 4.2 The sequence {(u_n, T_n, S_n)}_n has a subsequence, again denoted by {(u_n, T_n, S_n)}_n, which converges in the norm of the space L^2(Z_{Te} , R^3 × S^3) × L^p(Z_{Te} , R) to a function

(u, T, S) ∈ H_1(Z_{Te} , R^3 ) × L^2(Z_{Te} , S^3) × BV (Z_{Te} , R) ,

for every T_e > 0 and all 1 ≤ p < ∞. Moreover, u_{n,x} → u_x in L^2(Z_{Te} , R^3 ) and u_{n,t} ⇀ u_t, weakly in L^2(Z_{Te} , R^3 ), for all T_e > 0. The function (u, T, S) satisfies the equations (1.17), (1.18), (1.20), the initial condition (1.21) and the Clausius-Duhem inequality (1.22).

Convergence of the variation measures |S_{n,t}| . The remainder of this article is devoted to the proof that (u, T, S) satisfies the evolution equation (1.19). Since (u_n, T_n, S_n) satisfies (1.19), it suffices for the proof to show that |S_{n,t}|^∗⇀ |S_t| and |C_1(u_{n,x}, S_n)_x − u_{n,x} · b|^∗⇀ |C_1(u_x, S)_x − u_x · b|. To prove the first of these relations we first study the jump curves of S_n and state some estimates used in later parts of our investigation.

Lemma 4.3 Assume that condition (1.26) holds. (i) The jump of C_1 along any jump curve α ∈ J_n satisfies

[C_1](α) = f(α, S_n, σ) [S_n](α), (4.3)

where the function f(α, S_n, σ) = (ε − ε^∗) · D(ε − ε^∗) ⟨S_n⟩(α) +ε^∗ · D ε^∗ 1 b − a ∫_b a S_n(y, t)dy − ε · σ(x, t) + [ψ_1](α) [S_n](α)

can be estimated by M_1 ≤ f(α, S_n, σ) ≤ M_2 . (4.4) Here M_1 > 0 is the constant in (1.26) and

M_2 = (ε − ε^∗) · D(ε − ε^∗) + ε^∗ · Dε^∗ + ‖ε · σ‖_L∞_{(Z,R)} + sup_{0≤s≤1} |ψ^′_1(s)| .

(ii) With the constant c > 0 from (1.19) let V_1 = cM_1 and V_2 = cM_2. For every jump curve α ∈ J_n the speed of propagation satisfies

0 < V_1 ≤ ± dα dt (t) ≤ V_2 , (4.5)

where the plus sign holds if [S_n](α) > 0 and the minus sign is valid if [S_n](α) < 0. Proof: (4.3) follows from (2.16), (2.17) noting that^1_2 [S^2] =^1_2 (S^+ − S^−)(S^+ + S^−) = [S]⟨S⟩ and that 0 ≤ S_n ≤ 1. The inequality (4.4) follows from (1.26) by a direct computation, and (4.5) is a consequence of (4.4) and of (2.20), (2.16), which yield dα dt = c [C_1](α) |[S_n](α)| = c f(α, S_n, σ) sign[S_n](α). Corollary 4.4 If (1.26) holds then S_{n,t} ≤ 0 for every n. Therefore the variation measure satisfies |S_{n,t}| = −S_{n,t}. For the limit function S the distributional derivative S_t is a measure and, in the sense of measures, S_{n,t}^∗⇀ S_t. Thus, S_t ≤ 0, |S_t| = −S_t, |S_{n,t}| = −S_{n,t}^∗⇀ −S_t = |S_t|. Proof: Equation (2.21), applied to the piecewise constant function S_n, and (2.26) together yield S_{n,t} = n^{′′}[S_n] H_J = −n^′ dα dt [S_n] H_J . (4.6)

Here n^′ > 0, by our choice of the normal vector (n^′, n^{′′}). From (4.5) we thus infer that −n^{′ dα}_{dt} [S_n](α) < 0 for all jump curves α ∈ J_n, whence S_{n,t} ≤ 0, by (4.6). The definition of the variation measure now immediately yields |S_{n,t}| = −S_{n,t}.

S_{n,t}^∗⇀ S_t follows as in the proof of Claim 2 in Section 3. This convergence implies for φ ∈^∘C_1(Z, R) with φ ≥ 0 that − ∫ Z S φ_t d(x, t) = − lim_{n→∞} ∫ Z S_n φ_t d(x, t) = lim_{n→∞} ∫ Z φ dS_{n,t} ≤ 0 . Since^∘C_1(Z, R) is dense in^∘C(Z, R), this equation yields S_t ≤ 0. The remaining statements in the corollary are now obvious.

The positive and negative parts of the measure C_1(u_{n,x}, S_n)_x − u_{n,x} · b. The proof that |C_1(u_{n,x}, S_n)_x − u_{n,x} · b|^∗⇀ |C_1(u_x, S)_x − u_x · b| cannot be based on the simple idea used to verify |S_{n,t}|^∗⇀ |S_t|. For, since the initial data S^{(0)}n are increasing on [a, c] and decreasing on [c, b] it follows that [S_n](α) has negative and positive values, depending on the jump curve α. Because (4.3) and (4.4) together imply sign[C_1](α) = sign[S_n](α), also [C_1](α) has negative and positive values, hence the measure C_1(u_{n,x}, S_n)_x − u_{n,x} · b = n^′[C_1] H_J does not have a sign. The last equation is obtained from (2.22), applied to the piecewise constant function S_n. To prove convergence also in this situation we introduce the positive and negative parts of this measure:

Definition 4.5 Let α ∈ J_n be a jump curve. For C_1 = C_1(u_{n,x}, S_n) we set

[C_1]_+(α) = 1 2 ( | [C_1](α) | + [C_1](α) ) , [C_1]_−(α) = 1 2 ( | [C_1](α) | − [C_1](α) ) , ν_n = n^′[C_1] H_J = C_{1x} − u_{n,x} · b , ν^±_n = n^′[C_1]_± H_J .

The measures ν^±_n are the positive and negative parts of the measure ν, and we have

ν^±_n ≥ 0 , ν_n = ν^+_n − ν^−_n , |ν_n| = ν^+_n + ν^−_n . (4.7)

Lemma 4.6 (i) For the limit function (u, T, S) the distributional derivative C_1(u_x, S)_x − u_x · b is a measure, which we denote by ν. We have ν_n^∗⇀ ν. (ii) There is a subsequence of {(u_n, T_n, S_n)}_n, again denoted by {(u_n, T_n, S_n)}_n, such that the corresponding subsequences {ν^+_n }_n , {ν^−_n }_n converge weak–∗ to measures ν^+ and ν^−, respectively. These measures satisfy ν^+, ν^− ≥ 0.

Proof: Above we remarked that Lemma 3.3 holds for (u_n, T_n, S_n). We therefore obtain from (3.8) and from (4.7)

ν^±_n (Z_{Te} ) ≤ |ν_n|(Z_{Te} ) ≤ AT_e var S^{(0)}_n ≤ 2AT_e , (4.8)

for every T_e > 0. The last inequality sign in this estimate follows from Lemma 4.1. Using this estimate for ν_n we can show exactly as in the proof of Claim 2 in Section 3 that ν = C_1(u_x, S)_x − u_x · b is a measure and that ν_n^∗⇀ ν. Also, since by (4.8) sup_n ν^±_n (Z_{Te} ) < ∞, the sequences of Radon measures {ν^±_n }_n have subsequences, which converge weak–∗ to Radon measures ν^±, cf. [13, p.55]. This proves the lemma.

(4.7) implies for the weak–∗ limits

ν^+ − ν^− = lim_{n→∞}(ν^+_n − ν^−_n ) = lim_{n→∞} ν_n = ν, (4.9)

ν^+ + ν^− = lim_{n→∞}(ν^+_n + ν^−_n ) = lim_{n→∞} |ν_n|, (4.10)

but in a general situation the measures ν^+ and ν^− are not necessarily equal to the positive and negative part of ν; hence ν^+ + ν^− can be different from |ν|. Therefore in the remainder our goal is to prove that in the present situation we indeed have |ν| = ν^+ + ν^−. From (4.10) we then obtain |ν_n|^∗⇀ |ν|, which is our desired result.

The limit measures ν^+ and ν^−. To simplify the notation we extend ν_n to a measure von R^2 by defining ν_n(V ) = ν_n(V ∩ Z) for V ⊆ R^2 . The same extension is used for the other measures. By B(z) we denote an open ball in R^2 with center z = (x, t) and positive radius r ≤ 1. To specify the radius we write B_r(z). The numbers δ and η are assumed to belong to the countable set {^1_m | m ∈ N}.

Definition 4.7 Let the sets Ẽ, F̃ ⊆ R^2 be defined by

Ẽ = {z ∈ Z | for all δ > 0 there is a ball B(z) = B̂(z, δ) and (4.11) a subsequence such that ν^−_{nm} (B(z)) ≤ δν^+_{nm} (B(z)) } , F̃ = {z ∈ Z | for all δ > 0 there is a ball B(z) = B̃(z, δ) and (4.12) a subsequence such that ν^+_{nm} (B(z)) ≤ δν^−_{nm} (B(z)) } . Also, for δ > 0 let the sets G̃_δ, G̃ ⊆ R^2 be given by

G̃_δ = {z ∈ Z | there is R = R(z) such that to all 0 < r < R there is n_0 with 1 δ ν^+_n (B_r(z)) > ν^−_n (B_r(z)) > δν^+_n (B_r(z)), n ≥ n_0 } (4.13)

and by G̃ = ⋃ δ>0 G̃_δ . (4.14)

The sets Ẽ, F̃ and G̃ are not necessarily disjoint, but they satisfy Ẽ ∪ F̃ ∪ G̃ = Z. (4.15)

For, if z /∈ Ẽ ∪ F̃ then there is δ > 0 such that for all balls B(z) there is n_0 with

ν^−_n (B(z)) > δν^+_n (B(z)), 1 δ ν^+_n (B(z)) > ν^−_n (B(z)), n ≥ n_0 .

This implies z ∈ G̃_δ ⊆ G̃, hence (4.15) holds.

Let δ > 0 and η > 0. By the Besicovitch Covering Theorem stated in the Appendix there are a number N and countable families E_δ, F_δ, G_{δη} , E_δ ⊆ {B̂(z, δ) | z ∈ Ẽ}, F_δ ⊆ {B̃(z, δ) | z ∈ F̃ }, G_{δη} ⊆ {B_r(z) | z ∈ G̃_δ, r < min(η, R(z))}, each one consisting of closure disjointed subfamilies E^{(i)}_δ , F^{(i)}_δ , G^{(i)}_{δη} , i = 1, . . . , N, such that

Ẽ ⊆ E_δ := ⋃ B∈E_δ B, F̃ ⊆ F_δ := ⋃ B∈F_δ B, G̃_δ ⊆ G_{δη} := ⋃ B∈G_{δη} B. (4.16)

N depends only on the space dimension, in this case 2. We define E = ⋂ δ>0 E_δ, F = ⋂ δ>0 F_δ, G_δ = ⋂ η>0 G_{δη} , G = ⋃ δ>0 G_δ. (4.17)

The sets E_δ, F_δ and G_{δη} are open, whence E, F and G_δ are Borel sets as countable intersections of open sets, and G is a Borel set as a countable union of Borel sets. (4.14), (4.16) and (4.17) imply Ẽ ⊆ E, F̃ ⊆ F, G̃_δ ⊆ G_δ, G̃ ⊆ G, whence, by (4.15), E ∪ F ∪ G = Z. (4.18) Lemma 4.8 The limit measures ν^−, ν^+ satisfy

ν^−(E) = ν^+(F ) = 0 and ν^−(G) = ν^+(G) = 0.

To prove this lemma we need the following result, whose proof is postponed to Sect. 5:

Proposition 4.9 To every δ, ϑ > 0 there is η_0 > 0 such that for all η ≤ η_0 and for every finite collection B_1, . . . , B_l ∈ G_{δη} with B_i ⊆ Z_{Te} there is k_0 such that for all n ≥ k_0 ν^−_n (^l⋃ i=1 B_i ) ≤ ϑ, ν^+_n (^l⋃ i=1 B_i ) ≤ ϑ. Proof of Lemma 4.8: To prove that ν^−(E) = 0 let δ > 0 and let B ∈ E_δ. By definition of E_δ the open ball B = B̂(z, δ) satisfies the condition in (4.11), hence there is a subsequence such that ν^−_{nm} (B) ≤ δ ν^+_{nm} (B) holds for all m. Since ν^−_{nm}^∗⇀ ν^− and ν^+_{nm}^∗⇀ ν^+, it follows

ν^−(B) ≤ lim inf_{m→∞} ν^−_{nm} (B) (4.19)

≤ δ lim inf_{m→∞} ν^+_{nm} (B) ≤ δ lim sup_{m→∞} ν^+_{nm} (B) ≤ δ ν^+(B),

cf. [13, p. 54].

For r > 0 we set E(r) = {z ∈ E | |z| < r}. Since E(r) ⊆ E ⊆ E_δ = ⋃ B∈E_δ B and since we assumed that the radii of all balls in E_δ are not greater than one we can select a subfamily E^′_δ of E_δ such that E(r) ⊆ ⋃ B∈E^′_δ B ⊆ ⋃ B∈E^′_δ B ⊆ E(r + 2).

Since E_δ is composed of the subfamilies E^{(i)}_δ , i = 1, . . . , N, we obtain from (4.19) ν^−(E(r)) ≤ ν^− ( ⋃ B∈E^′_δ B ) ≤ ∑ B∈E^′_δ ν^−(B) ≤ δ ∑ B∈E^′_δ ν^+(B) = δ N∑ i=1 ∑ B∈E^′_δ ∩E^{(i)}_δ ν^+(B)

= δ N∑ i=1 ν^+ ( ⋃ B∈E^′_δ ∩E^{(i)}_δ B ) ≤ δ N∑ i=1 ν^+(E(r + 2)) = δ Nν^+(E(r + 2)), where we used that the closed hulls of the balls in E^{(i)}_δ are pairwise disjoint. This estimate holds for all δ > 0, hence ν^−(E(r)) = 0 for all r > 0, and so ν^−(E) = 0.

The equation ν^+(F ) = 0 is verified in the same way, interchanging the roles of ν^+_n and ν^−_n .

To prove that ν^−(G) = ν^+(G) = 0 let δ, ϑ > 0 and let η = η_0(δ, ϑ) > 0 be the number whose existence is assured in Proposition 4.9. Assume that K ⊆ G_δ is a compact subset. G_{δη} is an open covering of K, since (4.17) implies G_δ ⊆ G_{δη} = ⋃ B∈G_{δη} B. Therefore there exist finitely many B1, . . . , Bl ∈ Gδη such that K ⊆ ⋃_l i=1 B_i. By Proposition 4.9 there is k_0 with ν^−_n (^l⋃ i=1 B_i ) ≤ ϑ, ν^+_n (^l⋃ i=1 B_i ) ≤ ϑ

for all n ≥ k_0. Since ν^−_n^∗⇀ ν^−, ν^+_n^∗⇀ ν^+ and since ⋃_l i=1 B_i is open, we obtain ν^±(K) ≤ ν^± (^l⋃ i=1 B_i ) ≤ lim inf n→∞ ν^±_n (^l⋃ i=1 B_i ) ≤ ϑ. Since ϑ was chosen arbitrarily, it follows that ν^−(K) = ν^+(K) = 0. This holds for every compact subset K of G_δ. Since G_δ is a Borel set, we conclude that ν^−(G_δ) = ν^+(G_δ) = 0, cf. [Evans, p. 6]. Thus, G = ⋃_∞ m=1 G 1_m is a countable union of null sets, whence ν^−(G) = ν^+(G) = 0.

Corollary 4.10 The measures ν^− and ν^+ satisfy |ν| = ν^+ + ν^−. Moreover, |C_1(u_{n,x}, S_n)_x − u_{n,x} · b| = |ν_n|^∗⇀ |ν| = |C_1(u_x, S)_x − u_x · b|. Proof: From (4.18) we see that the complement E^′ = Z\E of E is a subset of F ∪ G. Since ν^+ is a nonnegative measure we therefore obtain from Lemma 4.8 for every ν^+-measurable set R that

ν^+(R) = ν^+ ((R ∩ E) ∪ (R ∩ E^′)) ≤ ν^+(R ∩ E) + ν^+(F ∪ G) = ν^+(R ∩ E),

hence ν^+(R) = ν^+(R ∩ E). Similarly, ν^−(R) = ν^−(R ∩ E^′). By definition of the variation measure |ν| we have |ν|(R) = sup l∑ i=1 |ν(R_i)|, where the supremum is taken over all finite collections {R_i} of ν-measurable, pairwise disjoint sets with R_i ⊆ R. With {R_i} also {R_i ∩ E} ∪ {R_i ∩ E^′} is such a collection. Thus, |ν|(R) = sup l∑ i=1 |ν(R_i)| ≤ sup l∑ i=1 (|ν(R_i ∩ E)| + |ν(R_i ∩ E^′)|) ≤ |ν|(R).

Using (4.9) we thus conclude for any measurable subset R of Z that |ν|(R) = sup l∑ i=1 ( |(ν^+ − ν^−)(R_i ∩ E)| + |(ν^+ − ν^−)(R_i ∩ E^′)| )

= sup l∑ i=1 ( |ν^+(R_i)| + |ν^−(R_i)| ) = sup l∑ i=1 ( ν^+(R_i) + ν^−(R_i) )

= sup ( ν^+ (^l⋃ i=1 R_i ) + ν^− (^l⋃ i=1 R_i ) ) = ν^+(R) + ν^−(R).

This proves that |ν| = ν^+ + ν^−. The relation |ν_n|^∗⇀ |ν| follows from this equation and from (4.10). The proof is complete.

End of the proof of Theorem 1.3: By Lemma 4.2 the function (u, T, S) satisfies the equations and inequalities (1.17), (1.18), (1.20), (1.21) and (1.22). To see that also equation (1.19) is satisfied remember that by construction (u_n, T_n, S_n) fulfills this equation. From Corollary 4.4 and Corollary 4.10 we thus obtain for the weak–∗ limits |S_t| = lim_{n→∞} |S_{n,t}| = lim_{n→∞} c |C_1(u_{n,x}, S_n)_x − u_{n,x} · b| = c |C_1(u_x, S)_x − u_x · b| . Consequently, (u, T, S) satisfies also the evolution equation (1.19).

5 Proof of Proposition 4.9

This section is devoted to the proof of Proposition 4.9. We start by stating and verifying several auxiliary lemmas. The idea of the proof of the proposition is explained at the beginning of that proof, and we advice the reader to study that part first.

Definition 5.1 For a jump curve α ∈ J_n let

[S_n]_+(α) = 1 2 ( | [S_n](α) | + [S_n](α) ) , [S_n]_−(α) = 1 2 ( | [S_n](α) | − [S_n](α) ) . With the Hausdorff measure H_J and with the first component n^′ > 0 of the unit normal vector (n^′, n^{′′}) to the jump curve α define

μ_n = n^′[S_n] H_J , μ^±_n = n^′[S_n]_± H_J .

μ_n is a signed measure and μ^±_n are Radon measures, the positive and negative part of μ_n . Lemma 4.3 yields

ν_n = n^′[C_1] H_J = n^′f[S_n] H_J and ν^±_n = n^′[C_1]_± H_J = n^′f[S_n]_± H_J , .

From (4.4) we therefore obtain for any measurable subset V

M_1 μ^±_n (V ) ≤ ν^±_n (V ) ≤ M_2 μ^±_n (V ). (5.1)

This shows that the measures ν^±_n can be estimated above and below by the measures μ^±_n . We use this to derive the inequalities for ν^±_n in Proposition 4.9 from analogous inequalities for μ^±_n .

For a jump curve α ∈ J_n satisfying α ∩ Z_{Te} ≠ ∅ we call the curve with graph α ∩ Z_{Te} a jump curve in Z_{Te} . If α_1, . . . , α_l ∈ J_k are jump curves in Z_{Te} such that the endpoint of α_i coincides with the starting point of α_{i+1} for every i = 1, . . . , l−1, we say that the curve with graph α_1 ∪. . .∪α_l ⊆ Z_{Te} is the composition of α_1, . . . , α_l. The composed curve is said to pass over the jump curve α_j for all j = 1, . . . , l. The composition is called of maximal length if there is no proper extension in Z_{Te} .

Definition 5.2 A composition of jump curves in Z_{Te} of maximal length is called a chain. The set of chains is denoted by Δ_n. The subset of all chains with starting point on the line segment (a, c) × {0} is denoted by Δ^+_n , the subset of chains with starting point on (c, b) × {0} is Δ^−_n .

Note that every chain α starts at the line segment (a, b) × {0} and ends at a point (x_α, t_α) ∈ ∂Z_{Te} with t_α > 0 , whence Δ_n = Δ^+_n ∪ Δ^−_n . We always identify the chain α with its parametrization α : [0, t_α] → [a, b] and with the graph of this parametrization, a subset of Z_{Te} . Note that several different chains can pass over one and the same jump curve α ∈ J_n .

For chains α and β we write α ≤ β if the starting points (x, 0) of α and (y, 0) of β satisfy x ≤ y. If the graphs α and β are not disjoint, we call the point (x_0, t_0) ∈ α ∩ β with t_0 = min{t | (x, t) ∈ α ∩ β} the point of intersection of α and β. The construction of S_n in Sect. 2 implies that two chains coincide for t ≥ t_0 , hence they have at most one point of intersection.

Definition 5.3 For a chain α we define the strength |α| : [0, t_α] → [0, ∞) as follows: Let 0 < t_1 < . . . t_{m−1} < T_e with m ≥ 1 be the times, where intersections of chains occur, and let t_m = T_e . For every chain α ∈ Δ_n we set

|α|(t) = |[S^{(0)}_n ](α(0))|, 0 ≤ t < t_1 . (5.2)

Let 1 ≤ i ≤ m − 1 and assume that |α|(t) is defined for every chain α and for every 0 ≤ t < min(t_α, t_i). Assume that the point (x, t_i) belongs to the graphs of the chains α_1, . . . , α_k ∈ Δ^+_n and β_1, . . . , β_l ∈ Δ^−_n , and let h = k∑ j=1 |α_j|(t_i−) − l∑ j=1 |β_j|(t_i−) . (5.3)

If h ≥ 0 choose h_j satisfying 0 ≤ h_j ≤ |α_j |(t_i−), k∑ j=1 h_j = h (5.4) and define |α_j|(t) = h_j for t_i ≤ t < min(t_{i+1}, t_{αj} ), j = 1, . . . , k, |β_j|(t) = 0 for t_i ≤ t < min(t_{i+1}, t_{βj} ), j = 1, . . . , l. If h < 0 choose h_j satisfying 0 ≤ h_j ≤ |β_j|(t_i−), k∑ j=1 h_j = |h| (5.5)

and define |α_j|(t) = 0 for t_i ≤ t < min(t_{i+1}, t_{αj} ), j = 1, . . . , k, |β_j|(t) = h_j for t_i ≤ t < min(t_{i+1}, t_{βj} ), j = 1, . . . , l. Lemma 5.4 (i) The strength is a decreasing function satisfying

0 ≤ |α|(t) ≤ |α|(0) = |[S^{(0)}_n ](α(0))| .

(ii) Let (x, t) belong to the graphs of the chains α_1, . . . , α_k ∈ Δ^+_n and β_1, . . . , β_l ∈ Δ^−_n . Then

[S_n](x, t) = k∑ j=1 |α_j |(t) − l∑ j=1 |β_j|(t). (5.6) (iii) Moreover, either |α_j |(t) = 0 for j = 1, . . . , k or |β_j|(t) = 0 for j = 1, . . . , l.

Proof: (i) follows immediately from Definition 5.3. To verify (ii) let 0 < t_1 < . . . < t_{m−1} be the intersection times of chains. Let (x, t) with t > 0 belong to the graph of a jump curve χ ∈ J_n . If t < t_1 then χ starts at the line segment (a, b) × {0}, and exactly one chain α passes over χ. The jump curve α belongs to Δ^+_n or to Δ^−_n , respectively, if a < χ(0) = α(0) < c or if c < χ(0) < b, respectively. Since S^{(0)}n is increasing on (a, c) and decreasing on (c, b), we thus obtain from (5.2)

[S_n](x, t) = [S^{(0)}_n ](α(0)) = { |α(t)|, if α ∈ Δ^+_n , −|α(t)|, if α ∈ Δ^−_n . This proves (5.6) for t < t_1 . Assume next that t_{i+1} > t > t_i and that (5.6) holds in Z_{ti} . It follows that the point (χ(t_i), t_i) belongs to the graph of χ. If it is the starting point of χ then there are jump curves χ_1 ≤ χ_2 ≤ . . . ≤ χ_m ∈ J_n which all end at (χ(t_i), t_i). If (χ(t_i), t_i) is not the starting point of χ we can still consider it as the end point of the part of χ in the set Z_{ti} . We denote this part by χ_1 . In this case we have m = 1. The sets of chains α_1, . . . , α_k ∈ Δ^+_n and β_1, . . . , β_l ∈ Δ^−_n passing over (x, t) can be partitioned into subsets of chains passing over χ_1, . . . , χ_m , and every chain passing over one of χ_1, . . . , χ_m also passes over (x, t). On the one hand, if χ_1 is the leftmost of the jump curves χ_1, . . . , χ_m and χ_m the rightmost, then our construction of S_n in Sect. 2 implies

[S_n](x, t) = [S_n](χ) = S_n(χ_m+) − S_n(χ_1−) = m∑ j=1 [S_n](χ_j ). (5.7)

On the other hand, by our assumption we have m∑ j=1 [S_n](χ_j ) = k∑ p=1 |α_p|(t_i−) − l∑ q=1 |β_q|(t_i−) = k∑ p=1 |α_p|(t) − l∑ q=1 |β_q|(t),

where we used (5.3) – (5.5) to get the last equality sign. This equation and (5.7) together imply (5.6).

(iii) is an immediate consequence of Definition 5.3. This completes the proof of the lemma.

It follows from statements (i) and (ii) of this lemma that

[S_n]_±(x, t) = ∑ α∈Δ^±_n α(t)=x |α|(t). (5.8)

Thus, Definition 5.1 yields for every measurable set V ⊆ Z_{Te} with characteristic function χ_V that

μ^±_n (V ) = ∑ α∈Δ^±_n ∫ α χ_V (α(t), t)|α|(t)n^′ds = ∑ α∈Δ^±_n ∫_{Te} 0 χ_V (α(t), t)|α|(t)dt , (5.9)

where we used that n^′ds = dt, and extended the function |α| from the domain [0, t_α] to [0, T_e] by zero. Consequently, the measure μ^+_n vanishes on any set, which is not intersected by chains from Δ^+_n , and μ^−_n vanishes on any set not intersected by chains from Δ^−_n . (4.5) and (5.6) imply that the jump curve χ ∈ J_n has positive slope if only chains from Δ^+_n pass over χ, and negative slope if only chains from Δ^−_n pass over χ. In particular, chains from Δ^+_n have positive slope until they intersect a chain from Δ^−_n , and vice versa.

There is at most one curve over which chains both from Δ^+_n and Δ^−_n pass. Namely, let α_n be the maximal chain from Δ^+_n , i.e. the chain α_n ∈ Δ^+_n satisfying α ≤ α_n for all α ∈ Δ^+_n , and let β̂_n be the minimal chain from Δ^−_n . For all α ∈ Δ^+_n , all β ∈ Δ^−_n and all t from the common domain of definition we then have α(t) ≤ α_n(t) ≤ β̂_n(t) ≤ β(t), hence to the left of α_n there are only chains from Δ^+_n , and to the right of β̂_n there are only chains from Δ^−_n . Let (x_0, t_0) be the point of intersection of α_n and β̂_n . Both chains coincide from the point of intersection on. The jump curves, which compose the common part of α_n and β̂_n are the only ones over which chains both from Δ^+_n and Δ^−_n pass.

In the following the separation curve given by the graph of a Lipschitz continuous function ω : [0, t_ω] → [a, b]. plays an important role. To define this function note that (4.5) implies that the sequence {α_n : [0, t_{αn} ] → [a, b]}_n of parametrizations is uniformly Lipschitz continuous. Therefore we can select a subsequence of {α_n}_n , again denoted by {α_n}_n , which converges uniformly to a Lipschitz continuous function, which we take to be ω. Henceforth we go over to this subsequence and, for example, instead of using the original sequences we always work with the corresponding subsequences of {μ_n}_n, {μ^±_n }_n , which we again denote by the same symbols.

Lemma 5.5 The set G̃ satisfies G̃ ⊆ ω.

Proof: Let Ω_1 be the set of all points of Z_{Te} to the left of ω, let Ω_2 ⊆ Z_{Te} be the set of all points to the right of ω and let (x, t) ∈ Ω_1. Since Ω_1 is open, (x, t) has distance R > 0 to ω. Therefore, because α_n converges uniformly to ω, there is n_0 such that (x, t) lies to the left of α_n and has distance ≥ R/2 to α_n for all n ≥ n_0 . Consequently, for all r < R/2 and n ≥ n_0 the ball B_r(x, t) is not intersected by chains from Δ^−_n , hence by (5.1)

ν^−_n (B_r(x, t)) ≤ M_2 μ^−_n (B_r(x, t)) = 0.

This contradicts (4.13) for every δ > 0, hence (x, t) /∈ G̃_δ , thence Ω_1 ∩ G̃_δ = ∅ for all δ > 0. This implies that Ω_1 ∩ G̃ = Ω_1 ∩ ⋃ δ>0 G̃_δ = ∅. In the same way it is shown that Ω_2 ∩ G̃ = ∅. Since Z_{Te} = Ω_1 ∪ ω ∪ Ω_2 it follows G̃ ⊆ ω. The lemma is proven.

In the proof of Proposition 4.9 we need some auxiliary lemmas, which we state and prove now. To this end we need some more definitions and notations:

For a chain α ∈ Δ_n the strength |α| is a decreasing function. The function α^κ is obtained from α by cutting the “tail” where |α| is small: If κ is a given number with 0 < κ ≤ 1 let α^κ be the restriction α^κ = α|_{[0,tακ )} , where t_ακ = sup{t | |α|(t) ≥ κ|α|(0)}. Clearly, this definition implies for all t from the domain of definition of α^κ that

|α^κ|(t) ≥ κ|α^κ|(0) = κ|[S^{(0)}_n ](α(0))| . (5.10)

The measure μ^+_n is “generated” by the chains in Δ^+_n . We next define measures generated by subsets of Δ^+_n . To this end let P : R^2 → R, P (x, t) = t be the projection to the t–axis, let Γ ⊆ Δ^+_n and let V ⊆ Z_{Te} be a μ^+_n –measurable set. The Radon measure μ^+_{Γ,κ} is defined by

μ^+_{Γ,κ}(V ) = ∑ α∈Γ ∫ P (α^κ∩V ) |α^κ|(t) dt . (5.11) Of course, this measure satisfies 0 ≤ μ^+_{Γ,κ} ≤ μ^+_n .

Finally, we denote the Lebesgue measure of the one-dimensional set P (α^κ ∩ V ) by meas P (α^κ ∩ V ).

The first auxiliary lemma is Lemma 5.6 Let L > 0, let Γ ⊆ Δ^+_n and let V be a finite union of balls such that meas P (α^κ ∩ V ) ≥ L for all α ∈ Γ . Then

μ^+_{Γ,κ}(Z_{Te} ) ≤ T_e Lκ μ^+_{Γ,κ}(V ).

Proof:

μ^+_{Γ,κ}(Z_{Te} ) = ∑ α∈Γ ∫ P (α^κ) |α^κ|(t)dt ≤ ∑ α∈Γ T_e |α^κ|(0) ≤ ∑ α∈Γ T_e L ∫ P (α^κ∩V ) |α^κ|(0)dt

≤ T_e Lκ ∑ α∈Γ ∫ P (α^κ∩V ) |α^κ|(t)dt = T_e Lκ μ^+_{Γ,κ}(V ).

Lemma 5.7 Let V be a finite union of balls and assume that

μ^+_n (V ) ≥ 3 ϑ with ϑ > 0. Let L =^ϑ_2 , κ =^ϑ_{2Te} , and let Γ be the set of all α ∈ Δ^+_n such that meas P (α^κ ∩ V ) ≥ L. Then μ^+_{Γ,κ}(V ) ≥ ϑ. Proof: Every α ∈ Δ^+_n is a composition of α^κ and of a curve α̂, where α̂ satisfies |α̂|(t) ≤ κ|α|(0) for all t from the domain of α̂. Thus, with the definition of μ^+_{Γ,κ}(V ) in (5.11),

μ^+_n (V ) = ∑ α∈Δ^+_n ∫ P (α∩V ) |α|(t)dt (5.12)

= μ^+_{Γ,κ}(V ) + ∑ α∈Δ^+_n \Γ ∫ P (α^κ∩V ) |α^κ|(t)dt + ∑ α∈Δ^+_n ∫ P (α̂∩V ) |α̂|(t)dt Now ∑ α∈Δ^+_n \Γ ∫ P (α^κ∩V ) |α^κ|(t)dt ≤ ∑ α∈Δ^+_n \Γ ∫ P (α^κ∩V ) |α|(0)dt (5.13)

≤ L ∑ α∈Δ^+_n |[S^{(0)}_n ](α(0))| ≤ L var S^{(0)}_n ≤ 2L = ϑ , where we used that P (α^κ ∩ V ) < L for all α ∈ Δ^+_n \Γ. Also, ∑ α∈Δ^+_n ∫ P (α̂∩V ) |α̂|(t)dt ≤ ∑ α∈Δ^+_n ∫ P (α̂∩V ) κ|α|(0)dt (5.14)

≤ T_eκ ∑ α∈Δ^+_n |[S^{(0)}_n ](α(0))| ≤ T_eκ var S^{(0)}_n ≤ 2T_eκ = ϑ ,

The statement of the lemma follows from (5.12) – (5.14).

Lemma 5.8 For every ball B(z) with center z ∈ ω there is a number n_0 such that for all n ≥ n_0 the following holds: Let α, β ∈ Δ^+_n with β ≤ α, let [0, t^{ακ} ] be the domain of α^κ and assume that B(z) ⊆ Z_tα^κ . Then

meas P (β^κ ∩ B(z)) ≤ √ 1 + 4V^2_2 meas P (α^κ ∩ B(z)). (5.15)

V_2 is the constant from (4.5).

Proof: I.) First we show that for n_0 sufficiently large we can assume that the chain α ∈ Δ^+_n and the center z = (x̃, t̃) ∈ ω of B(z) satisfy

α(t̃) < x̃ . (5.16)

For, ω is the uniform limit of a sequence of chains {α_n}_n satisfying χ ≤ α_n for all χ ∈ Δ^+_n . It thus follows that to ρ > 0 there is n_0 such that for all n ≥ n_0 and all (x, t) ∈ ω α(t) ≤ α_n(t) < x + ρ. If (5.16) does not hold we therefore have x̃ ≤ α(t̃) < x̃ + ρ. Using that |^{dα}_{dt} | ≤ V_2 , by (4.5), we conclude from this inequality by a simple geometrical consideration that if ρ is less than the radius r of the ball B(z) then (α(t), t) ∈ B(z) for all t ∈ U = (t̃ − h, t̃ + h) with h = V_2(1 + V^2_2 )^{−1}(r − ρ). Thus, U ⊆ P (α ∩ B(z)). Now we deform the curve α in this neighborhood U of t̃ such that (5.16) is satisfied by the deformed curve. From the value of h given above we immediately see that if we choose ρ <^{V 22}_{1+2V 22} r this can be done such that the deformed curve satisfies 1. α(t̃) < x̃, 2. | dα dt | ≤ 2V_2 , 3. (α(t), t) ∈ B(z) for all t ∈ U. (5.17)

The third property implies that P (α ∩ B(z)) is not changed by the deformation. The same argument also shows that we can deform β, if necessary, such that the deformed curves α and β satisfy β ≤ α, with P (β ∩ B(z)) unchanged. Therefore, since both sides of (5.15) are not changed by the deformation, it suffices to prove this inequality for the deformed curves satisfying (5.16) and (5.17). The number n_0 only depends on V^2_2 (1 + 2V^2_2 )^{−1}r, hence it only depends on the radius r of B(z). II.) We assume that (5.16) holds. Let K be a connected component of α^κ ∩ B(z), and let β_K be the subset of all z_β = (x_β , t_β) ∈ β^κ ∩ B(z) with the property that the radius vector from the center z to z_β intersects K. The requirement B(z) ⊆ Z_tα^κ implies that every connected component K is an arc which starts and ends at the boundary ∂B(z). This fact, (5.16) and β ≤ α together imply that every radius vector ending at a point of β^κ ∩ B(z) intersects α^κ, hence ⋃ K β_K = β^κ ∩ B(z) , (5.18)

where the union is over all connected components of α^κ ∩ B(z). For every K the set P (K) is an open interval and we have ∑ K meas P (K) = meas P (α^κ ∩ B(z)). (5.19)

Claim: We have meas P (β_K) ≤ √ 1 + 4V^2_2 meas P (K). (5.20)

To prove this claim fix K and assume that P (K) = (t_1, t_2). Since (5.20) is obvious if β_K is empty, we also assume that β_K ≠ ∅. Since the endpoints z_1 = (α(t_1), t_1) and z_2 = (α(t_2), t_2) of the arc K are boundary points of B(z), it follows that the line segment d connecting z_1 to z_2 is a secant to the circle ∂B(z). We denote by B^l(z) that part of B(z), which lies to the left of d. From (5.17) we infer that the arc K is contained in the parallelogram Q = {(x, t) ∈ Z_tα^κ | |x − α(t_1)| ≤ 2V_2(t − t_1), |x − α(t_2)| ≤ 2V_2(t_2 − t)}, whose diagonal is d. We denote by Q^r the triangular region of Q which lies to the right of d.

The nonempty set β_K consists of all points of β^κ ∩ B(z), whose straight connection to z intersects K. Therefore β_K must be separated from z by the arc K. Since z satisfies (5.16) and K is a subarc of α, this can only be if β_K is contained in the part of B(z) to the left of K and z is contained in the part of B(z) to the right. This implies β_K ⊆ B^l(z) ∪ Q^r, whence P (β_K) ⊆ P (B^l(z)) ∪ P (Q^r) = P (B^l(z)). (5.21)

To obtain the last equality we used that P (Q^r) = (t_1, t_2) ⊆ P (B^l(z)).

Thus, to estimate meas P (β_K) it suffices to estimate meas P (B^l(z)). To this end we observe that the center z of B(z) lies on the line g, which is orthogonal to the secant d of ∂B(z) and intersects d in the middle. Since z is contained in the part of B(z) to the right of K, it follows that z belongs to that half line of g which is bounded at the left by the intersection of g with the arc K. From K ⊆ Q we thus conclude that z also belongs to the half line g^r of g, whose left endpoint is the point of intersection z_g of g with the left boundary of the parallelogram Q. By B(z_g) we denote the ball, whose boundary ∂B(z_g ) passes through the endpoints z_1 and z_2 of K and thus has secant d. It is immediately seen that z ∈ g^r implies B^l(z) ⊆ B^l(z_g). From this relation and from (5.21) we conclude

meas P (β_K) ≤ meas P (B^l(z_g)) ≤ meas P (B(z_g)) = 2r_g, (5.22)

where r_g is the radius of B(z_g). To estimate this radius we use that z_g = (x_g, t_g) ∈ ∂Q. This implies that if t_0 denotes that one of the numbers t_1, t_2 , which is closer to t_g , then |t_g − t_0| ≤ 1 2 (t_2 − t_1),

|x_g − α(t_0)| ≤ 2V_2|t_g − t_0| ≤ V_2(t_2 − t_1).

Thus,

r_g = |(x_g, t_g) − (α(t_0), t_0)| ≤ 1 2 √ 1 + 4V^2_2 (t_2 − t_1) = 1 2 √ 1 + 4V^2_2 meas P (K),

where we used that P (K) = (t_1, t_2). This estimate and (5.22) together yield (5.20) and prove the claim.

To finish the proof of the lemma we observe that (5.18) yields P (β^κ ∩ B(z)) = ⋃ K P (β_K). Together with (5.20) and (5.19) we thus infer

meas P (β^κ ∩ B(z)) ≤ ∑ K meas P (β_K) ≤ √ 1 + 4V^2_2 ∑ K meas P (K)

= √ 1 + 4V^2_2 meas P (α^κ ∩ B(z)).

The proof is complete.

Corollary 5.9 For every finite union V = ⋃_k i=1 B(z_i) of balls B(z_i) ∈ G_{δη} there is a number n_0 such that for all n ≥ n_0 the following holds: Let α, β ∈ Δ^+_n with β ≤ α, let [0, t^{ακ} ] be the domain of α^κ and assume that V ⊆ Z_tα^κ . Then

meas P (β^κ ∩ V ) ≤ N √ 1 + 4V^2_2 meas P (α^κ ∩ V ),

where N is the number of closure disjointed subfamilies G^{(1)}_{δη} , . . . , G^{(N)}_{δη} of G_{δη} .

Proof: G_{δη} consists of balls with center in G̃. Since G̃ ⊆ ω, by Lemma 5.5, all balls in G_{δη} have center on ω. Therefore we can apply Lemma 5.8 and choose n_0 large enough such that the estimate (5.15) holds for all balls B(z_i), i = 1, . . . , k. We group the balls B(z_1), . . . , B(z_k) into N subfamilies {B_{ij} }_i ⊆ G^{(j)}_{δη} of disjoint balls and remark that if B_{ij} ∩B_{lj} = ∅ then also P (α^κ ∩B_{ij} )∩P (α^κ ∩B_{lj} ) = ∅, since P is a bijective mapping from the graph of the curve α^κ to [0, ∞). From (5.15) we thus conclude

meas P (β^κ ∩ V ) ≤ k∑ i=1 meas P (β^κ ∩ B(z_i))

≤ √ 1 + 4V^2_2 k∑ i=1 meas P (α^κ ∩ B(z_i)) = √ 1 + 4V^2_2 ∑ j ∑ i meas P (α^κ ∩ B_{ij} )

≤ √ 1 + 4V^2_2 ∑ j meas P (α^κ ∩ V ) = N √ 1 + 4V^2_2 meas P (α^κ ∩ V ).

Lemma 5.10 Let α ∈ Δ^+_n and let η > 0. Assume that V = ⋃_k i=1 B_i is a union of balls whose radii are all bounded by η and which satisfy α^κ ∩B_i ≠ ∅ for i = 1, . . . , k. Then

μ^−_n (V ) ≤ 2 √ 1 + 1 V^2_1 η, (5.23)

where V_1 is the constant from (4.5).

Proof: For β ∈ Δ^−_n let t^∗ = max{0 ≤ t ≤ T_e | |β|(t) > 0}, and let β^∗ = β|_{[0,t∗]} . Then (5.9) implies

μ^−_n (V ) = ∑ β∈Δ^−_n ∫ P (β^∗∩V ) |β^∗|(t)dt ≤ ∑ β∈Δ^−_n meas P (β^∗ ∩ V )|β|(0) (5.24)

≤ max_{β∈Δ−n} meas P (β^∗ ∩ V ) ∑ β∈Δ^−_n |[S^{(0)}_n ](β(0))| ≤ max_{β∈Δ−n} meas P (β^∗ ∩ V ).

Here we used ∑ β∈Δ^−_n |[S (0) n ](β(0))| = |S^{(0)}n (b) − S^{(0)}n (c)| ≤ 1.

It remains to estimate meas P (β^∗ ∩V ). To this end note that relation (5.10) implies |α^κ|(t) ≥ κ|α|(0) > 0 for all t from the domain of α^κ. By Lemma 5.4 (iii) and (5.8) we thus have [S_n] = [S_n]_+ > 0 along α^κ. Equation (4.5) therefore yields dα^κ dt (t) ≥ V_1 > 0 (5.25)

for all t from the domain of α^κ. By the same reasoning we obtain dβ^∗ dt (t) ≤ −V_1 < 0 (5.26) for all t from the domain of β^∗. Finally, observe that α^κ ∩ B_i ≠ ∅, i = 1, . . . , k implies V ⊆ W_α = {z ∈ Z_{Te} | dist(z, α^κ) < 2η}, hence meas P (β^∗ ∩ V ) ≤ meas P (β^∗ ∩ W_α) ≤ t_2 − t_1 , (5.27) with t_2 = sup P (β^∗ ∩ W_α), t_1 = inf P (β^∗ ∩ W_α). Using (5.25) and (5.26) we see by some geometrical considerations, which we leave to the reader, that

t_2 − t_1 ≤ 2 √ 1 + 1 V^2_1 η. Combining this inequality with (5.24) and (5.27) yields (5.23).

Proof of Proposition 4.9: We assume that the statement of this proposition for the measure ν^+_n does not hold. Then there are numbers δ, ϑ > 0 such that for all η_0 > 0 there is η ≤ η_0 and a finite collection B_1, . . . , B_k ∈ G_{δη} such that for every positive integer k_0 there is n ≥ k_0 with

ν^+_n (^k⋃ i=1 B_i ) > ϑ. (5.28)

In the following we write V = ⋃_k i=1 B_i . We aim to prove an estimate of the form ν^−_n (V ) < Kη, which together with the definition of G_{δη} would contradict (5.28) when η is small. However, because of the unknown location of the balls B_i the proof of such an estimate seems to be difficult. Our strategy for the proof therefore is to construct a chain α̂ ∈ Δ^+_n and a subfamily of the balls from B_1, . . . , B_k for which an estimate analogous to (5.28) holds and for which every ball intersects α̂. For such a subfamily of balls lined up along a curve α̂ with positive slope we have already proved an estimate for μ^−_n in Lemma 5.10. The desired estimate for ν^−_n is immediately obtained from that estimate via (5.1).

Therefore our first goal is to verify the following

Claim 1: If (5.28) holds there is a constant Θ > 0 with the following property: For every η there is n_0 such that for all n ≥ max(k_0, n_0) there is a subfamily B^′_1, . . . , B^′_m of B_1, . . . , B_k and a chain α̂ ∈ Δ^+_n with B^′_j ∩ α̂^κ ≠ ∅, j = 1, . . . , m, and with

ν^+_n (^m⋃ j=1 B^′_j ) ≥ Θ > 0. (5.29)

To prove this claim we first remember (5.1) and conclude from (5.28)

μ^+_n (V ) ≥ ϑ M_2 . Let L = ϑ 6M_2 , κ = ϑ 6M_2T_e

, (5.30) and let Γ be the set of all α ∈ Δ^+_n such that meas P (α^κ ∩ V ) ≥ L. With Lemma 5.7 we obtain μ^+_{Γ,κ}(V ) ≥ ϑ 3M_2

. (5.31)

Let p be the smallest integer with^L_2 p ≥ T_e and set h = T_e/p. Then

0 = t_0 < t_1 < . . . < t_p = T_e

with t_i = ih is a partition of the interval [0, T_e] into p subintervals of length h ≤ L 2 . (5.32)

For α ∈ Γ let [0, t^{ακ} ) be the domain of α^κ and for q = 1, . . . , p let Γ_q = {α ∈ Γ | t_{q−1} < t^{ακ} ≤ t_q}. Then Γ = ⋃_p q=1 Γ_q , hence (5.31) yields

μ^+_{Γ1,κ}(V ) + . . . + μ^+_{Γp,κ}(V ) = μ^+_{Γ,κ}(V ) ≥ ϑ 3M_2 . Thus, there is at least one q with

μ^+_{Γq ,κ}(V ) ≥ ϑ 3pM_2 . (5.33)

For every η and n we fix such a q. Let α̂ be the minimal element from Γ_q , i.e. α̂ ≤ α for all α ∈ Γ_q . Also, let B^′_1, . . . , B^′_m be the subfamily of those balls from B_1, . . . , B_k which are contained in the set Z_{tq−1} and which are intersected by α̂^κ. We set V^′ = ⋃_m j=1 B^′_j . Finally, let V_q be the union of those balls from B_1, . . . , B_k which are not contained in Z_{tq−1} . Since all balls belong to G_{δη} their radii are bounded by η. Therefore V_q ⊆ {(x, t) ∈ Z_{Te} | t ≥ t_{q−1} − 2η}. From P (α̂^κ) = [0, t^{α̂κ} ] ⊆ [0, t_q] we thus obtain

P (α̂^κ ∩ V_q) = P (α̂^κ) ∩ P (V_q) ⊆ (t_{q−1} − 2η, t_q),

hence, together with (5.32)

meas P (α̂^κ ∩ V_q) ≤ h + 2η ≤ L 2 + 2η. (5.34)

We can assume that η < L 8 . (5.35)

Since α̂ ∈ Γ, we have meas P (α̂^κ ∩ V ) ≥ L. Moreover, α̂^κ ∩ V = α̂^κ ∩ (V^′ ∪ V_q), since V^′ ∪ V_q differs from V at most by a union of balls which are not intersected by α̂^κ. Together with (5.34) and (5.35) we thus obtain

L ≤ meas P (α̂^κ ∩ V ) = meas P (α̂^κ ∩ (V^′ ∪ V_q))

≤ meas P (α̂^κ ∩ V^′) + meas P (α̂^κ ∩ V_q) ≤ meas P (α̂^κ ∩ V^′) + 3 4 L, hence meas P (α̂^κ ∩ V^′) ≥ 1 4 L. We can now apply Corollary 5.9. Since V^′ is a union of balls in G_{δη} and satisfies V^′ ⊆ Z_{tq−1} , since the interval [0, t_{q−1}] belongs to the domains of all α ∈ Γ_q and since α̂ is the minimal element in Γ_q it follows from this corollary that there is n_0 = n_0(η) such that for all n ≥ n_0 and all α ∈ Γ_q L 4 ≤ meas P (α̂^κ ∩ V^′) ≤ N √ 1 + 4V^2_2 meas P (α^κ ∩ V^′).

This inequality shows that all α ∈ Γ_q satisfy the assumptions of Lemma 5.6. Together with (5.33) we thus conclude from this lemma that ϑ 3pM_2 ≤ μ^+_{Γq ,κ}(V ) ≤ μ^+_{Γq ,κ}(Z_{Te} ) ≤ T_e L^′κ μ^+_{Γq ,κ}(V^′), (5.36)

where L^′ = L(4N √ 1 + 4V^2_2 )^{−1}. Relation (5.1) implies

μ^+_{Γq ,κ}(V^′) ≤ μ^+_n (V^′) ≤ 1 M_1 ν^+_n (V^′).

This estimate and (5.36) together yield (5.29), where the constant Θ has the value Θ = 1 12 κM_1ϑL M_2 √ 1 + 4V^2_2 NT_ep > 0. κ and L are given in (5.30). This proves Claim 1. Claim 2: For all η > 0 there is n_1 such that for all n ≥ n_1

ν^+_n (^m⋃ j=1 B^′_j ) ≤ 2M_2N 1 δ √ 1 + 1 V^2_1 η. (5.37)

To verify this claim note that all balls B^′_j belong to the family G_{δη} and thus satisfy (4.13), by definition of this family. Hence, there is n_1 with

ν^+_n (B^′_j ) ≤ 1 δ ν^−_n (B^′_j ), (5.38) for all n ≥ n_1 and all j = 1, . . . , m. As in the proof of Corollary 5.9 we group the balls B^′_1, . . . , B^′_m into N subfamilies {B^′_{ij}}_i ⊆ G^{(j)}_{δη} of disjoint balls, and obtain from (5.38) for n ≥ n_1 that

ν^+_n (^m⋃ j=1 B^′_j ) ≤ m∑ j=1 ν^+_n (B^′_j ) ≤ 1 δ m∑ j=1 ν^−_n (B^′_j ) (5.39)

= 1 δ ∑ j ∑ i ν^−_n (B^′_{ij} ) ≤ 1 δ ∑ j ν^−_n (V^′) = N δ ν^−_n (V^′).

Since V^′ = ⋃_m j=1 B^′_j is a union of balls whose radii are all bounded by η and which satisfy α̂^κ ∩ B^′_j ≠ ∅ for j = 1, . . . , m, we can apply Lemma 5.10. Together with (5.1) we discover that

ν^−_n (V^′) ≤ M_2μ^−_n (V^′) ≤ 2M_2 √ 1 + 1 V^2_1 η. Claim 2 follows by insertion of this estimate into (5.39).

End of the proof of Proposition 4.9: Choose η small enough such that the right hand side of (5.37) is less than the constant Θ in (5.29). Then for n ≥ max(n_0, k_0, n_1) the inequalities (5.29) and (5.37) are in obvious contradiction. Consequently, our hypotheses must be false and the inequality stated in Proposition 4.9 for ν^+_n must hold. The inequality for ν^−_n is proved in the same way by interchanging the roles of ν^+_n and ν^−_n and by applying the second inequality in (4.13), which has not yet been used. The proof is complete.

A Appendix

Here we state the version of the Besicovitch Covering Theorem which we use in Sect. 4 to define the families E_δ, F_δ, G_{δη} and the sets E, F , G.

Definition A.1 Let B be a family of open sets. B is called closure disjointed if every pair of sets V_1, V_2 ∈ B with V_1 ≠ V_2 satisfies V_1 ∩ V_2 = ∅.

The following theorem is proved in exactly the same way as the version of the Besicovitch Covering Theorem for closed balls given in [13, pp. 30–35], [29, pp. 9–12].

Theorem A.2 (Besicovitch Covering Theorem) Let B be a family of open balls in R^n with uniformly bounded radii. There are closure disjointed, countable subfamilies B^{(1)}, . . . , B^{(N)} of B, with N > 1 only depending on the dimension n, such that if A is the set of centers of balls in B then A ⊆ N⋃ i=1 ⋃ B∈B^{(i)} B.

Literatur

[1] Abeyaratne, R.; Knowles, J.K. (1990) On the driving traction acting on a surface of strain discontinuity in a continuum., J. Mech. Phys. Solids 38,3, 345–360

[2] Alber, H.-D. (2000) Evolving microstructure and homogenization. Continuum.

Mech. Thermodyn. 12, 235-286 [3] Alt, H.W.; Pawlow, I. (1992) A mathematical model of dynamics of non-isothermal phase separation Physica D 59, 389–416 [4] Angenent, S.B.; Gurtin, M.E. (1989) Multiphase thermomechanics with interfacial structure. 2. Evolution of an isothermal interface. Arch. Rational Mech. Anal. 108, 323–391

[5] Ball, J.M.; Kinderlehrer, D.; Podio-Guidugli, P.; Slemrod, M. (1999) Evolving phase interfaces in solids. Berlin: Springer [6] Barles, G.; Perthame, B. (1987) Discontinuous solutions of deterministic optimal stopping time problems. Math. Modelling Num. Analysis 21, 557–579

[7] Bonetti, E.; Colli, P.; Dreyer, W.; Gilardi, G.; Schimpanera, G.; Sprekels, J. (2002) On a model for phase separation in binary alloys driven by mechanical effects. Physica D 165, 48–65 [8] Brokate, M.; Sprekels, J. (1996) Hysteresis and phase transitions. New York:

Springer

[9] Carrive, M.; Miranville, A.; Piérus, A. (2000) The Cahn-Hilliard equation for deformable elastic continua. Adv. math. Sci. Appl. 10,2 539–569

[10] Cahn, J.W. (1961) On spinoidal decomposition. Acta Metall. 9, 795–801 [11] Charach, Ch.; Chen, C.K.; Fife, P.C. (1999) Development in phase-field modeling of thermoelastic and two-component materials J. Stat. Phys. 95,5/6, 1141–1164

[12] Epstein, M.; Maugin, G.A. (1990) Sur le tenseur de moment matériel d’Eshelby en élasticité non linéaire. C.R. Acad. Sci. Paris, II 310, 675–678 [13] Evans, L. and Gariepy, R. (1992) Measure Theory and Fine Properties of Functions. Boca Raton: CRC Press

[14] Fratzl, P.; Penrose, O.; Lebowitz, J.L. (1999) Modeling of phase separation in alloys with coherent elastic misfit. J. Stat. Phys. 95,5/6, 1429–1503 [15] Garcke, H. (2003) On Cahn-Hilliard systems with elasticity Proc. R. Soc. Edinb., Sect. A, Math. 133,2, 307–331

[16] Gurtin, M.E. (1995) The nature of configurational forces. Arch. Rational Mech.

Anal. 131, 67–100 [17] Ishii, H. (1987) Perron’s method for Hamilton-Jacobi equations. Duke Math. J. 55, 369-384

[18] Kosevich, A.M. (1979) Crystal dislocations and the theory of elasticity. F.R.N.

Nabarro [ed.] Dislocations in solids. Amsterdam: North-Holland 33–141

[19] Larché, F.C.; Cahn, J.W. (1982) The effect of self-stress on diffusion in solids.

Acta Metall. 30, 1835–1845

[20] Maugin, G.A. (1993) Material inhomogeneities in elasticity. London: Chapman & Hall

[21] Maugin, G.A. (1995) Material forces: Concepts and applications. Applied Mechanics Reviews 48, 213–245

[22] Müller, L.; Glatzel, U.; Feller-Kniepmeier, M. (1992) Modelling thermal misfit stresses in Nickel-base superalloys containing high volume fraction of γ^′–phase. Acta Metall. Mater. 40, 1321

[23] Müller, R.; Gross, D. (1998) 3D simulation of equilibrium morphologies of precipitates. Computational Materials Science 11, 35–44

[24] Peach, M.; Köhler, J.S. (1950) The forces excerted on dislocations and the stress fields produced by them. Phys. Rev. 80, 436–439

[25] Schmidt, I. (1997) Gleichgewichtsmorphologien elastischer Einschlüsse. Dissertation, Fachbereich Mechanik, Technische Universität Darmstadt

[26] Schmidt, I.; Gross, D. (1997) The equilibrium shape of an elastically inhomogeneous inclusion. J. Mech. Phys. Solids 45, 1521–1549

[27] Socrate, S.; Parks, D.M. (1993) Numerical determination of the elastic driving force for directional coarsening in Ni-superalloys. Acta Metall. Mater. 41, 2185–2209

[28] Voorhees, P.W.; McFadden, G.B.; Johnson, W.C. (1992) On the morphological development of second-phase particles in elastically-stressed solids. Acta Metall. Mater. 40, 2979–2992

[29] Ziemer, W.P. (1989) Weakly differentiable functions. Sobolev spaces and functions of bounded variation. Berlin: Springer