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ABSTRACT

Asymptotic expansions for solutions of linear differential-algebraic ordinary differen-
tial equation with variable matrix coefficients are considered. The solution is being
sought in the form of a formal power series. The coefficients of this series satisfies
linear infinite-dimensional system of the algebraic equations with triangular matrix
of coefficients. Existence and uniqueness theorem is proved for such equations and
initial manifolds are described. The Drazin inverse matrices are used to demonstrate

the existence of asymptotic expansion.

1. Introduction

Let’s consider a linear differential-algebraic equation with variable matrix coefficients
in a C™ space

A(t) - 2(t) + 2(t) = f(t) (1)
with an initial condition
%ir% x(t) = xo, tes, (2)

where S={te C: 0<|t| <ty Na<argt <, —7/2 < a < [ <m/2} - sector of com-
plex plane with a corner in zero (fyp-some positive constant), A(t) is (m x m)—matrix
function of variable ¢, f(t) is (m x 1)—vector function of variable ¢. Vector function z(t)
is called the solution of initial problem (1)-(2), if it is holomorphic function in S and
satisfied the equation (1) and the condition (2) for all t € S. Let A(t) and f(t) have the
following asymptotic expansions on S [1]

ft) ~ ifrtr, t—0,tes,
r=0
A(t) ~ iArtr, t—0,tes,
r=0
and holomorphic in sector S. Let’s find the solution in the such form
x(t) ~ imrtr, t—0, tes,
r=0

where power series > °2 z,t" satisfies the equation formally. It means that this power
series after inserting instead of x(¢) into the equation (1) leads to the linear infinite-
dimensional system of the algebraic equations with triangular matrix of coefficients:



A1 +20 = fo
2- Ao+ (E+ Az = fi
3-Apxs+ (E+2- Ay = fo— Ay
(n+1)Axp1 +(E+n-A)x, = fo—(n—1)Axy 1 —...—

—2-A, 129 — Ay, n=0,12,...
with a unique solution. Solving of this infinite-dimensional system of the algebraic equa-
tions has some difficulties so as det Ag = 0 [1]. However this system could be solved and
has a unique solution under some limitation on coefficients in asymptotic expansion of
matrix A(t). This task will be proved below (Lemma). Finally we will prove Theorem

that power series > o2 z,t" is the asymptotic expansion for the unique solution z(t) of
differential-algebraic equation (1).

2. Solving the implicit system of algebraic equations

In this section we will prove that system (3) has unique solution under some limitation
on coefficients in asymptotic expansion of matrix A(t).

Definition. The index of an (m x m)—matrix A of complex numbers, denoted by
ind A is the smallest integer k¥ > 0 such that rank (A*) = rank (A*1).

Lemma. Let the system (3) of linear equation is given in a C™ space. Here xg—initial
vector, vectors f, are given, matrices A, are also given and at least det Ag = 0. Let
ind A = 1, and suppose that

rank P-(E +n-A;) =rank P, Yn=0,1,2,.., (4)

where P : C" — ker Ay is a projector onto null-space of Ag. Then the implicit system has
unique solution {x,},” for each vector zy which satisfies the condition

((L’O - fo) elm AQ. (5)

That system doesn’t have solutions for other vectors x.

Proof. As ind A =1 then C™ = Im A+ ker Ay and projector P exists such that
P:C"—kerAy, G:C"—ImA,, G-P=0, G+P=E.

From supposing of lemma rank Ay = p we get that rank G = p, rank P = m — p. From
Grassmann’s formula and the condition (4) we obtain that

y G
T\ P (B 4n-A)

Matrix # = Ay + P has the inverse one. So as from equation 6 -z = 0 follow Ay-x =0
and P-x =0, ie. x =0. It's easy to verify such correlations

0. Ay=G, P-0'=P, 0'=P+o'.G. (7)

) =m, Yn=0,1,2,.. (6)

2



Let’s denote
On=fon—(n—1)Asxy 1 —... —2-Ap_ 129 — Ayzy, n=0,1,2 ..

Let’s multiply each equality (3) by matrix ! and using the first equality (7), we obtain
equivalent equation

(n+1)-G -2y +0 (BE4+n-A) -2, =0""0,.
After applying the projectors G, P we have
(n+1)-G 2p1 +G- 0 (E+n-A) -2, =G 07" ¢, (8)
P9t (BE4+n-A)-2,=P-0" 0, 9)
Equation (9) is simplified by using the second correlation (7):
P-(E4+n-A)- x,=P- ¢, (10)

At n = 0 equality (10) gives us the limitation of the initial vector P -z = P - fy, i.e.
(xo — fo) € Im Ag. From (8),(9) follows that

(n+1) -G an=—G- 071 (E+n-A) -2, +G- 07", (11)
P-(E4+n+1)-A) 2pp1=P-pni

For fixed n we assume that vectors z,, ¢n, ¥n+1 are known and consider (11) as system
of 2m linear algebraic equations regarding m components of vector x,,;. The matrix

— 0. (o —(E AL -
<P~(E+(n+l)-A1) P'()On—&—l ) gn ((pn ( +n 1) xn)7
has the rank m, so as matrices (n+1) -G G-&,)and (P-(E+ (n+1)- A1) P-vni1)
have p and (m — p) linear independent lines respectively. System (11) has a unique
solution by the theorem of Kronecker-Capelli. Solving the system (11) sequentially at
n =0,1,..., we obtain the claim of lemma.

3. The main asymptotic theorem

In this section we will prove the main asymptotic theorem for solutions of linear
differential-algebraic equation (1).

Definition: If A is an n x n matrix of complex numbers, then the Drazin inverse of
A, denoted by AP, is the unique solution of three equations

AX = XA,
XAX = X,
XA = Ak k= Ind(A)



Theorem. Let matrix A(t) in differential-algebraic equation (1) satisfies the condi-
tions rank A(t) = const and ind A(t) = 1 for Vt € S. Suppose that the coefficients A, in
asymptotic expansion of A(t) satisfy the conditions of lemma. If series > ¢° z,t" satisfies
the equation (1) formally and z satisfies the condition (5) of lemma then the solution
x = z(t) of the initial problem (1)-(2) exists and unique in the sector S, and

[e.e]
z(t) ~ >zt t—0,tes.
r=0

Proof:

1). Ezistence of asymptotic expansion. Let’s consider a closed sector S; such that
S; € S. Using the constant rank of matrix A(t), the form of matrix AP (¢) [2] and
theorem 1 [3] we get that matrix AP(t) is holomorphic in S;. From integral form of
matrix AP(¢) [5] we can prove that AP(t) has asymptotic expansion on S;. It follows
from opportunity to choose the constant way of integration so as matrix A(t) has con-
stant rank and is holomorphic in S. Using the theorem 9.3 [1] we obtain that 3% € S}
such that

o0
T(t) ~ > mt", t—0, teS.
r=0

Let’s suppose that z(t) = z(t) - €' + &(t),where function z(¢) must be defined. After trans-
formation the equation (1) we obtain

A(t) - 2(t) 4 2(t) = ¢(t, 2) (12)

Here p(t,2) = — A(t) - 2(t) —e " - a(t) and a(t) = A(t) - 2(t) + & — f(t) ~ 0,t — 0, t € S;.
Now we must prove that the solution of equation (12) has asymptotic expansion which
equals zero. Differential equation (1) has been written in the form (12). It’s necessary for
preparing the next step consisted of transformation the differential equation to the integral
equation. Let us multiply (12) by matrix (E — AP(t) - A(t)). According to the definition

of AP(t) and the conditions of theorem the correlation (E — AP(t) - A(t)) ~A(t) =0is
true and then we obtain

2(t) = AP(t) - A(t) - 2(t) +£(1), (13)

where £(t) = — (E — AP(t) - A(t)) - e - a(t). After taking the derivative (13) and multi-
plying the result equation by AP(t) - A(t) we obtain

AP0 A0 - % =~ () a0 ), (14
and thereto using the definition of matrix AP (¢):
AP(t)- A1) £() =0, (15)
AP €() =0, A1) (1) =0 (16)
A% - _ap ™A g (7)



For getting equality (18) we use the definition of £(¢) and properties of matrix AP(t) [5].
The solution z(t) of the equation (12) satisfy the following correlation

dz dAD A dAD A

AP A" 4 AP A% (AP

a T dt
It follows from (14), (15), (17) and that matrix AD(t) - A(t) is a projector. From the
equation (18) we get such vector §(t) € ker A(t) exists and the following correlation is
true for it:

)z — AP A2 ¢ — AP AZAPp(t, 2) = 0. (18)

E+ APop(t,2) + 5(t). (19)

dz dAP A dAD A
= —_ | AP
dt ( R ) o
Let Z(t) is fundamental matrix of system (19). It’s known [4] that Z(t¢) can be the solution
of the following matrix Cauchy’s task:
iz () _
-

D
— (AD—i-deltA) Z(t), Z(a) :E, CLESl, tGSl.

Let us multiply (19) by matrix Z!(¢) and integrate the result equation from a to ¢:

t d t dAP A dAP A
/Z’ld—zah':—/Z’1 (AD—i- i )sz—i-/Z ( §+AD<p+5>dT
a T a T a

After using the integration by parts for the left side of the last equation, a correlation
dz=t)dt = Z71- (AD + d(ADA)/dt) , Z7'(a) = E and multiplying by the matrix Z(t) we
get the result

2(t) = Z(t) - 2(a) + Z(¢ / 7! (dA A e(r) + AP() - ol 2) + 6(r )) dr. (20)
Note that the next correlation is true:
n(t) = A°(t) - / zZ! dr = 0, (21)

s0 as, using the definition of Z(t), 6(t) € ker A(t) and properties of matrix AP () we obtain
that 7(t) is the solution of the system:

dn(t) _ (o, dA”A
dt dt

) -n(t), n(a) =0, a€sS;, teSs.

This system has only zero solutions because this is the Cauchy’s task with zero initial
data. It verifies directly. Substituting (20) in (13) and using (21) we obtain that z(t)
satisfies the integral equation:

dAP A
dr

z(t):AD-A~Z-z(a)+AD~A-Z/tZ1-( -£+AD-90> dr +£@1).  (22)

Now let’s prove that the integral equation (22) is equivalent to the differential equation
(12). Let z(t) is the solution of the integral equation (22). Then it looks like

2(t) = AP(t) - A(t) - (1) +£(1), (23)
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and z(t) satisfies the correlation (19) at 6(¢t) = 0. Therefore using (17), (23) we obtain

dz dAP A dz  d¢ dAP A dAP A
A- = = A. . AP A 2242 5 )= A . A- LE—
dt < a T dt +dt> T TR
AP A
— AD-A-Z—A-ddt -z+AD-A-<p+A-Zf:—z+§+AD-A-<p.

Hence the correlation

Q:A-fl—j+z—g0:—z+§+AD~A-g0+z—g0:£—(E—AD-A)-gO:O.
is true. And thus the equivalence of equations (12) and (22) is proved. So as the integrand
function in the right part of (22) is continuous at the zero, then we can make the limit
transformation at a approaching to 0 and the integral from zero to t exists and does not
depend on the way of integration if the way of integration belongs to S;. Let’s choose the
straight line way of integration.

(0 = 220 ) 200 [ 270 (U €0+ 0ol ) ar ). )

We will seek the solution of the equation (24) using iterative method. Let zy(t) =0
and define z,,1(t) by the recurrent way, i.e.

Grpa(t) = —AP - A Z [§ 270 AP (A2 (1) + (B + A 2424) e -a(r)) dr—

—(E—AP(t) - A(t)) - et - a(t). (25)

Note that [[a(t)]| < c-|t|', t € S; so as a(t) ~ 0, where [ is any positive integer number
and c is some constant which depends on [. Let’s denote

D —1 4D dAP A
ki =maxSsup [|[E — AYA|,sup ||Z7 A7 (t- E+ A )|
teSy teSy dt
sup ||APAZ|| < ky
teSy
_ ko - ks
Z1AP A < k d k:= .
f;%?” | <ks, an 1
Then one can find that
k
2r41 — 2| §c~k1~kT~|tV+”~(lf1 +1) (26)

and the norm of z,(t)

s T k s ; ;
lzrin Ol = 112 Gi = 2l < 3z — 2l S e b - +21 1) k[

At |t| < 1/k the last numerical series converges as geometrical progression then

ks

[+1

1t

[z (O < ¢ k- ( Tk

+1)
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Inequality (27) does not break the condition of the arbitrariness of ty, because we can
choose number [, such that ty < 1/k. Let’s prove that such limit exists

z(t) = lim z,.(t). (28)

r—00

From (26) we obtain that series

o0
Z ”Zv"-i-l - Z?“H
r=0

may be majority by convergent series on the set S;. Therefore the series

o0

Z (errl - Zr)

r=0

converges uniformly on the set S; according to K.Weierstrass’s theorem. It means that
following limit exists

lim z,.(t) = lim > (zip1 — )
i=0

r—00

and the limit function z(¢) is holomorphic in S} . So z,(t) converges to z(t) uniformly on
the set Sy at r — oo. Let’s prove that z(t) satisfies integral equation (24). Let’s consider

dAP A

T

lar)+ 4742 [ 270 4% (4 5(0) 4 (B4 -2 ) ar -

HE= AP A) - a0 = A7 A2 [ 27 A7 A+ (o(1) = 5 ()] <

< kg ks-tg- max |2(t) — z,—1(t)|| — O

at r — 0o. Hence z(t) satisfies integral equation (24). Let’s prove uniqueness of z(t).
Suppose that y(t) is the other solution of the integral equation (24). The solutions y(t)
and z(t) are different. The function y(¢) is holomorphic and satisfies the initial condition
lim; o y(t) = 0 for V¢t € S;and

sup [|y(0)[| < M,
tesS

where M - some constant.

y(H) = AP(0) - A) - 2(0) |

0

2 () A0 el ) dr )

Using the method of induction, the last correlation and the definition of z,.(t) we obtain
the inequality

ly(t) =z (B[] < M-

hence



So z(t) is the unique solution of the integral equation (24), hence it’s also the solution
of the differential equation (12). Using (27), (28) and formulas for the calculation of
coefficients of asymptotic expansion [1] we obtain

Z(t) NO, t—>0, tGSl.

Thus we may conclude that power series > 2, z,t" is asymptotic expansion for the solution
of equation (1) on set S, i.e.

z(t) ~ >t t—0,tes.
r=0

2). Uniqueness of solution. Let two solutions z;(t) and z5(t) exist and satisfy the
equation (1). Then let’s consider the following initial problem

A(t) - a(t) + u(t) =0, limu(t) =0,

where u(t) = x1(t) — xo(t).

Let’s make transformation u(t) = N(t) - w(t), w(t) = (wy(t), wa(t))" and multiply the
result correlation by matrix N~1(¢). In result we obtain the equivalent system

wi(t) = 0
wo(t) = T7Ht)- M(t) - wsy(t)

where M (t) is some matrix of the blocks of matrix N~!(¢) - N(¢) and I(¢) is an invertible
Jordan’s block of matrix A(t). Let’s prove that the following initial problem has zero
solution:

o(t) = I7H(t) - M(t) - ws(t), lim ws(t) = 0. (29)

For that let’s consider simply connected region D such that S; C D and matrix I71(¢) - M (¢)
is holomorphic in it. The initial condition (29) has equivalent form

lin%u@(t) =0 < V{t.}2,CD:t—0= lim wy(t,) =0.

n—oo

Let’s fix t,,. Let W(t) is fundamental matrix of system (29). It’s known [4] that W (t) can
be the solution of the following matrix Cauchy’s task:
dW (t)
dt

=I'(t)-M(t)-W(t), Wt,)=E, t,€D, teD.
After multiplying (29) by matrix W~1(¢) and integrating from ¢, till ¢ we obtain
t d t
W) - —Usmdf = [ W) I (r) - M(7) - ws(7)dr.
tn T tn

Applying integration by parts to the right part of the last equation and taking into account
the correlation
dW=L(t)

— = W) - 1) - M), Wit =E, t,€D, teD,



we obtain W™L(t) - wy(t) = WL(¢t,) - wa(t,), and after multiplying by matrix W (t) we
obtain the final result

wy(t) = W(t) - Wt,) - walt,) = W(t) - wa(ty).

After applying the limit transformation at n — oo, one can see ws(t) = 0. So as for
Vt € Sy det N(t) # 0 then u(t) = 0 and the theorem is proved completely.

4. Examples

Ezample 1: For illustration of the theorem let’s consider the homogeneous system

AWE() +2(t) =0, tes, (30)

(ot 1
where A(t) = ( (E+1)2 141
the theorem. Then A(t) ~ Ag + Ajt + Ast?, where

1 1 1 0 0 O
P I R o D T C I S T

It’s evident that the lemma condition (4) is satisfied as det(E + (n + 1)A;) = (n + 2)? # 0.
All conditions of the theorem are satisfied and the obtained solution is:

x(t)~<11)+§1<<_01)r>ﬂ, t—0, tes.

), S is arbitrary sector which satisfies the conditions of

Ezxample 2: The conditions of the theorem can not be weakened. Let’s consider the
system (30) at m =3 on the set S={te C: |t| >0A|argt| <, 0 < a <7/2} with
matrix

cost —t 0 0

A(t) = 0 —sint 0 |, At) ~ > AT,
0 0 0 r=0
cos(rr/2) — ") 0 0
where A, = % 0 —sin(mr/2) 0
0 0 0

Matrix A(t) has not a constant rank. In this case we have rank(E + A;) < dim ker Ay.
Condition (4) is not satisfied at n = 1. It’s evident that solution of the system (3) is not
defined uniquely by the initial vector and that’s way we can’t get asymptotic expansions
for solutions of this system.

Acknowledgments. Author would like to thank Prof.Dr.A.G.Rutkas for many valu-
able and fruitful discussions and Dr.O.L.Piven for critical reading of the manuscript which
resulted in some shorter proofs.



References

[1] W.Wasow. Asymptotic Expansions for Ordinary Differential Equations, J.Wiley and
Sons, New York-London-Sidney, 1965, pp.462.

[2] Stephen L.Campbell,Carl D.Meyer, Jr.and Nicolas J.Rose. Applications of the Drazin
Inverse to Linear Systems of Differential Equations with Singular Constant Coeffi-
cients, STAM J. Appl.Math.,vol.31,No.3,(1976),pp.411-425.

[3] Yasutaka Sibuya. Some Global Properties of Matrices of Functions of One Variable,
Math. Annalen 161,Hf.1,(1965), pp.67-77.

[4] F.R.Gantmacher.The Theory of Matrices,vol.IT,Chelsea,New York,1964.

[5] Y.E.Boyarintsev.Regular and Singular System of Linear Odinary Differential Equa-
tions.Novosibirsk,1980.(Russian)

10



