ON TWODIMENSIONAL IMMERSIONS
THAT ARE STABLE FOR PARAMETRIC FUNCTIONALS
OF CONSTANT MEAN CURVATURE TYPE

STEFFEN FROHLICH

Abstract

We consider twodimensional immersions in Euclidean 3-space that
are stable for parametric functionals of constant mean curvature
type. We develop analytical and geometric concepts to give a
perturbation result to estimate the principle curvatures of such
mappings via uniformization.

1 Geometric and analytical basics

1.1 Introduction

Let B := {(u,v) € R? : u? 4+ v? < 1} be the open unit disc, and let B C R? its topological closure. We

consider twodimensional immersions X = (2!, 2%, 23) € C(B,R3), where

C(B,R%) = {X = X(u,v) : X € C%(B,R%) nC°(B,R?),
| X (u, v) A Xy (u,v)| > 0 for all (u,v) € B,

// | X (1, 0) A X (1, 0)| dudv < +oo}.

Here, A means the vector product in R3, and the indices v and v indicate the partial derivatives of X.
Furthermore, X € C*(B,R3) means real analyticity in B C R2.

We investigate immersions X € C(B,R3) that are stable for the parametric functional
2
H[X] = // {F(Xu ANXy) + % X (XuA Xv)t} dudv (1)
B

for real 4o € (0,+00). To be precise, there hold §H[X] = 0 for its first variation, and §>H[X;¢] > 0 for all
© € C§°(B,R) for its second variation.

Furthermore, Z! denotes the transposed vector of Z € R3. The integrand F' € C*(R3 \ {0},R) N C°(R3 R)
satisfies the homogeneity condition

F(\Z)=MF(Z) forallreal A >0,

which is necessary and sufficient for the parameter independence of H[X].



1.2 Some parametric functionals in differential geometry

Though we exclude vy = 0, assume 7 = 0 for the moment. For F'(Z) = |Z| we have the area functional
A[X] = // X0 A X| dudb.
B

Critical points of the associated variational problem A[X] — min! are minimal surfaces, which are in fact
real analytic in the interior. We refer the reader to [4] and [13].

Critial points for the functional
. 2% t
M[X] = | Xu A Xp| + TX-(XM A X))t dudv,
B

with real vy € (0, 400), are surfaces of constant mean curvature 7 > 0. For our purpose we refer to [16].
Let us recall the differential system

AX (u,v) =2H(X) Xy (u,v) A Xy (u,v) in B
for a conformal parametrized immersion X € C%(B,R?) of prescribed mean curvature H = H(X). If the
mean curvature is constant, then the immersion is real analytic in B C R2.

A more general version of a parametric functional is

FIX] = B// F(X, A X,) dudo.

Its critical points X = X (u,v) are immersions of minimal surface type (see e.g.[15], [19], [2], and [5]).

Finally, the most general case

S[X] = B//F(X, Xo A Xy) dudv

is investigated in [18] and [10]. Critical points are immersions of mean curvature type. To the knowledge
of the author, there are no a priori estimates of the derivatives of such immersions which are based on any
differential system where these immersions are solutions of.

1.3 The arrangement

This paper is organized as follows:

Section 2: Following some notations, we derive the Euler-Lagrange equation of the variational problem
H[X] — min!

This system will be transformed into an equation of constant mean curvature (cmec-) type.

Section 3: For a minimizer X € C(B,R?) we calculate §>H[X; ¢] using weighted conformal parameters.

Section 4: We derive necessary geometric properties of surfaces of cme-type.

Section 5: For X as well as for its unit normal vector N we establish a differential system with quadratic
growth in the gradient.

Section 6: We investigate stable immersions X, that is 6*H[X;¢] > 0 for the second variation.

Section 7: We estimate the principle curvatures following the lines of [15].

1.4 Further notations

Let
Fz(Z) = (le(Z),Fz2(Z),F23(Z)), Fzz(Z) = (inzj(Z))iJ:l,g’g .

From F(AZ) = AF(Z) we derive
Fy(2)-Z' = F(Z), Fzz(Z)o0Z'=0.
Thus, we consider Fz(Z) as a mapping acting on the tangent space 77 := {Y € R® : Y - Z! = 0}.



Furthermore, we assume

dethz(Z) >0,
and let gy € [0,400) be a real constant such that
(14 g0) e[ <€0Fy7(Z) o€ < (14 go) P forall € €B®, €. 28 =0,

Finally, by
Xu(u,v) A Xy (u,v)
| X0 (u,v) A Xy (u, )|’

we denote the unit normal vector of X = X (u,v), and

N(u,v) := (u,v) € B,
W(u,v) := | Xy (u,v) A Xy(u,v)| >0 in B

is its area element. For three vectors X,Y,Z € R3 we set [X,Y,Z] := X - (Y A Z)!. We will also use the

notations u! = Uu, u? =v.

2 The first variation and the weighted CMC-system

2.1 The Euler-Lagrange equations
We start with
Lemma 2.1 Let X € C(B,R?) be a critical point of the functional H[X]. Then it holds
[Ny 0 Fz2(N), N, X,] + [N, 0o Fz2(N), Xy, N| = 29oW in B.
Proof: For real € € (—¢eq, +¢¢) and for any ¢ € C§°(B,R) we consider the normal variation
Y (u,v) :== X (u,v) +ep(u,v)N(u,v), (u,v)€ B.
First, we have
YuANY, =X ANXy +e{Xu AN, + Ny A Xy b+ e{Xu ANp, + NAXypu} + o(e).
We calculate
§X - (XuANX))' = N (Xu AX) o+ X - (Xu ANy + NoA X))o+ X - (Xu ANpy + N A Xppu)t
= div ([X, N, X,]e, [X, X, Np) + 3We.

Because ¢|ap = 0, the divergence theorem yields

5//X (X A X)) dudv = 3/ W dudv.
B B

For the variation of F = F(X, A X,) we get

SF(XyAXy) = Fz(N) - (Xu ANy + Ny AXyo+ Xu ANy + N A X))t
div ([F2(N), N, X,Jp, [F2(N), Xo, NJg)
— [Ny oFzz(N),N,X,]o — [Ny oFzz(N), X, N]p

if we take Fz (X, A X,) = Fz(N) into account. Thus,

5//FX A X,) dudv = — //{N oFzz(N),N,X,]+ [N, oFzz(N), X, N|}p dudv.

Summarizing,

—/ {[NUOFZZ(N)JV,XU]—|—[NvOFZZ(N),XH,N]}apdudv—i—?’yo/ W dudv

holds true for all ¢ € C§°(B,R). The statement follows. O



2.2 The weight matrix

Let S? := {Z € R® : |Z| = 1} denote the twodimensional unit sphere. To transform the above Euler-
Lagrange equation into a system of constant mean curvature type, we introduce the weight matrix

-1
1 o
G(Z)={ —— Fu(Z)+ (229, = . ZeS?,
(%) { T 22(Z) + (2'27)i 4 1,2,3}

as in [15]. It has the following properties (see section 1.4): For all Z € R3\ {0}, there hold

(Gl) G(AZ) = G(Z) for all real A > 0, where we continue the weight matrix along rays;
(G2) G(Z)o 2t = Z¢;

(G3) (1+90)~ 1|§\2 < €0 G(Z) 0" < (1+ g0)?[¢]? for all € € R?;

(G4) det G(Z) =

2.3 The weighted fundamental forms

Let X € C?(B,R?), and let N = N(u,v) be its unit normal vector.

Definition 2.2 As in [15], the weighted first, second, and third fundamental form are defined by
Ig(X) = (XuioG(N)o X! )ij=1,2:
Io(X) = —(Xui - NE)ij=12,
e (X) == (NyioG(N) P oNE)ijm12.

We set
Ig(X) = (hij)ij=12, HUa(X)=—(Lij)ij=12, Mc(X):= (eij)ij=12-

Because | X, A X,| > 0 in B, we can invert I(X) to obtain Ig(X)™! =: (h¥); j—12.

2.4 The Weingarten equations

We use the summation convention. For the proof, compare [1], §55.

Lemma 2.3 Fori=1,2, there hold
Nyi = —Lijh7* X, o G(N) in B.

Proof: From the ansatz N, = agXuj oG(N) fori=1,2 we find —L;;, = a{hjk by multiplication with X ,x,
and, therefore, —L;;h*' = alhjh* = al. O

2.5 The weighted CMC-equation

From Lemma 2.1 and the definition of the weight matrix we conclude

279

N,N, 0 G(N)™1, X, ] + [N, Xy, Nyo G(N) = ———"10
| W I+ ()] det F44(N)

Using the Weingarten equations we calculate

{NuOG(N)_l}/\XU = —(Lllhll —|—L12h21)Xu /\XU,
Xu A {Nv o G(N)il} = —(L21h12 + L22h22)Xu A XU s
and, therefore,

270

Li1h*t + Lioh®! + Loyh'? + Logh®? = ——2 .
11 12 21 22 Tot FZZ(N)



Introducing the first Beltrami operator
vdsg (Xa N) = h”Xu’ ’ NEJ = _hijLij
w.r.t. dsg = hqy du? 4 2hys dudv + hos dv?, and the weighted mean curvature

He(N) = 0

VdetFzz(N) '

we arrive at the

Proposition 2.4 Let X € C(B,R?) be a critical point of the functional H[X]. Then
vdsg()ﬂ N) = —2Hg(N) mn B.
Remark 2.5 1. If F(Z) =|Z|, we have H(X) = 7o for the mean curvature (see paragraph 1.2).

2. Immersions of minimal surface type have vanishing weighted mean curvature w.r.t. the weight matriz
G = G(N) from paragraph 2.2 (see e.g. [5]).

3. Critical points of S[X] (see section 1.2) have a weighted mean curvature of the form Hg = Hg(X, N).

3 The second variation

3.1 Weighted conformal parameters
According to [17], we introduce weighted conformal parameters (u,v) € B, such that
X, 0G(N)oX! =W =X,0G(N)oX!, X,0G(N)oX!=0 inB.
Remark 3.1 We denote the coefficients of the first fundamental form of X = X (u,v) by
E=X, X', Fi=X,-X!, G:=X,-X..
Then, it follows that W = /EG — F2? > 0. Because det G(Z) = 1 holds for all Z € R3\ {0}, we have
EG — F? = hy1hgy — h3y.

Remark 3.2 In weighted conformal parameters, the triple {Wfé G(N)% oX! W2 G(N)% oXt, N'} forms
an orthonormal moving frame for the immersion. Investing det G(Z) =1 as well as

(Mo XHA(MoY") = (det M)M ! o (X AY)
for any symmetric and regular matrizv M € R3*3 (for details, cp. [15]), there follow

NAX,=X,0G(N), X,AN=X,o0G(N).

3.2 The curvature
The mean curvature H and the Gaussian curvature K of the immersion are

_ ELyy —2FL1s+ GLy3 Ko Ly1Loy — L3,

H: 2(EG — F?) T TEG-F?

Note, that the coefficients L;;, 7,7 = 1,2, do not depend on the weight, and so the Gaussian curvature.

For the weighted mean curvature we infer from paragraph 2.5

Ho(N) = hi1Lay — 2h12L12 + haa L1y _ hi1Lay — 2h12L12 + haa L1y
¢ 2(hi1has — h2y) 2(EG — F2) '




3.3 The second variation

Let ¢, € C'(B,R). Using weighted conformal parameters, we get

_ ; 1
Vi (0, 9) = W puiths = 5 Vo - (V)"

Let
5(]\7) = dethz(N), O'(N) = traCGFzz(N).

Lemma 3.3 Using weighted conformal parameters, for the second variation of H[X] we have
SPH[X; o] = // {\/5(N) |Vl + KWU(N)QDZ} dudv — 4//Hg(N)H(u7v)\/5(N) W ? dudv
B B

for any ¢ € C§°(B,R).
Proof: Consider the normal variation Y := X 4+ epN in B as in section 2.1. It follows that
YuANY, = Xy AXy +e{Xu ANy + Ny A Xyt +e{ Xy ANpy, + N A Xpou}
+&2(Ny A N)p? +e2{N, A Np, + N A Nypu }.
1. In [5], Lemma 4, the second variation
FPF(XuANXy) =8(XuAXy)oFz2(Xu AXy) 0 6(Xu A X))+ Fr(Xu AXy) - 62(Xu A Xy)!

is evaluated to get

62'/JF(XM/\XU)dudv —B//{\/nganLKWJ(N)}dudv.

2. For ?X - (Xy A X))t =2N - 6(Xu A X))l + X - §%(Xy, A X,)! one calculates

52 //X (Xu A Xy)! dudv = // {3N (Xu AN, + Ny A Xv)tgoz} dudv.
B B

3. The properties (G2) and (G4) of the weight matrix, the weighted Weingarten equations, and the
calculus rules from Remark 3.2 yield

NAN, = -W 'NA{L1X,0G(N)+ Li2X, 0 G(N)}

= W HNoG(N)} A{L11 X, 0G(N)+ L12X,0G(N)}

Ly, Ly
= - Xv Xuv
w * w
and, analogously,
L L
N, AN = %XU—%XW

It follows, that

(SQZ/X (X A X)) dudv = —(2-3)B//HW<,02

with the mean curvature H = H (u,v), and, therefore, according to paragraph 2.5
2
3 // 002X - (X, A X)) dudv = —4 // YoHW @? dudv = —4 // Hg(N)YH\/5(N)W? dudv.
B B B

The statement is proved. O
Remark 3.4 For the functional M = M[X] from paragraph 1.2 we have

SPEM[X] = //{|V90|2 + 2KW ¢} dudv — 4//H2W4p2 dudv
B B

for all ¢ € C§°(B,R) with the mean curvature H = 7o € (0, 400).



4 Some geometric properties

4.1 A linear connection between the weighted fundamental forms
Lemma 4.1 Let X € C?(B,R?). Then it holds
IHG(X) — 2Hg(N)Hc;(X) + K(U,U)Ig(X) =0 in B.

Proof: Using weighted conformal parameters, the identity follows directly from the Weingarten equations.
For : =1 = j we have

Ly ¢ Lo N Lh+ 13
=—=—=GN)o X, + =—G(N)o X = ===
en = (G GOV X+ TGV 0 X ey
while the stated identity reads as
S L}y + LulLo — Ll + L3, LY + LY
11 W W .
The remaining three equations are proved analogously. O

4.2 The weighted curvature relation

Lemma 4.2 Let X € C(B,R®) be a critical point of H[X]. Then, there exist functions o; = 0;(X, N),
1 = 1,2, such that the curvature relation

01(X, N)k1(u,v) + 02(X, N)ka(u,v) = 2Hg(N) in B
holds true with the principle curvatures k1 = k1(u,v) and ke = ka(u,v) of the surface.

Proof: By [12], Satz 5.4, as parameter lines for the surface we choose orthonormal curvature directions in
any surface point. Then, L1; = k1 F and Loy = koG, as well as Lo = 0, F = 0 in this point. We calculate

X,0G(N)o X! X, o0G(N)o X!
B 7 E— | Xul*r1 + 2

X, X! ) ( Xu X! )
oG(N)o =% | k1 + 0G(N)o— |k
(Ao el m+ (g eme i) o
investing W = |X,||X,|. The vectors | X,| ' X, |X,| 7' X, are orthonormal curvature directions. Setting
01(X, N) = [ X,| 2 X, 0 G(N) 0 X! and p3(X, N) i= | X,| 2 X, 0 G(N) o X!, we have

BRIy, + W22 Ly = | X )R

Vis2 (X, N) = —Lijh" = =2Hg(N) = —01(X, N)k1 — 02(X, N)rz .
This is the statement. O

Remark 4.3 By (G3), there hold

1
1+ 9o

We point out the dependence on the position vector X, while the weight depends only on the normal direction.

< Ql(XvN)MQQ(XvN) < 1+g()

5 An elliptic system

5.1 The Gauss equations

Let 1
FZ = 5 hkl (hli,j + h’jl,i - hij,l)7 Z.ajv k= 1a 27

denote the second Christoffel symbols, where h;; ;. means the partial derivative of h;; w.r.t. u*. Furthermore,

1 .
ij = —5 hkl(wlij +lei — wijl) 5 wijk = Xw o G(N)uk e} XZ] 5 Z,]Jﬂ = 1,2.



Lemma 5.1 In B, there hold
KXyigi (4, v) = {I‘fj(u,v) + ij(u,v)}Xuk (u,v) + L;j(u,v)N(u,v) fori,j=1,2.
Proof: For the proof compare [1], §57. We determine bfj and c;; of the ansatz
Xyiwi = V5 Xy + ey N, i,j=1,2.

First, multiplication with the unit normal vector N yields ¢;; = — X, - Nij = L;;. Now, we multiply with
G(N)o X!, 1=1,2, to get

Xuiuj o G(N) o X’Zl = bfj Xuk o G(N) o XZL = bf] hkl =: bilj .
We see the symmetry conditions b;;; = bjy; for 4, j,1 = 1,2. Furthermore, we have

bilj = {Xuz O G(N) O Xil}uj — Xuz e} G(N)u] (e} X;l — Xuluj o G(N) o th“
= hij —biij — Xui 0 G(N)ys 0 X7,

and it follows that hj ; = by; + byij + wiy - Using the above symmetry conditions we have
R 4 hisg — hiji = 2byy + wjng + wiij — wiji -

Rearranging for bz]’ multiplication with % (hlm)hm:l,g, and summation proves the statement. O

5.2 The differential system

Proposition 5.2 Let X € C3(B,R3). In weighted conformal parameters, there hold

AX = (01, + W) Xy + (9%, + Q2,) X, + 2Hg(N)WN

as well as
ANt = 2 {Ha(N), + Ho(N)(©4; + ) } G(N) 0 X!,
72{HG(N)U + Ha(N)(Q2, + 92, }G )o Xt
) {QHG(N)2 - K} WN!
+G(N)y 0 G(N) "o Nt + G(N), 0 G(N) ' o Nt
Proof:

1. The first system follows from the Gauss equations, namely,

AX = (D) + T3 + Q) 4+ Q39) X + (T + T35 + Q3 + Q35) X, + (L1y + La2) N
= (07 + Q%) Xy + (9, + Q3,) X, + 2H(N)WN.

2. We proceed as in [14]: From section 3.3 we recall

NANU:—@XﬁﬁXU, NAN, = — L12X Las

w w w WXU'

Investing the Weingarten equations, there follow

Ly Lo Li1 + Lo 1
NAN, = —=Xy+—X,———— X, = -N,oG(N)™" —2Hg(N) X,,
AN, = T2 X, 4 2 s 0 G(N) — 2H(N)
Lo Ly Ly1 + Lo 1
NAN, = — X, — — X, + ——— X, = NyoG(N 2H:(N) X, .



We conclude

Nt = G(N)o (N AN, —2Ha(N)G(N)o X!,

N! = —G(N)o (N AN,)! —2Hg(N)G(N)o X} .
Differentiation yields
Nt, = G(N)yo(NAN, +G(N)o(N,AN,) +G(N)o (N A Ny,)t
—2HG(N), G(N) o X, — 2Ho(N) G(N), 0 X!, — 2Hg(N) G(N) 0 X1,
N, = —G(N)yo (NAN) = G(N) o (N, AN, = G(N) o (N ANyt
—2HG(N), G(N)o X! = 2He(N) G(N), 0 X! — 2Hg(N) G(N) 0 X}, .

Taking (G2) into account, we arrive at
ANt = 2(Ny AN, — 2Hg(N)y G(N) o Xt — 2Hg(N), G(N) o X!
+G(N)yo (N AN, —2Hg(N)G(N), o X}
+G(N)y o (Ny AN —2Hg(N)G(N), o X*
—2Hg(N) G(N) o (X, + X7,)
2KWN! —2Hg(N), G(N)o X! —2Hg(N), G(N) o X}
+G(N), G(N) ' oN! + G(N), G(N)"' o N!
—2Ha(N)(Q21; + Q3,) G(N) 0 X[, — 2Hg(N)(921, + Q3,) G(N) o X}
—4HG(N)2WN?.

Collecting all the terms proves the statement. O

5.3 Arrangement of the a priori data

For simplicity we refer to a set {go, 91,70, 00} of weight data in the following form: In addition to (G3), let
g1 € [0,+00) be a real constant such that

3
\J Z gij,+(N)? < g1.

i,7,k=1

Let us recall the weighted mean curvature Hg(N) = 8(N)™2~o. This means

7o
< H <1+ € (0, +00).
N a(N) < 900 € ( )

Finally, we introduce a real constant &3 € [0, 400) estimating the gradient of the inverse of /det (), that
is, for the weighted mean curvature

|Ha,z(N)| < 570 = 570 -1 < 55/ 1+ go Ha(N) =: doHg(N),

60 :\/1+go58.

[G(N)um|l < g1[Num (u,v)],  m=1,2.
Proof: Let &€ = (£1,&£2,£3) € R? be given with |¢| = 1. Then, we calculate

where

Lemma 5.3 There hold

3

GV 0 €2 = i{% SN < 3 {aga g}

ij=1
| Nom |2 Z 9ij,r (N
irj k=1

IN
IN

g%|Num 2

for m = 1, 2. The statement follows. O



5.4 Quadratic growth in the gradient
The next result enables us to derive a modulus of continuity for the spherical mapping N = N(u,v).
Proposition 5.4 Let X € C3(B,R3) be given in weighted conformal parameters. Then, there hold
AX] < (14 g0)g1 (Xl + X)) (Nl + [No]) + VZ (1 + g0) [V X| [T N].
as well as
AN| < 2{He(N)? = KYW +2(1 + g0) {260 + g1 + 4(1 + go)gs H2Ha(N)? — K}W.
Proof:

1. First, we infer from the Weingarten equations

Lll

G(N)"2oN! = —55 GV )%OX;—WG(Nﬁng,
GV FoNt = E2antoxt - E2gn)iox!
v W u W v

the estimates

L2, +2L%, + 12,
w

= 2(1+go){2Hg(N)? — K}W

(L11 + La2)® — 2(L11 Lo — L)

VN < (14 g0) -

= (1+90)

as well as ) ) )
1 Ly, +2L3,+ L
VN 2 11 12 22 2H. - K W
| = 1+g w 14y { ol ) '
Furthermore, we remark K < HGv(N)2 in B, because from the Hopf function H := Ly — Loy — 2iL4o
we infer

|H|* = 4{Hg(N)?* - K}W? > 0.
Likewise, we have K < H? B. By Hg(N) > 0, we get

N)V2Hq(N)?2 — K < \/2Hq(N)? — K\/2Hg(N)? — K = 2Hg(N)? - K.
2. We have
[AX] < (1901] + [Q22) [ Xu| + (1981] + 1932 X0 | + 2Ha (N)W.
Explicitely, we estimate

1 | u2 (1+90)gl
041 < i X0 GV o Xt < T gy, ) < LE2009

Here, we take
[ Xul? < (1+ g0) Xu 0o G(N) 0 Xi, = (14 go)W

into account; analogously we estimate for | X, |. In the same manner, we have

1+4go)g 1+90)g
9311 < (14 g0l Nl + LTI v oty BEI g gy v,
1
0, < LR )
It follows
AX] < (14 g0)an (Xl + XD (Nl + [N, ]) + 2 (V)WY
Investing

2Ha(N)W < 2Hg(N)|Xu|[Xo| < 24/1+ go Ha(N)|VX|VW
2\/1+ go V/2Ha(N)2 — K VW [VX| < V2 (1 + 90)|VX||VN],

the first estimate is proved.

IN

10



3. From Proposition 5.2 and the settings of section 5.3 we infer the estimate

|AN] <

IN

IN

2{2Ha(N)? — K}W + 2(1 + g0)do (| Xul[Nu| + |Xo[[No ) Ha(N) + (1 + go)g1 [ VN|?
+2(1 + go) Ho(N) (191 | + [Q321)| Xu| 4 2(1 + g0) Ha(N) (131 | + [93,]) | X,
2{2Ha(N)? = K}W + 2(1 + g0)do (| Xul[Nu| + |Xo[[No ) Ha(N) + (1 + go)g1 [ VN[?
+2(1+ g0)? 91 Ha (N) (| Xu| + [ X)) (| Nu| + [Ny )

2{2Ha(N)? — K}W +2V2 (1 + g0) 26 Ha(N)[VNIVW + (1 + go)g1|VN|*
+4v2(1+ go) 3 g1 Ha(N)|[VN|VW .

We invest the results from the first point of the proof and arrive at

|IAN| < 2{Hg(N)? — K}W +2(1 + g0)*{200 + g1 + 4(1 + go)g1 }{2Hc(N)* — K}W.

This proves the Proposition.

Corollary 5.5 The estimate

holds true.

|AN] < (14 go) {1+ (1 + g0)?[200 + g1 +4(1 + go)1]} [VN|* in B

Proof: From Proposition 5.4 together with {2Hg(N)? — K}W < 22 |VN|? we deduce the statement.

6 Properties of stable immersion of CMC-type

Assume that the stable immersion X = X (u,v) represents a geodesic disc B, (Xy) of radius r > 0 with the
center X := X(0,0). In geodesic polar coordinates we get a mapping Z = Z(g,¢) : [0,7] x [0,27] — R3

with the metrical element ds% = dp? + P(o, p) dp? (cp. [1], §79).

Lemma 6.1 Let X € C(B,R) be a stable critical point of H[X], given in weighted conformal parameters.

Let X represent a geodesic disc B,(Xo) of radius r > 0 centred at Xo := X(0,0). Finally, assume

M,_2—490—693—298 1+ 90
' (1+g0)? 2

Then, for the area of the geodesic disc we have the estimate

Proof:

r 27

A(Z) = / / JPlo 9 dodp < —H 2.
0 0

2p — (14 go)

1. From the stability condition (we omit dudv),

J[ 196l vam) = [[atten /5w - Ka@opwe?

B

for all ¢ € C§°(B,R), we derive the p-stability condition

/ V| > u//(%f2 - K)W¢®
B

B

with the above p > 0.
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The first inequality yields

/ Vo2V /6N > / {0142 + 092 + (01 + 02)mrAa} /B (N) W2 + // (— )W (N)g?
B

B B

2 //(2H2 ~ K)W/6(N) ¢* + //{(Ql + 02) /3N — o (N) VKW 2.

— 1490
B

We estimate

2 < (1+g0)* =1  4g0+ 295

(01 + 02) 6<N>—a<N>sz<1+go>%—m_ T =

and by K < H? we arrive at

B// Vol /AN 2 B// (Q? — K)\/3(N) W2 — 490+ 200 B// (U — K)W .

1T N

The stated inequality follows.

2. The above pu-stability condition can be rewritten in the form

= 1% 2 2
Vasz (¢, )W > 2H? — KY o2 W
/ 52 (¢, ) 1+90/{ bo
B B

with the metrical element ds? := E du® + 2F dudv + G dv*. Now, we follow exactly the lines of [5],
Lemma 1, by inserting the special test function ®(g) := 1 —r~1p, 0 < ¢ < 7, followed by partial
integration. O

Lemma 6.2 Let X € C(B,R3) be a stable critical point of the functional H[X], given in weighted conformal
parameters (u,v) € B. Let v € (0,1) be a real number. Then the estimate

8m(1
|V N (u,v)|? dudv < 71'(*74;90)
%
w|<T—v
holds true, where
2—2(1 349(1
0<p* < (1+9g0)° +2(1 + go)

(1+g0)2+(1+go)*—1"

and go > 0 is chosen sufficiently small.
Proof:

1. For iz > 0 still to be computed we derive the integral inequality (we omit dudv)
[t + eard) VB + [(01 + 02) VBN - o (Wmamah W? = 1 [[ (26(N)? - KW
B B
For this we have to ensure the positivity
oty o 2 - N i3\ -
Ql\/5 T~y K1 + B {(Ql + 92)\/5_ 0 — o102 + M}Klf@ + 02\/3 5 Ky > 0.

For any quadratic form az? +2bzy +cy? with a,b > 0, we know az?+2bzy+cy? > (a—b)x®+ (c—b)y?,
and, therefore, it is positive if ¢ > b and ¢ > b. Applied to our quadratic form we get the condition

2T T 90— 2(1+g0)% +2(1+ go)?
< 7
(1+g0)2+(1+go)t—1

12



where go > 0 is chosen small enough. Finally, we have the u-stability condition

J[19et = w [[tewy - xpwe

with p* := fi(1+ go)~ 2, and fi > 0 chosen w.r.t. the above restriction.
2. Recall [VN|? <2(1 + g9){2Hg(N)? — K}W. For real v € (0,1) we choose ¢ € C§°(B,R) such that
o(u,v) = 1 in B1_,(0,0) := {(u,v) € B : v? +v* < (1 —v)?},
[Vo(u,v)| < % in B.

Investing the stability condition in the above form we find

J] 198 dute < 204 g0) [ 2Ho00? - KW <204 90 [ RHGOY - YW
B

w|<1—v jwl<1-v

< 2t [figpp < U m),
1 %
B
The statement follows. 0

Motivated by [14], Hilfssatz 6, we prove the

Proposition 6.3 Let X € C(B,R3) be a stable critical point of the functional H[X], given in weighted
conformal parameters (u,v) € B. For wg € B and real v € (0,1 — |wo|) we assume

Y*(u,v) := N(u,v) - (0,0,1)" >w for all (u,v) € IB,(wy),

where )

2(1 + g0)*{200 + g1 +4(1 +go)g1} +2
M*

with w* > 0 from Lemma 6.2 and go, g1, 00 sufficiently small. Then the inequality

1>w>

1>0

N(u,v)-(0,0,1)" >w for all (u,v) € B, (wp)
holds true. In particular, X|§V(w0) represents a graph over the plane perpendicular to the vector (0,0, 1).
Proof:
1. Let ¢ := ¢* —w. Setting ¢ := {2Hg(N)? — K}W, q > 0, from Proposition 5.2 we get
AN = —2gN + R,

where the remaining term R can be seen from the representation given in Proposition 5.2; we will
discuss it later in detail. There follow

AY* +2q9* = R-(0,0,1)°

as well as
AY* = —2q¢* + R-(0,0,1)" = —2qp — 2qw + R-(0,0,1)" = Aq.

2. We define the cut off function
¢~ (u,v) == min (¢ (u,v),0) € H (B, (wo),R) N C°(B, (wo),R).

It remains to prove ¥~ = 0. Using a generalized Gauf} theorem we calculate (we set B* := B, (wo),
and omit dudv

)
[ == f[ovo=w [[awpse-w) [[awpezs [[o - [[or 001y,
B B B 5 B

B*
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3. For the admissable test function
o(u,v) ==Y~ (u,v) +ex(u,v), x € CF(B*,R), € €R,

the stability condition in the form of Lemma 6.2 implies

//\V¢_|2+25//V¢_-Vx+52//|vx|2
2 2 2
> u*//qw’lz+2u*8//qw’x+u*82//qx2-
B B*

B*

It follows the inequality

2-w] [[aw P2 [[a — [[o 0017+ 2 [[vo v e [[ vy
B* B* B* B* B*
> 2#*6//qw_x+ﬂ*€2//qx2~
2

B*

4. Rearranging the terms yields

25//w—~vx+52//|vx|2
B* B*

> —[2—u*]//q|¢_|2 —2w//qw‘ +/ WR~(07071)t+2u*6//qw‘x+u*62//qx2
B* B B B B
> —2-] [ allor+ 20 [[aori- [[ im0
B~ B B*
+2u*63//q1/)‘x+u*€23/*/qx2
> {—[2—u*1(1+w)+2w—A}B//QIWI+2u*€]3//qw‘x+u*€213/qu2

investing —1 —w < ¢~ <0, p* <2, and A := 2(1 + go)*{260 + g1 + 4(1 + go)g1 } by Proposition 5.4.
By our assumption we have
—2-p)1l+w)+2w—A>0.

Therefore, we get

*

25//(%1;* VX — 1 g™ x) +523//(|VX|2#*11X2) >0

for all € € R. This means

B// (Vo= - Vx —p*qp~x) =0

for all x € C§°(B,R). The Lemma of Weyl implies the real analyticity of ¥~ = ¢~ (u,v) in B*.
But due to our assumption it vanishes on a domain of positive twodimensional Hausdorff measure.
Therefore, this cut off function vanishes identically. The proposition is proved. O

Remark 6.4 [t is the interplay between the last three results that makes the constant go, g1, Yo, and gy
small, while certain variations of their particular proofs are in fact conceivable.
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7 Curvature estimates

From [15] we adopt
Lemma 7.1 Let X € C(B,R3) be a critical point of the functional H[X], given in weighted conformal
parameters (u,v) € B. Then there exists a constant c. = c«(go) € (0,1), such that the plane mapping

flu,v) = (xl(u, v), 22 (u, v)), (u,v) € B,
satisfies the inequalities
¢ (90) VX (u,0)]* < [V f(u,0)]* < [VX(u,0)]*  in B.

Theorem 7.2 Let X € C(B,R?) be a stable critical point of the functional H[X], given in weighted con-
formal parameters (u,v) € B. Let go,q1 > 0 and 69 > 0 be small enough such that the assumptions of
Lemma 6.1, Lemma 6.2, and Proposition 6.3 are satisfied. Finally, assume that the immersion repre-
sents a geodesic disc B,.(Xo) of radius r > 0 centered at Xo := X(0,0). Then, there exists a constant
© = 0(90,91,%) € (0,+00), such that

510,02 + 12(0,0)° < — O(g0, g1, 80) + 4290 + )1+ g0)"23
holds true for the principle curvatures k1 = k1(u,v) and ko = ka(u,v).
Proof: We essentially follow the lines of [15]. Therefore, we only give a sketch.
1. First, we calculate
N,oG(N) ' oN! + N,0oG(N) o N, =2{2Hs(N)? - K}W

using the linear dependence from paragraph 4.1 between the weighted fundamental forms. Squaring
01K1 + 0262 = 2Hg(N) yields

4Hqo(N)?
—2K:g/i?+@ng—7c( ) .
02 01 0102
Therefore, we have

4HG(N)?
Ny o G(N) " o Nl + N, 0 G(N) o N = 4HG(N)?W + (91 W22 Kg) W AHc(N)*
02 01 0102

1
> -
~ (1+g0)?

Furthermore, we estimate

(kT + &3)W — 4(290 + g5) Ha(N)*W.

VNP> (2w - 420D g vy
(1+90)3 1+ go
and, thus, by Hg(N) < /T + goo from paragraph 5.3,

3 [VN(0,0)?
W(0,0)

We will estimate the gradient VIN(0,0) from above, and the area element W (0,0) from below.

#1(0,0)? + k2(0,0)% < (1 + go) +4(2g0 + 98)(1 + 90)°75 -

2. For the area A[X] of the immersion X = X (u,v) we have

AlX]

1
/ | Xu A Xy | dudv = 3 //{Xqu(N)onL—i—XvoG(N)on)}dudv
B B

1 9 9 . 1
> B//{|Xu| +1X, P} dudy = 5 DIX]

with the Dirchlet integral D[X].
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Investing Lemma 6.1 we find

DIX] < ca(go)r®,  c1(go) = m.

. Let T'(B) be the set of all continuous and piecewise differentiable curves v(t) : [0,1] — B, where
~(0) = (0,0), v(1) € B. We have

1
inf /‘dX(y(t))’ dt > r.
V€r ) ) dt

By Lemma 1 from [15], there is a point w* € B with |w*| <1 — v, 1 := e~ such that

)

> c2(g0) >0

with a real a priori constant co = c2(go) € (0, +00).
- Let wo € By_1,,(0,0), and let ¢ > 0 such that By(wo) C By_1,,(0,0). Investing Lemma 6.2, for given
A > 0 there exist a § = 6(vg, go; A) € (0, (1 — 315)?) and a 6* € [5,/8], such that

871’2(1 + go)

—— <2\,
(—log &) v A

| v <2

8B§*Q(w0)

By Proposition 6.3 we get the following modulus of continuity for the spherical mapping N = N(u,v) :
For A = A(go, g1, 00) sufficiently small, there exists a 1 = 1(g0,91,%0) € (0, % v2), such that for all
wop € EF%VO (0,0) the estimate

|N(w) — N(w1)| < Ago,g1,00) for all w € Bs, (wo)

holds true, where wy € Bs, (wp) is an arbitrary point. Setting
Rw) := 5 (N(w) ~ Nw)} : By, (wo) — B
we have |M(w)| <1 in Bs, (wg). Due to Corollary 5.5 we have
[ AN < AL+ go) {1+ (1 + 90)?[200 + g1 + 4(1 + go) 1]} V.

Choose A = A(go, g1,60) > 0, such that A(1+ go){1 + (1 + g0)*[200 + g1 +4(1 + go)g1]} < 3. Then,

AR(w)] < 3 VR, Rw)| <1 in By, (wo).
The gradient estimate by E. Heinz from [8], Theorem 2, yields a constant ¢z = ¢3(go, g1, o) € (0, +00),
such that -

[VN(wo)| < ¢3(go0, 91,00) for all wy € By_1,,(0,0).
. From Proposition 5.4 we infer the linear differential inequality
AY] < ealgog1.00) {|Ya| + [Yal} in By_y,, (0,0)

with a real constant ¢y = c4(go, g1,00) € (0,+00). Here, Y := r~1X. Moreover, for v € (0, iyo) with
2vy/c3 <1 and all wy € B1_,,(0,0) the modulus of projection

|N(w) — N(wo)| < 2vy/c3 <1, w € By, (wp),
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is controlled by the gradient estimate from point 4. Now, the iterative scheme from the proof in [15]
yields an a priori constant ¢5 = ¢5(go, g1,d0) € (0, +00) such that

W(0,0)
r2

> C5(gOagla50) > 0.

From the curvature inequality given in the first point and the gradient estimate for N = N (u,v) from
the fourth point, we find

L

5 , 75
10,007 + a0, 07 < 7 (14 go)? -0 00)

+4(2g0 + g2) (1 + go)3~2
c5(90, 91, 60) (20 1 50)( C

for wy = (0,0). Setting
3¢3(90, 91, %0)
¢5(90,91,00)
the proof is complete. O

6(90791760) = (1 + gO)

Remark 7.3 1. In the case of vanishing weighted mean curvature we infer K < 0 for the Gauf curvature.
By a theorem of Hadamard (cp. [11], Theorem 6.4.4.), the exponential map into the manifold is injectiv
for all values of the geodesic radius r > 0. Although we have excluded vy = 0, a few modifications yield
the following Bernstein type result: K =0 for r — oo, that is a complete stable immersion of minimal
surface type is a plane. For details we refer to [5].

2. If K < Ky € (0,400) for the Gaufs curvature, the exponential map is a local diffeomorphism if
rv Ko < w holds true (cp. [11]). Thus, we are not allowed to apply Theorem 7.2 for all values of the
geodesic radius. Our method of proof yields no result of Bernstein type even for special functionals.

3. The weighted mean curvature depends on the definition of the weight matriz. Therefore, variants of
the methods presented here are needed to improve the numerical quality of our results. In this context
compare [3].
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