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Introduction

While specific examples of infinite-dimensional Lie groups have been studied extensively
and are well understood, in the general theory of infinite-dimensional Lie groups even very
fundamental questions are still open. Various important unsolved problems were recorded
in the preprint [17] by John Milnor in 1982; most of them have resisted all attempts at a
solution so far.! In the present article, we give a partial answer to Milnor’s third problem:
“Is a continuous homomorphism between Lie groups necessarily smooth?” As our main
result, we show that every Holder continuous homomorphism is smooth. More precisely:

Main Theorem. Let f: G — H be a homomorphism between Lie groups modelled on
real locally convex spaces. If f is Holder continuous at 1 and the modelling space of H is
Mackey complete, then f is smooth.

In particular, the Main Theorem applies to Lipschitz continuous homomorphisms. Milnor
only considered Lie groups modelled on complete locally convex spaces. Mackey complete-
ness is a very natural and useful weakened completeness condition [14].

A simple special case. The basic idea underlying our approach is most easily explained
for one-parameter groups. It is helpful to keep this simplest special case in mind as a
guideline also when dealing with the general case (which is much harder). Thus, consider
a continuous homomorphism £: R — G from R to a Lie group G modelled on a locally
convex space E. Using a chart, we identify an open identity neighbourhood of G with an

!Milnor’s second problem (does every closed subalgebra correspond to an immersed Lie subgroup ?)
had in fact already been solved earlier by Omori [19] (in the negative). The other three main problems
remain open. Various smaller problems mentioned in Milnor’s preprint could be settled: A Lie group
whose exponential map is a local diffeomorphism at 0 need not be of Campbell-Hausdorff type [20, §3.4.1].
A real or complex analytic Lie group need not be of Campbell-Hausdorff type [7, Rem.4.7 (b)]. The com-
plexification of an enlargible real Banach-Lie algebra need not be enlargible [10, Ex. VI.4]. A connected Lie
group modelled on a locally convex space is abelian if and only if its Lie algebra is abelian [5, Prop. 22.15].



open 0O-neighbourhood in E. Making use of the first order Taylor expansion
2* =2z + R(z)

of the squaring map around the identity 0, for small ¢ € R we obtain £(t) = £(5t)* =
26(3t) + R(€(3t)) and thus &(5t) = 3£(¢) — $R(£(51)). Applying this formula twice yields

2
€)= 20 — LREE(H) = 2¢(0) — LRERD) — REC).
Similarly, £(27"t) = 27"E(t) — > o 2" IR(£(277)) for all n € N, by induction. After

re-parametrizing £, we may assume that ¢ = 1 can be chosen here. This gives

£(27") = £(1) — Xn: Qk—lR(g(Q_k)) for all n € N. (1)

k=1

Now assume that ¢ is Holder continuous at 0, with Holder exponent o € |0, 1]. Then £(27F)
is of order O(27%*) (as k — 00). A first order Taylor remainder being at most quadratic
in the order of its argument, we see that R(£(27%)) is of order O(272%*). Therefore the
summands 2¥'R(£(27%)) in (1) are of order O(2U72¥%). If o € |1,1], the preceding
estimates show that n — >} 2" 1R(£(27%)) is a Mackey-Cauchy sequence in E and
€27

hence convergent if F is Mackey complete. Thus lim,, .., >3~ exists in F, and apparently
this limit gives us a candidate for £’(0). Of course, it remains to show that £'(0) exists, and
that existence of £'(0) entails smoothness of €. Also, it remains to remove the requirement
that o > I (but all of this can be done).

Organization of the paper. After a brief description of the setting of differential calculus
used in the paper, in Section 1 we discuss various properties a mapping between open
subsets of locally convex spaces (or manifolds) can have at a given point: Holder continuity
at z, total differentiability at x, and feeble differentiability (an auxiliary notion which we
introduce for internal use). In Section 2, we show that C'-homomorphisms between Lie
groups modelled on real locally convex spaces are smooth (Lemma 2.1), and we show that
a homomorphism is C' if it is totally (or merely feebly) differentiable at 1 (Lemma 2.2).
Section 3 is devoted to the proof of the Main Theorem (Theorem 3.2). In view of the
reduction steps already performed, the crucial point will be to deduce total differentiability
at 1 from Holder continuity at 1. Although our main result concerns real Lie groups, some
of our considerations are not restricted to the real case and have been formulated more
generally for complete valued fields. This enables us to show in Section 4 that Holder
continuous homomorphisms between p-adic Lie groups are C' (Theorem 4.1). Proofs for
various auxiliary results, which are best taken on faith on a first reading, are compiled in
two appendices.

Analogues in convenient differential calculus. In the subsequent paper [9], variants
of the ideas presented here are used to show that every Lip’~-homomorphism between Lie
groups in the sense of convenient differential calculus (as in [14]) is smooth in the convenient
sense. More generally, this conclusion holds for “conveniently Holder” homomorphisms [9].
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1 Basic definitions and facts

We compile and develop basic material. The proofs are recorded in Appendix A.
Differential calculus in topological vector spaces

We are working in the framework of differential calculus known as Keller’s C'2°-theory [13]
(going back to Michal and Bastiani), as used in [4], [11], [16], [17], [18] and generalized to
a differential calculus over topological fields in [2]. We recall some of the basic ideas.

1.1 Let E be a real topological vector space, F' be a real locally convex space, and U C E
be open. A map f: U — F is called C' if it is continuous, the directional derivative
df (z,y) :== %‘tzof(x+ty) exists for all x € U and y € E, and the mapping df: U x E — F
so obtained is continuous. Inductively, we say that f is C*¥*1 (for & > 1) if f is C' and
df : U x E — Fis C*. The map f is called C* or smooth if it is C* for all k € N.

1.2 If f: E D U — F as before is C', define f: Ul — F on the open set UM :=
{(z,y,t) EUxXxExR:ax+tyc U} C Ex E xR via fll(z,y,t) = H(flx+ty) — f(x))
if t # 0, fl(z,y,0) := df(z,y). Then fI is continuous, because for small ¢ we have
the integral representation f!(z,y,t) = fol df (x + sty,y) ds, by the Mean Value Theorem.
Furthermore, by definition of £,

Wz, y,t) = %(f(x +ty) — f(z)) for all (z,y,t) € UM such that t # 0. (2)

If, conversely, f: U — F' is continuous and (2) holds for a continuous map fI1: Ul — F,
then f is C*, with df (z, y) = limq ot (f(-+ty)— f(2)) = limq o f(z,,1) = f1(z,4,0).

The preceding characterization of C''-maps is a useful tool for various purposes. Beyond
the real case, the characterizing property just described can be used to define C'-maps [2]:

1.3 Let FE and F be (Hausdorff) topological vector spaces over a topological field K (which
we always assume Hausdorff and non-discrete), and U C E be open. Let U := {(z,y,t) €
UxExK:x+tyeU}. Amap f: U — F is called C! if it is continuous and there exists
a (necessarily unique) continuous map fI1: UM — F such that (2) holds. Inductively, f is
called C**! for k € N if f is C* and fIU: UM — F is C*. The map f is C™ or smooth if
it is C* for all k € N. We write Ck for C* if we wish to emphasize the ground field.

By [2, Prop. 7.4], the definitions of C*-maps given in 1.1 and 1.3 are equivalent for maps
into real locally convex spaces. Compositions of C*-maps being C* [2, Prop. 4.5], manifolds
and (smooth) Lie groups modelled on topological K-vector spaces can be defined in the
usual way. For further information, see [18] (real case) and [2]. Examples of infinite-
dimensional Lie groups over topological fields can be found in [8].



1.4 A valued field is a field K, equipped with an absolute value |.|: K — [0, 00| (see [21]);
we require furthermore that the absolute value be non-trivial (i.e., the corresponding metric
defines a non-discrete topology on K). Every valued field is, in particular, a topological
field. A topological vector space E over a valued field K is called polynormed if its vector
topology arises from a family of continuous seminorms ¢: £ — [0, 00[. Thus polynormed
vector spaces over K € {R, C} are the usual locally convex spaces. We also write ||.||, :== ¢,
for better readability. Given x € E and r > 0, we let BY(z) :={y € E: ||y — x|, < r} be
the open g-ball of radius r around =.

Our studies hinge on Taylor’s formula [2, Thm. 5.1]:

Proposition 1.5 Ifk € Nand f: E DU — F is C*, then there are continuous functions
aj:Ux E — F forj=1,...,k and a continuous function Ry: UM — F such that

k
flx+ty) — f(x) = thaj(x,y) + t* Ry(w,y,1) for all (z,y,t) € U

j=1

and Ry (x,y,0) =0 for all (z,y) € UxE. The functions a; and Ry, are uniquely determined,
a;j(x,+) is homogeneous of degree j, and jla;(x,y) = & f(x,y,...,y) for all (z,y) € UxE.O

Here d’f : U x E/ — F denotes the jth differential of f, defined in terms of iterated
directional derivatives via d’ f(z,y1,...,y;) == (Dy, - -- Dy, f)(x).

Lemma 1.6 Let E and F' be polynormed vector spaces over a valued field K and f: U — F
be a C*-map on an open subset U C E. Let xy € U, q be a continuous seminorm on F,
and C' > 0. Then there exists a continuous seminorm p on E such that BY(xq) C U and

1f (@ +y) = f (@) = df (2, 9)llg = | Ra(e,y, Dllg < Cllyll; for all x € Bi(x0) and y € By(0).

Holder continuity at a point
Until 1.15, K denotes a valued field.

Definition 1.7 Let £ and F' be polynormed K-vector spaces, z € E, U C E be a neigh-
bourhood of z, f: U — F be a map, and «a € |0, 1]. We say that f is Hélder continuous
of degree (or Holder exponent) o at x (for short: f is H, at z) if, for every continuous

seminorm ¢q on F'| there exist § > 0, C' > 0 and a continuous seminorm p on E such that
Bf(z) C U and

1f(y) = f@)llg < C(lly — xll)*  for all y € Bi(x). (3)

If fis Hy at x, we also say that f is Lipschitz continuous at x. We say that f is Holder
continuous at x if f is H, at x for some a €0, 1].

Remark 1.8 Replacing p with max {5*1, C’é} - p, we can always achieve that C' =9 = 1.



Lemma 1.9 For maps between subsets of polynormed K-vector spaces, we have:

(a) If f is H, at x then f is continuous at x.

(b) If « > B and f is H, at , then f is Hg at .

(c) Any C'-map is Lipschitz continuous at each point.

(d) If fis Hy at x and g is Hg at f(z), then go f is Hy.p at x.

Definition 1.10 Let f: M — N be a map between Ci-manifolds modelled on polynormed
K-vector spaces, and « € |0, 1]. We say that f is Héolder continuous of degree av at x € M
(or briefly: F'is H, at z), if f is continuous at x and there are a chart ¢: U; — U of
M around x and a chart ¢: V; — V of N around f(z), such that ¢(f~'(V})NUy) — V,
y— U(f(¢o7(y))) is Hy at ¢(z). (This then holds for any choice of ¢ and ¢, by La. 1.9).

Notions of differentiability at a point

1.11 (Cf. [15, 1,83]). Let E and F be topological K-vector spaces, z € E, and f: U — F
be a map defined on a neighbourhood U of z in E. The map f is called totally differentiable
at z if there is a (necessarily unique) continuous linear map f’(x): £ — F such that

h:U—x—F,  hly):=fle+y) - flx) = f(x)y

is tangent to 0 in the sense that, for every O-neighbourhood W C F, there is a 0-
neighbourhood V' C F and a function 6: I — K defined on some 0-neighbourhood I C K
such that I -V C U —z, 0(t) = o(t) (i.e., #(0) = 0 and lim; 0 6(¢)/t = 0), and

htV) COOW  forall t e 1.

1.12 If £ and F' are polynormed, then h as before is tangent to 0 if and only if, for every
continuous seminorm ¢ on F', there exists a continuous seminorm p on E such that, for
each £ > 0, there exists 6 > 0 such that Bf(0) C U — x and

1PW)llg < ellyll, — for all y € BF(0).

1.13 The Chain Rule holds: If f: E O U — F is totally differentiable at x and the map
g: FF OV — H is totally differentiable at f(z) and f(U) C V, then go f: U — H is
totally differentiable at x, with (g o f)'(x) = ¢'(f(x)) o f'(z).

Lemma 1.14 Let E and F be topological K-vector spaces, U C E be an open subset, and
f:U — F be aC?map. Then f is totally differentiable at each x € U, and f'(x) = df (x,).

1.15 Givenr € NU{oc}, amap f: M — N between C"-manifolds modelled on topological
K-vector spaces, and z € M, we call f totally differentiable at x if f is continuous at x
and there exist a chart ¢: Uy — U of M around x and a chart ¢: V; — V of N around
f(x), such that ¢(f~1(Vi)NUL) — V, y— (f(¢~ (y))) is totally differentiable at ¢(x).2

2If r > 2, then the latter property is independent of the choice of charts, by the Chain Rule (the chart
changes are C? and hence totally differentiable at each point by Lemma 1.14).
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We find it convenient to work with a certain weaker differentiability property, which even
makes sense over arbitrary topological fields:

1.16 Let E and F be topological vector spaces over a topological field K, U C E be open,
x €U, and f: U — F a continuous map. Let A := {(y,t) € E x K*: z +ty € U} and
U, = AU (E x {0}) € E x K. We say that f is feebly differentiable at x if there is a
(unique) continuous linear map f’(x): E — F making the following map continuous:

fz+ty)—f(=) if ¢ 7& 0

forUn = F, 0 (yt) = { f(x)y  if t=0.

Lemma 1.17 Let E and F' be topological vector spaces over a topological field K, U C F
be open, f: U — F be a map, and x € U. If f is C' or if K is a valued field, f is
continuous on U and totally differentiable at x, then f is feebly differentiable at x.

1.18 The Chain Rule holds for feebly differentiable maps: If f: E O U — F is feebly
differentiable at x and g: F' O V — H is feebly differentiable at f(z) and f(U) C V, then
go f: U — H is feebly differentiable at z, with (g o f)'(z) = ¢'(f(x)) o f'(z).

1.19 Amap f: M — N between C'-manifolds modelled on topological K-vector spaces is
called feebly differentiable at x € M if it is continuous at z and y — (f(¢ (y))) is feebly
differentiable at ¢(z) for charts ¢ and v as in 1.15.

Cf. [1] for a comparative study of various differentiability properties at a point.

2 Homomorphisms between Lie groups

We prove preparatory results concerning differentiability properties of homomorphisms.

Lemma 2.1 Let f: G — H be a C-homomorphism between Lie groups over K € {R,C},
where H is modelled on a locally convex space. Then f is CF°.

Proof. We show that f is C* for each k € N, by induction. By hypothesis, f is C*. Using
the trivialization 7¢: G x L(G) — TG, 7¢(g9, X) := T1\,(X) (where \;: G — G, x — gz
denotes left translation by ¢) and the corresponding trivialization 75 : H x L(H) — TH,
the tangent map T'f can be expressed as

Tf=1go(fxL(f)o(rg)". (4)

Since 7¢ and 7y are C*°-diffeomorphisms and the continuous linear map L(f) is smooth, (4)
shows that if f is C¥, then so is T'f. But then f being a C'*-map into a manifold modelled
on a locally convex space with Tf of class C*, the map f is C**! (cf. [2, Prop.7.4]). O



Lemma 2.2 Let f: G — H be a homomorphism between Lie groups modelled on topo-
logical vector spaces over a topological field K. Assume that f is feebly differentiable at 1
(this is the case if K is a valued field and f is totally differentiable at 1). Then f is Cg. If
K € {R,C} and the modelling space of H is locally convez, then f is CR°.

Proof. We let ¢: Uy — U C L(H) be a chart of H around 1, such that ¢(1) = 0. There
exists an open identity neighbourhood V; C U; such that Vi V; C Uy; let V := ¢(V;). Then

w:VxVv —U, p(r,y) =xxy = ¢(¢_1(x)¢_l(y))

expresses multiplication on H in local coordinates. Let ¢): P, — P C L(G) be a chart of G
such that f(P;) C Uy, 0 € P and ¥(1) = 0; let ()1 and S; be open identity neighbourhoods
in G such that Q:Q, C Pi, f(Q1) C Vi, S; = (S1)7}, and 5151 € Q1. Then Q := (Q,)
and S := 9(S;) are open O-neighbourhoods in L(G). Define t: S — S, 1(x) :== 271 :=
P~ Ha) ) and v: Q@ x Q@ — P, v(x,y) =z xy =¥~ (2)¢Y " (y)). Then

g=0¢oflploy™ P =T

maps 0 to 0 and is continuous (since f is continuous, being a homomorphism which is
continuous at one point). Furthermore, ¢ is feebly differentiable at 0 by hypothesis (resp.,
Lemma 1.17). For (z,y,t) € S"'0:= {(z,y,t) € SU: ¢ # 0}, we have

T g(x +ty) —g(x)) = t7(g(x) xg(a™" * (z +ty)) — g(@))
= i 1( () 0+t~ g(a™" = (x + ty))) — g(2) * 0)
= u H((g(2),0), (0.t g(a™! = (x +ty))), 1)
= # Y((g(), 0), (0,4 g(th(z,y,1))), 1)
= 1 ((g(),0), (0,G0(h(,y.t),1)), 1)
where h: SU — L(G), h(z,y,t) := v((z71, 2), (0,y), t) is continuous, and so is the

map §o : Py — L(H) (defined as in 1.16). Note that F: SU — L(H), F(z,y,t) =
wM((g(x),0), (0,g0(h(z,y,t),t)), t) makes sense on all of Sl The map F is continuous
and, by the preceding, we have F(x,y,t) = t(g(x +ty) — g(x)) for all (z,y,t) € e Sl Thus
gls is C*, with (g|s)!!) = F. Hence f|g, is ' and hence so is f on all of G, by [6, La. 3.1].
IfK e {]R C} and L(H) is locally convex, this entails that f is C*° (Lemma 2.1). 0

3 Holder continuous homomorphisms are smooth

In this section, which is the core of the article, we establish the main result.

Definition 3.1 A sequence (x,),en in a topological vector space E over a valued field K is
called Mackey-Cauchy if there exists a bounded subset B C E and elements f,, ,,, € K such
that =, — x,, € pi,mB for all n,m € N and p,,,, — 0 as both n,m — oo (cf. [14, p. 14]).
We say that F is Mackey complete if every Mackey-Cauchy sequence in E is convergent
(cf. [14, La.2.2)).



Theorem 3.2 Let f: G — H be a homomorphism between smooth Lie groups modelled
on locally convex, real topological vector spaces. If the modelling space of H is Mackey
complete and f is Holder continuous at 1, then f is smooth.

Proof. By hypothesis, f is H, at 1 for some a € ]0,1]. The proof proceeds in two
steps. The first goal is to show that if o € |0, 3], then f also is H;,, at 1. Since the Holder
exponent can be improved repeatedly, this means that f actually is H, at 1 with o € ]%, 1].
Having achieved this, the second goal will be to show that f is totally differentiable at 1
and hence smooth, by Lemma 2.2.

For the moment, we only know that o € |0,1]. We let ¢: Uy — U C L(H) be a chart
of H around 1, such that ¢(1) = 0. There exist open, symmetric® identity neighbourhoods
Vi € U; and W7 C Vi such that ViV; C U; and Wi1W; C Vi; let Vo= ¢(V;) and
W = ¢(W7). Then

w:VxV—-uU, pz,y) =xxy = ¢(¢71(1’)¢71(9))

expresses the multiplication of H in local coordinates. Products of more than two elements
are formed from left to right; for example, zxy*z := (zxy)*z. Of course, (xxy)xz = x*(y*z)
whenever both products are defined (and likewise for products of more than three factors).
Since 0 0 = 0 and £/(0,0).(x,y) = x + y, the map

o WxW —=U, o(r,y) =c*xxxy

satisfies 0(0,0) = 0 and ¢’(0,0)(u,v) = 2u + v for u,v € L(H). Hence, using the Taylor
expansion of o about (0,0), we have

o(x,y) =2z +y+ R(x,y) for all x,y € W,

where R(z,y) := R1((0,0), (x,y),1) (cf. Proposition 1.5). Let ¢»: P, — P C L(G) be a
chart of G around 1, such that f(P;) C U; and ¢(1) = 0; let @ € P, and By C ¢4
be symmetric identity neighbourhoods such that Q1Q; C Py, B1B; C @1, f(Q1) C W,
and f(B;) C W;. Set Q := ¥(Qy) and B := ¢(B;). Define t: Q — Q, it(z) := 7! =

P Hz) ) and v: @ x Q — P, v(z,y) = w*y = ¢(¥ (z)yY " (y)). Then
g=0¢oflploy™ P U
is continuous, maps 0 to 0, and is H, at 0.

We now adapt the ideas explained in the Introduction for the special case of one-parameter
groups to the present, fully general situation. To this end, let A C B be a balanced, open
0-neighbourhood such that A* A C B, t(A) x t(A) C B, and ((A) * t(A) * A C g~ {(W).
We abbreviate (32)72 := t(3z) x 1(3z) for € A and define

hiA— W, hiz)=g((te)?*a). (5)

3Recall that an identity neighbourhood X is symmetric if X = X 1.
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We have g(z) = g((30)? = (b)) = g(50)? ¥ g((32) 2 # 2) = o{g(e), (o) 20)) =
29(32) + g((32)2z) + R(9(5%), 9((2) %)) for € A and hence

9(37) = 39(x) — 3h(z) — 3R(9(57), h(x)), (6)

with / as in (5). Since also 1z € A, likewise g(3z) = 39(32) — 3h(32) — 1 R(g9(32), h(3%)).
Inserting the right hand side of (6) for g(3x) here, we arrive at

9(37) = 19(x) — 3h(z) — $R(9(52), h(x)) — 3h(52) — 3R(9(;2), h(57)).

Proceeding in this way, we obtain
g(27"x) =2""g(x 22 k- 1 21_kzv) + R(g(2_kx),h(21_kzz))) (7)
for all n € Ny, by induction. Hence
2"g(27 ") Z 2571 (n(2'F2) + R(g(27%2), h(2' F2))) (8)

for all x € A and n € Ny. The following lemma provides estimates on the summands in
(8); later, these estimates will be used to show that the series is summable (see (18)).

Lemma 3.3 Let q be a continuous seminorm on L(H). Then there exists a continuous
seminorm p on L(G) such that BY(0) C A,

Ih(z) + R(g(ka), h(@))l, < 22 for all @ € BI(0), (9)
and |lg(2)l, < (ll2ll,)* for all z € BY(0).

Proof. As a consequence of Lemma 1.6, there exists a continuous seminorm r on L(H)
such that B7(0) C W and

IRy, 2)llq < 3(max{]lyl.. [z[l,})* for all y, = € B{(0); (10)

after replacing r with r 4+ ¢, we may assume that » > ¢. Since g is H, at 0, there is a
continuous seminorm s on L(G) such that Bf(0) C P, g(B5(0)) C Bj(0), and

lg(@)ll; < 3(l=lls)™  for all z € B}(0). (11)

We now consider the smooth map j: A — @, j(z) := (32)"2*z. Then j(0) = 0
and j'(0) = 0, entailing that there exists a continuous seminorm p on L(G) such that

By(0) € A, j(Bi(0)) € Bi(0), and

li@)lls < (l2ll;)*  for all x € BY(0) (12)



(cf. Lemma 1. 6) we may assume that p > s. Then [|h(x)|, < [[h(2)], = [|g(j(x))], <
|

517 (@)]ls )O‘ < 3(|Jz]l,)** for all = € BY(0), by (11) and (12). Also [|g(52)l, < 5(l52[:)* <
(ll]fs)* (||17|| )* and [[h(z)[l, < 5([=],)** < (I#]l,)* whence ||R( (52), h(z))ly <
%(||x||p)2°‘, by (10). Using the preceding estimates, we obtain ||h(z) + R(g ( z), h(x))|, <
[P (2))lg + 1R(g(52), () llg < 5(ll,)** + 5(lz]l,)** = (|2[[,)** for all 2 € BY(0). Thus
(9) holds. We also have [[g(x)[l, < [lg(2)[l- < 3([lzlls)* < (=lls)* < ([J]l,)* D

Lemma 3.4 If f is H, at 1 with a €0, 3], then [ also is Hs, at 1.

Proof. Given a continuous seminorm ¢ on L(H), we let p be as in Lemma 3.3. In the
following, we show that

34 34
la@)lly < K 22%(|lyll,)>"  for ally & By (0), (13)

for a suitable constant K € [0, oo[. Thus g will be Hs, at 0, and hence f will be Hs, at 1.
Using (7) and the estimates from Lemma 3.3, we obtain

lg2"2)lly < 27"[g(x Hq+22 "R ) + R(g(27 ), h(2 )

< 27n+227n+k71(”217kx|‘p)2a < 2—n+z2fn+k7122a72ak
k=1 k=1

_ (2 (1—704)71_'_2204 19— (1——o¢)n22 (1— 2a)k> 2—7o¢n (14)

k=1

for all z € BP(0) and n € Ny. Since lim,, o, 217297 =0, there is K; € [0, 00| such that
2-(1=3en < [ for all n € Ny. The summation formula for the finite geometric series yields

n 2(1—2a)(n+1) — 91-2a 2(1—204)(n+1)

(1-2a)k __ _ (1—-2a)n
22 o ol—2a _ < o1-2a _ =c2
k=1
with ¢ := % We therefore obtain the following estimates for the second term in (14):

22a7127(lf%a)n22(172a)k < c22a7127(17%a)n2(172a)n < K, Qf%om < K,
k=1

for all n € Ny, with K5 := ¢22%~!. Using the estimates just established, (14) yields
lg2"2)||, < K272°"  for all 2 € BY(0) and n € N, (15)

with K := K; + K,. Then (13) holds with K as just defined. To see this, let y € BY(0).
§O¢ .
If |lyll, = 0, then [|g(y)ll; < [lylly =0 < K25%|y||2°, as desired. If |jy||, > 0, then there
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exists n € Ny such that 277! < [jy|[, < 27" Thus 27" < 2||y||,. Since y = 27"z with
x = 2"y € BY(0), (15) yields

-n —n\ 2o Sa 2o o
lg@W)llg = llg(2"2)lly < K(27")2" < K(2flyllp)>" = K22%([lyll»)>",
whence (13) also holds if ||y||, > 0. This completes the proof of Lemma 3.4. O

If o € ]0, 3], there exists k& € N such that (3)* o < J and 8 := (£)*a € |3,1]. Repeated
application of Lemma 3.4 shows that f is Hg at 1. After replacing o with 3, we may
assume throughout the following that a € ]%, 1].

In the remainder of the proof, we show that g is totally differentiable at 0. The main point
is to construct a candidate A for the derivative ¢’(0). We first construct A = A|4 on the
0-neighbourhood A C L(G) (from above).

Lemma 3.5 The limit A(x) := lim, . 9(3::96) exists in L(H), for each x € A. For
each continuous seminorm q on L(H), the convergence of 2—2) in (L(H), II.1lq) is locally

o—n
uniform in x. The map \: A — L(H) is continuous.

Proof. Fix zy € A. Given a continuous seminorm ¢q on L(H ), we let p be as in Lemma 3.3.
There is N € N such that 27"||zo||, < 1. Then S := B}, (0)N A is an open neighbourhood

of zg in A such that 27¥S C BY(0) C A. Abbreviate C' := 227N and K := % Let
M > N. For all m,n > M (where m > n, say), using (8) we obtain for all z € S:

D0 2 (h2M )+ Rlg(2 te), 2 )

k=n+1

|27g(@ ) — 2792 )|, =

< ) 2R RE) + R(g(2 R ), h(2 ),

k=n+1
S HxH;a Z 2k7122a(17k) S 0220471 Z 27(20471)]6 (16)
<C k=n+1 k=n+1
< K- (27(2a71))n+1 <K- (27(2a71)>M+1, (17)

using (9) to pass to the third line, then using that 2-(2*~1) < 1 since a € ]%, 1]. Here, the
final expression tends to 0 as M — oo, uniformly in z € S.

By the preceding considerations, (2"g(27"%0)),,cy, is @ Cauchy sequence in L(H) in
particular. Hence, if L(H) is sequentially complete, the limit

n—oo

AMzg) == lim 2"g(27"xg) = g(zo) — Z 2L (h(2' R ag) + R(g(27%20), h(2 %)) (18)
k=1

exists in L(H). As we shall presently see, the limit also exists when L(H) is Mackey
complete. Assuming the validity of this claim for the moment, letting m — oo in the lines
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before (17) we obtain ||A(z) — 2”g(2_”x)Hq < K - (27@a=)M+L for all n > M. Hence
H)\(x) — 2”9(2*”37)Hq — 0 uniformly in z € S, proving the second assertion of the lemma.
The preceding also entails that A is continuous.

To complete the proof, it only remains to prove our claim that the limit (18) exists. Since
L(H) is Mackey complete, we only need to show that (v,),en is a Mackey-Cauchy sequence,
where v, 1= 2"g(27"x,). To this end, pick a € ]2-?*=V 1[ and define r,, , := a™n{nmi+l,
Then 7, ,, — 0 as both n,m — oo, and

Uy, — Uy, € Ty €2 for all n,m € N,

where Q := {r; | (v, — v): n,m € N}. If we can show that Q is bounded in E, then
(Un)nen Will be Mackey-Cauchy. To prove boundedness, assume that ¢ is a continuous
seminorm on L(H). Let p, N and K be as before. For all n,m € N, we have, abbreviating
¢ := max{N + 1,min{n,m} + 1}:

max{n,m}

P (V= vm) g < a7 ™ N 2R R (21 R g) + R(g(27 ), h(2'F0)) g
k=min{n,m}+1

max{n,m}
< Gy 4 a7 YT (2 ag) + R(g(27 o), (2 o))
k=¢
S Cq + a—min{n,m}—lK(Q—(Qa—l))E
S Cq + K(a—12—(2a—1)>min{n,m}+1 S qu_i_‘[(7

where C, := a V=10V 261 R(2' F o) + R(g(27 %), h(2'*20)) |, is an upper bound for
the sum of all terms with k& < N, for which we do not have estimates available. Passing
to the third line, we tackled the summands with £ > N as in the proof of (17). The final
inequality holds because a='27(2¢=1 < 1 by the choice of a. Thus ||v||, < C, + K for all
v € §Q, entailing that €2 is indeed bounded. O

Before we can prove that A extends to a continuous linear map, we need another technical
result analogous to Lemma 3.3.

Let Z C A be an open 0-neighbourhood such that Z + Z C A. We define j: Z x Z — @,
Jj(z,y) =y sz % (x+y). Then j(Z x Z) C g '(W). Themap 7: W x W x W — U,
T(z,y,2) = x * y % z is smooth, with 7(0,0,0) = 0 and 7/(0,0,0)(u, v, w) = u+ v + w for
all u,v,w e L(H). Let Ry: (W x W x W)l — L(H) be the first order Taylor remainder
of 7. Abbreviating D(x,y, z) := él((O, 0,0), (z,y,z), 1), we then have

T(x,y,2) =x+y+ 2+ D(x,y, 2) for all z,y,z € W. (19)

Lemma 3.6 For every continuous seminorm q on L(H), there is a continuous seminorm p
on L(G) such that BY(0) C Z and

[9(i(z,9)) + D(g(2), 9(v), 9(i(z,9)) ||, < (max{||z]lp, llyll,})**  for all 2,y € BY(0).
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Proof. There exists a continuous seminorm r on L(H) such that Bj(0) C W,
ID(@,y, 2)llq < s(max{||z]l,, [yl lI[l:})*  for all z,y, z € B{(0), (20)

and r > ¢ (cf. Lemma 1.6). Since g is H, at 0, there exists a continuous seminorm s on

L(G) such that B§(0) C P, g(B$(0)) € Bj(0), and
lg(@)ll- < 5(llzlls)*  for all z € B(0). (21)

Since j is smooth, j(0,0) = 0 and j5'(0,0) = 0, there exists a continuous seminorm p on
L(G) such that Bp(O) C Z, j(BY(0) x BY(0)) C B$(0), and

17z, )lls < (max{flz]lp, lyllp})*  for all ,y € BY(0) (22)
(cf. Lemma 16) we may assume that p > s. Then |g(j(z,y))|l, < llg(F(z,v))]-
2(|l7 (=, y)|| )* < S (max{||z||,, [|yll,})** for all z,y € BY(0), by (21) and (22). Furthermore
lo@)ll- < 4(l]ls ) < (l2llo)® < (lall,)e, likewise [lg(y) < (lyll,)*, and lg(i(z. y))l

%max{llmllpa 1yllp})** < (max{||z[l,, [lyll,})*, entailing that || D(g(x),g(y), 9(i(z,y)))lq

mas{ 2], ly],})%. Dy (20). We now obtain [lg(j(z.y)) + D(g(x). a(y). o(i . v)]l,
max{ ||z, [y, })** for all z,y € BY(0), using the triangle inequality.

O INIA I/\

1
2
i
2
(

Lemma 3.7 There ezists a continuous linear map A: L(G) — L(H) such that A\(z) = A(x)
forall z € A.

Proof. If we can show that
Az +y) = M) + Ay) for all z,y € A such that x +y € A, (23)

then, by [12, Cor. A.2.27], the continuous map A extends to a continuous homomorphism
of groups A: L(G) — L(H). Being a continuous homomorphism between real topological
vector spaces, A will be continuous linear.

To prove (23), fix z,y € A such that x +y € A. There is ny € N such that 27"z € Z
and 27"y € Z for all n > ng. For any such n, (19) shows that

92"z +y) = g2z +27"y)
= g(27"x) % g(27"y) * g((27"y) TR (27e) (27" + 27"y))
= g(27"z) * g(27"y) * g(j(2 "z, 27"y))
= g(27"z) + g(27"y) + 7,

where 7, := g(j(27"z,27"y)) + D(g(27"x), (27 "y), g(§(27"x,27"y))). Thus
2"g(27"(x 4+ y)) — 2"g(27"x) — 2"g(27"y) = 2"r,, for all n > ny. (24)

Note that the left hand side of (24) converges to A(xz +y) — A(x) — A(y) as n — oo. Hence
Az +vy) = Mx) + A(y) will hold if we can show that 2"r, — 0in L(H) as n — oo. To this
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end, given a continuous seminorm ¢ on L(H), let p be as in Lemma 3.6. There is n; > ng
such that 27"x,2 "y € BY(0) for all n > ny. For any such n, the cited lemma yields
[277ally = 2lrally < 2 (ma{ 2], 277y, 1) < (272 D)" - (max{ ]l lyll, )2,
which tends to 0 as n — oo. Thus 2™r,, — 0. O

Lemma 3.8 g is totally differentiable at 0, with ¢’'(0) = A.

Proof. Given a continuous seminorm ¢ on L(H), Lemma 3.3 provides a continuous semi-
norm p on L(G) such that BY(0) C A and (9) holds. Choosing n := 0 and letting m — oo
in the first half of (16), we find that

IA(z) = g(@)ll, < cll=[l;”  for all = € BY(0),

where ¢ 1= 220713 2-(2a=Dk < 650 Since 2o — 1 > 0, given € > 0, there exists p € ]0, 1]
such that ¢p**~! < e. Then B?(0) C A, and for each z € B%(0) we have

lg(x) = 9(0) = A@)lly = llg(z) = A@)lly < ellxl,> Izl < o™ Hlzlly < ellll, -

Hence g is totally differentiable at 0, with ¢’(0) = A. This completes the proof of
Lemma 3.8. O

Having proved Lemma 3.8, also Theorem 3.2 is now fully established. O

Note that Lemma 3.4 does not make use of the Mackey completeness of L(H). Beyond
the real case (and independent of Mackey completeness of L(H)), we still have:

Proposition 3.9 Let K be a valued field, a €]0,1], and f: G — H be a homomorphism
between Lie groups modelled on polynormed K-vector spaces. Then f is Holder continuous
of degree o at 1 if and only if f is Holder continuous of degree c.

See Appendix B for the precise definitions and the proof.

4 Homomorphisms between p-adic Lie groups

We now formulate a (slightly weaker) analogue of Theorem 3.2 for p-adic Lie groups. The
proof carries over rather directly, whence we only indicate the most important changes.

Theorem 4.1 Let f: G — H be a homomorphism between smooth Lie groups modelled
on polynormed Q,-vector spaces. If f is Holder continuous at 1 and the modelling space
of H is Mackey complete, then f is C’ép.
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Proof. By hypothesis, f is H, at 1 for some « € ]0,1]. We let ¢: Uy — U C L(H) be a
chart of H around 1, such that ¢(1) = 0. There exist open, symmetric identity neighbour-
hoods Vi C U; and Wy C V; such that V4V, C Uy and (W) .= W W, --- W, C Vi; let
V= ¢(V1) and W := ¢(W;). Define T

w:VxVv—U, plz,y) =z xy = ¢(¢_1(I)¢_1(9))

Then the k-fold products xy*zo%- - -xxy are defined (and contained in V), for all k£ < 2p+1,
x1,...,xr € W, and every choice of brackets in this product. The map o: W x W — U,
o(z,y) := aP * y satisfies ¢(0,0) = 0 and ¢'(0,0)(u,v) = pu+ v for u,v € L(H). The
Taylor expansion around (0,0) yields

o(x,y) =pr+y+ R(x,y) for all x,y € W,

where R(z,y) := R1((0,0), (z,y),1). Let ¢»: P, — P C L(G) be a chart of G around 1,
such that f(P;) C Uy and (1) = 0; let @1 C P, and B; C @Q; be symmetric identity
neighbourhoods such that Q,Q, C Py, f(Q1) C Vi, (B1)*™ C Qy, and f(B;) € W;. Set
Q :=9(Q) and B := w(Bl). Define v: Q x Q — P, v(z,y) ==z xy = (2)v " y)).
Then g := ¢ o f| ! 1. P — U is continuous, maps 0 to 0, and is H, at 0. Let A C B
be a balanced, open 0 neighbourhood such that g(z7 x px) € W for all x € A. We define

h: A— W, h(z):=g(a?*px). (25)

For z € A, we have g(pz) = g(a®  (x77 % pz)) = g(2)? * g(a7? * pr) = o(g(x), h(z)) =
pg(x) + h(z) + R(g(z), h(x)). Likewise, g(p*z) = pg(px) + h(pz) + R(g(pz), h(pz)) =
p°g(x) + ph(z) + pR(g(x), h(z)) + h(pz) + R(g(pz), h(pr)) and similarly

g9(p"x) +Zp" “( ) + R(g(p*~ ), h(p"~'x))) (26)

for all x € A and n € Ny, by induction. Hence

TI,

g(p +Zp ) + R(g(p*z), h(p"'2))) (27)

for all z € A and n € Ny. As in the proof of Lemma 3.3, we see:

Lemma 4.2 Let q be a continuous seminorm on L(H). Then there exists a continuous
seminorm b on L(G) such that B2(0) C A,

Ih(x) + R(g(x), h(@))llq < |zl for all = € By(0),
and ||g(x)]l; < (|z]ly)* for all z € By(0). O

Using Lemma 4.2, we obtain by a simple adaptation of the proof of Lemma 3.4 (where now
p € Q, with |p| = p~! plays the role of € R):
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Lemma 4.3 If f is H, at 1 with o € ]0, 3], then f also is Hs, at 1. O

By the preceding, we may assume now that a € ]%, 1].

Lemma 4.4 The limit A(z) := lim, 9(2236) exists in L(H), for each x € A. For each

continuous seminorm q on L(H), the convergence of% in (L(H),|.|lq) is locally uniform
in x. The map A\: A — L(H) is continuous.

Proof. The arguments from the real case are easily adapted. To prove that v, :=
p~"g(p"ro) is a Mackey-Cauchy sequence for xy € A, pick 0 < 6 € Q such that p~f €
[p~ = 1[; set 7, := plflmininm+Dl € Q, where [] is the Gauss bracket (integer part).
Thus |1,m| = plomin{n.m3+Dl 0 a5 n,m — oo. Now complete the proof as above. O

Let Z C A be an open 0-neighbourhood such that Z+7Z C Aand Z '« Z 7 'x(Z+Z) C A.
We define j: Z x Z — A, j(z,y) ==y txax b x(x+y). Then j(Z x Z) C g~} (W).
The map 7: W x W x W — U, 7(x,y,2) := x %y * z is smooth, with 7(0,0,0) = 0 and
7(0,0,0)(u,v,w) = u+v +w for all u,v,w € L(H). Let Ry: (W x W x W) — L(H)
be the first order Taylor remainder of 7. Then 7(z,y,2) = x + y + z + D(x,y, z) for all
x,y,z € W, with D(x,y, z) := ﬁl(((), 0,0), (x,y,2), 1). Lemma 3.6 carries over:

Lemma 4.5 For every continuous seminorm q on L(H), there is a continuous seminorm b
on L(GQ) such that B%(0) C Z and

1 9(i(z.y)) + D(g(=). 9(y), 9(i(z,))) ||, < (max{[lz]s, [lylls})**  for all 2,y € B(0).0

Lemma 4.6 X extends to a continuous Q,-linear map A: L(G) — L(H).
Proof. The proof of Lemma 3.7 is easily adapted. O

In view of Lemma 2.2, Theorem 4.1 follows from the next lemma, whose proof directly
parallels that of Lemma 3.8:

Lemma 4.7 g is totally differentiable at 0, with ¢’'(0) = A. O

A Proofs for the auxiliary results from Section 1

In this appendix, we prove the results stated without proof in Section 1. Not all techniques
from the real case carry over to general valued fields K, whence some of the proofs may look
slightly unfamiliar. In particular, given an element x of a polynormed K-vector space F
and a continuous seminorm ¢ on E such that ||z]|, > 0, there need not be an element
r € K such that ||rz|, = 1. As a substitute for normalization, we shall frequently fix an
element a € K* such that |a| < 1, and consider a *z where k € Z is chosen such that
a*+ < [lefl, < Jal
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Proof of Lemma 1.6. We use the second order Taylor expansion of f,
f(LU + ty) o f(SL’) - tdf(l’,y) = tQCLQ(.ZL’,y) + t? R2<x7y7t) for (27, y7t) € U[l]

Since Ry (x0,0,0) = 0 and az(xg,0) = 0, there exists p € |0, 1] and a continuous seminorm
s on E such that Bj () C U,

|Ra(z,y,t)]lg <1 for all x € B;(x0), y € B;(0) and [t| < p,

and [|az(7,y)|lq < 1 for all z € Bj(z9) and y € B;(0). Pick a € K* such that [a| < 1;
define 6 := p?la] < p, ¢ := 2/(pla|)?, and p = max{%,\/g}s. Let # € BY(z) and
y € BY(0); then x € Bi(xg) and y € B§(0). If ||ly|ls > 0, there exists k € Z such that
lal*** < p~lylls < lal®. Then [la™*y[ls < p and |a*| < |a|" o7 lylls < p. If [Jylls = O, let
e €]0, p[ and choose k € N so large that |al* < p and 2|a|?* < e. Then, in either case,

flz+y) = f(a) = flo+a"a™y) — f(z) = df (z,y) + a* az(z,a”"y) + a® Ra(w, ™"y, a")

with r:=||a*ay(x,a""y) +a* Ro(z, a™"y, a¥)|lg < |af**(|az(z,a " y)llg+ || Ra(z, a "y, a*)l|,)
< 2lal*. If ||ly||s > 0, the preceding formula shows that r < 2|a|=2p72||y||? = c[ly||* <
Cllyll2. If [lylls = 0, we have 7 < € and thus » = 0 < C|ly||?, as € was arbitrary. Hence
If(z +y) = f(z) = df (z,9)llg < Clly|l} for all = € BY(xzo) and y € BY(0). O

Proof of Lemma 1.9. (a) and (b) are trivial; (c¢) follows from Lemma B.2 (a) and (e).

(d) Let E, F and H be polynormed K-vector spaces, U C F and V' C F be open, z € U
and f: U — F, g: V — H be maps such that f(U) CV, fis H, at z, and g is Hg at f(z).
Given a continuous seminorm ¢ on H, there exists a continuous seminorm p on F' such
that BY(f(2)) € V and [lg(z) — g(F@))ll, < Ilz — F(@)[}? for all = € BY(f(x)). There is a
continuous seminorm r on E such that Bj(0) C U and ||f(y) — f(2)]l, < |ly — «||* < 1 for

all y € Bi(x). Then [lg(f(y)) —g(f(2))llq < [If(y) = fF@)II} < lly—=[2” for all y € B{(0).0

Proof of 1.12. If h is tangent to 0, let ¢ be a continuous seminorm on F'. For W := B(0)
we then find V and #: I — K as in 1.11. We may assume that V' is balanced and
I = B,(0) € K for some r > 0. There exists a continuous seminorm p on E such that
BY(0) CV and BY(0) C U — z. Replacing V' with BY(0), we may assume that V' = B7(0).
Fix a € K* such that |a| < 1. Given € > 0, there exists § €0, 1] such that % < glal if
[t| < 6. Then BJ(0) C BY(0) C U — z. Let y € B}(0); we claim that ||h(y)|l, < ellyll,. If
lyll, = 0, then t~'y € V for each 0 # t € I, whence h(y) = h(t(t"'y)) € 6(t)W and thus
|h(y)lly < 10(t)]. Hence ||h(y)|l, =0 < €llyllp- If ||lyl|l, > 0, then there is k € Ny such that
lal**t < |ly|l, < |a|]*. Set t := a*. Then t~'y € V and thus h(y) = h(t(t"'y)) € 0()W,
whence h(y) = 0(t)w with w € W. Hence [|h(y)ll, = 0(2)]-[[wlly < |0()] < elal [t] < ellyll,.

Conwversely, assume that the condition from 1.12 is satisfied. Given a 0-neighbourhood
W C F, there exists a continuous seminorm ¢ on F' such that BY(0) € W. We choose
a continuous seminorm p on F as described in 1.12. Let (a,),eny be a sequence in K*
such that lim,,_. a, = 0. For each n, there exists 9,, > 0 such that Bgn(O) CU —z and
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1AW llg < lanl-[lyll, for all y € B (0). We may assume that §; > do > - -+ and lim,, .o, 6, =
0. Now set V := BY(0) and define §: I — K on I := B;,(0) C K via (0) = 0, 6(t) := a,t
if [t| € [Ont1,0n[- Then 6(t) = o(t) and IV C Bj (0) € U — x. Furthermore, h(tv) C 0(t)W
for t € I and v € V: This is trivial if ¢ = 0, and also if ¢ # 0 and ||v||, = 0, because then
|h(tv)]l, < lan| - [[tv]l, = 0 (for any n) and hence h(tv) € ¢~ '({0}) C 0(¢t)W. Otherwise,
0 < |ltv|l, € [0n+1,dn[ for some n and thus ||h(tv)||, < |an| - ||tv]l, = |tan] - ||v]ly < [tawl,
whence h(tv) € B! (0) = ta,B{(0) = 6(t)B{(0) C 6(t)W. Hence h is tangent to 0. 0

[tan|

Proof of 1.13. Let f, g be as in 1.13, and W; C H be a 0-neighbourhood. There is a
balanced 0-neighbourhood W C H such that W + W C W;. As g is totally differentiable
at f(z) and ¢'(f(x)) continuous linear, we find balanced 0-neighbourhoods P, C F', I C K
and a map 0 : I — K which is o(t), such that ¢'(f(x)).P, € W, IP, CV — f(x), and
hao(tPy) C ()W for te I, where ho: V—f(x) — H, ho(2)= g(f(x)+2)—g(f(x))—¢' (f(x)).z.
There is a balanced 0-neighbourhood P C F' such that P+ P C P,.
Define hy: U —x — F, hi(y) :== f(z+y) — f(x) — f'(x).y. There are 0-neighbourhoods
Q CFE,JCKandamap¢: J— Kwhichis o(t), such that JQ C U—=z, f'(z).Q C P, and
hy(tQ) C &(t)P. After shrinking I and J, we may assume that I = J and |$‘ <1 for all
0#t e l. Define n: I — K via n(t) := 0(¢) if |0()] > [£(t)], n(t) := &(t) if [0(2)] < [£()].
Define A := ¢'(f(z))o f'(z) and h: U —x — H, h(y) := g(f(x+y)) — g(f(x)) — A.y. Then
hy) = g(f(z)+ f(@)y+m(y) —g(f(x) — Ay

= 9(f(2) + 9 (f(x)-2 + ha(2) — g(f(2)) — Ay

= ¢ (f(2))-hi(y) + ha(f'(x).y + M (y))
where z := f'(z).y + hi(y). Let t € I and y € Q. Then hy(ty) € ()P C £(t) P C n(t) Py
as Py is balanced, and thus ¢'(f(z)).hi(ty) € n(t)W. Furthermore, f'(x).ty € tP and
hi(ty) € &(t)P C tP (as [£(t)] < |t|), whence f'(x).ty + hi(ty) € t(P + P) C tP, and
thus ho(f'(x).ty + hi(ty)) € 0(t)W C n(t)W, using that W is balanced. Hence h(ty) =
9 (f(@))-ha(ty) + hao(f'(2) -ty + ha(ty)) € n(t)(W+W) C n(t)W1, and thus h(tQ) € n(t)W1.

We have shown that h is tangent to 0; the assertions follow. O

Proof of Lemma 1.14. We consider the second order Taylor expansion of f:
flz+tv) = f(x) + tdf(xv,v) + tPag(x,v) + Ry, v, 1) for all (z,v,t) € UM (28)
(see Proposition 1.5). Fix z € U. The map f'(x) := df(x,.): E — F being continuous
linear, to establish total differentiability of f at z we only need to show that
hiU—2—F, hiy)=flz+y)— fz) - @)y

is tangent to 0. To this end, let W be a 0-neighbourhood in F. There exists a 0-
neighbourhood W, C F such that Wy +W; C W. As Ry(x,0,0) = 0 and Rs is continuous,
there is a 0-neighbourhood V' C E and a 0-neighbourhood I C K such that (z,v,t) € yi
and Ro(x,v,t) € Wy for all v € V and t € I. Since ay is continuous and as(x,0) = 0, after
shrinking V' we may assume that furthermore ay(x,v) € Wy for all v € V. Define

0:1 —-K, 0(t):=t>.
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Then 6(t) = o(t). For each t € I and y € tV, say y = tv with v € V, we have
h(y) = t*(az(z,v) + Ro(z,v,t)) € 2 (W) + W) C2W = 0(t)W |

using (28). Hence h is indeed tangent to 0. O
Proof of Lemma 1.17. If f is C', set f'(z) := df(z,.). Then f(y,t) = fM(z,y,t) is
continuous.

Now assume that K is a valued field, f is continuous on U and totally differentiable
at z. Define f,: U, — E asin 1.16, using the total differential f’(x). Since f is continuous,
so is fy|4. By a theorem of Bourbaki and Dieudonné [3, Exerc.3.2 A (b)], the map f, is
continuous if its restriction f;\ AU{(y,0)} is continuous for each y € E. This will hold if
we can show that fy(ya,ta) — fo(y,0) for cach net (ya,t.) in A converging to (y,0) for
some y € E. To see that this condition is satisfied, let W; C F' be a 0-neighbourhood.
There is a balanced 0-neighbourhood W C F such that W + W C Wj. Since f is totally
differentiable at x, there exists an open O-neighbourhood V' C E and a function 6: I — K
on some 0-neighbourhood in K such that 7 -V C U — z holds, 0(t) = o(t), and

flx+sv) € f(x)+sf(x)v+0(s)W  forallveV and s € I. (29)

Pick r € K* such that ry € V. As (Yo, ta) — (y,0), there exists 5 such that f'(z).(ya—y) €
W, v :=71Ya €V, 5o :=17t, € I, and |0(s4)|/|5a] < |r| for all @ > . For any such a,
(29) applied to = + t,Ys = T + Savs shows that

FoWarta) — fo(y,0) € f/(@).ya — f'(z).y + MW CW+ MW CW+WCW,.

ta TS

Thus indeed ]?;(ya,ta) — J;;c(?/, 0). -

Proof of 1.18. We define f;: U, — F and Gf(x) Vf(w) — H as in 1.16 and abbreviate
h:=gof:U — H. For any y € E and t € K* such that z 4+ ty € U, we calculate

h(z + ty) — h(z) g(f(x) +tw> = g(f(z)) -

where hy : U, — H, ﬁx(y,t) = Jf(x) (ﬁ(y,t),t) is continuous, and the map ﬁx(.,O) =
g (f(x)) o f'(x) is continuous linear. Thus h = g o f is feebly differentiable at . O

B Holder continuity at 1 entails Holder continuity

So far, we only considered Holder continuity at a point. We now discuss globally Holder
continuous maps. Basic facts are provided and a proof for Proposition 3.9 is given.
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Definition B.1 Let £ and F be polynormed vector spaces over a valued field K, and
U C E beopen. A map f: U — F is called Hélder continuous of degree o (or H,, for
short) if, for every xg € U and continuous seminorm ¢ on F, there exists a continuous
seminorm p on E and § > 0 such that Bj(zo) C U and ||f(y) — f(2)l, < ly — (|3, for all
z,y € Bf(xo). If fis Hy, we also say that f is Lipschitz continuous.

Lemma B.2 For maps between open subsets of polynormed K-vector spaces, we have:
(a) If f: EDU — F is H,, then f is H, at each x € U.

(b) If f is H, then f is continuous.

(
d

)

c) Ifa> B and f is H,, then f is Hg.
) If f and g are composable maps such that f is H, and g is Hg, then go f is Hy.3.
)

(e) Any Cl-map is Lipschitz continuous.

Proof. (a), (b) and (c) are obvious; (d) can be proved as Lemma 1.9 (d).

(e) We use the first order Taylor expansion f(z + ty) — f(x) = tdf (x,y) + tRy(z,y,t)
of the Ct-map f: £ DU — F. Here

Ri(x,y,1) = tRy(x,t 'y,t) fort € K* and (x,y) € U x E such that x +y € U.

Fix xy € U. Let ¢ be a continuous seminorm on F. Pick a € K* such that |a| < 1.
Since df (z9,0) = 0, using the continuity of df we find a continuous seminorm r on E
such that Bf(xz¢) C U and |df(x,y)||; < |a| for all x € B{(zy) and y € B{(0), whence
df (z,y)|l; < |lyll» for all x € Bj(xp) and y € E. Since Ri(%,0,0) = 0, we find a
continuous seminorm p on £ and p €10, 1] such that By, (z9) € U and ||Ri(z,y,t)[, < 1
for all z € Bl(xy), y € B5(0) and t € B,(0) C K; we may assume that p > r. Define
6 = ip*al. Given z,y € Bf(xo), set z := y — x. If ||z|, > 0, there is k € Z such
that |a[**! < p7'|z|l, < la|*. Then |[a™®z||, < p and |a*| < |a|"'p7 2|, < p, whence
171 (2, 2, Dllg = la*| | Ra(z,a™ 2, a")l|g < [a*| < Ja| ™' p7|2[l, and thus || f(z+2) = f(2)]lg <
Idf (2, 2}l + I Ba(z, 2 Dlly < (1+ [al o) 2]} Hence

1£ () = fF@)llg < A+ lal " p™lly = - (30)

If ||z]|, = 0, given € > 0 pick t € K* such that [¢| < min{p,e}. Then ||df(z,z2)|, = 0
and ||Ry(z,z,1)||; = [t|||Ri(z,t7 2, t)|l, < [t| < e, whence ||Ri(z,z,1)||, = 0 (as € was
arbitrary). Thus (30) also holds if ||z||, = 0. O

Definition B.3 Let f: M — N be a map between Cg-manifolds modelled on polynormed
K-vector spaces, and « € |0, 1]. We say that f is Héolder continuous of degree «v (or briefly:
fis H,), if f is continuous and, for each xy € M, there exist a chart ¢: Uy — U of M
around g and a chart ¢ : V; — V of N around f(x¢), such that ¢(f~1(V})NU;) — V,
y— Y(f(¢ (y))) is Hy. (This then holds for any choice of ¢ and 1, by Lemma B.2).
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Proof of Proposition 3.9. Let f be H, at 1. If we can show that f|y is H, for an open
identity neighbourhood U C G, then fl,rr = Afl, o fluoAS [Ty (with left translation maps
as indicated) will be H, by Lemma B.2(d) and (e), for each x € G, whence f will be H,.

We choose charts ¢: P, — P C L(G) and ¢ : @1 — Q C L(H) around 1 of G and
H, respectively, such that ¢(1) = 0, ¥(1) = 0 and f(P;) € @;. There are symmetric
identity neighbourhoods X;,U; C G and Y;,V; C H such that X, X; C P, U;U; C X,
Y1V € Q, Vi € Y1, f(Xy) € Vi, and f(Uy) € Vi3 set X = ¢(Xy), U = ¢(Uy),
Y = ¢Y1), and V := ¢(V}). We write p: X x X — Pand v: Y xY — @Q (or “x7)
for the local multiplications obtained from the respective group multiplication, and define
g:=1voflpod~tp: P — Q. Let ¢ be a continuous seminorm on L(H), and xy € U. As v
is Hy, there is a continuous seminorm p on L(H) such that BY(g(x)) x BY(0) C V xV and

|lv(u,v) — v, v, < max{|u —ull, |[v = vl|,} forall u,u € BY(xg), v,v" € BY(0).

Now g being H,, at 0, there exists a continuous seminorm r on L(G) such that Bj(0) C X
and |[g(z)]|, < ||z||& for all z € B{(0). The map h: U x U — X, h(u,v) := u~" * v being
Lipschitz continuous, there is a continuous seminorm s > r on L(G) such that Bj(x¢) C U,
h(B3(xo) X Bi(zo)) € Bj(0), and

|h(u,v) — (', 0|, < max{||u — ||, v —0'||s} for all u,u’,v,v" € Bj(xy).

For any x,y € Bj(x¢) C U, we obtain

lg(y) —g9(@)ly = llg(z)*gla™" xy) — g(2)lly = lv(g(x), g(z™" xy)) — v(g(x),0)]
< max{|lg(x) — g(@)llp, [lg(z~" = ) llp} = llglz™" * y)l,
< ™t s ylly = bz, y) — bz, 2)|lF < lly — =2
Hence g|y is H, indeed. O
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