Describing fields by implications between strong equations

Richard Holzer

Abstract

In this note it will be shown that the class of all fields can be described by implications between strong equations. The signature is extended by the logical Craig projection to get more expressive power for the strong equations.

1 Existence equations and strong equations

For a signature Σ let PAlg(Σ) be the class of all partial algebras of Σ. The set of all terms over a set X of variables is denoted by T_Σ(X). An existence equation (s, t) consists of two terms s, t ∈ T_Σ(X) and is denoted by s^e= t. Formulas are defined recursively in the usual way (with ¬, ∨, ∧, ⇒, ∃, ∀), where the existence equations are the atomic formulas.

• A term existence statement is an existence equation of the form s^e= s for s ∈ T_Σ(X).

• An ECE-equation (existentially conditioned existence equation) is a formula of

the form^n ⋀ i=1 s_i^e= s_i ⇒ s^e= t.

• A strong equation is a formula of the form (s^e= s ⇒ s^e= t) ∧ (t^e= t ⇒ s^e= t) and it is denoted by s^s= t.

• A QE-equation (quasi-existence equation) is a formula of the form^n ⋀ i=1 s_i^e= t_i ⇒

s^e= t.

• A strong quasi-equation is a formula of the form^n ⋀ i=1 s_i^s= t_i ⇒ s^s= t.

In connection with strong equations the signature Σ is usually extended by binary operation symbols which are always interpreted as total first projection: For each pair (s, s^′) of sort symbols let ϵ_{s,s}′ : s × s^′ → s be a new operation symbol. The extended signature is denoted by Σ_e. Every partial algebra A = ((A_s)_{s∈S} , (ϕ^A)_{ϕ∈Ω}) ∈

PAlg(Σ) can also be seen as partial algebra of the extended signature Σ_e by defining ϵ^A_{s,s}′ (x, y) := x for all x ∈ A_s, y ∈ A_s′ . With this extension the strong equations have the same expressive power like ECE-equations (when the empty algebra is excluded).^1 For a formula α let var(α) be the set of all variables occuring in α and let fvar(α) be the set of all free variables in α. Let A be a partial algebra and v : X → A be a valuation of the variables. For t ∈ T_Σ(X) let t^A(v) be the corresponding interpretation of t if it exists.^2 For a formula α with fvar(α) ⊆ X let α^A(v) ∈ {true, false} be the interpretation of α, where the interpretation (s^e= t)^A(v) of an existence equation is true iff s^A(v) and t^A(v) exist and are equal. A formula α is valid in A if α^A(v) = true for all mappings v : fvar(α) → A.

Classes which are definable by QE-equations^3 are closed with respect to isomorphic images, subalgebras and reduced products,^4 so these classes have many good properties: existence of inital objects, free objects, coproducts, universal solutions, etc. Classes which are definable by strong quasi-equations are much worse. These classes are in general not closed with respect to products, and an initial object need not exist (see next section for an example). The following theorem shows how a strong quasi-equation can be transformed into a set of implications between existence equations, where also disjunctions may appear in the conclusion.

Theorem 1 Let δ =^{n−1} ⋀ i=1 α_i ⇒ α_n be a strong quasi-equation with α_i = (β_{i,0} ⇒

β_{i,2}) ∧ (β_{i,1} ⇒ β_{i,2}) for i ≤ n, where β_{i,0}, β_{i,1} are term existence statements and β_{i,2} is an existence equation. Let I = ({0, 1, . . . n−1}×{0, 1})∪{n}. Then δ is semantically equivalent to the set {( ⋀ (i,j)∈f^{−1}(1) β_{i,2} ∧ β_{n,f (n)} ) ⇒ ( ⋁ (i,j)∈f^{−1}(0) β_{i,j} ∨ β_{n,2} ) | f ∈ {0, 1}^I }

1See [Cr89] and [B95].

2If some operations of A are partial then it might happen that the term can not be interpreted for the valuation v, in this case t^A(v) is undefinded.

3Such classes are also called quasivarieties or QE-varieties. 4See [B86].

Proof. Some boolean transformations lead to the set of formulas: (_{n−1} ⋀ i=1 (β_{i,0} ⇒ β_{i,2}) ∧ (β_{i,1} ⇒ β_{i,2}) ) ⇒ ((β_{n,0} ⇒ β_{n,2}) ∧ (β_{n,1} ⇒ β_{n,2}))

¬ (_{n−1} ⋀ i=1 (β_{i,0} ⇒ β_{i,2}) ∧ (β_{i,1} ⇒ β_{i,2}) ) ∨ ((β_{n,0} ⇒ β_{n,2}) ∧ (β_{n,1} ⇒ β_{n,2})) (_{n−1} ⋁ i=1 (β_{i,0} ∧ ¬β_{i,2}) ∨ (β_{i,1} ∧ ¬β_{i,2}) ) ∨ ((¬β_{n,0} ∨ β_{n,2}) ∧ (¬β_{n,1} ∨ β_{n,2})) ⋀ f ∈{0,1}^I ⋁ (i,j)∈f^{−1}(0) β_{i,j} ∨ ⋁ (i,j)∈f^{−1}(1) ¬β_{i,2} ∨ ( ¬β_{n,f (n)} ∨ β_{n,2} )

⋀ (i,j)∈f^{−1}(1) β_{i,2} ∧ β_{n,f (n)} ⇒ ⋁ (i,j)∈f^{−1}(0) β_{i,j} ∨ β_{n,2} | f ∈ {0, 1}^I

So each strong quasi-equation is equivalent to a set of implications, where each premisse is a conjunction of some existence equation, and the conclusion is a disjunction of some term existence statements and one existence equation. Note that all implications in the set have the same set of variables because of var(β_{i,0})∪var(β_{i,1}) = var(β_{i,2}). 2 Axioms for fields

In this section the class of all fields (together with all terminal algebras, i.e. oneelement total algebras in the signature of the fields) are described by strong quasiequations. Let Σ be the signature which consists of one sort symbol, two binary operation symbols + and ·, two unary operation symbols − and^{−1} and two constants 0 and 1. Let E be the following system of axioms (in the extended signature Σ_e):

1. ϵ(x, y)^s= x

2. ϵ(x, x + y)^s= x 3. ϵ(x, x · y)^s= x 4. x + (y + z)^s= (x + y) + z

5. x + 0^s= x

6. x + (−x)^s= 0

7. x + y^s= y + x 8. x · (y · z)^s= (x · y) · z 9. x · 1^s= x

10. x · y^s= y · x

11. x · (y + z)^s= x · y + x · z

12. ϵ(x, x^{−1})^s= x ⇒ x · x^{−1 s}= 1

13. ϵ(0, x^{−1})^s= ϵ(1, x^{−1}) ⇒ ϵ(x, 1^{−1})^s= 0

Theorem 2 A partial algebra A ∈ PAlg(Σ_e) is a model of E iff one of the following two conditions hold:

(1) The reduct A|_Σ is a field and ϵ^A is the total first projection

(2) A is a total algebra with |A| = 1.

Proof. “⇐”:

If (1) is satisfied then the axioms 1-12 are trivially satisfied so we only have to check the last axiom: Let a ∈ A such that the strong equation ϵ(0, x^{−1})^s= ϵ(1, x^{−1}) is satisfied for the valuation v(x) := a. Then a^{−1A} does not exist, because 0^A ≠ 1^A follows from (1). So we get a = 0^A and the strong equation ϵ(x, 1^{−1})^s= 0 is satisfied for the valuation v. If (2) is satisfied then all strong equations hold in A, so all axioms are valid in A. “⇒”:

The first axiom implies that ϵ^A is the total first projection. The axioms 5 and 9 imply that 0^A and 1^A exist. The axioms 2, 3 and 6 imply that +^A, ·^A and −^A are total operations. The axioms 4–11 imply that (A, +, −, 0, ·, 1) is a commutative unitary ring. If |A| = 1 then the last axiom implies that (1^A)^{−1A} exists, so (2) holds. Now assume |A| > 1. Let a ∈ A with a ≠ 0^A. If a^{−1A} does not exist, then the last axiom implies a = 0^A, which is a contradiction. So a^{−1A} exists and with axiom 12 we get a · a^{−1A} = 1^A, and the reduct A|_Σ is a field.

So the fields (together with the terminal algebras) can be characterized by strong quasi-equations. But the fields are not a quasivariety, because they are not closed with respect to products. If we use existence equations as atomic formulas then the quasivarieties of partial algebras behave in a similar way like the quasivarieties of total algebras. If we use the strong equations as atomic formulas then the theory becomes completly different. It is not known which algebraic operator (like ISP_r for quasi-existence equations^5) correspond to strong quasi-equations. For algebraic characterizations of strong equations and mixed strong and existence equations without the Craig operator ϵ see [StSt94].

References

[ABN81] H.Andréka, P.Burmeister, I.Németi. Quasivarieties of partial algebras – A unifying approach towards a two-valued model theory for partial algebras. Studia Sci. Math. Hungar. 16, 1981, pp. 325–372.

[AN83] H. Andréka, I. Németi. Generalization of the concept of variety and quasivariety to partial algebras through category theory. Dissertationes Mathematicae (Rozprawy Mat.) No. 204, Warszawa, 1983.

[B86] P.Burmeister. A Model Theoretic Oriented Approach to Partial Algebras. Introduction to Theory and Application of Partial Algebras – Part I. Mathematical Research Vol. 32, Akademie-Verlag, Berlin, 1986.

[B92] P.Burmeister. Tools for a Theory of Partial Algebras. General Algebra and Applications (Eds.: K.Denecke and H.-J.Vogel), Research and Exposition in Mathematics, Vol. 20, Heldermann Verlag Berlin, 1993, pp. 12–32.

[B93] P.Burmeister. Partial Algebras – An Introductory Survey. In: Algebras and Orders (Eds.: I.G.Rosenberg and G. Sabidussi), NATO ASI Series C, Vol. 389, Kluver Academic Publ., Dordrecht, London, 1993, pp. 1–70.

[B95] P.Burmeister. On the equivalence of ECE- and generalized Kleene-equations for many-sorted partial algebras. Contributions to General Algebra 9 (Ed.: G.Pilz), Verlag Hölder-Pichler-Tempsky, Wien 1995 – Verlag B.G. Teubner, Stuttgart, pp. 91–106.

[Cr89] W.Craig. Near-equational and equational systems of logic for partial functions. I and II. The J. of Symb. Logic 54, 1989, pp. 795–827 and pp. 1181– 1215.

[G98] V.A.Gorbunov. Algebraic Theory of Quasivarieties. Consultants Bureau, New York, 1998.

[HS73] H.Herrlich, G.E.Strecker. Category Theory - An Introduction. Allyn and Bacon, 1973 (2nd ed.: Heldermann-Verlag).

[Hoe73] H.Höft. Weak and strong equations in partial algebras. Algebra univers. 3, 1973, pp. 203–215.

5See [B86].

[Ho02] H.-J.Hoehnke. Quasi-varieties: a special access. Typescript 2002, submitted to Studia Logica.

[Ma76] G.Matthiessen. Theorie der heterogenen Algebren. Doctoral thesis at the University of Bremen, 1976.

[NSa82] I.Németi, I.Sain. Cone-implicational subcategories and some Birkhoff-type theorems. Universal Algebra, (Eds.: B.Csákány, E.Fried and E.T.Schmidt), Colloq. Math. Soc. J.Bolyai, Vol. 29, North-Holland Publ. Co., Amsterdam, 1982, pp. 535–578.

[R89] A.Robinson. Equational logic of partial functions under Kleene equality: a complete and an incomplete set of rules. J. Symb. Logic, 54, 1989, pp. 354– 362.

[Sch66a] J.Schmidt. A general existence Theorem on partial algebras ans its special cases. Coll. Math. 14, 1966, pp. 73–87.

[Sch70] J.Schmidt. A homomorphism theorem for partial algebras. Coll. Math. 21, 1970, pp. 5–21.

[Sl62] J.Słomiński. On the solving of systems of equations over quasi-algebras and algebras. Bull. Acad. Polon. Sci., Sér. Sci. Math. Astron. Phys. 10, 1962, pp. 627–635. 1962.

[StSt94] B.Staruch, B.Staruch. Strong regular varieties of partial algebras. Algebra Univers. 31, 1994, pp. 157–176.

[StSt99] B.Staruch, B.Staruch. Algebraic characterizations of classes of partial algebras definable by strong equations and mixed strong and existential equations. Manuscript 1999, submitted to Algebra Universalis.

Address of the author: Richard Holzer Department of Mathematics, AG1 Darmstadt University of Technology Schloßgartenstr. 7 64289 Darmstadt Germany