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Abstract. We show that every countable direct system of finite-dimensional real or com-
plex Lie groups has a direct limit in the category of Lie groups modelled on locally convex
spaces. This enables us to push all basic constructions of finite-dimensional Lie theory to
the case of direct limit groups. In particular, we obtain an analogue of Lie’s third theorem:
Every countable-dimensional locally finite real or complex Lie algebra arises as the Lie
algebra of some regular Lie group (a suitable direct limit group).
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Introduction

In this paper, we develop the foundations of Lie theory for countable direct limits of
finite-dimensional Lie groups. For the purposes of this introduction, consider an ascending
sequence G; € G5 C --- of finite-dimensional real Lie groups, such that the inclusion
maps are smooth homomorphisms. Then G := (J,,cyy G is a group in a natural way, and
it becomes a topological group when equipped with the final topology with respect to the
inclusion maps G,, — G ([20], [32]). A simple example is GL,(R), the group of invert-
ible matrices of countable size, differing from the unit matrix at only finitely many places.
Here GL(R) = J,, GL,(R), where GL;(R) € GL2(R) C - - - identifying A € GL,(R) with
diag(A, 1) € GL,11(R). Our goal is to make G = |J,, G,, a (usually infinite-dimensional)
Lie group, and to discuss the fundamental constructions of Lie theory for such groups.

Existing methods. Provided certain technical conditions are satisfied (ensuring in par-
ticular that expg := lim expg, : lim L(G,) — lim G, = G is a local homeomorphism at 0),
the map expg restricts to a chart making G a Lie group (see [27], [28] and [29, Appendix]).
This method applies, in particular, to GL(R) and other direct limits of linear Lie groups.
It produces Lie groups which are not only smooth, but real analytic in the sense of con-
venient differential calculus [10, Rem. 6.5]. It is also known that every Lie subalgebra of
glo(R) := lim gl,,(R) integrates to a subgroup of GL.(R) [23, Thm.47.9]; this provides
an alternative construction of the Lie group structure on various direct limit groups. But
neither of these methods is general enough to tackle arbitrary direct limits of Lie groups.
In particular, examples show that exp, need not be injective on any 0-neighbourhood [10,
Example 5.5]. Therefore a general construction of a Lie group structure on G = |, G,
cannot make use of exp.



A general construction principle. In [10], a smooth Lie group structure on G = |, G,
was constructed in the case where all inclusion maps are embeddings (for “strict” direct
systems). Strict direct limits of Lie groups are discussed there as special cases of direct
limits of direct sequences M; C My C --- of finite-dimensional smooth manifolds and
embeddings onto closed submanifolds. To make M := |J, M, a smooth manifold, one
starts with a chart ¢,, of some M,, and then uses tubular neighbourhoods to extend ¢,
already constructed (possibly restricted to a smaller open set) to a chart ¢, 1 of M, ;.
Then lim ¢,, is a chart for M. In the present article, we generalize this construction prin-
ciple in two ways. First, we are able to remove the strictness condition. This facilitates
to make | J,, M,, a smoothly paracompact, smooth manifold, for any ascending sequence of
paracompact, finite-dimensional smooth manifolds and injective immersions (Theorem 3.1,
Proposition 3.6). Second, we generalize the method from the case of smooth manifolds
over R to the case of real- and complex analytic manifolds (Theorem 3.1, Proposition 3.8).
This enables us to turn G := |J,, G,, into a real analytic Lie group in the sense of con-
venient differential calculus, resp., a complex Lie group, for any ascending sequence of
finite-dimensional real or complex Lie groups (Theorem 4.3).! Each direct limit group G is
regular in the convenient sense (the argument from [23, Thm. 47.8] carries over). Moreover,
G is a regular Lie group in Milnor’s sense (Theorem 8.1): this is much harder to prove.

Lie theory for direct limit groups. Despite the fact that exp., need not be well-
behaved, all of the basic constructions of finite-dimensional Lie theory can be pushed to
the case of direct limit groups G = |J,, G,. Thus, subgroups and Hausdorff quotient
groups are Lie groups (Propositions 7.2 and 7.5), a universal complexification G¢ exists
(Proposition 7.13), subalgebras of L(G) integrate to analytic subgroups (Proposition 7.11),
and Lie algebra homomorphisms integrate to group homomorphisms in the expected way
(Proposition 7.10). Furthermore (Theorem 5.1), every locally finite real or complex Lie
algebra of countable dimension is enlargible, i.e., it arises as the Lie algebra of some Lie
group (a suitable direct limit group). Such Lie algebras have been studied by Yu. Bahturin,
A.A. Baranov, 1. Dimitrov, K.-H. Neeb, 1. Penkov, H. Strade, N. Stumme, A. E. Zalesskii,
and others. If H C G is a closed subgroup, then H is a conveniently real analytic (cg-)
submanifold of G. Furthermore, the homogeneous space G/H can be given a ¢g-manifold
structure making 7: G — G/H a c¢g-principal bundle (Proposition 7.5). Similar results
are available for complex Lie groups. We remark that special cases of complexifications
and homogeneous spaces of direct limit groups have already been used in [29] and [35], in
the context of a Bott-Borel-Weil theorem, resp., direct limits of principal series representa-
tions. Universal complexifications of “linear” direct limit groups G C GL4(R) have been
discussed in [8], in the framework of BCH-Lie groups. For some special examples of direct
limit manifolds of relevance for algebraic topology, see [23, §47].

Variants. Although our main results concern the real and complex cases, some of the
constructions apply just as well to Lie groups over local fields (i.e., totally disconnected,

'More generally, we can create direct limit Lie groups for arbitrary countable direct systems of finite-
dimensional real or complex Lie groups. The bonding maps need not be injective.



locally compact, non-discrete topological fields, such as the p-adic numbers), and are for-
mulated accordingly. Readers mainly interested in the real and complex cases are invited
to read “K” as R or C, ignore the definition of smooth maps over general topological fields,
and assume that all Lie groups are modelled on real or complex locally convex spaces.

1 Basic definitions and facts

We are working in two settings of differential calculus in parallel: 1. The Convenient Dif-
ferential Calculus of Frolicher, Kriegl and Michor. 2. Keller's C2°-theory (going back to
Michal and Bastiani), as used, e.g., in [25], [26], [8], [9], and generalized to a general dif-
ferential calculus over topological fields in [2]. For the basic notions of infinite-dimensional
Lie theory (L(G), expg, logarithmic derivative, product integral), see [23] and [26].

1.1 Convenient differential calculus. Our source for Convenient Differential Calculus
is [23], and we presume familiarity with the basic ideas. The smooth maps and mani-
folds from convenient calculus will be called cg’-maps and cg’-manifolds here. Maps and
manifolds which are holomorphic in the convenient sense will be called ¢z or c&. Real
analytic maps and manifolds in the convenient sense will be called ¢. Likewise for Lie
groups. The regular ¢-Lie groups from convenient calculus (see [23, Defn. 38.4]) will be
called cp’-regular; we call a cgP-Lie group c-regular or cg-regular if its underlying cp’-Lie
group is cg-regular. A cg-Lie group G will be called ¢§-regular if it is cg’-regular and the
right product integral Evol;,(7): R — G of each real analytic curve 7: R — L(G) is real
analytic. The definitions of c-regularity and cg-regularity ensure the following:

Lemma 1.2 Given K € {R, C}, suppose that G and H are ¢§-Lie groups, where G is sim-
ply connected and H is c¢g-reqular. Then, for every bounded K-Lie algebra homomorphism
a: L(G) — L(H), there exists a unique ¢ -homomorphism 3: G — H such that L(3) = a.

Proof. By [23, Thm.40.3], there exists a unique cg’~-homomorphism 5: G — H such that
L(f) =a. HK=Rand~y: R — G is a real analytic curve, then fo~: R — H is a smooth
curve with right logarithmic derivative 6"(Govy) = L(3) 0"y = a0d"y. Here a0 " is real
analytic, whence its right product integral (3 o vy is real analytic, by cg-regularity. Hence 3
is ¢f. If K= C, then (3 is a c¢g’~homomorphism such that 7,(3) is C-linear for each z € G,
as T1(8) = a is C-linear. Hence 3 is ¢ by [23, Thm.7.19 (8)]. O

1.3 Keller’s CZ°-theory and analytic maps. Let £ and I be locally convex spaces over
Ke{R,C},U C Ebeopenand f: U — F beamap. If K=R and r € NgU{oc}, then f
is called Cf if it is continuous and, for all £ € Ny such that £ < r, the iterated directional
derivatives d*f(z,vy1,... ,yr) = Dy, --- Dy, f(z) exist for all z € U and v1,... ,yr € E,
and define a continuous map d*f: U x E¥ — F. The Cg-maps are also called smooth. If
K =C, we call fa Cg-map, C¢, or complex analytic, if it is continuous and given locally
by a pointwise convergent series of continuous homogeneous polynomials [3, Defn. 5.6]. If
K =R, we call f real analytic or C} if it extends to a complex analytic map between open
subsets of the complexifications of E and F. See [25], [26], or [9] for further information
(also concerning the corresponding smooth and K-analytic Lie groups and manifolds).
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1.4 General differential calculus. Let E and F' be (Hausdorff) topological vector
spaces over a non-discrete topological field K, U C E be open, and f: U — F a map.
According to [2], f is called Ck if it is continuous and there exists a (necessarily unique)
continuous map fI: UM — F on UM := {(z,9,t) € U x E x K: 2 + ty € U} such that
Uz, y,t) = 1(f(z + ty) — f(z)) for all (z,y,t) € UM such that ¢ # 0. Inductively, f
is called CET if it is Cf and f0 is CE; it is O if it is CE for all k. As shown in [2],
compositions of Ck-maps are CF, and being CE is a local property. For maps between
open subsets of locally convex spaces, the present definitions of Ck-maps and C&-maps
are equivalent to those from 1.3 ([2], Prop. 7.4 and 7.7). Analytic maps between open
subsets of Banach spaces over a complete valued field K (as used in [4] or [31]) are CF°
(2, Prop.7.20]. For further information, also concerning Cg°-manifolds and Lie groups
modelled on topological K-vector spaces, we refer to [2], [11], [12], and [13].

1.5 Direct limits. A direct system in a category A is a pair S = ((Xi)ier, (¢i)i>j)s
where (I, <) is a directed set, each X; an object of A, and each ¢; ;: X; — X; a morphism
(“bonding map”) such that ¢;; = idx, and ¢;; 0o ¢k = @iy if ¢ > j > k. A cone over S
is a pair (X, (¢i)ier), where X € ob A and ¢;: X; — X is a morphism for i € I such that
piopi; = ¢;iti > j. A cone (X, (¢i)icr) is a direct limit cone over S in the category A
if, for every cone (Y, (1;):;er) over S, there exists a unique morphism ¢: X — Y such that
1 o ¢; = 1p; for each i. We then write (X, (¢;)icr) = limS. If the bonding maps and “limit
maps” ¢; are understood, we simply call X the direct limit of S and write X = lim X;. If
also 7 = ((Y)ier, (i )i<;) is a direct system over I and (Y, (¢;)ics) & cone over T, we call
a family (7;);e; of morphisms n;: X; — Y; compatible if n; o ¢; ; = 1); j on; for i > j. Then
(Y, (¢i 0 mi)icr) is a cone over S; write limn; := 7 for the morphism n: X — Y such that
no¢; = 1; om;. If there is a compatible gmily (1;)ie; with each n; an isomorphism, S and
T are called equivalent. Then S has a direct limit if and only if so does 7; in this case,
limn; is an isomorphism. Every countable direct set has a cofinal subsequence, whence
countable direct systems can be replaced by direct sequences, viz. I = (N, <).

1.6 Direct limits of sets, topological spaces, and groups. If S = ((X;)ier, (¢i)i>;) is
a direct system of sets, write (j, x) ~ (k,y) if there exists ¢ > j, k such that ¢; ;(z) = ¢; x(v);
then X := ([[,; X;)/ ~, together with the maps ¢;: X; — X, ¢;(x) := [(i,z)], is the
direct limit of S in the category of sets. Here X = (J,.; ¢:(X;). If each ¢;; is injective,
then so is each ¢;, whence S is equivalent to the direct system of the subsets ¢;(X;) C X,
together with the inclusion maps. This facilitates to replace injective direct systems by
direct systems in which all bonding maps are inclusion maps. If S := ((X})ier, (¢4;)) is a
direct system of topological spaces and continuous maps, then the direct limit (X, (¢;)ier)
of the underlying sets becomes the direct limit in the category of topological spaces and
continuous maps if we equip X with the DL-topology, the final topology with respect to
the family (¢;)ic;. Thus U C X is open if and only if ¢~1(U) is open in X;, for each i.
If S is strict in the sense that each ¢;; is a topological embedding, then also each ¢; is
a topological embedding [28, La. A.5]. If ((Gi)ier, (¢5;)i>;) is a direct system of groups
and homomorphisms, then the direct limit (G, (¢;);es) of the underlying sets becomes the
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direct limit in the category of groups and homomorphisms when equipped with the unique
group structure making each ¢; a homomorphism; the group inversion and multiplication
on G are lim k; and lim y;, in terms of those on the G;’s.

For further information concerning direct limits of topological groups and topological
spaces, see [10], [18], [20], and [32].

Lemma 1.7 Let X; C X, C --- be an ascending sequence of topological spaces such that
the inclusion maps are continuous; equip X = J, ey Xn with the final topology with respect
to the inclusion maps \,: X, — X (the DL-topology). Then the following holds:

(a) If each X,, is Ty, then so is X.

(b) If U, C X, is open and Uy C Uy C ---, then U := |, U, is open in X and the
DL-topology on U = lim U,, coincides with the topology induced by X .

(c) If each X, is locally compact, then X is Hausdorff.
(d) If each X,, is Ty and K C X is compact, then K C X,, for some n.

Proof. (a) Let x € X. Then A\, '({z}) is either {z} or empty, hence closed in the T}-
space X,,. Hence {z} is closed in X.

(b) and (c): This is proved in [18, Prop.4.1 (ii)] and [10, La.3.1] for strict direct se-
quences, but the strictness is not used in the proofs.

(d) If not, for each n we find x,, € K\ X,,. Then D := {z,:n € N} C K is closed in X
(and thus compact), as D N X,, is finite and thus closed, for each n. On the other hand,
D =lim (DN X,) for the topology induced by X, as D is closed in X. Now D N X,, being
discreg, this entails D is discrete and hence finite (being also compact). Contradiction. O

1.8 Let E be a countable-dimensional vector space over a non-discrete, locally compact
topological field K (e.g., K = R or C). Then the finest vector topology on E is locally
convex and coincides with the so-called finite topology, the final topology with respect to
the inclusion maps F' — E, where F' ranges through the set of finite-dimensional vector
subspaces of F (and F' is equipped with its canonical Hausdorff vector topology). Thus,
the finite topology on E is the DL-topology on £ = lin F. See [10] and the references

therein for these standard facts. The space K® := KN = lim K" of finite sequences will

always be equipped with the finite topology. We shall freq_u)ently identify K" with the
subspace K" x {0} of K*, and K™ with K™ x {0} C K" if n > m.

Lemma 1.9 Let K be R, C or a local field, and E be a K-vector space of countable di-
mension, equipped with the finite topology. Let Ey C Ey C --- be an ascending sequence
of vector subspaces of E such that \J, .y En = E, and U,, C E,, be open subsets such that

U CU;C.... Let f: U — F be a map into a topological K-vector space F' on the open
subset U :=J _nUn of E. Then the following holds:
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(a) Given r € NgU {oo}, f is Ck if and only if f, := flu,: Uy — F is C§ for each n.

(b) If K € {R,C} and F is locally conver and Mackey complete, then f is Cg° if and
only if it is . Furthermore, f is ¢ if and only if f|y, is ¢g for each n € N.

Proof. (a)? We may assume r < oco. Lemma 1.7 (b) settles the case » = 0. If r > 1,
note that Ulm - Uz[l] C - and UM =, UM, The product topology on F x E x K is
the finite topology (cf. [10, Prop. 3.3]) and hence induces on U the topology making it
the direct limit topological space UM = lim U} (Lemma 1.7 (b)). By induction, the cone
(F, ( T[LH)neN) of Ci '-maps induces a C&j—map g: UM = lim vl F, determined by

g|U[1] = 1. As g is continuous and extends the difference—q)uotient map, f is Cg with

f' = g. Now f being Ct with fl!l = g of class C !, the map f is Cf.

(b) If f is Cp°, then it is 2. If f is ¢, then f|y, is ¢ for each n and thus Cg°, as
dimg (E,) < co. Hence f is Cg°, by (a). Given a real analytic curve v: R — U and t; € R,
pick an open relatively compact neighbourhood J C R of ¢y3. Then ~(J) C U, for some n
by Lemma 1.7 (d), and thus 7|, is ¢ if so is f|y,. The remainder is now obvious. O

A map f: R* — R which is C¥ on each R™ need not be C¥ [23, Ex. 10.8]. For this reason,
we have to work with the weaker concept of ¢-maps.

2 Extension of charts

In this section, we explain how a chart of a submanifold M; C M, (or its restriction to a
slightly smaller open set) can be extended to a chart of M.

Lemma 2.1 Let My and My be finite-dimensional smooth (resp., real analytic) manifolds
over R, of dimensions my and ms, respectively. Assume that My C M, and assume
that the inclusion map X\ : My — My is a smooth (resp., real analytic) immersion. Let
¢1: Uy — Vi be a chart of My, where Uy is open in R™ and Vy is an open, relatively
compact, contractible subset of My. Then there exists a chart ¢o: Uy — Vo of My such that
Uy (R™ x {0}) = Uy x {0}, ¢2(x,0) = ¢1(x) for all x € Uy, and such that Vo C My is

relatively compact and contractible.

Proof. Because C' := V; C M, is compact, the map Mo is a topological embedding.
Now V} being open in C, we deduce that V; = A¢(V}) is open in A(C), whence there
exists an open subset W C M, such that W N A(C) = V4. Since A(C) is closed in Ms,
the preceding formula shows that V; is closed in W. After shrinking W, we may assume
that W is o-compact, and relatively compact in M,. Then Vi is a closed submanifold of
the o-compact, relatively compact, open submanifold W of M,. Smooth case: By [24,

2For K = R and locally convex F, see also [10], lines preceding La.4.1. This implies the claim for
K = C, r = 00, F locally convex because then f is CR° with df(x,+) complex linear for each = (because
df (z,e)|E, = dfn(x,.)), whence f is complex analytic by [9, La. 2.5].



Thm.IV.5.1], V} admits a smooth tubular neighbourhood in W, i.e., there exists a Cg°-
diffeomorphism ¢ : Vo — P from some open neighbourhood V5 of Vi in W onto some
open neighbourhood P of the zero-section of some smooth vector bundle 7 : £ — V;
over Vi, such that ¢|y, = idy, (identifying Vi with the zero-section of E). Real analytic
case: Being o-compact, W is Cf-diffeomorphic to a closed real analytic submanifold of
R* for some k € Ny (see [16, Thm.3]), whence W admits a real analytic Riemannian
metric g. Using the real analytic Riemannian metric, the classical construction of tubular
neighbourhoods provides a real analytic tubular neighbourhood v: V}, 2 Vo, — P C E.

In either case, after shrinking V5, and P, we may assume that P is balanced, i.e.,
[—1,1]P C P (using the scalar multiplication in the fibres of E). Being a vector bundle
over a contractible, o-compact base manifold, E is trivial. This is well-known in the
smooth case [21, Cor.4.2.5]. For the real analytic case, note that E is associated to a real
analytic GL(F')-principal bundle over the o-compact, contractible C-manifold V4, where
F :=R™7™ ig the fibre of E. This principal bundle is trivial by [33, Teorema 5] (combined
with [21, Cor.4.2.5]), and hence so is E. (Compare also [1] and [17]).

By the preceding, we find an isomorphism of smooth (resp., real analytic) vector bundles
0: FE — Vi x Rm™ ™ Then k : (bfl xid: Vi x RMm™™ — [J x R™27™ C R™2 jg a
CR°- (resp., Cg-) diffeomorphism, and U, := k(A(P)) is an open subset of R™? such that
Uy N (R™ x{0}) = Us. Then ¢y := (ko o) Y2 : Uy — Vo is a CF°- (resp., C§-)
diffeomorphism from U, onto the open subset Vs of Ms, such that ¢o(z,0) = ¢1(z) for all
x € U;. Since Vo C W, the set V5 is relatively compact in My. To see that V; is contractible,
we only need to show that so is P, as V; and P are homeomorphic. Let H: [0,1] x V] — V]
be a homotopy from idy, to a constant map. The map [0,1] x P — P, (t,z) — (1 —t)z
(which uses scalar multiplication in the fibres) is a homotopy from idp to m|p. The map
0,1] x P — P, (t,z) — H(t,m(x)) is a homotopy from 7|p to a constant map. Thus idp
is homotopic to a constant map and thus P is contractible. O

Definition 2.2 Let K be R, C or a local field, and |.| be an absolute value on K defining
its topology. Given n € Ny and r > 0, we let

AV ={(x1,...,2,) €K": |zj| <rforall j=1,... ,n}

be the n-dimensional polydisk of radius r around 0. If we wish to emphasize the ground
field, we also write A”(K) for A”.

If K is a local field, we define C-immersions (and Cg°-submersions) between finite-
dimensional Cg°-manifolds analogous to the K-analytic case [31]. Because an Inverse
Function Theorem holds for Cp°-maps [11], Cg°-immersions and submersions have the
usual properties.

Lemma 2.3 (Extension Lemma) Let K be R, C or a local field. Let M be a finite-
dimensional Cg2-manifold (or a finite-dimensional real analytic manifold), of dimension
m € Ny, and ¢ : A" — M be a CR (resp., real analytic) injective immersion, where
n € {0,1,... ,m} and r>0. Then, for every s €10,r[, there exists a Cg°-diffeomorphism
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(resp., a real analytic diffeomorphism) 1: AT — V onto an open subset V of M such that
U(z,0) = ¢(z) for allz € A”. If K is a local field, the conclusion remains valid for s = r.
The subset V- C M can be chosen relatively compact.

Proof. Let s € ]0,7[ and t € |s, 7.

The case of smooth or analytic manifolds over K = R. We equip M; := ¢(Al") with the
smooth (resp., real analytic) manifold structure making ¢|*': A" — M; a diffeomorphism.
Then the inclusion map A\: M; — M is an immersion, V; := ¢(A}) is a relatively compact,
contractible, o-compact open subset of M, and ¢, := ¢|XI? : A} — Vj is a chart for M.
By Lemma 2.1, there exists a Cg°- (resp., Cg-) diffeomorphism ¢o: Uy — V5 from an open
subset Uy of R™ onto an open subset V2 of M such that Uy N (R*x{0}) = A} x{0} and
$2(2,0) = ¢1(x) = ¢(x) for all x € A?. Now A" C R™ being compact, we find ¢ > 0 such

that A7 x A?"™" C U,. Then
VAT — M, (x,y) = ¢o(x,Sy)  forx e A, ye AT

is a mapping with the required properties.

The case K = C. The map ¢|ar is an embedding of complex manifolds, and hence so
is f: AT — M, f(z) := ¢(tx). By [30, Prop. 1], there exists a holomorphic embedding
Fo AY, < AY™™ — M such that F(z,0) = f(z) for all z € Ay, Then ¢: AT — M,
Y(x,y) = F(%x, %y) (where x € A, y € A”™") is a holomorphic embedding with the
desired properties.

Relative compactness of V. By the real or complex case already discussed, there exists
an extension ¥: A" — V of ¢|ap. Then V' := (A7) is a relatively compact open subset

of M, and v := J ]Xm has the desired properties.

The case where K is a local field. In this case, Al is compact, whence ¢ is a Cg°-
diffeomorphism from A onto the compact Cg°-submanifold M; := im ¢ of M. The proof
of [10, La.8.1] (tackling the K-analytic case) carries over verbatim to the case of Cg°-
manifolds; we therefore find a CP-diffeomorphism 6: A x Q™" — M such that 6(z,0) =
¢(z), where O is the maximal compact subring of K. Pick a € K* such that aA*™™ C
O™ then : AT — M, (x,y) = 0(z,ay) for x € AP, y € A" (resp., its restriction
to A™) is the required chart for M. 0

3 Direct limits of finite-dimensional manifolds

Let K be R, C or a local field. Throughout this section, we let S := ((M,)ier, (Nij)iz;)
be a direct system of finite-dimensional Cg°-manifolds M; and injective Cg°-immersions
Nij: M; — M;. We let (M, (N\;)ier) be the direct limit of S in the category of topological
spaces, and abbreviate s := sup{dimg(M;): ¢ € I} € Ny U {oo}. Our goal is to make M a
manifold, and study its basic properties.



Theorem 3.1 There exists a uniquely determined Cg°-manifold structure on M, modelled
on the complete, locally convex topological K-vector space K®, which makes \;: M; — M
a C-map, for each i € I, and such that (M, (\,)ier) = UmS in the category of C°-
manifolds modelled on topological K-vector spaces (and C’f{?ﬁaps). For each v € I and
r € M;, the differential T,(N;) : To(M;) — Th,2)(M) is injective. For each r € Ny, the
Cg-manifold underlying M satisfies (M, (N\;)icr) = Im S in the category of Cg-manifolds
modelled on topological K-vector spaces. -

Proof. After passing to a cofinal subsequence of an equivalent direct system (cf. 1.6), we
may assume without loss of generality that I = N, M; C M, C -, and that the immersion
Anm is the inclusion map for all n,m € N such that n > m. We let M := UneN M,
equipped with the final topology with respect to the inclusion maps A, : M,, — M; then
(M, (An)nen) = lim ((M,), (Anm)) in the category of topological spaces. We abbreviate
d, == dimg(M,) and ¢, := dps1 — dy.

Let A be the set of all maps ¢ : P, — Q4 C M such that Py = J,.yPn C K,
Qo = Upen @n, and ¢ = 131 ¢n, for some sequence (¢, )nen of charts ¢, : P, — @Q, C M,,
where each P, is an open (possibly empty) subset of K%, @, open in M,, and Q,, C Q,
and ¢,|q,, = ¢m whenever n > m. Here Lemma 1.7 (b) allows us to interpret the open
subsets Py C K® and @)y € M as the direct limits lim @),, and lim P, in the category of
topological spaces, whence ¢ is continuous. Because cach Op 18 injgtive, also ¢ is injective,
and furthermore ¢ is surjective, by definition of Q4. If V' C Py is open, then V N P, is
open in P,, whence S, := ¢,(V N P,) is open in @,. Because S; C Sy C ---, the union
A(V) = U,en Sn s open in Qg (Lemma 1.7 (b)). Thus ¢ is an open map. We have shown
that ¢ is a homeomorphism.

We claim that A is a Cgf-atlas for M. We first show that (J,. 4, @4 = M. To this end,
let x € M. Then there exists ¢ € Ny such that x € M,. Define r,, := 1+ 27" for n € N.
We let ¢, : P, — @, be the chart of M, with P, := @, := 0, for all n < . We pick
a chart 1y : Adf (K) — W, C M, of M, around z, such that 1¢,(0) = x. Inductively, the
Extension Lemma 2.3 provides charts 1, : Ad” — W, C M, forne{l+1,0+2,...}such
that ¢, dnt = Yn-1], dnoy (identifying K% -1 with K%-1 x {0} C K). Define P, := A",
O = Un(Py), and ¢y, = Un| s Py — Qp for n > (. Then Py := |, oy Py is open in K?,
Qo = U,en @n is open in M, and ¢ = lim ¢,,: Py — Qg is an element of A, with x € Qy,
as desired. -

Compatibility of the charts. Assume that ¢ := lim¢, : Py — Q4 and ¢ := lim), :
P, — @, are elements of A, where ¢,, : P, — annd Up o A, — By, Suppos? that
r € ¢ 1(Qy). Then ¢(z) € Q4 N Qy, entailing that there exists £ € N such that ¢(x) €
Q¢ N By. Then z € P, N ¢, Y(B,) =: X, for all n > (. Since X,, is open in K and
X, C Xpyy € -+, the union X := Un>z X, is open in K?. Furthermore, the coordinate
changes 7, := ¥, o.nB, © Oulx, : Xn — U1 (Qn) = Y, are Ce-diffeomorphisms, for all
n > {. By Lemma 1.9 (a), the map ¢*1|§(X) oply = liinnﬂ Tn: X = Ups Yo =Y is CF,

entailing that the bijection 7 := v \Qéme 0Plg-1(Qu): P~ HQy) — v HQy) is C on some



open neighbourhood of x. As = was arbitrary, 7 is Cg° and the same reasoning shows that
so is 77!, Thus A is an atlas making M a Cg°-manifold modelled on K?.

Fach A\, is smooth. To see this, assume that n € N and x € M,,. As just shown, there
exists a chart ¢: Py — @4 in A, say ¢ = lim ¢, with charts ¢;: P, — Qr C M, for k € N,
such that z € P,. Then ¢~ 1o\, 0 ¢, = }1 o ¢n: K DO P, — P C K* is the inclusion
map and hence smooth, and its differential at x is injective. Hence )\, is smooth on the
open neighbourhood @, of x, and T,(\,) is injective. As z was arbitrary, A, is smooth.

Direct limit property and uniqueness. Fix r € Ny U {oo}. Assume that YV is a Cf-
manifold modelled on a topological K-vector space E and f, : M, — Y a Cg-map for
each n € N such that (Y, (f.)nen) is a cone over S; thus f,|y,, = fm if n > m. Then
there is a uniquely determined map f: M — Y such that f|y, = f, for all n € N. Since
M = lim M, as a topological space, f is continuous. If x € M, we find a chart ¢: P, — Q4
of M around z in the atlas A, where ¢ = lim ¢,, for charts ¢, : P, — Q, € M,. Let
Y:V — W CY be a chart for Y, where V CEis open. Then U := (f o ¢)"Y(W) is
an open subset of P, C K*® and U, := U N P, is open in P, C K% for each n. Consider
g:=vto(fo@)|/:U— V. Then gly, =¥ o (fuodu)|lf,: U, — V is Cf for each
n € N. Hence g is Ci by Lemma 1.9 (a), whence so is f on the open neighbourhood Q4 of
x and hence on all of M, as « was arbitrary. Thus (M, (A\,)nen) = lim S in the category
of Cg-manifolds, for all r € Ny U {oo}. The uniqueness of a C’Hzo—manﬁ)ld structure on M
with the described properties follows from the universal property of direct limits. O

Convention. Throughout the remainder of this section, M will be equipped with the Cg°-
manifold structure just defined. In the proofs, we shall always reduce to the case where
I =Nand M; C My C ... (by the above argument), without further mention.

Proposition 3.2 If F C K is a non-discrete, closed subfield, then (M, (\;)icr) = limS
also in the category of Cg°-manifolds. (E.g., K=C, F=R).

Proof. Let A be the CgP-atlas of M described in the proof of Theorem 3.1. Given a
non-discrete closed subfield F C K, let Ar be the corresponding atlas obtained when
considering each M; merely as a Cg°-manifold over F. Then A C Ay, entailing that
(M, (M)nen) = liinS also in the category of Cg°-manifolds. O

Proposition 3.3 Assume that U; C M; is open and X; ;(U;) C U; whenever i > j. Then
U = U, Ui is open in M. For the Cx°-manifold structure induced by M on its open
subset U, we have (U, (M| )ier) = Hm((U;)ier, ()\Zj|gj)22]) in the category of C°-manifolds.

Proof. Given open subsets U,, C M, such that M; C M, C -- -, their union U := UneN U,
is open in M and the topology induced by M on U makes U the direct limit lim U,

(Lemma 1.7 (b)). We define an atlas Ay for U turning U into the direct limit of the_)C’ﬁgo—
manifolds U, analogous to the definition of A in the proof of (a). Then Ay C A, whence
(U, Ay) coincides with U, considered as an open submanifold of M. O
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Proposition 3.4 Assume that f: X — M is a Cg-map, where r € NgU {oco} and X is a
Cg-manifold modelled on a metrizable topological K-vector space E (or a metrizable, locally
path-connected topological space, if r = 0). Then every x € X has an open neighbourhood

S such that f(S) C \(M;) for some i € N and such that \; ' o f|gi(Mi): S — M, is Cf.

Proof. Let x € X. The assertion being local, in the case of manifolds we may assume
that X is an open subset of E. Choose a metric d on X defining its topology, and &k € N
such that f(z) € M. Let ¢ =lim¢,: P — @ be a chart of M around f(z), where ¢, is

a chart of M, for all n > k, of the form ¢, : Ail" — @Qn C M, (see proof of Theorem 3.1).
If /71(Q,) is not a neighbourhood of x for any n > k, we find z, € f~1(Q) \ f~1(Q.)
such that d(z,,z) < 27". Thus z, — z, entailing that C' := {f(z,): n €e N} U{f(z)} is a
compact subset of @) such that C' Z @Q,, for any n > k. Since ) = lim (),,, this contradicts
Lemma 1.7 (d). Hence there exists n > k such that f~1(Q,) is a nei—g>hbourhood of x. Let
S = (f74@Qn))° be its interior. Then S — K*, y — ¢~ 1(f(y)) = ¢, (f(y)) is a Ck-map
taking its values in the closed vector subspace K% of K*, whence also its co-restriction
¢l o fl97: S — A is C% [2, La.10.1]. As ¢, is a chart, this means that f|¥» is Cg. O

Proposition 3.5 IfK € {R,C} and x € M, where x = \;(y) say, then the connected com-
ponent C of v € M in M is |J;c; Ai(Ci) = lim  Cy, where C; is the connected component
Of )\i,j (y) m Ml iz

Proof. Given x € M,, we let C and C,, be its connected component in M and M,,,
respectively, for m > n. Then {J,,,,Cn € C. If 2z € C, then we find a continuous
curve v : [0,1] — M such that v(0) = z and (1) = 2. Since [0,1] is compact, using
Proposition 3.4 we find m > n such that v([0,1]) € M,,, and such that v|M=: [0,1] — M,

is continuous. Thus z € C,,. Hence indeed C' =, - Ch,. O

m>n

Proposition 3.6 If K is R or C and M; is paracompact for each i € I, then the Cg°-
manifold M also is a ¢ -manifold, and (M, (\;)icr) =1im S in the category of ¢ -manifolds.
Furthermore, M is smoothly paracompact as a C’ﬁo—mz)mfold: For every open cover of M,
there exists a Cg°-partition of unity subordinate to the cover.

Proof. Assume that K = R. In order that M be smoothly paracompact, we only need
to show that every connected component C' of M is smoothly paracompact. Pick ¢ € C.
We may assume that ¢ € M; after passing to a cofinal subsystem; we let C,, the connected
component of ¢ in M, for each n € N. Then J, . Cy» is the connected component of
¢ in M (see Proposition 3.5) and hence coincides with C'; furthermore, C' = lim C,,, by
Proposition 3.3. After replacing M with C' and M,, with C,, for each n, we ma? assume
that each M,, is a connected, paracompact finite-dimensional Cg°-manifold and hence o-
compact. This entails that M = (J, .y M, is o-compact and therefore Lindelof. Hence,
by [23, Thm. 16.10], M will be smoothly paracompact if we can show that M is smoothly
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reqular in the sense that, for every x € M and open neighbourhood €2 of x in M, there
exists a smooth function (“bump function”) f: M — R such that f(z) # 0 and f|yna = 0.

If each A, ,,, is a topological embedding onto a closed submanifold, then M is a regular
topological space (see [18, Prop. 4.3 (ii)]), whence smooth regularity passes from the mod-
elling space® to M (cf. [10, proof of Thm. 6.4]). In the fully general case to be investigated
here, we do not know a prior: that M is regular, whence we have to prove smooth regular-
ity of M by hand. Essentially, we need to go once more through our construction of charts
and build up bump functions step by step. Let x € M and ) be an open neighbourhood
of x in M. Passing to a co-final subsequence, we may assume that z € M;.

Let 7, := 142" for n € N and A% := A% (R). Pick a chart ¢ : A"t — W; C M,
of M; around z, such that ¢, (0) = x and such that W; is relatively compact in M; N Q.
Define @, := wl(A‘fl). We choose compact subsets K; ; of M; such that W; C K?,l C
Kig €KYy CKipCK)gC--- and M; = Ujen K1;- There exists a smooth function
hy: Afll — R such that supp(h;) C Aill and hi(0) = 1. Define f1: M7 — R, fi(y) :=0if
y & Wi, fily) == hi(v; ' (y)) if y € Wi. Then f; is smooth, supp(f1) € @1, and fi(x) = 1.

The Extension Lemma 2.3 provides a chart s : A;‘fj — Wy C M, onto an open,
relatively compact subset Wy of My N Q) such that ] Al = | Al We choose compact

subsets Ky of My such that Ky ; € K3, and Wy € K3, € Kyy € K9y C Koy C ---
and M, = UjeN K, ;. Then Ki; \ @ is a compact subset of M; and hence also of M.
Therefore A := ;' (K11 \ Q1) is closed in A%, and it does not meet the compact subset
supp(h1) € A{* C A% (which is mapped into Q; by ). Hence, there exists ¢ € ]0, 1]
such that A N (supp(hy) x A2~%) = ). We let £: R — R be a smooth function such that
£(0) =1 and supp(§) C |—€?,&%[. Then

hot A2 =R, ha(y,2) == u(y) - &(([[2ll2)*) fory € A, z € AR

(where ||.|| is the euclidean norm on R%~%) is a smooth map such that supp(hy) C A%,
Then fo(y) := 0 if y € Wa, fa(y) 1= ho(by ' (y)) for y € Wy defines a smooth function f, :
My — R. We have Sllpp(fg) - QQ = wQ(Acllz)’ and f2|K1,1 = f1|K1,17 because f2|Q1 = f1|Q1
by definition and also fo|x, \g, = 0 = filx,.1\q:-

Proceeding in this way, we find charts ¢, : Af: — W,, € M, with relatively compact
image W,, C ), compact subsets K, ; of M, with union M, such that W,, C K, 1, K,,; C

K ;i and K,y € K} for all n,j € N, n > 2; and smooth maps f,: M,, — R such that

supp(fn) € @y == 1/1n(A‘11”) and foi1|k,., = falk,, for all n € N, whence
Tl Ko = falkun for all n,m € N such that m > n. (1)

Let U, be the interior K, of K, in M,. Then Uy C Uy C --- and M = J, oy Un,
whence M = limU,, as a smooth manifold by Proposition 3.3. By (1), the smooth maps

fnly, form a cone and hence induce a smooth map f: M — R, such that f|y, = fulu,

3See [23, Thm. 16.10] or [10], proof of Thm. 6.4 for the smooth regularity of R>.
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for each n € N. Then f(x) = fi(x) =1. If y € M \ 2, we find n € N such that y € U,.
Then f(y) = fu(y) = 0 because supp(f,) C Q, € W,, C Q. Hence f is a bump function
around z carried by €2, as desired. Thus M is smoothly paracompact.

Direct limit properties when K € {R,C}. Since M (resp., its underlying real manifold)
is smoothly regular, M is smoothly Hausdorff, i.e., Cg°(M,R) separates points on M. Let
A be an CP-atlas for M. Being a smoothly Hausdorff Cg°-manifold modelled on a Mackey
complete locally convex space, (M, A) can be made a cg-manifold (¢> (M), A) by replacing
its topology with the final topology with respect to the given charts, when the topology
on the modelling space has been replaced with its ¢>-topology. Since ¢ (K*®) = K*, the
topology on M remains unchanged, and thus ¢>(M) = M. In view of Lemma 1.9 (b), the
desired direct limit properties can be checked as in the proof of Theorem 3.1. O

Proposition 3.7 Assume that also T := ((N;)ier, (1ij)i>;) i @ direct system of finite-
dimensional Cg°-manifolds and injective Cg°-immersions, over the same index set. Then
also P := ((M; X Ny)ier, (Nij X fij)i=;) is such a direct system. Let (N, (p;)) =lm7. The
CR-maps n; := A\ X pi: M; x Ny — M x N define a cone (M x N, (1;)icr) oveTP, which
induces a Cg°-diffeomorphism n: li_H)l (M; x N;) — (151 Mz) X (lln Ni).

Proof. Let e, := dimg(N,) and ¢ := sup{e, : n € N}. The natural map ¢ : Kt =
limKdten — K x K' analogous to 7 is an isomorphism of topological vector spaces

—

([10, Prop.3.3]; [20, Thm.4.1}). Let A be the atlas for M = |J,.y M, from the proof of
Theorem 3.1; let B and C be analogous atlases for N = |J,,cy NV and P := J,,cn(MpxNy,).
Then D := {¢p x ¢: ¢ € A, ¢ € B} is a Cg-atlas making M x N the direct product of M
and N in the category of Cg°-manifolds. Since {(¢ x ¥) o (|¢-1(p,xp,): ¢ € A, ¢ € B} CC,
the map n =id: P — M x N is a Cg°-diffeomorphism. O

Proposition 3.8 If K = R, each M; is a finite-dimensional, real analytic manifold and
each X\;; an injective, real analytic immersion, then there exists a cg-manifold structure
on M such that M = limS in the category of c¢g-manifolds (and ¢ -maps), and which is
compatible with the abOECﬁo—mamfold structure on M. Analogues of Propositions 3.3, 3.4
and 3.7 hold for the cg-manifold structures.

Proof. Using the C-case of the Extension Lemma 2.3, the construction described in the
proof of Theorem 3.1 provides a subatlas B of the Cg°-atlas A consisting of charts ¢ =
lim ¢, where each ¢, is a Cg-diffeomorphism. Using Lemma 1.9 (b), the above arguments
show that the chart changes for charts in B are ¢§, whence indeed M has a compatible
¢¢-manifold structure. Similarly, Lemma 1.9 (b) entails the validity of the ¢g-analogues of
Proposition 3.3 and 3.7. The proof of Proposition 3.4 carries over directly. O

Remark 3.9 For the singular homology groups of M over a commutative ring R, we have
(He(M), (Hg(N))ier) = Um (H(M;), (Hg(Nij)i>;)) for all k& € Ny, as a consequence of

Proposition 3.4 (and Proposition 3.5). Likewise, given ¢ € I and « € M,, for the homotopy
groups we have (M, A\o(z)) = lim 7 (M;, A o(x)).
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4 Direct limits of finite-dimensional Lie groups

Let K be R, C or a local field, and S := ((G;)ier, (Mij)i>;) be a countable direct system of
finite-dimensional Cg°-Lie groups G; and Cg°-homomorphisms \; ;: G; — G; if char(K) >
0, we assume that each A, ; is an injective immersion. In this section, we construct a direct
limit Lie group for S, and discuss some of its properties.

Remark 4.1 (a) As in the classical real and complex cases, also every Cg°-Lie group over
a local field K of characteristic 0 admits a Cg°-compatible analytic Lie group structure,
and every Cg°-homomorphism between such groups is K-analytic [12].

(b) Note that the squaring map o : Fo[[X]]* — Fo[[X]]*, o(z) := 2? is an analytic (and
hence smooth) homomorphism which is injective (since F[[X]]* is isomorphic to the power
(Zo)N of the group of 2-adic integers as a group by [34, Chap.II-4, Prop.10], and thus
torsion-free) but not an immersion because f'(x) = 2id = 0 for all z € Fy[[X]]* (where
[F5[[X]] denotes the field of formal Laurent series over the field Fy := Z/2Z). This explains
that an extra hypothesis is needed in positive characteristic.*

Associated injective quotient system. If K = R (or if char(K) > 0, in which case
we obtain trivial subgroups), we let N; := Uizj ker \;; for j € I. If K is a local field
of characteristic 0, we let N; = U,L»2 ;ker A;; for j € I and note that N; is locally closed
and hence closed in Gj, because G; has an open compact subgroup U which satisfies
an ascending chain condition on closed subgroups. If K = C, we let N; C G; be the
intersection of all closed complex Lie subgroups S of G, such that | J,~ jker Ay C© S. Then
Nj; is a complex Lie subgroup of G; (as G, satisfies a descending chain condition on closed,
connected subgroups), and thus N; is the smallest closed, complex Lie subgroup of G,
containing J, ;ker A; ;. By minimality, N; is invariant under inner automorphisms and
hence a normal subgroup of G;.

Then, in either case, there is a uniquely determined K-Lie group structure on @j =
G, /N; which makes the canonical quotient homomorphism ¢; : G; — @j a submersion.
Each ), ; factors to a Cg°~-homomorphism Xz}j : Ej — G, uniquely determined by X-J og; =
gioXij. Then S = ((Gy)ier, (Nij)i>;) is a direct system of finite-dimensional C-Lie groups
and injective Cg°-homomorphisms Xi,j : Gj — Gj; it is called the injective quotient system
associated with S (cf. [27]). Each ), is an injective immersion of class CZ°.

Remark 4.2 The example C* % C* % ... with the squaring map o : C* — CX*,
0(2) := 2% shows that |, ker A;; need not be a compler Lie subgroup of Gj.

4Slightly more generally, to establish Theorem 4.3 for char(K) > 0, it would be enough to assume that
that G;/N; admits a Cg°-Lie group structure for each j € I which makes the quotient map G; — G, /N;

a submersion, where N; := (J;5 ker A; ;, and that the induced homomorphisms G;/N; — G;/N; be
immersions, for all i > j. B
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Theorem 4.3 For S and S as before, the following holds:

(a) A direct limit (G, (N)ier) for S exists in the category of CZ-Lie groups modelled on
topological K-vector spaces; G is modelled on the locally convex topological K-vector
space K*, where s := sup{dimg G; : i € I} € Ny U {oo}. Forgetting the K-Lie
group structure, we have (G, (N\)ier) = lim S also in the categories of sets, abstract
groups, topological spaces, topological gszps, the category of CF°-manifolds modelled
on topological K-vector spaces, and the category of Cg°-Lie groups modelled on topo-

logical F-vector spaces, for every non-discrete closed subfield F of K. Furthermore,
L(\): L(G;) — L(G) is injective for each i € I, and

(L(G) (LO))ier) = Tim ((L(Gi))ier, (L(Ai5))izj) (2)

in the category of locally convex K-vector spaces (and in the categories of sets, K-Lie
algebras, topological spaces, topological K-Lie algebras, topological K-vector spaces,
and CR-manifolds; also in the category of ¢g-manifolds, if K € {R,C}).

(b) Set \; := Njoq; fori € I. IfK# C orif K=C and N; = Ui ker Aij for each j € 1,
then (G, (Ai)icr) = lim S in the category of CR°-Lie groups modelled on topological K-
vector spaces, and also in the categories of smooth manifolds modelled on topological
K-vector spaces, Hausdorff topological spaces, and (Hausdorff) topological groups.

(¢) If K = C, then (G, (N\)icr) = im S in the category of complex Lie groups modelled
on complex locally convex spaces.

(d) If K=R, then G is a cg°-reqular c¢g°-Lie group which is smoothly paracompact. Fur-
thermore, (G, (\;)ier) = im S in the category of c¢g°-Lie groups, and in the category
of cg’-manifolds. -

(e) If K=C, then G is a ¢ -regular, c¥-Lie group such that (G, (\i)icr) = lim S in the
category of ¢X-Lie groups and (G, (\;)ic;) = im S in the category of c&-manifolds.

(f) If K =R, then there exists a ¢g-reqular, ¢g-Lie group structure on G, compatible with
the C°-Lie group structure from (a), such that (G,(\;)ier) = lim S in the category
of &8-Lie groups. For the underlying ¢§- manifold, we have (G,_()\Z-),-el) = lim S in
the category of such manifolds. -

Proof. (a) Let (G ()\Z)Ze ;) be a direct limit for S in the category of topological groups;

then (G, (\)ier) = th also in the categories of sets, groups, and topological spaces [32,

Thm. 2.7]. Thus Theorem 3.1 provides a Cg°-manifold structure on G making (G, (\;)ics) a
direct limit of S in the category of Cg°-manifolds modelled on topological K-vector spaces,
and also in the category of Cg°-manifolds, for every non-discrete closed subfield F C K
(Proposition 3.2). Let §: G — G, g — ¢! and 6; : G; — G, be the inversion maps;

let p: G x G and p;: G; x G; — G;. Then 6 := lim¥; is Cy, as G = lim G; in the
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category of C-manifolds. Likewise, y = limp; is C° on lim (G; x G;) and hence on
G x G, in view of Proposition 3.7. Hence G is a Cg-Lie group. Every cone (H, (fi)icr)
of Cg-homomorphisms f; : Gy — H to a Cg-Lie group H uniquely determines a map
f: G — H such that fo)\; = f; for all i; then f is a homomorphism since G = lim G; as

a group, and f is C since G = lim G; as a C-manifold. Thus G = llmG as a C’ -Lie
group (and, likewise, as a Cp°-Lie group)

Determination of the Lie algebra of L(G). Since L(Xi’j) is injective for all ¢ > j,
T = ((L(G)))ier, (L(N\ij))i>;) is a countable, strict direct system of Lie algebras. We
recall from [10] or [20] that 7 has a direct limit (g, (¢;)icr) in the category of topo-
logical K-Lie algebras; here g carries the finite topology (see 1.8), each ¢; is injective,
and (g, (¢i)icr) = lim7 also holds in the categories of sets, K-Lie algebras, topologi-
cal spaces, topologial K-vector spaces, and locally convex topological K-vector spaces.
By Lemma 1.9 (a), furthermore (g, (¢;)icr) = lim 7 in the category of Cg°-manifolds and
C-maps (and also in the category of cﬁé—maﬁfolds and ¢g-maps by Lemma 1.9 (b), if
K = R of C). The mappings L()\;): L(G;) — L(G) form a cone over 7 and hence in-
duce a continuous Lie algebra homomorphism A : g = lim L(G;) — L(G), determined by
Ao ¢; = L()\;). To see that A is surjective, let a geometr;tangent vector v € L(G) =T\G
be given, say v = [y] where 7v: U — G is a smooth map on an open 0-neighbourhood
U C K, such that v(0) = 1. By Proposition 3.4, after shrinking U we may assume that
Y(U) C N\(G;) for some n € N, and that v = ); o for some smooth map n: U — Gi.
Then A(¢i([n])) = LX) ([n]) = [/\ on] = [v] = v, as desired. Because g = J,.;im ¢; and
Ao ¢; = L(N), injectivity of A follows from the injectivity of the maps L(\;) = Ti(\;)
established in Theorem 3.1. By the preceding, A is an isomorphism of Lie algebras; as
both g and L(G) = K* are equipped with the finite topology, A also is an isomorphism of
topological vector spaces. Hence L(G) = g = lim L(G;) naturally. The desired direct limit
properties carry over from g to L(G). -

(b) and (c): Assume that H is a Cp°-Lie group modelled on a topological K-vector
space and (f;)ier a family of Cg°-homomorphisms f; : G; — H such that (H,(f;)icr)
is a cone over §. Given j € I, for any ¢ > j we then have f; = f; o A;; and thus
ker \;; C ker f, entailing that (J;; ker A;; C ker f;. In the situation of (b), this means
that V; C ker f;. In the situation of (c), we assume that H is modelled on a complex locally
convex space. Then ker f; is a complex Lie subgroup of G; (Lemma 4.4), which contains
Uis; ker A j; hence also N; C ker f; in (c). In any case, we deduce that f; = ?j o ¢; for a
homomorphism fj: éj — H, which is C}F° because ¢; admits smooth local sections. Then
((f.)ier, H) is a cone over S and hence induces a unique Cg°-homomorphism f: G — H
such that f o \; = f,, since (G, (\)ier) = liing in the category of Cg°-Lie groups. Then
foli= foXog = f;oq = f; for each i € I, and clearly f is determined by this property.
Thus (G, (\)ier) = im S in the category of Cg°-Lie groups. In the situation of (b), the
universal property of direct limit in the other categories of interest can be proved by trivial
adaptations of the argument just given.
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(d) To establish the first assertion, we may assume that I = N, and after replacing
S by a system equivalent to S we may assume that G; € Gy C ---, each \,,, being
the respective inclusion map. Then L(G) = U, ey L(Gr). If v: R — L(G) is a smooth
curve, then for each k € Z, there exists np € N such that the relatively compact set
v(Jk — 1,k + 2[) is contained in L(G,,). The finite-dimensional Lie group G,, being
cy-regular, we find a smooth curve 7y : |k — 1,k + 2[— G, such that n,(k) = 1 and
0" (Mk) = Y. We define n(t) := ni(t)nx_1(k) - - - m1(2)no(1) for ¢ € [k, k + 1] with k > 0, and
n(t) == ne(t)ne(k+1)"1 - n_o(=1)"'n_1(0) "t for t € [k, k+1] with k < 0. Thenn: R — G
is a smooth curve such that 7(0) = 1 and 0"(n) = 7. Thus every v € C*(R, L(G)) has a
right product integral Evol;(y) :=n € C*(R, G). We define

evoli;: C*(R, L(G)) — G, evoli () := Evoli(7)(1) .

To see that evoly; is ¢f°, let 0: R — C*°(R, L(G)) be a smooth curve. Given ¢, € R, let
U C R be a relatively compact neighbourhood of ¢;. We show that evolyoo: R — G
is smooth on U. The evaluation map C*(R, L(G)) x R — L(G), (v,t) — ~(t) being
continuous (cf. Thm.3.4.3 and Prop.2.6.11 in [7]), ¢(U)([—1,2]) is a compact subset of
L(G) and hence contained in L(G,,) for some n € N, by Lemma 1.7 (d). We now consider

T U — C*(-1,2[L(Gn)), 7(t):= o) s

Then 7 is smooth, because the restriction map C*(R, L(G)) — C*°(]—1,2[, L(G)) is contin-
uous linear, and C*°(]—1,2[, L(G,,)) is a closed vector subspace of C*(]—1,2[, L(G)). The
group G, being regular, evoly, : C*(]—1,2[, L(G,)) — Gy is smooth. Since evolg, o 0|y =
evolg; o7 apparently, we deduce that evoly, o 0|y is smooth. Thus evolg, is ¢g°. The desired
direct limit properties can be proved as in (a) and (b), based on Proposition 3.6.

(e) As a consequence of Proposition 3.6, the Cg°-Lie group G also is a ¢F-Lie group. It
is c¢-regular because its underlying ¢g’-Lie group is ¢g-regular by (d). The desired direct
limit property can be proved as in (a) and (b).

(f) Using the ¢g-analogue of Proposition 3.7 (see Proposition 3.8), we see as in the proof
of (a) that the Cp°-compatible ¢g-manifold structure on G from Proposition 3.8 turns G
into a cg-Lie group. By (d), the latter is cg-regular. To see that it is ¢g-regular, let
7: R — L(G) be a real analytic curve and n := Evol;(v) be its right product integral.
Using Proposition 3.4 and its real analytic analogue (Proposition 3.8), for each k& € N we

find n € N such that v([—k,k]) C L(G,), n([—k,k]) € G,, and such that o := 7|]L_(,?Zf

is real analytic and 7 := n]]GjM[ smooth. The finite-dimensional Lie group G, being cg-
regular, the product integral 7 of the real analytic curve ¢ has to be real analytic. Hence
)=k is real analytic for each k& € N and thus 7 is real analytic. Hence G is cg-regular.
The direct limit property can be established as in (b). a

We needed to assume local convexity in Theorem 4.3 (c¢) because the proof of the following
simple lemma depends on local convexity.
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Lemma 4.4 Let ¢: G — H be a CZ-homomorphism from a finite-dimensional complex
Lie group to a complex Lie group modelled on a locally convex complex topological vector
space. Then K :=ker ¢ is a complex Lie subgroup of G. The same conclusion holds if H
15 a cg-Lie group and ¢ a cg-homomorphism.

Proof. Being a closed subgroup of G, K is a real Lie subgroup, with Lie algebra
t={X € L(G): expg(RX) C K} = {X € L(G): ¢(exps(RX)) = {1} }.

Given X € ¢, the map f: C — H, f(z) := ¢(exps(2X)) is complex analytic and f|g = 1,
whence f = 1 by the Identity Theorem. Hence CX C € whence £ is a complex Lie
subalgebra of L(G). Therefore K is a complex Lie subgroup [4, Ch.III, §4.2, Cor.2]. O

Remark 4.5 (a) In the situation of Remark 4.2, the direct system ((C*),en, (0)n>m) has
the direct limit R in the category of real Lie groups, whereas its direct limit in the category
of complex Lie groups is the trivial group. Hence the conclusions of Theorem 4.3 (a) become
false in general if we replace the injective quotient system S by a non-injective system S.

Also note that lim L(C*) = C # {0} = L({1}) = L(lim C*) here.

(b) If each )\;; is injective, then _the direct systems S and S are equivalent, whence
Theorem 4.3 (a) remains valid when S is replaced with S and all bars are omitted.

Proposition 4.6 Assume that ((G;)icr, (Nij)i>;) 5 a countable direct system of finite-
dimensional Lie groups over K € {R,C} and injective CR°-homomorphisms, with direct

limit (G, (N\i)icr). Then the following holds:

(a) expg = lim expg, : L(G) = lim L(G;) — limG; = G is the exponential map of G,
where (L(G), (L(N))ier) = lim ((L(G;)), (L(Ai))). The map expg is ¢i.

e Irotter Product Formula exps(x+y) = lim, o ( expa(=2) expa( =y olds an
b) The T Product Formula expg, li o2 «(2y))" holds and

expg([z,y]) = limy, o (eXPG(%m) expe () expe(—; ) eXPG(_%y))n (the Commu-
tator Formula), for all x,y € L(Q).

(c) Let (H,(u;)) = Uim7T for a direct system T = ((H;),(pi;)) of finite-dimensional
K-Lie groups and7'njective Cg°-homomorphisms, and assume that f;: G; — H; are
Cg°-homomorphisms. Then L(lim fl> = lim L(f;). Furthermore, every continuous
homomorphism G'— H 1is cg. - -

Proof. (a) By Theorem 4.3 (a), L(G) = lim L(G;) as a cg-manifold. The family (expg, )ier

of c¢g-maps being compatible with the direct systems by naturality of exp, there is a
unique cg-map expg = lim expg, such that expg oL(A;) = A; o expg, for each i. Given

y € L(G), there are j € [ and x € L(Gj) such that y = L();)(z). Then £ : R — G,
£(t) = expg(tr) = Aj(expg,(ty)) is a smooth homomorphism such that &'(0) =
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L(Aj)(expg,(0).y) = L(A;)(y) = . Hence G admits an exponential map (in the sense
of [23, Defn. 36.8]), and it is given by exp. from above and hence ¢f.

(b) Using (a), the assertions directly follow from the finite-dimensional case.

(c) By Theorem 4.3 (a), « := lim L(f;) is a continuous K-Lie algebra homomorphism.
Abbreviate f := lim fi- From epo_c;oz = (hm expg, ) © (hm L(f;)) =lim (expy, oL(fi)) =
lim (fioexpg, ) = _fo expg we deduce that a = TO(eXpH o) = Ty(f o_e;ch) = L(f).

Now suppose that h: G — H is a continuous homomorphism. We may assume that
I =NandG; C Gy C ..., HH C Hy C---. After replacing G by its identity component Gy,
we may assume that each G,, is connected. Using Proposition 3.4, we find m(n) € N such
that h(Gpn) C Hpn, and such that h, = h|g;”(") is continuous and hence C¥. We may

assume that m(1) < m(2) < ---; after passing to a cofinal subsequence of the H,,’s, without
loss of generality m(n) =n for each n. Thus h = lim h,, is ¢§, by Theorem 4.3 (f). O

Remark 4.7 (a) The exponential map of a direct limit group need not be well-behaved,
as the example G = C*x,R = lim (C"x R) with a: R — Aut(C™), a(t)((zk)ken) =
(¥ 2, ) ren shows. Here exp fails to be injective on any 0-neighbourhood, and the expo-

nential image im(expg) is not an identity neighbourhood in G [10, Example 5.5].

(b) As a consequence of (a), also the exponential map exp; of the complex analytic Lie
group H := C®x3C = lim (C"x C) with 8(2)((2x)ren) := (¢***2;)ren is not injective on
any 0-neighbourhood. This settles an open problem by J. Milnor [25, p. 31] in the negative,
who asked whether every complex analytic Lie group is “of Campbell-Hausdorff type.”

5 Integration of locally finite Lie algebras

A Lie algebra is locally finite if every finite subset generates a finite-dimensional subalgebra.

Theorem 5.1 Let g be a countable-dimensional locally finite Lie algebra over K € {R,C}.
Then there exists a c¢g-reqular, ¢g-Lie group G, which also is a reqular CZ°-Lie group in
Milnor’s sense, such that L(G) = g, equipped with the finite topology.

Proof. As g is locally finite and dimg(g) < Ng, there is an ascending sequence g; C gy C

- of finite-dimensional subalgebras of g, with union g. For each n € N, let G,, be a simply
connected K-Lie group with Lie algebra L(G),) = g,; fix an isomorphism k,,: L(G,) — @,.
If m > n, then the Lie algebra homomorphism k,,, = k! o k, : L(G,) — L(Gn)
(corresponding to the inclusion map g, — g,,) induces a Cg-homomorphism ¢, ,: G, —
G such that L(¢mn) = Kmap. Since L(@gm © Oman) = L(Prm) © L(Pmn) = Kkom © Kmn =
Kk = L(¢rn), we have ¢p ., © O = @k for all k > m > n, whence ((Gp,)nen, (@m.n)m>n)
is a direct system of Cy-Lie groups. Now take G := lim GG,, in the category of c¢i-Lie groups.
We shall presently show that, for each n, the normal_éubgroup K, :=U,,s, ker ¢ of G,
is discrete. Hence, by Theorem 4.3, G is a c%-regular ¢4-Lie group, G = lim G,,/K,,, and
L(G) = lim L(Gy/Ky) = lim L(Gy,) = lim g, = g. For Milnor regularity, see Theorem 8.1.
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Fach K, is discrete: We show that the closure N, = K, C G, is discrete. The
homomorphism ¢,,,, has discrete kernel for all m,n € N with m > n, because L(¢y,,) =
Kmqn 1s injective. Now ker ¢, , being a discrete normal subgroup of the connected group
G, it is central. This entails that N,, C Z(G,,), for each n, whence (N,)o C Z(G,)o is
a vector group being a connected closed subgroup of a vector group (Lemma 5.2). It is
obvious from the definitions that ¢, ,(K,) C K,, for all m > n, whence ¢y, n(N,) C Ny,
and ¢pn((Nn)o) € (Nim)o- Being a continuous homomorphism between vector groups,

Vi = ¢m7n|gx:))0° is real linear. Hence, being a real linear map with discrete kernel, v, ,,
is injective. Thus (Ny)o = U5, ker ¥, = {1}, whence N, is discrete. O

Here, we used the following fact:

Lemma 5.2 Let G be a simply connected, finite-dimensional real Lie group. Then Z(G)g
is a vector group, i.e., Z(G)o = R™ for some m € Ny.

Proof. By Lévi’s Theorem, L(G) = txs internally, where v is the radical of L(G) and
s a Lévi complement ([31], Part I, Ch. VI, Thm.4.1 or [4], Ch.I, §6.8, Thm.5). Let R
and S be the analytic subgroups of G corresponding to v and s, respectively. Then R and
S are simply connected, R is a closed normal subgroup of G, S a closed subgroup, and
G = RxS internally [19, Kor.II1.3.16]. Now consider the identity component Z(G)y of
the centre Z(G) of G. Let m: G — S be the projection onto S, with kernel R. Then
m(Z(G)o) C Z(S)o = {1}, entailing that Z(G)y C R. Thus Z(G), is an analytic subgroup
of the simply connected solvable Lie group R, whence Z(G)q is simply connected [19,
Satz I11.3.31]. Being a simply connected abelian Lie group, Z(G)y is a vector group. O

6 Extension of sections in principal bundles

We prove a preparatory result concerning sections in principal bundles, which will be used
later to discuss closed subgroups and homogeneous spaces of direct limit groups.

Lemma 6.1 Given K € {R,C}, let my: Ey — M, be a C2-map between finite-dimensional
Cge-manifolds and my: Ey — My be a finite-dimensional G-principal bundle of class Cg°
whose structure group G is a finite-dimensional CR°-Lie group. Let my := dimg(M;)
and mo = dimg(Ms). Assume that X\ : My — My is an injective Cg°-immersion and
A: Ey — Ey a Cg°-map such that mgo A = Aomy. Assume that ¢1: AT (K) — Uy € M a
chart for My, where r > 0, and o,: Uy — Ey a C2-section of my. Then, for every s € 10, 7],
there exists a chart ¢y: A"* — Uy C My and a Cg°-section oy: Uy — Ey of mo such that
G2(2,0) = M¢1(x)) for all z € A™ and o9 0 Nw = A o oy|w, where W := ¢1(A™). If
K =R and all of Ey, My, 71, the principal bundle ma, A, A, ¢1 and o, are real analytic,
then also ¢o and oo can be chosen as real analytic maps.

Proof. Since A o ¢; is an injective immersion, there is a chart ¢,: A7? — U, C M, such
that ¢o(z,0) = A(¢1(z)) for all z € AT (Lemma 2.3).
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The CP-case. If K = R, then Fy|y, is trivial as a G-principal bundle of class Cg°, since
U, = A2 is paracompact and contractible (this is a well-known fact, which can be proved
exactly as [21, Cor.4.2.5]). If K = C, then FEy|, is trivial as a G-principal bundle of class
O, since Uy = A"?(C) is a contractible Stein manifold [15, Satz 6.

Real analytic case. Since Uy = A2 is o-compact and contractible, Es|y, is trivial as a
topological G-principal bundle and therefore also as a real analytic G-principal bundle, by
injectivity of ¥ in [33, Teorema 5].

By the preceding, in either case, we find a Cg° (resp., real analytic) trivialization
0: Es|ly, — Us x G. Let 0y : Es|y, — G be the second coordinate function of 6. Define
0y := (o, Uy — Fy, where (: A™ — F, is defined via

((z,y) = 07 (¢2(2,y), O2((Aooiodr)(z))) forxe A, ye AP,

Then o9: Uy — Ej is a Cg-section (resp., C¥-section) with the required properties. O

7 Fundamentals of Lie theory for direct limit groups

In this section, we develop the basics of Lie theory for direct limit groups. Throughout
the following, G; C G5 C --- is an ascending sequence of finite-dimensional Lie groups
over K € {R,C}, such that the inclusion maps A, ,, : G, — G, are Cg-homomorphisms,
and G := |J,,cny G, equipped with the cg-Lie group structure such that G = li_n} G, in the

category of ¢¢-Lie groups (and Cp°-Lie groups).

7.1 A map f: M — N between c¢g-manifolds is called ¢&-final if a map g: N — Z into a
cg-manifold is ¢ if and only if g o f is ¢. The map f is cg-initial if a map g: Z — M
from a c¢g-manifold Z to M is ¢ if and only if fog is cg. Obvious adaptations are used to
define cP-final, Ci-final, c-initial, and Cg-initial maps, where r € Ny U {oco}. A subset
M C N of a ¢¢-manifold M is called a (split) submanifold if there exists a (complemented)
closed vector subspace F' of the modelling space E of N such that, for every x € M, there
exists a chart ¢: U — V C N of N around z such that ¢(UNF) = M NV. Then M, with
the induced topology, can be made a c¢g-manifold modelled on F', in an apparent way.

Proposition 7.2 (Subgroups are Lie groups) FEvery subgroup H C G admits a ¢ -Lie
group structure with Lie algebra L(H) = {v € L(G): exps(Kv) C H} =: h which makes
the inclusion map A\: H — G a Cg°-homomorphism and both a cg-initial and a cg-initial
map, and such that L(\): L(H) — L(G) is an embedding of topological K-vector spaces.
Furthermore, H = lim H,, in the category of ¢ -Lie groups, where H, := HNG,, is equipped
with the ﬁm’te—dimeﬁional K-Lie group structure induced by G,,.

Proof. We equip H, with the finite-dimensional C¢-Lie group structure induced by G,,
which makes the inclusion map A, : H, — G, an immersion and a Cg-initial and Cg°-
initial map inside the category of finite-dimensional C¥- and Cg°-manifolds, respectively
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(see [4], Ch.III, §4.5, Defn. 3 and Prop.9). Then the inclusion maps i, : H, — H, are
Cg-immersions for n > m; we give H = J,, oy H» the cg-Lie group structure such that
(H, (pn)nen) = Um ((Hp)nen, (fnm)) in the category of ¢g-Lie groups, where p,: H, — H
is the inclusion map (see Theorem 4.3). Then A =lim \,: H — G is ¢. We have L(H) =
Unen L(Hy) (with obvious identifications) and L(Cﬁz Unen L(Gr) by Theorem 4.3 (a),
and each of L(\,): L(H,) — L(G,) as well as L(\): L(H) — L(G) is the respective
inclusion map. Thus L(\) is injective. Being an injective linear map between locally
convex spaces equipped with their finest locally convex topologies, L(A) is a topological
embedding (cf. [22, Prop.7.25(ii)]). Clearly L(H) C h. If v € b, then v € L(G,) for
some n and thus expg (Kv) € G,NH = H,,, whence v € L(H,) C L(H). Thus L(H) = b.
Now assume that M is a cp’-manifold and f: M — H a map such that Ao f: M — G is
cg. Then, for every smooth map v: K D U — M on an open 0-neighbourhood U C K,
the composition f oy maps some 0-neighbourhood V' C U into some G,, and (f o 7)[$" is
Cy°, by Proposition 3.4. Since f(y(V)) € G, N H = H, and H, is C-initial for maps
from finite-dimensional Cg°-manifolds, we deduce that (f o )|y is Cg°, whence (f o y)|v
is ¢g’. This entails that f is ¢g’. Thus A\: H — G is cg’-initial. Similarly, A is cg-initial. O

Lemma 7.3 If K = C in the situation of Proposition 7.2, define b as before and s :=
{v € L(G) : expe(Rv) C H}. Let S, be H,, equipped with the Cg-Lie group structure
induced by the Cg-Lie group (G,)r underlying G,, and define S := lim S,,. Thus S = H
as a set and an abstract group, and id: Hg — S is ¢g. Then h = s Gs a set or real Lie
algebra) if and only if (H,)r = S, (as a real Lie group) for each n € N, if and only if

Hg =S (as a ¢g-Lie group).

Proof. If h = s, then for every n € N we have L(S,,) +iL(S,) C L(H,,) for some m > n.
Let v € L(S,). Then exp (Cv) = expq (Cv) C H,,NG, = H,, entailing that v € L(H,,).
Thus L(S,) € L(H,) and hence L(S,) = L(H,,), whence S,, = (H,)r.

If S, = (H,)r for each n € N, then (121 H,)r = lii)n (Hp)r = lin Sy, by Theorem 4.3.

Now suppose that Hg = S. We have hh C s by definition. If v € s, then exp,(Rv) C H
and £: R — S, £(t) = expg(tv) = expg(tv) is a ¢g-homomorphism. Since S = Hg =
lim (H,)r (see Theorem 4.3), Proposition 3.4 entails that im(§) C (H,)g for some n € N

and that ¢|)% is C%. Hence & = expy (sw) for some w € L(H,), where w = v clearly
and thus expg(Cv) = expy (Cv) C H,, C H, whence v € h. Therefore s = b. O

7.4 We now specialize to the case where H is a closed subgroup of G; if K = C, we assume
that s := {v € L(G): exps(Rv) C H} is a complex Lie subalgebra of L(G). Then the finite-
dimensional C¢-Lie group structure induced by G, on its closed subgroup H,, := G, N H
makes H,, a closed C¢-submanifold of G,, (this is obvious in the real case, and follows for
K = C using Lemma 7.3). For each n € N, we give G,,/H,, the finite-dimensional Cg-
manifold structure making the canonical quotient map ¢, : G, — G, /H, a submersion.
Let ¢um: Gm/Hy — G,/H, be the uniquely determined Cg-maps such that gy, © ¢, =
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0n © Anm- Then T := ((Gn/Hp)nen, (Gnm)n>m) is a direct system of paracompact, finite-
dimensional Cg¥-manifolds and injective Cg-immersions, whence (M, (¢n)nen) = Um7T
exists in the category of ¢¢-manifolds (Proposition 3.8). We have (M, (¥,)nen) = lim T
also in the categories of Cp°-manifolds, and the category of sets. Consider the quoﬁént
map ¢ : G — G/H and the inclusion maps A, : G,, — G. For each n € N, the map
q o A\, factors to an injective map pu, : G,/H, — G/H, determined by p, o ¢, = qo \,.
Then (G/H, (fin)nen) is a cone over 7, and hence induces a map pu: M — G/H. It
is easy to see that p is a bijection; we give G/H the ¢§-manifold structure making u a
¢g-diffeomorphism; thus G/H = limG,,/H,. Then also (G/H, (in)nen) = hmT in the

category of cg-manifolds. Since ¢ = hm qn, the map q is cg.

Proposition 7.5 (Closed subgroups, quotient groups, homogeneous spaces)

Let H be a closed subgroup of G; if K = C, assume that {v € L(G): expgs(Rv) C H} is a
complex Lie subalgebra of G. Equip G/H with the ¢ -manifold structure described in 7.4;
thus G/H = lin Gn/H, as a ¢g-manifold. Then the following holds:

(a) ¢: G — G/H admits local & -sections, i.e., q: G — G/H 1is an H-principal bundle
of class ¢g. Therefore q is ¢g-final, ¢-final and Cg-final, for each r € Nog U {oo}.

(b) H is a closed, split ¢g-submanifold of G. The c¢g-submanifold structure on H and the
¢ -manifold structure underlying the cg-Lie group structure induced by G on H (as
described in Proposition 7.2) coincide. This manifold structure makes the inclusion
map H — G a ¢g-initial, ¢ -initial, and Cf-initial map, for each r € Nog U {oo}. If
L(H) = {0}, then H is discrete in the topology induced by G.

(¢) If H is furthermore a normal subgroup of G, then the cg-manifold structure on G/H
makes the quotient group G/H a c§-regqular ¢¢-Lie group such that G/H = lim G,,/H,,
in the category of ci-Lie groups.

Proof. (a) Let x € G/H; then there exists £ € N and y € Gy, such that x = ¢(y). Define
z := qx(y). Define r, :== 1+ 27" for n € N, and d,, := dimg(G,/H,). There exists a
Cg-section 7: V' — Gy of ¢ on some open neighbourhood V' of z in G/Hj, and a chart
O : A‘Ti}’; — Uy € Gy/Hj, such that U, C V; we define oy := 7|y,. Inductively, Lemma 6.1
provides charts ¢, : Affs — U, € G,/H, and Cg-sections o, : U, — G, such that
Qnm © ¢m‘A;‘E;ﬂ = ¢n‘A;‘E;¢ for all n > m > k and 0, (qnm(w)) = op(w) for all w € ¢y, (ALm).
Define W, := ¢,(A{") for n € N, n > k. Then W := {J, ., ptn(W,) is an open subset
of G/H, and (W, (nl}} Jnzk) = lim W as a cg- manifold, where W := (W) nsk, (Gn.m|3i7))-
Now o :=lim (o|w,): W = th — hmG = (@ is a ¢g-map, and it is a section for ¢
because ¢ oo = lim (gn o an|WT)) = hmjn = j, where j,: W, — G,/H,, and j: W — G/H
are the inclusionﬁaps. The remainder is obvious.

(b) For the ¢g-Lie group structure induced by G on H, we have H = lim H,, by Propo-

sition 7.2, and this then also holds for the underlying cg and c%—manifoldgructures (The-
orem 4.3 (d)—(f)). Hence, by the proof of Theorem 3.1, there exists a chart of H around 1
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of the form ¢ = lim¢,: P — Q C H, where, for each n, the map ¢, : P, — @, C H,
is a chart of H, around 1, defined on an open subset P, C K" (where h,, := dimg(H,,)),
P = U,en Po € K (where t := sup{h,: n € N} € NgU{oo}), and Q := U,y @ € H.
By the proof of Part (a) of the present proposition, there exist charts 1, : A‘li" — W, onto
open neighbourhoods W,, C G,,/H,, of ¢,(1) (where d,, := dimg(G,,/H,,)) and Cg-sections
on: Wy, — Gy, of gy, such that gnm(Wn) € Wa, om0 ¥m = Un|gdm, and 0,0 Gnm|w,, = o
for all m,n € N such that n > m. Define V,, := im(0,)Q, C G, 1and

On: AT SV 0,(2,y) = 0, (Yn(7))pn(y) for z € A",y € Al

Since o, is a section of ¢,, the map 6, is easily seen to be injective. Using the inverse
function theorem, one verifies that V,, is open in G,, and that 6,, is a C¥-diffeomorphism
onto V,,. Then V = UneN V,, is open in G, and 0 := liin 0, : liin A‘f”“”‘ — V is a cg-
diffeomorphism. Let ¢ : K5t = li_n} K& +hn — K x K! be the natural isomorphism of

topological vector spaces (cf. Proposition 3.7), and Q := ¢(|J, Af™") C K* x K’. Then
k:=00(tq: Q— Visa CF-diffeomorphism. By construction of 6, we have VN H = Q
and k" Y(V N H) = QN ({0} x K", where {0} x K is a closed, complemented vector
subspace of K* x K. Hence H is a split ¢-submanifold of G. As the restriction of x to a
submanifold chart of H is the given chart ¢ of H, the submanifold structure and the above
manifold structure on H coincide. If L(H) = 0, then the topology on the Lie group H is
discrete and hence so is the topology on H as a submanifold of GG, the induced topology.

(c) By construction, (G/H, (u,)) = lim ((G,./Hy), (gnm)) as a ¢g-manifold. Since each
Gn.m also is a homomorphism, T heorem 4.3 shows that there is a group structure on the
¢¢-manifold G/ H making it a Lie group, and such that each p,, becomes a homomorphism.
This requirement entails that ¢: G — G/H is a homomorphism, whence the group structure
on G/H is the one of the quotient group. For the second assertion, see Theorem 4.3. O

Proposition 7.5 (a) entails that the surjection ¢ is an open map. Hence ¢ is a topological
quotient map, and the manifold G/H carries the quotient topology.

Example 7.6 If G, closed in G, for each n and K,, C G,, a maximal compact subgroup
such that K; € Ky C ---, then K := |, .y Ky is a closed subgroup of G = {J,, oy Gn- In
fact, K,, N G,, = K,, for m > n by maximality, whence K N G,, = K,, is closed in G,,.

Proposition 7.7 If f: G — A is Cg°- (resp., c¢g-) homomorphism from G = U, cy G
into a CP-Lie group modelled on a locally convex space (resp., a ¢- Lie group), then
H :=ker(f) satisfies the hypotheses of Proposition 7.5, and L(H) = ker L(f).

Proof. In the complex case, H N G,, = ker(f|g,) is a complex Lie subgroup of G,, by
Lemma 4.4, whence the specific hypothesis of Proposition 7.5 is satisfied, by Lemma 7.3.
If w € ker L(f), then £: K — H, £(t) := f(expg(tw)) is a Cg°- (resp., ¢p-) homomorphism
such that L(§) = L(f)(w) = 0 and thus £ = 1 ([26, La.7.1], [23, La.36.7]). Hence
expi(Kw) € H and therefore w € L(H) = {v € L(G): exp;(Kv) C H}. The inclusion
L(H) C ker L(f) is trivial. O
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Proposition 7.8 (Canonical Factorization) Let f: G — A be a cgf-homomorphism
between direct limit groups, where G is connected, G = |J, ey Gn, and A =, cn An- Equip
G/ ker(f) with the c¢g-Lie group structure from Proposition 7.5 (c), and im(f) with the cg-
Lie group structure induced by A (as in Proposition 7.2). Let f: G/ker(f) — im(f) be the
bijective homomorphism induced by f. Then f is a ¢%-diffeomorphism.

Proof. In view of Proposition 3.5, we may assume that each G,, and A, is connected.
Note that f is ¢ because the inclusion map im(f) — A is c¢&-initial and the quotient map
G — G/ ker(f) is ¢g-final. Replacing G with G/ ker(f) and A with im(f), we may therefore
assume that f is bijective, and have to show that f~' is ¢%. Then L(f) is injective, by
Proposition 7.7.

L(f) is surjective. To see this, let x € L(A) = (J, ey L(Ay); define s := Kz and
S :=expy(s). If x € im(L(f)), then h,Ns = {0} for each n € N, where b,, := L(f)(L(G,)).
Given n, there exists m € N such that L(4,,) 2 b, Us. Let H, and S,, be the analytic
subgroups of A,, with Lie algebras b, and s, respectively. Then S = 5, as a set, and the
group H, NS = H, NS, is countable, because h, Ns = {0}. Thus S = {J,n(S N Hy) is
countable. But S is uncountable, contradiction. Therefore z € im(L(f)).

flis ¢&2. As A=1lim A,, it suffices to show that f~!|4, is ¢%, for each n € N. Fix n.
There exists m € N such that L(f)(L(Gy)) 2 L(A,). Let B be the analytic subgroup of
G, with Lie algebra L(f)~'(L(A,)). Then f|4" is a bijective C#-homomorphism between
connected finite-dimensional K-Lie groups and therefore an isomorphism of Cg-Lie groups.
Hence f~5 is C¢ and hence so is f~!]4,. O

Proposition 7.9 (Universal covering group) If G, is connected for each n € N,
let m, : én — G, be the universal covering group, and Xn,m : ém — én be the Cg°-
homomorphism which lifts X m © Ty,. Then ((én)neN, (Xnm)) is a direct system in the cat-
egory of Cg°-Lie groups; let (CN;, (A )nen) be its direct limit. Then G is simply connected,
and the Cg°-homomorphism m := ILm Tp . G — G is a universal covering map.

Proof.> As any connected C°-Lie group, G has a universal covering group p: P — G;
thus G is a simply connected Cg°-Lie group and p a Cp°-homomorphism with discrete
kernel. Being a regular topological space and locally diffeomorphic to L(G), P is smoothly
Hausdorff and hence also is a ¢g°-Lie group. By [23, Thm. 38.6], P is a c¢’-regular Lie
group. Let A, : G, — G be the inclusion map. Since P is ¢-regular, L()\,): L(G,) =
L(G,) — L(G) = L(P) integrates to a cg-homomorphism a,, : G, — P (Lemma 1.2,
23, Thm.40.3]). Being a cone, (P, (a,)) induces a ¢-homomorphism « : G — P,
determined by a o A, = «a,. Recall from Theorem 4.3 that G = lin én/Dn, where

D, = ker(A,,) and where the limit map u, : én/ D, — G is obtained by factoring A,

over G,, — G, /D,. Because m o A, = \, o m,, the subgroup D,, C ker(m,) is discrete.

5We cannot use Remark 3.9 because the Xn,m’s need not be injective.
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Hence L(G) = lim L(G,/D,) = lim L(G,,) = lim L(G,) = L(G). It is easily verified that

L(a) = idp ) with respect to these identifications. Now G being cp’-regular and P simply

connected, id: L(P) = L(G) — L(G) = L(G) induces a cg-homomorphism g: P — G,
determined by L(8) = idy). Since L(a o 3) = idye) = L(idp), we have a o § = idp by
26, La. 7.1]. Likewise, 3o« =idg. Thus G = P is the universal covering group. O

Proposition 7.10 (Integration of Lie algebra homomorphisms) Assume that G =
Unen G is simply connected. Then the following holds:

(a) Ewvery K-Lie algebra homomorphism « : L(G) — L(H) into the Lie algebra of a
cg -reqular c¢-Lie group H integrates to a cg-homomorphism 3: G — H such that
L(B)=a. If K=R and H is a ¢-reqular ¢g-Lie group here, then [3 is cf.

(b) Ewvery K-Lie algebra homomorphism « : L(G) — L(H) into the Lie algebra of a
K-analytic BCH-Lie group (see [8]) integrates to a CP- (and cg-) homomorphism
6:G— H.

Proof. (a) See [23, Thm. 40.3] and Lemma 1.2.

(b) Let ((Gn), Qnm)), (G, (A,)), T: G — G, and m: G — G be as in Proposition 7.9.
Because G is simply connected, the covering homomorphism 7 is an isomorphism. Hence
G = G and A, = A\, o7, without loss of generality, where A, : G, — G is the inclusion
map. Now H and G, being BCH, the homomorphism «, := « o L(A,) integrates to a
C%-homomorphism £, : G, — H [8, Prop. 2.8]. Then (H, (f3,)) is a cone and hence induces

a CP- (and ¢g-) homomorphism : G — H such that o A,, = 3,. Clearly L(f) =a. O

Proposition 7.11 (Integration of Lie subalgebras) Given a K-Lie subalgebra b of
L(Q), equip the subgroup H := (expq(h)) with the c¢g-Lie group structure described in
Proposition 7.2. Then H is connected, and L(H) = b. Furthermore, H = lim H,, where

—

H, = (expq, (by)) is the analytic subgroup of G, with Lie algebra b, :=bh N L(Gy,).

Proof. Consider the inclusion map f: S — G, where S := lim H, = {J, oy Hn- Then
S = H as an abstract group. We have L(S) = |,y L(H,) = b, and f is ¢ because each
flm, is so. By Proposition 7.8, f is a ¢g-diffeomorphism onto im(f) = H, equipped with
the cg-Lie group structure induced by G. Thus S = H as cg-Lie groups. O

Before we can discuss universal complexifications of direct limit groups, we need to re-
examine universal complexifications of finite-dimensional Lie groups.

Lemma 7.12 Let G be a finite-dimensional real Lie group, and vg : G — G¢ be its
universal complexification in the category of finite-dimensional complex Lie groups. Let
a: G — H be a cg-homomorphism from G to a cg-Lie group H, respectively, a ci-
homomorphism from G to a C¢-Lie group H modelled on a locally convex space. Then
there exists a unique cg-homomorphism (resp., Cg-homomorphism) B: Gec — H such that
Bove =a. If H is a cg-regular cg-Lie group and o a cg’-homomorphism, then the same
conclusion holds, and o is cg.
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Proof. We assume first that G is connected. Let p: G — G be the universal covering
group of G and S be a simply connected complex Lie group with Lie algebra L(G)c. Let
A: L(G) — L(G)c be the inclusion map and x: G — S be the unique C¥-homomorphism
such that L(k) = A. Set II := ker(p) = m;(G) and let N C S be the smallest closed complex
Lie subgroup such that x(II) C N. Let ¢: S — S/N =: G¢ be the canonical quotient map.
Then there exists a C¥-homomorphism v5: G — G¢ such that ygop =qo k.

Let a: G — H be a cg-homomorphism into a cg-Lie group H. Set 0 := avo p: G — H.
Then there exist charts ¢: L(G) D U — G and ¢ : L(H) D V — H such that ¢(0) = 1,
¥(0) =1 and o(¢(U)) C (V). After shrinking U, we may assume that x o ¢ is injective
and extends to a chart # : W — S of S, defined on some open neighbourhood W of
Uin L(G)c. The map 7 := ¢p'oco¢: U — V C L(H) is real analytic (see [23,
Thm. 10.1]) and therefore extends to a complex analytic map 7¢: Uc — L(H), defined on
some open neighbourhood Uc of U in L(G)c = L(S). After shrinking Uc, we may assume
that 7¢(Uc) € V and Ueg € W. The sets Q := {(z,y) € U x U: ¢(x)p(y) € ¢(U)} and
Qc = {{(z,y) € Uc x Uc: 6(x)0(y) € (Uc)} are open 0-neighbourhoods in U x U and
Uc x Ug, respectively. Let ) C Uc be an open, connected 0-neighbourhood such that
Q% QCOc. Then h: Q x Q — H, h(r,y) = ¥(re(w))(re(y)¥(re (6~ (0(x)0(y)) " is
a complex analytic map which is identically 1 on QN (Q X @); hence h = 1 by the Identity
Theorem [3, Prop.6.6 II]. As a consequence, the complex analytic map ¢ : 0(Q) — H,
C(z) == Y(rc(07(x))) satisfies ((zy) = ((x)¢(y) for all z,y € O(Q) such that xy € 6(Q).
Therefore ¢ extends to a homomorphism n: S — H, by [22, Cor. A.2.26], which is complex
analytic because ngpq) = ( is so. Then nox = 0 = a o p, because n(k(¢p(x))) = o(d(x))
for small z, by definition of 7. Thus x(II) C ker(n), where ker(n) is a closed, complex Lie
subgroup of S by Lemma 4.4. Thus N C ker(n), and thus 7 factors to a c¢g-homomorphism
B:Gec =S/N — H such that fog =1n. From foysop =[foqok =noKk=aop
we deduce that § oy = a, and clearly (3 is uniquely determined by this property. By
the preceding, 7 : G — G is a universal complexification of the cg-Lie group G in the
category of cg-Lie groups; since G is finite-dimensional, 74 : G — G¢ also is the universal
complexification of G in the category of finite-dimensional complex Lie groups.

If G is not necessarily connected, then the c¢g-Lie group Gy has a universal complexifi-
cation in the category A of ¢g-Lie groups, which is finite-dimensional. As in [8, Prop. 5.2],
we see that the cg-Lie group G has a universal complexification 7o : G — G¢ in A, and
(Gc)o is a universal complexification for Gy and therefore finite-dimensional. Hence G is
finite-dimensional, and hence it coincides with the universal complexification of G in the
category of finite-dimensional complex Lie groups.

The second assertion (stated in parentheses) can be proved in the same way. To prove
the third, let G be connected. Re-using the above notation, Lemma 1.2 provides a cg-
homomorphism 7: S — H such that L(n) is the C-linear extension of L(«). The proof can
now be completed as above. As 3 is ¢ and thus cg, the composition o = fo g is ¢g. O
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Proposition 7.13 (Universal complexifications) Let S := ((Gy)nen, (Anm)n>m) be a
direct system of finite-dimensional real Lie groups and C¥-homomorphisms, (G, (\,)) :=
lim S in the category of ¢g-Lie groups and (G, (kn)nen) = lim (((Gy)c)nen, (Anm)c)) in
the category of ¢g-Lie groups, where v, G, — (Gp)c is a universal complezification for G,
in the category of finite-dimensional complex Lie groups, and (Aym)c: (Gm)c — (Gn)c the
uniquely determined complex analytic homomorphism such that (Apm)c © Ym = Yn © Apm-
Let vg == lin Yn: G — Gc. Then the following holds:

(a) v¢: G — Gc is a universal complezification of the ¢§-Lie group G in the category
of ct-Lie groups in the sense that for every cg-homomorphism a: G — H into a
cé-Lie group H, there exists a uniquely determined cg-homomorphism 3: Gec — H
such that 8 ovg = .

(b) If H is a cg-reqular ¢g-Lie group, then every ¢y -homomorphism a: G — H is ¢&.

(c) If H is a Cg-Lie group modelled on a locally conver space and o: G — H a c4-
homomorphism, then there also exists a unique [ as in (a).

(d) 7@|g§)C)O is the universal complezification of Gg, and the map G/Gy — G¢/(Ge)o,
xGo — va(x)(Ge)o is a bijection.

(e) If G is simply connected, then ¢ has discrete kernel.

(f) If v¢ has discrete kernel, then L(Gc) = L(G)¢, imyg is closed in G, and vg|™¢
15 a local cg-diffeomorphism onto im~q, equipped with the c¢g-Lie group structure

induced by (G¢)r.-

Proof. (a)—(c): By Lemma 7.12, for each n € N there exists a unique ¢g-homomorphism
Bn: (Gp)c — H such that 5,07, = ao),. Clearly (H,(3,)) is a cone, whence there exists
a unique c¢g- (resp., C¢-) homomorphism (3: G¢ = lim (G,,)c — H such that §o k, = [,.
Then (o g = «, and it is easily verified that 3 is ﬁiquely determined by this property.
In case (b), the composition o = [ o vg is ¢§.

(d) Compare [8, Prop.5.2].

(e) After replacing S by the corresponding injective quotient system of quotient groups
G, /N, (see Section 4) and then by the corresponding direct system of simply connected
groups (G, /N,)” (cf. Proposition 7.9), we may assume without loss of generality that G,
is simply connected and that A\, : G,, — G has discrete kernel, for each n € N. Then
also (G,)c is simply connected, v, has discrete kernel, and ker s, = {J, -, ker(A,»)c is
discrete (see proof of Theorem 5.1), for each n. As G, and (G,)c are connected, the
discrete subgroups ker v, and ker k, are countable. Therefore D, := ker(yg o \,) =
ker (K, 07v,) = 7, H(ker k,,) is a closed, countable subgroup of G,,, and hence D, is discrete.
Since ker A\, C D,,, we deduce that \,(D,) is discrete in G,, := im(),), where the latter
group is equipped with the finite-dimensional real Lie group structure = G,/ ker(A,,). Then
G = UneN G, and it is clear from the construction in Section 4 that G = lin@n. The
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subgroup H := ker(q¢) is closed in G, and H, := HNG, = \,(D,,) is discrete, for each
n € N. By Proposition 7.5 (b) and Proposition 7.2, we have H = lim H,, as a topological
space (for the induced topology), whence H is discrete. -

(f) Since ker(v¢) is discrete, L(v¢) is injective (Proposition 7.7), enabling us to iden-
tify L(G) with im L(vy¢) as a real locally convex space. Let (Gc)op be Ge, equipped
with the opposite complex structure; by the universal property of G¢, there is a unique
c¢-homomorphism o: G¢ — (G@)op such that o o 7¢ = 7. We now consider ¢ as an an-
tiholomorphic self-map of G¢. Thus L(o) is C-antilinear. As in [14, La.IV.2], we see that
o is an involution. We have L(G) C L(G¢)? for the fixed space of L(o). Since L(Gc) =
L(G) + iL(G) by construction of G, it easily follows that L(G¢) = L(G) @ iL(G) =
L(G)c and thus L(G) = L(Gc¢)?. We now give the closed subgroup (G¢)? := Fix(o)
the cg-Lie group structure induced by (G¢)r. Then v4(G) C (G¢)?, and it is easy
to see that L((Gc)?) = {v € L(Gc) : expg.(Rv) C (Ge)’} = L(G). Thus C :=
((Ge)?)o = (expg,.(L(G))) = v¢(Go), and now Proposition 7.8 entails that v¢|g, is a
local ¢g-diffeomorphism. To complete the proof, note that (Gc)o N76(G) = 76(Goy) = C
by (d), whence v¢(G) is a locally closed subgroup of G¢ and hence closed. O

8 Proof of regularity in Milnor’s sense

Theorem 8.1 FEvery direct limit group G = limG,, over K € {R,C} is a regular Cg°-
Lie group in Milnor’s sense. More precisely, 767’ every k € N U {oo}, every Ck-curve
v:10,1] — G admits a right product integral n = Evoly(y) € C*1([0,1],G) such that
n(0) = 1, and the corresponding right evolution map

evol,: C*([0,1], L(G)) — G, evoly(7y) := Evolj(y)(1)
15 CF° and cg.

Proof. Fix k. The strategy of the proof is as follows. First, we show that product integrals
exist and that evoly, is continuous. Next, we show that evoly, is complex analytic if K = C.
Finally, for K = R, we deduce smoothness of evolg, from the smoothness of evolg,_.

Step 1. Since evol; takes its values in the connected component of GG, we may assume
that G is connected. Using that 6"(p o ) = 6" for curves in G (cf. [23, 38.4 (3)]), where
p: G — G is the universal covering map, we may assume that G is simply connected.
Furthermore, we may assume that G = UneN G, where G; C Gy C --- and each G,
is connected. Let j,: G,, — G be the inclusion map. We abbreviate d,, := dimg(G,),
s := sup{d, : n € N} and let ¢ = lii)n ¢n : P — @ be a chart of G around 1, where
P = U en AP Q = Unen @n and ¢, : A} — @, is a chart of G, around 1, such that
#,(0) = 1. We identify L(G,) = T1(G,) with K% using the chart ¢,, and L(G) with K*
using ¢; then L(j,): K% — K® is the inclusion map, for each n € N.
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Step 2: evoll, erists. To see this, let v € C*([0,1], L(G)). Then there exists n € N such
that imy C L(G,,). Then «|X(@) is C*. Tt is a standard fact (based on the local existence
and uniqueness of solutions to differential equations) that there exists n € C**1(]0, 1], G,)
such that 6"n = v|“(@). Then Evoll,(v) := j,onis C**' and 6" (j,0n) = L(j,)oy|*(E) = ~.
Thus evoly,(7) exists, and evoly, o C*([0,1], L(j,)) = jn o evoly, .

Step 3. The inclusion map C*([0, 1], L(G)) — C([0, 1], L(G)) being continuous linear
for each k, it suffices to prove that evoly, : C1([0,1], L(G)) — G is CF and ¢&. We may
therefore assume that k& = 1 for the rest of the proof.

Step 4: evoly, is continuous at nice vy’s. We show that evoly, is continuous at vy €
C1([0,1], L(G@)), provided that im(vy) € K% = L(G;) and im(n,) C gzﬁl(Af}Q), where
no = Evol;(70). To this end, let W be an open neighbourhood of evoly(vo) = 70(1)
in G; abbreviate (y := ¢; " 0n. Then ¢~*(W) is an open neighbourhood of (y(1), whence
¢ H W) = (o(1) D AL @ @, Alndn—1 for certain &, > 0; we may assume that 1 > &; >
g9 > ---. Define r, := 1 — 27" for n € N. Equip each K% with the supremum norm.
There is R > 0 such that ||yl < R.

For n € N, consider the map f,: K% x Ag» — K, f,(y,x) := £ O (Pn(sy)Pn()),
which expresses the map L(G,) x G, — TG,, (y,z) — Ti(p,).y (with right translation
pz: G, — G,,) in local coordinates (forgetting the fibre). Then (/(¢) = f.(70(t), (o(t)) for
all t € [0,1], because 0" (1n9) = 9. By compactness of Zf” and Zf{jrnfl, there exists k, > 0
such that for the operator norms of the partial differentials we have

Hden(U7 Z, ')

and such that for the operator norms of the continuous linear maps f,(s,2) we have
| fo(e, 2)|| < Ky for all z € A, Choose a,, > 0 so small that

<k, forallve AdR"+n_1 and x € A‘f”,

O

" (ef" —1) < 27" 'g,. (3)
Define s, := min{$*,1}. Suppose that v : [0,1] — A% | is a Cl-curve for which

there exists a C'-curve n: [0,1] — A‘f’jrn solving the initial value problem 7n(0) = 0,

() = fu(y(t),n(t)). Then ||dof,(v(t),z,s)| < k, for all t € [0,1] and z € A{". Let
7:0,1] — K% be a C*-curve such that |7 — 7w < s,. Then im(¥) C A%, and

1o (), 2) = (v (@), )| = [1fn(7(E) = (&), 2) | < [ fule, 2) [ - [7(E) =D < Ensn < am

for all x € A{". Furthermore, n(t)+y € A{, ., C A" forall t € [0,1] and y € K% such
that [|y|| < ¢=(ef —1) <2771, < 27"~ Using [6, (10.5.6)], we therefore find a solution
£:[0,1] — A" to the initial value problem £(0) = 0, &'(t) = f.(7(t), £(t)), such that

Q

I€ = nllee < T7(e* = 1) < 277 ey, (4)

|

Hence im(¢) € A%

1 o-n—1 D particular.
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We now define Q := A% @ @,, A% ~¥-1 considering K* as the locally convex direct
sum K4 @ @, ., K» -1 Then v, + C*([0,1],9) is an open neighbourhood of 7, in
CY([0,1], L(G)). Let v € v + C'(]0, 1], Q) Then v — v = > Vn, where 7, is the
coordinate function taking its values in AZ!, resp., in A% %1 There exists £ € N such
that 7, = 0 for all n > ¢. Considering o, Yo + V1, -- -, Zﬁb:o Yo = 7 in turn, from the
existence of (y we inductively deduce by the preceding arguments that there exists a solution
ot [0,1] — A", to the initial value problem ¢, (t) = fu(v0(t) + -+ + 7u(t), Calt)),
¢.(0) =0, for n =1,... ¢, such that ||(, — Cuoilleo <27 e, (see (4)). Then n:= ¢ o (,
is the right product integral for v, and thus evoly(y) = n(1) € W because

R

14

o~ (1) — 67 m(1) = (1) — Go(1) =S (Gal1) — Guma (1) 6Ad1®@Adn_dnlc¢ W),

n=1

Hence evoly, is indeed continuous at .

Step 5. evoly, is continuous. Let 7 € C'([0,1], L(G)). After passing to a subsequence,
we may assume that im(j) € K% = L(G;). Let 77 := Evol, (7). We find a partition
0=ty <t <..<t;=1suchthatn,([0,1]) C ¢1(Af}2) for each j € {0,...,¢ — 1},
where 77, : [0,1] — G, 7;(t) = 7i(t; + t(tjs1 — t;))7(t;)~". Then 7; = Evolg(¥;), where
3;:10,1] — L(G), 7;(t) := (tj41 —t;) - Y(t; +t(tj4+1 — t;)) are mappings which satisfy the
hypotheses of Step 4. Thus evol is continuous at %;. Since v + ~; is continuous and
evolf,(y) = evolg(ye_1) - - - evolg(y1)evoly: (7o), we deduce that evoly, is continuous at 7. °

Step 6: evoly, is CF if K = C. It suffices to show that evoly is C2° on some open
neighbourhood of each vy € C'([0,1], L(G)) such that 7,([0,1]) € L(G;) and such that
no := Evoli; (7o) has image in ¢1(A ‘f /2) by arguments similar to those just employed. Let €2
be as in Step 4, and U := vy + C*([0,1],Q2). As shown in Step 4, n := Evol(v) has image
in @ = im(¢), for each v € U,  := ¢! o g satisfies ((0) = 0, and '(t) = fn.(7(t),((t)) for
each n such that (([0,1]) € C%. Now suppose that v € U and 6 € C([0, 1], L(G)). There
exists n (which we fix now) such that v, # have image in C%. Then o, := y+26 € U for z in
some 0-neighbourhood V' C C, and im(c,) C C¥ for each z € V. Let 7, := ¢ LoEvoly(c.).
Then 7, solves the initial value problem 7.(0) = 0, 7.(t) = f.(0.(t),7.(t)). Consider f:
[0, 1] x Al xV — C¥&, f(t,2,2) = fulo.(t),z). Then f(t,z,2) = fu(y(t),z)+2f.(0(1), 2),
showing that the differentiability requirements of [5, Thm.3.6.1] are satisfied.” Hence
u(t, z) := 7,(t) is Cf in (¢, z) on an open neighbourhood of I x {0} in I x V, and the map
h:[0,1] — Lg(C,C%™), h(t) := dyu(t,0,.) to the space of R-linear maps C — C% is C}
and solves the initial value problem

h(0) =0, R'(t) = b(t) o h(t) + c(t), (5)

where ¢(t)(2) = 2 - f,(0(t), 70(t)) and b(t) = da f,,(00(t), To(t), ). Since b(t) € Lc(C¥™, C)
actually for each t and c(t) € Lc(C,C™), we can interpret (5) also as a linear differential

6We have even established continuity with respect to the topology of uniform convergence !
"To apply the theorem, note that f extends to an open set, because v and 6 extend to open intervals
by Borel’s theorem.
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equation for L¢(C, Cé)-valued functions. This implies that h(t) € Lc(C,C) for each t,
i.e., h(t) = dou(t,0,.) is complex linear. Hence %‘Zzogb_l(evolrc(y +20)) = £| _ (1)
=2 __ou(1,2) exists as a complex derivative.

By the preceding, 1 := ¢! o evoly,|y: U — C* admits complex directional derivatives
at each point. Hence v is G-analytic in the sense of [3, Defn. 5.5], by [3, Prop.5.5] and [3,
Thm. 3.1]. Being G-analytic and continuous, ¢ is complex analytic [3, Thm.6.1 (i)].

Step 7: evoly is Cp° and ¢ if K = R. Because G is assumed simply connected, we
know that H := v5(G) is a closed subgroup of G¢, that 5 has discrete kernel, and that g
is a local cg-diffeomorphism onto H, equipped with the real Lie group structure induced
by (G¢)r (see Proposition 7.13 (e) and (f)). Since H is Ce-initial in G¢ and ¢g-initial
(Proposition 7.5 (b)), we deduce from the smoothness (and c¢g-property) of v o evoly, =
evolg,. o L(¢) that y¢|” o evoly, is Cf° and ¢ As evolg, is continuous and v¢|" a local
CR°- (and ¢g-) diffeomorphism, this implies that evoly, is Cg° and cg. O
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