Reduced and Generalized Stokes Resolvent Equations in Asymptotically Flat Layers, Part II: H_∞-Calculus

Helmut Abels

August 20, 2003

Abstract

We study the generalized Stokes equations in asymptotically flat layers, which can be considered as compact perturbations of an infinite (flat) layer Ω_0 = R^{n−1} × (−1, 1). Besides standard non-slip boundary conditions, we consider a mixture of slip and non-slip boundary conditions on the upper and lower boundary, respectively. In this second part, we use pseudodifferential operator techniques to construct a parametrix to the reduced Stokes equations, which solves the system in L^q-Sobolev spaces, 1 < q < ∞, modulo terms which get arbitrary small for large resolvent parameters λ. This parametrix can be analyzed to prove the existence of a bounded H_∞-calculus of the (reduced) Stokes operator.

Key words: Stokes equations, free boundary value problems, boundary value problems for pseudodifferential operators, non-smooth pseudodifferential operators AMS-Classification: 35 Q 30, 76 D 07, 35 R 35, 35 S 15

1 Introduction

We consider the generalized Stokes resolvent equations

(λ − Δ)u + ∇p = f in Ω_γ , (1.1) div u = g in Ω_γ , (1.2) T^+_j (u, p) = a^+ on ∂Ω^+_γ , (1.3) u|_{∂Ω}−_γ = 0 on ∂Ω^−_γ (1.4)

with j = 0 or j = 1 and λ ∈ C \ (−∞, 0), where

T^+_0 (u, p) = u|_{∂Ω}+_γ , T^+_1 (u, p) = (ν · S(u) − νp)|_{∂Ω}+_γ , S(u) = ∇u + (∇u)^T , and λ ∈ Σ_δ ∪ {0}. Here Ω_γ ⊂ R^n , n ≥ 2, is an asymptotically flat layer with C^{1,1}-boundary, i.e.,

Ω_γ = {(x^′, x_n) ∈ R^n : γ^+(x^′) < x_n < γ^−(x^′)}

and γ^± → ±1 and ∇γ^±, ∇^2γ^± → 0 as |x^′| → ∞, cf. [3]. Moreover, ∂Ω^±_γ = {(x^′, γ^±(x^′)) : x^′ ∈ R^{n−1} }.

In [3, Section 3] it is proved that (1.1)-(1.4) are uniquely solvable (with the restriction λ ≠ 0 if j = 0) if and only if the reduced Stokes equations

(λ − Δ)u + G_{j0}u = f in Ω_γ , (1.5) T^′_j^+u = a^+ on ∂Ω^+_γ , (1.6) u|_{∂Ω}−_γ = 0 on ∂Ω^−_γ , (1.7)

where

G_{00}u = G_0u = ∇K_1ν · (Δ − ∇ div)u|_{∂Ωγ} , G_{10}u = ∇K_{01} ( 2∂_ν u_ν |_{∂Ω}+_γ ν · (Δ − ∇ div)u|_{∂Ω}−_γ ) , T^′_0^+u = u|_{∂Ω}+_γ , (T^′_1^+u)_τ = (ν · S(u))_τ |_{∂Ω}+_γ , (T^′_1^+u)_ν = div u|_{∂Ω}+_γ ,

are uniquely solvable (in suitable L^q-Sobolev spaces, see [3, Section 3] for details.) Here K_1 and K_{01} denote the Poisson operators for the Laplace equation (λ = 0).

The reduced system (1.5)-(1.7) fits well into the general calculus of parameterdependent pseudodifferential boundary value problems developed by Grubb in [12]. In Grubb and Solonnikov [15], the authors used this approach and applied general results for parabolic boundary value problems to solve the instationary Navier-Stokes equations in anisotropic L^2-Sobolev in bounded smooth domains locally in time for various kinds of boundary conditions. Later this result was extended to L^q-Sobolev spaces, cf. [11], and smooth exterior domains, cf. [13].

In the following, we will use the calculus developed in [12] to construct a parametrix to the reduced Stokes system (1.5)-(1.7), which coincides with the exact solution operator modulo term which decay faster as |λ| → ∞. Using this parametrix, we prove that the usual Stokes operator in the Dirichlet case and the reduced Stokes operator in the mixed case admit a bounded H_∞-calculus in the sense of McIntosh [18].

THEOREM 1.1 Let 1 < q < ∞, δ ∈ (0, π), and let Ω_γ ⊆ R^n be an asymptotically flat layer with C^{1,1}-boundary. Moreover, let A_q = −P_qΔ be the Stokes operator and A_{10} = −Δ + G_{10} be the reduced Stokes operator with domains

D(A_q) = W^2_q (Ω_γ )^n ∩ W^1_{q,0}(Ω_γ )^n ∩ J_{q,0}(Ω_γ ),

D(A_{10}) = { u ∈ W^2_q (Ω_γ )^n : T^′_1^+u = 0, u|_{∂Ω}−_γ = 0 } , resp., cf. [3]. Then A_q and A_{10} admit a bounded H_∞-calculus with respect to δ on X = J_{q,0}(Ω_γ ) and X = L^q(Ω_γ )^n, resp. , i.e., h(A) = 1 2πi ∫ Γ h(−λ)(λ + A)^{−1}dλ, A = A_q, A_{10}, (1.8) is a bounded operator on X and ‖h(A)‖_{L(X)} ≤ C_δ‖h‖_∞ (1.9) for every h ∈ H_∞(δ). Here H_∞(δ) denotes the algebra of all bounded holomorphic functions h: Σ_{π−δ} → C and Γ is the negatively oriented boundary of Σ_δ = {z ∈ C \ {0} : | arg | < δ}. The theorem implies the existence of bounded imaginary powers A^{iy}, y ∈ R, of the Stokes and the reduced Stokes operator since h_y(z) = z^{iy} ∈ H_∞(δ). Hence the result of Dore and Venni [7] implies the maximal regularity of the (reduced) Stokes operators.

The parametrix in Ω_γ is defined with the aid of the parametrix in curved halfspaces R^n_γ = {(x^′, x_n) ∈ R^n : x_n > γ(x^′)} by means of a simple partition of unity. Here the parametrix in R^n_γ is constructed by transforming the equations to a system in R^n_+ with variable coefficients and freezing coefficients. In order to construct the parametrix assuming only C^{1,1}-regularity of the boundary, it is necessary to modify the general theory in [12], which assumes smooth coefficients. This will be done by combining the techniques and results for pseudodifferential operators with nonsmooth coefficients developed in [17, 23, 24] (in an operator-valued version) with known facts for the smooth coefficient case, cf. Sections 3 and 4 below. In order to prove the boundedness of (1.8), we have to analyze the symbols of the parametrix precisely. This is done by relating the symbol of the parametrix in R^n_γ to the symbols of the solution operators of the reduced Stokes equations in R^n_+ , cf. Section 5.3 below. The structure of the reduced Stokes equations enables us to consider the resolvent of the reduced Stokes operator as perturbation of the Laplace resolvent, cf. Section 5.1 below. Then we obtain the necessary estimates to prove boundedness of (1.8) in Section 5.4 below.

Remark 1.2 Note that the method presented here is not restricted to asymptotically flat domains. It has much in common with the first published proof that the Stokes operator in a bounded domain possesses bounded imaginary powers presented by Giga [9], which is also based on pseudodifferential operator techniques. Since the following proof uses the reduced Stokes equations, we can also deal with more general boundary conditions. In [9], the proof is presented in the case of a smooth bounded domain, but can be modified for the case of a C^{2,μ}-boundary, μ > 0.

An alternative method, using a perturbation theorem for the H_∞-calculus, can be found in Noll and Saal [19]. In the latter contribution the existence of a bounded H_∞-calculus for the Stokes operator in a bounded and exterior domain in R^n , n ≥ 3, with C^3-boundary is proved.

In the special case of an infinite layer, a more elementary proof that the Stokes operator possesses bounded imaginary powers based on Mikhlin multiplier techniques is presented in Abels [1].

2 Preliminaries

We will use the same notation and function spaces as in [3]. Additionally, F and F^{−1} denote the Fourier and inverse Fourier transformation,

F[f](ξ) := f̂(ξ) := ∫ R^n e^{−ix·ξ}f(x)dx, F^{−1}[f](x) := f̌(x) := ∫ R^n e^{ix·ξ}f(ξ)đξ, defined for a suitable function f : R^n → C , where đξ := (2π)^{−n}dξ. Note that in the following all integrals with respect to a phase ξ will be scaled by (2π)^{−n} as above. Moreover, we will use partial Fourier transformation

F_x′_{→ξ}′ [f](ξ^′, x_n) := f̃(ξ^′, x_n) := ∫ R^{n−1} e^{−ix′·ξ′} f(x^′, x_n)dx^′ and the conjugate Fourier transformation F̄[f](ξ) = F[f](−ξ).

Let ⟨ξ⟩ = (1 + |ξ|^2)^12 , ξ ∈ R^n , and let ⟨D_x⟩^s = OP(⟨ξ⟩^s) = F^{−1}[⟨ξ⟩^sF[.]], s ∈ R. Moreover, S(R^n ) denotes the space of rapidly decreasing smooth functions f : R^n → C and S^′(R^n ) denotes the space of tempered distributions. Recall that the Bessel potential space H^s_q (R^n ), 1 < q < ∞, s ∈ R, is defined as the space of all f ∈ S^′(R^n ) for which ⟨D_x⟩^sf ∈ L^q(R^n ), with norm ‖f‖_Hs_q = ‖⟨D_x⟩^sf‖_Lq . Moreover, S(R^n ; X) and H^s_q (R^n ; X) denote the vector-valued variants, where X is a Banach space.

As in [14, 10], the space H^s_q (R^n_+ ) = r^+H^s_q (R^n ) is defined as the space of all distributions of H^s_q (R^n ) restricted to R^n_+ equipped with the quotient norm and H^s_{q;0}(R^n_+ ) is defined as the space of all distributions of H^s_q (R^n ) supported in R^n_+.

Let φ ∈ C^∞_0 (R^n ) such that

supp φ = {ξ : 2^{−1} ≤ |ξ| ≤ 2}, φ(ξ) > 0 if 2^{−1} < |ξ| < 2, ∑ k∈Z φ(2^{−k}ξ) = 1 when ξ ≠ 0,

and set φ_0(ξ) = 1 − ∑_∞ k=1 φ(2^{−k}ξ). Then the Besov space B^s_q (R^n ) = B^s_{q,q}(R^n ), s ∈ R, 1 ≤ q < ∞, is defined as the spaces of all tempered distributions f with finite norm ‖f‖_Bs_q = ( ‖φ_0(D_x)f‖^q_Lq + ∑ 1≤k<∞ 2^{sqk}‖φ(2^{−k}D_x)f‖^q_Lq ) 1_q . If s > 0 with s ∉ N, the Besov space B^s_q (R^n ) coincides with the Sobolev-Slobodeckij space W^s_q (R^n ).

We refer to [5, Chapter 6] for the interpolation properties of Besov and Bessel potential spaces. In particular, we use

(H^{s0}_q (R^n ), H^{s1}_q (R^n ))_{θ,q} = B^s_q (R^n ) (2.1) for s_0, s_1 ∈ R, s_0 ≠ s_1, 1 < q < ∞, and s = (1 − θ)s_0 + θs_1. Here (., .)_{θ,q} denotes the real interpolation functor.

Finally, C^s_∗ (R^n ) = B^s_∞(R^n ), s > 0, denotes the Zygmund space, which consists of all functions f such that ‖f‖_Cs_∗ = sup{‖φ_0(D_x)f‖_L∞ , 2^{ks}‖φ(2^{−k}D_x)f‖_L∞ : k ∈ N} < ∞. It coincides with the usual Hölder space C^s(R^n ) for non-integer s > 0.

We also need the weighted L^2-spaces

L^2(R_+ , x^s_n) = {u ∈ D^′(R_+ ) : x^s_nu(x_n) ∈ L^2(R_+ )}, s ∈ R, and L^2(R, |x_n |^s), which is defined analogously. Note that, (L^2(R_+ , x^s_n))^′ = L^2(R_+ , x^{−s}_n ) with respect to the L^2(R_+ )-scalar product and (L^2(R_+ , x^{s1}_n ), L^2(R_+ , x^{s2}_n ))_{θ,2} = L^2(R_+ , x^s_n) (2.2) for θ ∈ (0, 1) and s = (1 − θ)s_1 + θs_2 because of [5, Theorem 5.4.1]. The analogous results hold for L^2(R, |x_n |^s).

Lemma 2.1 1. Let 1 < q ≤ 2, δ^′ <^1_q −^1_2 < δ, and θ = (^1_q −^1_2 − δ^′)/(δ − δ^′).

Then (L^2(R_+ , x^{δ′}_n ), L^2(R_+ , x^δ_n))_{θ,q} ⊆ L^q(R_+ ), (2.3) (H^{−δ′}_{2;0} (R_+ ), H^{−δ}_{2;0} (R_+ ))_{θ,q} ⊇ L^q(R_+ ). (2.4) 2. Let 2 ≤ q < ∞, δ^′ <^1_2 −^1_q < δ, and θ = (^1_2 −^1_q − δ^′)/(δ − δ^′). Then (L^2(R_+ , x^{−δ′}_n ), L^2(R_+ , x^{−δ}_n ))_{θ,q} ⊇ L^q(R_+ ), (2.5) (H^{δ′}_2 (R_+ ), H^δ_2 (R_+ ))_{θ,q} ⊆ L^q(R_+ ). (2.6) Proof: The lemma was proved by Grubb and Kokholm [14, Theorem 1.8].

3 Non-Smooth Pseudodifferential Operators

Let B be an arbitrary Banach space.

Definition 3.1 The symbol space C^τ_∗ S^m_{1,0}(R^n × R^n ; B), τ > 0, m ∈ R, is the set of all symbols p: R^n × R^n → B that are in C^τ_∗ with respect to the first variable and smooth with respect to the second variable satisfying the estimates ‖D^α_ξ p(., ξ)‖_Cτ_{∗ (R}n_{;B)} ≤ C_α⟨ξ⟩^{m−|α|} (3.1) for all α ∈ N^n_0 . Moreover, we define the semi-norms |p|^{(m)}_k := sup |α|≤k,ξ∈R^n ⟨ξ⟩^{|α|−m}‖D^α_ξ p(., ξ)‖_Cτ_{∗ (B)}, k ∈ N.

The symbol space C^{0,1}S^m_{1,0}(R^n ×R^n ; B) is defined in the same way with C^τ_∗ replaced by C^{0,1}. Note that C^{0,1}(R^n ) ⊂ C^1_∗ (R^n ), hence C^{0,1}S^m_{1,0} ⊂ C^1_∗ S^m_{1,0}.

In the following we will only consider the case B = L(H_0, H_1) for some Hilbert spaces H_0 and H_1. Then given p ∈ XS^m_{1,0}(R^n × R^n ; L(H_0, H_1)), X = C^τ_∗ or X = C^{0,1}, p(x, D_x)u = OP(p(x, ξ))u = ∫ R^n e^{ix·ξ}p(x, ξ)û(ξ)đξ and p(D_x, x)u = OP(p(y, ξ))u = ∫ R^n ∫ R^n e^{i(x−y)·ξ} p(y, ξ)u(y)dyđξ (3.2) for u ∈ S(R^n ; H_0) are the associated pseudodifferential operators in L- and R-form, resp; also called x-form and y-from. Here the second integral has to be understood as an oscillatory integral, cf. [17, Theorem 2.2].

We note that (p(x, D_x)u, v)_L2_{(R}n_{;H1)} = (u, p^′(D_x, x)v)_L2_{(R}n_{;H0)} for all u ∈ S(R^n ; H_0), v ∈ S(R^n ; H_1), where p^′(x, ξ) = p(x, ξ)^′ ∈ L(H_1, H_0) denotes the pointwise dual of the symbol p.

The following theorem is an operator-valued variant of [23, Proposition 2.1.D] and will be proved in the appendix.

THEOREM 3.2 Let τ > 0, 1 < q < ∞, and m ∈ R. If p ∈ C^τ_∗ S^m_{1,0}(R^n × R^n ; L(H_0, H_1)), then p(x, D_x) and p(D_x, x) extend to a bounded linear operators p(x, D_x): H^{s+m}_q (R^n ; H_0) → H^s_q (R^n ; H_1), p(D_x, x): H^s_q (R^n ; H_0) → H^{s−m}_q (R^n ; H_1) for all s ∈ R with −τ < s < τ.

In the following we denote by (p_1p_2)(x, ξ) = p_1(x, ξ) ∘ p_2(x, ξ) ∈ L(H_0, H_2) the pointwise composition of the symbols.

THEOREM 3.3 Let 1 < q < ∞, m_1, m_2 ∈ R, 0 < τ_1 ≤ τ_2, and s ∈ R with |s| < τ_1 and |s + m_1| < τ_2. If p_1 ∈ C^{τ1}_∗ S^{m1}_{1,0} (R^n × R^n ; L(H_1, H_2)) and p_2 ∈ C^{τ2}_∗ S^{m2}_{1,0} (R^n × R^n ; L(H_0, H_1)), then for every 0 < θ ≤^{τ1}_{1+τ1} with s − θ > −τ_1 and s + m_1 − θ > −τ_2 (p_1p_2)(x, D_x) − p_1(x, D_x)p_2(x, D_x): H^{s+m1+m2−θ}_q (R^n ; H_0) → H^s_q (R^n ; H_2) is a bounded linear operator. Moreover, there is a k ∈ N such that ‖(p_1p_2)(x, D_x) − p_1(x, D_x)p_2(x, D_x)‖ ≤ C|p_1|^{(m1)}_k |p_2|^{(m2)}_k , where ‖ · ‖ denotes the corresponding operator norm.

This theorem will also be proved in the appendix.

The latter theorem shows that the composition of p_1(x, D_x) and p_2(x, D_x) coincides with (p_1p_2)(x, D_x) modulo an operator of lower order in the sense of mapping properties in Bessel potential spaces. In the following parametrix construction the precise size of θ > 0 does not matter and for given s ∈ R with |s| < τ_1 and |s + m_1| < τ_2, there are always some θ > 0 which satisfy the assumption of the theorem.

Corollary 3.4 Let m ∈ R, 1 < q < ∞, and s ∈ R such that |s| < 1 and |s − m| < 1. If p ∈ C^{0,1}S^m_{1,0}(R^n × R^n ; L(H_0, H_1)) and a ∈ C^{0,1}(R^n ), then for every 0 < θ ≤^1_2 with s + θ < 1 and s − m + θ < 1

a(x)p(D_x, x) − (ap)(D_x, x): H^s_q (R^n ; H_0) → H^{s−m+θ}_q (R^n ; H_2)

is a bounded operator.

Proof: The corollary is easily obtained from Theorem 3.3 by duality.

In the following we will restrict ourselves to the case of operators with Lipschitzcontinuous coefficients; this is the case we need for the construction of the parametrix.

As in [12], the spectral parameter will be represented as λ = μ^2e^{iθ}, θ ∈ (−π, π). Moreover, let ρ = ρ(ξ^′, μ) =^{⟨ξ′⟩}_{⟨ξ′,μ⟩} , where ⟨ξ^′, μ⟩ = (1 + |ξ^′|^2 + μ^2)^12 and μ ≥ 0, ξ^′ ∈ R^{n−1} .

It is straightforward to define a non-smooth variant of these classes of parameterdependent pseudodifferential operators studied in [12].

Definition 3.5 Let d, ν ∈ R. Then C^{0,1}S^{d,ν}_{1,0} (R^n × R^{n+1}_+ ) is the space of all functions p(x, ξ, μ) smooth w.r.t. (ξ, μ) and Lipschitz-continuous in x such that ‖D^α_ξ D^j_μp(., ξ, μ)‖_C0,1 ≤ C_{α,j}(ρ(ξ, μ)^{ν−|α|} + 1)⟨ξ, μ⟩^{d−|α|−j} uniformly in (ξ, μ) ∈ R^{n+1}_+ and for all α ∈ N^n_0 , j ∈ N_0 . Moreover, let |p|^{(d,ν)}_k = sup |α|,j≤k,(ξ,μ)∈R^{n+1}_+ ‖D^α_ξ D^j_μp(., ξ, μ)‖_C0,1 (ρ(ξ, μ)^{ν−|α|} + 1)^{−1}⟨ξ, μ⟩^{−d+|α|+j} be the corresponding increasing sequence of semi-norms.

Recall that (ρ(ξ, μ)^ν + 1)⟨ξ, μ⟩^d ≃ { ⟨ξ, μ⟩^d if ν ≥ 0, ⟨ξ⟩^ν ⟨ξ, μ⟩^{d−ν} if ν < 0. Remark 3.6 Note that, if p ∈ C^{0,1}S^{d,ν}_{1,0} and d^′ > d, then p ∈ C^{0,1}S^{d′,ν}_{1,0} with |p|^{(d′,ν)}_k ≤ ⟨μ⟩^{d−d′} |p|^{(d,ν)}_k for all k ∈ N_0 . Moreover, if d ≤ 0, ν ≥ 0 and if we look at p as a parameter-independent symbol, then |p(., μ)|^{(d)}_k ≤ C|p|^{(d,ν)}_k uniformly in μ ∈ R_+.

4 Pseudodifferential Boundary Value Problems with Non-Smooth Coefficients

We will now define a non-smooth version of parameter-dependent Green operators developed in [12].

We use the notation of [12] except that γ_ju = ∂^j_nu|_{∂R}n_+ . Recall that H_d, d ∈ Z, denotes the space of all smooth f : R → C which admit an asymptotic development f(t) ∼ s_dt^d + s_{d−1}t^{d−1} + . . . in the sense that for all k, l, and N ∈ N_0 | | | |∂^l_t [ t^kf(t) − d∑ j=d−N s_j t^{j+k} ]| | | ≤ Ck,l,N (1 + |t|)^{d−N−1+k−l} as |t| → ∞.

It is important that H_{−1} = H^+ ⊕ H^−_1, where H^+ and H^−_1 are the subspaces of all f ∈ H_{−1} which can be extended holomorphically to the lower resp. upper complex plane, and H^+ = F[e^+S(R_+)], H^−_1 = F[e^−S(R_−)],

see [12, Chapter II, Section 2.2] for details. – Note that f ∈ H^+ ⇔ f ∈ H^−_1. – Moreover, h^+ = Fe^+r^+F^{−1} and h^−_1 = Fe^−r^−F^{−1} are continuous projections on H^+ and H^−_1, resp. We use the convention H^−_r = H^−_1 ⊕ C_r [t], r ∈ N_0 , where C_r [t] denotes the set of all complex polynomials of degree r. Moreover, h_{−1} : H_d → H_{−1} is the projection with range H_{−1} and kernel C_d [t]. Finally, we note that H_d, d ∈ Z, H^+, and H^−_r , r ∈ N_0 , are nuclear spaces. Hence there exist unique complete tensor products H^+ ^⊗H^−_r and H_{−1} ^⊗H_{−1}.

We start with the definition of Poisson operators.

Definition 4.1 The space C^{0,1}S^{d,ν}_{1,0} (R^{n−1} × R^n_+, H^+), d, ν ∈ R, of Poisson symbols of degree d and regularity ν consists of functions k(x^′, ξ^′, ξ_n, μ) ∈ H^+ with respect to ξ_n which satisfy ‖D^α_ξ′ D^j_μh_{−1}(D^l_{ξn} ξ^{l′}_n k(., ξ^′, ., μ))‖_C0,1_{(R}n−1_{;L}2_{ξn )} ≤ C(ρ^{ν−[l−l′]+−|α|} + 1)⟨ξ^′, μ⟩^{d+ 12 −l+l′−|α|−j} (4.1) for all α^′ ∈ N^{n−1}_0 , j, l, l^′ ∈ N_0 . If k ∈ C^{0,1}S^{d−1,ν}_{1,0} (R^{n−1} × R^n_+, H^+), then k(x^′, μ, D_x)a = r^+F^{−1}_{ξ→x} [k(x^′, ξ, μ)ã(ξ^′)] , a ∈ S(R^{n−1} ), is the associated Poisson operator of order d and regularity ν in L-form.

Note that the degree of a Poisson symbol reflects the order of growth as |(ξ, μ)| → ∞ in contrast to the order, which reflects the mapping properties of the associated operator.

Alternatively, a Poisson operator can be described by its symbol-kernel: k(x^′, μ, D_x) = F^{−1}_ξ′_{→x}′ [ k̃(x^′, ξ, μ, x_n)ã(ξ^′) ] , where k̃(x^′, ξ^′, μ, x_n) = F^{−1}_{ξn→xn} [k(x^′, ξ, μ)] ∈ S(R_+) w.r.t. x_n. Moreover, the boundary symbol operators k(x^′, ξ^′, μ, D_n) are defined as one-dimensional operators with symbols k(x^′, ξ, μ) for fixed (x^′, ξ^′).

Remark 4.2 Let k ∈ C^{0,1}S^{d,ν}_{1,0} (R^{n−1} × R^n_+, H^+) be (for simplicity) independent of μ. Then (4.1) and ‖F[f]‖_L2_{(R+)} = ‖f‖_L2_{(R)} for f ∈ H^+ imply ‖D^α_ξ′ x^l_nD^{l′}_{xn} k(x^′, ξ^′, D_n)‖_{L(C ,L}2_{(R+))} ≤ C_{α,l,l}′ ⟨ξ^′⟩^{d+ 12 −l+l′−|α|}. In particular k(x^′, ξ^′, D_n) is a L(C , L^2 (R_+ ))-valued pseudodifferential operator of order d+^1_2 . Moreover, interpolation of the latter estimate for different values of l, l^′ ∈ N_0 yields ‖D^α_ξ′ k(., ξ^′, D_n)‖_C0,1_{(R}n−1_{;L(C ,L}2_{(R+,x}2δ_{n )))} ≤ C_{α,δ}⟨ξ^′⟩^{d+ 12 −δ−|α|}, (4.2) ‖D^α_ξ′ k(., ξ^′, D_n)‖_C0,1_{(R}n−1_{;L(C ,H}δ_{2 (R+)))} ≤ C_{α,δ}⟨ξ^′⟩^{d+ 12 +δ−|α|} (4.3) for all δ ≥ 0 and α ∈ N^{n−1}_0 , cf. (2.2) and [14, Section 3.3].

Considering a boundary symbol operator as operator-valued pseudodifferential operator, the corresponding operator in R-form k(D_x, x^′, μ) is defined as in (3.2). Definition 4.3 Let d, ν ∈ R and let r ∈ N_0 .

1. The space of trace symbols C^{0,1}S^{d,ν}_{1,0} (R^{n−1} × R^n_+, H^−_{r−1}) of degree d and class r is the set of all t(x^′, ξ^′, ξ_n, μ) = ∑ 0≤j≤r−1 s_j(x^′, ξ^′, μ)(iξ_n)^j + t^′(x^′, ξ^′, ξ_n, μ), with t^′(x^′, ξ, μ) ∈ C^{0,1}S^{d,ν}_{1,0} (R^{n−1} × R^n_+, H^+) and s_j(x^′, ξ^′, μ) ∈ C^{0,1}S^{d−j,ν}_{1,0} (R^{n−1} × R^n_+). The associated trace operator of order d in L-form is defined as t(x^′, μ, D_x)f = r−1∑ j=0 s_j (x^′, μ, D_x′ )γ_jf + F^{−1}_ξ′_{→x}′ [∫ t^′(x^′, ξ^′, ξ_n, μ)f̂(ξ)đξ_n ] .

2. The space of singular Green symbols C^{0,1}S^{d,ν}_{1,0} (R^{n−1} × R^n_+, H^+ ^⊗H^−_{r−1}) of degree d and class r consists of all functions g(x^′, ξ^′, ξ_n, η_n, μ) = r−1∑ j=0 k_j(x^′, ξ^′, ξ_n, μ)(iη_n)^j + g^′(x^′, ξ^′, ξ_n, η_n, μ) such that k_j(x^′, ξ^′, ξ_n, μ) ∈ C^{0,1}S^{d−j,ν}_{1,0} (R^{n−1} × R^n_+ , H^+) and g^′(x^′, ξ, η_n, μ) ∈ H^+ ^⊗H^−_{r−1} with respect to (ξ_n, η_n) satisfying ‖D^α_ξ′ D^j_μh_{−1,ξn} h_{−1,ηn} (D^k_{ξn} ξ^{k′}_n D^l_{ηn} η^{l′}_n g(x^′, ξ, η_n, μ)‖_C0,1_{(R}n−1_{;L}2_{(R}2_{))} ≤ C(ρ^{ν−[k−k′]+−[l−l′]+−|α|} + 1)⟨ξ^′, μ⟩^{d+1−k+k′−l+l′−|α|−j} (4.4) for all α^′ ∈ N^{n−1}_0 , k, k^′, l, l^′, j ∈ N_0 . If g ∈ C^{0,1}S^{d−1,ν}_{1,0} (R^{n−1} ×R^n_+, H^+ ^⊗H^−_r ), then g(x^′, μ, D_x)f = r−1∑ j=0 k_j(x^′, μ, D_x)γ_jf + F^{−1}_{ξ→x} [∫ g^′(x^′, ξ, η_n, μ)f̂(ξ^′, η_n)đη_n ] ,

f ∈ S(R^n_+), is the associated singular Green operator of order d, regularity ν, and class r in L-form.

Note that, if t^′(x^′, D_x) is a trace operator of class 0, then

(t(x^′, D_x)φ, ψ)_Rn−1 = (φ, k(D_x, x^′)ψ)_Rn_+ , (4.5)

where k(x^′, ξ) = t(x^′, ξ) and φ ∈ S(R^n_+), ψ ∈ S(R^{n−1} ). Hence trace operators can be considered as duals of Poisson operators plus a sum of usual trace operators s_j(x^′, μ, D_x′ )γ_j. Throughout the present contribution, the singular Green symbols will be products of Poisson and trace symbols.

We can also describe trace and singular Green operators with the aid of their symbol-kernels: t(x^′, μ, D_x) = r−1∑ j=0 s_j (x^′, μ, D_x′ )γ_jf + F^{−1}_ξ′_{→x}′ [∫_∞ 0 t̃^′(x^′, ξ^′, μ, x_n)f̃(ξ^′, x_n)dx_n ] ,

g(x^′, μ, D_x) = r−1∑ j=0 k_j(x^′, μ, D_x)γ_jf + F^{−1}_ξ′_{→x}′ [∫_∞ 0 g̃^′(x^′, ξ^′, μ, x_n, y_n)f̂(ξ^′, y_n)dy_n ] ,

where t̃^′(x^′, ξ, μ, x_n) = F̄^{−1}_{ξn→xn} [t(x^′, ξ, μ)] ∈ S(R_+) w.r.t. x_n and g̃^′(x^′, ξ^′, μ, x_n, y_n) = F^{−1}_{ξn→xn}F̄^{−1}_{ηn→yn} [g(x^′, ξ, η_n, μ)] ∈ S(R_+ × R_+) w.r.t. (x_n, y_n). Finally, the boundary symbol operators t(x^′, ξ^′, μ, D_n) and g(x^′, ξ^′, μ, D_n) and operators in R-form are defined in the same way as for the Poisson operator.

Definition 4.4 Let p ∈ C^{0,1}S^{d,ν}_{1,0} (R^n × R^{n+1}_+ ), d ∈ Z, ν ∈ R, that is independent of x_n. Then p satisfies the transmission condition if there are functions s_{k,α,j} smooth in (ξ^′, μ) and Lipschitz continuous in x^′ such that for any α ∈ N^n_0 and l, j ∈ N_0 ‖ ‖ ‖ ‖ ‖ ξ^l_nD^α_ξ D^j_μp(., ξ, μ) − d−|α|−j ∑ k=−l s_{k,α,j}(., ξ^′, μ)ξ^{k+l}_n ‖ ‖ ‖ ‖ ‖_X ≤ C_{k,α,j}⟨ξ^′, μ⟩^{m+1+l−|α|−j}|ξ_n|^{−1}

when |ξ_n| ≥ ⟨ξ^′, μ⟩. Definition 4.5 A Green operator (in L-form) of order d ∈ Z, class r ∈ N_0 , and regularity ν ∈ R with Lipschitz-continuous coefficients is defined as a(x^′, μ, D_x) = ( p(x^′, μ, D_x)_+ + g(x^′, μ, D_x) k(x^′, μ, D_x) t(x^′, μ, D_x) s(x^′, μ, D_x′ ) ) , where k(x^′, μ, D_x), t(x^′, μ, D_x), and g(x^′, μ, D_x) are Poisson, trace, and singular Green operators of order d, regularity ν, and class r, p(x^′, μ, D_x)_+ = r^+p(x^′, μ, D_x)e^+, p ∈ C^{0,1}S^{d,ν}_{1,0} (R^n × R^n_+), is a truncated pseudodifferential operator satisfying the transmission condition and s ∈ C^{0,1}S^{d−1,ν}_{1,0} (R^{n−1} × R^n_+).

In the following we will often restrict ourselves to the case of parameter-independent symbols and operators. The corresponding symbol classes C^{0,1}S^d_{1,0}(R^{n−1} × R^{n−1} , K), K = H^+, H^−_{r−1}, or K = H^+ ^⊗H^−_{r−1} are defined as above with the restriction that the symbols are independent of μ and the symbols estimates hold for μ = 0.

Moreover, if f is a Poisson, trace, or singular Green symbol, then |f|^{(d,ν)}_k , k ∈ N, are the semi-norms (monotonically increasing in k) associated to (4.1), (4.4), resp., in the usual way, cf. Definitions 3.5 and 3.5. The semi-norms of parameter-independent symbols will be denoted by |f|^{(d)}_k .

Remarks 4.6 1. As in Remark 3.6, |f|^{(d+ε,ν)}_k ≤ ⟨μ⟩^{−ε}|f|^{(d,ν)}_k , ε > 0.

2. If f is a parameter-dependent Poisson or trace symbol of degree d ≤ −^1_2 , regularity ν (and class r), then f(., μ), μ ≥ 0 fixed, is a parameter-independent symbol of the same degree and class with |f(., μ)|^{(d)}_k ≤ |f|^{(d,ν)}_k uniformly in μ > 0. The same is true for parameter-dependent singular Green symbols of degree d ≤ −1.

3. Conversely, if k ∈ C^{0,1}S^{d−1}_{1,0} (R^{n−1} × R^{n−1} , H^+), then k ∈ C^{0,1}S^{d−1,d− 12}_{1,0} (R^{n−1} × R^n_+, H^+) if considered parameter-dependent, cf. [12, Proposition 2.3.14]. Moreover, every parameter-independent differential trace symbol is a trace symbol of the same order and class and with regularity ∞.

Remark 4.7 Freezing x^′, the boundary symbol operator a(x^′, ξ^′, μ, D_n) belongs to the class studied in [12]. Thus, if we assume that the truncated pseudodifferential operator in a(x^′, ξ^′, μ, D_n) is actually a differential operator, the composition of a(x^′, ξ^′, μ, D_n) with a second boundary symbol operator a^′(x^′, ξ^′, μ, D_n) is a boundary symbol operator of order d^{′′} = d + d^′, class r^{′′} = [r + d^′]_+, and regularity ν^{′′} = min{ν, ν^′, ν + ν^′}, cf. [12, Theorem 2.6.1]. Here d, r, ν (resp. d^′, r^′, ν^′) denote the order, class, and regularity of a (resp. a^′).

Moreover, we note that a symbol f is in one of the pseudodifferential, Poisson, trace, or singular Green symbol classes C^{0,1}S^{d,ν}_{1,0} iff the symbol f(x^′, .) with frozen x^′ ∈ R^{n−1} is in the corresponding smooth class S^{d,ν}_{1,0} and the semi-norms satisfy |f(x^′, .)|^{(d,ν)}_k ≤ C_k |f(x^′, .) − f(y^′, .)|^{(d,ν)}_k ≤ C^′_k|x^′ − y^′| uniformly in x^′, y^′ ∈ R^{n−1} and for all k ∈ N.

Since composition of boundary symbol operators is continuous with respect to the semi-norms we have proved that a(x^′, ξ^′, D_n) ∘ a^′(x^′, ξ^′, D_n) = a^{′′}(x^′, ξ^′, D_n), where a^{′′} is a non-smooth Green symbol of order d^{′′}, class r^{′′}, and regularity ν^{′′}, defined above, with coefficients in C^{0,1}.

Finally, we note that in our cases the regularities ν, ν^′ will be positive. Hence the composition will have regularity ν^{′′} = min{ν, ν^′} > 0, which is essential for the parametrix construction.

THEOREM 4.8 Let 1 < q < ∞.

1. If k ∈ C^{0,1}S^{d−1}_{1,0} (R^{n−1} × R^{n−1} , H^+), d ∈ R, is a Poisson symbol of order d, then

k(x^′, D_x): B^{d− 1q}q (R^{n−1} ) → L^q(R^n_+ ) ,

k(D_x, x^′): B^{d− 1q}q (R^{n−1} ) → L^q(R^n_+ ) if | | | |d − 1 q | | | | < 1, resp.

are continuous operators.

2. Let t ∈ C^{0,1}S^d_{1,0}(R^{n−1} × R^{n−1} , H^−_1), d ∈ R, be a trace operator of order d and class 0. Then t(x^′, D_x) and t(D_x, x^′) extend to bounded operators

t(x^′, D_x): L^q(R^n_+ ) → B^{−d− 1q}q (R^{n−1} ) if | | |d + 1 q | | | < 1, t(D_x, x^′): L^q(R^n_+ ) → B^{−d− 1q}q (R^{n−1} ), resp.

3. Let g ∈ C^{0,1}S^{−m−1}_{1,0} (R^{n−1} ×R^n , H^+ ^⊗H^−_1), m ∈ N_0 , be a singular Green operator of order −m and class 0. Then g(D_x, x^′) extends to a bounded operator

g(D_x, x^′): L^q(R^n_+ ) → W^m_q (R^n_+ ).

All operators depend continuously on the symbols with respect to the operator norm and the symbol semi-norms.

Proof: The proof is carried out with the same method as in [14, Section 4.1] using the interpolation inclusions of Lemma 2.1

1. First let 1 < q ≤ 2. Then (4.2) and Theorem 3.2 imply

k(x^′, D_x), k(D_x, x^′): H^{d− 12 −δ}q (R^{n−1} ) → L^q(R^{n−1} ; L^2(R_+ , x^{2δ}_n )) δ ≥ 0 (4.6)

under the restriction |d −^1_2 − δ| < 1 for the operator in x-form. Hence interpolation with different values of δ and Lemma 2.1 yield the first statement in the case 1 < q ≤ 2. The case 2 ≤ q < ∞ is proved in the same way using (4.3) instead of (4.2).

2. The mapping properties of t(x^′, D_x) and t(D_x, x^′) can be obtained by duality using (4.5) and the analogous statement for t(D_x, x^′) and k(x^′, D_x).

3. We can assume w.l.o.g. m = 0. In the same way as in Remark 4.2, one can obtain the following estimates by interpolation of the singular Green symbol estimates in (4.3): ‖D^{α′}_ξ′ g(., ξ^′, D_n)‖_{Cτ∗ (Rn−1 ;L(L2(R+,x}−2δ_{n ),H}δ_{2 (R+)))} ≤ C_α′_{,δ}⟨ξ^′⟩^{−|α′|}, ‖D^{α′}_ξ′ g(., ξ^′, D_n)‖_Cτ_{∗ (R}n−1_{;L(H}−δ_{2;0 (R+),L}2_{(R+,x}2δ_{n )))} ≤ C_α′_{,δ}⟨ξ^′⟩^{−|α′|} for all δ ≥ 0. Hence application of Theorem 3.2 and Lemma 2.1 proves the last part of the lemma.

Remark 4.9 Since multiplication of a Poisson symbol-kernel k̃(x^′, ξ^′, x_n) with x_n reduces the order by 1, cf. (4.1), it is a consequence of the latter theorem that k(D_x, x^′): B^{s− 1q}q (R^{n−1} ) → W^m_q (R^n × (ε, ∞)) for all s ∈ R with s −^1_q > −1, m ∈ N_0 , and ε > 0.

Moreover, using L^2(0, b, x^{2δ}_n ) → L^1(0, b) for δ <^1_2 and (4.6),

k(D_x, x^′): B^{d− 1q −ε}q (R^{n−1} ) → L^q(R^{n−1} , L^1(0, b)) if | | |d − 1 q − ε | | | < 1, for all 0 < ε <^1_{q′} and all b ∈ R_+ .

The following lemma summarizes the results concerning composition of non-smooth pseudodifferential operators which we need in Section 5.

Lemma 4.10 Let 1 < q < ∞, d_1 ∈ N_0 , and r ∈ N_0 . Moreover, let p_1(x^′, D_x) be a differential operator and let t(x^′, D_x) be a differential trace operator both of order d_1 with C^{0,1}-coefficients and of class r.

1. Let k(x^′, ξ) ∈ C^{0,1}S^{d2−1}_{1,0} (R^{n−1} × R^{n−1} , H^+), d_2 ∈ R. If |d_1 + d_2 −^1_q | < 1, then there are ε > 0 such that

p_1(x^′, D_x)k(D_x, x^′) − (p_1k)(D_x, x^′): B^{d1+d2− 1q −ε}q (R^{n−1} ) → L^q(R^n_+ ). Moreover, if s ∈ (−1, 1) such that |s + d_1 + d_2| < 1, then

t(x^′, D_x)k(D_x, x^′) − (tk)(D_x, x^′): B^{s+d1+d2−ε}_q (R^{n−1} ) → B^s_q (R^{n−1} ) for an ε > 0.

2. Let g(x^′, ξ) ∈ C^{0,1}S^{−d1−1}_{1,0} (R^{n−1} × R^{n−1} , H^+ ^⊗H^−_1). Then p_1(x^′, D_x)g(D_x, x^′) − (p_1g)(D_x, x^′): L^q(R^n_+ ) → L^q(R^n_+ ) with operator norm bounded by C|p_1|^{(d1)}_k |g|^{(−d1−1+ε)}_k for some ε, C > 0, k ∈ N.

3. Let p_2(x, ξ) ∈ C^{0,1}S^{−d1}_{1,0} (R^n × R^n ). Then

p_1(x^′, D_x)p_2(D_x, x)_+ − (p_1p_2)(D_x, x)_+ : L^q(R^n_+ ) → L^q(R^n_+ ) with operator-norm bounded by C|p_1|^{(d1)}_k |p_2|^{(−d1+ε)}_k for some ε, C > 0, k ∈ N_0 .

4. If k ∈ C^{0,1}S^{−d−1}_{1,0} (R^{n−1} × R^{n−1} , H^+), a ∈ C^{0,1}(R^{n−1} ), and t ∈ C^{0,1}S^d_{1,0}(R^{n−1} × R^{n−1} , H^−_1), d ∈ R, with |d +^1_q | < 1, then k(D_x, x^′)t(D_x, x^′) − (kt)(D_x, x^′): L^q(R^n_+ ) → L^q(R^n_+ ), a(x^′)t(D_x, x^′) − (at)(D_x, x^′): L^q(R^n_+ ) → W^{−d− 1q}q (R^{n−1} ), where the operator norm is bounded by C|k|^{(−d−1)}_l |t|^{(d+ε)}_l and C‖a‖_C0,1 |t|^{(d+ε)}_l , resp., for some ε, C > 0, l ∈ N.

Proof: We assume w.l.o.g. d_1 = 0. Then p_1(x^′, D_x) = a(x^′) and t(x^′, D_x) = a(x^′)γ_0 for an a ∈ C^{0,1}(R^{n−1} ). Moreover, we only give the details for 1 < q ≤ 2 since the case q ≥ 2 is treated in the same way.

1. Since k(x^′, ξ^′, D_n) ∈ C^{0,1}S^{d2− 12 −δ}_{1,0} (R^{n−1} × R^{n−1} ; L(C , L^2 (R_+ , x^δ_n)) for 0 ≤ δ <^1_2 , cf. (4.2), we get by Corollary 3.4 that

a(x^′)k(D_x, x^′) − (ak)(D_x, x^′): B^{d2 − 12 −δ−ε}q (R^{n−1} ) → L^q(R^{n−1} , L^2(R_+ , x^δ_n)) for ε > 0 (depending on δ). Hence

a(x^′)k(D_x, x^′) − (ak)(D_x, x^′): B^{d2− 1q −ε}q (R^{n−1} ) → L^q(R^n_+ ) by Lemma 2.1 for ε > 0. Moreover, because of (4.3) and ‖f‖_∞ ≤ ‖f‖^{12}_2 ‖f^′‖^{12}_2 for every f ∈ S(R_+), γ_0k(x^′, ξ^′, D_n) ∈ S^{d2}_{1,0}(R^{n−1} × R^{n−1} ). Hence a(x^′)γ_0k(D_x, x^′) − (aγ_0k)(D_x, x^′): B^{s+d2−ε}_q (R^{n−1} ) → B^s_q (R^{n−1} ) for an ε > 0 because of Corollary 3.4 and (2.1).

2. Since d_2 = −d_1 = 0, we look at g(D_x, x^′) as a singular Green operator of order 0 < ε ≤^1_2 . Hence g(x^′, ξ^′, D_n) ∈ C^{0,1}S^ε_{1,0}(R^{n−1} ×R^{n−1} ; L(H^{−δ}_2 (R_+ ), L^2(R_+ , x^δ_n))) for 0 ≤ δ <^1_2 , cf. proof of Theorem 4.8.3. Therefore a(x^′)g(D_x, x^′) − (ag)(D_x, x^′): L^q(R^n_+ ) → L^q(R^n_+ ) with operator norm bounded by C‖a‖_{0,1}|g|^{(−1+ε)}_k for ε ∈ (0,^1_2 ].

3./4. The last two parts of the lemma are proved analogously.

5 Parametrix Construction and H_∞-Calculus

5.1 The Model Operators of the Reduced Stokes Equations in R^n_+

In this section we discuss the structure of the boundary symbol operators of the reduced Stokes equations in R^n_+ – the “model operators”.

For λ = μ^2e^{iθ}, μ ≥ 0, θ ∈ (−π, π), let

a^r_j (ξ^′, μ, D_n) = ( μ^2e^{iθ} + |ξ^′|^2 + D^2_n + k^r_j (ξ^′, D_n)t^r_j (ξ^′, D_n) t^′_j(ξ^′, D_n) ) , j = 0, 1, θ ∈ (−π, π), be the model operator of the reduced Stokes equations, where k^r_0(ξ^′, D_n)u = −e^{−[ξ′]xn} (_{iξ′} [ξ^′] −1 ) iξ^{′T} , k^r_1(ξ^′, D_n)u = e^{−[ξ′]xn} ( iξ^′ −[ξ^′] ) , t^r_0(ξ^′, D_n)u = ∂_nu^′(0), t^r_1(ξ^′, D_n)u = 2∂_nu_n(0),

t^′_0(ξ^′, D_n)u = γ_0u, t^′_1(ξ^′, D_n)u, = ( iξ^′u_n(0) + ∂_nu^′(0) iξ^′ · u^′(0) + ∂_nu_n(0) ) . Here [.] denotes a smooth function with [ξ^′] = |ξ^′| if |ξ^′| ≥ 1 and [ξ^′] ≥^1_2 if |ξ^′| < 1.

In [15, Theorem 6.1] it was shown that the system of the reduced Stokes equations is parameter-elliptic for arbitrary θ ∈ (−π, π), see [12, Definition 3.1.2.] for the definition of parameter-ellipticity. This result implies:

Lemma 5.1 Let θ ∈ (−π, π) and let a^r_j (ξ^′, μ, D_n), j = 0, 1, be defined as above. Then there is a c_0 > 0 such that

a^r_j (ξ^′, μ, D_n) : H^2_2 (R_+ )^n → L^2(R_+ )^n × C^n

is bijective for all |(ξ^′, μ)| ≥ c_0. Moreover, a^r_j (ξ^′, μ, D_n)^{−1} is a boundary symbol operator of order −2, class 0, and regularity^1_2 .

Proof: The first statement is a direct implication of [12, Proposition 3.1.3] and [12, Lemma 3.1.1]. The second statement is a consequence of [12, Theorem 3.2.2].

Remark 5.2 Since a^r_j (ξ^′, μ, D_n) depends continuously on θ ∈ (−π, π), there is a constant c^′_0 such that a_j(ξ^′, μ, D_n) is invertible for all |(ξ^′, μ)| ≥ c^′_0 and θ ∈ [−δ, δ] for every fixed δ ∈ (0, π).

Moreover, let

a_j (ξ^′, μ, D_n) = ( μ^2e^{iθ} + |ξ^′|^2 + D^2_n γ_j ) : H^2_2 (R_+ ) →

L^2(R_+ ) × C j = 0, 1, θ ∈ (−π, π), be the model operator of the Laplace resolvent with Dirichlet or Neumann boundary condition. It is well-known that a_j (ξ^′, μ, D_n) is bijective for all (ξ^′, μ) ∈ R^n_+ \ {0} and that

a^{−1}_j (ξ^′, μ, D_n) = ( r_j (ξ^′, μ, D_n) k_j (ξ^′, μ, D_n) ) , (5.1) r_j(ξ^′, μ, D_n) = p(ξ^′, μ, D_n)_+ − k_j (ξ^′, μ, D_n)t_j (ξ^′, μ, D_n), (5.2) p(ξ, μ) = (e^{iθ}μ^2 + |ξ|^2)^{−1}, (5.3) k_j(ξ^′, μ, D_n)g = e^{−ζμxn} ζ_μ^j g, t_j (ξ^′, μ, D_n)f = ∫_∞ 0 (−1)^je^{−ζμyn} 2ζ_μ^{1−j} f(y_n)dy_n, (5.4)

where ζ_μ = (e^{iθ}μ^2 + |ξ^′|^2)^12 . As usual, we obtain a boundary symbol operator of order −2, class 0, and regularity ∞ if we smooth the symbols of a^{−1}_j (ξ^′, μ, D_n) for |(ξ^′, μ)| ≤ 1. The smoothed operator will again be denoted by a^{−1}_j (ξ^′, μ, D_n). Moreover, we use the convention a_{j,λ}(ξ^′, D_n) = a_j (ξ^′, μ, D_n), p_λ(ξ) = p(ξ, μ) etc., where λ = μ^2e^{iθ}.

We can consider the model operator of the reduced Stokes resolvent equation as perturbation of a_j(ξ^′, μ, D_n): a^r_j (ξ^′, μ, D_n) = a_j(ξ^′, μ, D_n) + b_j (ξ^′, μ, D_n), where

b_j (ξ^′, μ, D_n) = ( k^r_j (ξ^′, D_n)t^r_j (ξ^′, D_n) t^{′′}_j (ξ^′, D_n) ) , t^{′′}_1 (ξ^′, D_n)u,= ( iξ^′u_n(0) iξ^′ · u^′(0) ) , and t^{′′}_0 (ξ^′, D_n)u = 0. As in [13, Section 3] and [2, Section 4.2], we get by an elementary calculation

a^{r,−1}_j (ξ^′, μ, D_n) = (I + a^{−1}_j (ξ^′, μ, D_n)b_j (ξ^′, μ, D_n))^{−1}a^{−1}_j (ξ^′, μ, D_n),

where ( I + a^{−1}_0 (ξ^′, μ, D_n)b_0(ξ^′, μ, D_n) )_{−1} = I − r_0(ξ^′, μ, D_n)k^r_0(ξ^′, D_n)s_0(ξ^′, μ)t^r_0(ξ^′, D_n), s_0(ξ^′, μ) = (I + t^r_0(ξ^′, D_n)r_0(ξ^′, μ, D_n)k^r_0(ξ^′, D_n))^{−1} , ( I + a^{−1}_1 (ξ^′, μ, D_n)b_1(ξ^′, μ, D_n) )_{−1} = I − (r_1(ξ^′, μ, D_n)k^r_1(ξ^′, D_n), k_1(ξ^′, μ, D_n)) s_1(ξ^′, μ) ( t^r_1(ξ^′, D_n) t^{′′}_1 (ξ^′, μ, D_n) ) , s_1(ξ^′, μ) = [ I + ( t^r_1(., D_n) t^{′′}_1 (., D_n) ) (r_1(., D_n)k^r_1(., D_n), k_1(., D_n)) ]_{−1} .

In view of the composition rules, s_j ∈ S^{0, 12}_{1,0} (R^{n−1} × R^n_+ ) ⊗ L(C^N ) with N = n − 1 if j = 0 and N = 2 if j = 1. Hence we obtain:

Lemma 5.3 Let a^r_j (ξ^′, μ, D_n), a_j(ξ^′, μ, D_n), j = 0, 1, be defined as above and |(ξ^′, μ)| ≥ max{c_0, 1} > 0, where c_0 is the same constant as in Lemma 5.1. Then

a^{r,−1}_j (ξ^′, μ, D_n) = a^{−1}_j (ξ^′, μ, D_n) − b^′_j (ξ^′, μ, D_n) (5.5)

with

b^′_0(., D_n) = r_0(., D_n)k^r_0(., D_n)s_0(.)t^r_0(., D_n) (r_0(., D_n), k_0(., D_n)) , (5.6)

b^′_1(., D_n) = (r_1(., D_n)k^r_1(., D_n), k_1(., D_n)) s_1(.) ( t^r_1(., D_n) t^{′′}_1 (., D_n) ) (r_1(., D_n), k_1(., D_n)) . (5.7)

5.2 Coordinate Transformation

In this section we calculate the principal symbols of the operators in the reduced Stokes equations for the curved half-space R^n_γ after coordinate transformation to R^n_+ . The principal rule is that if a(ξ) is the symbol of the corresponding operator in R^n_+ , then a(x^′, ξ) := a(A(x^′)ξ), x^′ ∈ R^{n−1} , ξ ∈ R^n , (5.8) is the principal symbol for the curved half-space, where A(x^′) depends on ∇^′γ ∈ C^{0,1}(R^{n−1} ), cf. Section 5.3 below.

Lemma 5.4 Let p(ξ, μ) ∈ S^{m,ν}_{1,0} (R^n × R^{n+1}_+ ), m, ν ∈ R, and A ∈ C^{0,1}(R^n )^{n×n} with A^{−1} ∈ C^{0,1}(R^n )^{n×n}. Then q(x, ξ, μ) := p(A(x)ξ, μ) ∈ C^{0,1}S^{m,ν}_{1,0} (R^n × R^{n+1}_+ ), and for every k ∈ N_0 there is a k^′ ∈ N_0 such that |q|^{(m,ν)}_k ≤ C|p|^{(m,ν)}_k′ , where C depends only on ‖A‖_C0,1 , ‖A^{−1}‖_C0,1 , k, m, ν, and n. Proof: The proof is carried out in a straightforward manner using p(A(x)ξ, μ) − p(A(y)ξ, μ) = ∫_1 0 ∇_ξp(tA(x)ξ + (1 − t)A(y)ξ, μ)dt · (A(x) − A(y))ξ, (5.9) where tA(x)+(1−t)A(y) is invertible for all t ∈ [0, 1] if |A(x)−A(y)| ≤ (2‖A^{−1}‖_∞)^{−1}.

The analogous statement for Poisson, trace, and singular Green symbols is as follows:

Lemma 5.5 Let f(ξ, μ) ∈ S^{m,ν}_{1,0} (R^{n−1} × R^n_+, K), m, ν ∈ R, r ∈ N_0 , where K = H^+ or K = H^−_{r−1}. Moreover, let A(x^′) ∈ C^{0,1}(R^{n−1} )^{n×n} such that A^{−1}(x^′) ∈ C^{0,1}(R^{n−1} )^{n×n} and A possesses the block structure

A(x^′) = ( A^′(x^′) 0 b^T (x^′) c(x^′) ) with c(x^′) > 0. (5.10)

Then g(x^′, ξ, μ) := f(A(x^′)ξ, μ) ∈ C^{0,1}S^{m,ν}_{1,0} (R^{n−1} × R^n_+, K), and for every k ∈ N_0 there is some k^′ ∈ N_0 such that |g|^{(m,ν)}_k ≤ C(‖A‖_C0,1 , ‖A^{−1}‖_C0,1 )|f|^{(m,ν)}_k′ . The same statement is true if we set K = H^+ ^⊗H^−_{r−1} and set g(x^′, ξ, η_n, μ) := f(A(x^′)ξ, c(x^′)η_n + b^T (x^′)ξ^′, μ).

Proof: Note that h_{−1}f(ct + d) = (h_{−1}f)(ct + d) if f ∈ H and c > 0. Since c(x^′), c^{−1}(x^′), and b(x^′) are uniformly bounded and (cξ_n)^k = ∑_k l=0 (_k l ) (cξ_n+b^T ξ^′)^l(−b^T ξ^′)^{k−l}, we get

‖h_{−1}ξ^k_n∂^{k′}_{ξn} (f(cξ_n + b^T ξ^′))‖_L2_{(R)} ≤ C (_k ∑ l=0 ( k l ) |b^T ξ^′|^{k−l}‖h_{−1}(cξ_n + b^T ξ^′)^l(∂^{k′}_{ξn} f)(cξ_n + b^T ξ^′)‖_L2_{(R)} )

≤ C (_k ∑ l=0 ⟨ξ^′⟩^{k−l}‖h_{−1}ξ^l_n∂^{k′}_{ξn} f(ξ_n)‖_L2_{(R)} ) (5.11)

for every f ∈ H_{−1}, where the constant C depends only on the bounds of c(x^′), c^{−1}(x^′), and b(x^′).

Now let α^′ ∈ N^{n−1}_0 , k, k^′, j ∈ N_0 . If we set α = (α^′, k^′), we have D^α_ξ D^j_μg(x^′, ξ, μ) = ( (A^T (x^′)D_ξ)^αD^j_μf ) (x^′, A(x^′)ξ, μ). Combining this identity with (5.11), we conclude ‖h_{−1,ξn} ξ^k_nD^{k′}_{ξn} D^{α′}_ξ D^j_μg(x^′, ξ, μ)‖_L2_{(R)} ≤ C(ρ(ξ^′, μ)^{ν−[k′−k]+} + 1)⟨ξ^′, μ⟩^{m−|α′|−k′+k−j}. In order to estimate g(x^′, ξ, μ) − g(y^′, ξ, μ), we use an analogous identity to (5.9). Furthermore, the case K = H^+ ^⊗H^−_{r−1} is proved in the same way.

We note that the block structure (5.10) in the previous lemma is essential in order to guarantee that g(x^′, ξ) ∈ K with respect to ξ_n.

Finally, we have to analyze how the transformed boundary symbol operators behave under composition. Let κ_{c,d}(ξ_n) := cξ_n + d, ξ_n ∈ R, with c > 0, d ∈ R, and κ^∗_{c,d}(f)(ξ_n) = f(κ_{c,d}(ξ_n)) for f ∈ H. Then κ^∗_{c,d} is an algebra homomorphism, which maps H^+, H^−_r , and H_r into itself and for which h^+κ^∗_{c,d} = κ^∗_{c,d}h^+, c ∫_+

κ^∗_{c,d}(f)(ξ_n)đξ_n =

∫_+ f(ξ_n)đξ_n (5.12)

hold. Moreover, we set κ^∗_{c,d}(g)(ξ_n, η_n) = g(κ_{c,d}(ξ_n), κ_{c,d}(η_n)) for g ∈ H^+_{ξn} ^⊗H^−_{1,ηn} and κ^∗_{c,d}(f, b) = (κ^∗_{c,d}(f), b) for (f, b) ∈ (H^+ ⊗ C^M ) × C^N .

Now let a(D_n) be a one-dimensional (x_n-independent) Green operator and p(ξ_n), k(ξ_n), t(ξ_n), g(ξ_n, η_n), and s be its symbols. Then we define

a(cD_n + d) := OP_n ( κ^∗_{c,d}(p)_+ + cκ^∗_{c,d}(g) κ^∗_{c,d}(k) cκ^∗_{c,d}(t) s ) . (5.13)

Because of the composition rules for one-dimensional Green operators, cf. [6, Theorem 1.12] and (5.12),

a_1(cD_n + d) ∘ a_2(cD_n + d) = (a_1 ∘ a_2)(cD_n + d), (5.14)

where a_1 ∘ a_2 denotes the symbol of a_1(D_n) ∘ a_2(D_n). – Note that the factors c in (5.13) are necessary to obtain (5.14).

5.3 Symbols of the Reduced Stokes Equations in R^n_γ

In contrast to [8, 9], we use a very simple coordinate transformation, which allows us to construct the parametrix in a domain with C^{1,1}-boundary, but does not preserve the normal direction on the boundary. Therefore we have to analyse the relation between the model operators and the Green operator of the transformed equations carefully.

Given γ ∈ C^{1,1}(R^{n−1} ) let R^n_γ = {x : x_n > γ(x^′)} be a curved half-space, and let F : R^n_+ → R^n_γ be the coordinate transformation

x = F (x) = ( x^′ x_n + γ(x^′) ) , x ∈ R^n_+ . In this section we will denote the variables and operators corresponding to the original problem in R^n_γ by x, ξ, ∇, . . . and of the transformed problem in R^n_+ by x, ξ, ∇, . . .. Similarly, a(x^′, ξ) will indicate the symbols of the transformed problem and a(ξ) the symbols of the model operator.

If v : R^n_γ → C , we set F^∗(v)(x) = v(F (x)). Moreover, let F_0 : R^{n−1} → ∂R^n_γ : x^′ → (x^′, γ(x^′)) and F^∗_0 (v)(x^′) = v(F_0(x^′)). Furthermore, let U = U(x^′) be an orthonormal matrix which maps the exterior normal vector

ν(x^′) = 1 √ 1 + |∇^′γ(x^′)|^2 ( ∇^′γ(x^′) −1 )

on ∂R^n_γ at the point (x^′, γ(x^′)) to −e_n. We need this orthonormal matrix to correct vector fields in such a way that the normal direction ν on ∂R^n_γ is mapped to the normal direction −e_n on ∂R^n_+ . This modification is essential for preserving the structure of the boundary conditions and model operators.

Using this notation, ∇F^{∗,−1}v = F^{∗,−1} OP(U^T (x^′)A(x^′)iξ)v = F^{∗,−1}U^T (x^′)A(x^′)∇v, where A(x^′)ξ = U_x′ (D_xF (x))^{−T} ξ and v ∈ C^1(R^n_γ ). Then A has the structure needed to apply Lemma 5.5 A(x^′)ξ = U_x′ ( I^′ −∇^′γ(x^′) 0 1 ) ξ = ( A^′(x^′) 0 b(x^′)^T c(x^′) ) ξ, (5.15)

where A^′(x^′) and b(x^′) depend smoothly on ∇^′γ(x^′) and c(x^′) = √ 1 + |∇^′γ(x^′)|^2.

Lemma 5.6 Let v ∈ C^∞_{(0)}(R^n_γ ) and u ∈ C^∞_{(0)}(R^n_γ )^n. Then

F^∗∇v = ∇F^∗v, F^∗ div u = divF^∗u, F^∗Δu = ΔF^∗u + R_1F^∗u, F^∗_0 γ_ν u = γ_ν F^∗u, F^∗_0 γ_1v = γ_1F^∗v, F^∗_0 T^′_1u = t^′_1(x^′, D_x)F^∗u, where

1. ∇ = OP(U^T (x^′)A(x^′)iξ), div u = OP((A(x^′)iξ)^T U(x^′))u, Δ = − OP(|A(x^′)ξ|^2), γ_ν = −e_n · γ_0U(x^′), and γ_1 = γ_ν ∇ = −γ_0 OP((A(x^′)iξ)_n).

2. R_1 is a differential operator of order 1 with L^∞-coefficients.

3. t^′_1(x^′, ξ^′, D_n)u = −γ_0U^T (x^′) ( (A(x^′)iξ)_nI^′ A^′(x^′)iξ^′ (A^′(x^′)iξ^′)^T (A(x^′)iξ)_n ) U(x^′)u. If additionally γ_0u = 0, then F^∗_0 γ_ν (Δ − ∇ div)u = t(x^′, D_x)F^∗u + R_2F^∗u, where t(x^′, ξ^′, D_n)u = −(A^′(x^′)iξ^′)^T γ_1(x^′, ξ^′, D_n)(U(x^′)u)^′ and R_2 : W^{2−ε}_q (R^n_+ )^n → W^{− 1q}q (R^{n−1} ) is a bounded linear operator for every ε ∈ (0,^1_{q′} ).

Proof: The identities can be checked by elementary calculations. We only give the details for the last statement. If γ_0u = 0, then

F^∗_0 γ_ν (Δ − ∇ div)u = γ_ν (Δ − ∇ div)F^∗u + γ_0R_1F^∗u

= −e_n · γ_0 OP((−|A(x^′)ξ|^2 + A(x^′)iξ(A(x^′)iξ)^T )U(x^′))F^∗u + γ_0R^′F^∗u = γ_0 OP((A(x^′)iξ)_n((A^′(x^′)iξ^′)^T , 0)U(x^′))F^∗u + γ_0R^′F^∗u, where R^′ is a differential operator of order 1 with L^∞-coefficients depending on x^′. Hence, if ε ∈ (0,^1_{q′} ), ‖γ_0R^′F^∗u‖_{W −} 1_{qq (Rn−1 )} ≤ ‖γ_0R^′F^∗u‖_Lq_{(R}n−1_) ≤ C‖γ_0∇F^∗u‖_Lq_{(R}n−1_) ≤ C‖F^∗u‖_W 2−ε_{q (R}n_{+)}.

Thus the coordinate transformation acts on the principal symbol as a(ξ) ⇝ a(x^′, ξ) = a(A(x^′)ξ) with an additional factor U^T (x^′) on the left if the range of the operator consists of vector fields and additional factor U(x^′) on the right if the domain of the operator consists of vector fields. Therefore we can express principal boundary symbol operators of the equations after coordinate transformation with the aid of model operators; e.g. a_{j,λ}(x^′, ξ^′, D_n) := ( λ − Δ γ_j(ξ^′, D_n) ) = diag(1, c^{−1})a_{j,λ}(A^′(x^′)ξ^′, cD_n + b^T ξ^′), where we need the correction factor c^{−1} since γ_j (., cD_n + d) = OP_n(cγ_j(., cξ_n + d)) (5.16) due to (5.13). Note that the symbol of the trace operator γ_j u = ∂^j_nu|_{xn=0} is γ_j(ξ) = (iξ_n)^j.

Because of (5.14), the inverse of a_{j,λ}(x^′, ξ^′, D_n) exists for |ξ^′| ≥ 1 and a_{j,λ}(x^′, ξ^′, D_n)^{−1} = a^{−1}_{j,λ}(A^′(x^′)ξ^′, cD_n + b^T ξ^′) diag(1, c) = ( r_{j,λ}(A^′(x^′)ξ^′, cD_n + d) ck_{j,λ}(A^′(x^′)ξ^′, cD_n + d)) ) , cf. (5.1). In particular, we get

k_j(x^′, ξ^′, D_n) := k_{j,λ}(x^′, ξ^′, D_n)|_{λ=0} = ck_j(A^′(x^′)ξ^′, cD_n + b^T ξ^′), (5.17) where k_j(ξ^′, D_n) = k_{j,λ}(ξ^′, D_n)|_{λ=0}. Now we set a^r_{j,λ}(x^′, ξ^′, D_n) := a_{j,λ}(x^′, ξ^′, D_n) + ( k^r_j (x^′, ξ^′, D_n)t^r_j (x^′, ξ^′, D_n) t^{′′}_j (x^′, ξ^′, D_n) ) , (5.18)

where

k^r_0(x^′, ξ^′, D_n) := −U^T (x^′)i ( A^′(x^′)ξ^′ cD_n + d ) k_1(x^′, ξ^′, D_n)(A^′(x^′)iξ^′)^T (5.19) t^r_0(x^′, ξ^′, D_n)u := γ_1(x^′, ξ^′, D_n)(U(x^′)u)^′, (5.20)

k^r_1(x^′, ξ^′, D_n) := U^T (x^′)i ( A^′(x^′)ξ^′ cD_n + d ) k_0(x^′, ξ^′, D_n), (5.21) t^r_1(x^′, ξ^′, D_n)u := −2γ_1(x^′, ξ^′, D_n)(U(x^′)u)_n, (5.22)

t^{′′}_1(x^′, ξ^′, D_n)u := −U^T (x^′) ( 0 γ_0A^′(x^′)ξ^′ γ_0(A^′(x^′)ξ^′)^T 0 ) U(x^′)u, (5.23)

and t^{′′}_0(x^′, ξ^′, D_n) = 0 with d = b^T (x^′)ξ^′. Because of (5.14), (5.16), and (5.17), it easy to check that

k^r_j (x^′, ξ^′, D_n)t^r_j (x^′, ξ^′, D_n) = U^T (x^′)(k^r_j t^r_j )(A(x^′)ξ^′, cD_n + d)U(x^′) (5.24) for j = 0, 1. Therefore

a^r_{j,λ}(x^′, ξ^′, D_n) = U^T (x^′) diag(1, c^{−1})a^r_{j,λ}(A^′(x^′)ξ^′, cD_n + d)U(x^′) and a^{r,−1}_{j,λ} (x^′, ξ^′, D_n) = U^T (x^′)a^{r,−1}_{j,λ} (A^′(x^′)ξ^′, cD_n + d) diag(1, c)U(x^′). (5.25) This is the essential formula for the construction of the parametrix.

We have to estimate the semi-norms of the transformed symbols. Because of (5.15) and ∇^′γ ∈ C^{0,1}(R^{n−1} ), we have A(x^′), A^{−1}(x^′) ∈ C^{0,1}(R^{n−1} ). Thus the same holds for A^′(x^′), A^′(x^′)^{−1}, b(x^′), c(x^′), and c^{−1}(x^′). Hence we can apply Lemma 5.4 and Lemma 5.5.

Corollary 5.7 Let a^r_{j,λ}(x^′, ξ), j = 0, 1, be the symbol to the transformed boundary symbol operator of the reduced Stokes equations defined in (5.18). Then a^r_j (x^′, ξ, μ) := a^r_{j,λ}(x^′, ξ), λ = e^{iθ}μ^2, and a^{r,−1}_j (x^′, ξ, μ) are Green symbols of order 2, −2, respectively, regularity^1_2 , and C^{0,1}-smoothness in x^′. Moreover, the semi-norms of the symbols are uniformly bounded in θ ∈ [−δ, δ] for any δ ∈ (0, π).

5.4 H_∞-Calculus for the Model Operators

In this section we will prove the basic estimates for the singular Green operators of the parametrix for the reduced Stokes equations on the boundary symbol operator level.

First of all recall that it is sufficient to proof (1.9) for all h ∈ H(δ), where H(δ) consists of all h ∈ H_∞(δ) such that |h(z)| ≤ C |z|^s 1 + |z|^{2s} for all z ∈ Σ_{π−δ} and some constants C, s > 0, cf. Amann, Hieber, and Simonett [4]. Moreover, since A_q and A_{10} are invertible, it is sufficient to estimate the Cauchy integral (1.8) for Γ_R := Γ \ B_R(0), R > 0, instead of Γ.

We first consider the boundary symbol operators of the Laplace resolvent r_{j,λ}(ξ^′, D_n)f = p_λ(ξ^′, D_n)_+f − k_{j,λ}(ξ^′, D_n)t_{j,λ}(ξ^′, D_n)f, j = 0, 1, cf. (5.1)-(5.4), and the corresponding transformed boundary symbol operator r_{j,λ}(x^′, ξ^′, D_n) = r_{j,λ}(A^′(x^′)ξ^′, cD_n + b(x^′)^T ξ^′). The analysis of the pseudodifferential operator parts p_λ(ξ^′, D_n)_+ and p_λ(x^′, ξ^′, D_n)_+ is done at the end of this section. The singular Green operator falls under the scope of the following lemma, which is similar to [9, Lemma 3] and [20, Lemma 3].

Lemma 5.8 Let g_λ(x^′, ξ, η_n) be a symbol which is Lipschitz continuous in x^′ ∈ R^{n−1} , continuous in λ ∈ Σ_δ \ B_R(0), 0 < δ < π, R > 0, smooth in ξ^′ ∈ R^{n−1} , and in H_{−1} ^⊗H_{−1} with respect to (ξ_n, η_n). Moreover, we assume that the symbol-kernel g̃_λ(x^′, ξ^′, x_n, y_n) := F^{−1}_{ξn→xn}F̄^{−1}_{ηn→yn} [g(x^′, ξ, η_n)] satisfies ‖D^{α′}_ξ′ x^k_nD^{k′}_{xn} y^l_nD^{l′}_{yn}g̃_λ(., ξ^′, x_n, y_n)‖_C0,1 ≤ C_{δ,α}′ ⟨ξ^′⟩^{−|α′|−k+k′−l+l′} e^{−cδ |λ| 12 (|xn|+|yn|)} |λ|^12

(5.26)

uniformly in ξ^′ ∈ R^{n−1} , λ ∈ Σ_δ \ B_R(0), and x_n, y_n ≠ 0 for all α^′ ∈ N^{n−1}_0 , k, k^′, l, l^′ ∈ {0, 1} and a c_δ > 0. Then ‖ ‖ ‖ ‖ ∫ Γ_R h(−λ)D^{α′}_ξ′ g_λ(., ξ^′, D_n)dλ ‖ ‖ ‖ ‖_{C0,1(Rn−1 ;L(L2(|xn|−δ′ ),Hδ′2 ))} ≤ C^{δ,δ′,α′} ⟨ξ^′⟩^{−|α} ′|‖h‖_∞ (5.27) ‖ ‖ ‖ ∫ Γ_R h(−λ)D^{α′}_ξ′ g_λ(., ξ^′, D_n)dλ ‖ ‖ ‖_{C0,1(Rn−1 ;L(H−δ′2 ,L2(|xn|δ′ )))} ≤ C^{δ,δ′,α′} ⟨ξ^′⟩^{−|α} ′|‖h‖_∞ (5.28) uniformly in ξ^′ ∈ R^{n−1} for all h ∈ H(δ), 0 ≤ δ^′ <^1_2 , α^′ ∈ N^{n−1}_0 , where

g_λ(x^′, ξ^′, D_n)f := ∫ R g̃_λ(x^′, ξ^′, x_n, y_n)f(y_n)dy_n. Remark 5.9 Note that the “singular Green operators” considered in this lemma are operators acting on functions defined on R instead of R_+ .

If g(., ξ_n, η_n) ∈ H^+ ^⊗H^−_1, then g̃(., x_n, y_n) = 0 if x_n < 0 or y_n < 0. Moreover, if f ∈ S(R_+), then r^+g_λ(., D_n)e^+f, where g_λ(., D_n) is defined as above, coincides with the usual definition of g_λ(., D_n)f as a singular Green operator.

Proof of Lemma 5.8: Because of (2.2), we can replace k, l = 0, 1 by arbitrary numbers a, b ∈ [0, 1]. Applying the modified estimate, we get for f ∈ L^2(R; |x_n |^{2δ′} ): ∫ Γ_R | |D_α′_{ξ′} D_k′_{xn} (|y_n|_{−δ}′ g_λ) (x_′, ξ_′, D_n)(|y_n|_δ′ f(y_n)) | | d|λ|

≤ C_α′_{,β}′ ⟨ξ^′⟩^{k′+δ′−|α′|} ∫ R ∫_∞ 0 e^{−cδs 12 (|xn|+|yn|)} s^12 ds||y_n|^{δ′} f(y_n)|dy_n ≤ C_α′_{,β}′ ⟨ξ^′⟩^{k′+δ′−|α′|} ∫ R ||y_n|^{δ′} f(y_n)| |x_n| + |y_n| dy_n. Since the integral operator with kernel k(x_n, y_n) =^1_{|xn|+|yn|} is continuous on L^2(R),

we get for k^′ = 0, 1 ‖ ‖ ‖ ‖ ∫ Γ_R h(−λ)D^{α′}_ξ′ g_λ(x^′, ξ^′, D_n)f(y_n)dλ ‖ ‖ ‖ ‖_{Hk′2 (R±)} ≤ ‖h‖_∞ ‖ ‖ ‖ ‖ ∫ Γ_R | | |D^{α′}_ξ′ D^{k′}_{xn} ( |y_n|^{−δ′} g_λ ) (x^′, ξ^′, D_n)||y_n|^{δ′} f(y_n)| | | | d|λ| ‖ ‖ ‖ ‖_{L2(R±)} + ‖h‖_∞ ‖ ‖ ‖ ∫ Γ_R | |D_α′_{ξ′} (|y_n|_{−δ}′ g_λ) (x_′, ξ_′, D_n)||y_n|_δ′ f(y_n)| | | d|λ| ‖ ‖ ‖ L^2(R_±) ≤ C_{δ,δ}′_{,α}′_{,k}′ ⟨ξ^′⟩^{k′+δ′−|α′|}‖h‖_∞‖f‖_L2_{(R;|yn|}2δ′_), and therefore ‖ ‖ ‖ ∫ Γ_R h(−λ)D^{α′}_ξ′ g_λ(x^′, ξ^′, D_n)f(y_n)dλ ‖ ‖ ‖ H^{−δ′}_2 (R_±) ≤ C_{δ,δ}′_{,α}′ ⟨ξ^′⟩^{−|α′|}‖h‖_∞‖f‖_L2_{(R;|yn|}2δ′_) (5.29)

by complex interpolation. Since e^±r^± : H^s_2 (R) → H^s_2 (R) is a continuous mapping if |s| <^1_2 , cf. [25, Lemma 2.10.2], f ∈ H^{−δ′}_2 (R) iff r^+f ∈ H^{−δ′}_2 (R_+ ) and r^−f ∈

H^{−δ′}_2 (R_− ). Moreover, ‖f‖_H−δ′_{2 (R)} ≃ ( ‖r^+f‖_H−δ′_{2 (R+)} + ‖r^−f‖_H−δ′_{2 (R−)} ) .

Hence we can replace H^{−δ′}_2 (R_± ) by H^{−δ′}_2 (R) on the left-hand side of (5.29).

The same estimate holds with g_λ(x^′, ξ^′, D_n) replaced by g_λ(x^′, ξ^′, D_n)−g_λ(y^′, ξ^′, D_n) and an additional multiplicative term |x^′ −y^′| on the right-hand sides of the estimates. Hence the estimate (5.27) is proved.

Passing to the (pointwise) adjoint, (5.28) follows from (5.27) by duality.

Remark 5.10 In our case, the symbol-kernel of g_λ will be of the form g̃_λ(x^′, ξ^′, x_n, y_n) = k̃_λ(x′, ξ′, x_n)t̃_λ(x′, ξ′, y_n), where ‖D^{α′}_ξ′ x^m_n D^{m′}_{xn} k̃_λ(., ξ^′, x_n)‖_C0,1 ≤ C_{δ,α}′ e^{−cδ |λ| 12 |xn|} |λ|^12 ⟨ξ^′⟩^{−|α′|−m+m′} (5.30) ‖D^{α′}_ξ′ y^m_n D^{m′}_{yn} t̃_λ(., ξ^′, y_n)‖_C0,1 ≤ C_{δ,α}′ e^{−cδ |λ| 12 |yn|}⟨ξ^′⟩^{−|α′|−m+m′} (5.31) uniformly in ξ^′ ∈ R^{n−1} , x_n, y_n ≠ 0, λ ∈ Σ_δ, |λ| ≥ 1, and for α^′ ∈ N^{n−1}_0 , m, m^′ = 0, 1. It is a consequence of [1, Lemma 3.5] that k̃_{j,λ}⟨λ; ξ^′⟩^{j−1} and t̃_{j,λ}⟨λ; ξ^′⟩^{1−j} satisfy (5.30) and (5.31), respectively. Because of

F^{−1}_{ξn} [f(cξ_n + d)](x_n) = e^{−idxn} F^{−1}_{ξn} [f(cξ_n)](x_n) = e^{−idxn} c F^{−1}_{ξn} [f](x_n/c), and A^′, b, c, c^{−1} ∈ C^{0,1}(R^{n−1} ), the symbol-kernels of the transformed Poisson and trace operators k̃_{j,λ}(x^′, ξ^′, x_n)⟨λ; ξ^′⟩^{j−1} and t̃_{j,λ}(x^′, ξ^′, x_n)⟨λ; ξ^′⟩^{1−j} satisfy the same estimates.

Finally, we note that multiplication of the symbol-kernels with a pseudodifferential symbol s_λ(ξ^′) of order 0 and regularity ν ≥ 0 does not disturb (5.30) and (5.31).

Because of Lemma 5.3 and (5.25), r^r_{j,λ}(x^′, ξ^′, D_n)f := a^{r,−1}_{j,λ} (x^′, ξ^′, D_n) ( f 0 ) = r_{j,λ}(x^′, ξ^′, D_n)f − g^′_{j,λ}(x^′, ξ^′, D_n)f. (5.32) Unfortunately, the symbol-kernel of g^′_{j,λ} does not satisfy the (x_n, y_n-pointwise) estimate (5.26). The critical term in the additional singular Green operator is of the form g_λ(x^′, ξ^′, D_n) = k_λ(x^′, ξ^′, D_n)t_λ(x^′, ξ^′, D_n) with k_λ(x^′, ξ^′, D_n) = p_λ(x^′, ξ^′, D_n)_+k^r(x^′, ξ^′, D_n)

where k^r is a Poisson operators of order 1. The crucial observation is that p_λ(x^′, ξ^′, D_n)_+ commutes with k^r(x^′, ξ^′, D_n) in the following sense: k_λ(x^′, ξ^′, D_n)a = r^+F^{−1}_{ξn→xn} [k^r(x^′, ξ)F_{xn→ξn} [.]]F^{−1}_{ξn→xn} [p_λ(x^′, ξ)a] = r^+m_kr (x^′, ξ^′, D_n)k_{pλ} (x^′, ξ^′, D_n)a

where m_kr (x^′, ξ^′, D_n) is a one-dimensional multiplier operator depending on (x^′, ξ^′) with symbol k^r(x^′, ξ) and k_{pλ} (x^′, ξ^′, D_n) is a (generalized) Poisson operator with symbol p_λ(x^′, ξ), cf. Remark 5.9.

Lemma 5.11 Let m(x^′, ξ), be smooth in ξ and in C^{0,1}(R^{n−1} ) with respect to x^′ such that sup_{ξn∈R} ‖D^{α′}_ξ′ ξ^k_nD^k_{ξn} m(., ξ)‖_C0,1 ≤ C_α′_{,k}⟨ξ^′⟩^{−|α′|} (5.33) for α^′ ∈ N^{n−1}_0 , k = 0, 1. Let m(x^′, ξ^′, D_n)φ = F^{−1}_{ξn→xn} [m(x^′, ξ)φ̂(ξ_n)] be the corresponding multiplier operator. Moreover, let g_λ(x^′, ξ) satisfy the assumptions of Lemma 5.8 and let g^′_λ(x^′, ξ^′, D_n) := m(x^′, ξ^′, D_n)g_λ(x^′, ξ^′, D_n). Then g^′_λ(x^′, ξ^′, D_n) satisfies the estimate (5.27).

Proof: Since m is λ-independent, we only have to show that D^{α′}_ξ′ m(x^′, ξ^′, D_n) is continuous on H = L^2(R; |x_n |^{2δ′} ) and H = H^{δ′}_2 (R), |δ^′| <^1_2 , and satisfies the estimate ‖D^{α′}_ξ′ m(x^′, ξ^′, D_n)‖_C0,1_{(R}n−1_{;L(H))} ≤ C_δ′_{,α}′ ⟨ξ^′⟩^{−|α′|} (5.34) for every α^′ ∈ N^{n−1}_0 , j = 0, 1.

The estimate (5.33) implies that D^{α′}_ξ′ m(x^′, ξ^′, D_n) is a one-dimensional Mikhlin multiplier with respect to ξ_n satisfying [D^{α′}_ξ′ m(x^′, ξ^′, .)]_M ≤ C_α′ ⟨ξ^′⟩^{−|α′|} and [D^{α′}_ξ′ (m(x^′, ξ^′, .) − m(y^′, ξ^′, .))]_M ≤ C_α′ ⟨ξ^′⟩^{−|α′|}|x^′ − y^′|, where [m]_M = sup_{ξn∈R,k=0,1} |ξ^k_n∂^k_{ξn} m(ξ)|. Since |x_n|^{2δ′} is a Muckenhoupt weight of class A_2, cf. [22, Chapter V], iff |δ^′| <^1_2 , m(x^′, ξ^′, D_n) is continuous on L^2(R, |x_n |^{2δ′} ) for |δ^′| <^1_2 ; cf. [21] for an elementary proof. Moreover, the operator norm is bounded by C[m]_M, where C depends on the weight |x_n|^{2δ′} . Hence (5.34) holds in the case H = L^2(R, |x_n |^{δ′} ). The case H = H^{δ′}_2 (R) is obvious since m(x^′, ξ^′, D_n) commutes with ⟨D_n⟩^s, s ∈ R.

Lemma 5.12 Let k^r ∈ C^{0,1}S^0_{1,0}(R^{n−1} × R^{n−1} , H^+) ⊗ L(C^N , C^n ) and let p_λ(x^′, ξ^′, D_n) be as in Remark 5.10. Then

p_λ(x^′, ξ^′, D_n)_+k^r(x^′, ξ^′, D_n) = r^+m_kr (x^′, ξ^′, D_n)k_{pλ} (x^′, ξ^′, D_n),

where k̃_{pλ} (x^′, ξ^′, x_n) satisfies (5.30) and m_kr (x^′, ξ) satisfies the condition (5.33) of Lemma 5.11.

Proof: Using the estimate ‖f‖_∞ ≤ C‖f‖^{12}_2 ‖f^′‖^{12}_2 for f ∈ H^1_2 (R) and (4.1), we conclude sup_{ξn∈R} ‖D^{α′}_ξ′ ξ^m_n D^m_{ξn} k^r(., ξ)‖_C0,1 ≤ C_α′_{,m}⟨ξ^′⟩^{−|α′|}, for all m ∈ N_0 , α^′ ∈ N^{n−1}_0 . Hence (5.33) holds for m_kr (ξ) = k^r(ξ).

Using the previous results we get the following theorem:

THEOREM 5.13 Let δ ∈ (0, π), c_0 > 0 be the constant in Lemma 5.1, and r^r_{j,λ}(x^′, ξ^′, D_n) be the transformed boundary symbol operator for the resolvent of the reduced Stokes operator defined in (5.32) with j = 0, 1. Then

r^r_{j,λ}(x^′, ξ^′, D_n) = p_λ(x^′, ξ^′, D_n)_+ + g^r_{j,λ}(x^′, ξ^′, D_n),

where g^r_{j,λ} satisfies (5.27). Hence ‖ ‖ ‖ ∫ Γ_R h(−λ)g^r_{j,λ}(D_x, x^′)dλ ‖ ‖ ‖_{L(Lq (Rn+))} ≤ C^δ‖h‖^∞ for every h ∈ H(δ) and R ≥ max{c_0, 1}.

Proof: We only consider the Dirichlet case j = 0. The analysis of the case j = 1 is done in the same way.

The additional singular Green operator in (5.32) is g^′_{0,λ}(., D_n) = r_{0,λ}(., D_n)k^r_0(., D_n)s_{0,λ}t^r_0(., D_n)r_{0,λ}(., D_n) because of Lemma 5.3 and (5.25). Then

r_{0,λ}(., D_n)k^r_0(., D_n) = p_λ(., D_n)_+k^r_0(., D_n) + k_{0,λ}(., D_n)t_{0,λ}(., D_n)k^r_0(., D_n),

where Lemma 5.12 can be applied to p_λ(., D_n)_+k^r_0(., D_n). Moreover, t_{0,λ}(., D_n)k^r_0(., D_n) is a pseudodifferential symbol of order 0 and regularity ν ≥ 0. Hence ⟨λ, ξ^′⟩^{−1}k̃_{0,λ}(x^′, ξ^′, x_n)t_{0,λ}(., D_n)k^r_0(., D_n) satisfies (5.30) because of Remark 5.10. Similarly,

t^r_0(., D_n)r_{0,λ}(., D_n) = t^r_0(., D_n)p_λ(., D_n)_+ + t^r_0(., D_n)k_{0,λ}(., D_n)t_{0,λ}(., D_n),

where t^r_0(., D_n)p_λ(., D_n)_+ satisfies (5.31) since t^r_0(., D_n) is a differential trace operator. Moreover, t^r_0(., D_n)k_{0,λ}(., D_n) is a pseudodifferential symbol of order 0 and regularity 1 2 ≥ 0. Altogether g^′_{0,λ}(., D_n) is the sum of operators satisfying the assumptions of Lemma 5.8 and Lemma 5.11.

The last statement is a consequence of Theorem 3.2 and Lemma 2.1.

It remains to estimate the pseudodifferential operator part of the parametrix.

Lemma 5.14 Let 1 < q < ∞, R > 0, and δ ∈ (0, π). Then p_λ(x, ξ) = (λ + |A(x)ξ|^2)^{−1}, x ∈ R^n , ξ ∈ R, with A, A^{−1} ∈ C^{0,1}(R^n )^{n×n} satisfies ‖ ‖ ‖ ∫ Γ_R h(−λ)D^α_ξ p_λ(., ξ)dλ ‖ ‖ ‖_{C0,1} ≤ C^{δ,R,α}‖h‖^∞⟨ξ⟩^{−|α|} uniformly in ξ ∈ R^n , for all α ∈ N^n_0 and h ∈ H(δ).

Proof: The function λ → p_λ(x, ξ) is meromorphic in C with a pole for λ = −|A(x)ξ|^2. Therefore the pole is contained in a compact interval I ⊂ (−∞, 0] if |ξ| ≤ 1 and x ∈ R^n . Using the homogeneity of D^α_ξ p_λ(x, ξ) of order −2 − |α|, we get with ξ = |ξ|η and λ = |ξ|^2z ∫ Γ_R h(−λ)D^α_ξ p_λ(x, ξ)dλ = ∫ Γ_I \B_R(0) h(−|ξ|^2z)D^α_ξ p_z(x, η)dz|ξ|^{−|α|}, where Γ_I is a curve around the compact interval I with winding number 1 with respect to the each point in I. Using ‖D^α_ξ p_z(., η)‖_C0,1 ≤ C_α for z ∈ Γ_I and |η| ≤ 1, we conclude that ‖ ‖ ‖ ‖ ∫ Γ_R h(−λ)D^α_ξ p_λ(., ξ)dλ ‖ ‖ ‖ ‖_{C0,1} ≤ C^α|Γ^I |‖h‖^∞⟨ξ⟩^{−|α|} for |ξ| ≥ 1. If |ξ| < 1, we estimate the integral in the same way as before but without using the substitution λ = |ξ|^2z.

5.5 Parametrix for the Poisson Operators

We have to estimate the difference of the Poisson operators K_j and their parametrices. In the first step we consider the case R^n_γ , where γ ∈ C^{1,1}(R^{n−1} ). Let

~K_j = F^{∗,−1}k_j(D_x, x^′)F^∗_0 , j = 0, 1,

where F^∗ and F^∗_0 are the same operators as in Section 5.2 and k_j(x^′, ξ^′, D_x) is defined as in (5.17).

Lemma 5.15 Let R^n_γ be a curved half-space, γ ∈ C^{1,1}(R^{n−1} ), and ~K_j, j = 0, 1, be defined as above. Then ~K_j : W^{1−j− 1q}q (∂R^n_γ ) → W^1_q (R^n_γ ) and

Δ ~K_j = F^{∗,−1}[R^′_j + R^{′′}_j ]F^∗_0 γ_j ~K_j = I + S_j,

where 1. R^′_j : W^{1−j− 1q −ε} q (R^{n−1} ) → L^q(R^{n−1} ; L^1(0, b)) with an arbitrary b ∈ R_+ , 2. R^{′′}_j : W^{1−j− 1q −ε} q (R^{n−1} ) → H^{−1}_q (R^{n−1} ; L^q(R_+ )), and 3. S_j : W^{1−j− 1q −ε} q (∂R^n_γ ) → W^{1−j− 1q}q (∂R^n_γ ) are bounded linear operators for some ε > 0.

Proof: Let |δ| <^1_2 and H_δ = L^2(R_+ , x^δ_n) if δ ≥ 0 and H_δ = H^{−δ}_2 (R_+ ) if δ < 0. Because of Lemma 5.5, k_j ∈ C^{0,1}S^{−j−1}_{1,0} (R^{n−1} × R^{n−1} , H^+). Since |1 − j −^1_q | < 1, we can apply Theorem 4.8 to conclude ~K_j : W^{1−j− 1q}_q (∂R^n_γ ) → W^1_q (R^n_γ ).

Due to Lemma 5.6, Δ ~K_j = F^{∗,−1}Δ k_j(D_x, x^′)F^∗_0 + F^{∗,−1}R^′k_j(D_x, x^′)F^∗_0 , where R^′ = a(x^′) · ∇, a ∈ L^∞(R^{n−1} )^n. Hence Theorem 4.8 implies R^′k_j (D_x, x^′): B^{1−j− 1q −ε} q (R^{n−1} ) → L^q(R^n ; L^1(0, b)) for every ε ∈ (0,^1_{q′} ) and b ∈ R_+ since ∇k_j (D_x, x^′) is a Poisson operator of order 1−j.

Since Δ = OP(−|A(x^′)ξ|^2) is a differential operator in x-form and k_j(x^′, ξ^′, D_n) ∈ C^{0,1}S^{−j− 12 −δ}_{1,0} (R^{n−1} × R^{n−1} ; L(C , H_δ )), cf. Remark 4.2, we can apply Corollary 3.4 and get for arbitrary |δ| <^1_2 that R^{′′}_j := Δ k_j (D_x, x^′) − OP^′(OP_n(−|A(y^′)ξ|^2)k_j (y^′, ξ^′, D_n)) satisfies R^{′′}_j : H^{1−j− 12 −δ−ε} q (R^{n−1} ) → H^{−1+ε′}_q (R^{n−1} ; H_δ) for some ε, ε^′ > 0. Hence R^{′′}_j : H^{1−j− 12 −δ−ε}q (R^{n−1} ) → H^{−1}_q (R^{n−1} ; H_δ) and, because of Lemma 2.1, R^{′′}_j : B^{1−j− 1q −ε} q (R^{n−1} ) → H^{−1}_q (R^{n−1} ; L^q(R_+ )) for some ε > 0. Since

OP_n(h^+_{ξn} [|A(y^′)ξ|^2k_j (y^′, ξ)]) = OP_n(|A(y^′)ξ|^2)_+k_j (y^′, ξ^′, D_n) = 0 for |ξ^′| ≥ 1, the Poisson symbol h^+_{ξn} [|A(y^′)ξ|^2k_j (y^′, ξ)] is of order −∞. Hence R^{′′′}_j := − OP(h^+_{ξn} |A(y^′)ξ|^2k_j(y^′, ξ)): B^{1−j− 1q −ε}q (R^{n−1} ) → L^q(R^n_+ ) for all 0 < ε <^1_{q′} . Thus we have proved 1. and 2.

Finally, if j = 0, then γ_0 ~K_0 = I and S_0 = 0. If j = 1, then Lemma 4.10 yields γ_1 ~K_1 = F^{∗,−1}_0 γ_1(x^′, D_x))k_1(D_x, x^′)F^∗_0

= F^{∗,−1}_0 OP^′(γ_1(y^′, ξ^′, D_n)k_1(y^′, ξ^′, D_n))F^∗_0 + S^′_1 with S^′_1 : B^{− 1q −ε}q (∂R^n_γ ) → B^{− 1q}q (∂R^n_γ ). Since γ_1(y^′, ξ^′, D_n)k_1(y^′, ξ^′, D_n) = I for |ξ^′| ≥ 1, γ_1 ~K_1 = I + S_1, where S_1 : B^{− 1q −ε}q (∂R^n_γ ) → B^{− 1q}q (∂R^n_γ ) for some ε > 0.

Now let Ω_γ ⊂ R^n be an asymptotically flat C^{1,1}-domain and ε > 0 be a number such that ε <^1_2 dist(∂Ω^+_γ , ∂Ω^−_γ ). We choose cut-off functions φ_± ∈ C^∞(Ω_γ ) with

1. φ_±(x) = 1 for dist(x, ∂Ω^±_γ ) ≤ ε/3, 0 ≤ φ_± ≤ 1, and 2. φ_±(x) = 0 for dist(x, ∂Ω^±_γ ) ≥ 2ε/3.

Moreover, let ψ_± ∈ C^∞(Ω_γ ) such that

1. ψ_±(x) = 1 for dist(x, ∂Ω^±_γ ) ≤ 2ε/3, 0 ≤ ψ_± ≤ 1, and 2. ψ_±(x) = 0 for dist(x, ∂Ω^±_γ ) ≥ ε, and let ~K^±_j denote the parametrices of the Poisson operators in R^n_{γ±} defined above. We will use

~K_1a = ψ_+ ~K^+_1 a^+ + ψ_− ~K^−_1 a^− for a ∈ W^{− 1q −s}_q (∂Ω_γ ), ~K_{01}a = ψ_+ ~K^+_0 a^+ + ψ_− ~K^−_1 a^− for a^+ ∈ W^{1− 1q −s}_q (∂Ω_γ ), a^− ∈ W^{− 1q −s}_q (∂Ω_γ ), s ∈ [0,^1_{q′} ), as parametrices for K_0, K_{01}, respectively, in Ω_γ .

Lemma 5.16 Let 1 < q < ∞, Ω_γ ⊂ R^n be an asymptotically flat C^{1,1}-domain, K_1 be the Poisson operator of the Neumann problem in Ω_γ , and let K_{01} be the Poisson operator of the mixed Dirichlet-Neumann problem. Moreover, let ~K_1 and ~K_{01} be defined as above. Then ‖∇(K_1 − ~K_1)γ_ν (Δ − ∇ div)u‖_q ≤ C‖u‖_{2−ε,q}, ‖∇(K_{01} − ~K_{01})a‖_q ≤ C(‖a^+‖_{1−} 1_{q −ε,q} + ‖a^−‖_− 1_{q −ε,q}) for all u ∈ W^{2−ε}_q (Ω_γ )^n, (a^+, a^−) ∈ W^{1− 1q −ε}q (∂Ω^+_γ ) × W^{− 1q −ε}q (∂Ω^−_γ ) and some ε > 0. Proof: Let us first consider the mixed Dirichlet-Neumann case. Let f ∈ L^{q′} (Ω_γ )^n and let f = f_0 + ∇p, f_0 ∈_0J_q′ (Ω_γ ) = {f ∈ L^{q′} (Ω_γ )^n : div f = 0, γ^−_ν f = 0}, p ∈^0W^1_q′ (Ω_γ ) = {p ∈ W^1_q′ (Ω_γ ) : γ^+_0 p = 0}, ‖(f_0, ∇p)‖_q′ ≤ C_q‖f‖_q′ , be its Helmholtz decomposition with mixed boundary data, cf. [3, Corollary A.3]. Then (∇(K_{01} − ~K_{01})a, f)_{Ωγ} = (γ^+_0 (K_{01} − ~K_{01})a, γ^+_ν f_0)_{∂Ω}+_γ + (∇(K_{01} − ~K_{01})a, ∇p)_{Ωγ} = (Δ ~K_{01}a, p)_{Ωγ} + (a^− − γ^−_1 ~K^−_1 a^−, γ^+_0 p)_{∂Ω}−_γ since div f_0 = 0, γ^−_ν f_0 = 0, γ^+_0 K_{01}a = a^+ = γ^+_0 ~K_{01}a, ΔK_{01}a = 0, γ^−_1 K_{01} = a^−, γ^−_1 ~K_{01}a = γ^−_1 ~K^−_1 a^−, and γ^+_0 p = 0. By construction,

Δ ~K_{01}a = ψ_+Δ ~K^+_0 a^+ + ψ_−Δ ~K^−_1 a^− + P_+ ~K^+_0 a^+ + P_− ~K^−_1 a^−, where P_± are differential operators of order 1 with coefficients supported in supp ∇ψ_± and dist(supp ∇ψ_±, ∂Ω_γ ) > 0. Therefore P_+ ~K^+_0 and P_− ~K^+_1 are operators of order −∞, cf. Remark 4.9, which implies that P_+ ~K_0 : W^{−s}_q (∂R^n_{γ+} ) → L^q(R^n_{γ+} ) and P_− ~K_1 : W^{−s}_q (∂R^n_γ− ) → L^q(R^n_γ− ) for all |s| < 1. Thus

(Δ ~K_{01}a, p)_{Ωγ} = (Δ ~K^+_0 a^+, ψ_+p)_Rn_{γ+} + (Δ ~K^−_1 a^−, ψ_−p)_Rn_{γ−} + (Ra, p)_{Ωγ} , where |(Ra, p)| ≤ C(‖a^+‖_{1−} 1_{q −ε,q} +‖a^−‖_− 1_{q −ε,q})‖f‖_q′ for an ε > 0. Using Lemma 5.15,

(Δ ~K^+_0 a^+, ψ_+p)_Rn_{γ+} = (F^{∗,−1}R^′_0F^∗_0 a^+, ψ_+p)_Rn_{γ+} + (F^{∗,−1}R^{′′}_0 F^∗_0 a^+, ψ_+p)_Rn_{γ+} ,

where | |(F_{∗,−1}R_{′0}F_{∗0} a_+, ψ_+p)_{Rn} γ+ | | ≤ ‖R_{′0}F_{∗0} a_+‖_{Lq (Rn−1;L1(0,b))} ‖F_∗ψ_+p‖_{Lq′ (Rn−1;L∞(0,b))} ≤ C‖a^+‖_{1−} 1_{q −ε,q}‖F^∗ψ_+p‖_W 1_{q′ (R}n_{+)} ≤ C‖a^+‖_{1−} 1_{q −ε,q}‖f‖_q′ , | | |(F^{∗,−1}R^{′′}_0 F^∗_0 a^+, ψ+p)R^n_{γ+} | | | ≤ ‖R^{′′}_0 F^∗_0 a^+‖_H−1_{q (R}n−1_{;L}q_{(R+))}‖F^∗ψ+p‖_H1_{q′ (R}n−1_{;L}q^′_{(R+))} ≤ C‖a^+‖_{1−} 1_{q −ε,q}‖f‖_q′ . Similarly, we conclude | |(Δ ~K_{−1} a_−, ψ_−p)_{Rn} γ− | | ≤ C‖a_−‖_{− 1} q −ε,q‖f‖q^′ . Finally, because of

Lemma 5.15, a^− − γ^−_1 ~K^−_1 a^− = −S_1a^− with S_1 : W^{− 1q −ε}q (∂R^n_γ− ) → W^{− 1q}q (∂R^n_γ− ), which proves the Lemma in the mixed Dirichlet-Neumann case.

In case of pure Neumann boundary conditions we use the usual Helmholtz decomposition f = f_0 + ∇p with f_0 ∈ J_q′_{,0}(Ω_γ ) = {f ∈ L^{q′} (Ω_γ : div f = 0, γ_ν f = 0} and p ∈ Ẇ^1_q′ (Ω_γ ), cf. [3, Corollary A.3]. Then

(∇(K_1 − ~K_1)a, f)_{Ωγ} = (∇(K_1 − ~K_1)a, ∇p)_{Ωγ} , a = γ_ν (Δ − ∇ div)u,

since (∇p̃, f_0) = 0 for every p̃ ∈ Ẇ^1_q (Ω_γ ). Since p is not in L^{q′} (Ω_γ ) in general, we split p = p_1 + p_2 ∈ Ẇ^1_q′ (Ω_γ ) with p_1 ∈ W^1_q′ (Ω_γ ), p_2 = p_2(x^′) ∈ L^q_{loc}(R^{n−1} ) with ∇^′p_2 ∈ W^1_q′ (R^{n−1} ), satisfying ‖p_1‖_{1,q}′ , ‖∇^′p_2‖_{1,q}′ ≤ C‖∇p‖_q′ , cf. [3, Remark 2.6.2]. Then we can prove as in the mixed case that | |(∇(K_1 − ~K_1)a, ∇p_1)_{Ωγ} | | ≤ C‖a‖ W^− 1 q −ε q (∂Ω_γ ) ‖f‖_q′ ≤ C‖u‖_{2−ε,q}‖f‖_q′ . Therefore it remains to estimate (∇(K_1 − ~K_1)a, ∇p_2), which can be done separately:

|(∇K_1a, ∇p_2)| = |(a, p_2)_{∂Ωγ} | = |((Δ − ∇ div)u, ∇p_2)| ≤ C‖(Δ − ∇ div)u‖_W −ε_{q (Ωγ )}‖∇^′p_2‖_W ε_{q′ (Ωγ )} ≤ C‖u‖_{2−ε,q}‖∇^′p_2‖_{1,q}′ , where 0 < ε <^1_{q′} , and |(∇ ~K_1a, ∇p_2)| ≤ C ( ‖(∇k_1(D_x, x^′)F^∗_{0,+}a^+, ∇k_1(D_x, x^′)F^∗_{0,−}a^−)‖_Lq_{(R}n−1_{;L}1_{(0,b))} ) ‖∇^′p_2‖_q′_{,R}n−1 ≤ C‖a‖_− 1_{q −ε,q}‖∇^′p_2‖_Lq′_{(R}n−1_) for all 0 < ε <^1_{q′} and a suitable large b ∈ R_+ because of Remark 4.9.

5.6 Parametrix for the Reduced Stokes Equations

We first consider the case of a curved half-space R^n_γ . In this case we define R_{j,λ} := F^{∗,−1} OP^′(r^r_{j,λ}(y^′, ξ^′, D_n))F^∗ as parametrix for the reduced Stokes equations, where r^r_{j,λ} is defined in (5.32). Because of Corollary 5.7, Theorem 3.2, and Theorem 4.8.3, R_{j,λ} : L^q(R^n_γ )^n → W^2_q (R^n_γ )^n with operator norm uniformly bounded in λ ∈ Σ_δ ∪ {0}, δ ∈ (0, π). Considering r^r_{j,λ}(y^′, ξ) as Green symbol of order 0 with symbol semi-norms bounded by C_δ(1 + |λ|)^{−1}, cf. Remark 3.6 and Remark 4.6.1, we conclude ‖R_{j,λ}‖_{L(L}q_{(R}n_{γ ))} ≤ C_δ(1 + |λ|)^{−1}. Hence R_{j,λ} : L^q(R^n_γ )^n → W^2_{q,λ}(R^n_γ )^n (5.35)

with operator norm uniformly bounded in λ ∈ Σ_δ ∪ {0}, δ ∈ (0, π).

Lemma 5.17 Let R^n_γ be a curved half-space with C^{1,1}-boundary, δ ∈ (0, π), and R_{j,λ}, j = 0, 1, be defined as above. Then (λ − Δ)R_{j,λ} = I − ~G_{j,λ} + R^′_{j,λ}, γ_0R_{0,λ} = 0 if j = 0 and T^′_1R_{1,λ} = S_λ if j = 1, where ~G_{j,λ} = F^{∗,−1} OP^′(k^r_j (y^′, ξ^′, D_n)t^r_j (y^′, ξ^′, D_n)r^r_{j,λ}(y^′, ξ^′, D_n))F^∗ and ‖R^′_{j,λ}‖_{L(L}q_{(R}n_{γ ))}, ‖S_λ‖_{L(Lq (Rnγ ),W 1−} 1_{qq,λ (∂Ωγ ))} ≤ C_δ(1 + |λ|)^{−ε} uniformly in λ ∈ Σ_δ for

some ε > 0.

Proof: It is sufficient to prove the estimates of R^′_{j,λ} and S_λ for |λ| ≥ c_0 where c_0 is the constant such that the model operator of the reduced Stokes equations is invertible, cf. Lemma 5.1.

Due to Lemma 5.6 and (5.35),

(λ − Δ)R_{j,λ} = F^{∗,−1}(λ − Δ) OP^′(r^r_{j,λ}(y^′, ξ^′, D_n))F^∗ + ~R_λ

with ~R_λ = O((1 + |λ|)^{− 1}2 ). Because of Lemma 4.10 and the definition of r^r_{j,λ}, we conclude

(λ − Δ) OP^′(r^r_{j,λ}(y^′, ξ^′, D_n))

= OP^′(OP_n(λ + |A(y^′)ξ|^2)_+r^r_{j,λ}(y^′, ξ^′, D_n)) + ~R_λ

= I − OP^′(k^r_j (y^′, ξ^′, D_n)t^r_j (y^′, ξ^′, D_n)r^r_{j,λ}(y^′, ξ^′, D_n)) + ~R_λ,

where

‖ ~R_λ‖_{L(L}q_{(R}n_{+))} ≤ C (| | |p_λ | | |^{(−2+ε)} k + | | |g^r_{j,λ} | | |^{(−2+ε)} k ) ≤ C(1 + |λ|)^{− ε2} (| |p | |^{(−2,0)} k + | | |g^r_j | | |^{(−2,0)} k ) for an ε > 0 and k ∈ N due to Remark 3.6 and Remark 4.6.1.

Finally, γ_0R_{0,λ}f = F^{∗,−1}_0 OP^′(γ_0r^r_{0,λ}(y^′, ξ^′, D_n))F^∗ = 0. Hence it remains to estimate T^′_1R_{1,λ}. Because of Lemma 5.6, T^′_1R_{1,λ} = F^{∗,−1}_0 t^′_1(x^′, D_x)) OP(r^r_{1,λ}(y^′, ξ))F^∗.

Since t^′_1(x^′, D_x) consists of terms of the form a(x^′)γ_0∂_j , a ∈ C^{0,1}(R^{n−1} ), and r^r_{1,λ}(y^′, ξ) can be considered as symbol of order −2 or^1_q , Lemma 4.10.4 implies

t^′_1(x^′, D_x) OP(r^r_{1,λ}(y^′, ξ)) = (t^′_1r^r_{1,λ})(D_x, x^′) + ~R_λ = ~R_λ with ‖ ~R_λ‖_{L(Lq (Rn+),W 1−} 1_{qq,λ (Rn−1))} ≤ C_{q,δ}(1 + |λ|)^{−ε} for an ε > 0. Now let Ω_γ ⊆ R^n be an asymptotically flat domain and let φ_+, φ_−, ψ_+, ψ_− be defined as in the previous section. Moreover, let φ_0 = 1 − φ_+ − φ_− and ψ_0 ∈ C^∞(Ω_γ ) with ψ_0(x) ≡ 1 on supp φ_0 and supp ψ_0 ⊂ Ω_γ .

Then we set for j = 0, 1 R_{j0,λ} = ψ_+R^+_{j,λ}φ_+ + ψ_−R^−_{0,λ}φ_− + ψ_0P_λφ_0, and R_{0,λ} = R_{00,λ}, where R^±_{j,λ}, j = 0, 1, is the parametrix in the curved half-space R^n_γ± defined above and P_λ = OP((λ + |ξ|^2)^{−1}).

Lemma 5.18 Let 1 < q < ∞ and δ ∈ (0, π). Then the operators defined above satisfy (λ − Δ + G_0)R_{0,λ}f = (I + S_{1,λ})f in Ω_γ , γ_0R_{0,λ}f = 0 on ∂Ω_γ , (λ − Δ + G_{10})R_{10,λ}f = (I + S_{2,λ})f in Ω_γ , T^′_1^+R_{10,λ}f = S_{3,λ}f on ∂Ω^+_γ , γ^−_0 R_{10,λ}f = 0 on ∂Ω^−_γ for f ∈ L^q(Ω_γ )^n, where ‖S_{j,λ}‖_{L(L}q_{(Ωγ ))}, ‖S_{3,λ}‖_{L(Lq (Ωγ ),W 1−} 1_{qq,λ (∂Ωγ ))} ≤ C_{q,δ}(1 + |λ|)^{−ε}, j = 1, 2, uniformly in λ ∈ Σ_δ ∪ {0} for an ε > 0. Proof: Since ‖R_{j0,λ}f‖_q ≤ C_{q,δ}(1 + |λ|)^{−1}‖f‖_q and ‖R_{j0,λ}f‖_{2,q} ≤ C_{q,δ}‖f‖_q, we have ‖R_{j0,λ}f‖_{2−ε,q} ≤ C_{q,δ}(1 + |λ|)^{− ε}2 ‖f‖_q for ε ∈ (0, 2], j = 0, 1. Hence (λ − Δ)R_{j0,λ} = ψ_+(λ − Δ)R^+_{j,λ}φ_+ + ψ_−(λ − Δ)R^−_{0,λ}φ_− + ψ_0(λ − Δ)P_λφ_0 + O((1 + |λ|)^{− 12} ) = I − ψ_+ ~G^+_{j,λ}φ_+ − ψ_− ~G^−_{0,λ}φ_− + O((1 + |λ|)^{−ε}) (5.36) for an ε > 0 because of Lemma 5.17. Hence it remains to estimate the differences G_0R_{0,λ} − ψ_+ ~G^+_{0,λ}φ_+ − ψ_− ~G^−_{0,λ}φ_− =: S_{1,λ}, G_{10}R_{10,λ} − ψ_+ ~G^+_{1,λ}φ_+ − ψ_− ~G^−_{0,λ}φ_− =: S_{2,λ}, and to estimate the boundary values.

Because of Lemma 5.16, ‖∇(K_1 − ~K_1)γ_ν(Δ − ∇ div)R_{0,λ}f‖_q ≤ C_q‖R_{0,λ}f‖_{2−ε,q} ≤ C_{q,δ}(1 + |λ|)^{− ε2} ‖f‖_q, ‖∇(K_{01} − ~K_{01})(2γ^+_1 u_ν, γ^−_ν (Δ − ∇ div)u)‖_q ≤ C_q‖R_{10,λ}f‖_{2−ε,q} ≤ C_{q,δ}(1 + |λ|)^{− ε2} ‖f‖_q, where u = R_{10,λ}f. Moreover,

∇ ~K_1γ_ν (Δ − ∇ div)R_{0,λ}f

= ∇ ~K^+_1 γ^+_ν (Δ − ∇ div)R^+_{0,λ}φ_+f + ∇ ~K^−_1 γ^−_ν (Δ − ∇ div)R^−_{0,λ}φ_−f, ∇ ~K_{01}(2ν^+ · γ^+_1 R_{10,λ}f, γ^−_ν (Δ − ∇ div)R_{10,λ}f)

= ∇ ~K^+_0 2ν^+ · γ^+_1 R^+_{1,λ}φ_+f + ∇ ~K^−_1 γ^−_ν (Δ − ∇ div)R^−_{0,λ}φ_−f. Then Lemma 4.10 yields ∇ ~K^±_j = F^{∗,−1}_± ∇ k_j (D_x, x^′)F^∗_{0,±} = F^{∗,−1}_± OP^′ ( U^T (y^′)A(y^′) ( iξ^′ ∂_n ) k_j(y^′, ξ^′, D_n) ) F^∗_{0,±} + R^′,

where R^′ : W^{1−j− 1q −ε} q (∂R^n_γ± ) → L^q(R^n_γ± )^n for an ε > 0. Thus ‖R^′γ^±_ν (Δ − ∇ div)R^±_{0,λ}‖_{L(L}q_{(R}n_{γ± ))}, ‖R^′ν^+ · γ^+_1 R^+_{1,λ}‖_{L(L}q_{(R}n_{γ+ ))} ≤ C(1 + |λ|)^{− ε2} .

Because of Lemma 5.6,

γ^±_ν (Δ − ∇ div)u = F^{∗,−1}_{0,±} OP^′((A^′(x^′)iξ^′)^T t^r_0(x^′, ξ^′, D_n))F^∗_±u + R^{′′}u if γ^±_0 u = 0 and 2ν · γ^±_1 = F^{∗,−1}_{0,±} OP^′(t^r_1(x^′, ξ^′, D_n))F^∗_±. Here (A^′(x^′)iξ^′)^T t^r_0(x^′, ξ) and t^r_1(x^′, ξ) are differential trace symbols of order d = 2, d = 1, resp. and class 2 Therefore they are of the product form a(x^′) · t(D_x), where a ∈ C^{0,1}(R^{n−1} )^N and t(D_x) is a differential trace operator of order d and class 2 with constant coefficients. Since OP(k(y^′, ξ))a(x^′) = OP(k(y^′, ξ)a(y^′)) and t(D_x) OP^′(r(y^′, ξ^′, D_n)) = OP^′(t(ξ^′, D_n)r(y^′, ξ^′, D_n)),

F^∗_±∇ ~K^±_1 γ^±_ν (Δ − ∇ div)R^±_{0,λ}F^{∗,−1}_±

= OP^′ ( U^T A(y^′) ( iξ^′ ∂_n ) k_1(y^′, ξ^′, D_n)a(y^′) ) OP^′(t(ξ^′, D_n)r^r_{0,λ}(y^′, ξ^′, D_n)) + O((1 + |λ|)^{−ε}), F^∗_+∇ ~K^+_0 2ν^+ · γ^+_1 R^+_{1,λ}F^{∗,−1}_+

= OP^′ ( U^T A(y^′) ( iξ^′ ∂_n ) k_0(y^′, ξ^′, D_n)a(y^′) ) OP^′(t(ξ^′, D_n)r^r_{1,λ}(y^′, ξ^′, D_n)) + O((1 + |λ|)^{−ε}).

Hence Lemma 4.10.4 yields

F^∗_±∇ ~K^±_1 γ^±_ν (Δ − ∇ div)R^±_{0,λ}F^{∗,−1}_±

= OP^′(k^r_0(y^′, ξ^′, D_n)t^r_0(y^′, ξ^′, D_n)r^r_{0,λ}(y^′, ξ^′, D_n)) + O((1 + |λ|)^{−ε})

F^∗_+∇ ~K^+_0 2ν^+ · γ^+_1 R^+_{1,λ}F^{∗,−1}_+

= OP^′(k^r_1(y^′, ξ^′, D_n)t^r_1(y^′, ξ^′, D_n)r^r_{1,λ}(y^′, ξ^′, D_n)) + O((1 + |λ|)^{−ε}),

where we have used that t^′_λ(x^′, ξ^′, D_n) := t(ξ^′, D_n)r^r_{j,λ}(x^′, ξ^′, D_n) is a parameterdependent trace operator of order d − 2, class 0, and regularity^1_2 because of the composition rules for boundary symbol operators, cf. Remarks 4.7. Therefore all error terms can be estimated by C|t^′_λ|^{(d−2+2ε)}_k ≤ C(1 + |λ|)^{−ε}|t^′_λ|^{(d−2, 12 )}_k . Finally, the statements for the traces of R_{0,λ} and R_{10,λ} are direct consequences of Lemma 5.17.

Remark 5.19 Note that the latter lemma is used in the proof of [3, Lemma 4.3] and that we did not use the unique solvability of the reduced and generalized Stokes equations so far.

Proof of Theorem 1.1: Let

S^′_{1,λ}f = (λ − Δ + G_0)^{−1}S_{1,λ}f, S^′_{2,λ}f = (λ − Δ + G_{10})^{−1}S_{2,λ}f + K^r_{10,λ}S_{3,λ}f,

where K^r_{10,λ} denotes the solution operator of the reduced Stokes equation (1.5)-(1.7)

with j = 1 and right-hand side f = 0 and a^+ ∈ W^{1− 1q}_{q,λ} (∂Ω^+_γ )^n. Then

(λ − Δ + G_0)^{−1} = R_{0,λ} + S^′_{1,λ}, (λ − Δ + G_{10})^{−1} = R_{10,λ} + S^′_{2,λ}

with ‖S^′_{j,λ}‖_{L(L}q_{(Ωγ ))} ≤ C_{q,δ}(1 + |λ|)^{−1−ε} uniformly in λ ∈ Σ_δ, |λ| ≥ c > 0 for every c > 0. Therefore S^′_{j,λ}, j = 1, 2, corresponds to an absolutely integrable part in (1.8) and can be neglected, cf. [4, Lemma 2.1]. Since −Δ + G_{10} is invertible and because of Lemma 5.18, Theorem 5.13, and Lemma 5.14, we conclude that −Δ + G_{10} admits a bounded H_∞-calculus with respect to δ.

Finally, the Stokes operator admits a bounded H_∞-calculus with respect to δ since A_q = −Δ + G_0|_{Jq,0(Ωγ )}, (λ + A_q)^{−1} = (λ − Δ + G_0)^{−1}|_{Jq,0(Ωγ )}, λ ∈ C \ (−∞, 0], cf. [3, Remark 3.3], and the Stokes operator is invertible.

A Non-Smooth Pseudodifferential Operators

For the proof of Theorem 3.2, we will proceed as in [23, §2.1] and have to verify that all statements remain true for operator-valued pseudodifferential operators.

For this purpose, we need the following more general class of non-smooth operator valued pseudodifferential operators, which generalizes the Hörmander classes S^m_{1,δ}.

Definition A.1 The set C^s_∗ S^m_{1,δ}(R^n × R^n ; L(H_0, H_1)), δ ∈ [0, 1], s > 0, m ∈ R, is the set of all symbols p: R^n × R^n → L(H_0, H_1) that are smooth in ξ and are in C^s_∗ with respect to x and satisfy the estimates sup_{x∈Rn} ‖D^α_ξ p(x, ξ)‖_{L(H0,H1)} ≤ C_α⟨ξ⟩^{m−|α|} ‖D^α_ξ p(., ξ)‖_Cs_{∗(R}n_{;L(H0,H1))} ≤ C_α⟨ξ⟩^{m−|α|+sδ} for all α ∈ N^n_0 .

The corresponding operators are defined in the usual way.

The proof of Theorem 3.2 relies essentially on the following operator-valued variant of [23, Theorem 2.1.A.].

THEOREM A.2 If r > 0, 1 < q < ∞, and p ∈ C^r_∗ S^m_{1,1}(R^n × R^n ; L(H_0, H_1)), then

p(x, D_x): H^{s+m}_q (R^n ; H_0) → H^s_q (R^n ; H_1)

for all 0 < s < r.

Proof: The proof is done in the same way as in [23] using elementary estimates and inequalities based on

C^′_q‖u‖_Lq_{(R}n_{;H)} ≤ ‖ ‖ ‖ ‖ ‖ (_∞ ∑ j=0 ‖φ_j(D_x)u‖^2_H ) 1_2 ‖ ‖ ‖ ‖_{Lq (Rn;H)} ≤ C_q‖u‖_Lq_{(R}n_{;H)}

for all 1 < q < ∞, where H = C and φ_j (ξ) are smooth functions such that supp φ_0 ⊆ B_1(0), supp φ_1 ⊆ {^1_2 ≤ |ξ| ≤ 2}, φ_j (ξ) = φ_1(2^{1−j} ξ) for j ≥ 2, and ∑_∞ j=0 φ_j(ξ)^2 = 1.

The latter estimate is also valid if H is a Hilbert space. In this case ℓ^2(N_0 ; H) is again a Hilbert space and we can apply the vector-valued Mikhlin multiplier theorem as in the proof of the usual Littlewood-Paley estimate, cf. [23, §0.11.].

First of all, the continuity of p(D_x, x) in Theorem 3.2 can be reduced by duality to the statement for operators in L-form. Since C^r_∗ S^m_{1,δ} ⊆ C^r_∗ S^m_{1,1} for δ ∈ [0, 1], the last theorem implies the statement of Theorem 3.2 for s > 0. For the proof in the case of −r < s ≤ 0, we will use the technique of symbol smoothing.

Let p ∈ C^r_∗ S^m_{1,δ}(R^n × R^n ; L(H_0, H_1)), r > 0. If r ∉ N, then C^r_∗ = C^r and there exists a decomposition

p(x, ξ) = p^#(x, ξ) + p^b(x, ξ) with (A.1)

p^#(x, ξ) = ∞∑ k=0 Ψ_0(2^{−k(γ−δ)}D_x)p(x, ξ)ψ_k(ξ), where γ ∈ (δ, 1] and Ψ_0 ∈ C^∞_0 (R^n ) with Ψ_0(ξ) = 1 for |ξ| ≤ 1 and Ψ_0(ξ) = 0 for |ξ| ≥ 2 and ψ_k(ξ) := Ψ_0(2^{−k}ξ) − Ψ_0(2^{−k+1}ξ), k ≥ 1, ψ_0(ξ) := Ψ_0(ξ). For this decomposition we have p^#(x, ξ) ∈ S^m_{1,γ} , p^b(x, ξ) ∈ C^r_∗ S^{m−r(γ−δ)}_{1,γ} , (A.2) cf. [24, Proposition 3.2.] or [23, §1.3.]. This decomposition easily carries over to the vector-valued case since it only uses the symbol estimates.

Using this decomposition we prove:

Proposition A.3 Let 1 < q < ∞ and let p ∈ C^r_∗ S^m_{1,δ}(R^n × R^n ; L(H_0, H_1)), m ∈ R, δ ∈ [0, 1], r > 0. Then p(x, D_x): H^{s+m}_q (R^n ; H_0) → H^s_q (R^n ; H_1) for all s ∈ R with −r(1 − δ) < s < r.

Proof: The proof is just a modification of the proof of [23, Proposition 2.1.D].

Now we are able to prove Theorem 3.3.

Proof of Theorem 3.3: Let p_i ∈ C^{τi}_∗ S^{mi}_{1,0} , i = 1, 2, as in the assumption of the theorem. We set δ_i :=^θ_{τi} . Then δ_1 ≥ δ_2, −τ_1(1 − δ_1) = −τ_1 + θ < s, −τ_2(1 − δ_2) = −τ_2 + θ < s + m_1, 1 − δ_i ≥ θ since θ < min{τ_1 + s, τ_2 + s + m_1} and θ ≤^{τi}_{1+τi} . Let p_i(x, ξ) = p^#_i (x, ξ) + p^b_i (x, ξ) such that p^#_i ∈ S^{mi}_{1,δi} and p^b_i ∈ C^{τi}_∗ S^{mi−θ}_{1,δi} . Then we get

(p_1p_2)(x, D_x) − p_1(x, D_x)p_2(x, D_x)

= (p^#_1 p^#_2 )(x, D_x) − p^#_1 (x, D_x)p^#_2 (x, D_x)(p^#_1 p^b_2)(x, D_x) − p^#_1 (x, D_x)p^b_2(x, D_x) + +(p^b_1p_2)(x, D_x) − p^b_1(x, D_x)p_2(x, D_x).

We will estimate each difference separately with the aid of Proposition A.3.

1. Due to the usual symbolic calculus (p^#_1 p^#_2 )(x, D_x) − p^#_1 (x, D_x)p^#_2 (x, D_x) is a pseudodifferential operator with symbol in S^{m1+m2−1+δ1}_{1,δ1} since δ_1 ≥ δ_2 and δ_1 < 1. (See e.g. [16, Chapter 2, Theorem 1.7].)

Due to Proposition A.3 and 1 − δ_1 ≥ θ, we get the continuity (p^#_1 p^#_2 )(x, D_x) − p^#_1 (x, D_x)p^#_2 (x, D_x): H^{s+m1+m2−θ}_q (R^n ; H_0) → H^s_q (R^n ; H_2).

2. Using Proposition A.3 again, p^b_2(x, D_x): H^{s+m1+m2−θ} q (R^n ; H_0) → H^{s+m1}_q (R^n ; H_1) since −τ_2(1 − δ_2) = −τ_2 + θ < s + m_1 < τ_1. Moreover, p^#_1 (x, ξ) is a smooth symbol of order m_1. Therefore we conclude

p^#_1 (x, D_x)p^b_2(x, D_x): H^{s+m1+m2−θ} q (R^n ; H_0) → H^s_q (R^n ; H_2). (A.3) Considering (p^#_1 p^b_2)(x, D_x), we observe that p^#_1 p^b_2 ∈ C^{τ1}_∗ S^{m1+m2−θ}_{1,δ1} . Hence we get the same mapping properties as in (A.3).

3. Since p^b_1p_2 ∈ C^{τ1}_∗ S^{m1+m2−θ}_{1,δ1} , we get the same continuity as in (A.3). Finally, p^b_1(x, D_x): H^{s+m1−θ}_q (R^n ; H_1) → H^s_q (R^n ; H_2), p_2(x, D_x): H^{s+m1+m2−θ} q (R^n ; H_0) → H^{s+m1−θ}_q (R^n ; H_1) because of −τ_1(1 − δ_1) = −τ_1 + θ < s < τ_1 and −τ_2 < s + m_1 − θ < τ_2.

References

[1] H. Abels. Bounded imaginary powers of the Stokes operator in an infinite layer.

J. Evol. Eq. 2, 439-457, 2002.

[2] H. Abels. Generalized Stokes resolvent equations in an infinite layer with mixed boundary conditions. Preprint, TU Darmstadt, 2003.

[3] H. Abels. Reduced and generalized Stokes resolvent equations in asymptotically flat layers, part I: unique solvability. Preprint, TU Darmstadt, 2003.

[4] H. Amann, M. Hieber, and G. Simonett. Bounded H_∞-calculus for elliptic operators. Diff. Int. Eq., Vol. 7, No. 3, 613-653, 1994.

[5] J. Bergh and J. Löfström. Interpolation Spaces. Springer, Berlin - Heidelberg - New York, 1976.

[6] L. Boutet de Monvel. Boundary problems for pseudo-differential operators. Acta Math. 126, 11-51, 1971.

[7] G. Dore and A. Venni. On the closedness of the sum of two closed operators.

Math. Z. 196, 189-201, 1987.

[8] Y. Giga. Analyticity of the semigroup generated by the Stokes operator in L_r spaces. Math. Z. 178, 297-329, 1981.

[9] Y. Giga. Domains of fractional powers of the Stokes operator in L_r Spaces. Arch.

Rational Mech. Anal. 89, 251-265, 1985.

[10] G. Grubb. Pseudo-differential boundary problems in L_p spaces. Comm. Part.

Diff. Eq. 15, 289-340, 1990.

[11] G. Grubb. Nonhomogeneous time-dependent Navier-Stokes problem in L_p Sobolev spaces. Diff. Int. Eq. 8, 1013-1046, 1995.

[12] G. Grubb. Functional Calculus of Pseudodifferential Boundary Problems, 2nd Edition. Birkhäuser, Basel - Boston - Berlin, 1996.

[13] G. Grubb. Nonhomogeneous Navier-Stokes problems in L^p Sobolev spaces over interior and exterior domains. Theory of the Navier-Stokes equations, Ser. Adv. Math Appl. Sci 47 (J. G. Heywood, K. Masuda, R. Rautmann, V. Solonnikov, eds.), World Scientific, Singapore, 46-63, 1998.

[14] G. Grubb and N. J. Kokholm. A global calculus of parameter-dependent pseudodifferential boundary problems in L_p Sobolev spaces. Acta Math., Vol. 171, No. 2, 1993.

[15] G. Grubb and V. A. Solonnikov. Boundary value problems for the nonstationary Navier-Stokes equations treated by pseudo-differential methods. Math. Scand. 69, 217-290, 1991.

[16] H. Kumano-Go. Pseudo-Differential Operators. MIT Press, Cambridge, Massachusetts, and London, 1974.

[17] H. Kumano-Go and M. Nagase. Pseudo-differential operators with non-regular symbols and applications. Funkcial Ekvac. 21, 151-192, 1978.

[18] A. McIntosh. Operators which have an H_∞-calculus. in "Miniconference on Operator Theory and Partial Differential Equations", B. Jefferies, A. McIntosh, W. Ricker, editors Proc. Center Math. Anal. A.N.U., 14, 210-231, 1986.

[19] A. Noll and J. Saal. H^∞-calculus for the Stokes operator on L_q-spaces. Math.

Z. 244, 651-688, 2003.

[20] R. Seeley. Norms and domains of the complex Powers A^z_B . Am. J. Math. 93, 299-309, 1971.

[21] E. M. Stein. Note on Singular Integrals. Proc. AMS, No. 8, 250-254, 1957.

[22] E. M. Stein. Harmonic Analysis. Princeton Hall Press, Princeton, New Jersey, 1993.

[23] M. E. Taylor. Pseudodifferential Operators and Nonlinear PDE. Birkhäuser, 1991.

[24] M. E. Taylor. Tools for PDE. Mathematical Surveys and Monographs, AMS, 2000.

[25] H. Triebel. Interpolation Theory, Function Spaces, Differential Operators.

North-Holland Publishing Company, Amsterdam, New York, Oxford, 1978.

Address:

Helmut Abels Department of Mathematics Darmstadt University of Technology Schloßgartenstraße 7 64289 Darmstadt, Germany e-mail: abels@mathematik.tu-darmstadt.de