Band-dominated operators on l^p-spaces:

Fredholm indices and finite sections

Steffen Roch

Abstract

We derive an index formula for band-dominated operators on l^p(Z) when 1 < p < ∞ in terms of local indices of their limit operators. This formula is applied to verify the stability of the finite section method for invertible band-dominated operators with slowly oscillating coefficients. Hilbert space versions of these results (partially under further restrictions) were obtained in [9] and [6], respectively.

1 Introduction

Let l^∞(Z^N ) denote the Banach space of all bounded functions x : Z^N → C provided with the supremum norm. If x ∈ l^∞(Z^N ) and n ∈ Z^N , we will usually write x_n instead of x(n).

For k ∈ Z^N , the shift operator V_k on l^∞(Z^N ) is defined by (V_kx)_n := x_{n−k}. Further, each function a ∈ l^∞(Z^N ) induces an operator on l^∞(Z^N ) via (ax)_n := a_nx_n. We denote this operator by aI and call it the operator of multiplication by a. Finally, each finite sum ∑ a_kV_k with a_k ∈ l^∞(Z^N ) is called a band operator on l^∞(Z^N ), and the a_k are called the coefficients of that operator.

For 1 ≤ p < ∞, let l^p(Z^N ) refer to the (non-closed) subspace of l^∞(Z^N ) which consists of all functions x with ‖x‖^p := ∑ n∈Z^N |x_n|^p < ∞. Clearly, band operators leave each of these subspaces invariant. If A is a band operator on l^∞(Z^N ), then we call its restriction to l^p(Z^N ) a band operator on l^p(Z^N ), and we denote this restriction be the same letter A again. Clearly, an operator A on l^p(Z^N ) with 1 ≤ p < ∞ is a band operator if, and only if, its matrix representation (a_{ij} ) with respect to the standard basis of l^p(Z) has a band structure, i.e. there is an integer k such that a_{ij} = 0 whenever |i − j| > k.

The closure of the set of all band operators on l^p(Z^N ) in the operator norm is a closed subalgebra of the algebra L(l^p(Z^N )) of all bounded linear operators on l^p(Z^N ) which we denote by A_p(Z^N ). The elements of A_p(Z^N ) are called banddominated operators on l^p(Z^N ).

Sometimes we will also have to work on l^p-spaces over the non-negative integers Z_+ and over the negative integers Z_− and to consider band and banddominated operators over them. These operators as well as the corresponding algebras A_p(Z_+) and A_p(Z_−) are defined in complete analogy with the case of operators on l^p(Z). We will often identify l^p(Z_+) and l^p(Z_−) with closed subspaces of l^p(Z) in the obvious way, and we denote by P and Q the canonical projection from l^p(Z) onto l^p(Z_+) and l^p(Z_−), respectively. Thus, P + Q = I.

The first goal of the present paper is to derive an index formula for banddominated operators on l^p(Z) in terms of their limit operators. The prototype of results of this kind has been achieved in [10] in the Hilbert space case p = 2 by means of K-theoretic arguments. The result expresses the index of a banddominated operator A as a sum of two local indices of two limit operators of A. Here we will prove the corresponding result for p ≠ 2. In particular, we will see that, if A is a band operator which is Fredholm on one of the spaces l^p(Z), then it is Fredholm on each of these spaces, and its index is independent of p.

Recall in this connection that a bounded linear operator A on a Banach space X is said to be Fredholm if its kernel ker A := {x ∈ X : Ax = 0} and its cokernel coker A := X/im A are finite-dimensional linear spaces, and that in this case the integer ind A := dim ker A − dim coker A

is called the Fredholm index of A.

The second concern of this paper is the stability of the so-called finite section method for band-dominated operators with slowly oscillating coefficients. By definition, a function a ∈ l^∞(Z) is slowly oscillating if lim m→−∞ (a_{m+1} − a_m) = 0 and lim_{m→+∞}(a_{m+1} − a_m) = 0,

and we call a function a ∈ l^∞(Z_+) slowly oscillating if it satisfies the second of these conditions. Further, a band-dominated operator is said to be an operator with slowly oscillating coefficients if it is the norm limit of a sequence of band operators with slowly oscillating coefficients. For a more detailed treatise of banddominated operators with slowly oscillating (even operator-valued) coefficients see [8] as well as Section 2.4 in [12].

For n ∈ N, consider the projection operators

R_n : l^p(Z) → l^p(Z), (R_nx)_m := { x_m if |m| ≤ n 0 if |m| > n and P_n : l^p(Z_+) → l^p(Z_+), P_n = P R_nP.

The finite section method consists in replacing the operator equation Au = f with A ∈ L(l^p(Z)) by the sequence of the linear systems R_nAR_nu_n = R_nf, n ∈ N. (1) Here, the R_nAR_n are viewed of as operators on the Banach space Im R_n, provided with the norm induced by the norm on L(l^p(Z)). The finite section method is called stable if the matrices R_nAR_n are invertible for sufficiently large n and if the norms of their inverses are uniformly bounded. In this case one also says that the sequence (R_nAR_n) is stable. If the finite section method for A is stable, then there is an n_0 ∈ N such that the equations (1) are uniquely solvable for each right hand side f ∈ l^p(Z) and for each n ≥ n_0, and their solutions u_n converge to a solution of the equation Au = f in the norm of l^p(Z). Analogously, the finite section method (P_nAP_n) for an operator A ∈ L(l^p(Z_+)) is defined.

A simple necessary condition for the stability of the finite section method of the operator A is the invertibility of A. In [6] it is shown that the invertibility of A is also sufficient for the stability of the finite section method if A is a band operator with slowly oscillating coefficients on l^p(Z_+). Here we will extent these result to arbitrary band-dominated operators with slowly oscillating coefficients on l^p(Z_+) with 1 < p < ∞.

Theorem 1.1 Let 1 < p < ∞, and let A ∈ L(l^p(Z_+)) be a band-dominated operator with slowly oscillating coefficients. Then the finite section method (P_nAP_n) is stable if and only if the operator A is invertible.

This result is well known in case of band-dominated operators on l^p(Z_+) with constant coefficients, which are called Toeplitz operators. Recall in this connection that a function a ∈ L^1(T) with Fourier coefficient sequence (a_n)_{n∈Z} is called an l^p-multiplier if sup ‖L(a)x‖_p/‖x‖_p < ∞ where the supremum is taken over all non-zero and finitely supported sequences x : Z → C and where the Laurent operator L(a) acts via

(L(a)x)_n := ∑ k∈Z a_{n−k}x_k. If a is an l^p-multiplier, then the operator L(a) extends to a bounded linear operator on l^p(Z) which we denote by L(a) again. The compression P L(a)P of the Laurent operator L(a) onto l^p(Z_+) is the Toeplitz operator T (a). Overviews on Toeplitz and Laurent operators with continuous generating functions, including their Fredholmness, invertibility, and stability of the finite section method, can be found in [2, 3, 4], for example.

We will also prove a version of Theorem 1.1 which holds for band-dominated operators with slowly oscillating coefficients on l^p(Z) in which case the invertibility of the operator A is no longer sufficient for the stability of the finite section method (R_nAR_n). Rather, an additional condition stated in terms of the Fredholm index of P AP + Q will be needed.

2 Fredholm indices of band-dominated operators

In spite of the fact that some of the following considerations hold for p = ∞ and p = 1 as well, we let for simplicity 1 < p < ∞ in what follows. In [10], Theorem 8 (see also [12], Theorem 2.5.7), it is shown that, if A is a band operator which is Fredholm on one of the spaces l^p(Z^N ), then it is Fredholm on each of these spaces. The following lemma states that also the Fredholm index of A is independent of the choice of p.

Lemma 2.1 If A is a band operator which is Fredholm on one of the spaces l^p(Z^N ) with 1 < p < ∞, then it is Fredholm on each of these spaces, and its Fredholm index is independent of p.

Proof. Let α = (1, 0, 0, . . . , 0) ∈ Z^N , and let Π denote the projection on l^∞(Z^N ) given by

(Πx)_n := { x_n if n ∈ Z_+α 0 if n ∉ Z_+α. Then U := ΠV_αΠ + (I − Π) and U^{−1} := ΠV^{−1}_α Π + (I − Π)

are Fredholm operators with indices -1 and 1, respectively, on each of the spaces l^p(Z^N ). Thus, for each k ∈ Z, the operator

U_k := { U^k if k ≥ 0 (U^{−1})^{−k} if k < 0

is a Fredholm operator of index −k on each of the spaces l^p(Z^N ). Notice also that the U_k are band operators.

Let now A be Fredholm on one of the spaces l^p(Z^N ). Then, as already mentioned, A is Fredholm on l^2(Z^N ). Let r := ind_2 A, where we agree upon denoting the Fredholm index of the operator A on l^p(Z^N ) by ind_p A. Hence, U_rA ∈ L(l^2(Z^N )) is a Fredholm band operator with ind_2(U_rA) = 0. Thus, there is a compact operator K ∈ L(l^2(Z^N )) such that the operator U_rA+K is invertible on l^2(Z^N ) (Theorem 6.2 in Chapter 4 of [5]).

Since the R_n converge to I^∗-strongly as n → ∞, and since K is compact, the operators U_rA + R_nKR_n converge to U_rA + K in the norm of L(l^2(Z^N )). By Neumann series, there is an n_0 such that the operator A^′ := U_rA+R_{n0} KR_{n0} is invertible on l^2(Z^N ). Being a band operator, the operator A^′ belongs to the Wiener algebra W(Z^N ). This set is defined as the closure of the set of all band operators

C := ∑ a_αV_α in the norm ‖C‖_W := ∑ ‖a_α‖_∞. It is well known that W(Z^N ) is indeed a Banach algebra under the norm ‖.‖_W and that the elements of the Wiener algebra act as bounded linear operators on each of the spaces l^p(Z^N ). Moreover, the Wiener algebra is inverse closed in L(l^p(Z^N )), which means that, whenever an operator A ∈ W(Z^N ) is invertible in L(l^p(Z^N )), then its inverse belongs to the Wiener algebra again (see [7] and Theorem 2.5.2 in [12]). This explains the existence of an operator B ∈ W(Z^N ) such that BA^′ = I or, equivalently, BU_rA = I − BR_{n0} KR_{n0} . (2) This identity holds on each of the spaces l^p(Z^N ) since all occurring operators (i.e. the operators B, U_r, A and R_{n0} KR_{n0} ) belong to the Wiener algebra. Considering (2) as an identity between operators on l^p(Z^N ) and computing the indices yields

0 − r + ind_p A = ind_p B + ind_p U_r + ind_p A = ind_p (I − BR_{n0} KR_{n0} ) = 1.

Thus, ind_p A = r independently of p.

From here on, we specify N to be 1. In [9], a formula for the Fredholm index of a band-dominated operator A on l^2(Z) is derived, which expresses the index of A in terms of local indices of the limit operators of A. To restate this result, we first recall the notion of a limit operator and the Fredholm criterion for banddominated operators derived in [10].

Let H stand for the set of all sequences h : N → Z which tend to infinity. An operator A_h is called a limit operator of A ∈ L(l^p(Z)) with respect to the sequence h ∈ H if V_{−h(n)}AV_{h(n)} tends^∗-strongly to A_h as n → ∞. Clearly, every operator A can have at most one limit operator with respect to a given sequence h ∈ H, which justifies this notation. The set σ_{op}(A) of all limit operators of a given operator A is the operator spectrum of A. Clearly, the operator spectrum splits into σ_{op}(A) = σ_+(A) ∪ σ_−(A)

where σ_+(A) and σ_−(A) stand for the sets of all limit operators of A which correspond to sequences tending to +∞ and to −∞, respectively. It is also clear that every limit operator of a compact operator is 0 and that every limit operator of a Fredholm operator is invertible. It is a basic result of [10] that the operator spectrum of a band-dominated operator is rich enough in order to guarantee the reverse implications.

Theorem 2.2 Let A be a band-dominated operator on l^p(Z). Then (a) every sequence h ∈ H possesses a subsequence g such that the limit operator A_g exists.

(b) the operator A is compact if and only if σ_{op}(A) = {0}.

(c) the operator A is Fredholm if and only if each of its limit operators is invertible and if the norms of their inverses are uniformly bounded.

Next observe that, if A is a band-dominated operator on l^p(Z), then each of the operators P AQ and QAP is compact (they are of finite rank if A is a band operator). Hence, the operators A − (P AP + Q)(P + QAQ) and A − (P + QAQ)(P AP + Q) are compact for every band-dominated operator A, and this shows that a band-dominated operator A is Fredholm if and only if both operators P AP + Q and P + QAQ are Fredholm. In this case, we call

ind^+_p A := ind_p (P AP + Q) and ind^−_p A := ind_p (P + QAQ)

the plus-index and the minus-index of A. One can think of the plus- and the minus-index of A as local indices at +∞ and −∞. Evidently,

ind_p A = ind^+_p A + ind^−_p A (3)

for every Fredholm band-dominated operator A ∈ L(l^p(Z)).

In [9] (see also Section 2.7 of [12]), a surprisingly simple formula for the index of band-dominated operators is derived in the Hilbert space case p = 2. We will show now that verbatim the same result holds in case p ≠ 2.

Theorem 2.3 Let 1 < p < ∞, and let A be a Fredholm band-dominated operator on l^p(Z). Then (a) for all B_± ∈ σ_±(A), ind^±_p B_± = ind^±_p A.

(b) all operators in σ_+(A) have the same plus-index, and all operators in σ_−(A) have the same minus-index.

(c) for arbitrarily chosen operators B_+ ∈ σ_+(A) and B_− ∈ σ_−(A),

ind_p A = ind^+_p B_+ + ind^−_p B_−. (4)

Proof. Due to (3), it is clearly sufficient to prove assertion (a), and we will give this proof for the plus-index, for example. Choose a sequence (A_n) of band operators such that ‖A − A_n‖_{L(l}p_{(Z))} → 0, (5) Then, in particular, ‖(P AP + Q) − (P A_nP + Q)‖_{L(l}p_{(Z))} → 0. Since P AP + Q is Fredholm whenever A is Fredholm, this shows that P A_nP + Q is a Fredholm operator for all sufficiently large n, say for n ≥ n_0, and that

ind^+_p A = ind_p(P AP + Q) = ind_p(P A_nP + Q) = ind^+_p A_n for n ≥ n_0. (6)

Let now B_+ ∈ σ_+(A) be a limit operator of A ∈ L(l^p(Z)). By a Cantor diagonal argument, one finds a sequence h ∈ H which tends to +∞ such that the limit operators (A_n)_h exist for each n ∈ N and that

‖B_+ − (A_n)_h‖_{L(l}p_{(Z))} → 0 (7)

(see also Proposition 1 (d) in [10] and Proposition 1.2.2 (e) in [12]). Now we make use of the following simple observation (Proposition 29 in [10] and Proposition 2.5.6 in [12]): If C is a band operator, and if the limit operator A_h of A with respect to h ∈ H exists on one of the spaces l^p(Z), then A_h is a limit operator of A on each of these spaces. Thus, (A_n)_h is also a limit operator of A_n if the operators are considered as acting on l^2(Z), and (A_n)_h ∈ σ_+(A_n). The l^2-version of Theorem 2.3 (a) established in [9] yields

ind^+_2 A_n = ind^+_2 (A_n)_h = ind_2(P (A_n)_hP + Q) for all n.

Since (A_n)_h is a band operator again, we conclude via Lemma 2.1 that

ind^+_p A_n = ind^+_p (A_n)_h = ind_p(P (A_n)_hP + Q) for all n. (8)

Further, by (7) we have

‖(P B_+P + Q) − (P (A_n)_hP + Q)‖_{L(l}p_{(Z))} → 0. (9)

Since B_+ is invertible (it is the limit operator of a Fredholm operator), the operator P B_+P + Q is Fredholm. Thus, (9) implies that the operators P (A_n)_hP + Q are Fredholm and that

ind^+_p (A_n)_h = ind_p (P (A_n)_hP + Q) = ind_p (P B_+P + Q) = ind^+_p B_+ (10)

for sufficiently large n (say n ≥ n_0 again). From (6), (8) and (10) we get the assertion.

In particular we rediscover the well known fact that the index of a Toeplitz operator T (a) with symbol a in the Wiener algebra of functions on the unit circle does not depend on the space l^p(Z_+) on which the operator T (a) is considered. Let us also mention that Theorem 2.3 can be proved in the same vein for banddominated operators acting on the closed subspace c_0(Z) of l^∞(Z) which consists of all sequences vanishing at infinity.

3 Finite sections of band-dominated operators

In this section, where we let 1 < p < ∞ again, we will first prove Theorem 1.1, and then we are going to generalize this theorem to operators on l^p(Z). As in [6], our approach is based on the fact that the stability of the finite section method of a band-dominated operator A is equivalent to the Fredholmness of an associated band-dominated operator (see also [11] and Section 6.1 in [12]. Indeed, the finite section method (R_nAR_n) for the operator A ∈ L(l^p(Z)) is stable if and only if the block diagonal operator

A := diag (R_0AR_0, R_1AR_1, R_2AR_2, . . .), considered as acting on l^p(Z_+), is a Fredholm operator. If A is a band operator, then A is a band operator, too, and Theorem 2.2 applies to study its Fredholmness. Basically, one has to compute the limit operators of A, which leads to the following.

Theorem 3.1 ([11], Theorem 3) Let A ∈ L(l^p(Z)) be a band-dominated operator. Then the finite section method (R_nAR_n) is stable if and only if the operator A, all operators QA_hQ + P with A_h ∈ σ_+(A)

and all operators P A_hP + Q with A_h ∈ σ_−(A)

are invertible on l^p(Z), and if the norms of their inverses are uniformly bounded. The condition of the uniform boundedness of the inverses is redundant if A is a band operator.

Specifying this result to the case of a band-dominated operator A on l^p(Z_+) we get the following, where J refers to the unitary operator l^p(Z) → l^p(Z), (Jx)_m := x_{−m−1}, and where we define σ_+(A) as σ_+(P AP + Q).

Theorem 3.2 Let A ∈ L(l^p(Z_+)) be a band-dominated operator. Then the finite section method (P_nAP_n) is stable if and only if the operator A and all operators

JQA_hQJ with A_h ∈ σ_+(A)

are invertible on l^p(Z_+), and if the norms of their inverses are uniformly bounded. The condition of the uniform boundedness of the inverses is redundant if A is a band operator.

Proof of Theorem 1.1. Let A ∈ L(l^p(Z_+)) be a band-dominated operator with slowly oscillating coefficients. If the finite section method (P_nAP_n) is stable, then A is invertible. (This fact holds for arbitrary bounded linear operators A.) Let, conversely, A be an invertible operator. We identify A with the operator P AP + Q acting on l^p(Z). Clearly, this operator is invertible, too. Hence, all limit operators of P AP + Q are invertible by Theorem 2.2 (c). It is easy to check that the part σ_−(P AP + Q) of the operator spectrum of P AP + Q consists of the identity operator only. Let A_h be a limit operator in σ_+(P AP + Q). Since the coefficients of A (hence, the coefficients of P AP + Q) are slowly oscillating, the operator A_h is shift invariant (Proposition 30 in [10]). From Proposition 2.4 in [2] we conclude that there is an l^p-multiplier a_h such that A_h = L(a_h). Further, an elementary calculation shows that JQA_hQJ = P JL(a_h)JP is just the Toeplitz operator T ( ~a_h) where ã(t) := a(1/t) for a function a on the unit circle.

Since the operator A is invertible, the plus-index of P AP + Q is zero. By Theorem 2.3, the plus- and minus-indices of each limit operator of P AP + Q are zero, too. In particular, the index of QA_hQ + P (which is the minus-index of A_h) is zero. This implies that the index of JQA_hQJ = T ( ~a_h) is zero, whence the invertibility of T ( ~a_h) via Coburn’s theorem (Theorems 2.38 (b) and 2.40 in [2]).

Via Theorem 3.2, this settles the assertion of Theorem 1.1 in case A is a band operator. For a general band-dominated operator A, we still have to show the uniform boundedness of the norms of the inverses of the operators QA_hQ + P where the A_h run through σ_+(A).

For, we show that the limit operators of A can be labeled by the points of a compact metric space, X, in such a way that the mapping which associates a limit operator A^x of A with each point x ∈ X becomes norm continuous. The same idea has been used in [10] in order to show that the uniform boundedness of the inverses of the limit operators in Theorem 2.2 is redundant in case A is a band-dominated operator with slowly oscillating coefficient (see also Section 2.4.9 in [12] and [1] for another occurrence of the same idea) .

Let (A_n) be a sequence of band operators with slowly oscillating coefficients which tends to A in the norm of L(l^p(Z_+)). By SO_A we denote the smallest closed and symmetric subalgebra of l^∞(Z^+) which contains all coefficients of all operators A_n as well as all sequences tending to zero. Then SO_A is a commutative and separable (since generated by a countable number of functions) C^∗-algebra. We denote its maximal ideal space by M(SO_A) and write M^{+∞}(SO_A) for its fiber over +∞, i.e. for the collection of all non-trivial multiplicative functionals f : SO_A → C which vanish over c_0(Z_+). Since SO_A is a separable algebra, its maximal ideal space is metrizable, and so is the fiber X := M^{+∞}(SO_A).

In [10] it is shown that, if B = ∑ b_kP V_kP is a band operator with coefficients b_k in SO_A, and if h ∈ H is a sequence which tends to +∞ and for which the limit operator B_h exists, then there is a unique point x ∈ M^{+∞}(SO_A) such that

B_h = ∑ b_k(x)V_k =: B^x. (11)

Conversely, given x ∈ M^{+∞}(SO_A), one finds a sequence h ∈ H such that the limit operator of B with respect to h exists and that (11) holds (the metrizability of M^{+∞}(SO_A) is used in order to approximate x by a sequence of points in Z_+ from which one can choose h as a subsequence). Evidently, the function M^{+∞}(SO_A) → L(l^p(Z)), x → ∑ b_k(x)V_k is continuous.

Now we extend this construction to the operator A. Let h be a sequence which tends to +∞ for which the limit operator A_h exists. By a Cantor diagonal argument, there is a subsequence g of h such that all limit operators (A_n)_g exist, too. Let x be the uniquely determined point in M^{+∞}(SO_A) such that (A_n)_g = A^x_n.

Then A_h = lim_{n→∞}(A_n)_g = lim_{n→∞} A^x_n,

and we denote this operator by A^x. Being the uniform limit of the continuous functions x → A^x_n, the function M^{+∞}(SO_A) → L(l^p(Z)), x → A^x is continuous. Then, clearly, the function M^{+∞}(SO_A) → L(l^p(Z)), x → QA^xQ + P is continuous, and the values of this function are invertible operators as we have already seen. Since inversion is continuous, the function M^{+∞}(SO_A) → L(l^p(Z)), x → ‖(QA^xQ + P )^{−1}‖ (12) proves to be continuous, too. Finally, being a continuous function on a compact metric space, the function (12) attains its maximum. Since the values of that function are exactly the norms of the operators (QA_hQ + P )^{−1} with A_h ∈ σ_+(A), we obtain the uniform boundedness of these norms.

Now we turn over to the finite section method for band-dominated operators with slowly oscillating coefficients on l^p over Z. In this setting, Theorem 1.1 cannot hold. Actually, it becomes wrong even for band Laurent operators: the finite section method (R_nL(a)R_n) for the Laurent operator L(a) is stable if and only if the Toeplitz operator T (a) is invertible. Clearly, the invertibility of T (a) implies that of L(a), but if a(t) := t^{−1}, then the Laurent operator L(a) is invertible, whereas the Toeplitz operator T (a) has a non-trivial kernel.

Here is the result, which has been proved for band operators on l^2(Z) in [6].

Theorem 3.3 Let 1 < p < ∞, and let A ∈ L(l^p(Z)) be a band-dominated operator with slowly oscillating coefficients. Then the finite section method (R_nAR_n) is stable if and only if the operator A is invertible and if the plus-index of A is zero.

Proof. The necessity of these conditions can be seen as in [6]. For the readers’ convenience we recall the short proof here.

If the finite section method (R_nAR_n) is stable, then A is invertible. Let A_h be a limit operator of A which lies in σ_+(A). Then QA_hQ + P is invertible by Theorem 3.1, whence

0 = ind (QA_hQ + P ) = ind_−(A_h) = ind_−(A)

by Theorem 2.3. Since A is invertible, this implies that ind_+(A) = 0.

Let, conversely, A be invertible and ind_+(A) = 0, and let A_h be a limit operator in σ_±(A). Then also ind_−(A) = 0, and we get as above that

0 = ind_±(A) = ind_±(A_h),

whence ind (P A_hP + Q) = ind (QA_hQ + P ) = 0.

The shift invariance of the limit operators of A implies that the operators P A_hP + Q and QA_hQ + P can be identified with Toeplitz operators. Since the indices of these operators are zero, Coburn’s theorem implies the invertibility of these operators. The uniform boundedness of the inverses of the operators P A_hP + Q and QA_hQ + P can be verified as in the proof of Theorem 1.1 (where one now has to work with both fibers M^±(SO_A)).

References

[1] M. A. Bastos, A. Bravo, Yu. I. Karlovich, Convolution type operators with symbols generated by slowly oscillating and piecewise continuous matrix functions. – In: Operator Theoretical Methods and Applications to Mathematical Physics, Operator Theory: Advances and Application Vol. 147, Birkhäuser Verlag, Basel, Boston, Berlin 2004, 151 – 174.

[2] A. Böttcher, B. Silbermann, Analysis of Toeplitz Operators. – Akademie-Verlag, Berlin 1989 and Springer-Verlag, Berlin, Heidelberg, New York 1990.

[3] A. Böttcher, B. Silbermann, Introduction to Large Truncated Toeplitz Matrices. – Springer-Verlag, Berlin, Heidelberg 1999.

[4] I. Gohberg, I. Feldman, Convolution Equations and Projection Methods for Their Solution. – Nauka, Moskva 1971 (Russian, Engl. transl.: Amer. Math. Soc. Transl. of Math. Monographs, Vol. 41, Providence, Rhode Island, 1974).

[5] I. Gohberg, N. Krupnik, One-dimensional Linear Singular Integral Operators, Vol. I. – Birkhäuser Verlag, Basel, Boston, Stuttgart 1992.

[6] M. Lindner, V. S. Rabinovich, S. Roch, Finite sections of band operators with slowly oscillating coefficients. – Submitted to Linear Alg. Appl.

[7] V. G. Kurbatov, Linear differential-difference operators. – Voronezh.

Univ. Press, Voronezh 1990 (Russian).

[8] V. S. Rabinovich, S. Roch, Local theory of the Fredholmness of banddominated operators with slowly oscillating coefficients. – In: Toeplitz Matrices, Convolution Operators, and Integral Equations (Eds. A. Böttcher, I. Gohberg, P. Junghanns), Operator Theory: Advances and Appl. 135, Birkhäuser Verlag, Basel, Boston, Berlin 2002, 267 – 291.

[9] V. S. Rabinovich, S. Roch, J. Roe, Fredholm indices of band-dominated operators. – To appear in Integral Equations Oper. Theory.

[10] V. S. Rabinovich, S. Roch, B. Silbermann, Fredholm theory and finite section method for band-dominated operators. – Integral Equations Oper. Theory 30(1998), 4, 452 – 495.

[11] V. S. Rabinovich, S. Roch, B. Silbermann, Algebras of approximation sequences: Finite sections of band-dominated operators. – Acta Appl. Math. 65(2001), 315 – 332.

[12] V. S. Rabinovich, S. Roch, B. Silbermann, Limit Operators and Their Applications in Operator Theory. – Birkhäuser Verlag, Basel Boston, Berlin, to appear in 2004.

Address: Steffen Roch, Technische Universität Darmstadt, Fachbereich Mathematik, Schlossgartenstrasse 7, D 64289 Darmstadt, FRG.